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Stout smearing and Wilson flow in lattice perturbation theory
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We present the expansion of stout smearing and the Wilson flow in lattice perturbation theory to order gg,
which is suitable for one-loop calculations. As the Wilson flow is generated by infinitesimal stout smearing
steps, the results are related to each other by taking the appropriate limits. We show how to apply
perturbative stout smearing or Wilson flow to the Feynman rules of any lattice fermion action and illustrate
them by calculating the self-energy of the clover-improved Wilson fermion.
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I. INTRODUCTION

Link smearing is a standard recipe for reducing UV
fluctuations in lattice gauge theory calculations, e.g. lattice
QCD. It is particularly useful when applied to the covariant
derivative in a lattice fermion action. Long ago it was
noticed that the taste breaking of staggered fermions gets
reduced by link smearing [1-3], and similarly the additive
mass shift (taken as a measure for the severity of chiral
symmetry breaking) of Wilson/clover fermions gets reduced
by link smearing [4-8].

In recent years the “stout smearing” procedure, proposed
in Ref. [9], has become very popular, since it yields a

smeared link US" (x) which depends in a smooth (differ-

entiable) manner on the unsmeared gauge link U, (x) and its
neighbors forming the “staple” around it. This allows one to
use smeared fermion actions in the HMC/RHMC algorithm
[10-12], which crucially relies on the differentiability with
respect to the gauge field.

A related recipe is known as “gradient flow” or “Wilson
flow” [13-15]. The flow time ¢ (with the dimension of a
length squared) parametrizes the smooth deformation from
the unsmeared U, (x) to the smeared/flowed U, (x,?), and
the recipe was originally formulated as a differential
equation (of the diffusion type) in ¢. In fact, a sequence
of stout smearings whose cumulative smearing parameter
matches the flow time is the simplest possible integration
scheme (“forward Euler”) to implement the gradient flow—
see the discussion around Eq. (205) below for details.

The main difference, in contemporary use, between stout
smearing and gradient/Wilson flow concerns what is kept
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fixed in the continuum limit (i.e. if the lattice spacing is sent
to zero, a — 0, while the box size L and the renormalized
quark masses m,, all in physical units, remain constant).
With stout smearing it is common practice to keep both the
smearing parameter ¢ and the number of smearings 7,
fixed. With gradient/Wilson flow it is common practice to
keep the flow time ¢ (in physical units) constant as the
continuum limit is taken, whereupon the flow time in lattice
units ¢/a* (dimensionless) grows in proportion to the cutoff
squared.

The rationale behind the former choice is that it results
in an ultralocal modification of the action. Accordingly, a
study with, say, seven stout smearings is guaranteed to
yield the same continuum limit as with an unsmeared
action (see e.g. Ref. [16] for an example of this philo-
sophy). The rationale behind the latter choice is that ~!/2
introduces a second regulator, independent of the cutoff
a~', which persists (and stays finite) in the continuum
limit. One ends up with a flow-scale regulated theory (or a
perfectly legitimate renormalization scheme and scale),
which, contrary to the lattice regulation, shows universal
features [17-24]. Hence, in the future, one might calculate
a light quark mass or a, with staggered fermions at the
fixed flow scale +~'/> =3 GeV. Upon taking the con-
tinuum limit, all memory of the gluon/fermion action
combination, which has been used in the computation,
is lost, and one ends up with a genuine physics result in the
universal flow scheme. Hence, no conversion to the MS
scheme is needed any more, the advantage being that the
renormalization scheme employed is well defined beyond
perturbation theory. There are encouraging signs that the
continuum community is getting aware of the advantages
of the flow scheme and provides the necessary computa-
tional tools [25-30].

So far, we discussed the smoothing of gauge fields. A
second vital ingredient in the field-theoretic setup of many
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lattice QCD computations is the concept of Symanzik
improvement [31]. Specifically for Wilson fermions this
program offers the opportunity of relegating the leading
cutoff effects from O(a) to O(aka) or O(a?), provided the
coefficient cqy in front of the Sheikholeslami-Wohlert term
is properly chosen [32-34]. This improvement program
may be carried out either perturbatively or nonperturba-
tively, but even in the latter case the perturbative results
are vital for cross-checks and to stabilize the nonperturba-
tive fits [34].

In order to combine the merits of link smoothing and
Symanzik improvement, a valid framework for carrying out
perturbative calculations with smoothed actions is man-
datory. Early steps in this direction have been taken in
Refs. [5,8,35,36]. More recently, the mutual benefits which
come from combining link smearing with clover improve-
ment for undoubled fermion actions have been emphasized
in Ref. [37]. What is still missing is a universal framework
that allows for an easy derivation of Feynman rules for
fermion actions with arbitrary smearing recipes, i.e. an
arbitrary (@, nyo,) combination or an arbitrary flow time
t/a*> €R. In the present paper we try to fill this gap. In
particular we try to convince the reader that a “brute force”
approach for deriving the Feynman rules (i.e. inserting the
perturbative expansion of the smeared/flowed variable into
the underlying action) is not recommendable for ng., > 1.
We advocate a more elegant method, based on an SU(N.)
expansion, which keeps intermediate expressions much
shorter.

The remainder of this article is organized as follows. In
Sec. II we work out the perturbative expansion of stout
smearing, and in Sec. III we do the same thing for the
gradient/Wilson flow. As a by-product the perturbative
matching between these recipes is discussed, see Eq. (205).
In Sec. IV we discuss the procedure which yields, for any
smoothing recipe, the Feynman rules in a manageable form.
As an application of this procedure we study in Sec. V the
self-energy of a stout smeared clover fermion with variable
¢ and 1 < ng <4 or under the gradient flow. Finally,
Sec. VI gives a short summary and an outlook. Some
preliminary work on this topic is found in Ref. [38].

II. PERTURBATIVE EXPANSION
OF STOUT SMEARING

A. Definition of stout smearing

Stout smearing is a unitary transformation of the link
variable U,,(x), which depends on the plaquettes containing
U,(x). Thereby the configuration of link variables is
smoothed. Often multiple smearing steps are performed

to increase the smoothing effect. We write U\ (x) for the

link variable after n smearing steps. The transformation to

(n+1)

obtain U, "’ (x) is given by

U (x) = explie0)” (x)} UL (x) (n)
Uy (x) = U, (x), @

with the smearing parameter ¢ and the Hermitian operator

Q,(,”) (x), which is constructed from link variables of the
previous smearing step according to

01" = 5; (W) = - W0 0] ). o)
Wi (x) = S5 () UL (x) = U () 8377 (). (4)

S (x) = Z (U,(,n) UL (x+2)US (x + 1)
v#p

+ UM (x =) U (x =) UP (x + o — a)). (5)

The superscript (n) denotes quantities that are constructed
from link variables after n smearing steps. The quantity

S (x) is referred to as the sum of staples around the link
U (x) and iQ\" (x) is constructed as the projection of the
product S (x)U" (x) onto the algebra 8u(N,).

B. Stout smearing in perturbation theory

In lattice perturbation theory the group -element
U,(x)€SU(N,) is written as the exponential of a linear
combination of generators 7 and gluon fields Af(x)

Uy (x) = w8, (©)

where the summation over repeated adjoint color indices
a,b,c,--- €{l,...,N>—1} is implied. Expanding the
action to the desired order in the bare coupling g, then
gives the Feynman rules. For one-loop calculations we need
to expand up to third order in g,

_%

Uy(x) = 1+ igoT*Af(x) >

TT?A%(x)Ab(x)
3
'g a CAQ c
— IEOT TPTCA%(x)AL(x)AS(x) + O(g8).  (7)
The Fourier transform of the gluon fields is chosen to be

a = d'k i(x+i/2)k ga
A”(X) = _”We A”(k) (8)

The shift x +/1/2 is needed to eliminate overall phase
factors in our results. In order for U, (x) to be unitary, the

exponent igyT“Af(x) has to be anti-Hermitian. This means
the gluon fields Aj(x) are real (because the generators are
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Hermitian). This implies that the momentum space field
Af (k) fulfils

A (k) = Aj(=k). 9)
As we are going to be working in momentum space, it is
helpful to keep in mind that taking the Hermitian conjugate
in position space involves the transformation k — —k in
momentum space.

For a link variable after stout smearing things are more

complicated. As the smeared link variable U, ,(4") (x) is again
a group element of SU(N.) [9] we expect it to have an
exponential representation similar to the unsmeared one,

U (x) = e (900) (10)

2
. ax(n)a 90 rrarrb 5 (1)a ~(n
=1+ig,T Ai, ) (g0, x) ——20T T”A,(, ) (go,x)A,(, )b(go,x)

3
.90 ci(n)a (n % (n)c
— i B e TRl (g0, )AL (g0, )AL (g0, ) + O(T*).
(11)

This expansion in terms of generators 7 does, however, no
longer coincide with the expansion in the bare coupling g.

The new fields A"

By expanding A" (go. x) in powers of g, we will be able to
determine its coefficients by comparison with the pertur-
bative expansion of the right-hand side of Eq. (1). This also
means that, as we will see below, we will be able to infer the

(9o, x) are themselves functions of gj.

general structure of the coefficients of ;1,(,")“ (9o, x) from the
perturbative expansion of only the first smearing step

UM (x) = explio0 (x)} UL (x), (12)

which in turn allows us to use the following strategy:
Expand Eq. (12) to the desired order in g, and replace

(x) by the expansion of A (go, x). This will generate
new contributions to higher orders in g, and give the results
for a general smearing step n + 1 > 1.

We start by defining expansions of S, (x) and Q,(x) in g,
[we drop the superscript (0) for now]:

Su(x) = 6 +igoT S{, (x) = T TS5, (x) — iggT T TS5 (x) + O(g). (13)
Qu(x) = goT* Q1 (x) + igg(T*T" = T°T*) Q5 (x)
1
+ % <T"TbT” + T°TP T — FTr[T“TbTC + TCTbT“]> 09 (x) + O(gp).- (14)
Using the Baker-Campbell-Hausdorff formula,
XY — XHYHXYHG(XX Y]+ [Y,X]])er’ (15)

we therefore get

explioQ, (x)} exp{igo T*A%(x)} — exp{igoT“Az (x) + iogoT*Q%, (x) — ogd[T*. "0 (x)

1
+iogy <T“T”T” + TT"T* ——Tr[T*TT* + T"TbT“]> 040 (x)

c

+%(—993[T0,Tb1 ¢ ()AL (x) — iog[[T*. T*) T Q5 (x )Aﬁ(x)>
1
D)

+0ld)|

<—i0298[T”,[T”,T"]] 1,(x) 07, (x) AL (x) — iQgg [T [T”. T¢]|Afi (x) A (x) m(X))

(16)
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= 14igoT*(AL(x) + 001, (x)) = %Q?)T“Th (A5 (x) + 001, (x)) (45 (x) + 007, (x))

e[ 1)(3 04, WAL + 05

— BT (A3(3) + 005, (1)) (A4(x) + 0%, (1)) (45(x) + 005, (%))

- i‘%g{T“, (T2, 7T} (45(x) + 004, () G 007, (X)A5(x) + 003 <x>>

3
+ i [1, [T, T A (100l (+)

1

45 (i IT. (1. 71108, ()04, ()AL (x) = iegblT. [T, T4 (DAL () 05, (x))

12
1
+iogy (T“T”T" + T°ThTe — N—Tr[T“T”T" + T"T”T“}) §0¢(x) + O(g5) (17)
where we have used
bx?+cx’ 1 2 2 1 3 1 3 4
TP — | 4 ax + 79 +b | x*+ c? +§(ab+ba)+c x +O(x*) (18)

in the second step. Based on this, it is convenient to define fields Alma_ A(n)ab - A(n)abe qpd Amabe ot each order in go for a
general n such that

n . n)a 92 nj)a n n)a
UL () = 1+ igo AL (1) = 5 ( TTPAL (AL () + [T, 7714 (x)
3
. 9, a c A (n)a n)b n)c 3 a ¢ n)a n)bc
—ig (T TPTeAL ()AL (AL () + ST [T TR A (A" (x)

