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In this study, we reconsider the states Zbð10610Þ and Zbð10650Þ by investigating the presence of
diquark-anti-diquark components as well as the hadronic molecule components in the framework of
effective field theory. The different masses of pseudoscalar mesons such as π0, η8, and η0, as well as vector
mesons like ρ0 and ω violate the Okubo-Zweig-Iizuka (OZI) rule that is well depicted under the ½Uð3ÞL ⊗
Uð3ÞR�global ⊗ ½Uð3ÞV �local symmetry. To account for the contribution of intermediate bosons of heavy

masses within the one-boson-exchange model, we introduce an exponential form factor instead of the
commonly used monopole form factor in the past. By solving the coupled-channel Schrödinger equation
with the Gaussian expansion method, our numerical results indicate that the Zbð10610Þ and Zbð10650Þ
states can be explained as hadronic molecules slightly mixing with diquark-anti-diquark states.
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I. INTRODUCTION

In the past decades, a series of quarkonium-like states
was discovered. In the bb̄ sector, Belle Collaboration
reported two charged bottomonium-like states which are
known as Zbð10610Þ and Zbð10650Þ [1] in 2011. Both of
them were observed in ϒð5SÞ → π�hbðmPÞ (m ¼ 1, 2)
and ϒð5SÞ → π�ϒðnSÞ (n ¼ 1, 2, 3), respectively. Later,
Belle confirmed their observations [2,3]. The next year
after the first discovery, the neutral state Z0

bð10610Þ was
found in the ϒð5SÞ → ϒð2S; 3SÞπ0π0 decay [4]. The
masses and widths of these states listed in PDG (Particle
Data Group) [5] are shown below:

MZ�
b
¼ 10607.2� 2.0MeV; ΓZ�

b
¼ 18.4� 2.4MeV;

MZ0
b
¼ 10609� 4.0� 4MeV;

MZ0�
b
¼ 10652.2� 1.5MeV; ΓZ0�

b
¼ 11.5� 2.2MeV;

with the quantum numbers IGðJPÞ ¼ 1þð1þÞ. For simplic-
ity, here we label the two states Zbð10610Þ and Zbð10650Þ
by Zb and Z0

b, respectively.
Theoretical research had already been performed before

the observations of the Zb states. The authors of Refs. [6,7]
indicated that there may exist a loosely bound S-wave
BB̄�=B�B̄ molecular state.
After the observation, the explanations of the nature

of the Zb states were proposed through different assump-
tions and theoretical methods. Since the masses of the
Zbð10610Þ and the Zbð10650Þ are close to the BB̄� and
B�B̄� thresholds, they are good candidates for BB̄� and
B�B̄� molecular states [8–42]. However, tetraquark inter-
pretations including diquark-anti-diquark explanation can-
not be ruled out [21,33,43–49]. As a consequence, in this
work we study these two states in the picture of the mixture
of molecular and diquark-anti-diquark components, which
is used to investigate the nature of the Zcs states observed
by LHCb in our previous work [50].
The hadronic molecule has been proposed based on the

study of a deuteron composed of a proton and a neutron.
And, this kind of topic has been widely discussed [51–54]
within different methods, especially after the observation of
Xð3872Þ in 2003 [55]. On the other hand, the concept of the
diquark-anti-diquark state was proposed for the first time
by Maiani etal. [56,57] following the revitalization of
interest in the σ meson. In this work, we use both the

*Contact author: hewei1999@outlook.com
†Contact author: 220220940071@lzu.edu.cn
‡Contact author: sunzf@lzu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 110, 054006 (2024)

