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Strong decays of the isovector-scalar D*D* hadronic molecule
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We adopt the effective Lagrangian approach to study the strong decays of the 1~(0**)D*D* molecular
state [denoted as T}, (4010) according to the LHCb naming convention] through triangle diagrams. The

decay channels include the open-charm DD, and the hidden-charm 7,7, J/yp, and y.,z. The coupling
between the Tf;/o(401o) and its constituents D*D* is obtained by solving for the residue of the scattering

T-matrix at the pole. Our calculations yield a total width of few tens MeV for the 77, (4010) state using

three different form factors, with its main decay channels being 7.7 and y.z. The X(4100) and X (4050)
have similar masses and widths, with both masses being close to the D*D* threshold. Additionally, their
decay final states are consistent with those of the T, (4010). Therefore, it is likely that they represent the

same state and both potentially correspond to the T;’,O(4010). We suggest that future experiments focus on

searching for the Ty,(4010) signal in the final states .77, yc17~, and DD~ of the B® = .7~ K™,

xen~ K+, and D°D™K™ processes, respectively, as well as further investigating its resonance parameters

with Flatté-like formula.

DOI: 10.1103/PhysRevD.110.054014

I. INTRODUCTION

In 2018, the LHCb Collaboration reported a resonance
state, denoted as X(4100) [1], in the invariant mass
spectrum of 5,7z~ through the process B — 5.7~ K* with
a significance exceeding three standard deviations [2]. The
measured mass and width of the resonance are m = 4096 +
20515 MeV and T'=152+ 58f362 MeV, respectively.
However, the current data sample is insufficient to determine
whether its spin-parity quantum numbers J* are 0" or 17 It
can be inferred that this charged structure is an isovector
state, with quark composition ccdi. Like the well-estab-
lished states such as Z.(3900) [3] and Z.(4020) [4], the
X(4100) is also evidently an exotic charmoniumlike state.

Several studies have explored the properties of the
X(4100) resonance. For instance, Wang employed the
QCD sum rule calculations, supporting the interpretation
that X (4100) is a scalar tetraquark [5]. Wu et al. also favored
the assignment of X(4100) as a O*" tetraquark based
on calculations using the chromomagnetic interaction
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model [6]. In contrast, Voloshin proposed that X(4100) is
a hadrocharmonium—a structure formed by a compact
charmonium 7, coupled to light quark excitations with pion
quantum number through a QCD analogue of van der Waals
force [7]. In Ref. [8], Zhao proposed two possible inter-
pretations for the X(4100): (i) arising from the rescattering
effect of the S-wave D*D*, (ii) a genuine P-wave resonance
of the D*D* system. Cao and Dai [9], on the other hand,
proposed that the X(4100)~ is the charge conjugate of the
X(4050)* [with mass and width m = 4051 & 1477) MeV

and T = 82771 %] MeV] previously observed by the Belle
Collaboration in the invariant mass spectrum of y., z™ via the
decay B° — y.,77K~ [10]. Chen also indicated that the
X(4100)~ and X(4050)" could be the same state [11]. For
the other related works, see Refs. [12,13].

The proximity of the X(4100) resonance to the D*D*
threshold naturally raises question about its potential
connections with other resonances near the DD* and
D*D* thresholds. These resonances include the well-
established X (3872) and Z.(3900) near the DD* threshold,
and the Z.(4020) near the D*D* threshold. Despite
ongoing debates regarding their exact nature, with inter-
pretations ranging from hadronic molecules to compact
tetraquarks and kinematic effects, the molecular picture has
emerged as the most prevalent framework for understand-
ing these states [14]. Within the molecular paradigm, their
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existence is tightly linked to the interactions of the D*D*)
systems with different quantum numbers.

Since the discovery of X(3872) [15], a series of studies
have been conducted to investigate the interactions of the
D*D™) systems and explore the possible molecular states
[16-29]. Inspired by the recent observation of the
T.0(2900) [30] and T9,(2900) [31], we proposed to
connect different hadronic molecules from the quark-level
perspective in our recent works [32-34]. If X(3872) and
Z.(3900) are the bound and virtual states of the isoscalar
and isovector DD* system, respectively, we can obtain a
virtual state in the 1(0")D*K* system [32], which is very
likely to correspond to the newly observed 7¢.,(2900) by
the LHCb [31]. At the same time, we found that the
interaction of the 1~ (0 )D* D* system is equal to that of the
1(0")D*K* system, and its interaction strength is about
twice that of the 17(1*7)D*D™) system (see Table TV of
Ref. [32], in which the interaction is dominated by the ¢,
term). That is to say, if Z.(3900)/Z.(4020) are molecular
states of the 1*(177) DD*/D*D* systems, then there must
also exist a 17(07")D*D* molecular state. Since its inter-
action is stronger, it corresponds to a bound state rather than a
virtual state. The mass range of the 1=(0*)D*D* state we
obtain is (4007.2-4016.7) MeV [32].

