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Production of dileptonic bound states in the Higgs boson decay
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The production of single and paired lepton bound states in the decay of the Higgs boson has been
studied. We explore different decay mechanisms that contribute significantly to the decay width. The decay
widths are calculated taking into account relativistic corrections in the decay amplitude and in the wave

function of the bound state of leptons.
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I. INTRODUCTION

After the discovery of the Higgs boson, a period of more
detailed study of its properties and decay characteristics
through various channels began. Such theoretical research
now relies on existing experimental data, the collection of
which is steadily expanding [1]. Plans have begun to
emerge for various future accelerators in which there
will be a significant increase in the production of Higgs
bosons, and, therefore, the possibility of more accurately
determining various parameters of the Higgs sector will
open up [2,3]. As often happens when formulating pro-
grams for future colliders, the task is set to search for events
that do not fit into the scheme of the Standard Model.
Among the rare decays of the Higgs boson, one can
distinguish a class of processes in which bound states of
fundamental particles arise, such as mesons and baryons
[4-7]. The theoretical interest in these reactions is due to
the fact that, among other things, they can additionally test
models for describing bound states of quarks. The number
of such works has grown significantly over the past
10 years, and the methods for calculating the observed
characteristics have received significant development [8].
Another group of reactions for the formation of bound
states of particles consists of those reactions in which
bound states of leptons (positronium, dimuonium, ditauo-
nium) can be produced. In reactions of this type there are
no uncertainties caused by the nonperturbative interaction
of quarks. Various processes of production and decay of
positronium already have a rich history, which included
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critical periods of divergence between theory and experi-
ment. Other bound states of leptons have been studied
much less. Thus, it can be noted that calculations of the
characteristics of dimuonium have been carried out quite a
long time ago with great accuracy, but the bound state itself
has not yet been observed [9]. Various concepts of
dimuonium and ditauonium production are discussed in
many papers [10—12]. One possibility for the production of
lepton bound states is connected with the decay of the
Higgs boson. In this work, we study the processes of both
single and pair production of dimuonium and ditauonium
within the framework of relativistic method of describing
the production of bound states of particles. This method
was used previously to calculate the production of char-
monium and B, mesons [13-15]. It allows one to obtain
values of the decay width taking into account relativistic
effects. It is useful to note that the observation of ortho-
dimuonium or orthoditauonium is connected with sub-
sequent decay into three photons.

II. PRODUCTION OF SINGLE LEPTONIC
BOUND STATES

Let us first consider the single production of lepton
bound states in the decay of H — y + ll, H - Z + [l. The
Higgs boson-lepton vertex is determined by the factor [16]

e m
sin 29W MZ ’

m(V2Gy)'? = (1)

where m is the lepton mass, M is the Z-boson mass, Gy, is
the Weinberg angle, G is the Fermi coupling constant.
The lepton-photon (lepton-Z-boson) mechanism of
single production of dimuonium and ditauonium is deter-
mined by three amplitudes presented in Figs. 1(a)-1(c).
The initial expression for the amplitude of such a process
can be represented as a convolution of the amplitude of
the production of a photon and a lepton-antilepton pair
with the Bethe-Salpeter wave function, which describes,
within the framework of the four-dimensional formalism, a
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FIG. 1.

Different mechanisms of single leptonium production in the Higgs boson decay.

lepton-antilepton bound state moving with 4-momentum P. Transforming the amplitude during the transition to three-
dimensional formalism and using the law of transformation of the quasipotential wave function during the transition from
the moving frame of reference to the rest frame of the lepton bound state (see, [17,18]), we obtain two decay amplitudes

[Figs. 1(a) and 1(b)] in the form

4rmam dp Y(p
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where r is the Higgs boson four-momentum, ¢, is the
photon polarization vector, g is the polarization vector of
dimuonium (ditauonium), k is the photon four-momentum,

e(p) = /p*>+m?, v=P/M, M is the mass of [ state.
p is the lepton relative four-momentum. The expressions
for the amplitudes (2), (3) are obtained as a result of the
Lorentz transformations in the same way as in our works
[13-15]. They make it possible to take into account
relativistic corrections connected with the momentum of
relative motion of leptons p. The 4-momenta of the photon
and leptonium (bound state lepton-antilepton) are given as
arguments in the amplitudes (2), (3), although it should be
remembered that they lie on the mass surface, and the
following conservation law is satisfied: r = k + P.

The simplifications that can be made in the amplitudes
are primarily related to the denominators of the lepton
propagators. The magnitude of the relative momentum is

64rar

11
_ = _ 2( - _
M= G20, (2 1)"’(0){(878”) {“ <2 6"

small compared to the mass of the Higgs boson My,
so we have

(py =12 =2 (= po)? = m? 3 (M = M), (4)
where the lepton mass can be approximately replaced here
by m = % neglecting bound state effects. We completely
neglect corrections of the form |p|/My. At the same time,
we keep further in the decay amplitudes the second-order
correction for small ratios |p|/m relative to the leading
order result. If it is necessary to increase the accuracy of the
calculation, the corrections |p|/My can also be taken into
account within the used method.

