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In the light of the evidence of a gravitational wave background from the NANOGrav 15 yr dataset, we
reconsider the split Majoron model as a new physics extension of the standard model able to generate a
needed contribution to solve the current tension between the data and the standard interpretation in terms of
inspiraling supermassive black hole massive binaries. In the split Majoron model the seesaw right-handed
neutrinos acquire Majorana masses from spontaneous symmetry breaking of global U(1),_, in a strong
first order phase transition of a complex scalar field occurring above the electroweak scale. The final
vacuum expectation value couples to a second complex scalar field undergoing a low scale phase transition
occurring after neutrino decoupling. Such a coupling enhances the strength of this second low scale first
order phase transition and can generate a sizeable primordial gravitational wave background contributing to
the NANOGrav 15 yr signal. Some amount of extraradiation is generated after neutron-to-proton ration
freeze-out but prior to nucleosynthesis. This can be either made compatible with the current upper bound
from primordial deuterium measurements or even be used to solve a potential deuterium problem.
Moreover, the free streaming length of light neutrinos can be suppressed by their interactions with the
resulting Majoron background, and this mildly ameliorates existing cosmological tensions. Thus

cosmological observations nicely provide independent motivations for the model.

DOI: 10.1103/PhysRevD.110.055019

I. INTRODUCTION

The NANOGrav Collaboration has found evidence for a
gravitational wave (GW) background at ~nHZ frequencies
in the 15-year dataset [1-4]. This strongly relies on the
observed correlations among 67 pulsars following an
expected Hellings-Downs pattern for a stochastic GW
background [5]. A simple baseline model is provided by
a standard interpretation in terms of inspiraling super-
massive black hole binaries (SMBHBs) with a fiducial
f7%/3 characteristic strain spectrum. Such a baseline model
provides a poor fit to the data, and some deviation is
currently favored. In particular, the collaboration finds that
models where in addition to SMBHBs one also has a
contribution from new physics, provide a better fit to the
NANOGrav data than the baseline model, resulting in
Bayes factors between 10 and 100 [4]."

'See Refs. [6-63] for some recent new physics approaches.
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First order phase transitions at low scales could poten-
tially provide such an additional contribution. For temper-
atures of the phase transition in the range 1 MeV-1 GeV,
the resulting GW background may explain the entire
NANOGrav signal [1,4]. However, when a realistic model
is considered, one needs also to take into account the
cosmological constraints on the amount of extra radiation
from big bang nucleosynthesis (BBN) and cosmic micro-
wave background (CMB) anisotropies. A phase transition
associated to the spontaneous breaking of a U(1),, sym-
metry, where a Majorana mass term is generated, has been
previously discussed [64] as a potential origin for the
NANOGrav signal from a 12.5-year dataset [2,3]. In this
case a complex scalar field gets a nonvanishing vacuum
expectation value at the end of the phase transition, and a
right-handed neutrino, typically the lightest, coupling to it
acquires a Majorana mass. The phase transition involves
only a few additional degrees of freedom forming a dark
sector, and some of them can decay into ordinary neutrinos
potentially producing extra radiation so that cosmological
constraints need to be considered. It has been shown that
these can be respected if the phase transition occurs after
neutrino decoupling and if the dark sector (re-)thermalizes
only with decoupled ordinary neutrinos. In this case the
amount of extra radiation does not exceed upper bounds

Published by the American Physical Society
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from big bang nucleosynthesis and CMB temperature
anisotropies. However, in [64] it was concluded that the
amplitude of the NANOGrav signal was too high to be
explained by such a phase transition since the peak of
the predicted spectrum was 2 orders of magnitude below
the signal. This conclusion was based on the 12.5-year data,
and on a way to calculate the sound wave contribution to
the GW spectrum valid for values of the strength of
the phase transition a < 0.1 that is now outdated [65]. In
this paper we reexamine this conclusion in the light of the
15-year dataset and adopting an improved description of
the sound wave contribution, applicable for larger values
a < 0.6 [66]. We introduce different improvements in the
description of the phase transition in the dark sector
coupled with neutrinos, distinguishing the different temper-
ature and strength parameter compared to the visible
sector, calculating the ultrarelativistic degrees of freedom
at the phase transition occurring during electron-positron
annihilations, including a suppression factor taking into
account that the duration of gravitational wave production
is in general shorter than the duration of the phase
transition. We confirm that such a phase transition can
hardly reproduce the whole signal but can be combined
with the contribution from the SMBHB baseline model to
improve the fit of the signal. On the other hand, we
notice that the split Majoron model receives independent
motivations, since it can address different cosmological
tensions. Not only can it ameliorate the well-known
Hubble tension, and more generally it improves the fit
of cosmological observations compared to the ACDM
model, but we notice that it also provides a solution to a
potential deuterium problem that is suggested by the
latest measurement and reanalysis of relevant nuclear rates
(D(d,n)*He and D(d, p)*H).

The paper is structured as follows. In Sec. II we discuss
the split Majoron model. In Sec. III we discuss the
cosmological constraints derived by the presence of extra-
radiation in the model. We also discuss how the model can
address a potential deuterium problem. In Sec. IV we
review the calculation of the GW spectrum and show the
results we obtain confronting the NANOGrav 15-year-
dataset signal. In Sec. V we draw our conclusions and
discuss future developments.