The D*D* molecule with 17(0") will decay into the
open-charm DD, and hidden-charm 7.z, J/yp, and y. x
channels. Therefore, further experimental measurements of
the mass and width of X(4100)/X(4050) with higher
precision, as well as its partial decay widths to the DD,
ner, J/wp, and y.z channels, will be very helpful to
distinguish whether X(4100) [2] and X (4050) [10] are the
same state, and whether they are both the 17 (07")D*D*
molecule. In this work, we employ the triangle diagram
approach to calculate its strong decays, providing useful
information such as total width, partial widths, and branching
fractions/ratios. The coupling constant to its constituents
D*D* will be determined from the residue of the scattering T'-
matrix at the pole [35]. The triangle diagram approach, also
known as the hadron loop mechanism, has been widely
applied to deal with the strong transitions of highly excited
charmonium (bottomonium) states via the dipion (7, ¢, and
) emissions [36—41], as well as the decays [42,43] and
productions [44,45] of hadronic molecules.

The structure of this article is arranged as follows: In
Sec. 11, we will present the effective Lagrangians, coupling
constants, and decay amplitudes. In Sec. III, we will
provide our results and related discussions. In Sec. IV,
we will summarize this work.

II. EFFECTIVE LAGRANGIANS, COUPLING
CONSTANTS, AND DECAY AMPLITUDES

A. Effective Lagrangians

Following the recent LHCb naming convention [46], the
D*D* molecule with 1~(0"+) quantum numbers should be
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FIG. 1. The triangle loop diagrams for the strong decays of the
T;’,O(4010) state. Figures (a), (b), (c), and (d) represent the
processes of 77,(4010) decaying into DD, y.x, J/yp, and

17, respectively. The double line, single line, and dashed line
denote the 77,(4010), the D/D*, and the light mesons z/p,

respectively, while the charmonia 7., J/y and y., are denoted by
the thick lines. The contributions arising from the G-parity
transformation are implied in figures (b), (c), and (d).

named 77,,(4010), with the mass in parentheses coming
from our prediction [32]. Throughout the subsequent
sections, we will refer to it simply as T\ The decay

processes of this state to DD, n.m, J/wp and y.x are
shown in Fig. 1, from which it can be seen that we need the
following effective Lagrangians.
(i) The Lagrangiarls for T;‘,OD*D* coupling—The 77,
couples to D*D* via the S-wave interaction, thus
their Lagrangian can be written as

Ly = goP; TSP + Hec., (1)

where 13;T _ (D*OT’D*—T)W P;T _ (D*OT’D*+T)Z_
The T, here denotes its isospin triplet,

Fﬂ;% Ty ]

a— __1 a0
TWO V2 TV/O

a
Ty/o_

(2)
The extraction of the coupling constant g, from the
residual of D*D* scattering T-matrix will be dem-
onstrated in Sec. II B.

(ii) The Lagrangians for D*D")z and D*D™)p cou-
plings—The corresponding Lagrangians within the
superfield representations are given by [14,47]

L. = g (Hy Y u,H) + g, (R Y u, Ay, (3)
L,=ip(Hv"(T, —p,)H) + iA{(Ho"F,/H)
+ip(H (T, = p)H) + id(Ho™ F,, H),  (4)

where the notation (x) denotes the trace of x in
spinor space, and
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+,
H="Epripd). ()
_ ~ < 1 -

R=F iP5 (0

with 7 = y"H'y°, H = y"H'y°. The P*) and P*)
are respectively given by Pt*) = (D)0, D(*)+) and
P = (DXO, Dt)=)T p# denotes the four velocity
of heavy mesons. The coupling constant |g,| = 0.59
is extracted from the partial decay width of the D*
meson, e.g., the process D** — D" [1]. Mean-
while, the axial-vector current u, and chiral con-
nection I', are defined as

AP 1
w=5{E.0,8,  T.=3E.0d 0

with
2 U = E) ,
#=v=en(f
(8)

and the pion decay constant f, = 92.4 MeV. The
antisymmetric tensors ¢/ and F,, are given by

-[2 )

o =[] ©)
Fuy = 0upy = 0upy + [P Pl (10)
with
otp’
pu= i%vﬂ, v, = :_5 el
72

H

and the constants g, = mp/(\/ff,,) =59,5=0.9,
and 1 = 0.56 GeV~! [47].

