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We present the expansion of stout smearing and the Wilson flow in lattice perturbation theory to order g30,
which is suitable for one-loop calculations. As the Wilson flow is generated by infinitesimal stout smearing
steps, the results are related to each other by taking the appropriate limits. We show how to apply
perturbative stout smearing or Wilson flow to the Feynman rules of any lattice fermion action and illustrate
them by calculating the self-energy of the clover-improved Wilson fermion.
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I. INTRODUCTION

Link smearing is a standard recipe for reducing UV
fluctuations in lattice gauge theory calculations, e.g. lattice
QCD. It is particularly useful when applied to the covariant
derivative in a lattice fermion action. Long ago it was
noticed that the taste breaking of staggered fermions gets
reduced by link smearing [1–3], and similarly the additive
mass shift (taken as a measure for the severity of chiral
symmetry breaking) of Wilson/clover fermions gets reduced
by link smearing [4–8].
In recent years the “stout smearing” procedure, proposed

in Ref. [9], has become very popular, since it yields a

smeared link UðnÞ
μ ðxÞ which depends in a smooth (differ-

entiable) manner on the unsmeared gauge linkUμðxÞ and its
neighbors forming the “staple” around it. This allows one to
use smeared fermion actions in the HMC/RHMC algorithm
[10–12], which crucially relies on the differentiability with
respect to the gauge field.
A related recipe is known as “gradient flow” or “Wilson

flow” [13–15]. The flow time t (with the dimension of a
length squared) parametrizes the smooth deformation from
the unsmeared UμðxÞ to the smeared/flowed Uμðx; tÞ, and
the recipe was originally formulated as a differential
equation (of the diffusion type) in t. In fact, a sequence
of stout smearings whose cumulative smearing parameter
matches the flow time is the simplest possible integration
scheme (“forward Euler”) to implement the gradient flow—
see the discussion around Eq. (205) below for details.
The main difference, in contemporary use, between stout

smearing and gradient/Wilson flow concerns what is kept

fixed in the continuum limit (i.e. if the lattice spacing is sent
to zero, a → 0, while the box size L and the renormalized
quark masses mq, all in physical units, remain constant).
With stout smearing it is common practice to keep both the
smearing parameter ϱ and the number of smearings nstout
fixed. With gradient/Wilson flow it is common practice to
keep the flow time t (in physical units) constant as the
continuum limit is taken, whereupon the flow time in lattice
units t=a2 (dimensionless) grows in proportion to the cutoff
squared.
The rationale behind the former choice is that it results

in an ultralocal modification of the action. Accordingly, a
study with, say, seven stout smearings is guaranteed to
yield the same continuum limit as with an unsmeared
action (see e.g. Ref. [16] for an example of this philo-
sophy). The rationale behind the latter choice is that t−1=2

introduces a second regulator, independent of the cutoff
a−1, which persists (and stays finite) in the continuum
limit. One ends up with a flow-scale regulated theory (or a
perfectly legitimate renormalization scheme and scale),
which, contrary to the lattice regulation, shows universal
features [17–24]. Hence, in the future, one might calculate
a light quark mass or αs with staggered fermions at the
fixed flow scale t−1=2 ¼ 3 GeV. Upon taking the con-
tinuum limit, all memory of the gluon/fermion action
combination, which has been used in the computation,
is lost, and one ends up with a genuine physics result in the
universal flow scheme. Hence, no conversion to the MS
scheme is needed any more, the advantage being that the
renormalization scheme employed is well defined beyond
perturbation theory. There are encouraging signs that the
continuum community is getting aware of the advantages
of the flow scheme and provides the necessary computa-
tional tools [25–30].
So far, we discussed the smoothing of gauge fields. A

second vital ingredient in the field-theoretic setup of many
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lattice QCD computations is the concept of Symanzik
improvement [31]. Specifically for Wilson fermions this
program offers the opportunity of relegating the leading
cutoff effects from OðaÞ to OðαksaÞ or Oða2Þ, provided the
coefficient cSW in front of the Sheikholeslami-Wohlert term
is properly chosen [32–34]. This improvement program
may be carried out either perturbatively or nonperturba-
tively, but even in the latter case the perturbative results
are vital for cross-checks and to stabilize the nonperturba-
tive fits [34].
In order to combine the merits of link smoothing and

Symanzik improvement, a valid framework for carrying out
perturbative calculations with smoothed actions is man-
datory. Early steps in this direction have been taken in
Refs. [5,8,35,36]. More recently, the mutual benefits which
come from combining link smearing with clover improve-
ment for undoubled fermion actions have been emphasized
in Ref. [37]. What is still missing is a universal framework
that allows for an easy derivation of Feynman rules for
fermion actions with arbitrary smearing recipes, i.e. an
arbitrary ðϱ; nstoutÞ combination or an arbitrary flow time
t=a2 ∈R. In the present paper we try to fill this gap. In
particular we try to convince the reader that a “brute force”
approach for deriving the Feynman rules (i.e. inserting the
perturbative expansion of the smeared/flowed variable into
the underlying action) is not recommendable for nstout > 1.
We advocate a more elegant method, based on an SUðNcÞ
expansion, which keeps intermediate expressions much
shorter.
The remainder of this article is organized as follows. In

Sec. II we work out the perturbative expansion of stout
smearing, and in Sec. III we do the same thing for the
gradient/Wilson flow. As a by-product the perturbative
matching between these recipes is discussed, see Eq. (205).
In Sec. IV we discuss the procedure which yields, for any
smoothing recipe, the Feynman rules in a manageable form.
As an application of this procedure we study in Sec. V the
self-energy of a stout smeared clover fermion with variable
ϱ and 1 ≤ nstout ≤ 4 or under the gradient flow. Finally,
Sec. VI gives a short summary and an outlook. Some
preliminary work on this topic is found in Ref. [38].

II. PERTURBATIVE EXPANSION
OF STOUT SMEARING

A. Definition of stout smearing

Stout smearing is a unitary transformation of the link
variableUμðxÞ, which depends on the plaquettes containing
UμðxÞ. Thereby the configuration of link variables is
smoothed. Often multiple smearing steps are performed

to increase the smoothing effect. We write UðnÞ
μ ðxÞ for the

link variable after n smearing steps. The transformation to

obtain Uðnþ1Þ
μ ðxÞ is given by

Uðnþ1Þ
μ ðxÞ ¼ expfiϱQðnÞ

μ ðxÞgUðnÞ
μ ðxÞ ð1Þ

Uð0Þ
μ ðxÞ ¼ UμðxÞ; ð2Þ

with the smearing parameter ϱ and the Hermitian operator

QðnÞ
μ ðxÞ, which is constructed from link variables of the

previous smearing step according to

QðnÞ
μ ðxÞ ¼ 1

2i

�
WðnÞ

μ ðxÞ − 1

Nc
Tr½WðnÞ

μ ðxÞ�
�
; ð3Þ

WðnÞ
μ ðxÞ ¼ SðnÞμ ðxÞUðnÞ†

μ ðxÞ − UðnÞ
μ ðxÞSðnÞ†μ ðxÞ; ð4Þ

SðnÞμ ðxÞ ¼
X
ν≠μ

�
UðnÞ

ν ðxÞUðnÞ
μ ðxþ ν̂ÞUðnÞ†

ν ðxþ μ̂Þ

þUðnÞ†
ν ðx− ν̂ÞUðnÞ

μ ðx− ν̂ÞUðnÞ
ν ðxþ μ̂− ν̂Þ

�
: ð5Þ

The superscript (n) denotes quantities that are constructed
from link variables after n smearing steps. The quantity

SðnÞμ ðxÞ is referred to as the sum of staples around the link

UðnÞ
μ ðxÞ and iQðnÞ

μ ðxÞ is constructed as the projection of the

product SðnÞμ ðxÞUðnÞ†
μ ðxÞ onto the algebra suðNcÞ.

B. Stout smearing in perturbation theory

In lattice perturbation theory the group element
UμðxÞ∈ SUðNcÞ is written as the exponential of a linear
combination of generators Ta and gluon fields Aa

μðxÞ

UμðxÞ ¼ eig0T
aAa

μðxÞ; ð6Þ

where the summation over repeated adjoint color indices
a; b; c; � � � ∈ f1;…; N2

c − 1g is implied. Expanding the
action to the desired order in the bare coupling g0 then
gives the Feynman rules. For one-loop calculations we need
to expand up to third order in g0

UμðxÞ ¼ 1þ ig0TaAa
μðxÞ −

g20
2
TaTbAa

μðxÞAb
μðxÞ

− i
g30
6
TaTbTcAa

μðxÞAb
μðxÞAc

μðxÞ þOðg40Þ: ð7Þ

The Fourier transform of the gluon fields is chosen to be

Aa
μðxÞ ¼

Z
π

−π

d4k
ð2πÞ4 e

iðxþμ̂=2ÞkAa
μðkÞ: ð8Þ

The shift xþ μ̂=2 is needed to eliminate overall phase
factors in our results. In order for UμðxÞ to be unitary, the
exponent ig0TaAa

μðxÞ has to be anti-Hermitian. This means
the gluon fields Aa

μðxÞ are real (because the generators are
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Hermitian). This implies that the momentum space field
Aa
μðkÞ fulfils

Aa
μðkÞ ¼ Aa

μð−kÞ: ð9Þ

As we are going to be working in momentum space, it is
helpful to keep in mind that taking the Hermitian conjugate
in position space involves the transformation k → −k in
momentum space.
For a link variable after stout smearing things are more

complicated. As the smeared link variable UðnÞ
μ ðxÞ is again

a group element of SUðNcÞ [9] we expect it to have an
exponential representation similar to the unsmeared one,

UðnÞ
μ ðxÞ ¼ eig0T

aÃðnÞa
μ ðg0;xÞ ð10Þ

¼ 1þ ig0TaÃðnÞa
μ ðg0;xÞ−

g20
2
TaTbÃðnÞa

μ ðg0;xÞÃðnÞb
μ ðg0;xÞ

− i
g30
6
TaTbTcÃðnÞa

μ ðg0;xÞÃðnÞb
μ ðg0;xÞÃðnÞc

μ ðg0;xÞþOðT4Þ:
ð11Þ

This expansion in terms of generators T does, however, no
longer coincide with the expansion in the bare coupling g0.

The new fields ÃðnÞa
μ ðg0; xÞ are themselves functions of g0.

By expanding ÃðnÞa
μ ðg0; xÞ in powers of g0 wewill be able to

determine its coefficients by comparison with the pertur-
bative expansion of the right-hand side of Eq. (1). This also
means that, as we will see below, we will be able to infer the

general structure of the coefficients of ÃðnÞa
μ ðg0; xÞ from the

perturbative expansion of only the first smearing step

Uð1Þ
μ ðxÞ ¼ expfiϱQð0Þ

μ ðxÞgUð0Þ
μ ðxÞ; ð12Þ

which in turn allows us to use the following strategy:
Expand Eq. (12) to the desired order in g0 and replace

Að0Þ
μ ðxÞ by the expansion of ÃðnÞa

μ ðg0; xÞ. This will generate
new contributions to higher orders in g0 and give the results
for a general smearing step nþ 1 > 1.
We start by defining expansions of SμðxÞ andQμðxÞ in g0

[we drop the superscript (0) for now]:

SμðxÞ ¼ 6þ ig0TaSa1μðxÞ − g20T
aTbSab2μðxÞ − ig30T

aTbTcSabc3μ ðxÞ þOðg40Þ; ð13Þ

QμðxÞ ¼ g0TaQa
1μðxÞ þ ig20ðTaTb − TbTaÞQab

2μðxÞ

þ g30

�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
Qabc

3μ ðxÞ þOðg40Þ: ð14Þ

Using the Baker-Campbell-Hausdorff formula,

eXeY ¼ eXþYþ1
2
½X;Y�þ 1

12
ð½X;½X;Y��þ½Y;½Y;X��Þþ���; ð15Þ

we therefore get

expfiϱQμðxÞg expfig0TaAa
μðxÞg ¼ exp

�
ig0TaAa

μðxÞ þ iϱg0TaQa
1μðxÞ− ϱg20½Ta;Tb�Q½ab�

2μ ðxÞ

þ iϱg30

�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
Qabc

3μ ðxÞ

þ 1

2

�
−ϱg20½Ta;Tb�Qa

1μðxÞAb
μðxÞ− iϱg30½½Ta;Tb�; Tc�Q½ab�

2μ ðxÞAc
μðxÞ

�

þ 1

12

�
−iϱ2g30½Ta; ½Tb;Tc��Qa

1μðxÞQb
1μðxÞAc

μðxÞ− iϱg30½Ta; ½Tb;Tc��Aa
μðxÞAb

μðxÞQc
1μðxÞ

�

þOðg40Þ
�

ð16Þ

STOUT SMEARING AND WILSON FLOW IN LATTICE … PHYS. REV. D 110, 054504 (2024)

054504-3



¼ 1þ ig0TaðAa
μðxÞ þ ϱQa

1μðxÞÞ −
1

2
g20T

aTbðAa
μðxÞ þ ϱQa

1μðxÞÞðAb
μðxÞ þ ϱQb

1μðxÞÞ

− ϱg20½Ta; Tb�
�
1

2
Qa

1μðxÞAb
μðxÞ þQab

2μðxÞ
�

− i
g0
6

3
TaTbTc

�
Aa
μðxÞ þ ϱQa

1μðxÞ
��

Ab
μðxÞ þ ϱQb

1μðxÞ
��

Ac
μðxÞ þ ϱQc

1μðxÞ
�

− i
g30
2
fTa; ½Tb; Tc�g

�
Aa
μðxÞ þ ϱQa

1μðxÞ
��1

2
ϱQb

1μðxÞAc
μðxÞ þ ϱQbc

2μðxÞ
�

þ i
g30
2
½Ta; ½Tb; Tc��Aa

μðxÞϱQ½bc�
2μ ðxÞ

þ 1

12

�
−iϱ2g30½Ta; ½Tb; Tc��Qa

1μðxÞQb
1μðxÞAc

μðxÞ − iϱg30½Ta; ½Tb; Tc��Aa
μðxÞAb

μðxÞQc
1μðxÞ

�
þ iϱg30

�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
Qabc

3μ ðxÞ þOðg40Þ ð17Þ

where we have used

eaxþbx2þcx3 ¼ 1þ axþ
�
1

2
a2 þ b

�
x2 þ

�
1

6
a3 þ 1

2
ðabþ baÞ þ c

�
x3 þOðx4Þ ð18Þ

in the second step. Based on this, it is convenient to define fields AðnÞa, AðnÞab, ĀðnÞabc, and ÂðnÞabc at each order in g0 for a
general n such that

UðnÞ
μ ðxÞ ¼ 1þ ig0TaAðnÞa

μ ðxÞ − g20
2

�
TaTbAðnÞa

μ ðxÞAðnÞb
μ ðxÞ þ ½Ta; Tb�AðnÞab

μ ðxÞ
�

− i
g30
6

�
TaTbTcAðnÞa

μ ðxÞAðnÞb
μ ðxÞAðnÞc

μ ðxÞ þ 3

2
fTa; ½Tb; Tc�gAðnÞa

μ ðxÞAðnÞbc
μ ðxÞ

þ ½Ta; ½Tb; Tc��ĀðnÞabc
μ ðxÞ þ

�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
ÂðnÞabc
μ ðxÞ

�
þOðg40Þ: ð19Þ

We can now also incorporate Ā into Â because1

½Ta; ½Tb; Tc��ĀðnÞabc
μ ðxÞ ¼ 2½Ta; TbTc�ĀðnÞa½bc�

μ ðxÞ ¼ 2ðTaTbTc þ TcTbTaÞĀðnÞa½bc�
μ ðxÞ ð20Þ

and

Tr½TaTbTc þ TcTbTa�ĀðnÞa½bc�
μ ðxÞ ¼ Tr½TaTbTc − TbTcTa�ĀðnÞa½bc�

μ ðxÞ ¼ 0: ð21Þ

Thus we can write

UðnÞ
μ ðxÞ ¼ 1þ ig0TaAðnÞa

μ ðxÞ − g20
2

�
TaTbAðnÞa

μ ðxÞAðnÞb
μ ðxÞ þ ½Ta; Tb�AðnÞab

μ ðxÞ
�

− i
g30
6

�
TaTbTcAðnÞa

μ ðxÞAðnÞb
μ ðxÞAðnÞc

μ ðxÞ þ 3

2
fTa; ½Tb; Tc�gAðnÞa

μ ðxÞAðnÞbc
μ ðxÞ

þ
�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
AðnÞabc
μ ðxÞ

�
þOðg40Þ ð22Þ

1We use the following shorthand notation for symmetrized and antisymmetrized expressions: Afabg ¼ 1
2
ðAab þ AbaÞ and

