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We compute the /ic (pseudo)scalar, (axial-)vector and (axial-)tensor susceptibilities as a function of
u = m./my, between u =m./m;, and u = 0.8 using fully relativistic lattice QCD, employing non-
perturbative current renormalization and using the second generation 2 + 1 + 1 MILC HISQ gluon field
configurations. We include ensembles with a ~ 0.09, 0.06, 0.045, and 0.033 fm and we are able to reach the
physical b-quark on the two finest ensembles. At the physical m;, = m;, point we find My~ =
0.720(34) x 1072, m2y;- = 1.161(54) x 1072, yo- = 2.374(33) x 1072, and yp+ = 0.609(14) x 1072
Our results for the (pseudo)scalar, vector, and axial vector are compatible with the expected small size
of nonperturbative effects at u = m,/m,;. We also give the first nonperturbative determination of the tensor
susceptibilities, finding Mm%y, = 0.891(44) x 1072 and m2y,7 = 0.441(33) x 1072. Our value of M2y is
in good agreement with the O(a,) perturbation theory, while our result for m7y; is in tension with the
O(a,) perturbation theory at the level of 2¢. These results will allow for dispersively bounded
parametrizations to be employed using lattice inputs for the full set of 7 — ¢ semileptonic form factors

in future calculations, for heavy-quark masses in the range 1.25 x m,. < m;, < my,.

DOI: 10.1103/PhysRevD.110.054506

I. INTRODUCTION

Lattice QCD studies of the semileptonic decays of B .
mesons to vector mesons via the b — ¢£¥ weak transition
have progressed significantly in recent years, with lattice
form factor results becoming available away from zero

recoil for B — D*£ [1-3], B, — D\ ¢i7 [4,5], and B, —
J/w¢v [6]. However, lattice predictions for the differen-
tial decay rate for B — D*/¥ have been found to be in
tension with that measured by the Belle experiment [7].
Moreover, predictions for the ratios of form factors
obtained by combining earlier zero-recoil lattice results
with light-cone sum rules (LCSR) and QCD sum rules
(QCDSR) using the heavy-quark expansion (HQE) through
order O(1/my, 1/m?) [8] show some disagreement with
the more recent lattice-only results.

For fully relativistic lattice calculations, it is typical to
compute form factors at multiple heavy-quark masses, m,,
below and ranging up to m,, in order to control discretiza-
tion effects appearing as powers of (amj)?> [2-6]. The
lattice data is then fit using a function chosen to describe
both the physical heavy mass dependence and kinematics,
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as well as discretization and quark mass mistuning effects.
The choice of this fit function is one potential origin of
the discrepancy seen between lattice-only results and the
results combining LCSR, zero-recoil lattice and HQE
for B - D*.

In the continuum, the B — D) form factors obey
dispersive bounds and may be described using the
Boyd-Grinstein-Lebed (BGL) parametrization [9], which
we briefly describe below. This parametrization is formu-
lated using the variable

Ve —q* =t =1 )
Vi, — ¢+ i =1

where 7, is the bc two particle production threshold for the
relevant current and ¢ is a free parameter which may be
chosen between 7, and —co. z maps the physical ¢ region
to within the unit circle and the branch cut ¢> > 7, to the
unit circle. The susceptibilities, y,», are defined in terms of
the two point correlation functions of bc currents with
quantum numbers J” (see Sec. II), and are typically
computed using perturbation theory. The susceptibilities
can then be related via the optical theorem and crossing
symmetry to a sum over the squared magnitudes of
exclusive hadronic matrix elements. Because each contri-
bution in this sum is positive semidefinite, the sum may be
restricted to just the lowest two particle contribution,
corresponding to B — D). This results in inequalities
involving the helicity-basis form factors, F, integrated over

g 1y 1y) =
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the unit circle in z. These inequalities take the form

A PRMFE < 1. 2)

where ¢(z), referred to as outer functions, are analytic
functions on the open unit disk, which also absorb a factor
of 1//x, in order to set the right-hand side of Eq. (2) to
unity. The Blashke factors, P(z), have magnitude 1 on the
unit circle, and remove subthreshold poles appearing in the
form factor. P(z)¢(z)F(z) can then be analytically con-
tinued to real z corresponding to the physical semileptonic
region of ¢*. Because P(z)¢(z)F(z) is analytic on the open
unit disc, it may be expanded as a polynomial in z as

P(2)p(2)F(z) = Y ayz", (3)

resulting in the standard BGL parametrization for the form
factor,

1 [Se]

F(z) = WZ a,z", (4)

n=0

where from Eq. (2) the coefficients satisfy the inequality

> la,? <1 (5)
n=0

Note that stronger dispersive bounds than those of the
original BGL approach may be formulated by decomposing
the polarization tensor for a given current in terms of a full
set of virtual vector boson polarization vectors [10]. Also
note that the BGL parametrization corresponds to the
special case where the lowest two particle threshold, 7,
corresponds to the production threshold, fr, of the initial
and final state mesons for the form factors of interest. In the
more general case where f- > ¢, the integral in Eq. (2) is
restricted to an arc on the unit circle, and instead of a simple
sum of powers of z as in Eq. (4), one finds a sum over
polynomials in z constructed to be orthonormal on the
corresponding arc [10].

On the lattice, the HPQCD Collaboration has previously
employed two different fit functions to reach the physical
continuum. Earlier works on B; — D% and B, — J/y used
a “pseudo-BGL” fit [4,6], where a power series in the
conformal variable z was used to describe the kinematic
dependence of the form factors in the QCD basis, together
with a term describing the bc subthreshold poles. However,
these fits omitted the outer functions of the full BGL
parametrization Eq. (4). More recently, for a combined
analysis of B - D* and B, — D}, the HPQCD Colla-
boration used a fit to the HQET form factors using a simple
power series in w — 1, choosing priors to ensure the
continuum BGL coefficients were not significantly

constrained relative to the unitarity bounds [2]. In both
cases, coefficients included (A/m;)" corrections encoding
the physical heavy mass dependence.