2470-0010=2024=110(5)=054006(11) 054006-1 Published by the American Physical Society

https://orcid.org/0000-0002-4204-9297
https://ror.org/01mkqqe32
https://ror.org/01mkqqe32
https://ror.org/03x8rhq63
https://ror.org/01mkqqe32
https://ror.org/01mkqqe32
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.110.054006&domain=pdf&date_stamp=2024-09-09
https://doi.org/10.1103/PhysRevD.110.054006
https://doi.org/10.1103/PhysRevD.110.054006
https://doi.org/10.1103/PhysRevD.110.054006
https://doi.org/10.1103/PhysRevD.110.054006
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


molecular state and the diquark-anti-diquark state, and
make the calculation in the framework of the effective
field theory. In this way, the mesons and the diquarks are
viewed as pointlike particles, which finally form the color
singlet system. The forces between these clusters are
provided by exchanging pseudoscalar and vector mesons
as well as scalar and axial-vector diquarks.
In order to calculate the effective potentials in the

coordinate space, form factors for each vertex are needed,
such that the high-momentum contributions are suppressed.
In the works related to the one-boson-exchange (OBE)
model in the past, the monopole form factor is introduced
(see the review [51]). However, in some of our cases, since
the exchanged particles’ masses are not so small, the
monopole form factor does not work very well for it to
suppress the corresponding potentials by its numerator. So,
we introduce the exponentially parametrized form factor
and obtain the analytical expressions of the potential in the
coordinate space. Considering both the S- and D-wave
contributions, we solve the coupled-channel Schrödinger
equation to see the existence of the composite particles.
The structure of this paper is organized as follows. After

the Introduction, the theoretical framework is presented in
Sec. II. The results and discussion are shown in Sec. III.
Finally, a brief summary is given in Sec. IV.

II. FORMALISM

A. Wave functions

We give here the flavor wave functions of the negative
and neutral BB̄�=B�B̄ and B�B̄� systems constructed in
Ref. [13]:

jZ−
BB̄�=B�B̄i¼

1ffiffiffi
2

p ðjB�−B0iþcjB−B�0iÞ;

jZ0
BB̄�=B�B̄i¼

1

2
½jB�þB−i− jB�0B̄0iþcðjBþB�−i− jB0B̄�0iÞ�;

jZ−
B�B̄�i¼jB�−B�0i;

jZ0
B�B̄�i¼ 1ffiffiffi

2
p ðjB�þB�−i− jB�0B̄�0iÞ: ð1Þ

The flavor wave functions of diquark and anti-diquark
systems are constructed in analogy to the meson-meson
systems by swapping b quark and b̄ quark,

jZ−
SĀ=AS̄i¼

1ffiffiffi
2

p ðjĀbuSbdiþcjS̄buAbdiÞ;

jZ0
SĀ=AS̄

i¼1

2
½jAbuS̄bui− jAbdS̄bdiþcðjSbuĀbui− jSbdĀbdiÞ�;

jZ−
AĀi¼ jAbdĀbui;

jZ0
AĀ
i¼ 1ffiffiffi

2
p ðjAbuĀbui− jAbdĀbdiÞ: ð2Þ

The value of c depends on the G parity, i.e., c ¼ �1
corresponds to G ¼ �1. Here, we only pay attention to the
situation of c ¼ þ1, since the G parity of the considered
systems are all þ1.
In this work, both S- and D-wave interactions between

the composed particles are considered. In general, the Zb
and Z0

b states can be expressed as

jZbi ¼

0
BBBBBBBBBBBBBBBB@

Z−
BB̄�=B�B̄ð3S1Þ

Z−
BB̄�=B�B̄ð3D1Þ
Z−
B�B̄� ð3S1Þ

Z−
B�B̄�ð3D1Þ

Z−
SĀ=AS̄ð3S1Þ

Z−
SĀ=AS̄ð3D1Þ
Z−
AĀð3S1Þ

Z−
AĀð3D1Þ

1
CCCCCCCCCCCCCCCCA

; jZ0
bi ¼

0
BBBBBBBBBB@

Z−
B�B̄� ð3S1Þ

Z−
B�B̄�ð3D1Þ

Z−
SĀ=AS̄ð3S1Þ

Z−
SĀ=AS̄ð3D1Þ
Z−
AĀð3S1Þ

Z−
AĀð3D1Þ

1
CCCCCCCCCCA
:

ð3Þ

Note that for Z0
b, j5D1i state is forbidden due to its G-even

parity.