A½ab� ¼ 1
2
ðAab − AbaÞ.
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with

AðnÞabc
μ ðxÞ ¼ ÂðnÞabc

μ ðxÞ þ 2ĀðnÞa½bc�
μ ðxÞ ð23Þ

We define their Fourier transforms as

AðnÞa
μ ðxÞ ¼

Z
π

−π

d4k
ð2πÞ4 e

iðxþμ̂=2ÞkAðnÞa
μ ðkÞ; ð24Þ

AðnÞab
μ ðxÞ ¼

Z
π

−π

d4k1
ð2πÞ4

Z
π

−π

d4k2
ð2πÞ4 e

iðxþμ̂=2Þðk1þk2ÞAðnÞab
μ ðk1; k2Þ; ð25Þ

AðnÞabc
μ ðxÞ ¼

Z
π

−π

d4k1
ð2πÞ4

Z
π

−π

d4k2
ð2πÞ4

Z
π

−π

d4k3
ð2πÞ4 e

iðxþμ̂=2Þðk1þk2þk3ÞAðnÞabc
μ ðk1; k2; k3Þ: ð26Þ

These fields are ultimately functions of the original gluon fields

AðnÞa
μ ðxÞ ¼

X
ν

X
y

g̃ðnÞμν ðϱ; yÞAð0Þa
ν ðxþ yÞ; ð27Þ

AðnÞab
μ ðxÞ ¼

X
νρ

X
yz

g̃ðnÞμνρðϱ; y; zÞAð0Þa
ν ðxþ yÞAð0Þb

ρ ðxþ zÞ; ð28Þ

AðnÞabc
μ ðxÞ ¼

X
νρσ

X
yzr

g̃ðnÞμνρσðϱ; y; z; rÞAð0Þa
ν ðxþ yÞAð0Þb

ρ ðxþ zÞAð0Þc
σ ðxþ rÞ; ð29Þ

AðnÞa
μ ðkÞ ¼

X
ν

g̃ðnÞμν ðϱ; kÞAð0Þa
ν ðkÞ; ð30Þ

AðnÞab
μ ðk1; k2Þ ¼

X
νρ

g̃ðnÞμνρðϱ; k1; k2ÞAð0Þa
ν ðk1ÞAð0Þb

ρ ðk2Þ; ð31Þ

AðnÞabc
μ ðk1; k2; k3Þ ¼

X
νρσ

g̃ðnÞμνρσðϱ; k1; k2; k3ÞAð0Þa
ν ðk1ÞAð0Þb

ρ ðk2ÞAð0Þc
σ ðk3Þ; ð32Þ

with some complicated functions simply denoted by g̃ here. Sections II C–II E will be largely concerned with determining
the momentum space g̃ explicitly.
We have usedMathematica [39] to supplement and double check our analytical derivations as well as to derive Feynman

rules and perform the calculations of the fermion self energy presented in Sec. V [40].

1. Connecting the perturbative and SUðNcÞ expansions
In order to relate the smeared gluon field ÃðnÞa

μ ðg0; xÞ to the perturbative functions AðnÞa
μ ðxÞ, AðnÞab

μ ðxÞ, and AðnÞabc
μ ðxÞ, we

need to expand the products of color matrices such that only terms with a single Ta remain. We use

½Ta; Tb� ¼ ifabcTc; fabc ¼ −2iTrðTa½Tb; Tc�Þ; ð33Þ

fTa; Tbg ¼ 1

Nc
δab þ dabcTc; dabc ¼ 2TrðTafTb; TcgÞ; ð34Þ

and

TaTb ¼ 1

2Nc
δab þ 1

2
ðdabc þ ifabcÞTc ð35Þ

Tr½TaTbTc� ¼ 1

2
Tr½TafTb; Tcg þ Ta½Tb; Tc�� ¼ 1

4
ðdabc þ ifabcÞ: ð36Þ
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With the above color identities we can now rewrite the following expressions in a way that only one generator T remains:

½Ta; Tb�AðnÞ½ab�
μ ðxÞ ¼ ifabcTaAðnÞ½bc�

μ ðxÞ ð37Þ
�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
AðnÞabc
μ ðxÞ

¼
�
1

2

�
fTa; fTb; Tcgg þ ½Ta; ½Tb; Tc��

�
−

1

Nc
Tr½TaTbTc þ TcTbTa�

�
AðnÞabc
μ ðxÞ ð38Þ

¼ Ta

�
1

Nc
δaeδbc þ 1

2
ðdbcddeda − fbcdfedaÞ

	
AðnÞebc
μ ðxÞ: ð39Þ

Thus we can rearrange our perturbative expansion (19) to look like

UðnÞ
μ ðxÞ ¼ 1þ ig0Ta

�
AðnÞa
μ ðxÞ − g0

2
fabcAðnÞ½bc�

μ ðxÞ − g20
6

�
1

Nc
δaeδbc þ 1

2
ðdbcddeda − fbcdfedaÞ

	
AðnÞebc
μ ðxÞ þOðg30Þ

�

−
g20
2
TaTb

�
AðnÞa
μ ðxÞAðnÞa

μ ðxÞ − g0
2

�
AðnÞa
μ ðxÞfbcd þ facdAðnÞb

μ ðxÞ
�
AðnÞ½cd�
μ ðxÞ þOðg20Þ

�

− i
g30
6
TaTbTc

�
AðnÞa
μ ðxÞAðnÞb

μ ðxÞAðnÞc
μ ðxÞ þOðg0Þ

�
þOðT4Þ: ð40Þ

We can see that the expressions in the large braces correspond to the first, second, and third order of an expansion of the
exponential function, each cut off to give an overall highest order of g30. Hence we can give the first few orders of the
smeared gluon field as

ÃðnÞa
μ ðg0; xÞ ¼ AðnÞa

μ ðxÞ − g0
2
fabcAðnÞ½bc�

μ ðxÞ − g20
6

�
1

Nc
δaeδbc þ 1

2
ðdbcddeda − fbcdfedaÞ

	
AðnÞebc
μ ðxÞ þOðg30Þ: ð41Þ

Thus, we have expressed the new gluon field in terms of the perturbative fields.

C. Leading order

As we have seen, at leading order the perturbative and SUðNcÞ expansions are identical: ÃðnÞa
μ ðg0; xÞ ¼

AðnÞa
μ ðxÞ þOðg0Þ. The sum of staples at leading order is

SðnÞμ ðxÞ ¼ 6þ ig0Ta

 X4
ν¼1

�
AðnÞa
ν ðxÞ þ AðnÞa

μ ðxþ ν̂Þ − AðnÞa
ν ðxþ μ̂Þ − AðnÞa

ν ðx − ν̂Þ

þ AðnÞa
μ ðx − ν̂Þ þ AðnÞa

ν ðxþ μ̂ − ν̂Þ
	
− 2AðnÞa

μ ðxÞ
!
þOðg20Þ ð42Þ

where the sum now includes the ν ¼ μ term, which is compensated by the subtraction of 2AðnÞa
μ ðxÞ. Therefore

QðnÞa
1μ ðxÞ ¼

X4
ν¼1

�
AðnÞa
ν ðxÞ þ AðnÞa

μ ðxþ ν̂Þ − AðnÞa
ν ðxþ μ̂Þ − AðnÞa

ν ðx − ν̂Þ þ AðnÞa
μ ðx − ν̂Þ þ AðnÞa

ν ðxþ μ̂ − ν̂Þ − 2AðnÞa
μ ðxÞ

	

ð43Þ

¼ −6AðnÞa
μ ðxÞ þ SðnÞa1μ ðxÞ: ð44Þ

The smeared gluon field in position space can then be written as a convolution [5]:
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Aðnþ1Þa
μ ðxÞ ¼ AðnÞa

μ ðxÞ þ ϱQðnÞa
1μ ðxÞ ð45Þ

¼ AðnÞa
μ ðxÞ þ ϱ

X4
ν¼1

X
y

gμνðyÞAðnÞa
ν ðxþ yÞ ð46Þ

≕
X
ν

X
y

g̃μνðϱ; yÞAðnÞa
ν ðxþ yÞ ð47Þ

with g̃μνðϱ; yÞ ¼ δμν þ ϱgμνðyÞ and

gμνðyÞ ¼ δðy; 0Þ − δðy; μ̂Þ − δðy;−ν̂Þ þ δðy; μ̂ − ν̂Þ þ δμν

�X4
τ¼1

ðδðy; τ̂Þ þ δðy;−τ̂ÞÞ − 8δðy; 0Þ
	
: ð48Þ

Performing a Fourier transformation using δðx; yÞ ¼ R π−π d4p
ð2πÞ4 e

iðx−yÞp, we get

eiyp
�
1 − e−ipμ − eipν þ e−iðpμ−pνÞ þ δμν

�
−8þ

X4
τ¼1

ðe−ipτ þ eipτÞ
	�

¼ eiype−
i
2
ðpμ−pνÞ

�
−δμνp̂2 þ p̂μp̂ν

�
ð49Þ

with p̂μ ¼ 2 sinð1
2
pμÞ and p̂2 ¼P4

μ¼1 p̂
2
μ. Now we can express the Fourier transform of the first order smeared gluon

field as

Aðnþ1Þa
μ ðxÞ ¼

X
ν;y

Z
π

−π

d4k
ð2πÞ4

Z
π

−π

d4p
ð2πÞ4 e

iype−
i
2
ðpμ−pνÞ

�
δμν þ ϱ

�
−δμνp̂2 þ p̂μp̂ν

��
eiðxþyþν̂=2ÞkAðnÞa

ν ðkÞ ð50Þ

¼
X
ν

Z
π

−π

d4k
ð2πÞ4 e

iðxþμ̂=2Þk
�
δμν þ ϱ

�
−δμνk̂2 þ k̂μk̂ν

��
AðnÞa
ν ðkÞ; ð51Þ

where we have used
P

x e
−ixðp−qÞ ¼ ð2πÞ4δðp − qÞ and

performed the integration over p. Thus at leading order the
result in momentum space is

Aðnþ1Þa
μ ðkÞ ¼ AðnÞa

μ ðkÞ þ ϱ
X
ν

gμνðkÞAðnÞa
ν ðkÞ ð52Þ

with

gμνðkÞ ¼ −δμνk̂2 þ k̂μk̂ν: ð53Þ

Expressing it in terms of the function fðkÞ ¼ 1 − ϱk̂2, it
becomes easier to iterate

Aðnþ1Þa
μ ðkÞ ¼

X
ν

�
fðkÞδμν − ðfðkÞ − 1Þ k̂μk̂ν

k̂2

�
AðnÞa
ν ðkÞ:

ð54Þ

In this form, the form factor retains the same structure after
multiple iterations, only the powers of f increase [5,37]:

AðnÞa
μ ðkÞ ¼

X
ν

 
fnðkÞδμν − ðfnðkÞ − 1Þ k̂μk̂ν

k̂2

!
Að0Þa
ν ðkÞ

ð55Þ

≕
X
ν

g̃nμνðϱ; kÞAð0Þa
ν ðkÞ: ð56Þ

We note that g̃nμνðϱ; kÞ is not exactly the Fourier transform
of g̃nμνðϱ; yÞ but rather fulfils the same purpose in momen-
tum space of relating the newly smeared field to the one of
the previous smearing step.

D. Next-to-leading order

At higher orders the expansions deviate, and Eqs. (16)
and (17) would need to be modified for a general smearing
step n → nþ 1 to include the higher order perturbative

fields AðnÞ½ab�
μ ðxÞ, ĀðnÞabc

μ ðxÞ, and ÂðnÞabc
μ ðxÞ. This is why we

start again by considering the first smearing step. At order

g20, the sum of staples Sð0Þμ ðxÞ is given by
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Sð0Þab2μ ðxÞ ¼
X
ν≠μ

�
Aa
νðxÞAb

μðxþ ν̂Þ − Aa
νðxÞAb

νðxþ μ̂Þ − Aa
μðxþ ν̂ÞAb

νðxþ μ̂Þ

− Aa
νðx − ν̂ÞAb

μðx − ν̂Þ − Aa
νðx − ν̂ÞAb

νðxþ μ̂ − ν̂Þ þ Aa
μðx − ν̂ÞAb

νðxþ μ̂ − ν̂Þ

þ 1

2

�
Aa
νðxÞAb

νðxÞ þ Aa
μðxþ ν̂ÞAb

μðxþ ν̂Þ þ Aa
νðxþ μ̂ÞAb

νðxþ μ̂Þ

þ Aa
νðx − ν̂ÞAb

νðx − ν̂Þ þ Aa
μðx − ν̂ÞAb

μðx − ν̂Þ þ Aa
νðxþ μ̂ − ν̂ÞAb

νðxþ μ̂ − ν̂Þ
�	

: ð57Þ

The part in braces f� � �g is symmetric in a ↔ b and will therefore disappear in Að1Þ½ab�
μ ðxÞ. We get

Qð0Þab
2μ ðxÞ ¼ 1

2

�
−Sð0Þa1μ ðxÞAð0Þb

μ ðxÞ þ Sð0Þab2μ ðxÞ
�

ð58Þ

which leaves

Að1Þ½ab�
μ ðxÞ ¼ 2ϱ

�
1

2
Qð0Þ½a

1μ ðxÞAð0Þb�
μ ðxÞ þQð0Þ½ab�

2μ ðxÞ
�

¼ ϱSð0Þ½ab�2μ ðxÞ; ð59Þ

which we can write as a double convolution:

Sð0Þ½ab�2μ ðxÞ ¼
X
y;z

X4
ν;ρ¼1

gμνρðy; zÞ · A½a
ν ðxþ yÞAb�

ρ ðxþ zÞ ð60Þ

¼
X
y;z

X4
ν;ρ¼1

1

2
ðgμνρðy; zÞ − gμρνðz; yÞÞ · Aa

νðxþ yÞAb
ρðxþ zÞ ð61Þ

with

gμνρðy; zÞ ¼ δμν½δðy;−ρ̂Þδðz; μ̂ − ρ̂Þ − δðy; ρ̂Þδðz; μ̂Þ� þ δμρ½δðy; 0Þδðz; ν̂Þ − δðy;−ν̂Þδðz;−ν̂Þ�
− δνρ½δðy; 0Þδðz; μ̂Þ þ δðy;−ν̂Þδðz; μ̂ − ν̂Þ�: ð62Þ

Fourier transforming gives us

Að1Þ½ab�
μ ðk1; k2Þ ¼ ϱ

X
ν;ρ

gμνρðk1; k2ÞAa
νðk1ÞAb

ρðk2Þ; ð63Þ

where

gμνρðk1; k2Þ ¼ 2i

�
δμρcðk1μÞsð2k2ν þ k1νÞ − δμνcðk2μÞsð2k1ρ þ k2ρÞ þ δνρsðk1μ − k2μÞcðk1ν þ k2νÞ

�
: ð64Þ

Here we use the common shorthand for the trigonometric functions

sðkμÞ ¼ sin
�
1

2
kμ

�
; cðkμÞ ¼ cos

�
1

2
kμ

�
; ð65Þ

s̄ðkμÞ ¼ sinðkμÞ; c̄ðkμÞ ¼ cosðkμÞ; ð66Þ
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s2ðkÞ ¼
X
μ

s2ðkμÞ: ð67Þ

Although gμνρðk1; k2Þ is imaginary [and therefore so is Að1Þ½ab�
μ ðk1; k2Þ], it also fulfils gμνρð−k1;−k2Þ ¼ −gμνρðk1; k2Þ, which

means that Að1Þ½ab�
μ ðxÞ is real.