2 (myabe 1
[T, [T, TENAL (x) + (T“T”TC FTTIT

c

Te[TTT¢ + TCTbTa]>A,<,">“”“(x>> +0O(gh). (19)

. = . ~ 1
We can now also incorporate A into A because

[T, [Tt, TN AL (x) = 2[7, TP T¢) AP (x) = 2(TaTbTe + T Ta) ALV P () (20)
and
Tr[TeT?Te + TeTPT9) AP (x) = Te[TeT?Te — TPTeTa AV (x) = 0. (1)

Thus we can write
U0 = 1+ i A 0) = (1A A )+ (7, T )
3
- i (TaTbeA,&"”<x>A,€"”’<x>A,S">C<x> 2T 1 AP ()AL ()

abc cba_i
+ | TeT°TC +T°T°T N

c

TPTT 4 77T )AL ) ) + Ol (22)

'We use the following shorthand notation for symmetrized and antisymmetrized expressions: A{%"} =1 (A% + Ab9) and
Alab] — l(Aah _Aba)-
2
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with
n)abc ~(n)abce < (n)albc
AR () = A (x) + 24500 () (23)

We define their Fourier transforms as

n)a = d'k i(x+p n)a
AL () =/_ Gy €A ), 24)
4
/ Ak / S iterb e g0 1, 1), (25)
4 4
e / o / o / ks tesproinriesio AP0 (4 1 1), (26)

These fields are ultimately functions of the original gluon fields

Zzgﬂu 0. 9)AY (x + ), (27)

D) =303 " gn(e.y. DAY (x + 1A (x + 2), (28)
v yz
AP =3 Gae(0,3, 7 AL (x + )AL (x 4+ )AL (x + 1), (29)
vpo  yzr
= g (0. A (k), (30)
AL (ke ey) = Zg,wp (0 k1. k)AL (kA" (k). (31)
vp
ynabc 1, K2, K3) = f]yﬁpa 0, K1, Ky, K3 DOa 2 3
APk Ky k) ) (0. Ky k. k)AL (k) A (k) AL (k). (32)
vpo

with some complicated functions simply denoted by g here. Sections II C—II E will be largely concerned with determining
the momentum space g explicitly.

We have used Mathematica [39] to supplement and double check our analytical derivations as well as to derive Feynman
rules and perform the calculations of the fermion self energy presented in Sec. V [40].

1. Connecting the perturbative and SU(N,) expansions

In order to relate the smeared gluon field A} (go. x) to the perturbative functions A" (x), AY* (x), and AL (x), we
need to expand the products of color matrices such that only terms with a single 7 remain. We use

[T“, T”] = if“bCT", f“b” = —2iTr(T“[Tb, TC]), (33)

1
{T“,Tb} :Fé"b + dabeTe, de = 2Tr(T”{Tb,T"}), (34)

and
TaTb — L&ab + l (dabc + l'fabc)Tc (35)
2N, 2

1

Tr[TeTPT¢) = ETr[Ta{Tb, T¢} + T[T, T = 1 (dabc + ifabe). (36)
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With the above color identities we can now rewrite the following expressions in a way that only one generator 7' remains:

[Ta’ Tb]Al(ln)[ah] (X) — ifabcTaAl(l”)[bC] (.X) (37)

1
<TaThT(« —+ TLThTa _ 7Tr[TaThTL + TLThTa])AISn)abC (_X)

Cc

1 1 n)abc
_ (5 <{T“, (T, T¢}} + [T, [T, TC]]> — 5 T T TCTbTa])A,(, Jabe () (38)
= T¢ 1 5a65bc 1 dbcddeda bed reda A(n)ebc 39
=N ) ( — [Pefe) AT (). (39)

Thus we can rearrange our perturbative expansion (19) to look like

2
n H a n)a 90 rave 4(n)be 9 1 ae Sbc 1 cd jJeda bed feda n)ebc
U (x) = 1+ igeT {Af) (x) = febea” ](x)—g[Nva &+ 5 (deddede — dfd)}A}) (x)+0(gg)}

2
90 ra n)a n)a g n)a ¢ acd A (n n)[c
- B pere{ A (AL () - 2 (A7) 7 ) ) A0 + OB |

3
- ig6°TuThTC{A,S”)“(x)AL")b(X)Afz")C(X) + O(go)} +0O(T4). (40)

We can see that the expressions in the large braces correspond to the first, second, and third order of an expansion of the

exponential function, each cut off to give an overall highest order of gg. Hence we can give the first few orders of the
smeared gluon field as

2
5 (n)a n)a 90 rape 4 (n)[be 9
A (90, %) = A7 (x) = T pre Al () - 2

1 . 1 d jeda cd feda njebe
B 80 et — et i) | A ) 4 O (1)

N,
Thus, we have expressed the new gluon field in terms of the perturbative fields.

C. Leading order

As we have seen, at leading order the perturbative and SU(N,.) expansions are identical: ;\,(,n)a(go,x) =

A,(ln)u(x) + O(gg). The sum of staples at leading order is

4
S1(x) = 6 + igo T (Z [Aﬁ'”“(x) A (e 0) = A ()~ A (- )
v=1
+ A (x =) + A (x4 - ﬁ)} - 2AL”>“<x>) +0(g) “2)

where the sum now includes the v = u term, which is compensated by the subtraction of 2A,(,">“(x). Therefore

4

o (x) =Y {Ai")“(x) F A x4 ) = AP (x4 ) = A (= ) + AL (= D) + AL (x + = D) — 2407 (x)
v=1

(43)

— _6A(")a S(”)“ 44

wo (x) + 87, (x). (44)

The smeared gluon field in position space can then be written as a convolution [5]:
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A(n+1)a

) = AP (x) + 001 (x)

with g,,(e.y) = 6,, + g, (y) and

Gu(y) = 6(,0) = 8(y, it) — &(y, =) + &(

Performing a Fourier transformation using &(x, y) = f T

(45)

) + QZ Zgﬂy +) (46)

= Zzg,w 0. A (x + y) (47)

y.A=D)+4, [éww Fol-t) =800 @)
L elhmIr, e get

(49)

4
evp (1 — el — piPy + e—i(Pu—Ih) + 6/41/ |:_8 + Z(e—i]?r + eip'[)]> = eiyl’e_%<l7;«_l7u> (_5/4”]52 4 ﬁﬂﬁu)
=1

with p, = 2sin(3 p,) and p*> =31 | py. Now we can express the Fourier transform of the first order smeared gluon

field as

n+1 Z/ d4

_ 1x+/4/2) 5
Z/ (2n)* < w

271)4

where we have used > e =9 = (27)*(p — ¢) and
performed the integration over p. Thus at leading order the
result in momentum space is

AL () = AP (K) + 0 g (k)AL (52)
with
G (k) = =8, k% + k,k,. (53)

Expressing it in terms of the function f(k) = 1 — k?, it
becomes easier to iterate

= (f(k) = 1) =5
(54)

In this form, the form factor retains the same structure after
multiple iterations, only the powers of f increase [5,37]:

eYP e=3(Pu=py) <5/w +

Q <_5/4ui<2 + icﬂ’%/) >Al(/n)a (k)1

0 <_6ﬂyﬁ2 + i’ﬂﬁy) > ei(x+y+z?/2)kAl(/n)a (k) (50)

(51)

>

14

A (k) = Z( ()3, — (7"(k) ~ 1) ;f”>A£°>“<k>

(56)

=Y (0. )AL (k).

We note that 7}, (¢, k) is not exactly the Fourier transform
of g, (e, y) but rather fulfils the same purpose in momen-
tum space of relating the newly smeared field to the one of
the previous smearing step.

D. Next-to-leading order

At higher orders the expansions deviate, and Eqgs. (16)
and (17) would need to be modified for a general smearing
step n — n+ 1 to include the higher order perturbative
fields AUV (x), AU (x), and ALV“" (x). This is why we
start again by considering the first smearing step. At order

g3, the sum of staples S,(,O) (x) is given by

054504-7
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SP (x) = Z[ 8(x)AL(x + D) — AL(xX)AL(x + ) — A%(x + D)AL (x + f)

vEU
— A (x = D)AR(x = D) = AY(x = D)AD(x + o = D) + Afi(x = D)A(x + o = D)

1 N A a N N
5 {ADALO) + A3+ 0)ALx+0) + AL+ AL+ )

+ Al(x =D)AL (x — D) + Al(x =D)AL (x = D) + Ad(x + A — D)AD(x + i — D)H

The part in braces {-- -} is symmetric in a <> b and will therefore disappear in A [ab]( ). We get

0)ab 1 0)a 0)b 0)ab
07 1) = 3 (-5 A + 55 ) )

which leaves
Dab 1 a )[ab] 0)[ab
A0 = 20301 A )+ 0 () ) = 058 o)
which we can write as a double convolution:

a b
Szﬂ Z Z gﬂl/p Y, 2 l[/ (.X,' + y)A/)] (.X,' + Z)

V.2 vp=

(Gup (V2 2) = Gup (2, ¥)) - AL (x + y) A (x + 2)

|
(]
; Elﬂﬁb

with

) ]
= 6,p[6(y,0)8(z. t) 4 6(y. —0)8(z. ju = ﬁ)]-

Fourier transforming gives us

Ll)[ab](kl, ky) = ngﬂl'/’(kl’ kz)Ag(kl)Aﬁ(kZ)’

v.p

where

g;wp(klv k2) =2i <5ﬂﬂc(klﬂ)s(2k21/ + klv) - 6,ullc(k2ﬂ>s(2k1ﬂ + kZ/J) + 5ups(k1;4 - k2;4)c(klzz + k2u)> .

Here we use the common shorthand for the trigonometric functions

s(k,) = sin G k,,), c(k,) = cos Gk,,),

5(k,) = sin(k,), c(k,) = cos(k,),

054504-8
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s2(k) = s (k). (67)

Although g,,,, (k;, k,) is imaginary [and therefore so is A} (k. k)1, it also fulfils g,,,,(—k;, —k») = =g, (k1. k), which

means that A" (x) is real.
If we were to repeat the previous calculation for a smearing step n — n + 1, we would not only have to replace the

AY4(x) by A" (x) but the expansion of Sg:)”b(x) would also contain terms linear in A" (x). Instead, it is easier to
realize that we can get the same contribution by replacing

a A (0)a a X (n)a a A (n)a g a ab)
1A (x) — TA (go.x) = T4 (x) = 5 [T, T4 (x) + O(f) (68)
in the leading order calculation. Then we get for a general smearing step

AT ey k) = 33 (0 k1 + k)AL (ki ko) + @D g (ki o) AL (K1 )AL (k). (69)

v,p
By iterating once

e (kl,kz)fzg,w 0.k + 5200 0o (ki k)AL (k1)AT (Ka) + @ gy (K1 k2) AL (k)AL (ky) - (70)

po v,p

and twice

A/(43)[ab] (ki ky) = Zgﬁu(@ ky + kZ)Qng/m(kl» kz)A/(DU)a(kl)AEro)b(kz)

+ Zg,w 0.k +k ngm ki ko)A (k) ASY () + @ g (ky ko) AP (kAT (Ky).  (71)

po v.p
we can infer the general form

n—1

APk ko) = 0ok ko) S g ook + ko) AR (k)AL (k). (72)

vpo m=0

Finally, we can also express the first order fields in the sum in terms of the original unsmeared ones

AP ke K) = Y 0gagy Zgzam Yo.ky + ko) (0. kT (0 ko) | AL (K1 )AS (ky)

afyvp

=Y Gip(0. ki k)AL (k)AY (k). (73)

vp

E. Next-to-next-to-leading order

As before, we start again by considering the first smearing step and generalize later to an arbitrary number of smearing

steps. At third order we have defined two perturbative fields A and A in Eq. (19), where the former can be read off of
Eq. (17) to be

1oAY AL(x) 05, () (74)