II. THE SPLIT MAJORON MODEL

The split Majoron model was sketched in [64]. It can
be regarded as an extension at low energies of the multiple
Majoron model proposed in [67], albeit with important dis-
tinctions and phenomenological implications. Compared to
the traditional Majoron model [68], we have two complex
scalar fields each undergoing its own first order phase
transition, one at high scale, above the electroweak scale,
and one at a much lower scale, dictated by the possibil-
ity of addressing the NANOGrav signal. If we denote
by ¢ and ¢’ the two complex scalar fields, respectively,

we can write the Lagrangian as (/ =1,...,N and
I'=N+1,....N+N"):

_ O
LNy iprd = LahaaN/® + 51 $NIN,;

_ ~ l ! _
+ LaharNy® + - ¢/NuNy + Vo(h. )
+Hec., (1)

where ® is the SM Higgs doublet, ® its dual, and the
N;,Np are the right-handed (RH) neutrinos coupling,
respectively, to ¢ and ¢’. Imposing that the Lagrangian
(1) obeys a U(])ZILI X U(])Z,/ 1, Symmetry, we can

take as (renormalizable) tree-level potential (with no ¢ — ®@
and ¢’ — @ couplings)

Vo(g.¢') = =2 |¢1” + Ao * — p|¢'|> + 19/ [*
+CloPle' (2)

We will assume that ¢ undergoes a phase transition,
breaking a U (I)ZN ;, global symmetry, at some scale
1=1

above the electroweak scale. In the broken phase we can
rewrite ¢ as

ei@
=1

(vo +S+1iJ), (3)

where v is the ¢ vacuum expectation value, S is a massive

boson field with mass mg = v/21v,, and J is a Majoron, a
massless Goldstone field. The vacuum expectation value of

¢ generates RH neutrino masses M; = 4;v,/v/2. After
electroweak symmetry breaking, the vacuum expectation
value of the Higgs generates Dirac neutrino masses
Mpep = vewhal/\/z and mpqy = erhal’/\/j’ where ve,, =
246 GeV is the standard Higgs vacuum expectation value.
In the case of the RH neutrinos N, their Majorana masses
lead, via type-I seesaw mechanism, to a light neutrino mass
matrix given by the seesaw formula

_ Yew hatlps (4)

(ml/)aﬂ - 2 M[

Notice that we are writing the neutrino Yukawa matrices
in the flavor basis where both charged leptons and
Majorana mass matrices are diagonal. The Yukawa cou-
plings h,r have to be taken much smaller than usual
massive fermions Yukawa couplings or even vanishing, as
we will point out.

Eventually, at a scale much below the electroweak scale,
¢’ also undergoes a first order phase transition breaking the
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v, symmetry. In the broken phase we can rewrite
7=t

i0
¢ = e—ﬁ(vg + S i), (5)

where vj, is the ¢’ vacuum expectation value, ' is a massive

boson field with mass mg = v24'v;, and J is a (second)
massless Majoron. The vacuum expectation value of ¢’

generates RH neutrino masses My = Apv;/ V2. In the
following, for the description of the phase transition, it
will also prove convenient to introduce the real scalar field
¢/, such that ¢/ = (¢//\/2)e' .

Let us now discuss two different cases we will consider.
First, we can have a minimal case with N =2 and N’ = 1.
The seesaw formula generates the atmospheric and solar
neutrino mass scales while the lightest neutrino would be
massless. However, after the electroweak symmetry break-
ing and before the ¢’ phase transition, the small Yukawa
couplings /3 generate a small Dirac neutrino mass for the
lightest neutrino in a way to have a hybrid case where two
neutrino mass eigenstates are Majorana neutrinos and the
lightest is a Dirac neutrino. Finally, at the ¢’ phase transition
a Majorana mass M3 is generated, and one has a second low
scale seesaw mechanism (“miniseesaw’) giving rise to a
lightest neutrino mass m; = 3, [mpu|?/M3.”

In a second case one has N = 3 and a generic N'. In this
case the Yukawa couplings &,y can even vanish. The RH
neutrinos Np acquire a Majorana mass at the ¢’ phase
transition, but they do not contribute to the ordinary
neutrino masses. They can be regarded as massive neutral
leptons in the dark sector, with no interactions with the
visible sector (including the seesaw neutrinos).

As we will better explain in Sec. IV, the mixing between
the two complex scalar fields ¢ and ¢’ significantly
increases the strength of the ¢’ phase transition. This will
be crucial in enhancing the amplitude of the generated GW
spectrum observable in the NANOGrav frequencies. Before
delving into the details of the GW production, we discuss
some cosmological constraints on our setup and its role in
potentially alleviating cosmological tensions.

III. COSMOLOGICAL CONSTRAINTS AND
CONNECTION TO COSMOLOGICAL TENSIONS

Let us now consider the impact of cosmological con-
straints coming from big bang nucleosynthesis and CMB
anisotropies on the model from the amount of extraradia-
tion (also sometimes referred to as dark radiation). To this
end, we first carefully calculate the evolution of the number
of degrees of freedom in the model.

Notice that with our notation N 3 is the lightest RH neutrino,
not the heaviest.

A. Evolution of the ultrarelativistic degrees of freedom
in the SM and dark sector

The number of energy density ultrarelativistic degrees
of freedom g,(T) is defined as usual by pg(7)=
g,(T)(x*/30)T*, where pg(T) is the energy density in
radiation. In our case it receives contributions from the
SM sector and from the dark sector, so that we can
write g,(T) = g;™(T) + g5 (T). At the ¢ phase transition,
occurring at a phase transition temperature 7, above the
electroweak scale, one has for the SM contribution
gM(T,) = 106.75 and for the dark sector contribution

7
9, (T) = gres + 7N, (6)
where g;,¢ = 2. Notice here we are assuming that the N
seesaw neutrinos all thermalize at the ¢ phase transition.’
This is something that can always be realized since all their
decay parameters, defined as K; = (h'h);; 03, /(M me,)

with the effective equilibrium neutrino mass mg, =

[16”5/2\/g$/(3\/§)}(veq/MP) and {]ew = er/\/i =
174 GeV, can be larger than unity in agreement with
neutrino oscillation experiments. Therefore, at the high
scale phase transition the dark sector is in thermal equi-
librium with the SM sector thanks to the seesaw neutrino
Yukawa couplings.