Neither of these fit functions is ideal. The pseudo-BGL fit
neglects the dependence on the heavy-quark mass of the
outer functions, as well as losing the ability to choose prior
widths informed by the unitarity constraints. On the other
hand, the HQET fit includes limited information about the
known pole structure of the form factors with varying heavy
quark mass. Ideally a full BGL fit would be used to fit lattice
data, augmenting the BGL coefficients with A/m;, terms to
describe the dependence of the lattice data on heavy-quark
mass while using lattice inputs to describe the subthreshold
pole masses and susceptibilities. This approach is compli-
cated by the susceptibilities, which determine the overall
normalization of the outer functions [9]. The susceptibilities
for the bc (pseudo)scalar and (axial-)vector currents are
known perturbatively for the physical b-quark to three loops
[11,12], with nonperturbative condensate contributions
expected to be extremely small. These susceptibilities have
also recently been computed nonperturbatively using lattice
QCD [13], where surprising tension at the level of ~2c was
found between the lattice and perturbation theory at the m,;, =
my, point. The tension is particularly surprising because of the
good consistency seen between the continuum perturbation
theory and the equivalent heavyonium quantities [14,15].

Recently, lattice form factor calculations have also been
extended to include the tensor form factors needed to analyze
and constrain new physics [2,16]. Dispersive parametriza-
tions of the tensor form factors require tensor susceptibilities
computed from the polarization tensor of the corresponding
tensor currents. For hc currents, these are currently only
available from perturbation theory to O(ay) [17].

In this work, we compute the full set of (pseudo)scalar,
(axial-)vector, and (axial-)tensor susceptibilities as a func-
tion of u = m,/m, between uP™s =m,/m, and ~0.8
using the a=0.09, 0.06, 0.045, and 0.03 fm second
generation MILC HISQ 2 4 1 + 1 gauge field ensembles.
This will provide an additional check of the perturbation
theory and lattice results [13] for the (pseudo)scalar and
(axial-)vector susceptibilities, as well as providing new
lattice results for the hc (axial-)tensor susceptibilities.
These new (axial-)tensor susceptibilities will allow future
heavy-HISQ calculations of form factors for exclusive
b — c processes to use the full dispersive parametrization
for all form factors, while using lattice results for all inputs.
This calculation will also lead to a future calculation of the
heavy-light susceptibilities, where nonperturbative conden-
sate contributions are expected to be more sizeable.

II. THEORETICAL BACKGROUND

A. (Pseudo)scalar and (axial-)vector currents

The susceptibilities are related to polarization functions,
which are decomposed according to Lorentz structure, and
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are defined in terms of current-current correlators by

(~4*9 + 9,90 (4%) + 4,9,17 (¢°)

=i / dxe (O[T 3(x) 2 (0)[0). (6)

for the vector and axial-vector currents j), = W,7,W ., ja =
WnY,ur*w. and by

I = i / dxt e (0|7 () 7 (0)[0).  (7)

for the scalar and pseudoscalar currents j5 =7,y and
j¥ = iy, 7°w.. Moments of the heavy-light current corre-
lators were computed up to three loops in perturbation
theory in [11,12] in the MS scheme. The three-loop MS

results for the limit ¢g> — 0 are expressed as
() = 5 3 Gz ®)
167[2 n>—1

where u = m./m;, and z = ¢*/m;. The susceptibilities are
then defined at the point g*> = 0 by

1 0%
1 (¢*=0)= 207 (¢°T1*(¢*))| 2=
(g =0) = 12 (e (),
1-\q 234 q q7))1g=0-
_ (mh + mc)2 a2
polar =0) =S (),
(m — mc)2 s
X0t (¢* =0) = hff—qz (@115 (q*))] o0+ )

where in the final two lines we have used the partially con-
served axial-vector and vector current relations. Inserting
Eq. (8) into Eq. (9) gives the susceptibilities in terms of the
perturbatively computed moments of [11,12] as

3

1i+(q* =0) = W@(u)’

(6 =0) = e C),

for (@ = 0) = (1 a5 Cf )

(@ =0) = (=05 G, (10)

where the CJ are given by [11,12]

i) = €% + % + (%) e )

=
/4

with a, = a,(u) and u = m,,(m,,). Note that Eq. (11) does
not include nonperturbative condensate contributions. To
set 7m;, we use 7. (3 GeV) = 0.9858(51) GeV from [18] to
compute 71, (3 GeV) = m.(3 GeV)/u, which we then run
to my(my,). We use ayg(5 GeV,n, =4) = 0.2128(25)
from [15], together with the four-loop running [19]. We
use uPS = 1/4.578(12) computed in pure QCD from [20].
We include an uncertainty for the three-loop result of
o3(a,/m)? where o5 is the root mean square of C_‘(lo)ﬁ(u),

¢\ (u) and CP ().

B. (Axial-)tensor currents

The susceptibilities are defined analogously for the
tensor and axial-tensor currents, with one of the tensor
indices contracted with g*

=00, JAT =0 ¢ .. (12)

The polarization functions for the (axial-)tensor currents
given in Eq. (12) are defined by

(0 — 9T (%) = i / e (O[T T ()7 (0)]0).

(G0 — 49 )T () = i / dxei (0|7 707 (x)jA77(0)]0).

(13)

Note that because o, is antisymmetric, there is no
longitudinal piece proportional to the projector g,q,/ q°.
The (axial-)tensor polarization functions require three
subtractions [17], and the susceptibilities are defined by

J-1 1

)((A)T(‘I =0)= 603—612(q2H<A>T(q2))\qz:0. (14)

Since the J = 0 components of the polarization tensors are
identically zero, we will omit the J = 1 label from the
susceptibilities and write y ()7 = ;({A:)]T from now on. The
tensor currents also require renormalization in the con-
tinuum. This is typically performed in the MS scheme, and
the tensor susceptibilities are dependent upon the renorm-
alization scale pu.

III. LATTICE CALCULATION

Following [13], the continuum Euclidean correlation
functions that we wish to compute are
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TABLE 1.