After calculating the trace and extracting relativistic
corrections in p/m of second and fourth order in the
numerator, we obtain the following expression for the total
decay amplitude

— i+ —1—43—‘}’10)2} ~ (v,6)(e,) [1 - %wl} } (5)

where for convenience the particle mass ratios are introduced: ry = {7, r, = % The expression (5) clearly demonstrates the
general structure of the decay amplitudes, which contains two characteristic parts with (v,&)(ve,) and (g,&7).
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Relativistic corrections in (5) of the second and fourth
orders in p/m are determined in our approach by the
parameters m;, @, and the value of the wave function at
zero (0). The definition of these parameters and their
numerical calculation is given in the next section. Note that
we have retained the 4th order a corrections here only to
demonstrate the overall amplitude structure. In what
follows, when obtaining numerical estimates, we neglect
fourth-order corrections.

Using the decay amplitude (5), we can calculate the
differential decay width according to the formula

L
dr = ——_|MPdQ. 6
32;;2M§,| | ©)

Three-momentum of final leptonium state is expressed in
terms of masses of the Higgs boson (M), Z-boson (M),
and (1) state (M) |

o 512za*r? F

) = 36?20, M2 (13 — 1)

2

4 2 _Ag2)\2 2 2 2 —
\/M +(r2, MZiM%IZM DL (D) 47

= M-M? 7 .
[P My H— (ll)+y (7)

/M2
Mu_ A2
7 M=,

In the numerator of the amplitude (5) we define two
functions g, , as follows:

H— (I1)+ (1)

N =g (817£y) - 92(”87)(7)7317)’
(1 1 4
G = n\5 =@ | =T oLt Ino;,
1
92 = 1—50)1 . (8)
After summing over the polarization of the photon

and ortho-dileptonium we obtain total decay width
H — y + (1l) in the form

4 4

1 1 B
R+ 3G - L@ - —r;‘g%} ). ©)

The decay width of the Higgs boson into Z-boson and (1) [see Figs. 1(a) and 1(b)] is calculated similarly and has the

following form:

_ 32za%/[(ra + 1)* = 3][(ra -
B r3sin*20y, M2 (13 — 1)
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A U 1
g1z = (r3 —r3) §+Za1_ﬁwl_ﬁa)laz

1 1 1 1
92z =\ 5 + 7T T g% ) (11)
where we introduce another mass coefficient r; = %

a, = 2sin’ Oy,.

To obtain total width of the decay H — Z + (II),
including the contribution of the ZZ-production mecha-
nism [see, Fig. 1(c)], it is necessary to make the following
substitution in (10):

(10)
|
J1z = iz + r—glzz,
1
1 1 1 1
glzz:—z—iaz—ﬁwl—gwlaz- (12)

The expressions (8), (9)—(11) clearly show that the main
parameters that determine numerical values of decay
branchings include, together with the fine structure con-
stant, the particle mass ratios ry, r,, r3.

The studies we carried out in [13,14] show that it is
necessary to take into account the loop (W-boson and
quark) production mechanism Z + (II) shown in Fig. 4.
Although formally an additional degree of a appears in it
compared to the ZZ-boson mechanism, the fine structure
constant is not a decisive factor in determining the order of
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magnitude of the contribution. It is useful to mention here
that a loop mechanism with W-boson and quark loops is
needed to describe the decay process H — Z + y, the first
evidence for which was presented recently in [19].
Numerous particle mass ratio parameters begin to play a
more significant role in loop production mechanism.
The loops of heavy quarks and the W-boson make their
contribution to the structure functions g; and g,, which can
be represented as follows:

2,200s260 1
glzoom_%fxzw(@_rg)(Hgm)
1
3aggrim 1
a3 (1430 ). (3)
Q=c,b,t
ozl (1 1)
ry 3
6agor3my 1
AG(1+5o0 ), (14
+Q=Cbt rl]‘/[2 Q( +3w1> ( )

where relative coefficients with respect to the lepton-Z-
boson mechanism are indicated. The determination of the
loop parameters A%, Aé is described below as in the case of

the production of y + (II). Numerical results of calculating
the decay widths with the production of Z + (II) are shown
in Table I.

The lepton-photon decay mechanism in Fig. 1 gives a
decay width of fifth order in @. But our analysis shows that
the lepton-photon mechanism in Fig. 2 has a significantly
larger numerical contribution, although it has a higher
order a’. This occurs due to simultaneously changing mass
coefficients in the amplitude of such a decay. We previously
studied a similar decay mechanism in connection with the
production of heavy quarkonia in [13-15].