If we were to repeat the previous calculation for a smearing step n → nþ 1, we would not only have to replace the

Að0Þa
μ ðxÞ by AðnÞa

μ ðxÞ but the expansion of SðnÞab2μ ðxÞ would also contain terms linear in AðnÞ½ab�
μ ðxÞ. Instead, it is easier to

realize that we can get the same contribution by replacing

TaAð0Þa
μ ðxÞ → TaÃðnÞa

μ ðg0; xÞ ¼ TaAðnÞa
μ ðxÞ − g0

2i
½Ta; Tb�AðnÞ½ab�

μ ðxÞ þOðg20Þ ð68Þ

in the leading order calculation. Then we get for a general smearing step

Aðnþ1Þ½ab�
μ ðk1; k2Þ ¼

X
ν

g̃μνðϱ; k1 þ k2ÞAðnÞ½ab�
ν ðk1; k2Þ þ ϱ

X
ν;ρ

gμνρðk1; k2ÞAðnÞa
ν ðk1ÞAðnÞb

ρ ðk2Þ: ð69Þ

By iterating once

Að2Þ½ab�
μ ðk1; k2Þ ¼

X
ν

g̃μνðϱ; k1 þ k2Þϱ
X
ρσ

gνρσðk1; k2ÞAð0Þa
ρ ðk1ÞAð0Þb

σ ðk2Þ þ ϱ
X
ν;ρ

gμνρðk1; k2ÞAð1Þa
ν ðk1ÞAð1Þb

ρ ðk2Þ ð70Þ

and twice

Að3Þ½ab�
μ ðk1; k2Þ ¼

X
ν

g̃2μνðϱ; k1 þ k2Þϱ
X
ρσ

gνρσðk1; k2ÞAð0Þa
ρ ðk1ÞAð0Þb

σ ðk2Þ

þ
X
ν

g̃μνðϱ; k1 þ k2Þϱ
X
ρσ

gνρσðk1; k2ÞAð1Þa
ρ ðk1ÞAð1Þb

σ ðk2Þ þ ϱ
X
ν;ρ

gμνρðk1; k2ÞAð2Þa
ν ðk1ÞAð2Þb

ρ ðk2Þ; ð71Þ

we can infer the general form

AðnÞ½ab�
μ ðk1; k2Þ ¼

X
νρσ

ϱgνρσðk1; k2Þ
Xn−1
m¼0

g̃n−m−1
μν ðϱ; k1 þ k2ÞAðmÞa

ρ ðk1ÞAðmÞb
σ ðk2Þ: ð72Þ

Finally, we can also express the first order fields in the sum in terms of the original unsmeared ones

AðnÞ½ab�
μ ðk1; k2Þ ¼

X
αβγνρ

ϱgαβγ

"Xn−1
m¼0

g̃n−m−1
μα ðϱ; k1 þ k2Þg̃mβνðϱ; k1Þg̃mγρðϱ; k2Þ

#
Að0Þa
ν ðk1ÞAð0Þb

ρ ðk2Þ

≕
X
νρ

g̃ðnÞμνρðϱ; k1; k2ÞAð0Þa
ν ðk1ÞAð0Þb

ρ ðk2Þ: ð73Þ

E. Next-to-next-to-leading order

As before, we start again by considering the first smearing step and generalize later to an arbitrary number of smearing
steps. At third order we have defined two perturbative fields Ā and Â in Eq. (19), where the former can be read off of
Eq. (17) to be

Āð1Þabc
μ ðxÞ ¼ −3ϱAa

μðxÞQ½bc�
2μ ðxÞ þ 1

2
ϱ2Qa

1μðxÞQb
1μðxÞAc

μðxÞ þ
1

2
ϱAa

μðxÞAb
μðxÞQc

1μðxÞ ð74Þ
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¼ −
3

2
Aa
μðxÞAð1Þ½bc�

μ ðxÞ þ 3

2
ϱAa

μðxÞQb
1μðxÞAc

μðxÞ þ
1

2
ϱ2Qa

1μðxÞQb
1μðxÞAc

μðxÞ þ
1

2
ϱAa

μðxÞAb
μðxÞQc

1μðxÞ ð75Þ

¼ −
3

2
Aa
μðxÞAð1Þ½bc�

μ ðxÞ þ 1

2
Aa
μðxÞAð1Þb

μ ðxÞAc
μðxÞ þ

1

2
Að1Þa
μ ðxÞAð1Þb

μ ðxÞAc
μðxÞ: ð76Þ

We have dropped all terms that were symmetric in b ↔ c in the last step. Thus Ā is completely given by already known
quantities, which is not surprising as it stems only from the commutator terms of the Baker-Campbell-Hausdorff formula.
From the third order in the expansion of QμðxÞ we get

Âð1Þabc
μ ðxÞ ¼ −6ϱQabc

3μ ðxÞ ð77Þ

with

Qabc
3μ ðxÞ ¼ Aa

μðxÞAb
μðxÞAc

μðxÞ −
1

2
Sa1μðxÞAb

μðxÞAc
μðxÞ þ Sab2μðxÞAc

μðxÞ −
1

2
Sabc3μ ðxÞ ð78Þ

¼ −2Aa
μðxÞAb

μðxÞAc
μðxÞ −

1

2
Qa

1μðxÞAb
μðxÞAc

μðxÞ þ Sab2μðxÞAc
μðxÞ − Sabc3μ ðxÞ: ð79Þ

We revisit the sum of staples at second order and define

Sab2μðxÞ ¼ sab1μðxÞ þ
1

2
sab2μðxÞ ð80Þ

with

sab1μνðxÞ ¼
X
ν

h
Aa
νðxÞAb

μðxþ ν̂Þ − Aa
νðxÞAb

νðxþ μ̂Þ − Aa
μðxþ ν̂ÞAb

νðxþ μ̂Þ

− Aa
νðx − ν̂ÞAb

μðx − ν̂Þ − Aa
νðx − ν̂ÞAb

νðxþ μ̂ − ν̂Þ þ Aa
μðx − ν̂ÞAb

νðxþ μ̂ − ν̂Þ
i
; ð81Þ

sab2μðxÞ ¼
X
ν

�
Aa
νðxÞAb

νðxÞ þ Aa
μðxþ ν̂ÞAb

μðxþ ν̂Þ þ Aa
νðxþ μ̂ÞAb

νðxþ μ̂Þ

þ Aa
νðx − ν̂ÞAb

νðx − ν̂Þ þ Aa
μðx − ν̂ÞAb

μðx − ν̂Þ þ Aa
νðxþ μ̂ − ν̂ÞAb

νðxþ μ̂ − ν̂Þ − 2δμνAa
μðxÞAb

μðxÞ
	
: ð82Þ

Their Fourier transforms are

sab1μðxÞ ¼
X
yz

X
νρ

a1μνρðy; zÞAa
νðxþ yÞAb

ρðxþ zÞ

¼
X
νρ

Z
d4k1d4k2
ð2πÞ8 e−iðxþ1

2
μ̂Þðk1þk2Þ · a1μνρðk1; k2ÞAa

νðk1ÞAb
ρðk2Þ; ð83Þ

sab2μðxÞ ¼
X
y

X
ν

a2μνðyÞAa
νðxþ yÞAb

νðxþ yÞ

¼
X
ν

Z
d4k1d4k2
ð2πÞ8 e−iðxþ1

2
μ̂Þðk1þk2Þ · a2μνðk1; k2ÞAa

νðk1ÞAb
νðk2Þ; ð84Þ

with
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a1μνρðy; zÞ ¼ δμν½δðy;−ρ̂Þδðz; μ̂ − ρ̂Þ − δðy; ρ̂Þδðz; μ̂Þ� þ δμρ½δðy; 0Þδðz; ν̂Þ − δðy;−ν̂Þδðz;−ν̂Þ�
− δνρ½δðy; 0Þδðz; μ̂Þ þ δðy;−ν̂Þδðz; μ̂ − ν̂Þ�; ð85Þ

a2μνðyÞ ¼ δμν
X4
α¼1

�
δðy; α̂Þ þ δðy;−α̂Þ − 2δðy; 0Þ

	
þ 6δμνδðy; 0Þ þ δðy; 0Þ þ δðy; μ̂Þ þ δðy;−ν̂Þ þ δðy; μ̂ − ν̂Þ; ð86Þ

and

a1μνρðk1; k2Þ ¼ −δμν
�
2i sin

�
k1ρ þ

1

2
k2ρ

�
e

i
2
k2μ

	
þ δμρ

�
2i sin

�
k2ν þ

1

2
k1ν

�
e−

i
2
k1μ

	

− δνρ

�
2 cos

�
1

2
k1ν þ

1

2
k2ν

�
e−

i
2
ðk1μ−k2μÞ

	
ð87Þ

¼ −hμνρðk1; k2Þ þ gμνρðk1; k2Þ: ð88Þ

Here hμνρ and gμνρ are essentially the real and imaginary parts of a1μνρ, i.e.

gμνρðk1; k2Þ ¼ 2i
�
−δμνcðk2μÞsð2k1ρ þ k2ρÞ þ δμρcðk1μÞsð2k2ν þ k1νÞ þ δνρsðk1μ − k2μÞcðk1ν þ k2νÞ

�
; ð89Þ

hμνρðk1; k2Þ ¼ 2
�
−δμνsðk2μÞsð2k1ρ þ k2ρÞ − δμρsðk1μÞsð2k2ν þ k1νÞ þ δνρcðk1μ − k2μÞcðk1ν þ k2νÞ

�
: ð90Þ

We know the antisymmetric gμνρ already from the second order.
Furthermore,

a2μνðk1; k2Þ ¼ 6δμν þ δμν
X4
α¼1

�
2 cosðk1α þ k2αÞ − 2

	
þ 4 cos

�
1

2
ðk1μ þ k2μÞ

�
cos

�
1

2
ðk1ν þ k2νÞ

�

¼ 6δμν − δμν4s2ðk1 þ k2Þ þ 4cðk1μ þ k2μÞcðk1ν þ k2νÞ ð91Þ

≕ 6δμν − gðiÞμν ðk1 þ k2Þ ð92Þ

where we have defined gðiÞμν ðkÞ which is a variation of gμνðkÞ with cosines in the second term instead of sines.
For the sum of staples at third order we define

Sabc3μ ðxÞ ¼ sabc1μ ðxÞ þ 1

2
sabc2μ ðxÞ þ 1

6
sabc3μ ðxÞ ð93Þ

with

sabc1μ ðxÞ ¼
X
ν

�
−Aa

νðxÞAb
μðxþ ν̂ÞAc

νðxþ μ̂Þ − Aa
νðx − ν̂ÞAb

μðx − ν̂ÞAc
νðxþ μ̂ − ν̂Þ

	
ð94Þ
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sabc2μ ðxÞ ¼
X
ν

h
fAa

νðxÞAb
μðxþ ν̂ÞAc

μðxþ ν̂Þ þ Aa
νðxÞAb

νðxþ μ̂ÞAc
νðxþ μ̂Þ

þ Aa
μðxþ ν̂ÞAb

νðxþ μ̂ÞAc
νðxþ μ̂Þ − Aa

νðx − ν̂ÞAb
μðx − ν̂ÞAc

μðx − ν̂Þ
− Aa

νðx − ν̂ÞAb
νðxþ μ̂ − ν̂ÞAc

νðxþ μ̂ − ν̂Þ þ Aa
μðx − ν̂ÞAb

νðxþ μ̂ − ν̂ÞAc
νðxþ μ̂ − ν̂Þg

þ f−Aa
μðxþ ν̂ÞAb

μðxþ ν̂ÞAc
νðxþ μ̂Þ þ Aa

νðxÞAb
νðxÞAc

μðxþ ν̂Þ − Aa
νðxÞAb

νðxÞAc
νðxþ μ̂Þ

þ Aa
μðx − ν̂ÞAb

μðx − ν̂ÞAc
νðxþ μ̂ − ν̂Þ þ Aa

νðx − ν̂ÞAb
νðx − ν̂ÞAc

μðx − ν̂Þ
þ Aa

νðx − ν̂ÞAb
νðx − ν̂ÞAc

νðxþ μ̂ − ν̂Þg
i
; ð95Þ

sabc3μ ðxÞ ¼
X
ν

h
−2δμνAa

μðxÞAb
μðxÞAc

μðxÞ þ Aa
νðxÞAb

νðxÞAc
νðxÞ þ Aa

μðxþ ν̂ÞAb
μðxþ ν̂ÞAc

μðxþ ν̂Þ

− Aa
νðxþ μ̂ÞAb

νðxþ μ̂ÞAc
νðxþ μ̂Þ − Aa

νðx − ν̂ÞAb
νðx − ν̂ÞAc

νðx − ν̂Þ
þ Aa

μðx − ν̂ÞAb
μðx − ν̂ÞAc

μðx − ν̂Þ þ Aa
νðxþ μ̂ − ν̂ÞAb

νðxþ μ̂ − ν̂ÞAc
νðxþ μ̂ − ν̂Þ

i
: ð96Þ

They can be written as

sabc1μ ðxÞ ¼
X
y;z;r

X
νρσ

b1μνρσðy; z; rÞAa
νðxþ yÞAb

ρðxþ zÞAc
σðxþ rÞ; ð97Þ

sabc2μ ðxÞ ¼
X
y;z

X
νρ

b21μνρðy; zÞAa
νðxþ yÞAb

ρðxþ zÞAc
ρðxþ zÞ

þ
X
y;z

X
νρ

b22μνρðy; zÞAa
νðxþ yÞAb

νðxþ yÞAc
ρðxþ zÞ; ð98Þ

sabc3μ ðxÞ ¼
X
y

X
ν

b3μνðyÞAa
νðxþ yÞAb

νðxþ yÞAc
νðxþ yÞ; ð99Þ

with

b1μνρσðy; z; rÞ ¼ −δμρδνσ
�
δðy; 0Þδðz; ν̂Þδðr; μ̂Þ þ δðy;−ν̂Þδðz;−ν̂Þδðr; μ̂ − ν̂Þ

�
; ð100Þ

b21μνρðy; zÞ ¼ δμν
�
δðy; ρ̂Þδðz; μ̂Þ þ δðy;−ρ̂Þδðz; μ̂ − ρ̂Þ

�
þ δμρ

�
δðy; 0Þδðz; ν̂Þ − δðy;−ν̂Þδðz;−ν̂Þ

�
þ δνρ

�
δðy; 0Þδðz; μ̂Þ − δðy;−ν̂Þδðz; μ̂ − ν̂Þ

�
; ð101Þ

b22μνρðy; zÞ ¼ δμν
�
−δðy; ρ̂Þδðz; μ̂Þ þ δðy;−ρ̂Þδðz; μ̂ − ρ̂Þ

�
þ δμρ

�
δðy; 0Þδðz; ν̂Þ þ δðy;−ν̂Þδðz;−ν̂Þ

�
þ δνρ

�
−δðy; 0Þδðz; μ̂Þ þ δðy;−ν̂Þδðz; μ̂ − ν̂Þ

�
; ð102Þ

b3μνðyÞ ¼ 6δμνδðy; 0Þ þ gμνðyÞ: ð103Þ

Fourier transforming the sabciμ ðxÞ leads to

sabc1μ ðxÞ ¼
X
νρσ

Z
d4k1d4k2d4k3

ð2πÞ12 e−iðxþ1
2
μ̂Þðk1þk2þk3Þb1μνρσðk1; k2; k3ÞAa

νðk1ÞAb
ρðk2ÞAc

σðk3Þ; ð104Þ
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sabc2μ ðxÞ ¼
X
νρ

Z
d4k1d4k2d4k3

ð2πÞ12 e−iðxþ1
2
μ̂Þðk1þk2þk3Þb21μνρðk1; k2 þ k3ÞAa

νðk1ÞAb
ρðk2ÞAc

ρðk3Þ

þ
X
νρ

Z
d4k1d4k2d4k3

ð2πÞ12 e−iðxþ1
2
μ̂Þðk1þk2þk3Þb22μνρðk1 þ k2; k3ÞAa

νðk1ÞAb
νðk2ÞAc

ρðk3Þ; ð105Þ

sabc3μ ðxÞ ¼
X
ν

Z
d4k1d4k2d4k3

ð2πÞ12 e−iðxþ1
2
μ̂Þðk1þk2þk3Þgμνðk1 þ k2 þ k3ÞAa

νðk1ÞAb
νðk2ÞAc

νðk3Þ; ð106Þ

with

b1μνρσðk1; k2; k3Þ ¼ −2δμρδνσ cos
�
1

2
k1ν þ k2ν þ

1

2
k3ν

�
e

i
2
ðk1μ−k3μÞ; ð107Þ

b21μνρðk1; k2 þ k3Þ ¼ δμν2 cos

�
k1ρ þ

1

2
ðk2ρ þ k3ρÞ

�
e−

i
2
ðk2μþk3μÞ þ δμρð−2iÞ sin

�
1

2
k1ν þ k2ν þ k3ν

�
e

i
2
k1μ

þ δνρð−2iÞ sin
�
1

2
ðk1ν þ k2ν þ k3νÞ

�
e

i
2
ðk1μ−k2μ−k3μÞ; ð108Þ

b22μνρðk1 þ k2; k3Þ ¼ δμν2i sin

�
k1ρ þ k2ρ þ

1

2
k3ρ

�
e−

i
2
k3μ þ δμρ2 cos

�
1

2
ðk1ν þ k2νÞ þ k3ν

�
e

i
2
ðk1μþk2μÞ

þ δνρ2i sin

�
1

2
ðk1ν þ k2ν þ k3νÞ

�
e

i
2
ðk1μþk2μ−k3μÞ; ð109Þ

b3μνðk1 þ k2 þ k3Þ ¼ 6δμν þ gμνðk1 þ k2 þ k3Þ: ð110Þ

We can symmetrize these expressions according to

ðTaTbTc þ TcTbTaÞvabciμ ¼ ðTaTbTc þ TcTbTaÞ 1
2
ðvabciμ þ vcbaiμ Þ ð111Þ

and observe that under the integrals

b1μνρσðk1; k2; k3ÞAc
νðk1ÞAb

ρðk2ÞAa
σðk3Þ ¼ b1μσρνðk3; k2; k1ÞAa

νðk1ÞAb
ρðk2ÞAc

σðk3Þ; ð112Þ

b21μνρðk1; k2 þ k3ÞAc
νðk1ÞAb

ρðk2ÞAa
ρðk3Þ ¼ b21μρνðk3; k1 þ k2ÞAa

νðk1ÞAb
νðk2ÞAc

ρðk3Þ; ð113Þ

b22μνρðk1 þ k2; k3ÞAc
νðk1ÞAb

νðk2ÞAa
ρðk3Þ ¼ b22μρνðk2 þ k3; k1ÞAa

νðk1ÞAb
ρðk2ÞAc

ρðk3Þ: ð114Þ

Thus we need

b1μνρσðk1; k2; k3Þ þ b1μσρνðk3; k2; k1Þ ¼ −4δμρδνσcðk1ν þ 2k2ν þ k3νÞcðk1μ − k3μÞ ð115Þ