B. The effective Lagrangians and coupling constants

Next, we introduce the interactions of meson-meson
and diquark-anti-diquark by constructing the correspond-
ing Lagrangians.
As we all know, each quark is a color triplet resulting in a

diquark being a color antitriplet or sextet. The interaction
between the two quarks of an antitriplet is attractive, while
that of a sextet is repulsive. Consequently, we only consider
the effective Lagrangian containing antitriplet. The diquark
fields are depicted as

Sa ¼

0
B@

0 Sud Sus
−Sud 0 Sds
−Sus −Sds 0

1
CA

a

; ð4Þ

Aa
μ ¼

0
BB@

Auu
1ffiffi
2

p Aud
1ffiffi
2

p Aus

1ffiffi
2

p Aud Add
1ffiffi
2

p Ads

1ffiffi
2

p Aus
1ffiffi
2

p Ads Ass

1
CCA

a

μ

; ð5Þ

Sab ¼ ðSbu Sbd SbsÞa; ð6Þ

Aa
bμ ¼ ðAbu Abd AbsÞaμ; ð7Þ

where Sa is the light scalar diquark, Aa
μ the light axial vector

diquark, Sab the bottomed scalar diquark, and Aa
bμ the

bottomed axial vector diquark. The superscript a ¼ 1, 2,
3 is the color index. The meson fields read
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Φ ¼

0
BBBBB@

ffiffi
3

p
π0þη8þ

ffiffi
2

p
η0ffiffi

3
p

ffiffiffi
2

p
πþ

ffiffiffi
2

p
Kþ

ffiffiffi
2

p
π− −

ffiffi
3

p
π0þη8þ

ffiffi
2

p
η0ffiffi

3
p

ffiffiffi
2

p
K0

ffiffiffi
2

p
K−

ffiffiffi
2

p
K̄0 −2η8þ

ffiffi
2

p
η0ffiffi

3
p

1
CCCCCA
; ð8Þ

Vμ ¼
gVffiffiffi
2

p

0
BBB@

1ffiffi
2

p ðρ0 þ ωÞ ρþ K�þ

ρ− − 1ffiffi
2

p ðρ0 − ωÞ K�0

K�− K̄�0 ϕ

1
CCCA

μ

; ð9Þ

P ¼ ðB−; B̄0; B̄0
sÞ; ð10Þ

P�
τ ¼ ðB�−; B̄�0; B̄�0

s Þτ; ð11Þ

with, respectively, Φ and Vμ the light pseudoscalar and
vector, and P and P�

τ the bottomed pseudoscalar and vector.
Considering the ½Uð3ÞL ⊗ Uð3ÞR�global ⊗ ½Uð3Þ�local

symmetry [58,59], parity, and charge conjugation, the
Lagrangians containing mesons and diquarks are shown
as follows:

L1 ¼ a1ðiPα̂kμDμP† þ H:c:Þ þ a2ðiPα̂⊥μP�μ† þ H:c:Þ
þ a3ðξμναβP�

να̂⊥αDμP
�†
β þ H:c:Þ

þ a4ðiP�
να̂

μ
kDμP�ν† þ H:c:Þ; ð12Þ

L2 ¼ e1ðiPDμSaA
aμ†
b − iAaμ

b DμSa†P†Þ þ e2ðiPAa
μDμSa†b − iDμSabA

a†
μ P†Þ þ e3ðϵμναβPAa

μνA
a†
bαβ þ ϵμναβAa

bαβA
a†
μνP†Þ

þ e4ðiP�
μDμSaSa†b − iSabD

μSa†P�†
μ Þ þ e5ðϵμναβP�

μDνSaA
a†
bαβ þ ϵμναβAa

bαβDνSa†P
�†
μ Þ

þ e6ðϵμναβP�
μAa

ναDβS
a†
b þ ϵμναβDβSabA

a†
ναP

�†
μ Þ þ e7ðiP�

μAaμνAa†
bν − iAa

bνA
aμν†P�†

μ Þ
þ e8ðiP�

μAa
νA

aμν†
b − iAaμν

b Aa†
ν P�†

μ Þ þ e9ðiP�
μνAaμAaν†

b − iAaν
b Aaμ†P�†

μνÞ; ð13Þ

L3 ¼ h1ðiSabα̂μTk DμS
a†
b − iDμSabα̂

μT
k Sa†b Þ þ h2ðϵμναβAa

bμνα̂
μT
kαDβS

a†
b þ ϵμναβDβSabα̂

μT
kαA

a†
bμνÞ þ h3ðiAa

bμα̂
μT
⊥ Sa†b − iSabα̂

μT
⊥ Aa†

bμÞ
þ h4ðiAa

bμα̂
T
kνA

aμν†
b − iAaμν

b α̂TkνA
a†
bμÞ þ h5ðϵμναβAa

bμα̂
T⊥νA

a†
bαβ þ ϵμναβAa

bαβα̂
T⊥νA

a†
bαμÞ; ð14Þ

where

DμP ¼ ∂μPþ iPα†kμ ¼ ∂μPþ iPαkμ; ð15Þ

DμP�
τ ¼ ∂μP�

τ þ iP�
τα

†
kμ ¼ ∂μP�

τ þ iP�
ταkμ; ð16Þ

α⊥μ ¼ ð∂μξRξ†R − ∂μξLξ
†
LÞ=ð2iÞ; ð17Þ

αkμ ¼ ð∂μξRξ†R þ ∂μξLξ
†
LÞ=ð2iÞ; ð18Þ

α̂⊥μ ¼ ðDμξRξ
†
R −DμξLξ

†
LÞ=ð2iÞ; ð19Þ

α̂kμ ¼ ðDμξRξ
†
R þDμξLξ

†
LÞ=ð2iÞ; ð20Þ

ξL ¼ eiσ=Fσe−iΦ=ð2FπÞ; ð21Þ

ξR ¼ eiσ=FσeiΦ=ð2FπÞ; ð22Þ

Aa
μν ¼ DμAa

ν −DνAa
μ; ð23Þ

Aa
bμν ¼ DμAa

bν −DνAa
bμ; ð24Þ

DμAa
ν ¼ ∂μAa

ν − iVμAa
ν − iAa

νVT
μ ; ð25Þ

DμSa ¼ ∂μSa − iVμSa − iSaVT
μ ; ð26Þ

DμAa
bν ¼ ∂μAa

bν − iAa
bνα

T
kμ; ð27Þ

DμSab ¼ ∂μSab − iSabα
T
kμ: ð28Þ

In Eqs. (13) and (14), the Einstein summation convention is
used, i.e., the repeated superscripts “a” mean the summa-
tion over them. Comparing L1 with the Lagrangian in
Ref. [60], we have

a1 ¼ −
β

mP
; a2 ¼ −2g; a3 ¼ −

g
mP�

; a4 ¼
β

mP�
: ð29Þ

For g, we take the full width of D�þ from PDG [5], and get
g ¼ 0.58� 0.01. The parameter β is determined by the
vector meson dominance [60,61], i.e., β ≈ 0.85. For L2

and L3, there are two set of coupling constants eiði ¼
1; 2;…; 9Þ and hjðj ¼ 1; 2;…; 5Þ whose values are still
unknown. In this work, we naively use the 3P0 model to
determine them. Their values are listed in Table I. Note
that we cannot fix the sign of e3, e5, and e6 because
the relative phase between the amplitudes obtained
from the Lagrangian and 3P0 model cannot be determined.
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For e7, e8, and e9, we use the phase in Ref. [50] which
explains the Zcs well and get the values of them. In
Eqs. (21) and (22), we choose σ ¼ 0 according to the
unitary gauge [59].

C. Effective potentials with the exponential
form factor

Making use of the Breit approximation, we obtain the
effective potentials in the momentum space,

VH1H2→H3H4ðqÞ ¼ MH1H2→H3H4ðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
i2mi

Q
f2mf

q ; ð30Þ

where mi (i ¼ 1, 2, 3, 4) denotes the mass of the particle
labeled by i. By performing the Fourier transformation, we
get the effective potential in the coordinate space,

VH1H2→H3H4ðrÞ ¼
Z

d3q
ð2πÞ3 e

iq·rVH1H2→H3H4ðqÞF2ðq2Þ:

ð31Þ

Here, Fðq⃗2Þ is the form factor which suppresses the
contribution of high momenta, i.e., small distance. And,
the presence of such a form factor is dictated by the
extended (quark) structure of the hadrons. In this work, we
adopt the exponentially parametrized form factor

Fðq2Þ ¼ eq
2=Λ2 ¼ eðq20−q⃗2Þ=Λ2

; ð32Þ

with Λ the cutoff.
Another option of the form factor is monopole expres-

sion, i.e.,

FMðq2Þ ¼
Λ2 −m2

E

Λ2 − q2
; ð33Þ

with mE the mass of the exchanged particle. If the
exchanged meson’s mass is large, for instance in the case
of ϕ- or diquark-exchange, FMðq2Þ is highly suppressed by
the numerator Λ2 −m2

E, which would lead to unreasonable
results. Consequently, we choose the exponentially para-
metrized form factor in this work.

In Eqs. (34)–(51), we list the specific expressions of
the nonzero effective subpotentials which are isospin
independent:

VB̄�B→B̄�B=B̄B�→B̄B�
v ¼ Cv

ðβgVÞ2mB�mB

4MPMP�
ðϵ1=2 · ϵ†3=4Þ

× YðΛ; mv; rÞ; ð34Þ

VB̄B�→B̄�B
p ¼ Cp

�
g

2Fπ

�
2

½ðϵ2 · ϵ†3ÞZðΛ; m̃p; rÞ

þ Sðr̂; ϵ2; ϵ†3ÞTðΛ; m̃p; rÞ�; ð35Þ

VB̄�B=B̄B�→B̄�B�
p ¼ δBB̄�=B�B̄Cp

g2mB�

4MP�F2
π

× ½ϵ†4=3 · ðϵ1=2× ϵ†3=4ÞZðΛ; m̃p; rÞ
þSðr̂;ϵ†4=3;ϵ1=2× ϵ†3=4ÞTðΛ; m̃p;rÞ�; ð36Þ

VB̄�B→SĀ=B̄B�→AS̄
Sud

¼ −
ffiffiffi
3

p

12
e1e4½ðϵ1=2 · ϵ†4=3ÞZðΛ; m̃Sud ; rÞ

þ Sðr̂; ϵ1=2; ϵ†4=3ÞTðΛ; m̃Sud ; rÞ�; ð37Þ

VB̄�B→SĀ=B̄B�→AS̄
Aud

¼
ffiffiffi
3

p
e3e6mSbqmAbq

�
2

3
ðϵ1=2 · ϵ†4=3Þ

× ZðΛ; m̃Aud
; rÞ − 1

3
Sðr̂; ϵ1=2; ϵ†4=3Þ

× TðΛ; m̃Aud
; rÞ

�
; ð38Þ

VB̄�B→AS̄=B̄B�→SĀ
Aud

¼ −
ffiffiffi
3

p

8
e2ðe8mAbq

þ e9mB�ÞmSbq

×

�
m̃Aud

mAud

�
2

ðϵ1=2 · ϵ†3=4ÞYðΛ; m̃Aud
; rÞ;

ð39Þ

VB̄�B=B̄B�→AĀ
Sud

¼ δBB̄�=B�B̄
1

2
ffiffiffi
3

p e1e5mAbq

× ½ϵ†4=3 · ðϵ1=2× ϵ†3=4ÞZðΛ; m̃Sud ; rÞ
þSðr̂;ϵ†4=3;ϵ1=2× ϵ†3=4ÞTðΛ; m̃Sud ; rÞ�; ð40Þ

VB̄�B=B̄B�→AĀ
Aud

¼ δBB̄�=B�B̄

ffiffiffi
1

3

r
e3e7mAbq

× ½ϵ1=2 ·ðϵ†3=4×ϵ†4=3ÞZðΛ;m̃Aud
;rÞ

−
1

2
Sðr̂;ϵ†3=4;ϵ1=2×ϵ†4=3ÞTðΛ;m̃Aud

;rÞ

þ1

2
Sðr̂;ϵ1=2;ϵ†3=4×ϵ†4=3ÞTðΛ;m̃Aud

;rÞ�; ð41Þ

TABLE I. The values of the low-energy constants in the
Lagrangians containing diquarks.