The general structure of the tensor corresponding to the
W-boson or quark loops in Fig. 2 in the case of two external
virtual photons is the following:

Tow=Aow(t)(g"(v1v2) —v{1})

+Bowl(t) [”%Ug — v (vy0,)] [U%Ulf —v5(vivy)],  (15)

(a)

(b)

MZ
where t = 4 ort =
4]

o myy 1s the mass of W-boson, mo

My
4mﬁ,’
is the mass of heavy quark in the quark loop. The structure
functions Ay w(f), Bow(f) can be obtained using an
explicit expression for a loop integrals [20-22]. In the
case where one photon is real, the only contribution comes
from the structure function A(r) which satisfies the
dispersion relation

t [ ImA(f)drl
1 (16)

Aw(t) :AW(O)-F; m

Imaginary part ImA(f) can be calculated using the
Mandelstam-Cutkosky rule [23]

r2 1
mAy =+ 2 /i= D) (P2t +1) 4t —
mAy, 64ﬂt(4t_ri)2[r4\/t(t )(3(20+1) - 41— 6)
416 = 126 + (26 +3) — r4)aresh(Vi — 1)] :
M
r4=M—W. (17)

Since the mass parameter r, is very small, to calculate the
function A(¢) itself from its imaginary part, one can use the
expansion in 7. In leading order by r, we get

2
_ " 3.3, e
anl) =0 2434 3= nee)
arcsin /7, t<1
FO=9 i i . . (19
E[lnﬁ—m}, t>1

Since the contribution of the W-boson loop mechanism
to the decay width significantly exceeds the others, it is
convenient to separately present the corresponding formula
for the decay width

8720t (r3 — 1)ctg* Oy M
B rsM*

Ly

_ 1
X [ (O)PAY 3lgwl* =5 (7 = 1)gawl?]. (20)

(©)

FIG. 2. Quark loop and W-boson loop mechanisms of single leptonium production in the Higgs boson decay.
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PRODUCTION OF DILEPTONIC BOUND STATES IN
7 11
gw=(r3-1) (1 +3 o +?w2>,
7 11

We emphasize that this formula contains mass factors
constructed from the observed particle masses. Thus, the
coupling effects in the lepton system are taken into account
despite their smallness.

Similarly to the W-loop mechanism, we can calculate
the contribution of the quark loop mechanism shown in
Fig. 2. The imaginary part of the structure function A (7)
has the form

r2 1
ImA :—57[3 2 St =1)(4t = 12
Q 32rt(4t—rk)3 Vi N 7s)

+41(rt +2r2(1 = 2t) + 8(¢ — 1)1)arcsh(V'r — 1)}

M
rs =—.
mo

(22)

After calculating the dispersion integral, the following
result is obtained for the function Ay(#) in leading order
in % in the form

2 1 (t=1)

Ap(t) =25 |- 2(1)|. 23
o =ios i+ S o) @)
Total decay width, taking into account quark loops, can

then be obtained from formula (20), making the following

substitution

2

24¢g3m3 A
7o™0 Q). (24)
Q=c,b,t

- 1+ B
Jiwow glw,zw( P QWM%AW

dp
(22)°

dq

M(P, Q)N = 4zal'y; / 20

/

+ ¥, Pirf (r—a)?
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FIG. 3.

Tr{‘P(p,P)

?_ql—‘rm
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Numerical values for the width of single dilepton state
production are discussed below along with paired produc-
tion processes.

II1. PAIR PRODUCTION OF LEPTONIC
BOUND STATES

In addition to the processes of single production of
bound states of leptons, we also consider processes of pair
production of ortho-positronium (e™e™), ortho-dimuonium
(utu™), ortho-ditauonium (z77) in the Higgs boson decay.
There are five different production mechanisms presented
in Figs. 3-7, which we consider below.

A. Lepton-photon production mechanism A

The first lepton-photon production mechanism can be
separated into two stages. On the first stage two lepton-
antilepton pair are produced. The first pair is produced in
direct Higgs boson decay. After that lepton or antilepton
can emit a photon or Z-boson, that produces another lepton-
antilepton pair. On the second stage free leptons are
combined in bound states.

The width of the decay process H — (I1)5_, + (Il)5_; is
determined by an expression (6). Four-momenta p;, p,
of one lepton-antilepton pair and ¢, g, of second pair
can be expressed in terms of total P, Q and relative p,

g 4-momenta in the form
1 1
Pra=5PEp. q12=50%q, (pP)=(qQ)=0. (25)

Total amplitude of pair production M (P, Q) now con-
tains two convolutions of the Higgs boson decay amplitude
with the wave functions of two lepton bound states

-7+ [31 +m
m?’“{’(% o)

(. Q)yU}D';%kl), (26)

o~

(i

o~

(b)

Lepton—photon mechanism A of pair leptonium production in Higgs boson decay.
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where T'y; = m(v/2Gf)'/? is a vertex of the Higgs-lepton-antilepton interaction, D4”(k;) is a photon propagator,

ki = p2+ q».

