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We study the characteristics of quark matter under the influence of a background magnetic field with an
anomalous magnetic moment of quarks at finite temperature and quark chemical potential in the framework
of a Polyakov loop extended Nambu-Jona-Lasinio model. In the presence of a magnetic field, the speed of
sound and isothermal compressibility become anisotropic with respect to the direction of the background
magnetic field, splitting into parallel and perpendicular directions with respect to the magnetic field.
Though the qualitative nature of parallel and perpendicular components of squared speed of sound appear
similar, they differ in magnitude at lower values of temperature. The parallel and perpendicular components
of isothermal compressibility decrease with increasing temperature, indicating a trend towards increased
incompressible strongly interacting matter. On inclusion of the anomalous magnetic moment of quarks, the
perpendicular component of isothermal compressibility becomes greater than the parallel component.
Additionally, we investigate the quark number susceptibility normalized by its value at zero magnetic field,
which may indicate the presence of magnetic fields in the system.
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I. INTRODUCTION

In recent times, the study of properties of matter under
extreme conditions such as high temperature and/or density
has been extended to include strong magnetic fields.
Presently, it is well accepted that strong magnetic fields
could exist in heavy ion collision (HIC) experiments at the
Relativistic Heavy Ion Collider or Large Hadron Collider,
in the cores of neutron stars, and during the early Universe.
The estimated value of the magnetic field in the HIC
experiment is around 1015–18 Gauss [1–3] generated by the
rapid movement of electrically charged spectators in the
early stages of the collision. Although it experiences rapid
decay within a few fm=c, the finite electrical conductivity
(∼a fewMeV) of the medium can possibly delay the decay
process sufficiently allowing a nonzero magnetic field to

persist even during the subsequent hadronic phase follow-
ing the phase transition or crossover from the quark-gluon
plasma [4–6]. The magnitude of the magnetic field in
astrophysical objects such as the interior of neutron stars,
magnetars is of the order of 1015 Gauss. The strength of
these magnetic fields is comparable to the typical energy
scale of quantum chromodynamics (QCD), affecting
various microscopic and macroscopic properties of
strongly interacting matter (see Refs. [7–9] for reviews).
Furthermore, the presence of background magnetic field
results in a large number of interesting phenomena such as
chiral magnetic effect [1,10–12], magnetic catalysis (MC)
[13–16], inverse magnetic catalysis (IMC) etc. [17,18].
The spontaneous breakdown of chiral symmetry and

color confinement are fundamental to the QCD vacuum at
low energies. Due to the nonperturbative nature of QCD in
this energy domain first principle calculations are unten-
able. Though lattice QCD (LQCD) simulations provide
some useful insights at zero baryon density, the extension
to finite chemical potentials is plagued with complications
[19–22]. Consequently, phenomenological models are used
to probe the thermodynamic and spectral properties of
strongly interacting matter at low energies [23–25]. The
Nambu-Jona-Lasinio (NJL) model [26,27] is one such
extensively used model which respects the global sym-
metries of QCD, especially chiral symmetry. It is non-
renormalizable due to the pointlike quark interactions,
which arises from integrating out the gluonic degrees of
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freedom in this effective description [23,28]. Hence, a proper
regularization scheme is needed to tame the divergent
integrals. The model parameters are fixed by reproducing
phenomenological quantities like the pion-decay constant,
quark condensate, pion mass, and so on. However, the
NJL model lacks confinement. To address both chiral
symmetry breaking and quark confinement, the Polyakov
loop extended NJL (PNJL) model introduces interactions
between quarks and a static, homogeneous gluonlike field
[29,30]. Significant study has been found in literature where
PNJL model is used to investigate the deconfinement
transition and chiral symmetry restoration in strongly inter-
acting magnetized matter [9,31–37]. The presence of a
uniform background magnetic field tends to catalyze the
chiral condensate. This leads to an increase in the transition
temperature from chiral symmetry broken to the restored
phase with increasing magnetic field, known as MC [14,16].
As a result the transition temperature from chiral symmetry
broken to the restored phase also increases. Results from
LQCD simulations at higher temperatures however show an
opposite trend indicating IMC of the transition temperature
[38,39]. To address this discrepancy in NJL-type models
extensive efforts have been put in [40–45]. An interesting
alternative stems from the consideration of nonzero values
of the anomalous magnetic moment (AMM) of the quarks
which results in a decrease in chiral transition temperature
implying IMC [32,46–55].
In a magnetized medium, the spatial component of

the energy-momentum tensor in the presence of magnetic
field becomes anisotropic due to the breaking of rotational
symmetry [56–58]. This affects the equation of state (EOS)
of strongly interacting matter. As a result, the pressure
becomes direction dependent, varying with the orientation
of the magnetic field. The anisotropy in pressure is studied
in magnetized quark matter with AMM in Ref. [59].
In literature, numerous studies focus on investigating the
EOS of compact stars such as neutron stars, quark stars,
and hybrid stars, incorporating the anisotropic nature of
pressure with substantial implications [56,60–70].
However, the current generating magnetic field is not
considered and the system is assumed as boundaryless in
the above studies.
The speed of sound reflects the propagation of disturb-

ances through the medium. It is influenced by thermody-
namic variables such as pressure, volume, temperature, and
chemical potential, and, therefore, it is directly correlated
with the EOS of the system. Hence, speed of sound can be
used as an ideal probe for studying strongly interacting
matter during its space-time evolution. It provides crucial
insights, exhibiting a local minimum during a crossover
and approaching zero at the critical point and along
corresponding spinodal lines. Therefore, it is a suitable
candidate for studying the phase structure of QCD. As
discussed, the presence of a magnetic field induces
anisotropy in pressure, which subsequently impacts the

speed of sound, leading to different values depending on
the direction of the magnetic field. Lattice QCD calculation
demonstrates a minimum in the speed of sound at
temperature T0 ¼ 156.5� 1.5 MeV, indicating a crossover
between hadron gas and quark-gluon plasma [71]. The
speed of sound in QCD matter has been determined using
various methods including LQCD [72–75], the (P)NJL
model [76–79], the quark-meson coupling model [80,81],
the hadron resonance gas model [82,83], the field correlator
method [84,85], MIT bag model [86,87], and the quasi-
particle model [88]. Additionally, the speed of sound holds
particular significance for the studies of compact star
properties. It has a substantial impact on the mass-radius
relationship, cooling rate, the maximum possible mass of a
neutron star [89], and tidal deformability. Analysis of
current neutron star data indicate a substantial increase
in the speed of sound at densities beyond the nuclear
saturation density [90–93]. Furthermore, as indicated in
Ref. [94], the speed of sound has crucial impact on the
frequencies of gravitational waves generated by the g-mode
oscillation of a neutron star.
Isothermal compressibility is an important parameter