(iii) The Lagrangians for #,D")D* J/wD"D*, and
¥ DD* couplings.—For heavy quarkonium, such
as charmonium, the heavy quark flavor symmetry
is badly broken, while the heavy quark spin sym-
metry still holds. Therefore, charmonia with the
same orbital angular momentum L but different
spins S form multiplets. For example, the S-wave
(L = 0) spin doublet 7 containing the J/y and 7,
are given by

1+ , 1-
Jz—T%Wm+%h)2,

(12)

while the P-wave quartet 7 including the y .5, x¢1,
X0 and h, are

R

7
J 2

1
<)(/Zg7’a + \/—Q €”aﬁ%a}’ﬁﬁ(c15

1 N\ 1-»
TR L= (e

w

Then the corresponding Lagrangians are given
by [48]

Ly = g (J"Hy,H) +He., (14)

Ly = g (TH I H) + He., (15)

in which the coupling constants ¢g; and g, are res-
pectively related to the decay constants of y ., and J /y
with the vector meson dominance model [48].

m, 1 /M
g1 =~ ﬂ—’ 92 = L > (16)
3 fro 2mpf,

with f, = 510 £ 40 MeV being estimated from the
QCD sum rule [49], while the f,, can be determined

through the electromagnetic decay of J/y, i.e., with
the decay width of J/y — eTe™ [1]

4r o
[J/w = ete ] =C,——f2,
4 3 m'// 4

(17)

where C, = % is the charge square of charm quark,

a= % is the fine-structure constant. One can obtain
that f,, = 415 MeV.

B. Determination of the coupling constant g,

In this section, we will demonstrate how to determine
the coupling constant g, in Eq. (1) using the residue of the
scattering 7-matrix at the pole. To begin, we consider the
scattering of particles A and B (with masses m; and m,,
respectively) within the framework of field theory.
Assuming that their interaction is strong enough, allowing
for the formation of bound states, we must treat their
scattering in a nonperturbative manner, which means using
the Bethe-Salpeter (BS) equation,

TFT — VFT + VFTGFTTFT, (18)
where the superscript “FT”” means that we are working in a
relativistic field theoretical approach. The two-body rela-
tivistic propagator G''T reads

G”:i/ dq 1 1

(27)* > — m? +ie (P — q)* — m3 + ie
B q*dq w, + o, 1

a / (27)° @@y P§— (o) + o) + i€’

(19)
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where P = p; + p,, with p; and p, the momentum of A
and B particles, respectively, and P, denotes the center of
mass energy of AB system. The result in the second line of
Eq. (19) is obtained with the residue theorem. The w; and
@, are given by

0} =q* +m3, w3 =g+ m3. (20)

Then, we perform a nonrelativistic reduction

2

q .
=m; =+ ..., =1,2), 21
oi=mitalto (=12 (@)
oo 1 1T 1 (22)
w10, my mp W
and
1 B 1 1
P} — () +a,)*  Py— (o) + @) Py + (o) + )
1 1
~ —. (23)
Po—ml —mz—g—ﬂzpo
With the nonrelativistic reduction, the GFT becomes
¢m="_g, (24)
Hy's

where

2 1
G:/q 4q . (25)
(2ﬂ) \/_—ml —mz—ﬂ

represents the nonrelativistic two-body propagator. Note
that we have replaced the P, with /s, where s =
(p1 + p»)? is the invariant mass of the AB system, and
it equals to the P3 in the center of mass frame.

For nonrelativistic scattering, such as the interaction of
the AB system near the threshold energy, we can use the
Lippmann-Schwinger (LS) equation to handle it, i.e.,

t = v+ vGt, (26)
where G is given in Eq. (25).

The integral equation in Egs. (18) and (26) can be
transformed into algebraic equations with, e.g., the on-shell
factorization approach [50],

TFT — (1 _ VFTGFT)_IVFT, (27)
t=(1-vG) . (28)

It can be seen that the position of the pole in the 7-matrix
is determined by the product of VFT () and G'T (G).