Taking into account the law of transformation of the wave function of a bound state upon transition to a rest frame, we

obtain wave functions in (26) in the form [13,14]

wo(p) [0—1 p? p
¥(p,P)= - -
(p.P) %d};)}:m[ 2 UlZm(g(p)—l—m) 2m|2
wolq) [D—1 7 q
lP p—
(4.0) Mf(qz)ﬂn[ 2 “2m(e(q)+m)  2m)2

where we introduce two auxiliary 4-vectors v; = ﬁ,

v, =2 &(p)=+/p*+m? m is the lepton mass. In
Egs. (27), (28) the projection operators on (3S;) dilepton
states are introduced. Projection operators are constructed
in terms of the Dirac bispinors in the rest frame as follows:

_ 0+,
g, = NG &(P,S.). (29)

The denominators of propagators in amplitude (26) can
be simplified due to the condition My > m as follows:

1 1 4

~

& (pata) My
1 N 1 N 2
(—=r+p)?—m* (r—q)—-m> My

tl

(30)

The calculation of trace in (26) of the product of y-factors
and various simplifications are performed in the Form
package [24]. Considering small factors %, %, we perform
an expansion on them in the numerator of the amplitude,
while preserving the second-order terms. Then the numer-

ator of this amplitude takes the form

N = (g9 = gl ofog)er(P. S)E(0.5). (31)
|

dp dq

D 2

él(P’SZ)(1+vl)|: lgl_vlzm(g(l;)+m)+%:|ﬂ (27)
D 2

82(QaSZ)(1 +U2) |: 22 Uzzm(€<qq) +m) 2q :|’ (28)

1
A
9 ):1—560%,
o1 1 1 1
gg ):—§+§r%—r1+3a}1 1+18w%——18w%r%+§a)%r1.
(32)

Special relativistic parameters @, (0) take into account
relativistic corrections connected with the relative motion
of leptons. The calculation of such parameters is discussed
in details below in Sec. IV. After all transformations, the
production amplitude (26) takes the form

64zamM (\/2G )" /22 (0)
(4) — £

(o097 - o0 e (P.5)(0.5.).
(33)

B. Lepton-Z-boson production mechanism B

The second mechanism of pair production differs from
the previous one by replacing the photon with a Z-boson.
The decay amplitudes of the Higgs boson are shown in
Fig. 4. The total amplitude of the process is determined in
this case by the following expression:

—f"+f71+m

M(P,Q)®) = —irmi/W/WTF{‘P(MP)WMF’;I]‘P(% ory;

+¥(p. P)I*

?’—él—l—m
M(r—q)* —m?

(g, Q)F;,;}D’é”(kz), (34)

where D (k, ) is the Z-boson propagator, k; = p, + ¢,. The Z-boson-lepton-antilepton interaction vertex is determined by

u e
=Y
ZIL sin 20y, '

B (1-7%) + ZSinZGW} | (35)
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(a)

(b)

FIG. 4. Lepton- Z-boson mechanism B of pair leptonium production in the Higgs boson decay.

When transforming the denominators of the Z-boson and
lepton propagators, we also neglect the relative momenta p
and ¢g and write them in the form

1 1 4
B-My  (pr+q)? My—4M%’
I 12
(—r+P1)2—m2N(7—511)2—’”2NM%1.

(36)

After the trace calculation the numerator of total amplitude
has the same general structure as (31)

N = (gPg - " ofos ) et (P.S)EN(Q. S). (37)

and the functions g§B>, <23)

are equal

in the considered approximation

& =2(1 - 2a, +24%)(9 - ?), (38)

g(lB) = (1-2a,+2a>)(3 +w)
x(—3+a)1—6r1+6a)1r1+3r%—6011’%), (39)
|

where a, = 2sin? 0. The resulting expression for total
amplitude of this decay mechanism has the form

 64mamM (V2G )" /252 (0)
M3, (M3, — 4M3) sin® 20y,
x (9" = ¥ oo ) et (. 5.)E4(0.5.).
(40)

M(P. Q)"

C. Lepton-photon production mechanism C

There are two more amplitudes in the lepton-photon decay
mechanism, which are shown in Fig. 5. Their structure is
different from the previous ones in Sec. III A, so we consider
them separately. The first difference is that here there is a
product of two different traces. The second difference is
that the denominator of the photon propagator does not
contain the large mass of the Higgs boson or Z-boson. The
denominator of the photon propagator k% (ks = q1 + q»),
which is equal to the mass of the bound state of leptons, can
be considered as a factor that increases the contribution of
such a mechanism to the overall decay amplitude. Let us
present here total amplitude of the process, which is obtained
according to the same rules as the previous one in Fig. 3

d d N
M(P,Q)©) = —iFH”/(Z]:_))3/<2;l)3Tr{‘P(p,P)w g
0Py L e, 0008 (0, (1)

FIG. 5.

