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In this work, we investigate the inclusive photoproduction of the C-odd, S-wave fully charmed
tetraquark at electron-ion colliders within the nonrelativistic QCD (NRQCD) factorization framework, at
the lowest order in velocity and αs. The value of the NRQCD long-distance matrix element is estimated
from two phenomenological potential models. Our studies reveal that the photoproduction of the 1þ− fully
charmed tetraquark may be difficult to observe at HERA and the EicC; nevertheless, its observation
prospects at the EIC appear to be bright.
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I. INTRODUCTION

Quarkonium photoproduction at the electron-proton
collider has been an interesting topic, which provides an
ideal platform to test the quarkonium production mecha-
nism and extract the gluon content of the proton [1,2]. With
an almost on-shell photon emitted from the incident
electron beam, the ep collider provides a much cleaner
environment to study the quarkonium production than the
hadron colliders. During the past few decades, a number of
experimental and theoretical efforts have been devoted to
studying J=ψ photoproduction at HERA [3–24]. Moreover,
studies of quarkonium photoproduction are also of high
priority in the upcoming next-generation electron-ion
collider programs, exemplified by the US Electron-Ion
Collider (EIC) [25,26] and the Electron-ion collider in
China (EicC) [27]. For example, the near-threshold J=ψ
photoproduction at the EIC and EicC has been advocated as
the gold-plated process to infer the QCD trace anomaly

contribution to the nucleon mass and extract the nucleon’s
generalized parton distribution functions [25–32].
In addition to helping us study quarkonium production,

the electron-ion colliders also serve as a fruitful platform to
study the production of exotic hadrons such as charmo-
nium-like XYZ exotic states [25,26]. The goal of this work
is to study the inclusive photoproduction of a special class
of exotic hadrons—i.e., the fully charmed tetraquark
(dubbed T4c henceforth)—and assess its observation pros-
pects at various electron-ion colliders.
An unexpected discovery of theXð6900Þ resonance in the

di-J=ψ invariant mass spectrum by the LHCb Collaboration
in 2020 [33], later confirmed by both the ATLAS and CMS
Collaborations [34,35], has triggered a flurry of intensive
theoretical investigation on the properties of the close
relatives of quarkonium which are composed of four heavy
quarks.Although there are several alternative interpretations
such as charmonia molecules or hybrids, it is most natural to
regard the Xð6900Þ resonance as a strong candidate for the
compact T4c state. As a matter of fact, investigations on the
fully heavy tetraquark states date back to the 1970s [36–38],
long before the discovery of theXð6900Þ. The predictions of
mass spectra and decay properties of fully heavy tetraquarks
have been pursued through various phenomenological
models, including quark potential models [39–50], QCD
sum rules [51–55], and effective field theories [56,57]. In
contrast, the investigation of the production mechanism of
fully heavy tetraquarks is mainly based on color evaporation
models and duality relations [39,58–64].
From the theoretical perspective, fully heavy tetraquarks

are among the simplest exotic hadrons to analyze. Due to
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the heavy quark mass being much greater than ΛQCD, the
T4c may be viewed as a composite system made of four
nonrelativistic charm and anticharm quarks. The leading
Fock state of the T4c is simply jccc̄ c̄i, without the
contamination from the light quarks and gluons. This is
quite analogous to the ordinary charmonia, whose leading
Fock component is simply jcc̄i. The similarity between the
fully heavy tetraquarks and heavy quarkonia strongly
indicates that the theoretical tools developed in the past
to tackle quarkonium may also be transplanted to describe
the fully heavy tetraquarks.
Recently, several groups have attempted to investigate the