The following condition ensures that the pole position
remains unchanged after the reduction,

VFTGFT = 1G. (29)

With the relation in Eq. (24), one can obtain that

VT = %E V. Similarly, the TFT and ¢ will satisfy the same
relationship, i.e.,

e _AVS, (30)
T

Now, we assume that there exists a pole with the squared
mass sk in the 7T-matrix, e.g., corresponding to a bound
state. Then, in the vicinity of this pole, the 7-matrix can be
approximately written as

TFT:@

9
S —Sp

(31)

where ¢''T represents the coupling constant of the bound state
R to its component AB. The relation in Eq. (31) allows us to
extract the coupling constant from the residue of 7-matrix,

(¢")? = lim (s — sp)T""

= lim (V5 + V)P (5 -
=20 i (15— 51 (32)

and

lim (V5= V5 = Jim | 2“5 69

where we have used the I’Hopital rule.

We adopt sharp cutoff to regularize the integral in
Eq. (25). For the bound state case, i.e., \/s < m; + m,,
its expression reads

GA(V5) = {yb arctan (%) - A} Y

where y, = \/2u(m; + m, — \/s) denotes the binding
momentum, and A is the cutoff parameter.

If the effective potential » does not depend on energy, as in
the case given in Ref. [32]. Then the Eq. (33) will equal to

¢ = lim [—diﬁGm/E)]_l

S8R

Yb
= . (35)
s A 7uAA
v [arctan (Z) 7 i Az}
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A A

B B

FIG. 2. The elastic scattering of A and B particles, where the s-
channel is saturated with their bound state R.

The ¢ is obtained by combining the results in Egs. (32)-
(35). For the small binding case y;, — 0 and using A — oo,
one can get g"' = 4. /7y, sg/pu. This is consistent with the
relation used in Ref. [35].

To obtain the g, in Lagrangian (1), we still need to
perform one final step: We constructed the Lagrangian (1)
to describe the coupling between the bound state 77, and
its components D*D*. Using this Lagrangian, we can
describe the elastic scattering process shown in Fig. 2
(replacing A, B, and R with D*, D*, and T4, respectively).
The form of the scattering amplitude after nonrelativistic
reduction is

2
iM=—-i—D

§—Sp

(e1-&2)(e] - €3), (36)

where the sy here denotes the squared mass of 77, and €,

(e}) and &, (eg) represent the polarization vectors of the
initial (final) state D* and D*, respectively. Equation (31) is
also equivalent to an elastic scattering process shown in
Fig. 2. The scattering 7-matrix is obtained in the partial
wave basis. To match Eq. (36) with Eq. (31) equivalently,
the scattering amplitude in Eq. (36) should also be
projected onto the partial wave basis (S-wave). With the
spin transition operators [51], the (e, - €,)(e] - £}) equals to
(S, -S,)? — 1, with S, (S,) the spin operator of the vector
meson D* (D*). Then the Eq. (36) in the partial wave basis

for the 'S, case is given by
|

. . 395
iMig = —i — (37)
Finally, the matching condition
(¢)?
=- 38
M, == (38)
yields
2pppr M
G=—=3—"9% (39)

where up-p5- and ma, denote the reduced mass of D*D*

and the mass of 77, respectively. The expression for g% is
given in Eq. (35). The range of g, is

90 €[2.9,8.0] GeV, (40)
where we have used /sz = mya € [4007.2,4016.7] MeV,
and A = 0.4 GeV [32].

C. Decay amplitudes and form factors
By expanding the Lagrangians in Eqgs. (1), (3), (4), (14),
and (15), we can obtain the vertices required for each

Feynmann diagram shown in Fig. 1. Considering the decay
of T, to the final states f,f; through the process

T, — D*(py + q)D*(p2 — q)[M(q)] = f2(p2)f1(p1),

where the quantity in parenthesis represents the momentum
of each particle, and the notation [M] means that the D*D*
transitions to f,f; via exchanging the meson M. The
amplitudes for each process from the diagrams in Fig. 1 are