)

)

(b)

Lepton-photon mechanism C of pair leptonium production in the Higgs boson decay.

056016-7



MARTYNENKO, MARTYNENKO, and ESKIN

PHYS. REV. D 110, 056016 (2024)

l

(@)

Now the mass of the Higgs boson is contained in only one
of the denominators in the amplitude (41) in the form

1 1 1

k%:ql—i‘CIzNW’
1 1 2

~

(=rt pi =" (r = pa)t = "My

(42)

The numerator of this amplitude is also a convolution of the
ortho-dileptonic polarization vectors with a tensor, which is
expressed through two new functions in the form

N = (g1 = i1 08 )e(P. $.)e(0.5.),  (43)

(©) 4 1 1

+

)

)

(b)

FIG. 6. Lepton—Z-boson mechanism D of pair leptonium production in the Higgs boson decay.

Total amplitude of the production of a pair of dileptonia in
this mechanism is represented as follows:

B 8(4ma)3/>my?(0)
M%-IMZ sin 29W
x (g = gt vlagen(P.5)Eh(0.5.)).
(45)

M(P. Q) =

D. Lepton-Z-boson production mechanism D

Replacing the photon with Z-boson, we obtain two more
pair production amplitudes shown in Fig. 6. Unlike the
previous photon production of a bound state of leptons,
now the denominator of the Z-boson propagator still
contains a large mass of the Z-boson, which may mean
the suppression of this mechanism compared to the lepton-
photon one. However, we have also included this amplitude
for completeness.

The amplitude for the production of a leptonium pair
takes the form

—;'+j)1+m "
(—r+p])2—m2 ZIl

redw(p.p)

g9 = r% —1-2r, —|—§w1r1 —|—§w% —§w%r% —|—§a)%r1,
2
40 -2-2a2 m
|
: dp dq
P,0)P) =i /—/
./\/l( Q) oy (271')3 (277:)3
P-4
¥Yp,PIY —
+¥(p,P) 2y = )

where k4 = g1 + ¢q».
The propagator denominators contain two large masses
of the Z-boson and the Higgs boson

1 1 1
kﬁ—Méi(%‘f’%)z—M%NMz—M%’
1 N 1 2
(=r+p)=m* (r—=p)*—m* M3’

(47)

After calculating two traces in the numerator (46)
we obtain

ND) — ( (D) g _ gg%fvg)ggl(l),Sz)eé‘(Q,SZ), (48)

mmZ}Tr{‘P(q Q3D (ka), (46)

37 =2(=1+2a.)(9 - @}).
d” = (=142a)3 + @) (=3 + o, — 67,
+ 6w, r; + 3r% — a)lr%). (49)

Then the production amplitude (46) has the same general
structure as previous amplitudes

B 16zamM (v/2Gp)'/25*(0)
 MZ(M? — M%) sin?(26y,)

x (79 = g of0s) et (P. S (Q.5.)
(50)

M(P. Q)

056016-8



PRODUCTION OF DILEPTONIC BOUND STATES IN THE ... PHYS. REV. D 110, 056016 (2024)

(@)

Q)

I

(b)

FIG. 7. Pair leptonium ZZ-boson production mechanism in the Higgs boson decay.

E. ZZ-boson production mechanism E e _ 2e Moo
—_ . Zga )
The production of a pair of bound states of particles sin 20y
(quarks, leptons) can occur due to ZZ-mechanism shown in w € |1 .
Fig. 7. A pair of Z-bosons arises directly from the decay of 2= sin 20y 4 2 (1 =7s) + 2sin°Oy |-
the Higgs boson. The required vertex functions have the

form

In this case, there are direct (a) and crossed (b) amplitudes (see Fig. 7)

' d d . ,
M(p.0)#) =1 [ B [ ST, P T (¥(a. O DY (k)05 (k).

where ks = p| + pa, ke = g1 + q5.

o d d , ,
M(P,Q)(E) = ¥ / o / o T P (a. Q)T D% (k) D (k).

where k; = py +q1, ks = p2 + .
By choosing the Z-boson propagator in the unitary gauge, we can represent the total amplitude as follows:

8(4ra)3/*M _ i i i i
M(P. Q) = ﬁ‘llz(o) (e1€2) Qf'dr + 7329113’Cr — (&1v2)(e201) gf’dr + —32g§’a ,
M:3sin° Oy, 2 _1y2 2 _7\2
Z (r3 4) 3—3
; 1 1 2 2 .
d d
gy lrzz—i-g—i-az—l—gaza)l—l—a%—l-ga%a)l, gedr =0,
g = L & _ rym, _rgazwl _rga%wl i r R, | raw,  rdco
! 4 12875 192r%  48r% 48r5 16r2 2413 6r3 613
S B 1,1
—80)1 _Eaz _gwlaz _Eaz —gwlazv
g = r e nBea; read +L+ W a0
2 64ry 96rf  24r; 24y 8r3 1213 313 33’

The indices dir and cr denote the contributions of the direct and crossed interaction amplitudes in Fig. 8.