After the ¢ phase transition, all massive particles in the
dark sector, S plus the N seesaw neutrinos will quickly
decay, while the massless Majoron J will contribute to dark
radiation. We can then track the evolution of g,(T) at
temperatures below 7', and prior to the low scale phase
transition occurring at a temperature 7”, and also prior to
any potential process of rethermalization of the dark sector
that we will discuss later.

In particular, we can focus on temperatures
T <m, ~100 MeV. In this case the SM contribution®
can be written as [69]

g[S)M(T < 100 Mev) _ gj//]+ei+3y(T)

=2+ % [4g5(T) +6ry(T)], (7)

SWhether the N’ also thermalize, and with them also ¢’ ornot at
high scale, it is a question that can be answered only by specifying
their nature. However, this is not essential, since the N RH
neutrinos can be assumed to decay together with the N seesaw
neutrinos, and J’ contribution to dark radiation would be very small
anyway as the J contribution. The important thing is thatin any case
they thermalize (or rethermalize) prior to the low scale phase
transition. For definiteness, we assume that ¢’ and the N’ RH
neutrinos only thermalize prior to the low scale phase transition.

For our purposes it is certainly sufficient to treat neutrinos as
fully thermal, neglecting the small nonthermal contribution
produced by e™ — ¢~ annihilations. However, we will take into
account this small contribution in the calculation of the amount of
extraradiation.
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where the number of energy density ultrarelativistic degrees
of freedom of electrons per single spin degree is given by

Vx4 2

120 [
_ =Y i S
T 0 eV Xtz +1

g,(T) = (8)

with z=m,/T. Above the electron mass one has
g5(T>m,) =1, while of course g5(T)—0 for T/m,— 0.
The neutrino-to-photon temperature ratio r,(T)=T,(T)/T
can, as usual, be calculated using entropy conservation,

i) = () 1 ol o)

where

- 7
g (T) =2+ gi(T),

: (10)

having defined the contribution to the number of entropy
density ultrarelativistic degrees of freedom of electrons (per
single spin degree of freedom) as

2 /2 2.1 i
) 845/°odx\/x +27+3
=-—7 X
s 7 4n* 0

Ve
eVt 41 .
One can again verify that ¢¢(T > m,) = 1 and ¢¢(T) — 0
for T/m, — 0, so that one recovers the well-known result
r,(T < m,) = (4/11)"/3. With this function one can write
the SM number of entropy density ultrarelativistic degrees
of freedom as

(11)

g%M(T < mﬂ) — g§+ei+3y(T>

7

=243 [4g¢(T) +6r3(T)].  (12)
For T <« m, one recovers the well-known results
gM(T < m,) =43/11 =391 and @M(T < m,) ~3.36.

Let us now focus on the dark sector contribution. This is
very easy to calculate since one has simply gp(T) =
g,[ro(T)]* and g(T) = g,[rp(T)]*, where g, =1 and
where the dark sector-to-photon temperature ratio rp(7)
can again be calculated from entropy conservation as

SM 1/3
o=y 0

For example, for m, > T > m,, one finds rp(7T) =
(43/427)'/3 ~ 0.465. We can also rewrite g5 (T) in terms

’If one includes the small nonthermal neutrino contribution,
these numbers are corrected to 3.93 and 3.385, respectively. As we
said, at this stage, this small correction can be safely neglected.

of the extraeffective number of neutrino species AN, (T')
defined by

B(T) =L AN(T) 1 (D)) (14

Again, in the particular case m, > T > m,, one finds

4 (43\}
_?<E> ~0027. (15)

AN,(T) = S g,{ro(T)]*
Such a small amount of extra radiation is in agreement with
all cosmological constraints that we summarize here:

(1) Primordial helium-4 abundance measurements com-
bined with the baryon abundance extracted from
CMB anisotropies place a constraint on AN (7) at
t = t; ~ 1 s, the time of freeze-out of the neutron-to-
proton ratio [70]:

AN, (1;)~—0.1+£0.3 = AN, (1;) S0.5 (95% CL).
(16)

(2) From measurements of the primordial deuterium
abundance at the time of nucleosynthesis,
toue = 310 s, corresponding to T, ~ 65 keV [71]:

AN, (tpe) = —0.05 +0.22

= AN, (thee) S04 (95% CL). (17)

(3) CMB temperature and polarization anisotropies
constrain AN, () at recombination, when 7'~ T, ~
0.26 eV. The Planck Collaboration finds® [72]

AN, (fe) = —0.05 £ 0.17

= AN, (fee) S0.3 (95% CL). (18)

Let us now consider the low scale phase transition,
assuming first that this occurs at a temperature 7”, above
neutrino decoupling temperature 79 ~ 1 MeV, so that
r,(T%) =1, but below 1 GeV. At such low temperatures,
Yukawa couplings are ineffective to rethermalize the dark
sector [64]. On the other hand, the coupling term {J2|¢|?
can thermalize ¢’ and the N’ RH neutrinos with J at a
common temperature Tp. Therefore, at the ¢’ phase tran-
sition, the dark sector will have a temperature T7,, =~
0.465T", and with such a small temperature one would
obtain a GW production much below the NANOGrav signal.
Notice that after the phase transition the second Majoron J’
would give a contribution to AN, (T') equal to that one from
J, in a way that one would obtain AN, (T) ~0.05.