T4c production in the spirit of the nonrelativistic QCD
(NRQCD) factorization approach [65–70]. As an effective-
field-theory-based modern method, NRQCD factorization
has been extensively employed to describe various quarko-
nium production and decay processes [71]. Ma and Zhang
studied the inclusive production of T4c at the LHC and
conducted a numerical study of the dependence of the ratio
σð2þþÞ=σð0þþÞ on pT [65]. Zhu considered the gg → T4c
channel and predicted the low-pT spectrum of the T4c at the
LHC, taking small-pT resummation into account [69]. Feng
et al. explicitly constructed the NRQCD operators relevant
to the S-wave T4c production, and established the connec-
tion between the long-distance matrix elements (LDMEs)
and the tetraquark wave functions at the origin [66]. The
authors predicted the T4c hadroproduction rates via both the
fragmentation mechanism [66] and fixed-order NRQCD
calculation [70], as well as the exclusive radiative produc-
tion and inclusive production of T4c at B factories [67,68].
They demonstrated that, compared with the eþe− collider,
the hadron colliders have much brighter potential for
observing the fully charmed tetraquarks. The goal of this
work is to further investigate the photoproduction of the T4c
at electron-proton colliders such as HERA, EIC, and EicC.
In particular, we are interested in the large-pT regime where
NRQCD factorization can be safely applied and the
resolved-photon contribution gets heavily suppressed.
The rest of this paper is organized as follows: In Sec. II,

with the aid of the equivalent photon approximation (EPA),
we express the inclusive T4c production at the electron-ion
colliders in NRQCD factorization [70]. In Sec. III, we
compute the NRQCD short-distance coefficient (SDC) at
leading order (LO) in αs and v via a perturbative matching
procedure. In Sec. IV,we estimate theNRQCD long-distance
matrix element (LDME) through two phenomenological
potential models. We then make concrete predictions about
the pT distributions, integrated cross sections, and event
yields for T4c photoproduction at HERA, EIC, and EicC.
Finally, we summarize our findings in Sec. V.

II. NRQCD FACTORIZATION FOR
PHOTOPRODUCTION OF T4c

The photoproduction process at electron-ion colliders
can be well approximated by the EPA, also known as the

Weizsäcker-Williams approximation [72–74]. In this
approximation, the low-virtuality photon entering the
hard-scattering process is treated as a quasireal particle,
thus reducing the 2 → 3 process to a 2 → 2 onewith the on-
shell photon in the initial state. Such an approximation has
been routinely used to predict the inclusive photoproduc-
tion rate of an identified hadron, such as the large-pT

photoproduction of J=ψ [22] and D�� [75].
We use the symbol

ffiffiffi
s

p
to signify the center-of-mass

energy of the ep, and we use the symbol W to signify the
center-of-mass energy of the γp subsystem. xγ is defined to
be the momentum fraction carried by the photon relative to
the incident electron, similar to the momentum fraction of
a parton inside the proton. As such, we have W ¼ ffiffiffiffiffiffiffixγs

p .
It is also convenient to define the elasticity parameter
z≡ PT4c

· Pp=Pγ · Pp, which can be interpreted as the
fraction of the photon energy taken up by the tetraquark in
the proton rest frame. As z approaches unity, one usually is
concerned with the contamination from the diffractive con-
tributions. To be cautious, one may also need to include the
resolved photon contribution, where the photon also entails
nontrivial partonic distributions. Nevertheless, the focus of
this work is on the T4c production in the large-pT region,
where the diffractive and resolved photon contributions can
be largely removed by imposing the cuts on the z parameter.
Utilizing the EPA [72–74], one can express the inclusive

production rate of the T4c at the ep collision as [22]

dσ
dzdpT

¼
X
i

Z
1

xmin
γ

dxγ
2xipT

zð1 − zÞ fγ=eðxγÞfi=pðxi; μÞ

×
dσ̂ðγ þ i → T4c þ j; μÞ

dt̂
; ð1Þ

where i; j ¼ g, q represent the partons in QCD, and pT
denotes the transverse momentum of the T4c. fγ=e repre-
sents the electron’s parton distribution function (PDF) to
find a photon with a definite momentum fraction, and fi=p
denotes the standard proton PDF for finding a parton i with
a certain momentum fraction. σ̂ refers to the partonic cross
section, with ŝ and t̂ denoting the partonic Mandelstam
variables. μ represents the QCD factorization scale. The
momentum fraction of the parton i inside the proton is a