F. Quark loop and W-boson loop production mechanism

(51)

(52)

(54)

(55)

(56)

(57)

From studies of paired meson production in the decay of the Higgs boson, it is known that the W-boson and quark loop
mechanisms can make a significant contribution to the overall decay width. The corresponding amplitudes are presented in
Fig. 8. In each column here we have direct and crossed amplitudes. In this case, the contribution of the crossed amplitude is

suppressed by the degree of small mass parameter, which arises from the denominators of virtual photons.
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Y a)
2
l@
p=
o

(b) (d) ®

FIG. 8. Pair leptonium production mechanism in the Higgs boson decay with quark and W-boson loop.

Since in the case of boson and quark loops the amplitude includes tensor (15), we can immediately obtain total
contribution of all loops in the decay amplitude

64/ 4ran’a>M ;ctgl 24m?
M(P, (loop) — Z W ~2 0 w Y] 0]
(P,Q) M3r‘2‘ #*(0)1 (e1€2) gy + Q:EL- ;;.,M%COS%W 9N

—(51”2)(52”1)<9¥+ > %93>}7 (58)

o“hs MZcos*0y,
gV —AWGwl —%rg —%wﬂ% - —%wlrﬁ —|—%r§ +%a)1r§)+ (59)
BW<_%wlr%+ér§+éwlr‘2‘—%r%—%wﬂ%), (60)

The coefficients g2, g¢ are obtained from g, g% by replacing AW — A2, BV — B2.

All decay amplitudes presented above, obtained within the framework of various mechanisms, have the same structure
and are expressed in terms of the functions g; and g,. Accordingly, total decay amplitude has the same structure and
contains total functions ¢* and ¢5* with corresponding coefficients.

Total width of the decay of the Higgs boson into a pair of bound states of leptons can be obtained from (22) in terms of the
functions ¢, ¢5* in the form

204875120/ (G = 1)ctg?Oy |
r- s Ol (3- 2+ 374)
1 1 3 1
P (541t ) + @+t (<R + 3= 48) | (62)
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where the general factor corresponds to amplitude (58) so
that the functions g and g are included in the complete

functions ¢|** and g5 with unit coefficients.

IV. RELATIVISTIC CORRECTIONS

Relativistic corrections represent an important class
of corrections for the production of bound quark states.
In the case of the production of lepton bound states, such
corrections are small, since they are determined by the
value of the fine structure constant. Taking them into
account is connected with increasing the accuracy of
calculating the decay width.

When calculating decay widths, we take into account
relativistic corrections of several types. The first group of
relativistic corrections is connected with the law of trans-
formation of the wave function of a bound state into a rest
frame and the momenta of the relative motion of leptons
in the decay amplitude. The second group is determined by
the Breit potential in the wave function of the bound state in
the rest frame.

A. Relativistic parameters in production amplitude

To calculate relativistic corrections to the H-boson decay
amplitude, we use the same approach as in our previous
works [13,14]. After calculating the trace in the numerator
of the amplitudes, corrections of a certain order of small-
ness in the relative momentum of leptons in the bound
state are identified. We take into account second-order
corrections in p>/m?, q>/m? and introduce an expansion of

the form

(63)

This expansion emphasizes that the relative momenta of
leptons are small compared to their mass. In quantum
electrodynamics, the form of the wave function of a bound
state in the initial approximation is known analytically.
It follows from this that |p| ~ W = pa.

Using expansion (63), relativistic corrections in p can be
represented as the following characteristic integrals in
momentum space

I(,) o dp 5(]7) +m C ( )<€(p) _m>i’ (64)

=) @ay 2e(p) PN e(p)
8/ TW>/2 m
wis(p) = (p;/——i—iwzy W=>-a (65)

In the amplitudes presented earlier, relativistic effects
are expressed in terms of special parameters, which are
determined by the integral ratios (64)

19 = (0) = / (;;3%1#%@). (66)

After this, when calculating values (66), we perform an
expansion in p/m taking into account terms of the second
degree. All nonrelativistic expansions in |p|/m that we
perform assume that |p| is small compared to m. Therefore,
although integrals (66) are formally convergent, when
calculating them it is necessary to take the value of the
momentum at the pole of the wave function. Proceeding in
this way, we obtain the following results when calculating
relativistic corrections

y(0) = / (;;3 vis(p) [1 —%] =y $(0) [1 +§a2},

(67)
dp p’ 3 3
M = C(p)—=—"02uC E——
1 /(2n)3%5(p>4m2 4a WlS(O)’ @ 40( .
(68)

The parameters w; for i > 1 are proportional to higher
powers of a than (67) and are omitted from now on.
The results (67) are obtained using the following expres-
sion [25,26]:

2 n— n
[ o i) = -2 ey ),

(69)

B. Relativistic corrections to the wave function

Wave function (65) was obtained from Schrodinger
equation solution with Coulomb potential. In our previous
works we had estimated relativistic correction to wave
function by accounting corresponding terms in quark-
antiquark potential [13—15]. In present research we also
can estimate leading order relativistic correction to wave
function as follows [9,27-30]:

(o) = / G50, 0)AV()y Y (1), (70)

where G g is the reduced Coulomb Green'’s function, 1//(105) is

defined by (65), AV is the perturbative potential.