Details of the gauge field configurations used in our calculation [22,23]. We use the Wilson flow

parameter [24], wy, to fix the lattice spacing given in column 2. The physical value of w, was determined in [25] to
be 0.1715(9) fm and the values of w(/a, which are used together with w, to compute a, were taken from [15,18,26].
In these works, the unimproved Wilson flow was used in combination with the unimproved clover observable. Set 1
is referred to as “fine,” set 2 as “superfine,” set 3 as “ultrafine,” set 4 as “‘exafine,” and set 5 as “physical fine.” ng is
the number of configurations that we use here. am;q, amy, and am ., are the masses of the sea up/down, strange and
charm quarks in lattice units. We also include the approximate mass of the Goldstone pion, computed in [27].

Set a (fm) wo/a L.xL, amy, amg, am. M, MeV) Ny
1 0.0902 1.9006(20) 32 x 96 0.0074 0.037 0.440 316 1000
2 0.0592 2.896(6) 48 x 144 0.0048 0.024 0.286 329 500
3 0.0441 3.892(12) 64 x 192 0.00316 0.0158 0.188 315 375
4 0.0327 5.243(16) 96 x 288 0.00223 0.01115 0.1316 309 100
5 0.0879 1.9518(7) 64 x 96 0.0012 0.0363 0.432 129 500

dx* (0 Thyfy§e(x)crfr§h(0)[0),
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=

a
=
I
w‘\]NI\) \4 \ w’<NN

-

T
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g
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I

dx*{0|The(x)ch(0)|0),
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=
I

dx*(0|Tho%yc(x)éck,h(0)]0),

0

S

~—~

-~
N~—

|
w| N
(7~

~.
Il
=

dx*(0|Thoyy§ e (x)éofyr§h(0)[0),

(15)

where yf and yf are Euclidean gamma matrices and for the
(axial-)vector and (axial-)tensor currents we require the
additional current renormalization factors Z, and Zj
respectively.

Using the definitions of the susceptibilities, together with
the definitions of the polarization functions, the suscep-
tibilities may be expressed in terms of these correlation
functions as [13]

1

pio(a = 0) = [ drricy(o)
1

po(a = 0) = [ ey,

1o =0) = (my +m,)? [ drriCy(o),

1
= m,? / dt 4 C(1),

1
xmr(g? =0) = IZ/dff4C( ar(t)-

X0+ (> =0) =

(16)

We compute the required correlation functions using the
HISQ [21] formalism for the 4 and ¢ quarks on the MILC
241+ 1 HISQ gluon field configurations detailed in
Table I. We use the local spin-taste operators 1 ® 1,
¥s ®vs, v; ®vj and y;ys ® yjys for the S, P, V, and A
currents respectively. For the tensor currents 7 and AT we
use ;70 ® 7,vo and 7y, ® v,yx respectively, with i and k
chosen as spatial directions and i # k. Note that we use the
local currents to avoid tree-level discretization errors. The
valence charm and heavy-quark masses used in this work
are given in Table II, with am; = 0.9 = am,, on set 3 and
amy, = 0.625 ~ am,, on set 4. Note that because we use the
HISQ formalism for both heavy and charm quarks, we can
use u = m¥™ /m}¥ directly. The ensembles we use include
physically tuned charm and strange quarks in the sea, as

TABLE II. Details of the charm and heavy valence masses.

Set am} amy®
1 0.5, 0.55, 0.6, 0.65, 0.7, 0.75, 0.8 0.449
2 0.427, 0.525, 0.55, 0.6, 0.65, 0.7, 0.75, 0.8 0.274
3 0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.85, 0.9 0.194
4 0.2, 0.25, 0.3, 0.45, 0.625 0.137
5 0.5, 0.55, 0.6, 0.65, 0.7, 0.75, 0.8 0.433

054506-4



bc SUSCEPTIBILITIES FROM FULLY RELATIVISTIC LATTICE QCD

PHYS. REV. D 110, 054506 (2024)

well as unphysically heavy light sea quarks on sets 1-4.
While the effect of using heavier-than-physical light quarks
is expected to be very small, we also include a single
ensemble, set 5, with physically tuned light quarks, in order
to constrain these effects.

The Zy, factors for the local vector current were computed
in [18,28], extrapolated to zero valence quark mass. For the
tensor, we use the results of [29], which used an intermediate
RI-SMOM scheme to match the lattice tensor current to the
continuum tensor current in the MS scheme. We use the
values computed using a matching scale of y =2 GeV
which we subsequently run to 71, (71,,) using the three-loop
anomalous dimension [30]. For HISQ, chiral symmetry
means that the local vector and tensor currents used here
have the same renormalization factors in the zero valence
quark mass limit as their axial counterparts to all orders in
perturbation theory [31]. It was shown in [28] that Zy,
computed using the RI-SMOM scheme is free from con-
densate contamination, while Z; includes a correction to
remove condensate contributions explicitly [29]. We may
thereforeuse Z, = Zy and Z,r = Z7, which will differ only
by discretization effects, and so give the correct continuum
limit. The values of Z, and Z; used here are given in
Table II1. For each value of am;, on each ensemble, we run Z;
to the MS mass 71, (u = m,,) which we determine using the
physical value of 711, (3 GeV) = 0.9858(51) GeV from [18]
together with the ratio of lattice masses

my,(3 GeV) = m.(3 GeV)/u =m.(3 GeV)/(am./amy,).
(17)

Note that since [29] did not include set 4, we use a value here
obtained by extrapolating the other values. Following [18],
we fit the condensate-corrected tensor renormalization fac-
tors, at scale 4 = 2 GeV, using the simple fit function

i=4 Jj=3 2j '
ZT<CZ,IL£:2GCV):Z (C,"" blj (%) )as(ﬂ'/a)l
J

i=0 =1
(18)

TABLE III. The second column gives the values of Zy(u =
2 GeV) at zero valence quark mass computed in [18,28] in the
RI-SMOM scheme. Note that Zy, on set 5 is equal to that on set 1.
The third column gives the values of Z;(u = 4.8 GeV) from [29]
for the tensor operators used in this work. Note that since [29] did
not include set 4, we use a value here obtained by extrapolating
the other values in a? as described in the text.