AL (3) = ~30An(0) QL (1) + 5 20, (1) QL (WAL (X) + 3
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= =2 4200 () 1 oA (3) 01, (ASY) + 5 P01, (O (AL + S AL DAL, (79)
=~ AR ) + A5 0A (A5 + 5 AL (0AL" (A5 ). (76

We have dropped all terms that were symmetric in b <> ¢ in the last step. Thus A is completely given by already known
quantities, which is not surprising as it stems only from the commutator terms of the Baker-Campbell-Hausdorff formula.
From the third order in the expansion of Q,(x) we get

AP (x) = —600%¢ (x) (77)

with
O3 (x) = AL(XAL (A () — 5 57, (AL(AL (x) + S (OAE(x) =3 552 (x) (78)
= ~2A5()ALAL(x) ~ 5 0% (VAL(AS (x) + S (A5 (x) — S5 (x). (79)

We revisit the sum of staples at second order and define

$(0) = ${203) + 5 592() (50)

with

sih, (1) = D7 [AL()AL(x + 2) = AL(X)AL(x + 2) = Af(x + D)AL(x + o)

v

— Al(x =D)AL (x — ) — Al (x — D)AD (x + o — D) + Afi(x ﬁ)A’Z(Hﬁ—ﬁ)], (81)

s (x) = Z[ 4(x)AD(x) + A%(x 4+ D)AL (x + D) + Al(x + )AL (x + f1)

v

+ Al(x =D)AL (x — D) + Al(x — D)AL(x = D) + Al (x + p — D)AL(x + i — D) — 28, A%(x)A} (x)] . (82)

Their Fourier transforms are

sih(x ZZ“'MW’ ¥, 2)AL(x + y)Ab(x + z)

vz oup

4
-3 / e d 2 gt ) () AS ()AL (K, (83)

sgh (x Z z a,, (¥)AL(x + y)AL(x + y)
d*k, d k .
= Z/ 2 _l x+%y)(k|+k2) : a2;w(k1 ’ k2>A3<kl )Al}/} (k2)’ (84)

with
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A (¥, 2) = 8, [6(y, =p)d(z, ft = p) — 8(y. p)d(z, )] + 8,,,[8(y. 0)8(z2, &) — &(y, —0)(z, —P)]
= 8,,[6(y. 0)8(z. ) + 8(y, —2)d(z. ft = D)), (85)
4
U (¥) = 8 ) [ L =) — 265(y. 0)} +66,,0(y,0) +8(y,0) + 8(y. 1) + 6(y. —0) + 6(y. t = D). (86)

and

. 1 ; . 1 i
Ay, (ki ky) = =6, [21' sin (klp + §k2p> eikzu:| + 0y, [21 sin <k2v + §k1”> e—fkw]

-3, [2 cos < Sk + 2kzy) kw-kw] (87)

= _h;w/)(klka) +.gm/p(kl’kZ)' (88)

Here h,,, and g,,, are essentially the real and imaginary parts of ay,,, i.e.

g/w/)(kl ’ k2) =2i (_5uvc(k2ﬂ)s(2kl/) + kZ/)) + 5/4/)c(klu)s(2k2u + kll/) + 6U/)s(klu - kZﬂ)c(klv + k2u)> ’ (89)

h;u/p(klv k2> = 2(_5yus(k2y)s(2k1p + kZ/J) - 5ﬂps(k1u)s(2k21/ + klu) + 5upc(k1u - k2ﬂ)c(klu + k2u)) . (90)

We know the antisymmetric g,,,, already from the second order.
Furthermore,

4
1 1
s (ki ky) = 66, + 6, Z {2 cos(kyy + kog) — 2] + 4 cos (E (ky, + kzﬂ)> cos (5 (ky, + k2D)>
a=1

= 65;41/ - 5;w4s2(k1 + k2) + 4C(kl;4 + k2;¢)c(klu + kQu) (91)

=266, — ghu (k1 + k) (92)

where we have defined g,(,l,,) (k) which is a variation of g,, (k) with cosines in the second term instead of sines.

For the sum of staples at third order we define

$400(0) = s10°(x) + 3581 (x) + 2 550 (x) (93)

with

s‘l‘fj‘ (x) = Z [—A,‘,‘ (X)AL(x + D)AL(x + ) — Al (x — D)AL(x =D)AL (x +  — D) (94)

14
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$90°(x) = S [{ALCOALCx + D)AG (x +8) + AL(x)AL(x + RAL(x + )

§(x+ ) = AL (x =D)AL (x = D)AG(x — D)
—Al(x =D)AL (x + A =D)AL (x + = D) + AY(x =D)AL (x + o — D)AL(x + o — D)}
+{=AG(x + D)A (x + D)AS (x + 1) + AL(0)AD(0)AL (x + D) — A (x)AD (x)AS (x + )
+ A%(x =D)AL (x = D)AS(x + o — D) + A% (x — D)AL(x — D)AS (x — D)
(x+7-0)}]. (95)

+ Al (x + D)AL(x + p)A
+ -

+ A% (x =D)AL (x — D)AS

sgfjc(x) = Z [—25”,,AZ (x)Afj (x)Ag(x) + Af (x)AL(x)AS(x) + Af(x + IQ)A/’Z (x +D)AL(x + D)

v

— A (x + )AL (x + R)AS(x + i) — AZ(x - §)AD (x = D)AS (x - 9)
+AS(x — D)AL(x — D)AS(x — ) + A (x +  — D)AL(x + it — DAL (x + i — a)] (96)

They can be written as

SIO) =D Y brupe(v: 2. AL + V)AL (x + 2)AG(x + 1), 97)

V,2,F Upo

sgﬁc Z Z b21/wp Y,z x + y)Ab (x + Z)AC ()C + Z)

+ 0 banu (v DAL (X + Y)AL(x + YA (x + 2), (98)
S9(x) = 3 > b ()AL (x + Y)AL(x + y)AL (x + y), (99)

with
b1ype(¥.2.7) = =6,,0.0 (5( .0)8(z,0)8(r, ft) + 6(y, =D)d(z, =)o (r, t — lA/)), (100)

ot (3:2) = 8, (8. P)0(2. ) + 6(y. =)ozt =) ) + 8, (602 0)8z.£) = 8(y. =8)o(z. =)

+ 84, (803, 0)8(z. 1) = 8y, =)8(z. 1= ) ) (101)

+3, (—6(» 0)5(z.1) + 6(y.~0)3(z./1 = 9)) (102)

bSuv(y) = 65ﬂv5(y7 O) + g/w(y)' (103)

Fourier transforming the s§7(x) leads to

d*k d*k,d*k 1
) =2 / iz ¢ by kK kAT (R A (k) A5 () (104)
vpo

054504-12



STOUT SMEARING AND WILSON FLOW IN LATTICE ... PHYS. REV. D 110, 054504 (2024)

d*k,d*k,d*k .
sgc(x) = Z / iz ¢ by Rk + ko)A A (k2) A5 (k)

d4k d*k,d*k . .
Z/ (27) 212 3 emiri itk b (k) + Ky, k)AL (k)AL (k) A (Ks),

d*k d*k,d*k . A
=2 / iz ¢ R (ko ko R)AS (k)AL (o)A ().

with

blﬂl//)(i(k17 kz, k3) 25”/)(3 COS< kly + kzb + = k3 > kly_k’w)

1 ; ~ . (1 i
b1y (ky s ky + k3) = 6,2 cos <k1p + ) (kap + k3ﬂ>> emdlkatha) 4 5#/1(_2’) sin <§ ki, + ko, + k3y> ettu

. (1 ;
+ avﬂ(_zi) s (E (k]v + k2u + k3u)> ei<k1”_k2"_k3"),

1 1 i
by (ky + ky, k) = 8,,2i sin (kll, + ky, + —k3/,) ek 4 8,52 cos< (ki + ko) + k3D> etk ks,
+6,,2i sin( (ki, + ko + k@) Skitko—ks)

b3 (ky + ky + k3) = 66, + g, (ki + ky + k3).
We can symmetrize these expressions according to
(TeTPT* + TchTa) abe — (TabTe 4 TeTPT) % (U?ﬂhc + vlg:a)
and observe that under the integrals
b (K ko, k) AG (K1 )AD (k2)AG (K3) = bryopy (k3. k. ki )AL (K1 )AD (K2 )AG (K3),
bayywp(ky ko + k3)A,f(k1)AZ(k2)A;f(k3) = by (ks ky + kz)Aﬁ(kl)Af(kz)Aﬁ(kﬁ’
b (ki + ko, k3)AG (k1 )AL (ko)A (k3) = by, (K + ks ki )AL (ki )AJ (ko)A (k).
Thus we need
brywpo (ks kas k3) + bryugpy (kss kas ky) = =46,,0,5¢(kyy + 2ky, + k3, )c(kyy — k3,,)
= Ghupe (k1 ko, ks,

b21m//)(klv k2 + k3) + b22ﬂ/)1/(k2 + k3v kl) = 45ﬂbc(2kl/) + k2/) + k3p)c(k2;4 =+ k3/4)
+ 45ﬂps<k1u)s(kly + 2(k2z/ + k3v)>
+ 4514,5(]{1” - k2;4 - k3ﬂ)s(klb + k2y + k3u)

=: iji;):(kl,kz + k3),

by (ki + kasks) + Doy (ks, ky 4 ky) = g,%(ky ky + k).

054504-13

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)
(113)

(114)

(115)

(116)

(117)
(118)

(119)



MAXIMILIAN AMMER and STEPHAN DURR PHYS. REV. D 110, 054504 (2024)

Now we can write

~(l)abc 3
Ai(l ) (kl’k27k3) _/)Z( uvp klka) _gyyp(k17k2))5;m +§gﬂb(k1>6ﬂp5ﬂ6

vpo
3D ke k)5, 5 D (ki ky + k i) (ki ko k
+2 glll/( 1 2) vp ;ta+gﬂl//)( 1,k + 3) +gﬂl//’”( 1, %2 3)

1 .
k-4 )00 )AL )AL A ). (120

For a general smearing step n > 1 we have to take into account that in the previous step A"~V = 0, A7~ 2 0, and
A,(," Dabe # 0. Agaln we replace the unsmeared gluon field A(%) in the previous orders by the smeared one A" and collect

all terms of order g3:

U () = 1+ i S 0. K) (T“Ai’”“<k> 2T T ko)

% 1
_EO (TaTch + TeTbTa —

c

Te[TTT¢ + TCTbT“]>A£">"’”(k3, ky. k5)>
g ~ a A (n)a g a a
; (gﬂl/(g’k )gﬂ/)(kaZ) + ngwp(kla k2)) (T Al(/ ) (k ) 20 [T Tb] ( Jlet] (kllvkl2))
vp
a4 (n)a g a n)la
X (T A,(, ) (k) —2—(;,[T ,Tb]A/() . b]<k21’k22>>

3
Y E a c ~ ~ 3 a 7
- lgo <T TbT gﬂy(g’ kl)Qﬂ/l(Q’ kZ)gﬂﬂ(Q’ k3) + E {T ’ [Tb’ r ]}g;w(g’ kl)pgﬂ/)a(k2’ k3)

vpo

3 1 1. -
+ [Ta’ [Tb’ TCH (_ Eéﬂbggypo(kb k3> +5 D) ﬂygﬂp (07 k2)5/w + Eg;w(gv kl)gﬂp(gv k2)5/m)

+ (T“T”T" + TeTbT

c

1 . ¢ al | A n)a n)b n)c
~ & TTTTe + TeTPT ])G,,Dp(,(kl,kz,ka))Aﬁ) (kA" (k) AS (k) (121)

with k = k| + ky = ks + k4 + ks, k| = k{1 + k12, and ky = k| + kyy. From the third term involving the product AUAp the
following terms appear at order ggz