®This result is found ignoring the astrophysical measurement
of H, i.e., the Hubble tension.
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One could envisage some interaction able to rethermalize
the dark sector so that rp(7”,) = 1. However, in this case
the thermalized J' abundance would correspond to have
AN, (T) =~ 8/14 ~ 0.6 throughout BBN and recombination,
in disagreement with the cosmological constraints we have
just reviewed.’ For this reason we now consider, as in [64],
the case when the low scale phase transition occurs well
below neutrino decoupling (i.e., 77, < 1 MeV).

In this case a rethermalization between the dark sector
and just the decoupled ordinary neutrino background can
occur without violating the cosmological constraints. Prior
to the ¢ phase transition one has the interactions®

_d 3 TS
—Lp = ) Z/@W vil (19)

i=23

that can thermalize the Majoron J with the ordinary
neutrinos, and also the complex scalar field ¢’ via the
coupling {J?|¢'|?. This interacts with the Np’s that also
thermalize prior to the phase transition. The lightest
neutrino v; thermalizes after the ¢’ phase transition
interacting with J' via an interaction term analogous to
the one in Eq. (19). In this way ordinary neutrinos would
lose part of their energy that is transferred to the dark sector,
so that they reach a common temperature 7, given
by’ [75-77]

_ TuD

_ NSM(T) l
=) <N§M(T) +N + 12/7+4A9/7> e

where T,(T), given by Eq. (9), is the standard neutrino
temperature (i.e., in the absence of the dark sector) so that
one simply has r,p(T) = r,(T)[T,n(T)/T,(T)]. Notice
that NSM(T > m,/2) =3 and NSM(T < m,/2) = 3.043

A possible interesting caveat to this conclusion is to modify
the model introducing an explicit symmetry breaking term that
would give J” a mass. In this way J’ might decay prior to neutron-
to-proton ratio freeze-out, thus circumventing all constraints. We
will be back in the final remarks on realizing this scenario that, in
the context of a general phase transition in a dark sector, has been
discussed in [73,74].

5The couplings 4; can be related to the couplings 4, in Eq. (1).

This expression assumes that the initial temperature of the
dark sector is vanishing. However, the Majoron J was thermal-
ized at the ¢-phase transition, and afterward its temperature is
described by Eq. (13). If this small initial temperature is taken
into account, then Eq. (21) gets generalized into

o NM(T)R(T) + (4/T)rh(T) \#
ToD = (NEM(T) +N +12/7+ ng/7> : (20)

On the other hand, the correction is quite small, and we can safely
neglect it.

for the predicted SM value of the effective neutrino
species [78].

B. Hubble tension

The minimal content of the dark sector is given by J, ¢/
and N’ RH neutrinos. However, we can also account for the
possibility of the existence of Ag extra massless degrees of
freedom. For example, for N/ = 1 and Ag =0, 1, 2, 3, one
finds respectively T,p/T, = 0.815, 0.784, 0.76. One can
also calculate the amount of extraradiation at temperatures
much below the electron mass, obtaining

3043+ N +12/7+489/7 N}
3.043+ N +12/7+4Ag/7— N, ’
(22)

AN, ~3.043 K

where N, is the number of massive states that decay after
the phase transition and produce the excess radiation.'’ In
our case these states are given by §’ and the N’ RH
neutrinos so that N, = N’ + 1. For N’ = 1 and Ag = 0 one
obtains AN, ~0.465. In this case, such an amount of
extraradiation can actually even be beneficial in order to
ameliorate the Hubble tension [76,79] compared to the
ACDM model since one has a simultaneous injection of
extraradiation together with a reduction of the neutrino free
streaming length due to the interactions between the
ordinary neutrinos and the Majorons. For this reason a
low energy scale Majoron model of this kind is a leading
candidate to resolve the cosmological tensions within the
ACDM model [80]. Recently a new analysis of this model
has been presented in [81] where the authors find an
improvement at the level of 16 compared to the ACDM
model. It is then interesting that this kind of model can link
the NANOGrav signal, that we are going to discuss in the
next section, to the cosmological tensions.

C. Deuterium problem

If the rethermalization occurs at a temperature above
65 keV, one should worry about the constraint Eq. (17)
from deuterium. In this case, one can reduce the amount of

'"The expression Eq. (22) is obtained assuming entropy
conservation and neglecting the initial small amount of Majorons
J from the first thermalization of the dark sector at high scale. If
this is taken into account, then Eq. (22) gets generalized into

/ 1 4
AND:3.043[< 3.043+N'+12/7+4Ag/7 )3( )_1}

14+
30831 N+ 12/7+4bg/1—N, s

v

(23)

where rp is given by Eq. (13). This more general expression
might be useful in the case of a higher number of decoupled
degrees of freedom in the dark sector in addition to J. For
example, if one considers the case of multiple Majorons giving
mass to the seesaw neutrinos, as considered in [67].
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extraradiation increasing the number of massless degrees of
freedom in the dark sector considering Ag # 0. For
example, taking Ag =1, 2, 3 one obtains, respectively,
AN, =041, 0.37, 0.33. Therefore, an increase of the
degrees of freedom in the dark sector actually produces a
reduction of the amount of extraradiation making it com-
patible also with deuterium constraints. However, notice that
it is actually interesting that the model predicts some
increase of the deuterium abundance compared to standard
big bang nucleosynthesis (SBBN). There is indeed a
potential tension with the current measurement of primor-
dial deuterium abundance within SBBN. The experimental
value is found to be [82] D/H = (2.527 £ 0.030) x 107.
Using a calculation of D(d,n)’He and D(d,p)°H
nuclear rates based on theoretical ab initio energy depend-
encies the authors of [83] find, as SBBN prediction,
D/H = (2.439 £ 0.037) x 107>, showing a ~2¢ tension
with the experimental value. Since the primordial deu-
terium abundance scales with AN, approximately as [84]
(D/H)(AN,) = (D/H)SBEN(1 + 0.135AN,)%%, one finds
that AN, (t,,c) ~ 0.3 would solve the tension. However,
using a polynomial expansion of the S factors of the
above-mentioned nuclear rates the authors of [71] find
D/H = (2.54 +0.07) x 107>, a predicted value that would
be essentially in agreement with the experimental value and
that places the upper bound on AN (#,,.) given in Eq. (17).
New and more accurate data on the nuclear rates should be
able to establish which one of the two descriptions is more
reliable, thus confirming or ruling out the tension [85]. In
case it will be confirmed, the split Majoron model would be
not only a natural candidate to explain the tension but, very
importantly, it would also offer a simultaneous solution to
the other cosmological tensions and, as we are now going
to discuss, realize an intriguing connection with the
NANOGrav signal.