Set Zy(u =2 GeV) Zr(u =48 GeV)
1 0.98445(11) 1.0029(43)
2 0.99090(36) 1.0342(43)
3 0.99203(108) 1.0476(42)
4 0.99296(21) 1.0570(50)
5 0.98445(11) 1.0029(43)

C

JT J

0 7 t

FIG. 1. Arrangement of heavy and charm quark propagators for
currents J = j5, j7. jV, ja, jI. jaT defined in Sec. IL

taking priors of 0 & 2 for the coefficients ¢; and b;;. Varying
either u or the lattice scale, z/a, by £50% has a negligible
effect on the extrapolated value, as does increasing the
maximum order that we sum to in i or j. Note that we
neglect the statistical correlations between Zy, and Z; as well
as between the current renormalization factors and the lattice
data generated in this work.

We use random wall sources to increase statistical
precision. The arrangement of propagators appearing in
the correlation functions which we compute are shown in
Fig. 1. In terms of the staggered fields they are given by

Ci" = 13 Zﬂa %) gap (.30, 9)B5(¥)Epe (v)

xxyy

X (9aq(t.%:0,5)Eqc (¥)* (19)

where g7 is the staggered propagator for flavor ¢ and the

random wall & satisfies &, (y)&;.(Y') = 8,045 P5(x) is the
x-dependent phase factor corresponding to the local spin-
taste operator in the staggered formalism.

The correlation functions we compute are periodic in
time, and so we average C(r) and C™(L,-1) for
0<t<L,/2. We compute the time moments in
Eq. (16) on the lattice as

LT/2
leaf(q =0) 12 Z t4c1att(t)
LT/2
)(lldtt(q2 _ 12 Z l‘4C1‘m(t)
Ly/2
)(latt(q _ 0) mh +m, Z t4clatt 7
1 Ly/2
K = 0) = (my = m? Y A1),
t=0
| Le/2
)(l(att) (q _ 12 Z t4clattT(t (20)

The resulting values of '(¢? = 0) for the (pseudo)scalar,
(axial-)vector, and (axial-)tensor susceptibilities are given
in Appendix A. The susceptibilities on a given ensemble
are computed including all statistical correlations, which
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are then included in our subsequent chiral continuum
extrapolation. We use the GVAR [32] Python package to
propagate uncertainties from our correlation functions
to the susceptibilities and masses while maintaining
correlations.

IV. CONTINUUM EXTRAPOLATION

In order to reach the continuum we fit the lattice
susceptibilities against a form including dependence on
u, amy, am, and the quark mass mistunings. We use the fit
functions

1 12 + + +
latt E =1 11— "Al Nl ,
A0 G ()2 2 (A
e L ZH G (1 =y AT N AT
Z(A)T = mh(mh)z 2 n u n n’ o
2 = (1 + u)? § as’ (1—u)"AY NY, (21)

where as well as including constant terms, dﬁ also allows
for scale dependence through a,, as well as condensate
contributions,

‘5—ax< + B, () + '<5<%3G—2>> (22)

m;,m

where the mfﬁc factor was chosen to interpolate the
expected quark mass dependence in both the m; — m,
and m;, — m, limits. We take (% G?) = 0.02 GeV* and use
Gaussian priors of 0(2) for 42 and x5

A? parametrizes discretization effects as

6 6
A =1+ Z b3, (amy,)* + Z 5, (am)%
j=1 j=1

+ by (amy)* log(amy) + & (am,)* log(am,).  (23)

We include terms accounting for log-enhanced discretiza-
tion effects which, due to the tree-level improvement of the
HISQ action, are expected to enter at O(a,) [33]. We take
Gaussian priors of 0(2) for b2 and 9.

Because our simulation is done using staggered quarks,
the correlation functions contain a time-oscillating contri-
bution from time-doubled states with opposite parity [21],
with

Clatt ZM |2 —E%t

When we perform the sums over ¢ in Eq. (20), the
oscillating state contribution gives zero up to discretization
effects. For the J* = 0™, 1~ and tensor currents, we expect

(=125 Pe B0 (24)

the oscillating states to have EJ > E,. In this case, the
discretization effects due to the oscillating state contribu-
tion are highly suppressed relative to the nonoscillating
ground state. For the J© =0%, 1%, and axial-tensor
currents, however, we expect E3* < E,,. In this case we

can use the ground state parameters /I<°s°> and E<OSC)
extracted from fits to Eq. (24) using the Python package
CORRFITTER [34], to estimate the size of the discretization
effects from the oscillating state contribution to Eq. (20)
relative to the nonoscillating ground state contribution. We
find that this discretization effect is expected to be largest
on sets 1 and 5, at the level of approximately —15%, —5%,
and —10% for "4, ', and ¥4 respectively. We therefore
use a power series in am,_j ., as opposed to the more
usual am,/r, to capture these large discretization effects,

we use Gaussian

including up to (am,)'. For b5, and ¢/,

priors of 0(2).
In [I1] it is observed that the expansion up to
O((1 — u)?) is indistinguishable from the full expressions

for the leading order terms C‘go)’é(u) from u = 0.8 down to
Ut = Uphys. The expansion up to O((1 — u)?) is also seen to
reproduce the NLO and NNLO results well across the
range 0.3 < u < 0.8 with deviations of =10% close to
U = Uppys- Motivated by these observations, we include up
to (1 — u)'? in our fit function. We have confirmed that this
fit function reproduces the perturbative continuum results
of [12] to 1 part in 10° across the range Uphys < u < 0.8,
with all |a$| < 0.01. As such we use conservative Gaussian
priors of 0.0(0.05) for each af for terms with n < 8 and
0.0(0.025) for terms with n > 8, reflecting that these terms
are only needed to capture the NLO and NNLO u
dependence of the perturbative results. A/° accounts for
valence and quark mass mistuning effects,