Oz(g,w 00K )+ 20,0 (K Ky + Ky T[T, TIAL (1 )AL (1 )
Gl by + )00 k5) + 20k + kDT T A (1))
__,_< (T TS G0 k)G (0. ko + ka) AL (kAR (ky. k)
vp
ST T Y gk AT (A k) ). (122)

vp

Then we have for our two third-order fields A and A:
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AL D (1 e k) = Zf},w(g, Ky + Ky + k3 )AL (ky k. ks) + 30 G (ki + Ka) AL (k1) AR ) (ky. K3)

vp

__QZ v 9upo k27k3 ( ) (kl) (k2)A ( )

vpo

1 n)a }’L nc 1 n n
oA )AL (k)AL (k) 5 AL )AL ()AL ), (123)

A<n+1 abC(kI, ks, k3 Zg’“’ o, ki +ky + k3) A,(ﬁ)abc(kl, ks, k3)

3
X QZ( Hvp k17k2 + gﬂb[)(kl’kZ)) +§g;w(kl)5ﬂ/)5/w

vpo

3 1113
+3 D) (gl(“/ (kl ’ k2)6up uo + gl(ll//)(kl’ kZ + k3)6p6 + g;(wp)a(kl, kZ’ k%))

1 n n)c
ks + ko + k)80, ) AL (k)AY (ko )AG (ks). (124)
and finally
A(rH—l abC(k17 k27 k3) Ln-&-l)abC(kl’ k27 k3) + 2AL}1+1)a[bC] (kl’ k27 k3> (125)

S0y + ko + k)AL (ky kyks) + 60 G (ki ky + ks) AL (kAT (ks k)
vp

2
Z( (.g;w kl)gyp(k2> gﬂb(kl)éﬂ[)gﬂﬁ(k3)) + QGpupa<k1’k27k3>>
x AL (ke )ASY (k)AL (k) (126)

with

G

Hvpc

1
(kl ko, k3) = _g;w(k )5/4p5/m +9 vgﬂp(kZ)é/m + 3h/wp(kl > k2)5/w

2

3 i 1245 1
+E (g/(w)(klka)évpé +g/41//7(k17k2 +k3)6/m+gﬂl/ﬂg(kl’k2vk3)) +§gﬂl/(kl +k2 +k3)50p6y0' (127)
After two smearing steps:

APD e e k) = Zgﬂa 0k + ko 53) Y G0 kr Ko ky) A (kA (y) AL (k3)

vpo

+ 60> gup(ki-ky + k)AL (kA" (ky. ks) + 3 G0 ki, ks) ALY (Ky AR () A (k).
vp

vpo

(128)

After three smearing steps:
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A;(;)abc(kl,kz,k3 Zgﬂ(l Q, kl +k2 + kS)zGavlm(Qa k17k27k3> Y a(kl) (kZ) (k3>

vpo

+ Zgya Q?kl + k2 + k3 ZG(zy/)(T kal’kZ’k?ﬁ)A( ) (k )A( » (kZ)A< a (k3)

vpo
t+ Guplo- iy ks ) A (kAR (ky)AD (k3)
+ 6929,4(, 0. ky +ky +K3)S g (ki ks + k) A (kAP (k. k3)

vp

+60_ Gup(ki ks + k) AT (k) AT " (k. k). (129)

vp
After n smearing steps:

n—1

A(n)abc(kl’ ky, ks) = 6929(11//7 ky. Ky + k3) ZQZam Yo ky + ky + k3)Af/n)a(kl)A( )[bc](kz’ ks)

avp m=1

+Z< (gow )90 (k2)86 = G (K18, pg,m(kz))+0Gaupa<k1’k2vk3)>

avpe

x Zg,;m Howky + Ky + ks) AL (e )AS™” (ko) A" (k). (130)

Plugging in the relations from leading order and next-to-leading order, we express the end result as a function of the
unsmeared fields:

n—1
n abc n—m— ~m ~(m
P (ky Ky k) Z(Z@gaﬁy ki + k3) Zgﬂa Yo ki + ka + k3)p (0. k1 )Trpe (0. k. k)

vpo \ afy

+ Z ( <gaﬂ g(ly(k2)6(15 g(z/i(kl)a(l;/g(lS(k3)) + QGa/}yrS(kl s k2’ k3)>

apyd

Zg;:am- 0. k1 + Ky + k3) 7 (0. k). ko) (e ko)fﬂ (k)AL (ke )AS (k)

= Ghano(0: 1. koo, s )AL (k)AL (ke )AS (ks ), (131)

vpo
and we have found the last of the three g functions from Eq. (32).
II1. PERTURBATIVE EXPANSION OF THE WILSON FLOW
The Wilson flow is defined through
0,U,(x,1) = iQ,(x, 1)U, (x,1), (132)
U, (x,0) = U,(x). (133)

with the same Q,, as in the definition of stout smearing but made up from the “flowed” fields U, (x, ¢) instead of the smeared
fields. We already know the perturbative expansion of Q,,,

1 abgc cTbTa abc
— TY[TeTT +TTT]> dhe(x,1).  (134)

c

0,(5:) = 0T Q1 e) + 1. 710 () + 3 11T + 1777 -
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We define the expansion of the flowed link variable in terms of fields Af(x, ), A[ ](x, 1), and A4%¢(x, r) such that similarly
to the smeared case

2
U, (x,1) = 1 + igoTOA%(x, 1) — % (TaTbA;j (x, )AL (x, 1) + [T, T?] AL (x, z))
g6o<T“TbT°A“(x 1AL (x, 1) A (x, 1) + 2 {T" [T, T<|} A4 (x, )AL (x, 1)

abc cba_i
+ | TT°TC +T°T°T N

c

Tr[TeT? T + TCTbT“]>Aj}bC(x, t)) + O(g). (135)
They fulfil the initial conditions

Af(x,0) = AS(x),  AlP(x,00=0,  A%(x,0)=0, (136)

and we define their Fourier transforms consistently:

a . d4k i(x+f a
AM(XJ)Z/_”We(+"/2)kA”(k,t), (137)
d*k d*k
Aah x l‘ / 1 / 2 el (x+41/2)(k 1+k2)Aab(kl,k2, )’ (138)
d*k d*k d*k
A%< (x, 1) / 1 / 2 / 3 it/ kthothe) AGhe (k) Ky, k3, 1). (139)

As in the stout smearing case, we can connect the perturbative fields to the flowed gluon field Al‘j (go, x, 1) in the SU(N,.)
expansion such that

U,(x, 1) = e Ao (140)
and
A 90 [be] @1 1
AZ(goyx, [) = AZ(X’ l‘) _ EfabcA/‘ (x’ l) _ g N_5065bc + E(dbcddeda —bedfeda)]A;hc(x, t) + O(gg) (141)
|
A. Leading order g/zw(k) = Zg/m(k)gm/(k) = _lzzg/w(k)v (144)

At leading order the differential equation is
AL (x. 1) = T (v, 1) = Zgﬂ”(y )AL +y.1)  (142) the matrix exponential of ¢ is
vy

which in momentum space becomes

1
exp(g(k)t)uy = 6;41/ + gﬂl/t + Eg;zwt2 + -
0,A4(k, 1) w(K)AY (K, 1) 143 L/
Zg; (143) =00 (e R _ 1)g,w(k). (145)
with the same g,, as defined at leading order of the stout
smearing. With With the initial condition for ¢t = 0, we arrive at
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Atk =3 <e"}2’5ﬂ,, - (e‘i‘zt - 1) kkk )A”(k 0)
(146)
=) B, (k.1)AL(k.0). (147)

It is easy to see that for an infinitesimal flow-time ¢ = ¢, the

exponentials become e=%¢ = 1 — ek® + O(e?) and the flow
transformation becomes the same as a stout smearing with
smearing parameter @ = €, reiterating the fact that the
Wilson flow is generated by infinitesimal stout smearing.

The same result is obtained by starting from n stout
smearings and taking the limit n — oo while keeping the
product ng =: ¢ constant. Then f(k)" = (1 — L&*)" - ek
[38]. Moreover, this means for a small flow time ¢ < 1:

B (k) = 3u(0) + 5 (BP0, + ) (148)
B2+ (@B, + OF)  (149)

ab a
= 0uMA (x+ 3.0 + Dy (3. )AL (x + 3. DAL (x + 2. 1),
vy vp.yz

In momentum space, we have

0,A% (ki oy, 1)

= /) = (B0 + OF). (150

Thus the error we get by approximating the flowed field
by the field which has been smeared n times with
smearing parameter ¢ = t/n is always of the order
but decreases with 1/n.

B. Next-to-leading order

At order g3, the differential equation is

TT?9,(A%(x, )AL (x, 1)) + [T, T*]0,AL" (x)

=2T“T" Q% (x, A, (x, 1) + 2[T*, T*| Q50 (x, 7). (151)
With
08 (x.1) = (=51, (x. )AL (x.1) 52 (x.1) 64" (5.1
2u\H 2 JANE 2u\ N> U ,
(152)
and the result from the leading order, we arrive at
0.AL" (x) = S5 (x. 1) —6A (x.1)  (153)
(154)
Zg/w kl +k2)A[ab](kl’k2? +Zg/wp klykZ)Ag(kl’[)Ag(kZ’t) (155)

vp

with the same g,,,, we know from stout smearing. Now we have an inhomogenous differential equation and make the ansatz

AL (ky ko 1) = D B gky + ko ) CEP Ky Ky 1) (156)

as we know that B, solves the homogeneous part. For the inhomogeneous part we need to solve

ZBW ki + ke, 1)0,Ci" e e, 1) Zg,w ki ka)AS (kDAL (Ko, 1), (157)
or equivalently

0,C" (ky Ky 1) ZBW Ky ko =1)> G (k1 k)AL Ky DAL (ks 1), (158)

vp

because (B, (k.1))™" = B,,(k,—t). Thus

CE ko) = Sy 1K) [ Bl + k=) A5 e A )l (159)

avp
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and

t
AL P ky, ky, 1) = ZBﬂa(kl + ks, f)/) Bos(ky + ko, =) gpp (k1. ko)Al (ky, )AL (ky, ) dE

apup

=S Gy k1, o) / ks + Kot — )AY Ky )AL (k. 7)Y (160)

avp

where we have used ), B,,(k.t,)Bg, (k. t,) = B,,(k.t; 4 ;). We can also go further and express ALah] in terms of the
original gluon fields

Al (k) Ky, 1) = Gupy (k1. k) [ / (ki + koot = )By, (ky, U)B,, (ks t/)dt’} A¢(ky, 0)Ab (k,, 0)
afyvp
=t ZB;wp(kl’k21t)Ag(kl’0)A2(k2’O>' (161)
vp

Again, we can check that we recover Afll)[“b](kl ,k,) for an infinitesimal flow time 7 = ¢

A,[,ab] (ki ky,€) = Zgaﬂyé(klﬂkZ) [eB;m(kl + k2ﬂO)Bﬂu(kl’O)Byp(kZ’O)]Az(kl’O)A/l;(kZ’()) (162)

afyvp

= egu, (k. k)AL (k1. 0)AL (ky, 0) = A" (ky Ky ), (163)
If we expand further (for small ¢ < 1), we get

1
B;wp(kla k2v t) = Zgaﬂy(kla k2) (5ﬂa5ﬂv5ypt +3 2 (g/m(kl + k2)5ﬂu5 +6 agﬂI/(kl)éyp + 5;4a5ﬂugyp(k2))t2 + O(tg)) (164)

apy

. r 3

= Gup(t. k1. ko) +5 () +O(F) (165)
_(n) r 3

= Gun(t/n. ki, ko) + () + O(F) (166)

2n

which shows the same behavior as the first order fields.