whose value indicates the relative stiffness of EOS. It is also
relevant in the analysis of the phase structure of the system.
In the presence of magnetic field, pressure anisotropy
affects isothermal compressibility and takes different val-
ues depending on the direction of magnetic fields.
Reference [95] investigates compressibility of rotating
black holes. References [96–98] explore compressibility
in quark matter, revealing insights into phase transitions
and magnetic field effects.
The quark number susceptibility measures the response

of the number density to an infinitesimal change of the
quark chemical potential and is closely related to the
fluctuations of conserved quantities, such as baryon
number and electric charge. In recent times, there has
been notable interest in investigating fluctuations of
conserved charges within a magnetic field background
[99–102]. It is observed that a finite magnetic field
significantly affects these observables, which are of
direct phenomenological interest and can be measured
experimentally.
Recently, we have studied characteristics of nuclear

matter in presence of a background magnetic field in
Ref. [103]. In the present article, we will study the speed
of sound and isothermal compressibility in magnetized
quark matter using the PNJL model, illustrating the
dependency of these observables on the AMM of quarks.
Additionally, we investigate the quark number suscep-
tibility, normalized by its zero field value, which may
be an indicator for the existence of magnetic field in
the system.
The article is organized as follows: Sec. II gives a brief

introduction to the general formalism of the PNJL model,
while Sec. III elaborates on the expressions for speed of
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sound in different thermodynamic situations and the
isothermal compressibility. Section IV discusses results,
with a summary and conclusion provided in Sec. V. Further
details are given in the Appendix.

II. PNJL MODEL

The PNJL model is an effective model of strongly
interacting matter that combines chiral symmetry breaking
with the effects of Polyakov loop which represents the
deconfinement aspects of the matter. The Lagrangian
density of the two-flavor PNJL model taking into
account the AMM of free quarks in the presence of a
constant background magnetic field can be expressed as
follows [32,46,47,59]:

L ¼ q̄ðxÞ
�
iγμDμ −mþ γ0μq þ

1

2
âσμνFμν

�
qðxÞ

þ Gfðq̄ðxÞqðxÞÞ2 þ ðq̄ðxÞiγ5τqðxÞÞ2g −UðΦ; Φ̄; TÞ:
ð1Þ

Here, qðxÞ represents the quark doublet fields where we
have omitted the flavor (f ¼ u, d) and color (c ¼ r, g, b)
indices from the quark field ðqfcðxÞÞ for convenience, m is
the current quark mass with mu ¼ md ¼ m to ensure
the isospin symmetry of the theory at vanishing magnetic
field, μq represents quark chemical potential, Fμν ¼
ð∂μAν − ∂νAμÞ is the electromagnetic field strength tensor,
and σμν ¼ i

2
fγμγν − γνγμg. The constituent quarks interact

with the Abelian gauge field Aμ and SUcð3Þ gauge field Aa
μ

via the covariant derivative:

Dμ ¼ ∂μ − iQ̂Aμ − iAa
μ; ð2Þ

where Aμ describes the vector potential of the external
magnetic field along ẑ direction [for Landau gauge
Aμ ¼ ð0; 0; xB; 0Þ], the electric charge of quark is
Q̂ ¼ diagð2e=3;−e=3Þ, â ¼ Q̂ κ̂, where κ̂ ¼ diagðκu; κdÞ
is a matrix in flavor space containing AMM of the quarks.
In this work we adopt the logarithmic form which is
given by [104]

UðΦ; Φ̄; TÞ ¼ T4

�
−
1

2
AðTÞΦ̄Φþ BðTÞ lnf1 − 6Φ̄Φþ 4ðΦ̄3 þΦ3Þ − 3ðΦ̄ΦÞ2g

�
ð3Þ

with AðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

;

BðTÞ ¼ b3

�
T0

T

�
3

: ð4Þ

Here the logarithmic divergence of the Polyakov loop
potential as Φ; Φ̄ → 1 in the Haar measure formulation
ensures that the Polyakov loop Φ remains physically

bounded and approaches its maximum value of 1 only at
asymptotically high temperatures. However, as shown in
Ref. [32], the results are qualitatively similar for different
choices of Polyakov loop potential. The parameters of the
model are provided in Table I [59,104,105]. Now, employ-
ing a mean field approximation on the Lagrangian provided
in Eq. (1), one can obtain the thermodynamic potential for
two-flavor PNJL model using imaginary time formalism of
finite temperature field theory as [32,59,106]

Ω ¼ B2

2
þ ðM −m0Þ2

4G
þ UðΦ; Φ̄; TÞ − 3

X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π
ωnfsfΛ − T

X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π
fln gþ þ ln g−g; ð5Þ

where n is the Landau level, s∈ ð�1Þ, and

gþ ¼ gþðΦ; Φ̄; T; μqÞ
¼ 1þ 3ðΦþ Φ̄e−

ωnfs−μq
T Þe−ωnfs−μq

T þ e−3
ωnfs−μq

T ; ð6Þ

g− ¼ g−ðΦ; Φ̄; T; μqÞ ¼ gþðΦ̄;Φ; T;−μqÞ: ð7Þ

The PNJL model is known to be nonrenormalizable due
to the pointlike interactions between the quarks [23].
Consequently, a regularization scheme is to be chosen to
eliminate divergences in the medium-independent term in
Eq. (5). In a magnetic field, the sharp momentum cutoff
causes artifacts due to the replacement of continuous
momentum with discrete Landau levels. Here, we have
opted for the smooth cutoff regularization procedure and
introduced a multiplicative form factor [59,105], which is
given by the expression

fΛ ¼ Λ2N

Λ2N þ fp2
z þ ð2nþ 1 − sÞjefBjgN

ð8Þ

TABLE I. Parameters in PNJL model [59,104,105].