NOTOT = (14 A% (1 + BYSSE + st + D3ose),
NG = (1 + BISS® + Co8* + Dosyse (25)

with

(mal ( amval tuned) / a mtuned

5;?21 — (amsea Val)/amval

5sea — (a sea __ tuned)/(loamtuned)

Syt = (ami™ — am"ed/[m/m P*) /(10am§e), (26)

and with [m/m;]P"* = 27.18(10) from [27]. When m}3! =
mi= the perturbative expressions for the susceptibilities are
functions of only u, 7, and «(7m,,). Charm quark mistun-
ing effects thus enter our calculation through the determi-
nation of 71, (71,) using the physical value of 711.(3 GeV),
as well as indirectly through the scale y = m;,. The valence
charm masses used here are well tuned, and the effect of the
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TABLE IV. 7. masses in lattice units, used to determine
amzuned'

Set aM,,

1 1.364965(66)
2 0.896644(80)
3 0.666886(75)
4 0.49423(16)
5 1.33045(97)

small mistuning on 71, (71,) leads to a negligible change in
a,(m,). Since the nonperturbative condensate contribu-
tions are expected to be small relative to the perturbative
expressions, we also neglect their variation with the small
valence charm mass mistunings. The only remaining place
where mistuning effects may have a significant effect is the
overall 1/m7 appearing for the cases 6 = 1%, (A)T. For

these cases, we take N’ i:li’wr to contain only a single
overall 5:,?: factor. The relevant sea charm quark mistuning,
which we denote &;;%, is then the mistuning of the sea charm
quark mass from the valence mass m}.

The tuned values of the quark masses are given by

phys,QCD
am®d = gm¥d ”;w , (27)

e

where we use the pure QCD result MDY P —
2.9783(11) GeV, computed using the results of [18] for
the J/w hyperfine splitting in pure QCD and neglecting
disconnected diagrams as we do here. To determine M, ,
we generate 7, correlation functions using local y° ® 7>
spin-taste operators, using the valence charm masses given
in Table II. We fit these correlation functions to

Newy=8

CR(n) = Y e,

n=0

(28)

taking heuristic Gaussian priors of 0(0.75) for 4,.,
0.25(0.125) for Ay, 0.75(0.6) GeV for M, ., —M,, and
3.0(0.75) GeV for My = M,, . The values of M, resulting
from this fit are given in lattice units in Table IV, where we
see excellent agreement with the values determined in [18],
allowing for the small differences in valence masses on
sets 1 and 4.
We take

Mphys 2
am®d = gm¥d (—"‘ ) , (29)

M]/] s

where we use the values of M, given in [35]. Since these
values are very precise, and since we expect sea quark mass
mistuning effects to be small, we neglect their correlations
with our other data. We take priors of 0(2) for each

A=A and 0.0(0.5) for C, and D, to reflect the fact
that the corresponding sea quark mistuning effects appear
at next-to-leading order in ;. We take a prior of 0(0.1) for
B, to reflect the results of the analysis of sea charm quark
mistuning effects on wy in [15].

V. RESULTS

We use the Python package LSQFIT [36] to perform the
fit to Eq. (21). Our lattice data points and continuum
extrapolated susceptibilities for the (pseudo)scalar and
(axial-)vector susceptibilities are plotted in Figs. 2 and 3.
Our lattice data points for the tensor susceptibilities are
shown in Fig. 4, together with the result of our chiral
continuum extrapolation. The fit has y?/dof = 0.89, which
we estimate using singular value decomposition and prior
noise [37], and a corresponding Q-value of Q = 0.89. We
see that the discretization effects are visibly larger for y |+ as
expected (see Sec. IV).

We find, for the physical b-quark,

M2 X yps = 0.720(34) x 1072,

(34)
mi X y1- = 1.161(54) x 1072,
Xo- = 2.374(33) x 1072,
Yo+ = 0.609(14) x 1072, (30)
and for the tensor susceptibilities,
8 X Set1
Set 2
@ 6 X Set3
= X Set 4
>f 4 Set 5
2
2 TS
\\é%\
. ?*\;@%\M_
3.5
» —;%/’5?3{4
3.0 el
q Sl
%
< - f
= /
2.0

0.2 0.3 0.4 0.5 0.6 0.7 0.8
me/my,

FIG. 2. Plot showing our lattice data points for the (pseudo)
scalar susceptibilities, together with the result of our chiral
continuum extrapolation (gray band) as a function of m,/m,,
for the (pseudo)scalar susceptibilities.

054506-7



JUDD HARRISON

PHYS. REV. D 110, 054506 (2024)

12 ¥ Set1
10 Set 2
L X Set 3
< 8 X Set4
i Set 5
ot x
E 6 R F -

X
4
SR < v

14
7 12}\
— HEXX
X M\X&
L 10 e
N><
=
1S

f

6
0.2 0.3 0.4 0.5 0.6 0.7 0.8
me/my
FIG. 3. Plot showing our lattice data points for the

(axial-)vector susceptibilities, together with the result of our
chiral continuum extrapolation (gray band) as a function of
m,/my, for the (axial-)vector susceptibilities.

12 I Set1
7 Set 2
=
% 10 X Set 3
! }* X Set 4
=~ jmwm Set 5
= 8 T
e
|
6
6
i
= 41
X ;;x x
= TR X =X
c\i 2
[S I T
0

0.2 0.3 0.4 0.5 0.6 0.7 0.8
mc/mh

FIG. 4. Plot showing our lattice data points together with the
result of our chiral continuum extrapolation (gray band) as a
function of m,/m;, for the (axial-)tensor susceptibilities. Note that
the discretization effects appearing in the axial-tensor suscep-
tibility are somewhat larger than expected from the estimate using
ground state parameters extracted from correlator fits.