function of xγ , z, s, and MT4c
, xi ¼

M2
T−zM

2
T4c

xγzð1−zÞs , where the

transverse massMT ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

T4c
þ p2

T

q
. The minimal momen-

tum fraction of the photon is given by xmin
γ ¼ M2

T−M
2
T4c

z

szð1−zÞ . The

photon flux fγ=e is determined by the EPA [22,75]:

fγ=eðxγÞ ¼
α

2π

�
1þ ð1 − xγÞ2

xγ
ln

Q2
max

Q2
minðxγÞ

þ 2m2
exγ

�
1

Q2
max

−
1

Q2
minðxγÞ

��
; ð2Þ
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where Q2
minðxγÞ ¼ m2

ex2γ=ð1 − xγÞ, and me is the electron
mass. The value of Q2

max varies with experiments, with a
typical magnitude of around a few GeV2.
Since the T4c photoproduction induced by the light

quark is suppressed by extra powers of αs, in this work
we only consider the dominant partonic channel
γ þ g → T4c þ g. Due to C-parity conservation, such a
partonic process can only produce a vector S-wave tetra-

quark state 1þ− (denoted as Tð1Þ
4c below) at the lowest order

in αs.
1

The partonic cross section dσ̂=dt̂ in (1) still encapsulates
nonperturbative effects related to the hadronization into the
tetraquark. Owing to the asymptotic freedom of QCD,
dσ̂=dt̂ can be further factorized into the product of the
perturbatively calculable SDC and the NRQCD LDME.
The former encodes the creation of four heavy quarks
above the scale of ΛQCD, while the latter entails the
formation of the tetraquark at the length scale of
1=ΛQCD. According to the NRQCD factorization, the
partonic cross section in (1) at LO in the velocity expansion
can be expressed as [66–68,76]

dσ̂ðγg → Tð1Þ
4c þ XÞ

dt̂
¼ 2MT4c

m14
c

Fð1Þ
3;3ðŝ; t̂ÞhOð1Þ

3;3i; ð3Þ

where Oð1Þ
3;3 denotes the NRQCD production operator

associated with the 3̄ ⊗ 3 color channel in the diquark-

antidiquark basis, and Fð1Þ
3;3 is the respective SDC function.

As we have restricted ourselves to focus only on the S-wave
1þ− tetraquark, the 6 ⊗ 6̄ channel does not contribute due

to Fermi statistics. The NRQCD production operator Oð1Þ
3;3

can be explicitly written as [66,68]

Oð1Þ
3;3 ¼ Oi;ð1Þ

3̄⊗3

X
X

jTð1Þ
4c þ XihTð1Þ

4c þ XjOi;ð1Þ†
3̄⊗3

; ð4Þ

with

Oi;ð1Þ
3̄⊗3

¼ −
iffiffiffi
2

p ½ψT
aðiσ2Þσjψb�½χ†cσkðiσ2Þχ�d�ϵijkCab;cd3̄⊗3

: ð5Þ

The color indices a, b, c, d in Eq. (5) run from 1 to 3, and
the Cartesian indices i, j, k run from 1 to 3. The rank-4
color tensor C is defined as

Cab;cd
3⊗3̄

≡ 1

2
ϵabmϵcdn

δmn

ffiffiffiffiffiffi
Nc

p ¼ 1

2
ffiffiffi
3

p ðδacδbd − δadδbcÞ: ð6Þ

III. CALCULATION OF NRQCD
SHORT-DISTANCE COEFFICIENT

Next, we proceed to deduce the SDC Fð1Þ
3;3 in (3) through

the tree-level matching procedure. Since the SDC is
insensitive to the long-distance dynamics, one can replace

a physical Tð1Þ
4c with a free four-quark state carrying the

quantum number 1þ−, dubbed T ð1Þ
4c . By computing both

sides of (3) in perturbative QCD and perturbative NRQCD,
respectively, one can readily solve the SDC.
The calculation of the perturbative NRQCD side is