T0 (GeV) a0 a1 a2 a3 G

0.270 3.51 −2.47 15.2 −1.7 2.2=Λ2
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in Eq. (5) to tame the divergent medium-independent
integral. The parameters N and Λ are chosen to reproduce
the vacuum values of the pion decay constant fπ and the
pion mass mπ . The energy eigenvalues of the quarks in the
presence of a background magnetic field with AMM of
quarks is obtained as

ωnfs¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
zþ

n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2þð2nþ1−sÞjefBj

q
−sκfefB

o
2

r
: ð9Þ

The constituent quark mass M and the expectation values
of the Polyakov loops Φ and Φ̄ can be obtained self-
consistently from Eq. (1) by using the stationary conditions

∂Ω
∂M

¼ 0;
∂Ω
∂Φ

¼ 0;
∂Ω
∂Φ̄

¼ 0: ð10Þ

Now, using Eqs. (5) and (10) leads to the following coupled
equations [32,59]:

M ¼ mþ 6G
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

1

ωnfs

×
M

Mnfs
fMnfs − sκfefBgð1 − fþ − f−Þ; ð11Þ

∂U
∂Φ

¼3T
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

(
e−

ωnfs−μq
T

gþ
þe−2

ωnfsþμq
T

g−

)
; ð12Þ

∂U
∂Φ̄

¼3T
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

(
e−2

ωnfs−μq
T

gþ
þe−

ωnfsþμq
T

g−

)
; ð13Þ

where

Mnfs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ ð2nþ 1 − sÞjefBj

q
; ð14Þ

fþ ¼ fþðΦ; Φ̄; T; μqÞ

¼ 1

gþ
n�

Φþ 2Φ̄e−
ωnfs−μq

T

�
e−

ωnfs−μq
T þ e−3

ωnfs−μq
T

o
; ð15Þ

f− ¼ f−ðΦ; Φ̄; T; μqÞ ¼ fþðΦ̄;Φ; T;−μqÞ: ð16Þ

∂U
∂Φ and ∂U

∂Φ̄ are obtained from Eq. (3) and expressed as

∂U
∂Φ

¼ ∂UðΦ; Φ̄; TÞ
∂Φ

¼ −T4

(
1

2
AðTÞΦ̄þ 6BðTÞ Φ̄ − 2Φ2 þ ðΦ̄ΦÞΦ̄

1 − 6Φ̄Φþ 4ðΦ3 þΦ3Þ − 3ðΦ̄ΦÞ2

)
; ð17Þ

∂U
∂Φ̄

¼ ∂UðΦ; Φ̄; TÞ
∂Φ

ðΦ → Φ̄; Φ̄ → ΦÞ: ð18Þ

Furthermore, the expressions for quark the number density, entropy density, and magnetization are obtained as
follows [32,59]:

nq ¼ −
∂Ω
∂μq

¼ 3
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π
ffþ − f−g; ð19Þ

s¼−
∂Ω
∂T

¼−
∂U
∂T

þ
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π
flngþþ lng−gþ3T

X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

	
ωnfs−μq

T2
fþþωnfsþμq

T2
f−



; ð20Þ

M ¼ −
∂Ω
∂B

¼ −Bþ 3
X
nfs

jefj
2π

Z þ∞

−∞

dpz

2π
ωnfsfΛ þ 3

X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π
ωnfs

∂fΛ
∂B

þ T
X
nfs

jefj
2π

Z þ∞

−∞

dpz

2π
fln gþ þ ln g−g

þ 3
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

1

ωnfs

	
1 −

sκfefB

Mnfs


	
2nþ 1 − s

2
jefj − sκfefMnfs



ffΛ − fþ − f−g; ð21Þ

where the expression for ∂fΛ
∂B can be found in Appendix A. Note that the expressions for all the thermodynamic quantities in

absence of AMM can be obtained by putting κ ¼ 0, which agree with those in Refs. [9,107]. To arrive at the results for
eB ¼ 0; i.e., for a thermal medium one has to make the replacement

X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π
→

Z
d3p
ð2πÞ3 and ωnfs → ωp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þM2

q
; ð22Þ

compare with Ref. [108].

MONDAL, DUARI, CHAUDHURI, SARKAR, and ROY PHYS. REV. D 110, 054010 (2024)

054010-4



III. SPEED OF SOUND AND ISOTHERMAL
COMPRESSIBILITY

The speed of sound is calculated as the square root of the
ratio between a change in pressure (p) and the correspond-
ing shift in energy density (ϵ). Typically, the determination
of sound speed generally involves specifying a constant
parameter, denoted as x, where x≡ s=nq, s, nq, T, μq etc.
during the propagation of a compression wave through a
medium. It is defined as

c2x ¼
�
∂p
∂ϵ

�
x
: ð23Þ

When the speed of sound is used to study the hydro-
dynamic evolution of the hot and dense matter created in
heavy ion collisions, it is essential to consider the appro-
priate trajectory through the QCD phase diagram. This is
usually achieved by following isentropic curves such that
the entropy per baryon (or entropy density per baryon

density) s=nq is constant [109]. Additionally, it is also
interesting to calculate the squared speed of sound with
constant T and μq. For example, c2T is commonly used
when there is a temperature reservoir or when the cooling
timescale is fast compared to the sound wave period. Such a
physical scenario may exist in the interstellar medium
[110]. In this article, we will study the sound speed in quark
matter in a background magnetic field. The expressions for
longitudinal and transverse components of the pressure and
energy density are as follows [56,58]:

ϵ ¼ Ωþ Tsþ μqnq; ð24Þ

pk ¼ −Ω; p⊥ ¼ pk − BM: ð25Þ

Correspondingly, the speed of sound becomes anisotropic
due to the presence of a magnetic field. We will define the
speed of sound using various thermodynamic relations
expressed in terms of temperature T and μq as [103]

c2xðT; μqÞ ¼ c2xðkÞðT; μqÞ ¼
�
∂pk

∂ϵ

�
x
¼ ∂ðpk; xÞ

∂ðϵ; xÞ ¼ ∂ðpk; xÞ=∂ðT; μqÞ
∂ðϵ; xÞ=∂ðT; μqÞ

¼

�
∂pk
∂T

�
μq

�
∂x
∂μq

�
T
−
�
∂pk
∂μq

�
T

�
∂x
∂T

�
μq�

∂ϵ
∂T

�
μq

�
∂x
∂μq

�
T
−
�

∂ϵ
∂μq

�
T

�
∂x
∂T

�
μq

; ð26Þ

c2xð⊥ÞðT; μqÞ ¼
�
∂p⊥
∂ϵ

�
x
¼ c2xðkÞ − B

�
∂M
∂ϵ

�
x
¼ c2xðkÞ − B

�
∂M
∂T

�
μq

�
∂x
∂μq

�
T
−
�
∂M
∂μq

�
T

�
∂x
∂T

�
μq�

∂ϵ
∂T

�
μq

�
∂x
∂μq

�
T
−
�

∂ϵ
∂μq

�
T

�
∂x
∂T

�
μq

; ð27Þ

where cxðkÞ and cxð⊥Þ are the sound velocities along and perpendicular to the magnetic field direction, respectively. Using
the thermodynamic relations given in Appendix B, we can further write down the sound velocity along the magnetic field
direction as