1.
0 This work
0.8 = PT Tree
- T PT O(ay)
S 0.6 PT O(a?)
Z 0.4 Martinelli et al.
X .
0.2
0.0
3.5
3.0
2 L
=
x 2.5 1
2.0
1.5

0.2 0.3 0.4 0.5 0.6 0.7 0.8
me/mp

FIG. 5. Our chiral continuum fit results for the (pseudo)scalar
susceptibilities (blue band) compared to the perturbative result at
tree level (black line), O(a;) (green line) and O(a?) (red line). We
add the leading condensate contribution from [9] to the O(a?)
result in red, though this has a very small effect. The red band
showing the uncertainty on the O(a?) result is equal to (@, /)3
multiplied by the root mean square of the three known coef-
ficients. We also include the results of [13] for comparison. We
see that our results are very close to the perturbation theory across
the full range of m./m,; considered.

M2 X y7 = 0.891(44) x 1072,

M2 X yar = 0.441(33) x 1072, (31)

For ease of comparison to other results, we also give the
(axial-)vector and (axial-)tensor susceptibilities with the
factor of 1/m2 included. We find

21+ = 4.06(20) x 107* GeV~2,

21- = 6.55(31) x 107* GeV~2,

xr = 5.03(25) x 107* GeV~2,
)

Far = 2.49(19) x 107+ GeV~2. (32)

In order to provide self-contained results, we generate
synthetic data across the full range of u between 0.8 and
m,/m,, and fit this data using a simple power series in 1 — u
up to (1 —u)'?, as in Eq. (21), without any factors of a, and
(%+G?). We find that the susceptibilities computed from the
results of this fit are indistinguishable from our full results,
and we provide the posterior distributions for the coef-
ficients in the file susceptibilities_ul2.pydat in the
Supplemental Material [38], as well as the Python script
load_chi_ul2.py, which loads the correlated parameters
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12
This work

10 — PT Tree
L T —— PTO(a,)
x 8 § —— PT O}
;? Martinelli et al.
"= 6
S

4

120 4
T
=10
X
C\i 8
S

6

0.2 0.3 0.4 0.5 0.6 0.7 0.8
me/mu,

FIG. 6. Our chiral continuum fit results for the (axial-)vector
susceptibilities (blue band) compared to the perturbative result at
tree level (black line), O(a;) (green line), and O(a?) (red line).
We add the leading condensate contribution from [9] to the O(a?)
result in red, though this has a very small effect. The red band
showing the uncertainty on the O(a?) result is equal to (@, /)3
multiplied by the root mean square of the three known coef-
ficients. We also include the results of [13] for comparison. We
see that our results are very close to the perturbation theory across
the full range of m./m, considered.

from susceptibilities_ul2.pydat and computes the con-
tinuum susceptibilities.

A. Tests of the stability of the analysis

In order to demonstrate the robustness of our results to
changes in the chiral continuum fit function Eq. (21), we
repeat the above analysis for several variations of the fit
function. We show results obtaining using fits with higher
orders of 1 —u included, with higher orders in am,_j .
included, as well as a fit including only up to (1 — u)® and
(amy_y.)®. In addition to these variations, we also show the
results of fits excluding the a® log(a) terms from Eq. (23), as
well as excluding the terms proportional to a, (777,) and (% G?)
in Eq. (22). The results of these fits are shown for u = 0.2184,
u = 0.5, and u = 0.8 in Figs. 8-10 in Appendix B, where
we see that our results vary only very slightly at each point for
each different chiral continuum fitting strategy.

We also check that the effect of autocorrelations in
simulation time is negligible by repeating our analysis
using correlation functions which have been binned over
every two configurations, as well as over every four
configurations, on all ensembles. We find that in each case

12
This work
T 10 —— PT Tree
=
< —— PT O(ay)
-8
Kes
£ x
4
5
93 )
X
=
=P
E
2
0.3 0.4 0.5 0.6 0.7 0.8
me/mp
FIG. 7. Our chiral continuum fit results for the (axial-)tensor

susceptibilities (blue band) compared to the perturbative result at
tree level (black line) and O(«y) (green line) computed in [17].
The green band showing the uncertainty on the O(a;) result is
equal to o2 multiplied by the root mean square of the two known
coefficients. We see that our results are in reasonable agreement
for the axial-tensor susceptibility, but disagree for the tensor
susceptibility.

the mean values of our results for the susceptibilities at
u=0.2184, u = 0.5, and u = 0.8 change by no more than
0.10, and the uncertainties change by at most 7%.

B. Comparison to existing results

The bc susceptibilities are expected to receive only
extremely small nonperturbative condensate corrections,
at the level of =0.05% for the physical b-quark mass [9].
As such, we expect that there should be good agreement
between our lattice results for the (pseudo)scalar and
(axial-)vector susceptibilities and those determined using
the results of [12].

Our continuum results for the (axial-)vector and
(pseudo)scalar susceptibilities are plotted in Figs. 5 and 6,
together with the LO, NLO, and NNLO results determined
using the results of [12] that we describe in Sec. II. In addi-
tion to the NNLO perturbative result, we include the
leading-order condensate contribution given in [9]. To
evaluate these expressions, which are given in terms of the
pole masses, we use the two-loop matching between the
MS and pole masses from [39], allowing a 10% uncertainty
for renormalon effects. We see that our lattice results,
plotted as the blue band, are very close to the result including
NNLO perturbation theory and leading condensate terms
across the full range of u values considered. Taking each
susceptibility in isolation, we find reasonable agreement
between our results and the perturbation theory for the
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vector, axial-vector, and pseudoscalar cases across the full
range of u. Our result for the scalar susceptibility is in slight
disagreement with the perturbative result in the region
where u ~ 0.3.

The lattice results from [13] are also plotted in Figs. 5
and 6. We see good agreement between our results and
those of [13] for y,-, but disagreement at the level of 1 — 26
for yi+, yo-, and yo+. Note that we see good agreement
between our results for yo-, yo+, xi-, and y;~ and the
preliminary results shown in [40].