IV. GW SPECTRUM PREDICTIONS
CONFRONTING THE NANOGRAY SIGNAL

We first briefly review how the first order phase
transition parameters relevant for the production of GW
spectrum in the split Majoron model are calculated and
refer the interested reader to Ref. [67] for a broader
discussion."' The finite-temperature effective potential
for the (real) scalar ¢’ can be calculated perturbatively at
one-loop level and is the summation of zero temperature
tree-level, one-loop Coleman-Weinberg potential and one-
loop thermal potential. Using thermal expansion of the one-
loop thermal potential, this can be converted in a dressed
effective potential given by

"Production of GWs from first order phase transitions in
the dark sector has been discussed, in a general framework,
in [73,74,86,87].

1. 1

VZf”fD (¢) ~ EM%D?’Q — (AT,p + C)fﬂ/3 + ZATLD§0/49 (24)
where we notice that the common neutrino-dark sector
temperature T, rteplaces the photon temperature 7.
However, once the calculations are done in terms of
T,p, everything can then be more conveniently expressed
in terms of the standard 7T simply using 7,p(7) = r,p(T)T.
Here, a zero-temperature cubic term C = {%v)/(21) is
introduced due to the presence of the scalar ¢p with a high
scale vacuum expectation value during the phase transition
of ¢' at a lower scale. This term significantly enhances the
strength of the phase transition. The other parameters in
Eq. (24) are given by

W13, = 2D(T3 ~ T2), (25)

where the destabilization temperature 7', is given by

N M* 3
v _ _/1/2 v62’

ZDTED = /1/1J{)2 + 82 02 82
0

(26)

and the dimensionless constant coefficients D and A are
expressed as

N3/2
=— —— and A= (34) .
8 24 v 127

(27)

The dimensionless temperature dependent quartic coeffi-
cient Ay  is given by

N/M/4
Ar,, =4 = Ry log Ve

aFTLZ/D + 9242 o aBTzD
1677 = &3 2m’

(28)

The cubic term is negligible at very high temperatures, and
the potential is symmetric with respect to ¢’. However, at
lower temperatures it becomes important, and a stable
second minimum forms at a nonzero ¢’. At the critical
temperature the two minima are degenerate, and below the
critical temperature bubbles can nucleate from the false
vacuum to the true vacuum with nonzero probability. We
refer to T, as the characteristic phase transition temper-
ature and identify it with the percolation temperature,
when 1/e fraction of space is still in the false vacuum. It is
related to the corresponding temperature of the SM sector
simply by T, = T, r,p(T}) (we always use T as inde-
pendent variable, and from this we calculate T,p). Two
other parameters relevant for the calculation of the GW
spectrum from first order phase transitions are « and f/H ,,
where the first denotes the strength of the phase transition
and the latter describes the inverse of the duration of the

phase transition. These parameters are defined as

ﬁ ~ T/*d(SS/TUD)

, and 8( TI,/D* )
H, ar |

=) ®
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where S5 is the spatial Euclidean action, &(T", ) is the
latent heat released during the phase transition, and p(77%,)
is the total energy density of the plasma, including both SM
and dark sector degrees of freedom. An approximate
analytical estimate for calculating S;/7,p, and from this
T! b, in terms of the model parameters can be found in
Ref. [67]. In calculating a for phase transition at low
temperatures, one must be careful about various cosmo-
logical constraints, as outlined in Sec. III.

We now proceed to calculate the GW spectrum of the
model relevant for nanoHZ frequencies. Assuming that first
order phase transition occurs in the detonation regime
where bubble wall velocity v,, > ¢, = 1/ /3, the dominant
contribution to the GW spectrum mainly comes from sound
waves in the plasma. Numerical simulations confirm for
a < 0.1[65,88,89] the analytical result from the sound shell
model'? [90]:

~ 2
thst(f) = 3h2rgw(t*’ tO)ngH*R* |:K§a:_D)a:|
a

Xssw(f)T((X?al/D’ﬂ/H*)’ (30)

where R, is the mean bubble separation, and a standard
relation is R, = (8x)'/3v,,/B. Notice that the parameter
a,p = (T, )/p.p(T",) replaces a inside x and Y [73,74],
where we simply defined p,p = p, + pp. We adopt the
Jouguet detonation solution for which the efficiency factor
is given by [91,92]

a,p , (31)
0.73 + 0.083/a,p + a,p

K(az/D) =

and the bubble wall velocity v, (ap) = vy(ap), where

1/3—1—\/0(5]3—1-20(1,]3/3' (32)

1+auD

vy(ayp) =

The suppression factor Y(a, a,p,/H,) <1 takes into
account the finite lifetime of the sound waves and is given
by [93,94]

1
(o, ayp, f/Hy) =1 — e 33
(. 0up. B/ H,) =

where we can write

Col—

H, 1y, = (87);

[y

ﬂ / H * K( uD)a
"It assumes that the sound waves are linear and that their

power spectrum is determined by the characteristic form of the
sound shell around the expanding bubble.