straightforward. We normalize the fictitious T ð1Þ
4c state,

such that the vacuum-to-T 4c matrix element reads

hT ð1Þ
3̄⊗3

jε ·Oð1Þ
3̄⊗3

j0i ¼ 4; ð7Þ

where ε represents the polarization vector of the fictitious
tetraquark.
In the perturbative QCD side, there are more than 300

tree-level Feynman diagrams for γg → T ð1Þ
4c þ g, one of

which is displayed in Fig. 1. Since we are interested in the
lowest order in v, we assume that all four c quarks inside

T ð1Þ
4c carry equal momentum and MT4c

≈ 4mc. We employ
the covariant projection technique to facilitate the
calculation [67,70]. Feynman diagrams and amplitudes
are generated by the package FeynArts [77], the Lorentz
contraction and trace algebra are handled by FeynCalc [77,78]
and HepLib [79]. Upon squaring the amplitude, we only sum
over two transverse polarizations for the photon and gluons.
The gauge invariance has been verified by showing that the
final expression of the unpolarized squared amplitude does
not depend on the arbitrary auxiliary four-vector introduced
in the polarization sum formula.

FIG. 1. A typical Feynman diagram for γg → Tð1Þ
4c þ g at lowest

order in αs. The blob represents the fully charmed tetraquark.

1Note that the S-wave T4c family also includes the 0þþ and
2þþ states, which can be produced at the LHC via the partonic
channel gg → T4c þ g, but are not permissible in the photo-
production channel γg → T4c þ g.
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We end up with the following expression of the SDC:

Fð1Þ
3;3ðŝ; t̂Þ ¼ π3e2cα4sr2s

h
72r8t ð5445 − 5298rt þ 1462r2t − 184r3t þ 49r4t Þ − 432r7t ð−5445

þ 9879rt − 5524r2t þ 1030r3t − 112r4t þ 42r5t Þrs þ 2r6t ð3332340 − 8427078rt þ 8454303r2t

− 4101132r3t þ 1115650r4t − 253810r5t þ 43627r6t Þr2s þ 2r5t ð5880600 − 17892198rt

þ 25180533r2t − 22035111r3t þ 12807704r4t − 4945126r5t þ 1195291r6t − 138533r7t Þr3s
þ r4t ð14113440 − 49523400rt þ 83600442r2t − 101112318r3t þ 94409051r4t

− 60657225r5t þ 24055510r6t − 5305354r7t þ 505879r8t Þr4s þ r3t ð11761200 − 49523400rt

þ 95733756r2t − 135804348r3t þ 164472260r4t − 151209848r5t þ 91395217r6t

− 33278237r7t þ 6611864r8t − 555538r9t Þr5s þ r2t ð6664680 − 35784396rt þ 83600442r2t

− 135804348r3t þ 186897370r4t − 206629419r5t þ 164091573r6t − 86266517r7t

þ 27956171r8t − 5016861r9t þ 381715r10t Þr6s þ rtð2352240 − 16854156rt þ 50361066r2t

− 101112318r3t þ 164472260r4t − 206629419r5t þ 187216756r6t − 119518674r7t

þ 52323094r8t − 14762980r9t þ 2381419r10t − 165406r11t Þr7s þ ð392040 − 4267728rt

þ 16908606r2t − 44070222r3t þ 94409051r4t − 151209848r5t þ 164091573r6t

− 119518674r7t þ 59925804r8t − 20969265r9t þ 4946107r10t − 698919r11t þ 43850r12t Þr8s
þ ð−381456þ 2386368rt − 8202264r2t þ 25615408r3t − 60657225r4t þ 91395217r5t

− 86266517r6t þ 52323094r7t − 20969265r8t þ 5682942r9t − 1042547r10t þ 119941r11t