c2ðkÞs=nq
¼

nqs
�

∂s
∂μq

�
T
− s2

�
∂nq
∂μq

�
T
− n2q

�
∂s
∂T

�
μq
þ snq

�
∂nq
∂T

�
μq�

sT þ μqnq
�n�

∂s
∂μq

�
T

�
∂nq
∂T

�
μq
−
�
∂s
∂T

�
μq

�
∂nq
∂μq

�
T

o ; ð28Þ

and sound velocity perpendicular to the magnetic field direction as

c2ð⊥Þ
s=nq

¼ c2ðkÞs=nq
− B

nq
n�

∂M
∂T

�
μq

�
∂s
∂μq

�
T
−
�
∂M
∂μq

�
T

�
∂s
∂T

�
μq

o
− s

n�
∂M
∂T

�
μq

�
∂nq
∂μq

�
T
−
�
∂M
∂μq

�
T

�
∂nq
∂T

�
μq

o
ðsT þ μqnqÞ

n�
∂s
∂μq

�
T

�
∂nq
∂T

�
μq
−
�
∂s
∂T

�
μq

�
∂nq
∂μq

�
T

o : ð29Þ

The expressions for ð∂M
∂T Þμq, ð∂M∂μq ÞT , ð

∂s
∂μq

Þ
T
, ð∂s

∂TÞμq , ð
∂nq
∂μq

Þ
T
, and

ð∂nq
∂T Þμq in Eqs. (28) and (29) are provided in Appendix C.

In thermodynamics, isothermal compressibility is a
measure of change in volume of the system with increasing
pressure. It is considered a sensitive quantity for indicating
the fluctuation of the order parameter during a phase

transition. Its smaller value reflects relatively stiffer EOS.
Mathematically, it is defined in the absence of a magnetic
field as

KT ¼ −
1

V

�
∂V
∂P

�
T
¼ 1

n2q

�
∂nq
∂μq

�
T

: ð30Þ
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Because of the anisotropy in pressure, the isothermal
compressibility KT splits into parallel and perpendicular
components with respect to the direction of the magnetic

field. The expressions for Kk
T and K⊥

T are given by

KðkÞ
T ¼ 1

n2q

�
∂nq
∂μq

�
T

; ð31Þ

Kð⊥Þ
T ¼ 1

nq
n
nq − B

�
∂M
∂μq

�
T

o�
∂nq
∂μq

�
T

: ð32Þ

IV. NUMERICAL RESULTS

In this section, we present results for thermodynamic
quantities in magnetized quark matter using the PNJL
model under various physical situations. The model para-
meters are determined by fitting the empirical values of
the pion decay constant fπ ¼ 92.4 MeV and the pion
mass mπ ¼ 138 MeV and chiral condensate ðhūuiÞ1=3 ¼
−245.7 MeV at zero temperature and zero baryon density
in the absence of a background magnetic field. Specifically,
the model parameters are Λ ¼ 620 MeV, m ¼ 5.5 MeV.
Since we are interested for the thermodynamic properties of
magnetized quark matter, the choice of the representative
values of background magnetic field eB ¼ 0.05 GeV2

and eB ¼ 0.10 GeV2 along with eB ¼ 0 which will
provide us the opportunity to explore the interplay between
the magnetic field and the thermal effects. The AMM
of quarks are taken as κu ¼ 0.29016 GeV−1 and κd ¼
0.35986 GeV−1 [46,59]. In this section, we evaluate the
results with a finite magnetic field, considering up to 2000
Landau levels for convergence.

A. Constituent quark mass

We start this section with the investigation of the
constituent quark mass as a function of temperature,
chemical potential and background magnetic field. This is
achieved from the self-consistent solutions of Eqs. (11)–(13).

Figure 1(a) shows the variation of constituent quark mass
with temperature for several values of μq¼0.0;0.1;0.2MeV
in the absence of magnetic field. The constituent quark mass
starts at a high value and remains relatively stable at low
temperatures indicating chirally broken phase. It then under-
goes a rapid decrease within a narrow temperature range and
eventually becomes nearly equal to the bare mass of quarks
representing partial restoration of chiral symmetry. This
transition occurs at Tch ∼ 230 MeV in the absence of the
magnetic field and zero chemical potential. As μq increases,
Fig. 1(a) also depicts a decrease in the magnitude ofM and a
shift of the transition temperature towards lower values. In
Figs. 1(b) and 1(c), the variation of constituent quark mass
with temperature is shown for several values of μq at
magnetic field strength eB ¼ 0.05 and 0.10 GeV2, respec-
tively, considering both zero and nonzero values of AMM of
quarks. It is observed that the constituent quark mass is
greater in the scenario when quarks have zero AMM
compared to when they have finite AMM [e.g., the cyan
and red lines in the inset plot of Fig. 1(b)]. This difference
becomes more evident with increasing magnetic field
strength near the chiral phase transition [cyan and red lines
in Figs. 1(b) and 1(c)].
Next, we will investigate the magnetic field dependence

of constituent quark mass for various values of μq both
with and without the AMM of quarks at three different
temperatures representing various stages of the chiral
phase. Analyzing Figs. 1(a)–1(c), the different stages are
as follows:

(i) T < Tch indicates the broken chirally symmetry
phase. We select T ¼ 150 MeV as a representative
temperature to investigate this phase.

(ii) T ∼ Tch represents region near chiral phase transi-
tion. We take T ¼ 230 MeV as a representative
temperature to investigate this phase.

(iii) T > Tch signifies partial restoration of chiral sym-
metry phase. We choose T ¼ 275 MeV as a repre-
sentative temperature to investigate this phase.

Figures 2(a)–2(c) illustrate the constituent quark mass as a
function of background magnetic field for various values of

eB=0.0
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FIG. 1. Constituent quark mass (M) as function of temperature (T) for different values of chemical potentials μq ¼ 0.0; 0.1; 0.2 GeV at
(a) eB ¼ 0, (b) eB ¼ 0.05 GeV2, (c) eB ¼ 0.10 GeV2.
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μq at three different temperatures representing the different
phases as mentioned before considering both scenarios
with and without the AMM of quarks. In chirally broken
phase as shown in Fig. 2(a),M increases with increasing eB
for all mentioned values of μq irrespective of whether the
AMM of quarks are included or not, which is known as the
MC. However, the increase in M is slightly smaller with
increasing eB at each values of μq when the AMM of quarks
is included [e.g., blue and black lines in Figs. 2(a)]. Notably,
the magnitude ofM consistently appears higher for a smaller
value of μq across all values of eB both with and without
AMM of quarks. Near chiral phase transition as shown in
Fig. 2(b), M increases with increasing eB in the absence of
AMM of quarks. Conversely, an opposite trend is observed
when AMM of quarks is present and this is known as IMC.
As the temperature increases partial chiral symmetry has
been restored as shown in Fig. 2(c). Here, the qualitative
behavior of the plots are similar as observed in Fig. 2(b).
Finally, in all the stages of phase transition the constituent
quark mass difference between the zero and nonzero AMM
of quarks increases with increase eB [e.g., black and blue
lines in any of the subplots in Figs. 2(a)–2(c)], which is also
evident from Figs. 1(a)–1(c).