Only in the ideal asymptotic limit H,z, — co one has
T = 1. The prefactor ng is a dimensionless number given
by an integral over all wave numbers k [95]:

ng /a];k (ksz) PGW(ka) (35)

where L; is a characteristic length scale in the velocity field,
PGy is the GW power spectrum, and it is found that [88,95]

(0.8 +0.1)

Qp = 5~ 1072 (36)
The redshift factor 7y (7. 1), evolving Qo = Pows/Pex

to ngO = ngO//)c09 is giVCH by [96]

4 /H.\2 %
rgw(t*,to) = (a_*> <_*) - <@>3g/’_*gyo’ (37)
ao HO Isx 9y

where Q.o = p,/pco- The normalized spectral shape func-
tion Sy, (f) is given by Sy, (f) ~0.687 S, (f) with

i = (i) frsr) -

where f ., is the peak frequency at the present time. This is
simply obtained redshifting the peak frequency at the time
of the phase transition: f, = f.wx@x- The peak frequency
at the phase transition is given, in terms of v, and f/H,,
by [88]

B/H

w

swx = K H,, (39)
with « ~0.54. From entropy conservation one can write
ay = Togt! T <m,)/(T, gi,/f) and from the Friedmann
equation H, = 1.66T3 g)," / Mp,, where T(~2.35x 10~ eV
is the CMB temperature and g,(T <m,) = g\ (T < m,) =~

3.91. In this way one obtains for the peak frequency at the
present time

1/2
N 1/zﬁ/H Ty g,%
Fow = 1.66KT gl a
Uw  Mpgs,
1/2
1 T
w4l ptz P T 9o (40)

vy H, 100 GeV /3"

For phase transitions above the electroweak scale, one has
9px = Jsx = g« In this way Eq. (40) specializes into

1 p T, 9; 1/6
— 8.9 pHz— - @
S A H, 100 GeV <106.75 (41)
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We can also write a numerical expression for the redshift

factor
106.75\3 /0.68\ 2
rgw(l*,to)z?).SXlO_S( )3() (42)

Ix h

and, finally, for the GW spectrum from sound waves'

Qg vy () {K(am)a] 2

n2Q =0.97x 1076
wo(f) N 02/H, | 1+a

06.75\ /3
. (1 e ) Su(F) Y@ B/H,y).  (43)

Let us now turn to the case of our interest, a low scale
phase transition for 7/, <1 MeV. In this case one has
9,(T%) # g,(T%), specifically,
9;;* = gp(T/*)
+
=g (T5) + g (T%) + g (T%)

7 21 7
= 2+§g;(T’*) + (T+g’ + 9y +9r +ZN/+Ag>

x 1ip(Th). (44)

and
+
Gox = 95(T) = 7 (T)) + g3 (T%) + gh (T%)

7 21 7

x 15p(T). (45)

In the limit 77, > m,/2 one has r,p=~g5~1. If, for
definiteness, we consider the minimal case with Ag =0
and N’ = 1, one has then, for T, >>m, /2, g, =~ g, ~62/4.
We can then conveniently rewrite numerically

< (0.68\2/15.5\% ¢,
Faw(ho 1) 2 6.6 x 10 5< p ) <g§*> 1;’*5 (46)
1 p/H, T, (gp*/15'5)1/2
w =~ 6.47 nHz— 47
T e 100 1 MeV (g,,/15.5)173 (47)
and
Q. vy () [k(ayp)a]?
h’Q =1.845x 1076 22 ¥ v
SWO(f) X 10_2ﬁ/H*|: 1 +a
155\43 /¢
2 (gl ) <1§*5> st(f)T(a’auDvﬂ/H*)‘
5% .
(48)

"This numerical expression agrees with the one in [89] (see
Erratum in v3).

For a = 0.1 one expects strong deviation from (30) that can
be expressed in terms of a function &(f; a, vy, f/Hy, ...).
This function is currently undetermined. Here we mention a
few effects that have been studied and that contribute
to E(fs o, vy, f/Hy, ...).

(1) The expression (30) neglects a contribution from
turbulent motion of the dark sector plasma after the
phase transition. This contribution is certainly sub-
dominant for a < 0.1, but it might become sizeable
for @2 0.1, though its determination requires a
better theoretical understanding [97].

(2) In[66] it was found in numerical simulations that for
the integral on the whole range of frequencies, i.e.,
for the sound wave contribution to the GW energy
density parameter, one has a suppression by a factor
of 0.1-1 for values a < 0.6 and vy, ~ ¢, compared to
the expected result one obtains integrating Eq. (30).
There are currently no well established results on the
spectral shape function deviation for ¢ > 0.1 com-
pared to the broken power law, Eq. (38). In order to
account for such an indetermination, we show the
GW spectrum for bands corresponding to £ = 0.1-1
in our plots in Figs. 2 and 3."

We refer the interested reader to Ref. [67] for
more details about the known issues and caveats in
using the above expressions for calculating the GW
spectrum. The GW spectrum plots are obtained for a
set of benchmark points given in Tables I and II in
Figs. 2 and 3, respectively.

(3) Recently, it has been found in [99] that, when the
bubbles expand as deflagrations, the heating of the
fluid in front of the phase boundary suppresses
the nucleation rate increasing the mean bubble
separation and enhancing the gravitational wave
signal by a factor of up to order 10. This enhance-
ment increases for increasing values of o and low
values of v, so that it is sizeable only in the case of
deflagrations (v,, < c), while it is negligible in the
case of detonations (v, > c,), the case we have
considered. In any case this effect can only partially
compensate for the suppression effect mentioned in
the previous point.