C. Next-to-next-to-leading order

The differential equation at third order is
3
. g a c a c 3 a c a be
_ lgo {T T°T 9,(Af (x, t)Afj(x, HAG(x. 1)) +§{T [Tt T 139, (A4 (x, t)AL }(x, )

1
+ <TaTch + TchTa _N_

c

Tr(TeT T¢ + TCT”TH)) 0,A%b¢ (x, z)]
-3 1 aTbcna b c 1 a[Tb Tc)Na (bc]
= —ig, ET T°T 1M()c, t)Aﬂ(x, t)A,,(x, t) +§T [T",T¢ 1M(x, AL (x, 1)

1
+ [T, TP T Q35 (x, )AL (x, 1) — <T“T”T” + TTPT¢ — —Tr(TT’T¢ + T“T”T“)) 047 (x,t )} . (167)

c
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The right-hand side can be rewritten to look like
3
.9, a c a c 3 a c a be
—ig <T TPT0,(Af (x. 1A} (x, DAL (x. 1)) + {T“[T?. T]}0, (A (x. 1)Ay" (x. 1))

— | TeTPTC + TCTPT _ L
N

c

1
Tr(TTT¢ + TchTa)) <_§ 1, (x, 1AL (x, D) A5 (x, 1)

— A“Q A% (x. 1) + 3VE (x, 1)AG (x, 1) — 3VEE (x, 1) — 6AY(x, 1) AL (x. 1)AG (x, 1) + 6AL* (x, t)> ) . (168)

Thus

abc 1 a c a c ab c
0, (x. 1) = 5 0, (x. DAL (x. AL (x. 1) + A“Q} Af(x. 1) - 3V (x, 1) AG (x. 1)

+ 3V§Iljc (x.1) + 6A%(x, )AL (x, 1)AG (x, ) — 6AL (x, 1). (169)

In momentum space, we get

AL (k. ky ks 1) = > g (ki + ko + ks) AL (k. ky ks 1) + 6 g0 (K1 Ky + k3 )AL (ky DAY (K ks 1)

vp

+ > Guupolki ky, k3)AL (Ky, 1)Ab (ky, 1)AS (K3, 1). (170)

vpo

We make again the following ansatz

A (ki ky ks t) = Bualky + ko + ks, £)C8 (ky Ky, k3. 1) (171)

as we know from the leading order that B, (k; + k, + k3, t) satisfies the homogeneous part of the differential equation.
Then we are left with the inhomogeneous part

abc a be
ZBWUQ + ko + k3, 1)0,C5 (ky ey ks 1) = 6Zgﬂup(klvk2 + k3)AY (ki f)A/[) ](k27 ks, 1)

a vp

+ 3 Guupolki ky k3)AL (ky, )AL (ky, 1)AS (K3, 1), (172)

vpo

or equivalently

0,C8 (k. kyo ks 1) = 6 Byg(ky + ky + kso =gy (k. by + ks )AL (ky DAY (ks ks 1)

avp

=+ ZBu(l(kl + k2 + k3v _[)G(lupﬂ(kl ’ kZ’ k3)Al£/l(kl’ t)AZ(kz, t)Ag(k3’ t)' (173)

avpc

Integrating this and putting everything together, we get

t
ALKy hy ks 1) = Y gap(kr Ky + k) /) Byaky + ky + ks 1t = 0) ALKy 0) AL (ky. ks, ) d!

avp

t
+ > Gapolkr ko k3) A Bua(ky + ky + ks, 1 = )AL (ky, )AL (ky, /) AS (s, £)dY (174)

avpo

and we can define a function B, (k;, k-, k3, t) for the third order of the Wilson flow:

uvpo
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13
A,‘fbc(kl,kg,k3,t)—Z(Zgaﬂy(kl,k2+k3)A Boa(ky +ky + ks, t — ) By, (ki ) B, 0k, ks, ¢ )d1’

vpo N afly

afyd
x Af (k1. 0)Ap (k. 0)A5 (k3. 0)

= Bupo(ki,ky ks, )AL (ky, 0)AD (kz, 0)AS (K3, 0).

vpo

t
+ ZGaﬁyé(klv ky, k3) A B (ky + ky + k3, t = 1)Bp, (ky,1')B,,(ky, ') Bs, (k3. f’)df')

(175)

Again, we can check that the error one makes by approximating the Wilson flow by stout smearing is of the order #*/(2n):

/u/[m(klvkzvk3’ ) - gﬂUPU(t/n klvk27k3) n ( ' )

& (176)

Thus we have found three B functions that are the Wilson flow equivalent to the g functions from the expansion of stout

smearing.

D. Continuum limit

In the continuum limit @ — 0, we replace cos(k,) — 1 and sin(k,) — k,, and expand to first order in the momenta.

We get

> k,k,
B, (k. t) > Z(e—kﬁa/w _ <e_k2t _ 1> 22 )7

gﬂl//)(kl’ kZ) - i<_5ﬂv(2k1p + kZ/J) + 5/7’/) (2k2v + klu) + 5v/)(klu - kZﬂ)) ’

G/w/w(khk%k?) - 6( uv pa -6

up 51/5) ’

and the flowed field Aﬂ from Eq. (141) in this limit fulfils
the differential equation of the continuum gradient flow

0A,(x.0) =Y D,F,,.  A,(x.0)=A,x)

v

(180)

with

=0, +[A,(x.1). .
) -

)
F=0,A,(x.1) = 0,A,(x.1) +[A,(x.1).

A,(x,1)]. (181)

These results agree with the ones given in Refs. [13,14].

IV. FEYNMAN RULES OF FERMION ACTIONS
WITH STOUT SMEARING OR WILSON FLOW

The Feynman rules are obtained by inserting the expan-
sion of the link variables (182) into the Fermion action. This
results in expressions for antiquark-quark-n-gluon vertices
ateach order g{. These vertices are proportional to a"~! such
that only the ggg vertex survives in the continuum limit
a — 0, as is expected from continuum perturbation theory.

(177)

(178)

(179)

For the purpose of one-loop calculations, we will need the
qq99-, qq99- and gqggg-vertex, i.e. anything up to order gg.

For deriving the Feynman rules of the fermion action
including stout smearing or Wilson flow, there are two
possible strategies. One is to simply insert the perturbative
expansion of the smeared or flowed link variable into the
action and expand to the needed order in g,. This “brute
force” approach leads to very large intermediate expres-
sions and involves many steps where indices have to be
renamed etc. This is not feasible beyond one step of stout
smearing. The second much more effective method is based
on the SU(N,.) expansion of the link variable. One simply
derives the Feynman rules for generic link variables of the
form

. %
U,(x) =1+ igyT*A%(x) — EOT“T”A; (x)Ab(x)

3
.9 .
—i EO TT T¢A¢ (x)Ab(x)AS(x) (182)
which results in fairly simple expressions. One then
couples the stout or flow “form factors” to these generic
Feynman rules to obtain the complete results. This also
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practically allows us to easily split lengthy expressions into
smaller parts for Mathematica to work on. A similar
procedure in the context of Feynman rules for the HISQ
action has been described in Ref. [41]. The following
sections show the derivations of the generic Feynman
rules and how to couple them to stout smearing or the
Wilson flow.
We start with the Wilson quark action

+4
_ 1
Sw=20 Y w3 U0
Xy p=

(U080 =00, ) w183

Links with negative indices are given by U_,(x) =

Ui(x—f) and y_, = —y,. Up to order gj we get the

the (original) gluon fields

well-known three vertices of a quark antiquark pair coupling
to one, two, and three gluons respectively,

Vi (p.q) = —goT* (imC(pu +q,) +rs(p, + qﬂ))»

(184)
a g a
Vi p.q) = 3 T8, (17’,4 s(pu+a,) = re(p, + 61,,)),
(185)
%
Vil (@) = RTT 5,8, (ir,c(py + 4,)
+rs(p,,+q,,)). (186)

These appear in the expansion of the action contracted with

Sw~ Y w(@)TVi,(p. )AL (g — p)w(p) + Y _ (@) T T Vo, (p. )AL (k)AL (ky)8(q — p — ki — ka)w(p)

H Hy

+ Y W@ T T TV, (p. )AL (K )AL (ky)AS (k3)8(g —

uvp

p—ki—k

— k3)w(p). (187)

In order to derive the Feynman rules with smearing or gradient flow, we replace the gluon fields Aj by A,(l")“ or Al‘j(t)
respectively. Thereby new terms are added at higher orders of gy. For example, replacing the Aj which couples to V{, by a

smeared or flowed field provides the new gqg vertex with a form factor and adds terms to the gggg and ggggg vertices

[ab]

proportional to A, and A;’b" respectively. Specifically, the new stout smeared vertices look like

Viv(p.q) = T“Zgﬂy e.q-p)Vi(p.q). (188)
Vgllz/ (P q’k17k2) TaTngyp o, kl)gua(Q’ kZ)VZpa(p Qaklvk2> _2_ Ta Tb ng/u/ k], kz)le(p 6]) (189)
po
VI (p, g Ky koo ks) = TTP TS G, k) 35(0- o)y (02 K3) Viagy (P2 0. Ky Koo k)

apy

g a c
O{T (77,7 }Zg/m 0.k )gﬁy,,(Q,kz,k%)Vzaﬂ(P q. ki, ko + k3)
af
2 1 ;
—% [T“T”T" +TTIT — TR (TP T T"T”T“)} > G0k ko k3)Vig(p.gq).  (190)

with the § given in Egs. (56), (73), and (131). The vertices with Wilson flow are analogously

(191)

Vi (p.g.t) =T Bu(q—p.0)Vi(p.q).
v

Vab

Su(P- 4. k1. Ky, 1) (192)

a g a
=TT Y By (k. 0)Buo (ko 1)V 2o (P . Ky ko) = 55 (T TS B (ki k. V1, (P )
P

po
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Vg;lzlfp(pv q, k17 k2a k3, t)

apy

= T“TbTCZBW(kl, 1)B,g(ky. 1)B,, (k3. 1)V3ap, (P, 4. k1. ko, K3)

{Ta [Tb TC }ZBﬂ(l kl’ )B[)’D/J(k27k3’t)v2a/}'(p q’klak2+k3)

afp

9(2) b b 1
— N TaThTe 4 TeTPT — —
: [ T

c

with the B given in Eqs. (147), (161), and (175).

Te(TeTTe + TchTa)] S By (kr ko, k. )Vig(poq). - (193)

For the calculation of the self-energy below we need the ggg- and gggg-vertices and we use the Feynman rules of the

Wilson clover action
Vly (pv q)

V2;u/(pv q, kl ’ k2)

with the clover vertices

.g
Vlcu(PJ]) = lfocswzy:au C(Pﬂ

VZC/w(pv q, kl ’ k2) lgOCSW <4 ;wz

=Viwu(p. @) + Vicu(p. 9). (194)
= VZW;w(p7 q) +V2C;w(p7 C],k],kz) (195)
- qu)g(pv - qv)’ (196)
(kZp) g(klp))
+ O <C(k]U)C(k2”)C(qﬂ - p;t)c(pb - pl/) - %C(kly)c(kb)))’ (197)

where 6, =%[y,.7,] and the tree-level value csy = 7.

V. FERMION SELF-ENERGY WITH STOUT
SMEARING OR WILSON FLOW

To illustrate the use of the smeared Feynman rules
derived in the previous section, we give in this section
the result of the self-energy of a clover fermion coupled
to a gluon background through stout-smeared or gradient-
flowed vertices. The smoothing thus affects both the
covariant derivative (in the unimproved part of the fermion
action) and the field strength tensor (in the part proportional
to Csw).

At the one-loop order the fermion self-energy X receives
contributions from the “tadpole” and the “sunset” diagrams
shown in Fig. 1. We define X, through the linearly

k p—k
o3 ﬁ
p p k p

FIG. 1. Tadpole (left) and sunset (right) diagrams of the quark
self-energy.

divergent part and X; as the finite piece in an expansion
in the lattice spacing [42—44]

_ %Cr ( +3ip+O(a ))

198
1672 (198)

where p, is the momentum of the external fermion (see
Fig. 1), and the additive mass shift follows as

o=y (199)

The contributions to X from the two diagrams read

5 (tadpole) _ 4ZGW )V, (p. p.k.—k). (200)

_,,(2 v

d*k
Z(sunsel):/ ( Z » p k)GHD(p k)S(k)V‘fU(k,P),

A N4
= (27) o

(201)

respectively, and from the sum we obtain X, and X; by
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GCrZo

1622 a Zlp—o- (202)
5@Cp 1 0

0% =—Tr {—z . yﬂ] , (203)
167 4" |op, -

where p is kept fixed, i.e. not summed over. While X is
gauge independent, X; is part of the fermion field renorm-
alization and does depend on the gauge. We use Feynman
gauge and all results for X; are given in this gauge. We refer
the reader to Ref. [45] for the explicit form of the gluon and
fermion propagators in this gauge. Furthermore, for the
gluon propagator we employ both the Wilson “plaquette”
gauge action and the tree-level “Symanzik improved”
gluon action, since these are the most popular choices in
contemporary nonperturbative studies. These results will
be labeled as “plaq” and “sym,” respectively, in the figures
and tables below. A somewhat technical point is that in
Feynman gauge X; depends logarithmically on an external
momentum p — 0

2y = log(p?) + Xy (204)
and this is why we shall plot or quote the constant part .