B. Quark number density and quark number
susceptibility

The scaled quark number density is defined as nq=T3.
The behavior of the quark number density is investigated
following Refs. [29,32]. The results for nq=T3 as a function
of temperature are presented in Fig. 3(a) at μq ¼ 0.1 and
0.2 GeV considering the three cases: (i) eB ¼ 0.0,
(ii) eB ¼ 0.10 GeV2, κ ¼ 0, (iii) eB ¼ 0.10 GeV2,
κ ≠ 0. For case (i), the interactions of an effective gluon
field suppress contributions from both one-quark and two-
quark states to the density below the transition temperature.
As a result, the three-quark state becomes more dominant.
Thus, we observe a strong suppression in the density
of quarks below the transition. However, this suppression
becomes less effective for temperatures above the transition
[e.g., blue line in Fig. 3(a)]. This can be understood from
Eqs. (15), (16), and (19) (see Ref. [59] for details).
Moreover, it is evident that the scaled quark density rises
as μq increases. The same qualitative behavior is also
observed in the presence of background magnetic fields in
case of (ii). This similarity arises because the change in M
is almost negligible compared to the zero field case at high
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FIG. 3. Variation of (a) scaled quark number density ðnq=T3Þ and (b) χq ¼ dnq
dμq

as function temperature (T) for different values
of μq and eB.
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FIG. 2. Constituent quark mass (M) as function of background magnetic field ðeBÞ for different values of chemical potentials
μq ¼ 0.0; 0.1; 0.2 GeV at (a) T ¼ 150 MeV, (b) T ¼ 230 MeV, (c) T ¼ 275 MeV.
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temperature and the contributions from one-quark and two-
quark states remain strongly suppressed in the low temper-
ature region below the transition as in the zero field case.
Furthermore, when we include the AMM of quarks, i.e.,
in case of (iii), the value of nq=T3 increases [see, e.g.,
magenta, blue, and green lines Fig. 3(a)] compared to cases
of (i) and (ii).
Next, we focus on susceptibilities. For example, the

chiral susceptibility carries signals of phase transitions and
can be considered an order parameter for chiral transitions.
The expression for the quark number susceptibility is given
in Eq. (C6). Figure 3(b) shows the result for quark number
susceptibilities (χq) varying with temperature for μ ¼ 0.1
and 0.2 GeV in the following three cases: (i) eB ¼ 0.0,
(ii) eB ¼ 0.10 GeV2, κ ¼ 0, (iii) eB ¼ 0.10 GeV2, κ ≠ 0.
In the presence of background magnetic field, the transition
temperature (T

χq
c ) shifts towards higher values [blue and

green lines in the inset plot of Fig. 3(b)] indicating a MC.
On the other hand, T

χq
c moves towards lower values of

temperature when the AMM of quarks are included
implying IMC [blue and magenta lines in the inset plot
of Fig. 3(b)]. This can be observed from the inset plot in
Fig. 3(b) at μq ¼ 0.2 GeV. As the quark chemical potential
decreases, the discontinuity in the curves vanishes indicat-
ing a crossover [black, red, and cyan lines in Fig. 3(b)]. We
now study the normalized susceptibility at three different
temperatures where it is defined as the ratio of susceptibil-
ities obtained in noncentral collisions (strong magnetic
fields) to that of central collisions (weak or vanishing
magnetic fields) following Refs. [99,100]. It is defined as

Rχq ¼
χqðeB ≠ 0Þ
χqðeB ¼ 0Þ : ð33Þ

Therefore, by definition, Rχq will be unity in central
collisions or vanishing (weak) magnetic fields. So, Rχq

can possibly be considered as a quantity sensitive to the
existence of magnetic field in the system. Here, we will
present Rχq as a function of eB for various values of μq with
and without AMM of quarks at different stages of chiral

phase transition as mentioned previously in Sec. IVA.
Figures 4(a)–4(c) represent the stages as T < Tch, T ¼ Tch,
and T > Tch, respectively. In a chirally broken phase,
Fig. 4(a) shows that Rχq has a rising nature with increasing
magnetic fields and Rχq also increases with higher values of
μq [see, e.g., red and green lines in Fig. 4(a)]. Furthermore,
the overall magnitude of Rχq is larger with AMM of quarks
[black and blue lines in Fig. 4(a)] but the behavioral
nature is the same. In the vicinity of chiral phase transition
Fig. 4(b) also shows that Rχq increases in presence of
AMM of quarks. Figure 4(c) represents the partial chirally
restored phase. Here Rχq exhibits a rising nature with
increasing eB and its magnitude further increases with the
inclusion of the AMM of quarks. However, Rχq decreases
with higher values of μq with or without AMM of quarks. It
is also evident from the Figs. 4(a)–4(c) that Rχq decreases
with increasing temperature. Therefore, it can be concluded
that the magnetic field effect is small in the partial chirally
restored phase compared to the chirally broken and nearly
restored phase.

C. Magnetization of the medium

The expression for the magnetization is given in
Eq. (21). We define, for convenience, the scaled magneti-
zation (MScaled) as

eMScaled¼MðT;μq;eBÞ−MðT¼0;μq¼0;eBÞ: ð34Þ

In Figs. 5(a)–5(c), we illustrate the variation of scaled
magnetization (Mscaled) as a function of the background
magnetic field for various values of μq both with and
without the AMM of the quarks at three different temper-
atures representing chiral symmetry breaking, near chiral
phase transition and its restoration respectively as discussed
in Sec. IVA. In chirally broken phase, it is evident from
Fig. 5(a) that MScaled shows an oscillating trend as the
magnetic field eB increases. The oscillating trend and
magnitude ofMScaled increase as the temperature increases
as evident in Figs. 5(a)–5(c). Finally, it is observed from
each subplot thatMScaled is large when the AMM of quarks
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FIG. 4. Rχq as a function of eB for various values of μq with and without AMM at (a) chiral broken phase, (b) in the vicinity of chiral
phase transition for μq ¼ 0, eB ¼ 0, (c) partial chiral restored phase.

MONDAL, DUARI, CHAUDHURI, SARKAR, and ROY PHYS. REV. D 110, 054010 (2024)

054010-8



is considered [black and blue lines in any of the subplots
of Figs. 5(a)–5(c)].

D. Speed of sound at constant s=nB
In this subsection, we study the variation of speed of

sound with temperature in presence of a background
magnetic field in quark matter. As discussed in Sec. III,

c2s=nq splits into c2ðkÞs=nq
and c2ð⊥Þ

s=nq
along and perpendicular to

the direction of the background magnetic field, respec-
tively. We use Eqs. (28) and (29) to determine the speed
of sound.