il — [ A = (1t )Pyt @) ¢ = (py = 4V (P2 = @)V b daty 41
W@ 2ot (pr+q) = mpy +ie (P2=q)* —mp. +ie  q°—m;+ie’
P _ i) [ 4 ga= (P14 @)ulpr + @) /mh ¢ = (P2 = @) (P2 = ) /iy (P2~ 24), P10 (42)
L (b)_l (b) (27[)4 ( + 2 _ 2 . — 2 _ 2 N 2_ 2 R
p1+q)° —mp. +ie (P2 —q)” —mp. +ie  q°—mp +ie
i _ il d*q gsw — (P1+ @)s(P1 + @)/ MY & — (P2 — @)°(P2 = 9) o/ M- Gy = 4,9,/ My
M) T ) (27)* (p1 + q)* — m? i 22 : 2_ .2 ;i
pi1+q)* —mp +ie (pr—q)? —md. +ie  ¢*—md. +ie
x [ Perrhq, (py = 24) 01, P2p)s (43)
M2 — il / d*q 95— (P1+q),(p1 + Q)s/mp- gb = (P2 — q)°(p2 — q)o/ M3 1
(¢) (e) 4 2 _ 2 . N2 2 . 2 _ 2 .
(27) (p1+ q)* —my. +ie (p2—q)* — m3. + ic q* —mj, + i€
x [ Periq, (2q — pZ)ﬂPlKPZﬁSl;/US;w]s (44)
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(P2 - 26]),4

4
DA [ dYq
IM(C) —lC(c) /(

27)* [(p1 + q)* — m3. + i€][(p2 — q)* — m3. + ie](g* — m3). + i)

$ Y (el () eaa(ha)el (As)ey” + & (Aa)el, (As)en — e2a(22)€}" (4 ) eyt

Asdaids

X {ﬁqxelw(ﬂl)e?(ﬂz)le + 2/1mD*P1K€Zw[€'f(/11)€3w(/13) — €1(41)€5(43)]}, (45)

tv
plﬂexd

imlP _ ol / d*q g* = (p1 + 9)*(p1 + Q)" /MYy g — (P2 = 9) (P2 — @),/ My
@ ( (p1+q)* —mp +ie

@ | (27)*

, 46
(p2 — q)* —m%. +ie q* —m3 + ie (46)

in which we used the notations, such as ME’;]) where the subscript represents the label of diagram in Fig. 1, and the
superscript means the exchanged particle is pion. The ¢, €,, and €, denote the polarization vectors of J/y, p, and y in

order. The corresponding coupling constants from three vertices are packed into the coefficients, such as C i , and their

expressions are given in the following,

2

[z _ 9095
C(a> - —f2 mDmD*, (b)
ol _ 2v2409295 mp:

(b) fzr /My, 7

.
Clo) = 2V2g0029vmp: /.

I
| = 4V2909:29v N

clP _ _

(a)

ol _ 2v2909295 m

DM p /1My
e

mp

W

@ f;mDmD»«1 /m, . (47)

The expression for MELC)) Vis lengthy, so we have written it in the form of Eq. (45), where its specific form can be obtained by
expanding the numerator and then summing over the polarization vectors in the following manner,

(P1+q),(p1 +49),

z 81-”([71 + qvﬂl)glu(pl + qvll) = _g;w + 2 ’ (48)

Ih=1,0,1

Z &3, (P2 = 4. 22)€2, (P2 = 4. 42) = =g +

Ja=—1,0,1

Z S;y(q’jﬁ)g?w(q’/%) = —Guw +

J3=—1,0.1

The decay amplitudes for 7', — DD, n.x,J/wp, and y 7
are respectively given by

Mpp = M), (51)
My =2(Mg) + M), (52)
My =2MZ + M), (53)
My, =2Mpy). (54)

With the amplitudes, the partial decay width of 77, can be
expressed as

mp.

, 49
o (49)
9.9y
‘2 . (50)
my,.
1 py|
'y, =——— 2 55
fafi Sﬂm%ioleZfll ( )
where
K(m3. ,m%l,mjzcz)
pi| = \/ - , (56)

2m T4
w0

K(a.p.y) =+ 2+ 72 —2ap —2ay — 2By, (57)

and the overline represents a sum over the polarization(s) of
the y.; (J/wp) in the final states.

To ensure that the loop integrals in Egs. (41)—(46)
converge and yield finite results, we employ different form
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factors to regularize the integrals. Theoretically, the most
commonly used form factors can be categorized into three
types: (i) the Heaviside form factor (step function), (ii) the
Gaussian form factor, and (iii) the multipole form factor.
Their expressions are respectively given as

Heaviside form factor: & (|p|) = ©(A; —|p|), (58)

2
Gaussian form factor: §,(p?) = exp (— %), (59)
2

2 _AZ n
2) — <m,;,23> , (60)
P _A3

where m,, denotes the mass of the exchanged particle,
and A3 = My —+ aAAQCD9 Wlth AQCD = 220 MCV (29N iS a
dimensionless phenomenological parameter, typically
taken to be around 1 [40].