When accurately calculating the corresponding correc-
tions to the wave function, it is necessary to use the Green’s
function with two nonzero arguments
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615(1'1,1‘2)
/lW —(xs+x 1 :
— —76 ( >+ <) <£ — 11’1(2X>) —_ ln(2x<> + El(2.x<)

7 1 — 2x<
+5—2y5—(x>+x<>+ ‘ ) (71)

2x_

where x. = max(x, x,), x. = min(x;, x,), X1, = Wry,,
ye = 0.577216... is Euler constant. When calculating
corrections to the wave function at zero, they are deter-
mined by the Green’s function with one zero argument

W —X
=P ax(In(2x) +yg) + 4x% — 10x = 2),

(72)

where x = Wr, yp is the Euler constant.
The Breit potential contains several terms, the contribu-
tion of which must be calculated according to formula (70)

ra p*

AV] = W(S(r) _4—m3 , (73)
_ a1/, r(rp)p
AV, = —2m2r<p =) (74)
ma |7
m* |3

It is convenient to start calculating corrections to the
wave function at zero with the 6 term of the potential AV,

1 ~ 104
v19(0) = Gis(0.0) 5 yf5(0).

(76)
where G4(0,0) represents a divergent expression. Along
with the coordinate representation, it is useful to use the
momentum representation when calculating corrections. In
momentum representation this correction is determined by

n0) = 2550) [ Gistan) s (T
~ 64x [2*W35(p —
GlS(pv q) = _aW4 |: 4‘(}‘;2 _(’_pwz()l)
W6
T W@ W) Rp.9)|.
(78)

In parallel with this correction, let us also consider the
contribution from the second term of operator (73)

W2 (2p* + W?)
- (p2+W2)2
(79)

——;—was(())/@(q,p) 2):)(61 {1

From expressions (77), (79) it follows that the divergent
terms in the matrix elements cancel each other so that
the contribution of the operator from (73) will be finite.
After calculating three integrals with functions from (78),
we obtain the following summary result:

63

200) =y |- 0.

(80)
Let us now consider one more divergent term in y(0),
which is determined by the first part of operator (74)

—zf)z. (81)

1 a
AVg):_2m r

Moving to the momentum representation, we can present
()

the divergent integral in the form the matrix element AV, in the form
|
Aw@(0) = — % [ & (0.7 L p20C. (1
w'( )__W is( ”’);P wis(r)dr
—2ua® [ - dq dp dp 1 w2
=5 (0)——— | G(q, - . 82
O | S s g [ W G (52

Isolating the divergent term in this expression, which is determined by the first term in square brackets and the free
Green’s function, we calculate it taking into account the leading logarithmic term

4w?

dqdp 1

=y$0)-a’lna!.

All/(2> (0) = W?s(o) 2

am / 2z (p* + W)(p —p')*(p” + W?)

5 (83)
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It is useful to note that the same expression for the
correction can be obtained using the relativistic correction
to the wave function from [27]

a? K2+ W?
Al = )

(84)

Calculating the momentum integral, we obtain in leading
logarithmic order the result

+ (k2= Wz)arctan L3
kW W/l

1
Ay (0) = y5(0) @ Inar”. (85)

Other finite contributions from expression (74),
corresponding to the terms of the Coulomb Green’s
function (78) have the form

2m%x®

-wioff (-3

3) 2W?

2 w2
Al/’ie? = ‘l’fs (0) /

2
AptY = S (0) 22— | R(p.q)dpdq |~ arct _
W = yis( )m2ﬂ4 / (p.q)dp q[parcan(p)

v 3+

The second part of the operator AV, also gives a finite
contribution so that we represent the full contribution of
this operator in the form

1 5
Ay, = y$g(0) {5 a*lna~! + gaz] . (89)

Since we are studying the production of dimuonium and
ditauonium in states with a certain spin, we also take into
account in w(0) the spin-dependent correction from the
Breit Hamiltonian (75). Calculation of a matrix element
with a delta function taking into account the leading
logarithm (the second term in (78) gives the following
result:

Ay (0) = w(0) [2 — %S(S + 1)} %az Ina™!, (90)
where S is the spin of the bound state which is equal to 1 for
ortho-leptonium.