≕ gðiiiÞμνρσðk1; k2; k3Þ; ð116Þ

b21μνρðk1; k2 þ k3Þ þ b22μρνðk2 þ k3; k1Þ ¼ 4δμνcð2k1ρ þ k2ρ þ k3ρÞcðk2μ þ k3μÞ
þ 4δμρsðk1μÞsðk1ν þ 2ðk2ν þ k3νÞÞ
þ 4δνρsðk1μ − k2μ − k3μÞsðk1ν þ k2ν þ k3νÞ ð117Þ

≕ gðiiÞμνρðk1; k2 þ k3Þ; ð118Þ

b22μνρðk1 þ k2; k3Þ þ b21μρνðk3; k1 þ k2Þ ¼ gðiiÞμρνðk3; k1 þ k2Þ: ð119Þ
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Now we can write

Âð1Þabc
μ ðk1; k2; k3Þ ¼ ρ

X
νρσ

�
3ðhμνρðk1; k2Þ − gμνρðk1; k2ÞÞδμσ þ

3

2
gμνðk1Þδμρδμσ

þ 3

2

�
gðiÞμν ðk1; k2Þδνρδμσ þ gðiiÞμνρðk1; k2 þ k3Þδρσ þ gðiiiÞμνρσðk1; k2; k3Þ

�

þ 1

2
gμνðk1 þ k2 þ k3Þδνρδνσ

�
Aa
νðk1ÞAb

ρðk2ÞAc
σðk3Þ: ð120Þ

For a general smearing step n > 1 we have to take into account that in the previous step Aðn−1Þ½ab�
μ ≠ 0, Āðn−1Þabc

μ ≠ 0, and

Âðn−1Þabc
μ ≠ 0. Again we replace the unsmeared gluon field Að0Þ in the previous orders by the smeared one ÃðnÞ and collect

all terms of order g30:

Uðnþ1Þ
μ ðkÞ ¼ 1þ ig0

X
ν

g̃μνðϱ; kÞ
�
TaAðnÞa

ν ðkÞ − g0
2i

½Ta; Tb�AðnÞ½ab�
ν ðk1; k2Þ

−
g20
6

�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
AðnÞabc
ν ðk3; k4; k5Þ

�

−
g20
2

X
νρ

�
g̃μνðϱ; k1Þg̃μρðϱ; k2Þ þ 2gμνρðk1; k2Þ

��
TaAðnÞa

ν ðk1Þ −
g0
2i

½Ta; Tb�AðnÞ½ab�
ν ðk11; k12Þ

�

×
�
TaAðnÞa

ρ ðk2Þ −
g0
2i

½Ta; Tb�AðnÞ½ab�
ρ ðk21; k22Þ

�

− i
g30
6

X
νρσ

�
TaTbTcg̃μνðϱ; k1Þg̃μρðϱ; k2Þg̃μσðϱ; k3Þ þ

3

2
fTa; ½Tb; Tc�gg̃μνðϱ; k1Þρgμρσðk2; k3Þ

þ ½Ta; ½Tb; Tc��
�
−
3

2
δμνϱgμρσðk2; k3Þ þ

1

2
δμνg̃μρðϱ; k2Þδμσ þ

1

2
g̃μνðϱ; k1Þg̃μρðϱ; k2Þδμσ

�

þ
�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
Ĝμνρσðk1; k2; k3Þ

�
AðnÞa
ν ðk1ÞAðnÞb

ρ ðk2ÞAðnÞc
σ ðk3Þ ð121Þ

with k ¼ k1 þ k2 ¼ k3 þ k4 þ k5, k1 ¼ k11 þ k12, and k2 ¼ k21 þ k22. From the third term involving the product ÃνÃρ the
following terms appear at order g30:

− i
g30
4

X
νρ

�
ðg̃μνðϱ; k1Þg̃μρðϱ; k2 þ k3Þ þ 2gμνρðk1; k2 þ k3ÞÞTa½Tb; Tc�AðnÞa

ν ðk1ÞAðnÞ½bc�
ρ ðk2; k3Þ

þ ðg̃μνðϱ; k1 þ k2Þg̃μρðϱ; k3Þ þ 2gμνρðk1 þ k2; k3ÞÞ½Ta; Tb�TcAðnÞ½ab�
ν ðk1; k2ÞAðnÞc

ρ ðk3Þ
�

¼ −i
g30
6

�
3

2
fTa; ½Tb; Tc�g

X
νρ

g̃μνðϱ; k1Þg̃μρðϱ; k2 þ k3ÞAðnÞa
ν ðk1ÞAðnÞ½bc�

ρ ðk2; k3Þ

þ 3½Ta; ½Tb; Tc��
X
νρ

gμνρðk1; k2 þ k3ÞAðnÞa
ν ðk1ÞAðnÞ½bc�

ρ ðk2; k3Þ
�
: ð122Þ

Then we have for our two third-order fields Ā and Â:
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Āðnþ1Þabc
μ ðk1; k2; k3Þ ¼

X
ν

g̃μνðϱ; k1 þ k2 þ k3ÞĀðnÞabc
ν ðk1; k2; k3Þ þ 3ϱ

X
νρ

gμνρðk1; k2 þ k3ÞAðnÞa
ν ðk1ÞAðnÞ½bc�

ρ ðk2; k3Þ

−
3

2
ϱ
X
νρσ

δμνgμρσðk2; k3ÞAðnÞa
ν ðk1ÞAðnÞb

ρ ðk2ÞAðnÞc
σ ðk3Þ

þ 1

2
AðnÞa
μ ðk1ÞAðnþ1Þb

μ ðk2ÞAðnÞc
μ ðk3Þ þ

1

2
Aðnþ1Þa
μ ðk1ÞAðnþ1Þb

μ ðk2ÞAðnÞc
μ ðk3Þ; ð123Þ

Âðnþ1Þabc
μ ðk1; k2; k3Þ ¼

X
ν

g̃μνðϱ; k1 þ k2 þ k3ÞÂðnÞabc
ν ðk1; k2; k3Þ

× ϱ
X
νρσ

�
3ðhμνρðk1; k2Þ þ gμνρðk1; k2ÞÞδμσ þ

3

2
gμνðk1Þδμρδμσ

þ 3

2

�
gðiÞμν ðk1; k2Þδνρδμσ þ gðiiÞμνρðk1; k2 þ k3Þδρσ þ gðiiiÞμνρσðk1; k2; k3Þ

�

þ 1

2
gμνðk1 þ k2 þ k3Þδνρδνσ

�
AðnÞa
ν ðk1ÞAðnÞb

ρ ðk2ÞAðnÞc
σ ðk3Þ; ð124Þ

and finally

Aðnþ1Þabc
μ ðk1; k2; k3Þ ¼ Âðnþ1Þabc

μ ðk1; k2; k3Þ þ 2Āðnþ1Þa½bc�
μ ðk1; k2; k3Þ ð125Þ

¼
X
ν

g̃μνðϱ; k1 þ k2 þ k3ÞAðnÞabc
ν ðk1; k2; k3Þ þ 6ϱ

X
νρ

gμνρðk1; k2 þ k3ÞAðnÞa
ν ðk1ÞAðnÞ½bc�

ρ ðk2; k3Þ

þ
X
νρσ

�
1

2
ϱ2
�
gμνðk1Þgμρðk2Þδμσ − gμνðk1Þδμρgμσðk3Þ

�
þ ϱGμνρσðk1; k2; k3Þ

�

× AðnÞa
ν ðk1ÞAðnÞb

ρ ðk2ÞAðnÞc
σ ðk3Þ ð126Þ

with

Gμνρσðk1; k2; k3Þ ¼
1

2
gμνðk1Þδμρδμσ þ δμνgμρðk2Þδμσ þ 3hμνρðk1; k2Þδμσ

þ 3

2

�
gðiÞμν ðk1; k2Þδνρδμσ þ gðiiÞμνρðk1; k2 þ k3Þδρσ þ gðiiiÞμνρσðk1; k2; k3Þ

�
þ 1

2
gμνðk1 þ k2 þ k3Þδνρδνσ: ð127Þ

After two smearing steps:

Að2Þabc
μ ðk1; k2; k3Þ ¼

X
α

g̃μαðϱ; k1 þ k2 þ k3Þ
X
νρσ

Gανρσðϱ; k1; k2; k3ÞAð0Þa
ν ðk1ÞAð0Þb

ρ ðk2ÞAð0Þc
σ ðk3Þ

þ 6ϱ
X
νρ

gμνρðk1; k2 þ k3ÞAð1Þa
ν ðk1ÞAð1Þ½bc�

ρ ðk2; k3Þ þ
X
νρσ

G̃μνρðϱ; k1; k2; k3ÞAð1Þa
ν ðk1ÞAð1Þb

ρ ðk2ÞAð1Þc
σ ðk3Þ:

ð128Þ

After three smearing steps:
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Að3Þabc
μ ðk1; k2; k3Þ ¼

X
α

g̃2μαðϱ; k1 þ k2 þ k3Þ
X
νρσ

G̃ανρσðϱ; k1; k2; k3ÞAð0Þa
ν ðk1ÞAð0Þb

ρ ðk2ÞAð0Þc
σ ðk3Þ

þ
X
α

g̃μαðϱ; k1 þ k2 þ k3Þ
X
νρσ

G̃ανρσðϱ; k1; k2; k3ÞAð1Þa
ν ðk1ÞAð1Þb

ρ ðk2ÞAð1Þc
σ ðk3Þ

þ G̃μνρðϱ; k1; k2; k3ÞAð2Þa
ν ðk1ÞAð2Þb

ρ ðk2ÞAð2Þc
σ ðk3Þ

þ 6ϱ
X
α

g̃μαðϱ; k1 þ k2 þ k3Þ
X
νρ

gανρðk1; k2 þ k3ÞAð1Þa
ν ðk1ÞAð1Þ½bc�

ρ ðk2; k3Þ

þ 6ϱ
X
νρ

gμνρðk1; k2 þ k3ÞAð2Þa
ν ðk1ÞAð2Þ½bc�

ρ ðk2; k3Þ: ð129Þ

After n smearing steps:

AðnÞabc
μ ðk1; k2; k3Þ ¼ 6ϱ

X
ανρ

gανρðk1; k2 þ k3Þ
Xn−1
m¼1

g̃n−m−1
μα ðρ; k1 þ k2 þ k3ÞAðmÞa

ν ðk1ÞAðmÞ½bc�
ρ ðk2; k3Þ

þ
X
ανρσ

�
1

2
ϱ2
�
gανðk1Þgμρðk2Þδμσ − gμνðk1Þδμρgμσðk3Þ

�
þ ϱGανρσðk1; k2; k3Þ

�

×
Xn−1
m¼0

g̃n−m−1
μα ðϱ; k1 þ k2 þ k3ÞAðmÞa

ν ðk1ÞAðmÞb
ρ ðk2ÞAðmÞc

σ ðk3Þ: ð130Þ

Plugging in the relations from leading order and next-to-leading order, we express the end result as a function of the
unsmeared fields:

AðnÞabc
μ ðk1; k2; k3Þ ¼

X
νρσ

 X
αβγ

6ϱgαβγðk1; k2 þ k3Þ
Xn−1
m¼1

g̃n−m−1
μα ðϱ; k1 þ k2 þ k3Þg̃mβνðϱ; k1Þg̃ðmÞ

γρσ ðϱ; k2; k3Þ

þ
X
αβγδ

�
1

2
ϱ2
�
gαβðk1Þgαγðk2Þδαδ − gαβðk1Þδαγgαδðk3Þ

�
þ ϱGαβγδðk1; k2; k3Þ

!

×
Xn−1
m¼0

g̃n−m−1
μα ðϱ; k1 þ k2 þ k3Þg̃mβνðϱ; k1Þg̃mγρðϱ; k2Þg̃mδσðϱ; k3Þ

�
Að0Þa
ν ðk1ÞAð0Þb

ρ ðk2ÞAð0Þc
σ ðk3Þ

≕
X
νρσ

g̃ðnÞμνρσðϱ; k1; k2; k3ÞAð0Þa
ν ðk1ÞAð0Þb

ρ ðk2ÞAð0Þc
σ ðk3Þ; ð131Þ

and we have found the last of the three g̃ functions from Eq. (32).

III. PERTURBATIVE EXPANSION OF THE WILSON FLOW

The Wilson flow is defined through

∂tUμðx; tÞ ¼ iQμðx; tÞUμðx; tÞ; ð132Þ

Uμðx; 0Þ ¼ UμðxÞ; ð133Þ

with the sameQμ as in the definition of stout smearing but made up from the “flowed” fieldsUμðx; tÞ instead of the smeared
fields. We already know the perturbative expansion of Qμ,

Qμðx; tÞ ¼ g0TaQa
1μðx; tÞ þ ig20½Ta;Tb�Qab

2μðx; tÞ þ g30

�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
Qabc

3μ ðx; tÞ: ð134Þ
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We define the expansion of the flowed link variable in terms of fields Aa
μðx; tÞ, A½ab�

μ ðx; tÞ, and Aabc
μ ðx; tÞ such that similarly

to the smeared case

Uμðx; tÞ ¼ 1þ ig0TaAa
μðx; tÞ −

g20
2

�
TaTbAa

μðx; tÞAb
μðx; tÞ þ ½Ta; Tb�A½ab�

μ ðx; tÞ
�

− i
g30
6

�
TaTbTcAa

μðx; tÞAb
μðx; tÞAc

μðx; tÞ þ
3

2
fTa; ½Tb; Tc�gAa

μðx; tÞA½ab�
μ ðx; tÞ

þ
�
TaTbTc þ TcTbTa −

1

Nc
Tr½TaTbTc þ TcTbTa�

�
Aabc
μ ðx; tÞ

�
þOðg40Þ: ð135Þ

They fulfil the initial conditions

Aa
μðx; 0Þ ¼ Aa

μðxÞ; A½ab�
μ ðx; 0Þ ¼ 0; Aabc

μ ðx; 0Þ ¼ 0; ð136Þ

and we define their Fourier transforms consistently:

Aa
μðx; tÞ ¼

Z
π

−π

d4k
ð2πÞ4 e

iðxþμ̂=2ÞkAa
μðk; tÞ; ð137Þ

Aab
μ ðx; tÞ ¼

Z
π

−π

d4k1
ð2πÞ4

Z
π

−π

d4k2
ð2πÞ4 e

iðxþμ̂=2Þðk1þk2ÞAab
μ ðk1; k2; tÞ; ð138Þ

Aabc
μ ðx; tÞ ¼

Z
π

−π

d4k1
ð2πÞ4

Z
π

−π

d4k2
ð2πÞ4

Z
π

−π

d4k3
ð2πÞ4 e

iðxþμ̂=2Þðk1þk2þk3ÞAabc
μ ðk1; k2; k3; tÞ: ð139Þ

As in the stout smearing case, we can connect the perturbative fields to the flowed gluon field Ãa
μðg0; x; tÞ in the SUðNcÞ

expansion such that

Uμðx; tÞ ¼ eig0T
aÃa

μðg0;x;tÞ ð140Þ

and

Ãa
μðg0; x; tÞ ¼ Aa

μðx; tÞ −
g0
2
fabcA½bc�

μ ðx; tÞ − g20
6

�
1

Nc
δaeδbc þ 1

2
ðdbcddeda − fbcdfedaÞ

	
Aebc
μ ðx; tÞ þOðg30Þ: ð141Þ

A. Leading order

At leading order the differential equation is

∂tAa
μðx; tÞ ¼ Qa

1μðx; tÞ ¼
X
ν;y

gμνðyÞAa
νðxþ y; tÞ ð142Þ

which in momentum space becomes

∂tAa
μðk; tÞ ¼

X
ν

gμνðkÞAa
νðk; tÞ ð143Þ

with the same gμν as defined at leading order of the stout
smearing. With

g2μνðkÞ ¼
X
α

gμαðkÞgανðkÞ ¼ −k̂2gμνðkÞ; ð144Þ

the matrix exponential of g is

expðgðkÞtÞμν ¼ δμν þ gμνtþ
1

2
g2μνt2 þ � � �

¼ δμν −
1

k̂2

�
e−k̂

2t − 1
�
gμνðkÞ: ð145Þ

With the initial condition for t ¼ 0, we arrive at
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Aa
μðk; tÞ ¼

X
ν

 
e−k̂

2tδμν −
�
e−k̂

2t − 1
� k̂μk̂ν

k̂2

!
Aa
νðk; 0Þ

ð146Þ

≕
X
ν

Bμνðk; tÞAa
νðk; 0Þ: ð147Þ

It is easy to see that for an infinitesimal flow-time t ¼ ϵ, the
exponentials become e−k̂

2ϵ ¼ 1 − ϵk̂2 þOðϵ2Þ and the flow
transformation becomes the same as a stout smearing with
smearing parameter ϱ ¼ ϵ, reiterating the fact that the
Wilson flow is generated by infinitesimal stout smearing.
The same result is obtained by starting from n stout

smearings and taking the limit n → ∞ while keeping the
product nϱ≕ t constant. Then fðkÞn ¼ ð1 − t

n k̂
2Þn → e−k̂

2t

[38]. Moreover, this means for a small flow time t < 1:

Bμνðk; tÞ ¼ g̃μνðt; kÞ þ
t2

2
ðk̂2Þ2gμνðkÞ þOðt3Þ ð148Þ

¼ g̃2μνðt=2; kÞ þ
t2

4
ðk̂2Þ2gμνðkÞ þOðt3Þ ð149Þ

¼ g̃nμνðt=n; kÞ þ
t2

2n
ðk̂2Þ2gμνðkÞ þOðt3Þ: ð150Þ

Thus the error we get by approximating the flowed field
by the field which has been smeared n times with
smearing parameter ϱ ¼ t=n is always of the order t2

but decreases with 1=n.

B. Next-to-leading order

At order g20, the differential equation is

TaTb
∂tðAa

μðx; tÞAb
μðx; tÞÞ þ ½Ta; Tb�∂tA½ab�

μ ðxÞ
¼ 2TaTbQa

1μðx; tÞAb
μðx; tÞ þ 2½Ta; Tb�Qab

2μðx; tÞ: ð151Þ

With

Qab
2μðx;tÞ¼

1

2

�
−Sa1μðx;tÞAb

μðx;tÞþSab2μðx;tÞ−6A½ab�
μ ðx;tÞ

�
ð152Þ

and the result from the leading order, we arrive at

∂tA
½ab�
μ ðxÞ ¼ S½ab�2μ ðx; tÞ − 6A½ab�

μ ðx; tÞ ð153Þ

¼
X
ν;y

gμνðyÞA½ab�
ν ðxþ y; tÞ þ

X
νρ;yz

gμνρðy; zÞAa
νðxþ y; tÞAb

ρðxþ z; tÞ: ð154Þ

In momentum space, we have

∂tAab
μ ðk1; k2; tÞ ¼

X
ν

gμνðk1 þ k2ÞA½ab�
ν ðk1; k2; tÞ þ

X
νρ

gμνρðk1; k2ÞAa
νðk1; tÞAb

ρðk2; tÞ ð155Þ

with the same gμνρ we know from stout smearing. Now we have an inhomogenous differential equation and make the ansatz

A½ab�
μ ðk1; k2; tÞ ¼

X
α

Bμαðk1 þ k2; tÞC½ab�
α ðk1; k2; tÞ ð156Þ

as we know that Bμν solves the homogeneous part. For the inhomogeneous part we need to solve

X
α

Bμαðk1 þ k2; tÞ∂tC½ab�
α ðk1; k2; tÞ ¼

X
νρ

gμνρðk1; k2ÞAa
νðk1; tÞAb

ρðk2; tÞ; ð157Þ

or equivalently

∂tC
½ab�
μ ðk1; k2; tÞ ¼

X
α

Bμαðk1 þ k2;−tÞ
X
νρ

gανρðk1; k2ÞAa
νðk1; tÞAb

ρðk2; tÞ; ð158Þ

because ðBμνðk; tÞÞ−1 ¼ Bμνðk;−tÞ. Thus

C½ab�
μ ðk1; k2; tÞ ¼

X
ανρ

gανρðk1; k2Þ
Z

t

0

Bμαðk1 þ k2;−t0ÞAa
νðk1; t0ÞAb

ρðk2; t0Þdt0 ð159Þ

MAXIMILIAN AMMER and STEPHAN DÜRR PHYS. REV. D 110, 054504 (2024)

054504-18



and

A½ab�
μ ðk1; k2; tÞ ¼

X
αβνρ

Bμαðk1 þ k2; tÞ
Z

t

0

Bαβðk1 þ k2;−t0Þgβνρðk1; k2ÞAa
νðk1; t0ÞAb

ρðk2; t0Þdt0

¼
X
ανρ

gανρðk1; k2Þ
Z

t

0

Bμαðk1 þ k2; t − t0ÞAa
νðk1; t0ÞAb

ρðk2; t0Þdt0; ð160Þ

where we have used
P

α Bμαðk; t1ÞBανðk; t2Þ ¼ Bμνðk; t1 þ t2Þ. We can also go further and express A½ab�
μ in terms of the

original gluon fields

A½ab�
μ ðk1; k2; tÞ ¼

X
αβγνρ

gαβγðk1; k2Þ
�Z

t

0

Bμαðk1 þ k2; t − t0ÞBβνðk1; t0ÞBγρðk2; t0Þdt0
	
Aa
νðk1; 0ÞAb

ρðk2; 0Þ

≕
X
νρ

Bμνρðk1; k2; tÞAa
νðk1; 0ÞAb

ρðk2; 0Þ: ð161Þ

Again, we can check that we recover Að1Þ½ab�
μ ðk1; k2Þ for an infinitesimal flow time t ¼ ϵ

A½ab�
μ ðk1; k2; ϵÞ ¼

X
αβγνρ

gαβγδðk1; k2Þ
�
ϵBμαðk1 þ k2; 0ÞBβνðk1; 0ÞBγρðk2; 0Þ

	
Aa
νðk1; 0ÞAb

ρðk2; 0Þ ð162Þ

¼
X
νρ

ϵgμνρðk1; k2ÞAa
νðk1; 0ÞAb

ρðk2; 0Þ ¼ Að1Þ½ab�
μ ðk1; k2Þjρ¼ϵ: ð163Þ

If we expand further (for small t < 1), we get

Bμνρðk1; k2; tÞ ¼
X
αβγ

gαβγðk1; k2Þ
�
δμαδβνδγρtþ

1

2
ðgμαðk1 þ k2Þδβνδγρ þ δμαgβνðk1Þδγρ þ δμαδβνgγρðk2ÞÞt2 þOðt3Þ

�
ð164Þ

¼ g̃ð1Þμνρðt; k1; k2Þ þ
t2

2
ð� � �Þ þOðt3Þ ð165Þ

¼ g̃ðnÞμνρðt=n; k1; k2Þ þ
t2

2n
ð� � �Þ þOðt3Þ ð166Þ

which shows the same behavior as the first order fields.

C. Next-to-next-to-leading order

The differential equation at third order is

− i
g30
6

�
TaTbTc

∂tðAa
μðx; tÞAb

μðx; tÞAc
μðx; tÞÞ þ

3

2
fTa; ½Tb; Tc�g∂tðAa

μðx; tÞA½bc�
μ ðx; tÞÞ

þ
�
TaTbTc þ TcTbTa −

1

Nc
TrðTaTbTc þ TcTbTaÞ

�
∂tAabc

μ ðx; tÞ
	

¼ −ig30

�
1

2
TaTbTcQa

1μðx; tÞAb
μðx; tÞAc

μðx; tÞ þ
1

2
Ta½Tb; Tc�Qa

1μðx; tÞA½bc�
μ ðx; tÞ

þ ½Ta; Tb�TcQab
2μðx; tÞAc

μðx; tÞ −
�
TaTbTc þ TcTbTa −

1

Nc
TrðTaTbTc þ TcTbTaÞ

�
Qabc

3μ ðx; tÞ
	
: ð167Þ
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The right-hand side can be rewritten to look like

− i
g30
6

�
TaTbTc

∂tðAa
μðx; tÞAb

μðx; tÞAc
μðx; tÞÞ þ

3

2
fTa½Tb; Tc�g∂tðAa

μðx; tÞA½bc�
μ ðx; tÞÞ

−
�
TaTbTc þ TcTbTa −

1

Nc
TrðTaTbTc þ TcTbTaÞ

��
−
1

2
Qa

1μðx; tÞAb
μðx; tÞAc

μðx; tÞ

− AaQb
1μA

c
μðx; tÞ þ 3Vfabg

2μ ðx; tÞAc
μðx; tÞ − 3Vabc

3μ ðx; tÞ − 6Aa
μðx; tÞAb

μðx; tÞAc
μðx; tÞ þ 6Aabc

μ ðx; tÞ
��

: ð168Þ

Thus

∂tAabc
μ ðx; tÞ ¼ 1

2
Qa

1μðx; tÞAb
μðx; tÞAc

μðx; tÞ þ AaQb
1μA

c
μðx; tÞ − 3Vfabg

2μ ðx; tÞAc
μðx; tÞ

þ 3Vabc
3μ ðx; tÞ þ 6Aa

μðx; tÞAb
μðx; tÞAc

μðx; tÞ − 6Aabc
μ ðx; tÞ: ð169Þ

In momentum space, we get

∂tAabc
μ ðk1; k2; k3; tÞ ¼

X
ν

gμνðk1 þ k2 þ k3ÞAabc
ν ðk1; k2; k3; tÞ þ 6

X
νρ

gμνρðk1; k2 þ k3ÞAa
νðk1; tÞA½bc�

ρ ðk2; k3; tÞ

þ
X
νρσ

Gμνρσðk1; k2; k3ÞAa
νðk1; tÞAb

ρðk2; tÞAc
σðk3; tÞ: ð170Þ

We make again the following ansatz

Aabc
μ ðk1; k2; k3; tÞ ¼

X
α

Bμαðk1 þ k2 þ k3; tÞCabc
α ðk1; k2; k3; tÞ ð171Þ

as we know from the leading order that Bμνðk1 þ k2 þ k3; tÞ satisfies the homogeneous part of the differential equation.
Then we are left with the inhomogeneous part

X
α

Bμαðk1 þ k2 þ k3; tÞ∂tCabc
α ðk1; k2; k3; tÞ ¼ 6

X
νρ

gμνρðk1; k2 þ k3ÞAa
νðk1; tÞA½bc�

ρ ðk2; k3; tÞ

þ
X
νρσ

Gμνρσðk1; k2; k3ÞAa
νðk1; tÞAb

ρðk2; tÞAc
σðk3; tÞ; ð172Þ

or equivalently

∂tCabc
α ðk1; k2; k3; tÞ ¼ 6

X
ανρ

Bμαðk1 þ k2 þ k3;−tÞgανρðk1; k2 þ k3ÞAa
νðk1; tÞA½bc�

ρ ðk2; k3; tÞ

þ
X
ανρσ

Bμαðk1 þ k2 þ k3;−tÞGανρσðk1; k2; k3ÞAa
νðk1; tÞAb

ρðk2; tÞAc
σðk3; tÞ: ð173Þ

Integrating this and putting everything together, we get

Aabc
μ ðk1; k2; k3; tÞ ¼

X
ανρ

gανρðk1; k2 þ k3Þ
Z

t

0

Bμαðk1 þ k2 þ k3; t − t0ÞAa
νðk1; t0ÞA½bc�

ρ ðk2; k3; t0Þdt0

þ
X
ανρσ

Gανρσðk1; k2; k3Þ
Z

t

0

Bμαðk1 þ k2 þ k3; t − t0ÞAa
νðk1; t0ÞAb

ρðk2; t0ÞAc
σðk3; t0Þdt0 ð174Þ

and we can define a function Bμνρσðk1; k2; k3; tÞ for the third order of the Wilson flow:
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Aabc
μ ðk1; k2; k3; tÞ ¼

X
νρσ

�X
αβγ

gαβγðk1; k2 þ k3Þ
Z

t

0

Bμαðk1 þ k2 þ k3; t − t0ÞBβνðk1; t0ÞBγρσðk2; k3; t0Þdt0

þ
X
αβγδ

Gαβγδðk1; k2; k3Þ
Z

t

0

Bμαðk1 þ k2 þ k3; t − t0ÞBβνðk1; t0ÞBγρðk2; t0ÞBδσ ðk3; t0Þdt0
�

× Aa
νðk1; 0ÞAb

ρðk2; 0ÞAc
σðk3; 0Þ

≕
X
νρσ

Bμνρσðk1; k2; k3; tÞAa
νðk1; 0ÞAb

ρðk2; 0ÞAc
σðk3; 0Þ: ð175Þ

Again, we can check that the error one makes by approximating the Wilson flow by stout smearing is of the order t2=ð2nÞ:

Bμνρσðk1; k2; k3; tÞ ¼ g̃ðnÞμνρσðt=n; k1; k2; k3Þ þ
t2

2n
ð� � �Þ: ð176Þ

Thus we have found three B functions that are the Wilson flow equivalent to the g̃ functions from the expansion of stout
smearing.

D. Continuum limit

In the continuum limit a → 0, we replace cosðkμÞ → 1 and sinðkμÞ → kμ, and expand to first order in the momenta.
We get

Bμνðk; tÞ →
X
ν

�
e−k

2tδμν −
�
e−k

2t − 1

�
kμkν
k2

�
; ð177Þ

gμνρðk1; k2Þ → i

�
−δβνð2k1ρ þ k2ρÞ þ δβρð2k2ν þ k1νÞ þ δνρðk1μ − k2μÞ

�
; ð178Þ

Gμνρσðk1; k2; k3Þ → 6ðδμνδρσ − δμρδνσÞ; ð179Þ

and the flowed field Ãμ from Eq. (141) in this limit fulfils
the differential equation of the continuum gradient flow

∂tÃμðx; tÞ ¼
X
ν

D̃νF̃νμ; Ãμðx; 0Þ ¼ AμðxÞ ð180Þ

with

D̃μ ¼ ∂μ þ ½Ãμðx; tÞ; ·�;
F̃μν ¼ ∂μÃνðx; tÞ − ∂νÃμðx; tÞ þ ½Ãμðx; tÞ; Ãνðx; tÞ�: ð181Þ

These results agree with the ones given in Refs. [13,14].

IV. FEYNMAN RULES OF FERMION ACTIONS
WITH STOUT SMEARING OR WILSON FLOW

The Feynman rules are obtained by inserting the expan-
sion of the link variables (182) into the Fermion action. This
results in expressions for antiquark-quark-n-gluon vertices
at each order gn0. These vertices are proportional to a

n−1 such
that only the q̄qg vertex survives in the continuum limit
a → 0, as is expected from continuum perturbation theory.