For the (axial-)tensor cases, the susceptibilities have
been computed perturbatively to O(a,) [17]. We plot our
continuum results for the (axial-)tensor together with the
perturbative results in Fig. 7. We see good agreement
between our results and the perturbation theory for the
axial-tensor susceptibility for m, — m,, but poor agree-
ment for m;, — m,. For the tensor susceptibility, we find
significant disagreement with the NLO perturbative result
across the full range of u.

VI. CONCLUSION

We have computed the full set of (pseudo)scalar,
(axial-)vector, and (axial-)tensor susceptibilities, yi-, ¥+,
Xo-s Xo+s X1> and y a7, between u = up,,c and u = 0.8, using
the heavy-HISQ method, including up/down quarks, and
physically tuned strange and charm quarks in the sea.
Importantly, we include here a gauge field ensemble with
a =~ 0.03 fm, sufficiently small for the physical b-quark
mass to be reached, with am; =~ 0.625.

We find that our results for the pseudoscalar and
(axial-)vector susceptibilities are in agreement with the
three-loop perturbation theory results [12], while the scalar
susceptibility exhibits some tension. Our results demon-
strate the reliability of this method of computing suscep-
tibilities on the lattice. We find that the tensor and
axial-tensor susceptibilities at the physical b-quark mass
are roughly 1/3 smaller than the vector and axial-vector
susceptibilities respectively. This is to be expected from the
similar size difference seen in the OPE results for the bs
tensor and axial tensor in [17] together with the observation
that the fourth moments of the is and hc correlators
computed in [41] differ by only a few percent for the largest
values of am;,. We find reasonable agreement with the NLO
perturbation theory for the axial-tensor susceptibility, but
for the tensor our results are in disagreement with the
perturbative result, as seen in Fig. 7.

The results of this work will allow future Ilattice
calculations of b — ¢ form factors, for both mesonic and
baryonic decays, to use dispersively bounded parametriza-
tions for all form factors, for varying heavy quark mass
between 1.25 x m,. and my, using lattice results for all
inputs. This work will also lead to future lattice calculations
of less well-known quantities entering the dispersive
bounds for other hadronic form factors, such as those
needed for b — s decays [10] where perturbative

calculations of the susceptibilities are less reliable due to
the much more sizeable condensate contributions.
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APPENDIX A: LATTICE DATA

Here we give our raw lattice results for the susceptibil-
ities y!*(¢g> =0) on each ensemble. Results for the
(pseudo)scalar and (axial-)vector susceptibilities are given
in Tables V-IX, while those for the (axial-)tensor currents

are given in Tables X-XIV.

TABLE V. Susceptibilities y;, defined in Eq. (20), for each
value of am,, used on set 1.

amy, y+ x 10* GeV? y- x 10* GeV? yp- x 10> yo+ x 103

0.55  28.99(44) 78.0(12)  3.2153(4) 0.13762(2)
0.6 30.02(44) 81.7(12)  3.1777(4) 0.27640(3)
0.65  30.90(45) 84.8(12)  3.1360(4) 0.44133(4)
0.7 31.63(45) 87.5(12)  3.09103) 0.62176(6)
075  32.23(45) 89.8(1.3)  3.0436(3) 0.80977(7)
0.8 32.72(45) 91.7(1.3)  2.9944(3) 0.99950(8)

TABLE VI. Susceptibilities ys, defined in Eq. (20), for each
value of am; used on set 2.

amy, yp+ x 10* GeV? yi- x 10* GeV? yop- x 10 yo+ x 103

0427  38.34(56) 88.1(1.3)  3.1158(5) 0.69297(9)
0.525  42.42(61) 96.1(1.4)  3.0050(4) 1.4349(1)
0.55  43.28(62) 97.7(1.4)  2.9763(4) 1.6290(2)
0.6 44.80(63) 100.4(1.4)  2.9190(4) 2.0113(2)
0.65  46.08(65) 102.5(1.4)  2.8623(4) 2.3793(2)
0.7 47.13(66) 104.2(1.5)  2.8063(3) 2.7275(2)
075  47.99(68) 105.5(1.5)  2.7512(3) 3.0527(2)
0.8 48.67(69) 106.5(1.5)  2.6971(3) 3.3532(2)
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TABLE VII. Susceptibilities y;, defined in Eq. (20), for each TABLE XI. Tensor and axial-tensor susceptibilities y s, defined

value of am;, used on set 3. in Eq. (20), for each value of am; used on set 2.

amy, y+ x 10* GeV? y- x 10* GeV? yp- x 10> yo+ x 103 amy, yr x 10* GeV? yar X 10* GeV?
0.25 35.19(57) 79.2(1.3) 3.1833(8) 0.23015(5) 0.427 73.9(1.2) 20.24(34)
0.3 39.45(61) 87.2(1.4) 3.1088(7) 0.6733(1) 0.525 78.6(1.3) 21.70(35)
0.35 43.16(66) 93.4(1.4) 3.0306(6) 1.2119(2) 0.55 79.5(1.3) 22.02(36)
0.4 46.36(70) 98.3(1.5) 2.9534(5) 1.7818(2) 0.6 81.1(1.3) 22.61(36)
0.45 49.12(74) 102.1(1.5) 2.8792(4) 2.3478(3) 0.65 82.3(1.3) 23.13(37)
0.5 51.46(77) 105.0(1.6) 2.8087(4) 2.8909(3) 0.7 83.2(1.3) 23.60(38)
0.55 53.45(80) 107.2(1.6) 2.7420(4) 3.4008(3) 0.75 83.9(1.3) 24.03(39)
0.6 55.11(83) 108.9(1.6) 2.6789(3) 3.8724(3) 0.8 84.4(1.4) 24.42(39)
0.65 56.48(85) 110.1(1.7) 2.6192(3) 4.3037(3)

0.7 57.60(87) 110.9(1.7) 2.5623(3) 4.6945(3)

0.75 58.49(88) 111.4(1.7) 2.5080(2) 5.0460(3)