Figure 6(a) illustrates the variation of c2ðkÞs=nq
as a

function of temperature for various values of μq at
eB ¼ 0.10 GeV2 both with and without AMM of quarks.

In all the plots, c2ðkÞs=nq
decreases initially with temperature,

reaches its lowest value, then sharply increases over a
short temperature range before saturating slightly below
the ideal gas value. This minimum value, known as
the softest point, may be an important indicator of the
transitions observed in heavy-ion collisions [111].
Following a transition or crossover, the release of new
degrees of freedom leads to a rapid increase in the speed
of sound. In all plots, this transition point shifts towards
lower temperatures with increasing μq [green, blue, and

red lines in Fig. 6(a)]. Conversely, the magnitude of c2ðkÞs=nq

decreases with the increase of μq below the transition

temperature. However, c2ðkÞs=nq
increases with the increase

of μq above the transition temperature. The figure also
shows that near the transition region the plots shift
towards lower T values with the inclusion of AMM of
quarks [red and cyan lines in Fig. 6(a)] but the behavior of
the speed of sound remains same as observed without
AMM of quarks. Similarly, Fig. 6(b) presents the varia-

tion of c2ð⊥Þ
s=nq

as a function of temperature for various

values of μq at eB ¼ 0.10 GeV2 considering both with
and without AMM of quarks. The qualitative behavior of

c2ð⊥Þ
s=nq

is same as c2ðkÞs=nq
. With the inclusion of AMM of

quarks Fig. 6(b) shows that the magnitude of c2ð⊥Þ
s=nq

decreases more for a given value of μq at lower temper-
ature region [black and blue lines in Fig. 6(b)] which is

opposite to the behavior of c2ðkÞs=nq
observed in Fig. 6(a).

Additionally, the lowest value of c2ð⊥Þ
s=nq

decreases due to

AMM of quarks [red and cyan lines in Fig. 6(b)].
The comparison between the parallel and perpendicular
components of c2s=nq as a function of temperature at eB ¼
0.1 GeV2 and μq ¼ 0.2 GeV is presented in Fig. 6(c).
Notably, there is a significant difference between the

components. In the absence of AMM of quarks, c2ð⊥Þ
s=nq

FIG. 6. (a) C2ðkÞ
s=nB

and (b) C2ð⊥Þ
s=nB

as a function of T for various values of μq ¼ 0; 0.1; 0.2 GeV at eB ¼ 0.10 GeV2, (c) C2ðk;⊥Þ
s=nB

as a
function of T at μq ¼ 0.2 GeV and eB ¼ 0.10 GeV2.
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FIG. 5. Scaled magnetization (MScaled) as a function of eB for various values of μq at (a) chiral broken phase, (b) in the vicinity of
chiral phase transition, (c) partial chiral restored phase.
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follows a similar trend. However, in the presence of

the AMM of quarks, c2ðkÞs=nq
is greater than c2ð⊥Þ

s=nq
in

the symmetry broken phase [blue and green lines
in Fig. 6(c)].

Next, we will discuss the variation of c2ðk;⊥Þ
s=nq

as a function

of the background magnetic field for different values of μq
both with and without AMM of quarks at different stages
of chiral phase transition as mentioned previously in
Sec. IVA. Figures 7(a)–7(c) represent speed of sound in
the chirally broken phase (T < Tch), near chiral phase
transition (T ≃ Tch) and partial chirally restored phase
(T > Tch), respectively. For both with and without

AMM of quarks, Fig. 7(a) shows that c2ðkÞs=nq
increases while

c2ð⊥Þ
s=nq

oscillates with increasing background magnetic field.

Around the chiral phase transition, Fig. 7(b) shows that

the oscillations in c2ð⊥Þ
s=nq

has disappeared. However, in the

partially chiral restored phase as shown in Fig. 7(c), c2ðkÞs=nq

increases and c2ð⊥Þ
s=nq

decreases smoothly with increasing eB.

Finally, in both the chirally broken and partially chiral

restored phase, c2ðkÞs=nq
increases more and c2ð⊥Þ

s=nq
decreases

more with the increase of the background magnetic field
when AMM of quarks is included.

E. Isothermal compressibility

The isothermal compressibility (KT) remains isotropic
in all directions when there is no magnetic field present.
Consequently, the EOS is the same across all directions.
However, KT exhibits anisotropic behavior and splits into

Kk;⊥
T along and perpendicular to the direction of back-

ground magnetic field, respectively. We use Eqs. (31)–(32)
to calculate isothermal compressibility. Figure 8(a) illus-

trates Kk;⊥
T as a function of temperature at eB ¼ 0.10 GeV2

and μq ¼ 0.2 GeV considering both scenarios with and

without the AMM of quarks. In both cases, Kk;⊥
T de-

crease as temperature increases. This suggests that QCD
matter becomes highly incompressible with increasing

temperature irrespective of directions. With the inclusion

of the AMM of quarks, K⊥
T is greater than Kk

T [green and
black lines in inset plot of Fig. 8(a)] and the difference

betweenKk
T andK

⊥
T decreases with increasing temperature.

Therefore, the EOS becomes less stiff along the field
direction compared to other directions when the AMM

of quarks is considered and Kk;⊥
T becomes nearly isotropic

at very high temperature. Conversely, the difference

between Kk
T and K⊥

T is very small without AMM of quarks
[blue and red lines in inset plot of Fig. 8(a)]. Moreover,
plots in the figure clearly indicate a crossover or transition
occurring around T ≃ 205 MeV that can be connected to
the observation in Fig. 3(b).

Next, we present Kk;⊥
T as a function eB for μq ¼

0.2 GeV both with and without the AMM of quarks at
various stages of chiral phase transition as mentioned
previously in Sec. IVA. Figures 9(a)–9(c) represent chirally
broken phase, near the chiral phase transition and partially
restored phase, respectively. In Fig. 9(a), K⊥

T exhibits
oscillations with increasing background magnetic fields
and its values are higher indicating more compressible
QCD matter when considering the AMM of quark [red

and green lines in Fig. 9(a)]. Conversely, Kk
T decreases with

FIG. 7. c2ðk;⊥Þ
s=nq

as a function of eB for μq ¼ 0.2 GeV with and without AMM of quark at (a) chiral broken phase, (b) in the vicinity of
chiral phase transition, (c) partial chiral restored phase.