We then demonstrate how to regularize the loop integrals
in Egs. (41)—(46) using these three form factors, beginning
with the Heaviside and Gaussian form factors as examples.
Since we are dealing with the decays of a bound state, the
constituent particles D* and D* are off-shell, meaning that
there are no right-hand cuts in the loop integrals. Thus, for
instance, for a scalar integral with the following form,

Multipole form factor: &;(p

I_/ d*q 1 1 1
27)* (1 +q)* = mp. (2 — q)* —mp, q* —mj;~
(61)

it can be regularized as

1—x
167r

The integrands .#;(A;) respectively read

220(A - 7)) _ A
&2+ A)5/2 O 3A(A+ A}

o LCIN r (3 A
A) = M Ty(2.0.=). (64
F2(A) A df(f2+A)5/2 4AU<2’O’A§> (64)

s = [ae (63)

We have used the Feynman parameterization to com-
bine the denominators of the propagators, and employed
the residue theorem to integrate out the ¢, com-

ponent. The ¢ =g+xp, —yp,, and A =xm}. +
Y(mlzj* - m?f,) +xy(mJ2c] + mf mTa )+ x m?, _xmj% +
y'my = (x+y—1)mj, (where my, m;, and my, denote

the masses of the exchanged particles, the final states f
and f,, respectively). U(a, b, z) represents the Tricomi’s
(confluent hypergeometric) function. It can be easily
proven that when A;, tends to infinity, the result of

Z:(A,;) is equivalent to that obtained within the dimensional
regularization.

Using the Heaviside and Gaussian form factors ensures
that all integral terms are convergent. However, when
employing multipole form factors, it is necessary to set
the power n to at least 4 to guarantee the convergence of all
terms in the integral. This choice, however, significantly
suppresses the contribution of lower-order terms in gq.
Therefore, we adopt a strategy of incrementally increasing
n as the power of ¢ in the numerator increases. For
example, we multiply the integrand similar to that in
Eq. (61) by the multipole form factor, and then, by using
the Feynman parametrization, we can obtain an integral in
the following form,

(m%, — A%)"F(li(i—’:)n)ll dxdydzdws(x +y+z+w—1)
n—1(2\n'
x (;Vz_l%, (65)
where
n=1, n' =0,1
{n:n’, neN,n >2" (66)
and A’ = —xy(m%;,lo —mj —m3 )+ mp.x+mp.y+myz +

m7 x* —my x+m7 y*—m7 y+Aw.
In Sec. III, we will demonstrate the effects of these three

form factors on the results.

III. NUMERICAL RESULTS AND DISCUSSIONS

With the aforementioned preparations, we can now
proceed to discuss the dependence of the (partial) decay
width of the 7, (4010) state on the parameters A, , and a,
in the loop integrals, as well as compare the total width
with the current experimental data. In Ref. [32], the mass of
the D*D* molecular state with quantum numbers 1~(0")
was obtained using A = 0.4 GeV. In order to maintain
consistency with Ref. [32], we also use A = 0.4 GeV in
Eq. (35) to calculate the coupling constant g,. The cutoff
parameter A typically reflects the interaction radius R
(R~1/A) of a loosely bound molecular system.
Therefore, in principle, the value of A;, used in the loop
integrals should be consistent with the one used in
calculating the mass spectrum. Here, we will vary the
value of A; , within the range of 0.4 to 0.7 GeV to study the
dependence of the width on the cutoff, while the a, is taken
to be in the range of 0.5 to 1.5.

In Fig. 3, we present the dependence of the total width on
Ay, and a,, and also plot the widths of the X(4100)
reported by LHCb [2] and the X(4050) observed by Belle
[10]. These two states have similar masses and widths, and
the observed decay channels are precisely the decay modes
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FIG. 3. The dependence of the total decay width of T;0(4010) on the cutoff parameters. The gray and blue shaded areas represent the
widths of X(4100) [2] and X (4050) [10], respectively. The red/orange/yellow bands in the left/middle/right figures represent our results
calculated with the Heaviside/Gaussian/multipole form factors. The range of the band is given by the range of the coupling constant g

in Eq. (40).

of T},(4010). Therefore, it is possible that they are the

same state, serving as candidate for the 17(0*)D*D*
molecular state. From Fig. 3, it can be observed that the
total width increases with increasing A, and a,. For
example, when the mass of 77, is respectively fixed at

4007.2 and 4016.7 MeV, the dependence of the total width
on the cutoff parameter can be respectively inferred from
the upper and lower boundary curves of the band we
calculated. When A;, and a, respectively reach around
0.6 GeV and 1.2, the theoretically calculated width overlaps
with the experimental widths obtained by LHCb and Belle.