For the purpose of one-loop calculations, we will need the
q̄qg-, q̄qgg- and q̄qggg-vertex, i.e. anything up to order g30.
For deriving the Feynman rules of the fermion action

including stout smearing or Wilson flow, there are two
possible strategies. One is to simply insert the perturbative
expansion of the smeared or flowed link variable into the
action and expand to the needed order in g0. This “brute
force” approach leads to very large intermediate expres-
sions and involves many steps where indices have to be
renamed etc. This is not feasible beyond one step of stout
smearing. The second much more effective method is based
on the SUðNcÞ expansion of the link variable. One simply
derives the Feynman rules for generic link variables of the
form

UμðxÞ ¼ 1þ ig0TaAa
μðxÞ −

g20
2
TaTbAa

μðxÞAb
μðxÞ

− i
g30
6
TaTbTcAa

μðxÞAb
μðxÞAc

μðxÞ ð182Þ

which results in fairly simple expressions. One then
couples the stout or flow “form factors” to these generic
Feynman rules to obtain the complete results. This also
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practically allows us to easily split lengthy expressions into
smaller parts for Mathematica to work on. A similar
procedure in the context of Feynman rules for the HISQ
action has been described in Ref. [41]. The following
sections show the derivations of the generic Feynman
rules and how to couple them to stout smearing or the
Wilson flow.
We start with the Wilson quark action

SW ¼
X
x;y

X�4

μ¼�1

ψ̄ðxÞ 1
2

�
UμðxÞδxþμ̂;yγμ

− r

�
UμðxÞδxþμ̂;y − δx;y

�	
ψðyÞ: ð183Þ

Links with negative indices are given by U−μðxÞ ¼
U†

μðx − μ̂Þ and γ−μ ¼ −γμ. Up to order g30 we get the

well-known three vertices of a quark antiquark pair coupling
to one, two, and three gluons respectively,

Va
1Wμðp; qÞ ¼ −g0Ta

�
iγμcðpμ þ qμÞ þ rsðpμ þ qμÞ

�
;

ð184Þ

Vab
2Wμνðp; qÞ ¼

g20
2
TaTbδμν

�
iγμsðpμ þ qμÞ − rcðpμ þ qμÞ

�
;

ð185Þ

Vabc
3Wμνρðp; qÞ ¼

g30
6
TaTbTcδμνδμρ

�
iγμcðpμ þ qμÞ

þ rsðpμ þ qμÞ
�
: ð186Þ

These appear in the expansion of the action contracted with

the (original) gluon fields

SW ∼
X
μ

ψ̄ðqÞTaV1μðp; qÞAa
μðq − pÞψðpÞ þ

X
μν

ψ̄ðqÞTaTbV2μνðp; qÞAa
μðk1ÞAb

νðk2Þδðq − p − k1 − k2ÞψðpÞ

þ
X
μνρ

ψ̄ðqÞTaTbTcV3μνρðp; qÞAa
μðk1ÞAb

νðk2ÞAc
ρðk3Þδðq − p − k1 − k2 − k3ÞψðpÞ: ð187Þ

In order to derive the Feynman rules with smearing or gradient flow, we replace the gluon fields Aa
μ by ÃðnÞa

μ or Ãa
μðtÞ

respectively. Thereby new terms are added at higher orders of g0. For example, replacing the Aa
μ which couples to Va

1μ by a
smeared or flowed field provides the new q̄qg vertex with a form factor and adds terms to the q̄qgg and q̄qggg vertices

proportional to A½ab�
μ and Aabc

μ respectively. Specifically, the new stout smeared vertices look like

VðnÞa
1μ ðp; qÞ ¼ Ta

X
ν

g̃nμνðϱ; q − pÞV1νðp; qÞ; ð188Þ

VðnÞab
2μν ðp; q; k1; k2Þ ¼ TaTb

X
ρσ

g̃nμρðϱ; k1Þg̃nνσðϱ; k2ÞV2ρσðp; q; k1; k2Þ −
g0
2i

½Ta; Tb�
X
ρ

g̃ðnÞρμνðk1; k2ÞV1ρðp; qÞ; ð189Þ

VðnÞabc
3μνρ ðp; q; k1; k2; k3Þ ¼ TaTbTc

X
αβγ

g̃nμαðϱ; k1Þg̃nνβðϱ; k2Þg̃nργðϱ; k3ÞV3αβγðp; q; k1; k2; k3Þ

−
g0
2i

fTa; ½Tb; Tc�g
X
αβ

g̃nμαðϱ; k1Þg̃ðnÞβνρðϱ; k2; k3ÞV2αβðp; q; k1; k2 þ k3Þ

−
g20
6

�
TaTbTc þ TcTbTa −

1

Nc
TrðTaTbTc þ TcTbTaÞ

	X
α

g̃ðnÞαμνρðϱ; k1; k2; k3ÞV1αðp; qÞ; ð190Þ

with the g̃ given in Eqs. (56), (73), and (131). The vertices with Wilson flow are analogously

Va
1μðp; q; tÞ ¼ Ta

X
ν

Bμνðq − p; tÞV1νðp; qÞ; ð191Þ

Vab
2μνðp; q; k1; k2; tÞ ¼ TaTb

X
ρσ

Bμρðk1; tÞBνσðk2; tÞV2ρσðp; q; k1; k2Þ −
g0
2i

½Ta; Tb�
X
ρ

Bρμνðk1; k2; tÞV1ρðp; qÞ ð192Þ
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Vabc
3μνρðp; q; k1; k2; k3; tÞ ¼ TaTbTc

X
αβγ

Bμαðk1; tÞBνβðk2; tÞBργðk3; tÞV3αβγðp; q; k1; k2; k3Þ

−
g0
2i

fTa; ½Tb; Tc�g
X
αβ

Bμαðk1; tÞBβνρðk2; k3; tÞV2αβðp; q; k1; k2 þ k3Þ

−
g20
6

�
TaTbTc þ TcTbTa −

1

Nc
TrðTaTbTc þ TcTbTaÞ

	X
α

Bαμνρðk1; k2; k3; tÞV1αðp; qÞ; ð193Þ

with the B given in Eqs. (147), (161), and (175).
For the calculation of the self-energy below we need the q̄qg- and q̄qgg-vertices and we use the Feynman rules of the

Wilson clover action

V1μðp; qÞ ¼ V1Wμðp; qÞ þ V1Cμðp; qÞ; ð194Þ

V2μνðp; q; k1; k2Þ ¼ V2Wμνðp; qÞ þ V2Cμνðp; q; k1; k2Þ ð195Þ

with the clover vertices

V1Cμðp; qÞ ¼ i
g0
2
cSW

X
ν

σμνcðpμ − qμÞs̄ðpν − qνÞ; ð196Þ

V2Cμνðp; q; k1; k2Þ ¼ ig20cSW

�
1

4
δμν
X
ρ

σμρsðqμ − pμÞðs̄ðk2ρÞ − s̄ðk1ρÞÞ

þ σμν

�
cðk1νÞcðk2μÞcðqμ − pμÞcðpν − pνÞ −

1

2
cðk1μÞcðk2νÞ

��
; ð197Þ

where σμν ¼ i
2
½γμ; γν� and the tree-level value cSW ¼ r.

V. FERMION SELF-ENERGY WITH STOUT
SMEARING OR WILSON FLOW

To illustrate the use of the smeared Feynman rules
derived in the previous section, we give in this section
the result of the self-energy of a clover fermion coupled
to a gluon background through stout-smeared or gradient-
flowed vertices. The smoothing thus affects both the
covariant derivative (in the unimproved part of the fermion
action) and the field strength tensor (in the part proportional
to cSW).
At the one-loop order the fermion self-energy Σ receives

contributions from the “tadpole” and the “sunset” diagrams
shown in Fig. 1. We define Σ0 through the linearly

divergent part and Σ1 as the finite piece in an expansion
in the lattice spacing [42–44]

Σ ¼ g20CF

16π2

�
Σ0

a
þ Σ1i=pþOðaÞ

�
; ð198Þ

where pμ is the momentum of the external fermion (see
Fig. 1), and the additive mass shift follows as

amcrit ¼
g20CF

16π2
Σ0: ð199Þ

The contributions to Σ from the two diagrams read

ΣðtadpoleÞ ¼
Z

π

−π

d4k
ð2πÞ4

X
μ;ν;a

GμνðkÞVaa
2μνðp; p; k;−kÞ; ð200Þ

ΣðsunsetÞ ¼
Z

π

−π

d4k
ð2πÞ4

X
μ;ν;a

Va
1μðp;kÞGμνðp− kÞSðkÞVa

1νðk;pÞ;

ð201Þ

respectively, and from the sum we obtain Σ0 and Σ1 by
FIG. 1. Tadpole (left) and sunset (right) diagrams of the quark
self-energy.

STOUT SMEARING AND WILSON FLOW IN LATTICE … PHYS. REV. D 110, 054504 (2024)

054504-23



g20CF

16π2
Σ0

a
¼ Σjp¼0; ð202Þ

g20CF

16π2
Σ1 ¼

1

4
Tr

�
∂

∂pμ
Σ · γμ

	
p¼0

; ð203Þ

where μ is kept fixed, i.e. not summed over. While Σ0 is
gauge independent, Σ1 is part of the fermion field renorm-
alization and does depend on the gauge. We use Feynman
gauge and all results for Σ1 are given in this gauge. We refer
the reader to Ref. [45] for the explicit form of the gluon and
fermion propagators in this gauge. Furthermore, for the
gluon propagator we employ both the Wilson “plaquette”
gauge action and the tree-level “Symanzik improved”
gluon action, since these are the most popular choices in
contemporary nonperturbative studies. These results will
be labeled as “plaq” and “sym,” respectively, in the figures
and tables below. A somewhat technical point is that in
Feynman gauge Σ1 depends logarithmically on an external
momentum p → 0

Σ1 ¼ logðp2Þ þ Σ10 ð204Þ

and this is why we shall plot or quote the constant part Σ10.
Besides the choice of the gauge action also the numerical

values of the Wilson parameter r and the clover coefficient
cSW matter and, of course, the parameter ðϱ; nstoutÞ or the
gradient flow time t=a2. To enhance verbosity, in this
section nstout is used to denote the number of stout steps. It
goes without saying that we cannot represent all informa-
tion in a compact form. This is why we restrict ourselves to
a quick overview on how Σ varies as a function of ρ at fixed
cSW ¼ r, and an overview on how it depends on (cSW ¼ r)
cSW and r for a few choices of ðϱ; nstoutÞ or the flow time
t=a2. Some additional information is shifted to the
Appendix, in the hope that the selection made is broad
enough to allow the user to make an informed decision
when it comes to choosing a lattice fermion action for
future nonperturbative studies.
In Ref. [37] results for Σ0 with up to three steps of stout

smearing at the specific value ϱ ¼ 0.1 (labeled there as
α ¼ 0.6, due to the perturbative matching between stout
and APE smearing) were given, which agree with our
results (see our Appendix for details). In addition, results
for Σ0 and Σ1 with one step of SLINC smearing for
plaquette and Lüscher-Weisz glue were given in Ref. [46].
In the SLINC action only the links entering the Wilson part
of the fermion action are subject to one step of stout
smearing (with variable ϱ), while the clover part stays
unsmeared. Reproducing these results2 served as a cross-
check for our code.

Calculating Σ and extracting Σ0 and Σ10 from it becomes
more challenging as the number of stout steps (or the
overall flow time) increases. We managed to get reasonably
accurate results for up to nstout ¼ 4 smearing steps.
Figure 2 displays how the piece Σ0 of the self-energy of a

clover fermion (cSW ¼ r) depends on ϱ for up to four stout
steps. Regardless of the gauge background adopted (left
versus right column), choosing a reasonable ϱ is found to
reduce the additive mass shift (bottom row) quite drastically,
while (in Feynman gauge) the “tadpole” and “sunset”
contributions, inspected individually, do not show any
noteworthy feature (top and middle panels). In the physical
result (bottom row) the initial slope is proportional to nstout
(see below). Compared to the full curve the SLINC curve
(wide-spaced dots) seems to be an improvement for small
values of ϱ, but for a value ϱ ∼ 0.08 the critical mass of
SLINC fermions changes sign. On the other hand, the
“overall smearing” advocated in Ref. [37] seems to be rather
benevolent; the more smearing steps (with 0 < ϱ < 0.12)
are taken, the more Σ0 tends to zero. Moreover, regardless of
nstout and the chosen gluon background, the maximum of Σ0

is always near ϱ ∼ 0.12, see Table I for details. This is
consistent with the observation made in Ref. [37] that ϱ in
the stout recipe should be kept below 0.125 in order to
have a (first order) smearing form factor smaller than one
throughout the Brillouin zone.
Figure 3 displays how Σ10 depends on ϱ for up to four

stout steps (again for cSW ¼ r). Iterated stout smearings
with a parameter in the vicinity of ϱ ≃ 0.1 seem to bring this
quantity to a value near −6. Again the extremal points are
found to be near ϱ ∼ 0.12, see Table I for details.
It is interesting to plot the results for iterated stout

smearing versus nstout · ϱ rather than versus ϱ; this is done in
Figs. 4 and 5. With a bit of intuition one can see that for any
fixed value of nstout · ϱ these results converge to a universal
curve, which we indicate through black crosses. Given our
results in Sec. III, this should not come as a surprise. The
black curves in Figs. 4 and 5 indicate the results for the
Wilson variety of the gradient flow. Evidently, what we see
is a graphical illustration of the correspondence3

t=a2 ¼ nstout · ϱ ð205Þ

that links the dimensionless flow time to the cumulative
parameter of the iterated stout recipe. Note that this
identification becomes exact under nstout → ∞ and ϱ → 0
with the product nstout · ϱ held constant. This matching has
been discussed in Refs. [47,48], too.
The thin vertical lines in Figs. 4 and 5 indicate integer

multiples of 0.125. They are meant to separate each curve
into a part where it gives a reasonable approximation to the

2There is a typo in Eq. (53) of Ref. [46], the number
2235.407087 should read 2335.407087.

3Corrections to (205) start at order t2=ða4nstoutÞ, see Eqs. (150),
(166), and (176). Hence, the left-hand side of (205) is to be
dressed with a factor ð1þOðt=ða2nstoutÞÞÞ.
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FIG. 2. Contributions to the divergent piece Σ0 of the clover (cSW ¼ r ¼ 1) fermion self-energy from the tadpole (top) and sunset
(middle) diagrams and their sum (bottom). Results are shown as a function of the smearing parameter ϱ, with plaquette gluon
background (left) and tree-level Symanzik-improved gluon background (right). In the top row the results for one step of overall stout
smearing (nstout ¼ 1) coincide with those for SLINC fermions [46].

TABLE I. Position of the extreme points in the bottom panels of Figs. 2 and 3.

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱmax of Σ0 (plaq) 0.12096871(3) 0.11973422(9) 0.1189366(3) 0.1187(4)
ϱmax of Σ0 (sym) 0.12357712(3) 0.1220287(3) 0.120999(5) 0.1204(9)
ϱmin of Σ10 (plaq) 0.13078397(5) 0.1285409(2) 0.1271189(9) 0.1263(6)
ϱmin of Σ10 (sym) 0.13417728(6) 0.1315944(2) 0.129866(6) 0.1287(6)
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gradient flow (to the left) and a part where it does not (to the
right). For instance the mark at 3 · 0.125 ¼ 0.375 separates
the dash-dotted line (nstout ¼ 3) into an ascending part
(where it approximates the crosses quite well), and a
descending part (where it does not). In the terminology
of numerical mathematics one would say that multiple stout
smearings implement a simple integration scheme (with an
integration error in the flow time t=a2 which scales like
1=nstout), and the caveat of Ref. [37] is meant to limit the
integration error.
Let us consider the behavior of the self-energy as a

function of the Wilson parameter r (with cSW ¼ r) as shown
in Figs. 6 and 7. Even though the self-energy at one-loop
order is not a linear function in r analytically (since r

appears in the denominator of the fermion propagator), Σ0

and Σ10 seem almost linear over the plotted range. The
former quantity decreases and the latter one increases with
increasing r. For ϱ approaching 0.125 and/or more smearing
steps the behavior becomes gradually flatter. In practical
terms this means that the Wilson parameter r is not a useful
knob to engineer the self-energy of tree-level clover
fermions.
In Figs. 8 and 9 we finally shift to results with the

gradient flow recipe. For r ¼ 1 (green dots) the “tadpole”
and the “sunset” contribution seem to tend to unsuspicious
finite values, as t=a2 is taken large, and the physical sum
tends to zero. Varying r (and synchronously cSW ¼ r)
seems to affect only the splitting between the tadpole and

FIG. 3. Same as Fig. 2, but for the finite piece Σ10; see Eq. (204).
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the sunset contributions, but barely the final (physical)
result. And the former observation is only pronounced for
Σ0; for Σ10 it is rather mild, here the tadpole contribution
does not depend on r at all. For completeness we show in
Fig. 10 how Σ0 and Σ10 depend on r for a few Wilson flow
times t=a2. Any dependence that is still present at tiny flow
times (t=a2 ≃ 0.1) is found to quickly disappear for
moderate flow times (t=a2 ≃ 1).
In our view, the takeaway message from this section is

that there is a perturbative backing of the well-known

benefit that comes from multiple stout smearing. One step
reduces the absolute value of Σ0 by about 85%, two steps
by 95%, three by 98%, and four steps by 99%.