− 6480r12t Þr9s þ ð105264 − 444960rt þ 2231300r2t − 9890252r3t þ 24055510r4t

− 33278237r5t þ 27956171r6t − 14762980r7t þ 4946107r8t − 1042547r9t þ 135646r10t

− 10512r11t þ 408r12t Þr10s þ ð−13248þ 48384rt − 507620r2t þ 2390582r3t − 5305354r4t

þ 6611864r5t − 5016861r6t þ 2381419r7t − 698919r8t þ 119941r9t − 10512r10t þ 324r11t Þr11s
þ ð2 − 3rt þ r2t Þ2ð882 − 1890rt þ 13277r2t − 21970r3t þ 14354r4t − 4032r5t þ 408r6t Þr12s

i

×
n
1327104ð3 − rsÞ2ð2 − rsÞ2ð1 − rsÞ2ðrsð2 − rtÞ − 2rtÞ2ð3 − rtÞ2ð2 − rtÞ2ð1 − rtÞ2

× ðrs þ rtÞ2ðrsð3 − 2rtÞ − 3rtÞ2
o
−1
; ð8Þ

where ec ¼ 2
3
e, rs ¼ 16m2

c=ŝ, and rt ¼ 16m2
c=t̂. Although

the full expression is somewhat lengthy, its asymptotic
form of the SDC in large pT is exceedingly simple:

Fð1Þ
3;3ðŝ; t̂Þ ¼

605π3α4se2cm8
cðŝ2 þ ŝ t̂þt̂2Þ2

1458ŝ4 t̂2ðŝþ t̂Þ2 þO
�
m9

c

p9
T

�
: ð9Þ

In the exceedingly large-pT limit, this 1=p8
T falloff is much

more suppressed with respect to the 1=p4
T scaling from

the fragmentation mechanism. Since we are working with
the LO accuracy in αs, we are unable to incorporate the
fragmentation contribution. However, it is the moderate pT
regime where the bulk of cross section lies and fragmenta-
tion approximation ceases to be applicable; our fixed-order

NRQCD prediction is expected to yield a reliable order-of-
magnitude estimate.

IV. PHENOMENOLOGY

In order tomake concrete predictions for photoproduction
rates of the vector T4c, we still need to know the concrete
value of the LDME that appears in the factorization
formula (3). Since the LDME is a genuinely nonperturbative
object, its value has to be ascertained through nonperturba-
tive means. The most reliable first-principle method to infer
this matrix element is through the lattice NRQCD simu-
lation. Unfortunately, such a lattice study is absent thus far.
As a temporary workaround, we appeal to the phenomeno-
logical potential models to estimate this LDME. After
applying the vacuum saturation approximation, we express
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the LDME in terms of the T4c wave function at the
origin [66–68]:

hOð1Þ
3;3i ≈ 48jψ 3̄⊗3ð0Þj2; ð10Þ

where ψð0Þ denotes the value of the Schrödinger wave
functionwhere all the c quarks coincide in the sameposition.
In our numerical study, we resort to two types of potential

models, referred to as model I [40] and model II [41].

With the aid of (10), these two models yield the following
estimates for the LDME:

Model I∶hOð1Þ
3;3i ¼ 0.078 GeV9;

Model II∶hOð1Þ
3;3i ¼ 0.011 GeV9: ð11Þ

We then employ (3) to calculate the pT spectrum of the
vector T4c in the ep collision, at several electron-proton
beam energy values, as indicated in Table I. We take the

TABLE I. The pT -integrated cross section for T4c-inclusive production at the EIC. The integrated luminosity of the EIC is assumed to
be 100 fb−1 for one year of data taking, as opposed to 50.5 fb−1 for the EicC. The integrated luminosity of HERA is 468 pb−1. The
estimated event yields for the EIC and EicC only account for numbers per year.