FIG. 8. Kðk;⊥Þ
T as a function of T at μq ¼ 0.2 GeV and eB ¼

0.10 GeV2 with and without AMM of quarks.
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increasing background magnetic fields [blue and black
lines in Fig. 9(a)] reflecting a lower compressibility in the
presence of the AMM of quarks. Figure 9(b) reveals that
without the AMM of quarks, K⊥

T increases more with
increasing eB unlike the scenario with the inclusion of the
AMM of quarks [red and green lines in Fig. 9(b)]. On the

other hand, Kk
T decreases with increasing background

magnetic field and its decreasing nature is larger in the
presence of the AMM of quarks [blue and black lines in
Fig. 9(a)]. Moreover, Fig. 9(c) indicates an increase in K⊥

T

[red line in Fig. 9(c)] and a decrease in Kk
T [blue line in

Fig. 9(c)] with rising magnetic fields. These changes are
more prominent when the AMM of quarks is taken into
account [black and blue lines in Fig. 9(c)].

V. SUMMARY AND CONCLUSION

In summary, we have investigated several properties
of quark matter subjected to a background magnetic field
both with and without the AMM of quarks at finite
temperature and chemical potential within the framework
of the PNJL model. The study involves the constituent
quark mass, quark number density, and quark number
susceptibility (normalized by its value at zero or weak
magnetic field), as well as the speed of sound and
isothermal compressibility.
The constituent quark mass initially starts at a high

value and remains relatively stable at lower temperatures
indicating a chirally broken phase. However, it decreases
rapidly within a narrow temperature range and eventually
approaches the bare mass of quarks indicating partial
restoration of chiral symmetry. This transition typically
occurs around Tch ∼ 230 MeV in a scenario without the
magnetic field and zero chemical potential. In the chirally
broken phase, we observe an increasing trend in the quark
mass as the magnetic field strength rises, a phenomenon
known as MC. Conversely, when the AMM of quarks is
considered, we observe an opposite trend referred to as IMC.
Additionally, we have observed a suppression in the

quark number density at low temperatures attributed to the

effective interactions of the gluon field. These interactions
restrict contributions from both the one-quark and two-
quark states. However, this suppression becomes less
pronounced at higher temperatures.
It is observed that the presence of a background

magnetic field tends to shift the transition temperature
(T

χq
c ) to higher values indicating MC. On the contrary,

inclusion of AMM of quarks decreases the transition
temperature confirming that IMC observed by analysing
the results of gap equations. The susceptibility normal-
ized by its value at zero or weak magnetic field is an
important probe for studying magnetic fields observed
in noncentral HICs.
Our study reveals that the presence of a magnetic field

induces anisotropy in the speed of sound leading to
variations between the c2s=nq

ðk;⊥Þ components. Notably,

the qualitative behavior of c2ð⊥Þ
s=nq

is similar to that of c2ðkÞs=nq
.

When the AMM of quarks is included, we find that the

magnitude of c2ð⊥Þ
s=nq

decreases more for a given value of μq
in the lower temperature region, opposite to the behavior

of c2ðkÞs=nq
.

In the presence of the magnetic field, the isothermal
compressibility also becomes anisotropic dividing into

Kk;⊥
T along and perpendicular to the direction of magnetic

field. The Kk;⊥
T decrease as temperature rises indicating a

trend towards increased incompressibility of QCD matter
regardless of its orientation with respect to the direction
of magnetic field. Upon considering AMM of quarks,

K⊥
T is greater than Kk

T , and the difference between Kk;⊥
T

decreases with increasing temperature. Therefore, the
EOS becomes more stiff along the field direction com-
pared to other directions and becomes nearly isotropic at

very high temperature. On the other hand, Kk
T decreases

and K⊥
T increases with increasing background magnetic

field. Hence, the system is less compressible along the
magnetic field direction with increasing background
magnetic field.

FIG. 9. Kðk;⊥Þ
T as a function of eB for μq ¼ 0.2 GeV with and without AMM of quark at (a) chiral broken phase, (b) near chiral phase

transition, (c) partial chiral restored phase.
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APPENDIX A: MATHEMATICAL DETAILS

∂fΛ
∂B

¼ −
Nð2nþ 1 − sÞΛ2NP2ðN−1Þ

nfs

ðΛ2N þ P2N
nfsÞ2

jefj; Pnfs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ ð2nþ 1 − sÞjefBj

q
; ðA1Þ

∂ωnfs

∂M
¼ M

ωnfs

�
1 −

skfefB

Mnfs

�
;

∂Mnfs

∂M
¼ M

Mnfs
; ðA2Þ

∂ ln gþ

∂T
¼

�
∂ ln gþ

∂M

�
∂M
∂T

þ
�
∂ ln gþ

∂Φ

�
∂Φ
∂T

þ
�
∂ ln gþ

∂Φ̄

�
∂Φ̄
∂T

þ
�
∂ ln gþ

∂T

�
M;Φ;Φ̄

; ðA3Þ

∂ ln gþ

∂μq
¼

�
∂ ln gþ

∂M

�
∂M
∂μq

þ
�
∂ ln gþ

∂Φ

�
∂Φ
∂μq

þ
�
∂ ln gþ

∂Φ̄

�
∂Φ̄
∂μq

þ
�
∂ ln gþ

∂μq

�
M;Φ;Φ̄

; ðA4Þ

∂ lngþ

∂M
¼−3β

∂ωnfs

∂M
fþ;

∂ lngþ

∂Φ
¼3e−βðωnfs−μqÞ

gþ
;

∂ lngþ

∂Φ̄
¼3e−2βðωnfs−μqÞ

gþ
;

�
∂ lngþ

∂μq

�
M;Φ;Φ̄

¼3βfþ; ðA5Þ

�
∂ ln gþ

∂T

�
M;Φ;Φ̄

¼ ωnfs − μq
T2

3fþ; ðA6Þ

∂ ln g−

∂T
¼

�
∂ ln g−

∂M

�
∂M
∂T

þ
�
∂ ln g−

∂Φ

�
∂Φ
∂T

þ
�
∂ ln g−

∂Φ̄

�
∂Φ̄
∂T

þ
�
∂ ln g−

∂T

�
M;Φ;Φ̄

; ðA7Þ

∂ ln g−

∂μq
¼

�
∂ ln g−

∂M

�
∂M
∂μq

þ
�
∂ ln g−

∂Φ

�
∂Φ
∂μq

þ
�
∂ ln g−

∂Φ̄

�
∂Φ̄
∂μq

þ
�
∂ ln g−

∂μq

�
M;Φ;Φ̄

; ðA8Þ

∂ lng−

∂M
¼−3β

∂ωnfs

∂M
f−;

∂ lng−

∂Φ
¼3e−2βðωnfsþμqÞ

g−
;

∂ lng−

∂Φ̄
¼3e−βðωnfsþμqÞ

g−
;