However, it is worth noting that the widths measured by
both experiments are obtained using the Breit-Wigner
parameterization, which is known to be insufficient in
describing the near-threshold states. In such cases, a Flatté-
like formula is needed to fit the line shape and extract the
pole width. A typical example is the case of Z,.(3900) [3]
and T,..(3875) [52], where the width obtained using the
Flatté-like formula is much smaller than the values obtained
using the Breit-Wigner parameterization. Therefore, we
suggest that after accumulating more data, the experimental
widths be remeasured using the Flatté-like formula in the
n.m and y . decay channels. Our theoretical estimation for
the total width of 77,(4010) will be provided at A, =
0.4 GeV and a, = 1.0, and the results are shown in Table I.

From Table I, one can see that the width is of similar size
with those of its partners, Z,.(3900) and Z.(4020) [1].

In Fig. 4, we present the dependence of each partial
width on A, and a,, and it can be seen that the partial
widths also increase with increasing A, and a,. Similarly,

TABLE . Predictions of the total width of 77,,(4010) within
different form factors.

Form factor

FTH/O (MCV)

With §,
12.0-35.4

With &,
9.0-27.8

With &,
10.5-61.0

when A, and a, are respectively set to 0.4 GeV and 1.0,
the range of each partial width is predicted in Table II.

The dependence of the branching fractions 5B; and
branching ratios R; on A, (a,) are shown in Figs. 5
and 6, respectively (The definitions of B; and R; can be
found in the first columns of Tables III and IV, respec-
tively). From these plots, it can be read that although each
partial width is sensitive to the variation of A, (a,), the
dependence of each 3; and R; on Ay, (a,) is very weak.
Therefore, in addition to the total width, measuring the B;
and R; experimentally will be very helpful in determining
whether X(4100) and X(4050) are the same state and
whether they correspond to the D*D* molecular state in
reality. The predictions for branching fractions and branch-
ing ratios are given in Tables III and IV, respectively, in
which we use the average values within the parameter range
considering their values exhibit low sensitivity to parameter
dependence.

As shown in Tables II-1V, the results obtained using the
Heaviside and Gaussian form factors are very similar. In
contrast, when using the multipole form factor, the width of
the DD channel is significantly smaller than in the previous
two cases, while the widths of the other channels remain
relatively close. It is evident that the 5.z channel is the
dominant decay mode of the T;jo state, with a decay width
approximately twice that of the y ;7 channel. However, the
width of y,.;z channel is still larger than the remaining two
channels, namely DD and J/yyp. Therefore, .z and y. 7
are considered the golden channels for detecting the 77
state. Furthermore, these two channels respectively corre-
spond to the final states in which the X(4100) and X (4050)
resonances were observed, which may suggest, to some
extent, that X(4100) and X (4050) are molecular state of the
1=(0*+)D*D* system.

The future experiments can also explore the charged 7',
state by studying the invariant mass spectrum of
D*D° + c.c.. For example, with the weak decay pro-

cesses B - D™DK*, and B® — D*DK~. The angular
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FIG. 4. The dependence of the partial decay widths of Tf,‘,o(4010) on the cutoff parameters. The results in the figures of the first/
second/third rows represent the calculations with the Heaviside/Gaussian/multipole form factors.

distribution of D*D° + c.c. will exhibit the characteristic ~ in the D™D 4 c.c. channel may be cleaner and provide a
of a flat S-wave distribution. The D*D° + c.c. channel can  clearer indication of the presence of the Ty, state. This
effectively exclude contributions from conventional char-

makes the D*DY + c.c. channel a promising avenue for
monia, such as the y(4040). Therefore, the signal observed

studying the 77, state and distinguishing it from other
resonances.

Lastly, it is important to note that our calculations are
based on the configuration that 77, is a bound state of

TABLEIL  Predictions of the partial decay width of T},,(4010)
within different form factors.