The leading order correction in a is the correction for
electron vacuum polarization, which is determined by the
potential

2

% 1
AV, () = =3, | (e e,
2 1(2&82 + 1
pg) = Y12 +D) o1)

54

(12
sl = v |- 5] (56)
p"*dp'dpdq
(p—p)(P*+1)*(¢*+1)(q-p)*(p* +1)
(87)
|
pr+1
(88)

After analytical integration over coordinates in (70), we
present this correction in integral form

v(0) =550y 2.

/4
[ p(§)dé
al,p = / m[zrgéz +77‘6§
+2(1 + r6é) In(1 + rgé) + 3. (92)

The numerical estimate of this correction for dimuonium is
determined by the electron, muon vacuum polarization,
and for ditauonium by the electron, muon, 7 lepton vacuum
polarization in the form

a,,(ete”) = 0.004383,
a, (i) = 0.942790,
a,,(vF77) = 3.613251. (93)

Summing contributions (86)-(90) and (93), we obtain a
correction to the wave function at the zero of the bound
state of leptons as follows:

7 1
w(0) = wfs(O){l + aw%ﬂt <2 — S5+ 1)) §a2 Ina!

3
—ﬁaz}. (94)
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V. NUMERICAL RESULTS AND CONCLUSIONS

Theoretical investigation of rare exclusive decay proc-
esses of the Higgs boson represents an important task in
the general direction of studying the Higgs sector in the
Standard Model. In this work, the calculation of the
observed Higgs boson decay widths is carried out within
the framework of the relativistic quasipotential model,
which we previously used in studying the pair production
of mesons and baryons. The creation of bound states of
particles in various reactions is also important for testing
the theory of bound states in quantum field theory. The
difference between the production of bound states of quarks
and leptons is that in the case of production of leptons, all
calculations, including various corrections, can be carried
out analytically, since the wave function of the bound state
is known in analytical form.

In Table I we present the numerical results of calculating
the decay widths of the Higgs boson with the production of
single lepton bound states and a photon or Z-boson. The
obtained values for I' of these rare decays are small, and
their observation is possible only at high-luminosity col-
liders being designed in the future, when the production of
a significant number of Higgs bosons (~10'%) will be
possible [2,3]. Taking into account the main channel of the
decay of lepton ortho-states into three photons, one can
expect their reliable detection.

In Table I we also present the results of pair production
of bound states of leptons, which are numerically very
strongly suppressed in relation to single production proc-
esses or similar processes with the production of charmo-
niums or bottommoniums. Despite the fact that there is a
mass factor 1/M?> (M is the leptonium mass), which
increases the contribution of a number of decay amplitudes
(see, for example, the amplitudes in Figs. 5, 8), never-
theless, the second square of the modulus of the wave
function of the bound state contains the factor M*a® so that
the pair production of lepton bound states becomes
completely unlikely.

In this work, we investigated the role of relativistic
effects caused by the law of transformation of wave
functions of bound states of particles during the transition
to the rest frame, relativistic corrections in the decay
amplitude itself and corrections to the wave function of
positronium, dimuonium and ditauonium at zero. The
leading corrections are of order a, a’Ilna and . In
addition, along with relativistic corrections, we also took
into account the effects of particle coupling in our

TABLE I. Numerical results for branching fractions.

Final state Result of work [8] Our result
(efe) +v 3.5 x 10712 0.88 x 10710
Wty ) +v 3.5 x 10712 1.12 x 10711
(tte) +7 22 x 10712 3.48 x 10712
(ete™)+Z 52x 10713 7.87 x 10713
(wtu)+2 5.7 % 10713 9.85x 10713
(thte)+Z 1.4 x 1071 5.68 x 10711
(ete™) + (eTe) 2.05 x 1071
(utp) + (wrp) 1.13 x 1072
(zFe7) + (¢777) 1.09 x 10~'8

numerical results in Table I, understanding by a purely
non-relativistic calculation result one in which the mass of
the bound state of leptons is equal to the sum of the lepton
masses. The bound state effects occur because various mass
coefficients enter into the final result in large degrees. In the
case of dimuonium and ditauonium, these corrections are of
order of a percent, which is mainly due to the effect of
vacuum polarization of order O(a) in the bound state wave
function. For positronium, the leading corrections are those
of order O(a?Ina,a?), which leads to their significant
reduction to 0.01 percent.

In calculating decay widths, we examine the contribution
of various decay mechanisms, the relative contribution of
which changes in the transition from positronium to
dimuonium and ditauonium. Numerous mass parameters
r; in the presented analytical formulas for decay widths,
which determine the final result, change greatly during the
transition between lepton bound states. But we can defi-
nitely say that the contribution from W-boson and quark
loops (see Figs. 7 and 8) has the greatest values, along with
the contribution of the ZZ-mechanism in the case of
leptonium production. The widths of rare Higgs boson
decays were calculated earlier in [8]. In general, we can say
that our results and [8] are consistent, although there
are some differences in individual decay widths. These
differences may be related to the different production
mechanisms of lepton bound states investigated in our
work.
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