VI. CONCLUSIONS

In this paper we have worked out a systematic approach
for deriving Feynman rules for lattice fermion actions with
smeared gauge links (to be used interchangeably in the
covariant derivative, in the species-separating covariant
Laplacian and/or a possible clover term).

FIG. 4. Same information as in Fig. 2, but plotted versus the effective flow time t ¼ ϱnstout. The vertical dashed lines indicate integer
multiples of t ¼ 0.125 (in lattice units). The curve of the Wilson flow (to which these results converge under nstout → ∞) is indicated
with black crosses.
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The basis for such calculations is provided by a
perturbative expansion of the stout smearing recipe of
Ref. [9] and the Wilson variety of the gradient flow
introduced in Refs. [13–15]; these expansions have been
presented in Secs. II and III, respectively.
With these results in hand, one may derive the Feynman

rules for a fermion action with an arbitrary parameter
combination ðϱ; nstoutÞ in case of stout smearing or an
arbitrary flow time t=a2 ∈R in case of the gradient flow. In
Sec. IV we argue that the “brute force” approach, i.e.
inserting the perturbative expansion of the smeared/flowed
variable into the underlying action, is not recommendable,

since it leads to excessively long intermediate expressions.
We present an approach based on the SUðNcÞ expansion of
the original (“unsmeared”) links UμðxÞ to the required
order in g0 (typically g30 for one-loop calculations), which
keeps intermediate expressions much shorter. This holds
true for both stout smearing and the gradient flow, and
confirms, as a by-product, the perturbative matching (205)
between these recipes.
To give an immediate application of our recipe, we

derive in Sec. IV the Feynman rules of a Wilson fermion
with clover improvement for arbitrary Wilson parameter r
and Sheikholeslami-Wohlert parameter cSW. With these

FIG. 5. Same as Fig. 4, but for the finite piece Σ10; see Eq. (204).
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FIG. 6. The divergent piece Σ0 of the clover fermion (cSW ¼ r) self-energy as a function of r, with 1 to 4 stout steps (top to bottom).
The background uses plaquette glue (left) or tree-level Symanzik improved glue (right). The legends give the coefficients ½c0; c1� of
linear least-squares fits of the form c0 þ c1 · r. The entry for ϱ ¼ 0 is the unsmeared case.
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FIG. 7. Same as Fig. 6, but for the finite piece Σ10; see Eq. (204).
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rules in hand, we calculate in Sec. V the self-energy of the
clover fermion for cSW ¼ r, for variable ϱ and 1 ≤ nstout ≤ 4

in case of stout smearing and the range 0 ≤ t=a2 ≤ 1 in
case of gradient flowing.
The cross-check with Ref. [37], where numerical results

obtained in the “brute force” approach were presented,
proves particularly enlightening. Of course, reproducing
these results felt like a relief, but the difference is in the
details. In Ref. [37] results for Σ0 were given for a single
stout parameter (ϱ ¼ 0.1 in our terminology), restricted to
nstout ≤ 3 due to the numerical burden. In our approach we

managed to go up to nstout ¼ 4 and to evaluate the generic
result for arbitrary ϱ (using rather modest computational
resources). This illustrates that the more elegant approach
implies not just aesthetic pleasures but actual savings
compared to the brute force approach. Still, the bottom
line is an affirmation of the finding of Ref. [37] that
combining tree-level clover improvement with stout smear-
ing or gradient flowing with a cumulative flow time of the
order t=a2 ≃ 1 yields an undoubled fermion action with
surprisingly good chiral properties (see the discussion at the
end of our Sec. V).

FIG. 8. Contributions to the divergent piece Σ0 of the clover (cSW ¼ r ¼ 1) fermion self-energy from the tadpole (top)
and sunset (middle) diagrams and their sum (bottom). Results for several values of r are given as a function of the gradient-flow
time t in lattice units.
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A logical next step would be to work out the one-loop
values of cSW for Wilson and/or Brillouin fermions with a
limited number of stout steps (hopefully again up to four
iterations) and/or a few values of the flow time t=a2, for
instance t=a2 ∈ f0.1; 0.2; 0.4; 0.7; 1.0g. This amounts to
combining the work we did in Ref. [45] with the frame-
work for smeared/flowed Feynman rules presented in this
paper, and we hope to present such results in the not so
distant future. In a further perspective, one might also
work out the improvement factors ZS;P;V;A to one-loop
(and perhaps even two-loop) order in stouted/flowed
perturbation theory.

The alert reader might interject that a fully nonpertur-
bative improvement strategy is more desirable than a
perturbative one, and the link smearing may imply only
mild technical complications in the nonperturbative
approach. However, as mentioned in the Introduction
and detailed in Ref. [34], the nonperturbative approach
builds, in practical terms, on existing perturbative results to
one-loop (or even better: two-loop) order, as such results
provide essential constraints in the final step of summa-
rizing the results through a rational function in g20. To us
this indicates that perturbative work continues to be useful
in lattice gauge theory.

FIG. 9. Same as Fig. 8, but for the finite piece Σ10; see Eq. (204).
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APPENDIX: CLOVER FERMION
SELF-ENERGY DETAILS

In this appendix we give more details for the self-energy
of a Wilson fermion (with and without a clover term) in the
presence of stout smearing or gradient flow.
We start with the tree-level improved case (cSW ¼

r ¼ 1). The pieces Σ0 and Σ10, see Eqs. (198) and (204),
for up to four stout steps are listed in Table II for a selection
of ϱ values. We refer to Ref. [37] for an argument why
choosing ϱ larger than 0.125 should be avoided. We believe
that a spline interpolation will suffice for practical purposes.
In the event the reader requests higher precision, Tables III
and IV hold the necessary information to reconstruct Σ0 and
Σ10 for arbitrary ϱ. The first respective lines (i.e. those where
the entry does not depend on n) hold the unsmeared values
for comparison.
The results with Wilson flow are more cumbersome to

communicate. Figure 11 shows Σ0 and Σ10 for plaquette and
Lüscher-Weisz glue as a function of the flow time in lattice
units. It turns out that a two-exponential fit represents the
data with reasonable accuracy over the range shown. The
plots contain this information in the legends. Note that these
results reflect the tree-level choice cSW ¼ r ¼ 1.
Sometimes the reader may choose another value of cSW,

e.g. no improvement at all (cSW ¼ 0). Since (to one-loop

order) Σ0 and Σ10 are quadratic in cSW, we split them
according to

Σ0 ¼ Σð0Þ
0 þ cSWΣ

ð1Þ
0 þ c2SWΣ

ð2Þ
0 ; ðA1Þ

Σ10 ¼ Σð0Þ
10 þ cSWΣ

ð1Þ
10 þ c2SWΣ

ð2Þ
10 : ðA2Þ

and give Σð0Þ
0 , Σð1Þ

0 , and Σð2Þ
0 in Table V and Σð0Þ

10 , Σ
ð1Þ
10 , and

Σð2Þ
10 in Table VI for the same selection of ϱ values as before

(the parameter in the Wilson term is always r ¼ 1). Again,
we expect that a simple spline interpolation will suffice to
obtain useful numbers for a different choice of ϱ. In the event
this expectation is wrong, Tables VII–XII hold the necessary
information to reconstruct Σ0 and Σ10 for arbitrary ϱ.
The results with Wilson flow are represented in Figs. 12

and 13 in the same style as before. Again a two-exponential
fit is found to reproduce the data well over the range shown.
Physics wise, the most impressive lesson to be learned

from this appendix comes from comparing the top panels of
Fig. 11 to Fig. 12. With tree-level improvement (Fig. 11)
the additive mass shift (which is proportional to Σ0)
approaches zero quite quickly with increasing flow time.
For unimproved clover fermions this is not the case (top
row in Fig. 12); in fact the nice feature seen in Fig. 11 stems

from a cancellation between Σð0Þ
0 , Σð1Þ

0 , and Σð2Þ
0 of Fig. 12.

FIG. 10. The dependence on the Wilson paramter r of Σ0 (top) and Σ10 (bottom) at different flow times t of the Wilson flow. The
coefficients ½c0; c1� of linear least-square fits of the form c0 þ c1 · r are given in brackets.
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TABLE III. Coefficients of the polynomials in the smearing parameter ϱ for Σ0 for smearing steps n∈ ½1; 2; 3; 4� with plaquette gauge
action (plaq) and Lüscher-Weisz gauge action (sym).

Σ0

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq −31.98644ð3Þ −31.98644ð3Þ −31.98644ð3Þ −31.98644ð3Þ
sym −23.83234ð3Þ −23.83234ð3Þ −23.83234ð3Þ −23.83234ð3Þ

ϱ1 plaq 461.5488(1) 923.0975(2) 1384.645(4) 1846.19(6)
sym 334.1999(1) 668.3997(1) 1002.5996(2) 1336.8(6)

ϱ2 plaq −1907.719658ð3Þ −11446.31795ð2Þ −28615.795ð2Þ −53416.150ð3Þ
sym −1352.19157ð4Þ −8113.149ð2Þ −20282.874ð1Þ −37861.370ð2Þ

ϱ3 plaq 69587.70312(7) 347938.5(8) 974228(2)
sym 48476.67898(2) 242383.40(2) 678673.4(2)

ϱ4 plaq −171121.8788ð3Þ −2566828ð2Þ −11978531ð7Þ
sym −117482.6334ð5Þ −1762239.50ð1Þ −8223785ð5Þ

ϱ5 plaq 10728080(5) 100128744(41)
sym 7273681(5) 67887689(29)

ϱ6 plaq −19627720ð22Þ −549575266ð290Þ
sym −13163619.12ð3Þ −368581513ð347Þ

ϱ7 plaq 1795933838(5106)
sym 1193026157(2578)

ϱ8 plaq −2658101497ð19216Þ
sym −1750940862ð13091Þ

TABLE II. Values of Σ0 and Σ10 for some values of the smearing parameter ϱ and smearing steps n∈ ½1; 2; 3; 4� with plaquette gauge
action (plaq) and Lüscher-Weisz gauge action (sym). All information refers to the choice cSW ¼ r ¼ 1.

ϱ n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

Σ0 (plaq) 0.05 −13.67830ð4Þ −6.81841ð4Þ −3.79814ð4Þ −2.30ð1Þ
0.09 −5.89958ð4Þ −2.12071ð5Þ −1.00136ð6Þ −0.56ð2Þ
0.11 −4.29949ð4Þ −1.37888ð5Þ −0.62450ð6Þ −0.34ð2Þ
0.12 −4.07175ð4Þ −1.27800ð6Þ −0.57513ð6Þ −0.32ð3Þ
0.125 −4.10097ð4Þ −1.31229ð6Þ −0.60582ð7Þ −0.34ð3Þ
0.13 −4.22557ð4Þ −1.41647ð6Þ −0.69334ð7Þ −0.42ð3Þ

Σ0 (sym) 0.05 −10.50283ð3Þ −5.36991ð3Þ −3.05827ð4Þ −1.89ð4Þ
0.09 −4.70711ð3Þ −1.76141ð5Þ −0.85802ð8Þ −0.49ð6Þ
0.11 −3.43187ð3Þ −1.15565ð5Þ −0.5431ð2Þ −0.31ð7Þ
0.12 −3.19992ð3Þ −1.04722ð6Þ −0.4871ð2Þ −0.28ð8Þ
0.125 −3.18535ð3Þ −1.05160ð6Þ −0.4966ð2Þ −0.29ð8Þ
0.13 −3.23840ð3Þ −1.10355ð6Þ −0.5435ð3Þ −0.33ð9Þ

Σ10 (plaq) 0.05 0.75710(4) −2.32322ð4Þ −3.80405ð4Þ −4.599ð7Þ
0.09 −2.66716ð4Þ −4.65582ð5Þ −5.34360ð5Þ −5.66ð2Þ
0.11 −3.53426ð4Þ −5.11323ð5Þ −5.60877ð5Þ −5.83ð2Þ
0.12 −3.75656ð4Þ −5.23165ð5Þ −5.67941ð6Þ −5.88ð2Þ
0.125 −3.81490ð4Þ −5.26045ð5Þ −5.69546ð6Þ −5.89ð2Þ
0.13 −3.83802ð4Þ −5.26563ð5Þ −5.69366ð7Þ −5.88ð3Þ

Σ10 (sym) 0.05 −0.625159ð8Þ −3.00765ð1Þ −4.18067ð2Þ −4.824ð9Þ
0.09 −3.25805ð1Þ −4.86118ð2Þ −5.43657ð5Þ −5.71ð2Þ
0.11 −3.95912ð2Þ −5.24318ð2Þ −5.66454ð9Þ −5.86ð2Þ
0.12 −4.15581ð2Þ −5.35110ð2Þ −5.7305ð2Þ −5.90ð3Þ
0.125 −4.21569ð2Þ −5.38307ð2Þ −5.7497ð2Þ −5.92ð3Þ
0.13 −4.24993ð2Þ −5.39832ð2Þ −5.7566ð2Þ −5.92ð3Þ

MAXIMILIAN AMMER and STEPHAN DÜRR PHYS. REV. D 110, 054504 (2024)

054504-34



TABLE IV. Coefficients of the polynomials in the smearing parameter ϱ for Σ10 for smearing steps n∈ ½1; 2; 3; 4� with plaquette gauge
action (plaq) and Lüscher-Weisz gauge action (sym).

Σ10

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq 8.20627(3) 8.20627(3) 8.20627(3) 8.20627(3)
sym 4.973633(5) 4.973633(5) 4.973633(5) 4.973633(5)

ϱ1 plaq −184.19270ð6Þ −368.3854ð2Þ −552.58ð5Þ −736.77ð7ÞÞ
sym −137.61668ð5Þ −275.2334ð1Þ −412.85002ð9Þ −550.5ð2Þ

ϱ2 plaq 704.18682(5) 4225.1209(3) 10562.8(2) 19717.2(3)
sym 512.81660(2) 3076.8996(2) 7692.2490(3) 14358.9(2)

ϱ3 plaq −24227.54502ð9Þ −121137.7ð5Þ −339186ð1Þ
sym −17289.6263ð2Þ −86448.13ð4Þ −242054.9ð4Þ

ϱ4 plaq 56866.2480(2) 852993.70(3) 3980637(6)
sym 39893.8762(1) 598408.143(2) 2792571.48(4)

ϱ5 plaq −3431931ð1Þ −32031358ð9Þ
sym −2372221ð1Þ −22140728ð2Þ

ϱ6 plaq 6083759(7) 170345240(173)
sym 4150857.326(4) 116224020(336)

ϱ7 plaq −542124208ð1774Þ
sym −365651055ð67Þ

ϱ8 plaq 784643279(12269)
sym 523847362(2021)

FIG. 11. Double exponential fits of the form c0 þ c1e−c2t þ c3e−c4t of Σ0 (top) and Σ10 (bottom) with Wilson flow for different values
of r (with cSW ¼ r) plotted on a logarithmic y axis. The fit coeffcients ½c0; c1; c2; c3; c4� are given in brackets.
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TABLE V. Same as Table II but for Σð0Þ
0 , Σð1Þ

0 , and Σð2Þ
0 from Eq. (A1).