Besides the choice of the gauge action also the numerical
values of the Wilson parameter » and the clover coefficient
csw matter and, of course, the parameter (g, n14y) OF the
gradient flow time #/a?. To enhance verbosity, in this
section 7y, 1S used to denote the number of stout steps. It
goes without saying that we cannot represent all informa-
tion in a compact form. This is why we restrict ourselves to
a quick overview on how X varies as a function of p at fixed
csw = I, and an overview on how it depends on (cqw = r)
csw and r for a few choices of (g, nyy) or the flow time
t/a*. Some additional information is shifted to the
Appendix, in the hope that the selection made is broad
enough to allow the user to make an informed decision
when it comes to choosing a lattice fermion action for
future nonperturbative studies.

In Ref. [37] results for X, with up to three steps of stout
smearing at the specific value ¢ = 0.1 (labeled there as
a = 0.6, due to the perturbative matching between stout
and APE smearing) were given, which agree with our
results (see our Appendix for details). In addition, results
for X, and X; with one step of SLINC smearing for
plaquette and Liischer-Weisz glue were given in Ref. [46].
In the SLINC action only the links entering the Wilson part
of the fermion action are subject to one step of stout
smearing (with variable ¢), while the clover part stays
unsmeared. Reproducing these results® served as a cross-
check for our code.

There is a typo in Eq. (53) of Ref. [46], the number
2235.407087 should read 2335.407087.

Calculating X and extracting X, and Z;, from it becomes
more challenging as the number of stout steps (or the
overall flow time) increases. We managed to get reasonably
accurate results for up to ng,, = 4 smearing steps.

Figure 2 displays how the piece X of the self-energy of a
clover fermion (cgw = r) depends on ¢ for up to four stout
steps. Regardless of the gauge background adopted (left
versus right column), choosing a reasonable ¢ is found to
reduce the additive mass shift (bottom row) quite drastically,
while (in Feynman gauge) the “tadpole” and “sunset”
contributions, inspected individually, do not show any
noteworthy feature (top and middle panels). In the physical
result (bottom row) the initial slope is proportional to 7,
(see below). Compared to the full curve the SLINC curve
(wide-spaced dots) seems to be an improvement for small
values of @, but for a value ¢ ~ 0.08 the critical mass of
SLINC fermions changes sign. On the other hand, the
“overall smearing” advocated in Ref. [37] seems to be rather
benevolent; the more smearing steps (with 0 < ¢ < 0.12)
are taken, the more X, tends to zero. Moreover, regardless of
Ngou and the chosen gluon background, the maximum of X,
is always near ¢ ~0.12, see Table I for details. This is
consistent with the observation made in Ref. [37] that ¢ in
the stout recipe should be kept below 0.125 in order to
have a (first order) smearing form factor smaller than one
throughout the Brillouin zone.

Figure 3 displays how X, depends on ¢ for up to four
stout steps (again for cqw = r). Iterated stout smearings
with a parameter in the vicinity of ¢ ~ 0.1 seem to bring this
quantity to a value near —6. Again the extremal points are
found to be near ¢ ~ 0.12, see Table I for details.

It is interesting to plot the results for iterated stout
smearing Versus ny, - @ rather than versus g; this is done in
Figs. 4 and 5. With a bit of intuition one can see that for any
fixed value of nyg, - ¢ these results converge to a universal
curve, which we indicate through black crosses. Given our
results in Sec. III, this should not come as a surprise. The
black curves in Figs. 4 and 5 indicate the results for the
Wilson variety of the gradient flow. Evidently, what we see
is a graphical illustration of the correspondence’

t/az = Nstout * @ (205)
that links the dimensionless flow time to the cumulative
parameter of the iterated stout recipe. Note that this
identification becomes exact under ny,,; = o and ¢ — 0
with the product ng, - ¢ held constant. This matching has
been discussed in Refs. [47,48], too.

The thin vertical lines in Figs. 4 and 5 indicate integer
multiples of 0.125. They are meant to separate each curve
into a part where it gives a reasonable approximation to the

3Corrections to (205) start at order 2/ (a*ngyoy ), see Eqs. (150),
(166), and (176). Hence, the left-hand side of (205) is to be
dressed with a factor (1 + O(t/(a*ngow)))-
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o tadpole (Sguon =plaq , r=1)
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-25 1 —25
—30 1 —30 A
;'./ /I
-35 1 i/ -35 -
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—= Nsour=3 —= Nsour=3
a4 /S Nstour=4 —454 e Nstout=4
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FIG. 2. Contributions to the divergent piece X of the clover (cqw = r = 1) fermion self-energy from the tadpole (top) and sunset
(middle) diagrams and their sum (bottom). Results are shown as a function of the smearing parameter ¢, with plaquette gluon
background (left) and tree-level Symanzik-improved gluon background (right). In the top row the results for one step of overall stout
smearing (14, = 1) coincide with those for SLINC fermions [46].

TABLE I. Position of the extreme points in the bottom panels of Figs. 2 and 3.

n=1 n=2 n=3 n=4
Omax of 2o (plaq) 0.12096871(3) 0.11973422(9) 0.1189366(3) 0.1187(4)
Omax Of 2 (sym) 0.12357712(3) 0.1220287(3) 0.120999(5) 0.1204(9)
Omin Of 210 (plaq) 0.13078397(5) 0.1285409(2) 0.1271189(9) 0.1263(6)
Omin Of Z1o (Sym) 0.13417728(6) 0.1315944(2) 0.129866(6) 0.1287(6)
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FIG. 3.

gradient flow (to the left) and a part where it does not (to the
right). For instance the mark at 3 - 0.125 = 0.375 separates
the dash-dotted line (ng,, = 3) into an ascending part
(where it approximates the crosses quite well), and a
descending part (where it does not). In the terminology
of numerical mathematics one would say that multiple stout
smearings implement a simple integration scheme (with an
integration error in the flow time ¢/a® which scales like
1/ngou), and the caveat of Ref. [37] is meant to limit the
integration error.

Let us consider the behavior of the self-energy as a
function of the Wilson parameter r (with cqw = r) as shown
in Figs. 6 and 7. Even though the self-energy at one-loop
order is not a linear function in r analytically (since r

310 tadpole (Sgiyon =sym , r=1)

124 — Nsour=1
=== Nstout=2

—:= Nstout=3

10 1

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
o

Z10 sunset (Sgiyon =sym , r=1)

41 — Nstout=1
=== Nstout=2
-5 —= Nstout=3

0 T T T T T T T T
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
p

Z10 (Sgluon =Sym , r=1)

81 — Nstout=1
=== Nstout=2
—= Nstout=3

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
P

Same as Fig. 2, but for the finite piece X;(; see Eq. (204).

appears in the denominator of the fermion propagator), %,
and X;, seem almost linear over the plotted range. The
former quantity decreases and the latter one increases with
increasing . For ¢ approaching 0.125 and/or more smearing
steps the behavior becomes gradually flatter. In practical
terms this means that the Wilson parameter r is not a useful
knob to engineer the self-energy of tree-level clover
fermions.

In Figs. 8 and 9 we finally shift to results with the
gradient flow recipe. For r = 1 (green dots) the “tadpole”
and the “sunset” contribution seem to tend to unsuspicious
finite values, as t/a’ is taken large, and the physical sum
tends to zero. Varying r (and synchronously cgw = r)
seems to affect only the splitting between the tadpole and
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FIG. 4. Same information as in Fig. 2, but plotted versus the effective flow time ¢t = gng,. The vertical dashed lines indicate integer
with black crosses.

multiples of + = 0.125 (in lattice units). The curve of the Wilson flow (to which these results converge under ny,, — o0) is indicated

the sunset contributions, but barely the final (physical)  benefit that comes from multiple stout smearing. One step

result. And the former observation is only pronounced for ~ reduces the absolute value of X, by about 85%, two steps
¥,; for Xy it is rather mild, here the tadpole contribution ~ by 95%, three by 98%, and four steps by 99%.
does not depend on r at all. For completeness we show in

Fig. 10 how X, and X,y depend on r for a few Wilson flow

times ¢/a”. Any dependence that is still present at tiny flow

times (t/a*~0.1) is found to quickly disappear for
moderate flow times (¢t/a”> ~ 1).

VI. CONCLUSIONS

In this paper we have worked out a systematic approach
for deriving Feynman rules for lattice fermion actions with
smeared gauge links (to be used interchangeably in the

covariant derivative, in the species-separating covariant
Laplacian and/or a possible clover term).

In our view, the takeaway message from this section is
that there is a perturbative backing of the well-known
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The basis for such calculations is provided by a
perturbative expansion of the stout smearing recipe of
Ref. [9] and the Wilson variety of the gradient flow
introduced in Refs. [13—15]; these expansions have been

presented in Secs. II and III, respectively.
With these results in hand, one may derive the Feynman

rules for a fermion action with an arbitrary parameter
combination (g, nge,) in case of stout smearing or an
arbitrary flow time #/a® € R in case of the gradient flow. In
Sec. IV we argue that the “brute force” approach, i.e.
inserting the perturbative expansion of the smeared/flowed
variable into the underlying action, is not recommendable,

05

since it leads to excessively long intermediate expressions.
We present an approach based on the SU(N,.) expansion of
the original (“unsmeared”) links U,(x) to the required
order in g, (typically gg for one-loop calculations), which
keeps intermediate expressions much shorter. This holds
true for both stout smearing and the gradient flow, and
confirms, as a by-product, the perturbative matching (205)

between these recipes.
To give an immediate application of our recipe, we

derive in Sec. IV the Feynman rules of a Wilson fermion
with clover improvement for arbitrary Wilson parameter r

and Sheikholeslami-Wohlert parameter cgqyw. With these
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Contributions to the divergent piece X, of the clover (cqw = r = 1) fermion self-energy from the tadpole (top)

and sunset (middle) diagrams and their sum (bottom). Results for several values of r are given as a function of the gradient-flow

time ¢ in lattice units.

rules in hand, we calculate in Sec. V the self-energy of the
clover fermion for cqyw = 7, for variable ¢ and 1 < ny,, <4
in case of stout smearing and the range 0 < t/a®> <1 in
case of gradient flowing.

The cross-check with Ref. [37], where numerical results
obtained in the “brute force” approach were presented,
proves particularly enlightening. Of course, reproducing
these results felt like a relief, but the difference is in the
details. In Ref. [37] results for X, were given for a single
stout parameter (¢ = 0.1 in our terminology), restricted to
Ngout < 3 due to the numerical burden. In our approach we

managed to go up to ny,, = 4 and to evaluate the generic
result for arbitrary ¢ (using rather modest computational
resources). This illustrates that the more elegant approach
implies not just aesthetic pleasures but actual savings
compared to the brute force approach. Still, the bottom
line is an affirmation of the finding of Ref. [37] that
combining tree-level clover improvement with stout smear-
ing or gradient flowing with a cumulative flow time of the
order t/a* ~ 1 yields an undoubled fermion action with
surprisingly good chiral properties (see the discussion at the
end of our Sec. V).
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FIG. 9. Same as Fig. 8, but for the finite piece Xy; see Eq. (204).