TABLE XII. Tensor and axial-tensor susceptibilities y;s, defined

o gmen  ma een sern  MRED
0.25 68.6(1.2) 20.57(37)
0.3 73.5(1.3) 22.39(38)
TABLE VIII.  Susceptibilities y;, defined in Eq. (20), for each 825 ;;;Ei;g gggéggi
value of am,, used on set 4. 0:45 81:9(1:4) 26:68(44)
4 2 4 2 > 3 0.5 83.3(1.4) 27.76(46)
amy, y+ x 107 GeV* y;- x 10* GeV* yo- x 10 yo+ x 10 0.55 84.3(1.4) 28.70(47)
0.2 38.37(59) 84.6(1.3) 3.138(1) 0.5065(1) 0.6 84.9(1.4) 29.52(49)
0.25 44.04(66) 93.8(1.4) 3.0231(9) 1.2515(3) 0.65 85.3(1.4) 30.23(50)
0.3 48.84(72) 100.4(1.5) 2.9122(8) 2.0614(4) 0.7 85.4(1.4) 30.86(51)
0.45 59.18(88) 110.8(1.6) 2.6354(5) 4.2698(6) 0.75 85.5(1.4) 31.41(52)
0.625 65.92(99) 114.3(1.7) 2.4031(3) 6.1319(5) 0.8 85.4(1.4) 31.90(53)
0.85 85.2(1.4) 32.34(54)
0.9 84.9(1.4) 32.74(55)

TABLE IX. Susceptibilities ys, defined in Eq. (20), for each
value of am,, used on set 5. TABLE XIII. Tensor and axial-tensor susceptibilities ys, de-
fined in Eq. (20), for each value of am, used on set 4.

amy, y1+ x 10* GeV? y- x 10* GeV? yp- x 10> yo+ x 103

055  29.97(44) 80.0(12)  32141(2) 0.19143(1) 9™ 1 x 10* GeV? Zar X 10* GeV?
06  31.0645) 83.6(12)  3.1742(2) 0350102) 02 71.8(1.3) 22.64(41)
065  31.98(45) 86.8(12)  3.1306(2) 0.53221(3) 025 77.3(1.4) 25.40(45)
07 32.74(46) 80.5(12)  3.0841(2) 0.727383) 03 81.0(1.4) 27.81(48)
075  33.38(46) 91713)  3.0355(2) 0.92792(4) 045 85.5(1.5) 33.17(57)
08  33.80(46) 93.6(13)  2.9853(2) 1.12822(5) 0625 85.6(1.5) 36.87(64)

TABLE X. Tensor and axial-tensor susceptibilities ys, defined TABLE XIV. Tensor and axial-tensor susceptibilities y;s, de-

in Eq. (20), for each value of am,;, used on set 1. fined in Eq. (20), for each value of am, used on set 5.

am,, xr % 10* GeV? yar X 10* GeV?Z  am, xr % 10* GeV? Zar X 10* GeV?
0.55 67.1(1.2) 13.31(23) 0.55 68.1(1.2) 13.78(23)
0.6 69.6(1.2) 13.45(23) 0.6 70.6(1.2) 13.95(23)
0.65 71.7(1.2) 13.57(23) 0.65 72.7(1.2) 14.11(23)
0.7 73.5(1.2) 13.70(23) 0.7 74.5(1.2) 14.26(23)
0.75 75.1(1.2) 13.84(23) 0.75 76.0(1.2) 14.42(23)
0.8 76.4(1.2) 13.99(23) 0.8 77.3(1.2) 14.59(23)
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APPENDIX B: STABILITY PLOTS

Figures 8—10 show the values of the susceptibilities at u = 0.2184, u = 0.5, and u = 0.8 computed using the variations
of the fit described in Sec. VA. We see that our results are insensitive to such variations in fitting strategy.

(1= )12, (am,)'2 -
(1=, (amy)!° 1 :
(1), (am,)™2 - -
(1= u)®, (amq)® ] 1
no (amy)?log(amg) 7 T

no (%G2>/mcmi .
as(mp) 4

no

0.004 0.005 0.006 0.007 0.008 0.010 0.012
mn2x1+ (u = 0.2184,0.5,0.8) mn2x1- (u = 0.2184,0.5,0.8)

FIG. 8. Comparison of y-(u) (left) and y,+(u) (right) at u = 0.2184 (red), u = 0.5 (blue), and u = 0.8 (green) computed using the
variations of the fit described in Sec. V A, indicated on the vertical axis. The topmost value and filled band correspond to our final results.
We see that our results vary only very slightly for these different methods of performing the extrapolation.

(- )2, (am,) ] ;
(1~ u)'2, (amy)!® - -
(1~ u)', (amy)'2 - -
(1= w)®, (amq)® 1
no (amy)?log(amg) 7 T

1o (2 G?)/mem} |
as(mp) 4

no

T T T T
0.000  0.002  0.004  0.006 0.0250 0.0275 0.0300 0.0325
Yo+ (u = 0.2184,0.5,0.8) Xo- (u = 0.2184,0.5,0.8)

FIG. 9. Comparison of y(-(u) (left) and y+(u) (right) at u = 0.2184 (red), u = 0.5 (blue), and u = 0.8 (green) computed using the
variations of the fit described in Sec. V A, indicated on the vertical axis. The topmost value and filled band correspond to our final results.
We see that our results vary only very slightly for these different methods of performing the extrapolation.

(1 =)', (am,) ] ]
(1—u)'2, (amg)*® A
(- )™, (amy)" 1 -
(1 —u)®, (amq)® ] 7
no (amy)?log(amg) 7 .
no (2G?)/memj ]

as(mp) 4 ]

0.007 0.008 0.009 0.002 0.003 0.004
mn2xr(u = 0.2184,0.5,0.8) R xar(u = 0.2184,0.5,0.8)

no

FIG. 10. Comparison of y;(u) (left) and y,r(u) (right) at u = 0.2184 (red), u = 0.5 (blue), and u = 0.8 (green) computed using the
variations of the fit described in Sec. V A, indicated on the vertical axis. The topmost value and filled band correspond to our final results.
We see that our results vary only very slightly for these different methods of performing the extrapolation.
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