Form factor (MeV) With With &, With &, D*D*. This primarily stems from our previous work [32],
. 20-66 16-52 02-1.0 which employed an energy-independent contact potential,
FDD 58172 45.13.8 62335  Where Z.(3900) is treated as a virtual state. If an energy-
Fj;” 12-3.4 0.8-28 1.1-6.2 dependent contact potential were used, resonance solutions
wp 2-3. .83-2. 1-6. X )
could be obtained [53]. However, the current experimental
T, 3.0-8.2 2.1-6.0 3.0-153 [53] p

data is insufficient to definitively determine whether
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Z.(3900) is a virtual state or a resonance [14]. If Ty,

becomes a resonance state of D*D*, the approaches out-
lined in this paper could still apply, but the conclusions
would change accordingly. For instance, while the coupling

TABLE 1II. Predictions of the branching fractions of
T,,(4010) within different form factors.
Form factor With &, With &, With &5
By =Tpp/Tze, 0.18 0.19 0.02
B, = rmﬂ/FT;’,o 0.50 0.51 0.61
By =T,,/Tre, 0.10 0.10 0.10
v

By=T, /T1e, 0.22 0.20 0.27

¢ V!

TABLE IV. Predictions of the branching ratios of T;,,(4010)
within different form factors.

Form factor With &, With &, With &5
Ri=T,./Tpp 2.7 2.7 354
Ro=T, /Ty 4.9 5.0 6.2
Ry=T,,/T, » 2.3 2.6 2.3
Ra=Tpp/Tsspp 1.8 1.8 0.19
Rs=Tpp/Ty x 0.85 0.96 0.07
Rs=T,,/Ty. 0.47 0.51 0.37

constant g, could still be extracted from the residue of the
T-matrix at the pole, it would now have an imaginary part
due to the resonance mass lying above the D*D* threshold.
Consequently, the D*D* in the loop diagram could be on-
shell, and the small imaginary part ie in the denominator of
the propagator cannot be discarded. The resulting scattering
amplitude would also contain an imaginary part. In addition
to the decay channels listed in this paper, a resonance state
could also decay into its constituents, specifically D*D*.
Therefore, the width might be larger than that obtained in
the bound state scenario. Moreover, it is very likely that the
dominant decay channel is into D*D* rather than the
hidden-charm decay channel 7.7, as the decay into
D*D* can occur via tree-level process.

IV. SUMMARY

Recently, we investigated the interactions of the D®*)D(*)
systems based on a quark-level potential model [32]. We
found that if X(3872) and Z.(3900) are the isoscalar and
isovector molecular states of the DD* system, respectively,
then there must exist a bound state in the 1~(0**)D*D*
system, denoted as T, (4010). This state would decay into
the DD, 5.7, J /wp, and y .,z channels. It is noteworthy that
the LHCb and Belle Collaborations have observed the
X(4100) [2] and X(4050) [10] in the final states of 5.z and
X7, respectively. The masses and widths of these two
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states are of similar size within the experimental uncer-
tainties, and their masses are close to the D*D* threshold.
Furthermore, the final states of their decays are consistent
with the decay channels of T7,(4010). Therefore, it is
significant to investigate whether these two states are the
same one and whether they correspond to the molecular
state of D*D*.

In this work, we used the effective Lagrangian approach
to investigate the strong decays of the 77,(4010) state

through triangle loop diagrams. We found that its main
decay channels are .7 and y. 7, which may explain why
the LHCb and Belle Collaborations reported the signals of
X(4100) and X(4050) in these two channels, respectively.
This also suggests that X(4100) and X(4050) might be
identified as the T7,,(4010) state. We also investigated the
dependence of the total (partial) width(s) and branching
fractions (ratios) on the cutoff parameters in the loop
integrals. We noticed that the width shows a strong
dependence on the cutoff, while the branching fractions
(ratios) exhibit a very weak dependence. Therefore, exper-
imental measurements of the branching fractions (ratios)
would help to identify the properties of X(4100) and

X(4050) and their relationship with the 77,(4010). Our
calculations predict a total width of few tens MeV for the
T,,(4010) within three different form factors, which is
consistent with the experimentally measured widths of its
partners Z.(3900) and Z_.(4020).

We propose that future experiments focus on the study of
the resonance parameters of the T;0(4010) state in the

New™, y¥eim~, and DD~ invariant mass spectra of the
B - n.a K", yan K+, and D°D~K* processes (or
the charge conjugate channels). This would be crucial
for constructing the mass spectrum of the hadronic mol-
ecules in the D)D) systems and, in turn, understanding
the properties of the exotic hadrons such as X(3872)
and Z.(3900).
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