(4) Another possible effect leading to a strong enhance-
ment can come from density fluctuations if
8T/T 2 1/(B/H,) [100]. From the reported results,
the enhancement might be up to 1 order of magni-
tude. However, there are no specific calculations,
and at the moment such an effect should be regarded
as potential.

14Recently, numerical results have been derived showing that a
steep Sqy(f) o f7 growth may appear below the peak under
certain circumstances, leading to a bump in the spectral shape
[98]. The presence of this potential bump could potentially lead to
a clear signature in NANOGrav data.
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TABLE I. Benchmark points for GW signals from first order phase transition of ¢’ for N’ = 1.

B.P. N’ A vp/keV M’/ keV C/keV a an K,D B/H, T,/keV Uy T
® 1 0.0013 54.85 16.08 0.96 0.45 2.06 0.74 423.93 276.70 0.96 0.014
1 0.001 71.0 20.0 0.75 0.52 2.40 0.74 424.0 240.58 0.97 0.013
© 1 0.001 83.0 23.0 1.70 0.60 2.62 0.75 399.73 515.11 0.97 0.013
© 1 0.001 144.0 40.0 3.0 0.59 2.56 0.75 393.63 888.35 0.97 0.013
TABLE II. Benchmark points for phase transition of ¢’ with N’ =1, 3, 5, respectively.

B.P. N’ vy vp/keV M’ /keV C/keV a a,p K,D B/H, T, /keV Uy T

1 0.001 71.0 20.0 0.75 0.52 2.40 0.74 424.0 240.58 0.97 0.013
® 3 0.001 129.0 29.0 1.20 0.59 2.09 0.71 420.93 262.61 0.96 0.013
® 5 0.0013 86.7 14.18 0.87 0.59 1.87 0.69 463.13 218.65 0.96 0.012

We can conclude that, within current knowledge, Eq. (30)
should be regarded as an upper bound of the GW spectrum
from first order phase transitions in the dark sector, likely for
values a < 0.6 from existing numerical simulations. Even

N =1

1000

800

600} -

B/H.

400

0.01 0.1 1 10

1000f7

800F-

% :'-." .
= 600 -

B

400

0.01 0.1 1 10

(67

FIG. 1.

for higher values of a there is currently no real reason to think
there can be a strong enhancement, rather a suppression,
except for the hope that turbulence might become dominant
and produce & > 1. For this reason in the following we will

log,, T /keV

1000
800
600
400
200

1000~
800f -

600f

B/H,

400p°

0.01 0.1 1 10

(07

Scatter plot in the plane f/H, versus a over the four parameters vj, M’, 2/, C and for the three values N' =1, 3, 5

corresponding to the three panels. The shadowed region indicates that for a 2 0.6 we do not have a reliable expression for the GW
spectrum. In the first panel, for N’ = 1, the diamond, lower, and upper triangles indicate the three benchmark points in Table I. The
diamond in the first panel, the square in the second panel, and the circle in the third panel indicate the three benchmark points in Table II.
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FIG. 2. Left: GW spectrum at NANOGrav for N’ = 1 and different . Right: strain spectrum compared to best fit from NANOGrav

15-yr data. Benchmark points are given in Table I.

show results using Eq. (30) as a plausible upper bound. We
will comment again in the final section about the possibility
to evade such an upper bound.

A. Results

First of all we have produced scatter plots in the plane
p/H, versus a over the four parameters v, M’, A, C and
for the three values N’ = 1, 3, 5. The results are shown in
the three panels in Fig. 1. The shadowed regions for
a > 0.6 indicate that in this regime there are no firm
results from numerical simulations, and for this reason we
do not show benchmark points for such high values of a.
We also highlight benchmark points for which we show the
GW spectrum in Figs. 2 and 3 for values of the parameters
shown in the two tables.

The left panel of Fig. 2 shows four GW spectra,
corresponding to the four benchmark points in Table I,

EPTA

1076

FIG. 3.
Benchmark points are given in Table II.

peaking in the frequency range probed by NANOGrav for
N’ = 1. The peak amplitudes of the signals are comparable,
while the peak frequency shifts. In Fig. 3, we show two
more benchmark points ® and ®, for NV =3 and N' =5
respectively. The resulting spectra are very similar to the
benchmark point ®, showing that the maximum GW signal
that can be achieved in this model in the NANOGrav
frequencies is somewhat independent of N’. In these plots
we have shown the sensitivity of some interferometers
(SKA [101], THEIA [102]) in the relevant frequency range
with green shaded regions, and the recent NANOGrav [1,4]
and EPTA [103,104] results with blue and orange violins.
These represent the symmetrical representations of the 1D
marginalized posterior probability density distributions of
the GW energy density at each sampling frequency of the
NANOGrav 15-yr and EPTA [104] data, respectively. We
have also shown the baseline signal expected from
SMBHBSs, modeling their GW spectrum as a power-law

1071

Slope favored:
by NG15

10—16
.S’ 10—17
107
-19
0% 10 107 1078 1077
[ [Hz]

Left: GW spectrum at NANOGrav with different N'. Right: strain spectrum compared to best fit from NANOGrav 15-yr data.
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fit following Ref. [4], where the dashed line shows the best
fit and the bands correspond to 20 deviations. Our model
predicts larger amplitude than the worst case scenario of the
baseline SMBHB model.

In the right panel of Figs. 2 and 3 we show the
dimensionless strain A.(f) of the GW signals, given by

2
) =) (49)

where H, ~ 68 km/s/Mpc is today’s Hubble rate. We
compare the results with the spectral slope f =
dlogh.(f)/dlog f modeling the NANOGrav strain spec-
trum with a simple power law of the form h.(f) =
Agw(f/fpra)?. Expressing 3 in terms of another parameter
Yow = 3 — 2p, the 1o fit to NANOGrav 15-yr data gives
Yow =~ 3.2 £ 0.6 around f ~ 1/(10 yr) [1]. This favorable
range is shown with bands superimposed on our strain plot.
We find that the spectral tilt of the phase transition signal is
in tension in some range of the frequency band probed by
NANOGrav.