ϱ n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

Σð0Þ
0 (plaq) 0.05 −26.65808ð5Þ −16.28605ð5Þ −11.14760ð7Þ − 8.268ð9Þ

0.09 −15.24425ð5Þ −8.17389ð7Þ −5.4550ð2Þ −4.08ð2Þ
0.11 −12.33982ð5Þ −6.44793ð8Þ −4.3213ð2Þ −3.26ð2Þ
0.12 −11.58822ð6Þ −5.96517ð9Þ −3.9821ð2Þ −3.00ð2Þ
0.125 −11.38758ð6Þ −5.83167ð9Þ −3.8853ð3Þ −2.92ð2Þ
0.13 −11.30371ð6Þ −5.7827ð1Þ −3.8560ð3Þ −2.90ð2Þ

Σð0Þ
0 (sym) 0.05 −21.88153ð4Þ −13.84082ð5Þ −9.73971ð9Þ −7.38ð4Þ

0.09 −13.10032ð4Þ −7.34394ð7Þ −5.0335ð2Þ −3.83ð6Þ
0.11 −10.73243ð5Þ −5.88197ð8Þ −4.0428ð3Þ −3.09ð7Þ
0.12 −10.05417ð5Þ −5.43642ð9Þ −3.7247ð4Þ −2.85ð8Þ
0.125 −9.84145ð5Þ −5.29131ð9Þ −3.6179ð4Þ −2.76ð8Þ
0.13 −9.71302ð5Þ − 5.2058ð1Þ −3.5577ð5Þ −2.72ð8Þ

Σð1Þ
0 (plaq) 0.05 9.7541(2) 7.4558(4) 5.9965(6) 5.001(4)

0.09 7.4250(4) 5.0954(7) 3.882(1) 3.138(6)
0.11 6.5452(4) 4.3673(8) 3.288(2) 2.641(8)
0.12 6.1764(5) 4.0752(9) 3.054(2) 2.45(1)
0.125 6.0098(5) 3.9442(9) 2.950(2) 2.36(2)
0.13 5.8551(5) 3.8227(9) 2.853(2) 2.28(2)

Σð1Þ
0 (sym) 0.05 8.6852(2) 6.7573(3) 5.5094(4) 4.644(2)

0.09 6.7474(3) 4.7368(5) 3.6600(7) 2.987(3)
0.11 6.0027(3) 4.0976(6) 3.1260(9) 2.532(4)
0.12 5.6865(4) 3.8381(7) 2.913(1) 2.353(5)
0.125 5.5423(4) 3.7209(7) 2.818(1) 2.273(5)
0.13 5.4075(4) 3.6115(7) 2.729(1) 2.198(6)

Σð2Þ
0 (plaq) 0.05 3.2256(3) 2.0118(3) 1.3529(3) 0.9637(9)

0.09 1.9196(3) 0.9578(3) 0.5719(3) 0.380(2)
0.11 1.4952(3) 0.7018(3) 0.4088(3) 0.267(3)
0.12 1.3400(3) 0.6120(3) 0.3527(3) 0.229(4)
0.125 1.2768(3) 0.5751(3) 0.3296(3) 0.213(5)
0.13 1.2230(3) 0.5436(3) 0.3097(3) 0.199(5)

Σð2Þ
0 (sym) 0.05 2.6935(2) 1.7136(2) 1.1721(2) 0.8470(3)

0.09 1.6458(2) 0.8457(2) 0.5155(2) 0.348(2)
0.11 1.2978(2) 0.6287(2) 0.3736(2) 0.248(3)
0.12 1.1678(2) 0.5511(2) 0.3240(2) 0.214(5)
0.125 1.1138(2) 0.5188(2) 0.3034(2) 0.200(6)
0.13 1.0671(2) 0.4907(2) 0.2853(2) 0.187(7)
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TABLE VI. Same as Table II but for Σð0Þ
10 , Σ

ð1Þ
10 , and Σð2Þ

10 from Eq. (A2).

ϱ n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

Σð0Þ
10 (plaq) 0.05 3.60121(2) −0.01039ð3Þ −1.86437ð3Þ −2.934ð4Þ

0.09 −0.33688ð3Þ −2.95019ð5Þ −4.00186ð5Þ −4.551ð6Þ
0.11 −1.41830ð3Þ −3.61776ð5Þ −4.45331ð7Þ −4.886ð7Þ
0.12 −1.73711ð3Þ −3.82460ð6Þ −4.59974ð9Þ −4.999ð9Þ
0.125 −1.84104ð3Þ −3.89407ð6Þ −4.65020ð9Þ −5.039ð9Þ
0.13 −1.90798ð3Þ −3.93775ð7Þ −4.6807ð1Þ −5.06ð1Þ

Σð0Þ
10 (sym) 0.05 1.956497(6) −0.882122ð8Þ −2.38041ð2Þ −3.266ð8Þ

0.09 −1.114339ð7Þ −3.26513ð2Þ −4.16661ð3Þ −4.65ð2Þ
0.11 −2.000100ð8Þ −3.83374ð2Þ −4.56328ð5Þ −4.95ð2Þ
0.12 −2.280566ð8Þ −4.02084ð2Þ −4.69847ð6Þ −5.06ð2Þ
0.125 −2.380196ð9Þ −4.08938ð2Þ −4.74919ð7Þ −5.10ð2Þ
0.13 −2.452757ð9Þ −4.13934ð2Þ −4.78580ð8Þ −5.13ð2Þ

Σð0Þ
10 (plaq) 0.05 3.60121(2) −0.01039ð3Þ −1.86437ð3Þ −2.934ð4Þ

0.09 −0.33688ð3Þ −2.95019ð5Þ −4.00186ð5Þ −4.551ð6Þ
0.11 −1.41830ð3Þ −3.61776ð5Þ −4.45331ð7Þ −4.886ð7Þ
0.12 −1.73711ð3Þ −3.82460ð6Þ −4.59974ð9Þ −4.999ð9Þ
0.125 −1.84104ð3Þ −3.89407ð6Þ −4.65020ð9Þ −5.039ð9Þ
0.13 −1.90798ð3Þ −3.93775ð7Þ −4.6807ð1Þ −5.06ð1Þ

Σð0Þ
10 (sym) 0.05 1.956497(6) −0.882122ð8Þ −2.38041ð2Þ −3.266ð8Þ

0.09 −1.114339ð7Þ −3.26513ð2Þ −4.16661ð3Þ −4.65ð2Þ
0.11 −2.000100ð8Þ −3.83374ð2Þ −4.56328ð5Þ −4.95ð2Þ
0.12 −2.280566ð8Þ −4.02084ð2Þ −4.69847ð6Þ −5.06ð2Þ
0.125 −2.380196ð9Þ −4.08938ð2Þ −4.74919ð7Þ −5.10ð2Þ
0.13 −2.452757ð9Þ −4.13934ð2Þ −4.78580ð8Þ −5.13ð2Þ

Σð2Þ
10 (plaq) 0.05 −1.09264ð2Þ −0.88380ð2Þ −0.73530ð2Þ −0.6262ð7Þ

0.09 −0.89206ð2Þ −0.64168ð2Þ −0.49704ð2Þ −0.404ð2Þ
0.11 −0.80614ð2Þ −0.55755ð2Þ −0.42364ð2Þ −0.341ð2Þ
0.12 −0.76678ð2Þ −0.52223ð2Þ −0.39401ð2Þ −0.316ð3Þ
0.125 −0.74800ð2Þ −0.50598ð2Þ −0.38060ð3Þ −0.305ð3Þ
0.13 −0.72981ð2Þ −0.49059ð2Þ −0.36803ð3Þ −0.295ð3Þ

Σð2Þ
10 (sym) 0.05 −0.986186ð4Þ −0.807676ð5Þ −0.678888ð6Þ −0.5831ð4Þ

0.09 −0.815953ð5Þ −0.597649ð7Þ −0.468699ð8Þ −0.3850ð8Þ
0.11 −0.742363ð6Þ −0.523351ð7Þ −0.40253ð1Þ −0.327ð2Þ
0.12 −0.708450ð6Þ −0.491894ð8Þ −0.37558ð1Þ −0.304ð2Þ
0.125 −0.692213ð6Þ −0.477374ð8Þ −0.36334ð1Þ −0.294ð2Þ
0.13 −0.676458ð6Þ −0.463584ð8Þ −0.35183ð2Þ −0.284ð2Þ
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TABLE VII. Same as Table III but for Σð0Þ
0 from Eq. (A1).

Σð0Þ
0

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq −51.43471ð4Þ −51.43471ð4Þ −51.43471ð4Þ −51.435ð8Þ
sym −40.44323ð3Þ −40.44323ð3Þ −40.44323ð3Þ −40.443ð7Þ

ϱ1 plaq 612.3029(1) 1224.6058(2) 1836.9087(3) 2449.21(3)
sym 455.5139(1) 911.0278(2) 1366.5417(9) 1822.1(6)

ϱ2 plaq −2335.4071ð3Þ −14012.442ð2Þ −35031.106ð4Þ −65391.6ð2Þ
sym −1685.5973ð3Þ −10113.584ð3Þ −25283.960ð4Þ −47196.889ð4Þ

ϱ3 plaq 81277.32696(7) 406386.6344(6) 1137883.43(5)
sym 57399.24192(3) 286996.21(2) 803589.90(8)

ϱ4 plaq −193630.40ð3Þ −2904456.0ð4Þ −13554132ð2Þ
sym −134388.50ð2Þ −2015827.5ð3Þ −9407196.9ð4Þ

ϱ5 plaq 11863189.778(7) 110723094(4)
sym 8114869(5) 75738794(14)

ϱ6 plaq −21329904.75ð2Þ −597236493ð336Þ
sym −14410242.41ð3Þ −403487007ð319Þ

ϱ7 plaq 1925422531(5277)
sym 1286849516(2631)

ϱ8 plaq −2819282113ð19240Þ
sym −1866581334ð13091Þ

TABLE VIII. Same as Table III but for Σð1Þ
0 from Eq. (A1).

Σð1Þ
0

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq 13.73313(4) 13.73313(4) 13.73313(4) 13.732(2)
sym 11.94822(3) 11.94822(3) 11.94822(3) 11.947(2)

ϱ1 plaq −91.442ð4Þ −182.884ð7Þ −274.33ð1Þ −365.76ð3Þ
sym −74.603ð3Þ −149.206ð5Þ −223.808ð8Þ −298.403ð4Þ

ϱ2 plaq 237.247540(3) 1423.48523(3) 3558.71310(5) 6642.94(9)
sym 186.845029(2) 1121.070182(3) 2802.6754(3) 5231.66(3)

ϱ3 plaq −6094.07640ð6Þ −30470.3820ð4Þ −85317ð2Þ
sym −4689.94425ð4Þ −23449.721432ð8Þ −65659.2ð8Þ

ϱ4 plaq 11191.09479(3) 167866.4219(4) 783374(2)
sym 8465.23735(4) 126978.5602(6) 592567(2)

ϱ5 plaq −543236.523ð8Þ −5070208ð26Þ
sym −405150.278ð4Þ −3781420.66ð5Þ

ϱ6 plaq 789161.8462(9) 22096532(104)
sym 581383.242(7) 16278817(190)

ϱ7 plaq −58433357ð1223Þ
sym −42575391.8ð3Þ

ϱ8 plaq 71058490(163)
sym 51248188(2163)
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TABLE IX. Same as Table III but for Σð2Þ
0 from Eq. (A1).

Σð2Þ
0

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq 5.7151(3) 5.7151(3) 5.7151(3) 5.7150(5)
sym 4.6627(2) 4.6627(2) 4.6627(2) 4.66255(5)

ϱ1 plaq −59.3118850ð8Þ −118.623770ð2Þ −177.935654ð4Þ −237.248ð4Þ
sym −46.7112574ð3Þ −93.4225147ð6Þ −140.1337727ð3Þ −186.845ð1Þ

ϱ2 plaq 190.439888(2) 1142.639327(9) 2856.59832(3) 5332.32(7)
sym 146.560758(2) 879.36454(1) 2198.41137(2) 4103.70(5)

ϱ3 plaq −5595.54740ð2Þ −27977.73695ð9Þ −78337.66ð7Þ
sym −4232.61867ð2Þ −21163.09330ð3Þ −59256.7ð2Þ

ϱ4 plaq 11317.4275(3) 169761.412(4) 792220(5)
sym 8440.6307(2) 126609.461(2) 590846.979(8)

ϱ5 plaq −591871.37ð2Þ −5524133ð26Þ
sym −436037.438ð2Þ −4069704ð48Þ

ϱ6 plaq 913021.209(7) 25564594(2)
sym 665240.039(6) 18626734(383)

ϱ7 plaq −71058490ð163Þ
sym −51248188ð2163Þ

ϱ8 plaq 90125153(5113)
sym 64387254(3655)

TABLE X. Same as Table IV but for Σð0Þ
10 from Eq. (A2).

Σð0Þ
10

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq 11.852396(8) 11.852396(8) 11.852396(8) 11.852(2)
sym 8.231254(4) 8.231254(4) 8.231254(4) 8.231(2)

ϱ1 plaq −202.0079ð2Þ −404.0158ð3Þ −606.0237ð2Þ −808.03ð4Þ
sym −152.56416ð3Þ −305.12832ð6Þ −457.6925ð2Þ −610.3ð2Þ

ϱ2 plaq 739.6836(2) 4438.102(1) 11095.255(3) 20711.14(3)
sym 541.38051(4) 3248.2831(3) 8120.7077(3) 15158.66(4)

ϱ3 plaq −24956.6947ð4Þ −124783.4729ð5Þ −349393.7ð5Þ
sym −17858.09191ð3Þ −89290.4593ð2Þ −250013.3ð2Þ

ϱ4 plaq 57973.619(4) 869604.29(5) 4058153.0(5)
sym 40735.013(3) 611025.19(5) 2851450.82(9)

ϱ5 plaq −3477653.965ð2Þ −32458091ð8Þ
sym −2406174ð1Þ −22457620ð2Þ

ϱ6 plaq 6141663(3) 171966439(99)
sym 4192996.284(4) 117403911(55)

ϱ7 plaq −545947087ð1804Þ
sym −368383101ð142Þ

ϱ8 plaq 788877857(5503)
sym 526824035(1817)
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TABLE XI. Same as Table IV but for Σð1Þ
10 from Eq. (A2).

Σð1Þ
10

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq −2.248869ð6Þ −2.248869ð6Þ −2.248869ð6Þ −2.249ð2Þ
sym −2.015426ð5Þ −2.015426ð5Þ −2.015426ð5Þ −2.01543ð5Þ

ϱ1 plaq 11.123836(8) 22.24767(2) 33.37151(3) 44.497(3)
sym 9.346879(5) 18.693758(9) 28.040642(8) 37.388(3)

ϱ2 plaq −23.518665ð6Þ −141.11198ð3Þ −352.77996ð7Þ −658.52ð8Þ
sym −18.958350ð2Þ −113.75010ð2Þ −284.37525ð2Þ −530.83ð5Þ

ϱ3 plaq 525.716776(9) 2628.58386(7) 7360.035(6)
sym 411.66550(4) 2058.3275(2) 5763.32(2)

ϱ4 plaq −878.20974ð7Þ −13173.1458ð7Þ −61475ð3Þ
sym −672.98584ð5Þ −10094.788ð2Þ −47107.302ð7Þ

ϱ5 plaq 39917.11(2) 372559.6(2)
sym 30072.058(6) 280672.57(9)

ϱ6 plaq −55331.94ð5Þ −1549295ð216Þ
sym −41099.241ð6Þ −1150778.8ð7Þ

ϱ7 plaq 3959099.6(6)
sym 2904907(3)

ϱ8 plaq −4693170ð2Þ
sym −3406008ð4Þ

TABLE XII. Same as Table IV but for Σð2Þ
10 from Eq. (A2).

Σð2Þ
10

n ¼ 1 n ¼ 2 n ¼ 3 n ¼ 4

ϱ0 plaq −1.397261ð9Þ −1.397261ð9Þ −1.397261ð9Þ −1.3973ð3Þ
sym −1.242203ð4Þ −1.242203ð4Þ −1.242203ð4Þ −1.24223ð9Þ

ϱ1 plaq 6.69138(4) 13.38277(7) 20.07415(9) 26.762(8)
sym 5.60061(2) 11.20122(4) 16.80183(6) 22.399(5)

ϱ2 plaq −11.978147ð2Þ −71.868869ð6Þ −179.67220ð2Þ −335.388ð8Þ
sym −9.6055598ð7Þ −57.633356ð1Þ −144.083397ð9Þ −268.980ð2Þ

ϱ3 plaq 203.43279(2) 1017.16394(6) 2848.1(5)
sym 156.799846(8) 783.99926(3) 2195.2(4)

ϱ4 plaq −229.16130ð5Þ −3437.4195ð4Þ −16041.293ð2Þ
sym −168.15048ð2Þ −2522.2572ð4Þ −11770.532ð2Þ

ϱ5 plaq 5804.3207(6) 54173.62(4)
sym 3880.9479(9) 36222.19(2)

ϱ6 plaq −2569.25ð2Þ −71939.0ð4Þ
sym −1039.729ð6Þ −29112.3ð3Þ

ϱ7 plaq −136222ð83Þ
sym −172862ð90Þ

ϱ8 plaq 458914(149)
sym 428921(211)
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FIG. 12. Double exponential fits of the form c0 þ c1e−c2t þ c3e−c4t of Σ
ð0Þ
0 , Σð1Þ

0 , and Σð2Þ
0 (top to bottom) with Wilson flow for

different values of r plotted on a logarithmic y axis. The fit coefficients ½c0; c1; c2; c3; c4� are given in brackets.
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