�
∂ lng−

∂μq

�
M;Φ;Φ̄

¼−3βf−; ðA9Þ

�
∂ ln g−

∂T

�
M;Φ;Φ̄

¼ ωnfs þ μq
T2

3f−; ðA10Þ

∂fþ

∂T
¼

�
∂fþ

∂M

�
∂M
∂T

þ
�
∂fþ

∂Φ

�
∂Φ
∂T

þ
�
∂fþ

∂Φ̄

�
∂Φ̄
∂T

þ
�
∂fþ

∂T

�
M;Φ;Φ̄

; ðA11Þ

∂fþ

∂μq
¼

�
∂fþ

∂M

�
∂M
∂μq

þ
�
∂fþ

∂Φ

�
∂Φ
∂μq

þ
�
∂fþ

∂Φ̄

�
∂Φ̄
∂μq

þ
�
∂fþ

∂μq

�
M;Φ;Φ̄

; ðA12Þ

∂fþ

∂M
¼ β

∂ωnfs

∂M

�
3fþ2 −

1

gþ
½fΦþ 4Φ̄e−βðωnfs−μqÞge−βðωnfs−μqÞ þ 3e−3βðωnfs−μqÞ�

�
; ðA13Þ

∂fþ

∂Φ
¼ 1 − 3fþ

gþ
e−βðωnfs−μqÞ;

∂fþ

∂Φ̄
¼ 2 − 3fþ

gþ
e−2βðωnfs−μqÞ; ðA14Þ

�
∂fþ

∂μq

�
M;Φ;Φ̄

¼ β

�
1

gþ
fðΦþ 4Φ̄e−βðωnfs−μqÞÞe−βðωnfs−μqÞ þ 3e−3βðωnfs−μqÞg − 3fþ2

�
; ðA15Þ

�
∂fþ

∂T

�
M;Φ;Φ̄

¼ ωnfs − μq
T2

�
1

gþ
fðΦþ 4Φ̄e−βðωnfs−μqÞÞe−βðωnfs−μqÞ þ 3e−3βðωnfs−μqÞg − 3fþ2

�
; ðA16Þ
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∂f−

∂T
¼

�
∂f−

∂M

�
∂M
∂T

þ
�
∂f−

∂Φ

�
∂Φ
∂T

þ
�
∂f−

∂Φ̄

�
∂Φ̄
∂T

þ
�
∂f−

∂T

�
M;Φ;Φ̄

; ðA17Þ

∂f−

∂μq
¼

�
∂f−

∂M

�
∂M
∂μq

þ
�
∂f−

∂Φ

�
∂Φ
∂μq

þ
�
∂f−

∂Φ̄

�
∂Φ̄
∂μq

þ
�
∂f−

∂μq

�
M;Φ;Φ̄

; ðA18Þ

∂f−

∂M
¼ ∂fþ

∂M
ðΦ → Φ̄; μq → −μqÞ;

∂f−

∂Φ
¼ 2 − 3f−

g−
e−2βðωnfsþμqÞ;

∂f−

∂Φ̄
¼ 1 − 3f−

g−
e−βðωnfsþμqÞ; ðA19Þ

�
∂f−

∂μq

�
M;Φ;Φ̄

¼ −β
�
1

g−
fðΦ̄þ 4Φe−βðωnfsþμqÞÞe−βðωnfsþμqÞ þ 3e−3βðωnfsþμqÞg − 3ðf−Þ2

�
; ðA20Þ

�
∂f−

∂T

�
M;Φ;Φ̄

¼
�
∂fþ

∂μq

�
M;Φ;Φ̄

ðΦ → Φ̄; μq → −μqÞ: ðA21Þ

APPENDIX B: THERMODYNAMICAL RELATIONS

�
∂ðs=nqÞ
∂μq

�
T

¼ 1

nq

�
∂s
∂μq

�
T

−
s
n2q

�
∂nq
∂μq

�
T

;

�
∂ðs=nqÞ

∂T

�
μq

¼ 1

nq

�
∂s
∂T

�
T
−

s
n2q

�
∂nq
∂T

�
μq

; ðB1Þ

�
∂ϵ

∂T

�
μq

¼ T

�
∂s
∂T

�
μq

þ μq

�
∂nq
∂T

�
μq

;

�
∂ϵ

∂μq

�
T

¼ T

�
∂s
∂μq

�
T

þ μq

�
∂nq
∂μq

�
T

: ðB2Þ

APPENDIX C: SUSCEPTIBILITIES

In Sec. III, we have observed that the speed of sound, isothermal compressibility in Eqs. (26)–(32) involve the partial
derivatives ð∂M

∂T Þμq , ð∂M∂μq ÞT , ð
∂s
∂μq

Þ
T
, ð∂s

∂TÞμq , ð
∂nq
∂μq

Þ
T
, and ð∂nq

∂T Þμq , which can be derived from the free energy. The expressions are

provided below:

�
∂M
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�
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X
nfs

jefj
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−∞

dpz
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fΛ
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; ðC1Þ
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; ðC3Þ

�
∂s
∂μq

�
T

¼ ∂s0
∂μq

þ
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

	
∂ ln gþ

∂μq
þ ∂ ln g−

∂μq



þ 3

X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

	
ωnfs − μq

T
∂fþ

∂μq
þ ωnfs þ μq

T
∂f−

∂μq




þ 3
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

	�
ωnfs − μq

−T2
þ 1

T

∂ωnfs

∂M
∂M
∂μq

�
fþ þ

�
ωnfs þ μq

−T2
þ 1

T

∂ωnfs

∂M
∂M
∂μq

�
f−



; ðC4Þ
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−
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The partial derivaties— ∂M
∂T ,

∂ϕ
∂T,

∂ϕ̄
∂T and ∂M

∂μq
, ∂ϕ
∂μq

, ∂ϕ̄
∂μq

—involved in previous equations can be obtained from the coupled

Eqs. (11)–(13). We define X, Y, Z using the gap Eqs. (11)–(13) as

X ¼ ðM −mÞ − 6G
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

1

ωnfs

M
Mnfs

fMnfs − sκfefBgð1 − fþ − f−Þ; ðC7Þ

Y ¼ ∂U
∂Φ
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X
nfs
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2π

Z þ∞

−∞

dpz
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(
e−

ωnfs−μq
T
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þ e−2

ωnfsþμq
T
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)
; ðC8Þ

Z ¼ ∂U
∂Φ̄

− 3T
X
nfs

jefBj
2π

Z þ∞

−∞

dpz

2π

(
e−2

ωnfs−μq
T

gþ
þ e−

ωnfsþμq
T

g−

)
: ðC9Þ

Taking derivative with respect to temperature and chemical potential, the Eqs. (C7)–(C9) can be expressed in the matrix
form as
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∂ϕ
∂T

∂ϕ̄
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Z þ∞
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