Beam energy [GeV] Model I Model II
ffiffiffi
s

p ½GeV� p e pT range [GeV] σ ½fb� N σ ½fb� N

EIC 44.7 100 5 6–20 0.022 2.2 0.0031 0.31
63.2 100 10 6–20 0.069 6.9 0.0098 0.98

104.9 275 10 6–20 0.25 25. 0.035 3.5
140.7 275 18 6–20 0.45 45. 0.064 6.4

HERA 319 920 27.5 6–20 1.5 0.72 0.22 0.10

EicC 20 19.08 5 6–9 0.000015 0.00076 2.1 × 10−6 0.00011

FIG. 2. Comparison of pT distributions of the vector T4c with LDMEs estimated from two phenomenological models, as well as with
several beam-energy configurations of the proposed EIC as detailed in Table I. We also show the LO pT distribution of J=ψ for
comparison.
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charm quark mass mc ¼ 1.5 GeV, αsðMZÞ ¼ 0.1180, and
the default value of the renormalization and factorization
scales μ ¼ MT . A rapidity cut jyj ≤ 5 is also imposed. We
utilize the CT14lo PDF set for the proton PDF [80]. To
account for the uncertainties arising from the higher-order
QCD corrections, we slide the renormalization and fac-
torization scales within the range MT=2 < μ < 2MT .
In Figs. 2 and 3, we present the pT distributions of

the vector T4c at the EIC, HERA, and EicC. We have

considered four energy configurations of EIC, as detailed in
Table I. To guarantee the events of the photoproduction
type, we impose the cuts on the photon virtuality analogous
to the case of the photoproduction of charmonia [22]:
Q2

max ¼ 2.5 GeV2 for HERA and Q2
max ¼ 1 GeV2 for the

EIC and EicC. We also impose the cuts on the elasticity
parameter to eliminate both the diffractive and resolved-
photon contributions: 0.3 < z < 0.9 for HERA, 0.05 <
z < 0.9 for the EIC, and 0.05 < z < 0.7 for the EicC.

FIG. 3. Comparison ofpT distributions ofT4c with LDMEs estimated from two phenomenological models at HERA and the future EicC.

FIG. 4. Comparison of z distributions of the vector T4c with LDMEs estimated from two phenomenological models, as well as with
several beam-energy configurations of the proposed EIC, as detailed in Table I.
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We also compare the cross sections of T4c with J=ψ . The
photoproduction of J=ψ at ep colliders has been computed
up to NLO in αs [18]. For simplicity, we only include J=ψ
production at LO in NRQCD, which is approximately 3
orders of magnitude larger than those of T4c.
In Figs. 4 and 5, we present the z distributions of the

vector T4c at the EIC, HERA, and EicC. The pT ranges are
set to be larger than 6 GeV.
Finally, in Table I, we enumerate the integrated cross

sections and event yields of the vector T4c at the EIC,
HERA, and EicC. The integrated luminosity of HERA is
468 pb−1, while that of the EIC is assumed to be 100 fb−1

for one year of data taking, as opposed to 50.5 fb−1 for the
EicC. The pT is integrated over the range 6 GeV ≤ pT ≤
20 GeV for the EIC and HERA. Due to the small beam
energy, we set the pT range to be 6 GeV ≤ pT ≤ 9 GeV for
the EicC. From Table I, we see that the event yields per year
appear to be considerable at the EIC, which implies that the
observation potential of the vector T4c at future EIC
experiments may be promising. However, the observation
prospects at both HERA and the EicC look gloomy, which
may be largely attributed to the low luminosity of HERA
and the small beam energy of the EicC.

V. SUMMARY

In this paper, within the NRQCD factorization frame-
work, we predict the pT distributions for the inclusive
photoproduction of the fully charmed tetraquark at elec-
tron-proton collisions with different beam energies, at
lowest αs and v. Due to the C-parity conservation, only

the 1þ− T4c can be produced through the photon-gluon
fusion process. With the LDME estimated through phe-
nomenological potential models, we also predict the
integrated production rates and event yields of the vector
T4c at the EIC, HERA, and EicC. Our study suggests that
the EIC is the most promising ep collider for detecting the
vector T4c events.
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