A logical next step would be to work out the one-loop
values of cqyw for Wilson and/or Brillouin fermions with a
limited number of stout steps (hopefully again up to four
iterations) and/or a few values of the flow time t/a?, for
instance t/a’€{0.1,0.2,0.4,0.7,1.0}. This amounts to
combining the work we did in Ref. [45] with the frame-
work for smeared/flowed Feynman rules presented in this
paper, and we hope to present such results in the not so
distant future. In a further perspective, one might also
work out the improvement factors Zgpy 4 to one-loop
(and perhaps even two-loop) order in stouted/flowed
perturbation theory.

The alert reader might interject that a fully nonpertur-
bative improvement strategy is more desirable than a
perturbative one, and the link smearing may imply only
mild technical complications in the nonperturbative
approach. However, as mentioned in the Introduction
and detailed in Ref. [34], the nonperturbative approach
builds, in practical terms, on existing perturbative results to
one-loop (or even better: two-loop) order, as such results
provide essential constraints in the final step of summa-
rizing the results through a rational function in g3. To us
this indicates that perturbative work continues to be useful
in lattice gauge theory.
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FIG. 10. The dependence on the Wilson paramter r of X, (top) and X, (bottom) at different flow times ¢ of the Wilson flow. The
coefficients [cg, ¢;] of linear least-square fits of the form ¢y + ¢; - r are given in brackets.

APPENDIX: CLOVER FERMION
SELF-ENERGY DETAILS

In this appendix we give more details for the self-energy
of a Wilson fermion (with and without a clover term) in the
presence of stout smearing or gradient flow.

We start with the tree-level improved case (cqw =
r = 1). The pieces X, and X, see Egs. (198) and (204),
for up to four stout steps are listed in Table II for a selection
of ¢ values. We refer to Ref. [37] for an argument why
choosing g larger than 0.125 should be avoided. We believe
that a spline interpolation will suffice for practical purposes.
In the event the reader requests higher precision, Tables III
and IV hold the necessary information to reconstruct X, and
2, for arbitrary ¢. The first respective lines (i.e. those where
the entry does not depend on n) hold the unsmeared values
for comparison.

The results with Wilson flow are more cumbersome to
communicate. Figure 11 shows X, and X, for plaquette and
Liischer-Weisz glue as a function of the flow time in lattice
units. It turns out that a two-exponential fit represents the
data with reasonable accuracy over the range shown. The
plots contain this information in the legends. Note that these
results reflect the tree-level choice cqw = r = 1.

Sometimes the reader may choose another value of cgy,
e.g. no improvement at all (cgw = 0). Since (to one-loop

order) X, and X;, are quadratic in cqy, we split them
according to

T = = + csw=y) + =, (A1)
0 1 2
Xy = 220) + CSWZ(lo) + C%wzgo)- (A2)

and give 2(()0)’ Zf)l), and Zéz) in Table V and 25%), 2(11)),
2(120) in Table VI for the same selection of ¢ values as before
(the parameter in the Wilson term is always r = 1). Again,
we expect that a simple spline interpolation will suffice to
obtain useful numbers for a different choice of ¢. In the event
this expectation is wrong, Tables VII-XII hold the necessary
information to reconstruct X, and X, for arbitrary o.

The results with Wilson flow are represented in Figs. 12
and 13 in the same style as before. Again a two-exponential
fitis found to reproduce the data well over the range shown.

Physics wise, the most impressive lesson to be learned
from this appendix comes from comparing the top panels of
Fig. 11 to Fig. 12. With tree-level improvement (Fig. 11)
the additive mass shift (which is proportional to X;)
approaches zero quite quickly with increasing flow time.
For unimproved clover fermions this is not the case (top
row in Fig. 12); in fact the nice feature seen in Fig. 11 stems

of Fig. 12.

and

from a cancellation between Z(()O), 2(()1), and 29
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TABLE II.  Values of X and X, for some values of the smearing parameter ¢ and smearing steps n € [1, 2, 3, 4] with plaquette gauge
action (plaq) and Liischer-Weisz gauge action (sym). All information refers to the choice cgw = r = 1.

o n=1 n=2 n=3 n=4
%, (plaq) 0.05 —13.67830(4) —6.81841(4) —3.79814(4) —2.30(1)
0.09 —5.89958(4) —2.12071(5) —1.00136(6) —0.56(2)
0.11 —4.29949(4) —1.37888(5) —0.62450(6) —0.34(2)
0.12 —4.07175(4) —1.27800(6) —0.57513(6) —-0.32(3)
0.125 —4.10097(4) —1.31229(6) —0.60582(7) —-0.34(3)
0.13 —4.22557(4) —1.41647(6) —0.69334(7) —0.42(3)
%y (sym) 0.05 —10.50283(3) —5.36991(3) —3.05827(4) —1.89(4)
0.09 —4.70711(3) —1.76141(5) —0.85802(8) —0.49(6)
0.11 —3.43187(3) —1.15565(5) —0.5431(2) -0.31(7)
0.12 —3.19992(3) —1.04722(6) —0.4871(2) —0.28(8)
0.125 —3.18535(3) —1.05160(6) —0.4966(2) —0.29(8)
0.13 —3.23840(3) —1.10355(6) —0.5435(3) —-0.33(9)
2o (plaq) 0.05 0.75710(4) —2.32322(4) —3.80405(4) —4.599(7)
0.09 —2.66716(4) —4.65582(5) —5.34360(5) —5.66(2)
0.11 —3.53426(4) —5.11323(5) —5.60877(5) -5.83(2)
0.12 —3.75656(4) —5.23165(5) —5.67941(6) —5.88(2)
0.125 —3.81490(4) —5.26045(5) —5.69546(6) —5.89(2)
0.13 —3.83802(4) —5.26563(5) —5.69366(7) —5.88(3)
Zio (sym) 0.05 —0.625159(8) —3.00765(1) —4.18067(2) —4.824(9)
0.09 —3.25805(1) —4.86118(2) —5.43657(5) =5.71(2)
0.11 —3.95912(2) —5.24318(2) —5.66454(9) —5.86(2)
0.12 —4.15581(2) —5.35110(2) —5.7305(2) —5.90(3)
0.125 —4.21569(2) —5.38307(2) —5.7497(2) —5.92(3)
0.13 —4.24993(2) —5.39832(2) —5.7566(2) —5.92(3)

TABLEIII.  Coefficients of the polynomials in the smearing parameter ¢ for X, for smearing steps n € [1, 2, 3, 4] with plaquette gauge
action (plaq) and Liischer-Weisz gauge action (sym).

Zy
n=1 n=2 n=3 n=4

o° plag —31.98644(3) —31.98644(3) —31.98644(3) —31.98644(3)
sym —23.83234(3) —23.83234(3) ~23.83234(3) —23.83234(3)

o' plag 461.5488(1) 923.0975(2) 1384.645(4) 1846.19(6)
sym 334.1999(1) 668.3997(1) 1002.5996(2) 1336.8(6)

& plag ~1907.719658(3) —11446.31795(2) —28615.795(2) —53416.150(3)
sym —1352.19157(4) —8113.149(2) —20282.874(1) —37861.370(2)

& plag 69587.70312(7) 347938.5(8) 974228(2)
sym 48476.67898(2) 242383.40(2) 678673.4(2)

o plag —171121.8788(3) —2566828(2) ~11978531(7)
sym —117482.6334(5) ~1762239.50(1) —8223785(5)

o plag 10728080(5) 100128744(41)
sym 7273681(5) 67887689(29)

of plag ~19627720(22) —549575266(290)
sym ~13163619.12(3) —368581513(347)

o plag 1795933838(5106)
sym 1193026157(2578)

o plaq —2658101497(19216)
sym —1750940862(13091)
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TABLEIV. Coefficients of the polynomials in the smearing parameter ¢ for X, for smearing steps n € [1, 2, 3, 4] with plaquette gauge
action (plaq) and Liischer-Weisz gauge action (sym).

210
n=1 n=2 n=3 n=4
o° plag 8.20627(3) 8.20627(3) 8.20627(3) 8.20627(3)
sym 4.973633(5) 4.973633(5) 4.973633(5) 4.973633(5)
o' plag —184.19270(6) —368.3854(2) —552.58(5) ~736.77(7))
sym —137.61668(5) —275.2334(1) —412.85002(9) -550.5(2)
0 plaq 704.18682(5) 4225.1209(3) 10562.8(2) 19717.2(3)
sym 512.81660(2) 3076.8996(2) 7692.2490(3) 14358.9(2)
o plag —24227.54502(9) ~121137.7(5) —339186(1)
sym —17289.6263(2) —86448.13(4) —242054.9(4)
ot plag 56866.2480(2) 852993.70(3) 3980637(6)
sym 39893.8762(1) 598408.143(2) 2792571.48(4)
o plag —3431931(1) —32031358(9)
sym —2372221(1) —22140728(2)
0° plaq 6083759(7) 170345240(173)
sym 4150857.326(4) 116224020(336)
o’ plag —542124208(1774)
sym ~365651055(67)
o plag 784643279(12269)
sym 523847362(2021)
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FIG. 11.

Double exponential fits of the form ¢ + ¢ ™' 4 c3e~%' of X, (top) and X, (bottom) with Wilson flow for different values

of r (with cgw = r) plotted on a logarithmic y axis. The fit coeffcients [c, ¢, ¢1, ¢3, ¢4] are given in brackets.

054504-35



MAXIMILIAN AMMER and STEPHAN DURR PHYS. REV. D 110, 054504 (2024)

TABLE V. Same as Table II but for £\, =", and £{”’ from Eq. (A1).

0 n=1 n=2 n=3 n=4
(0) (plaq) 0.05 —26.65808(5) —16.28605(5) —11.14760(7) —8.268(9)
0.09 —15.24425(5) —8.17389(7) —5.4550(2) —4.08(2)
0.11 —12.33982(5) —6.44793(8) —4.3213(2) —3.26(2)
0.12 —11.58822(6) —5.96517(9) —3.9821(2) —-3.00(2)
0.125 —11.38758(6) —5.83167(9) —3.8853(3) -2.92(2)
0.13 —11.30371(6) —5.7827(1) —3.8560(3) —2.90(2)
(0) (sym) 0.05 —21.88153(4) —13.84082(5) -9.73971(9) —7.38(4)
0.09 —13.10032(4) —7.34394(7) —5.0335(2) —3.83(6)
0.11 —10.73243(5) —5.88197(8) —4.0428(3) =3.09(7)
0.12 —10.05417(5) —5.43642(9) —3.7247(4) -2.85(8)
0.125 —9.84145(5) —5.29131(9) -3.6179(4) —2.76(8)
0.13 —9.71302(5) —5.2058(1) —3.5577(5) —2.72(8)
1) (plaq) 0.05 9.7541(2) 7.4558(4) 5.9965(6) 5.001(4)
0.09 7.4250(4) 5.0954(7) 3.882(1) 3.138(6)
0.11 6.5452(4) 4.3673(8) 3.288(2) 2.641(8)
0.12 6.1764(5) 4.0752(9) 3.054(2) 2.45(1)
0.125 6.0098(5) 3.9442(9) 2.950(2) 2.36(2)
0.13 5.8551(5) 3.8227(9) 2.853(2) 2.28(2)
Zé]) (sym) 0.05 8.6852(2) 6.7573(3) 5.5094(4) 4.644(2)
0.09 6.7474(3) 4.7368(5) 3.6600(7) 2.987(3)
0.11 6.0027(3) 4.0976(6) 3.1260(9) 2.532(4)
0.12 5.6865(4) 3.8381(7) 2.913(1) 2.353(5)
0.125 5.5423(4) 3.7209(7) 2.818(1) 2.273(5)
0.13 5.4075(4) 3.6115(7) 2.729(1) 2.198(6)
2) (plag) 0.05 3.2256(3) 2.0118(3) 1.3529(3) 0.9637(9)
0.09 1.9196(3) 0.9578(3) 0.5719(3) 0.380(2)
0.11 1.4952(3) 0.7018(3) 0.4088(3) 0.267(3)
0.12 1.3400(3) 0.6120(3) 0.3527(3) 0.229(4)
0.125 1.2768(3) 0.5751(3) 0.3296(3) 0.213(5)
0.13 1.2230(3) 0.5436(3) 0.3097(3) 0.199(5)
282) (sym) 0.05 2.6935(2) 1.7136(2) 1.1721(2) 0.8470(3)
0.09 1.6458(2) 0.8457(2) 0.5155(2) 0.348(2)
0.11 1.2978(2) 0.6287(2) 0.3736(2) 0.248(3)
0.12 1.1678(2) 0.5511(2) 0.324002) 0.214(5)
0.125 1.1138(2) 0.5188(2) 0.3034(2) 0.200(6)
0.13 1.0671(2) 0.4907(2) 0.2853(2) 0.187(7)
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TABLE VI. Same as Table IT but for =\, =

() and =12 from Eq. (A2).