V. FINAL REMARKS

Let us draw some final remarks on the results we obtained

and how these can be further extended and improved.

(1) Our results are compatible with those presented
in [64]. The differences can be mainly understood
in terms of the different expression we are using to
describe the GW spectrum from sound waves,
Eq. (30). This supersedes the expression used
in [64] based on [65]. The suppression factor taking
into account the shorter duration of the stage of GW
production compared to the duration of the phase
transition is somehow compensated by the fact that
the new expression we are using is extended to
higher values of a. However, our description of
bubble velocity in terms of Jouguet solutions
should be clearly replaced by a more advanced
one taking into account friction though we expect
slight changes since the GW spectrum scales just
linearly with v,,. Another important difference is that
compared to [65] the peak frequency is more than
halved for the same values of all relevant parameters
such as T,(.15 This explains why we obtain higher
values of T, ~ 100 keV for the peak value to be in
the nHz range spanned by the NANOGrav signal.
Also, notice that we have improved the calculation
of the GW spectrum taking properly into account the
different temperature of the dark sector and calcu-
lating the efficiency in terms of @,p rather than a.

5This is because the value of the coefficient x in [65] is taken

2/V/3~12.
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The peak amplitude we find is at most h*Qqy (f) ~
10~'"" at the NANOGrav frequencies and cannot
reproduce the whole NANOGrav signal. However,
it can help the contribution from SMBHBs to improve
the fit, one of the two options for the presence of new
physics suggested by the NANOGrav Collaboration
analysis. This is certainly sufficient to make our results
interesting, also considering that the model we studied
is independently motivated by the cosmological ten-
sions. Clearly, it would be interesting to perform a
statistical analysis to find the best fit parameters in our
model and to quantify the statistical significance.
The possibility to have a higher peak amplitude,
corresponding to & > 1, cannot be excluded, but from
current results from numerical simulations it seems
unlikely. We just notice that increasing the value of N/,
values of a higher than 0.6 are possible, and since
firm predictions are missing for such strong first
order transitions, one cannot exclude large enhance-
ment coming, for example, from not yet understood
contribution from turbulence. A specific account of the
effect of small fluctuations within our model might
also offer potentially a way to obtain & > 1.

The values 77, ~ 100 keV that we found in our
solutions that enter the NANOGrav frequency range,
imply AN, ~ 0.4 at the time of nucleosynthesis, for
N’ =1. This is in marginal agreement with the
constraint Eq. (17) from primordial deuterium mea-
surements but it can be fully reconciled just simply
assuming extra degrees of freedom in the dark sector
(Ag # 0). On the other hand, such an amount of dark
radiation at the time of nucleosynthesis might even be
beneficial to solve a potential deuterium problem.
Actually if such a deviation from SBBN should be
confirmed, this would provide quite a strong support to
the model. Moreover, as discussed, the same amount of
dark radiation at recombination can ameliorate the
cosmological tensions. In this respect a dedicated
analysis within our model would be certainly desirable.
One could think to explore a scenario with 77, >
1 MeV, with a massive Majoron J' quickly decaying
before big bang nucleosynthesis thus avoiding all
cosmological constraints [73,74]. This would require
an extension of the model introducing explicit sym-
metry breaking terms giving mass to J'. However, it has
been noticed that the introduction of these terms
leading to a Majoron mass larger than about 1 eV
would actually jeopardize the occurrence of a first order
phase transition [64]. For this reason this possibility
does not seem viable, since the decay rate of extremely
ultrarelativistic particles is strongly suppressed.
Finally, let us comment on the possibility to add
to the tree-level potential in Eq. (2) a usual Higgs
portal interaction of the form Agy|®|?*|¢'|>. This is
not forbidden by the U(1), symmetry, and it is
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potentially interesting since one could directly con-
sider the Higgs as the auxiliary scalar field needed to
enhance the strength of the ¢’ phase transition
instead of ¢, making the model more minimal.
However, it is easy to see that such a possibility
is excluded by the constraints on the Higgs invis-
ible decay width [105,106] that place an upper
bound Agy <0.03 [107,108]. If we write the
Higgs potential as VEM(®) = —u2, | @[> + Aoy | D[,
then ve, = —u2y/(2Aew) = 174 GeV. Expanding ®
about the electroweak vacuum expectation value,
one has |®| = (0, vy + h/v2)", where h is the
Higgs boson field with mass my, :Zmueq:
125 GeV, so that one has Ao, =mj/(4v%,)~0.13.
After electroweak symmetry breaking, the Higgs
portal term would give an additional contribution to
the zero temperature cubic term C given by

2 / ’

Cop = Yoy 25 ey

— 0 (50
D ™ 00 kev OV

If this is compared to the values of C obtained for the
benchmark points, it seems that this contribution is

subdominant. However, since it is only marginally
subdominant, it would be certainly interesting to
explore in more detail the very attractive possibility
that the NANOGrav signal might have some con-
nection with a potential contribution of Majorons to
the Higgs invisible decay width that should be
discovered at colliders.
In conclusion the split Majoron model is an appealing
possibility to address part of the NANOGrav signal and the
cosmological tensions, including, potentially, the deu-
terium problem. Moreover, it can have connections with
other different phenomenologies. In any case it is certainly
a clear example of how, with the evidence of a GW
cosmological background from NANAOGrav, GWs have
opened a new era in our quest of new physics. This should
certainly alleviate the regret for the nonevidence of new
physics at the LHC (at least so far).
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