0 n=1 n=2 n=3 n=4
Z(l%) (plag) 0.05 3.60121(2) —0.01039(3) —1.86437(3) —2.934(4)
0.09 —0.33688(3) —2.95019(5) —4.00186(5) —4.551(6)
0.11 —1.41830(3) —3.61776(5) —4.45331(7) —4.886(7)
0.12 —1.73711(3) —3.82460(6) —4.59974(9) —4.999(9)
0.125 —1.84104(3) —3.89407(6) —4.65020(9) —5.039(9)
0.13 —1.90798(3) —3.93775(7) —4.6807(1) —5.06(1)
Zgg) (sym) 0.05 1.956497(6) —0.882122(8) —2.38041(2) —3.266(8)
0.09 —1.114339(7) —3.26513(2) —4.16661(3) —4.65(2)
0.11 —2.000100(8) —3.83374(2) —4.56328(5) —4.95(2)
0.12 —2.280566(8) —4.02084(2) —4.69847(6) —5.06(2)
0.125 —2.380196(9) —4.08938(2) —4.74919(7) -5.10(2)
0.13 —2.452757(9) —4.13934(2) —4.78580(8) =5.13(2)
2(1(())) (plag) 0.05 3.60121(2) —0.01039(3) —1.86437(3) —2.934(4)
0.09 —0.33688(3) —2.95019(5) —4.00186(5) —4.551(6)
0.11 —1.41830(3) —3.61776(5) —4.45331(7) —4.886(7)
0.12 —1.73711(3) —3.82460(6) —4.59974(9) —4.999(9)
0.125 —1.84104(3) —3.89407(6) —4.65020(9) —5.039(9)
0.13 —1.90798(3) —3.93775(7) —4.6807(1) =5.06(1)
2(1%) (sym) 0.05 1.956497(6) —0.882122(8) —2.38041(2) —3.266(8)
0.09 —1.114339(7) —3.26513(2) —4.16661(3) —4.65(2)
0.11 —2.000100(8) —3.83374(2) —4.56328(5) —4.95(2)
0.12 —2.280566(8) —4.02084(2) —4.69847(6) —5.06(2)
0.125 —2.380196(9) —4.08938(2) —4.74919(7) =5.10(2)
0.13 —2.452757(9) —4.13934(2) —4.78580(8) =5.13(2)
2(1%) (plaq) 0.05 —1.09264(2) —0.88380(2) —0.73530(2) —0.6262(7)
0.09 —0.89206(2) —0.64168(2) —0.49704(2) —0.404(2)
0.11 —0.80614(2) —0.55755(2) —0.42364(2) —-0.341(2)
0.12 —0.76678(2) —0.52223(2) —0.39401(2) —-0.316(3)
0.125 —0.74800(2) —0.50598(2) —0.38060(3) —0.305(3)
0.13 —0.72981(2) —0.49059(2) —0.36803(3) —0.295(3)
2(1%) (sym) 0.05 —0.986186(4) —0.807676(5) —0.678888(6) —0.5831(4)
0.09 —0.815953(5) —0.597649(7) —0.468699(8) —0.3850(8)
0.11 —0.742363(6) —0.523351(7) —0.40253(1) —-0.327(2)
0.12 —0.708450(6) —0.491894(8) —0.37558(1) —0.304(2)
0.125 —0.692213(6) —0.477374(8) —0.36334(1) —0.294(2)
0.13 —0.676458(6) —0.463584(8) —0.35183(2) —0.284(2)
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TABLE VIL Same as Table IIT but for =’ from Eq. (A1).

0
=0
n=1 n=2 n=3 n=4
o plag —51.43471(4) —51.43471(4) —51.43471(4) —51.435(8)
sym —40.44323(3) —40.44323(3) —40.44323(3) —40.443(7)
0! plag 612.3029(1) 1224.6058(2) 1836.9087(3) 2449.21(3)
sym 455.5139(1) 911.0278(2) 1366.5417(9) 1822.1(6)
e plag  —2335.4071(3) —14012.442(2) —35031.106(4) —65391.6(2)
sym  —1685.5973(3) ~10113.584(3) —25283.960(4) —47196.889(4)
o plag 81277.32696(7) 406386.6344(6) 1137883.43(5)
sym 57399.24192(3) 286996.21(2) 803589.90(8)
o plag ~193630.40(3) —2904456.0(4) ~13554132(2)
sym —134388.50(2) —2015827.5(3) —9407196.9(4)
o plag 11863189.778(7) 110723094(4)
sym 8114869(5) 75738794(14)
o plag —21329904.75(2) —597236493(336)
sym —14410242.41(3) —403487007(319)
o plag 1925422531(5277)
sym 1286849516(2631)
o plag —2819282113(19240)
sym —1866581334(13091)
TABLE VIIL. Same as Table III but for X' from Eq. (Al).
1
=
n=1 n=2 n=3 n=4
o plaq 13.73313(4) 13.73313(4) 13.73313(4) 13.732(2)
sym 11.94822(3) 11.94822(3) 11.94822(3) 11.947(2)
0! plag —91.442(4) —182.884(7) —274.33(1) —365.76(3)
sym —74.603(3) —149.206(5) —223.808(8) —298.403(4)
o plag 237.247540(3) 1423.48523(3) 3558.71310(5) 6642.94(9)
sym 186.845029(2) 1121.070182(3) 2802.6754(3) 5231.66(3)
o plag —6094.07640(6) —30470.3820(4) ~85317(2)
sym —4689.94425(4) —23449.721432(8) —65659.2(8)
o plag 11191.09479(3) 167866.4219(4) 783374(2)
sym 8465.23735(4) 126978.5602(6) 592567(2)
o plag —543236.523(8) —5070208(26)
sym —405150.278(4) —3781420.66(5)
o plag 789161.8462(9) 22096532(104)
sym 581383.242(7) 16278817(190)
o plag —58433357(1223)
sym —42575391.8(3)
o plaq 71058490(163)
sym 51248188(2163)

054504-38



STOUT SMEARING AND WILSON FLOW IN LATTICE ...

PHYS. REV. D 110, 054504 (2024)

TABLE IX. Same as Table III but for £{” from Eq. (A1).

e
n=1 n=2 n=3 n==4
o° plaq 5.7151(3) 5.7151(3) 5.7151(3) 5.7150(5)
sym 4.6627(2) 4.6627(2) 4.6627(2) 4.66255(5)
o' plaq —59.3118850(8) —118.623770(2) —177.935654(4) —237.248(4)
sym —46.7112574(3) —93.4225147(6) —140.1337727(3) —186.845(1)
2 la 190.439888(2) 1142.639327(9) 2856.59832(3) 5332.32(7)
Q plaq
sym 146.560758(2) 879.36454(1) 2198.41137(2) 4103.70(5)
0 plaq —5595.54740(2) —27977.73695(9) —78337.66(7)
sym —4232.61867(2) —21163.09330(3) —59256.7(2)
o* plaq 11317.4275(3) 169761.412(4) 792220(5)
sym 8440.6307(2) 126609.461(2) 590846.979(8)
0 plaq —591871.37(2) —5524133(26)
sym —436037.438(2) —4069704(48)
0° plaq 913021.209(7) 25564594(2)
sym 665240.039(6) 18626734(383)
o’ plag ~71058490(163)
sym —51248188(2163)
o8 plaq 90125153(5113)
sym 64387254(3655)
TABLE X. Same as Table IV but for 25%) from Eq. (A2).
0
=0
n=1 n= n=23 n=4
o° plaq 11.852396(8) 11.852396(8) 11.852396(8) 11.852(2)
sym 8.231254(4) 8.231254(4) 8.231254(4) 8.231(2)
o' plaq —202.0079(2) —404.0158(3) —606.0237(2) —808.03(4)
sym —152.56416(3) —305.12832(6) —457.6925(2) -610.3(2)
0’ plaq 739.6836(2) 4438.102(1) 11095.255(3) 20711.14(3)
sym 541.38051(4) 3248.2831(3) 8120.7077(3) 15158.66(4)
o plagq —24956.6947(4) —124783.4729(5) —349393.7(5)
sym —17858.09191(3) —89290.4593(2) —250013.3(2)
ot plaq 57973.619(4) 869604.29(5) 4058153.0(5)
sym 40735.013(3) 611025.19(5) 2851450.82(9)
o plaq —3477653.965(2) —32458091(8)
sym —2406174(1) —22457620(2)
0° plaq 6141663(3) 171966439(99)
sym 4192996.284(4) 117403911(55)
o’ plaq —545947087(1804)
sym —368383101(142)
o® plaq 788877857(5503)
sym 526824035(1817)
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TABLE XI. Same as Table IV but for 2(1

\) from Eq. (A2).

1
=i
o plaq —2.248869(6) —2.248869(6) —2.248869(6) —2.249(2)
sym —2.015426(5) —2.015426(5) —2.015426(5) —2.01543(5)
0! plaq 11.123836(8) 22.24767(2) 33.37151(3) 44.497(3)
sym 9.346879(5) 18.693758(9) 28.040642(8) 37.388(3)
e plag —23.518665(6) —141.11198(3) —352.77996(7) —658.52(8)
sym ~18.958350(2) ~113.75010(2) —284.37525(2) —530.83(5)
o plaq 525.716776(9) 2628.58386(7) 7360.035(6)
sym 411.66550(4) 2058.3275(2) 5763.32(2)
o plaq —878.20974(7) —13173.1458(7) —61475(3)
sym —672.98584(5) —10094.788(2) —47107.302(7)
o plaq 39917.11(2) 372559.6(2)
sym 30072.058(6) 280672.57(9)
o plag —55331.94(5) —1549295(216)
sym —41099.241(6) ~1150778.8(7)
o plaq 3959099.6(6)
sym 2904907(3)
o plaq —4693170(2)
sym —3406008(4)
TABLE XIL Same as Table IV but for £\ from Eq. (A2).
2
=0
n=1 n=2 n=3 n==4
o plaq ~1.397261(9) ~1.397261(9) ~1.397261(9) ~1.3973(3)
sym —1.242203(4) —1.242203(4) —1.242203(4) —1.24223(9)
0! plag 6.69138(4) 13.38277(7) 20.07415(9) 26.762(8)
sym 5.60061(2) 11.20122(4) 16.80183(6) 22.399(5)
e plaq ~11.978147(2) —71.868869(6) ~179.67220(2) —335.388(8)
sym —9.6055598(7) ~57.633356(1) —144.083397(9) —268.980(2)
& plag 203.43279(2) 1017.16394(6) 2848.1(5)
sym 156.799846(8) 783.99926(3) 2195.2(4)
o plaq ~229.16130(5) —3437.4195(4) —16041.293(2)
sym —168.15048(2) —2522.2572(4) ~11770.532(2)
o plag 5804.3207(6) 54173.62(4)
sym 3880.9479(9) 36222.19(2)
of plaq ~2569.25(2) ~71939.0(4)
sym ~1039.729(6) —29112.3(3)
o’ plag —136222(83)
sym —172862(90)
¢ plag 458914(149)
sym 428921(211)
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