e1 ðGeV−1Þ e2 ðGeV−1Þ e3 ðGeV−2Þ e4 ðGeV−1Þ e5 ðGeV−2Þ
−6.353 1.657 �0.555 4.885 �0.566
e6 ðGeV−2Þ e7 ðGeV−1Þ e8 ðGeV−1Þ e9 ðGeV−1Þ
�1.005 0.909 13.348 −11.530
h1 ðGeV−1Þ h2 ðGeV−1Þ h3 ðGeV−1Þ h4 ðGeV−1Þ h5 ðGeV−1Þ
0.084 �0.130 0.266 1.457 �0.011
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VB̄�B�→B̄�B�
v ¼ Cv

�
βgVmB�

2MP�

�
2

ðϵ1 · ϵ†3Þðϵ2 · ϵ†4ÞYðΛ; mv; rÞ;

ð42Þ

VB̄�B�→B̄�B�
p ¼ Cp

�
gmB�

2mP�Fπ

�
2

½ðϵ1 × ϵ†3Þ · ðϵ2 × ϵ†4Þ

× ZðΛ; mp; rÞ þ Sðr̂; ϵ1 × ϵ†3; ϵ2 × ϵ†4Þ
× TðΛ; mp; rÞ�; ð43Þ

VB̄�B�→SĀ=S̄A
Sud

¼ −
δSĀ=AS̄

2
ffiffiffi
3

p e4e5mAbq
½ϵ1=2 · ðϵ2=1 × ϵ†4=3Þ

× ZðΛ; m̃Sud ; rÞ þ Sðr̂; ϵ1=2; ϵ2=1 × ϵ†4=3Þ
× TðΛ; m̃Sud ; rÞ; ð44Þ

VB̄�B�→SĀ=AS̄
Aud

¼ −δSĀ=AS̄
1

2
ffiffiffi
3

p e6e7mSbq

× ½ϵ2=1 · ðϵ1=2 × ϵ†4=3ÞZðΛ; m̃Aud
; rÞ

þ 1

2
Sðr̂; ϵ2=1; ϵ1=2 × ϵ†4=3ÞTðΛ; m̃Aud

; rÞ

−
1

2
Sðr̂; ϵ†4=3; ϵ1=2 × ϵ2=1ÞTðΛ; m̃Aud

; rÞ�;
ð45Þ

VB̄�B�→AĀ
Sud

¼
e25m

2
Abqffiffiffi
3

p ½ðϵ1 × ϵ†3Þ · ðϵ2 × ϵ†4ÞZðΛ; m̃Sud ; rÞ

þ Sðr; ϵ1 × ϵ†3; ϵ2 × ϵ†4ÞTðΛ; m̃Sud ; rÞ�; ð46Þ

VB̄�B�→AĀ
Aud

¼ −
ffiffiffi
3

p
e27

24
½2ðϵ2 · ϵ†3Þðϵ1 · ϵ†4ÞZðΛ; m̃Aud

; rÞ − 2ðϵ1 · ϵ2Þðϵ†3 · ϵ†4ÞZðΛ; m̃Aud
; rÞ þ ðϵ2 · ϵ†3ÞSðr; ϵ1; ϵ†4ÞTðΛ; m̃Aud

; rÞ
− ðϵ†3 · ϵ†4ÞSðr̂; ϵ1; ϵ2ÞTðΛ; m̃Aud

; rÞ þ ðϵ1 · ϵ†4ÞSðr̂; ϵ2; ϵ†3ÞTðΛ; m̃Aud
; rÞ − ðϵ1 · ϵ2ÞSðr̂; ϵ†3; ϵ†4ÞTðΛ; m̃Aud

; rÞ�

−
ffiffiffi
3

p

8
ðe8mAbq

þ e9mB� Þ2
�
m̃Aud

mAud

�
2

ðϵ1 · ϵ†3Þðϵ2 · ϵ†4ÞYðΛ; m̃Aud
; rÞ; ð47Þ

VSĀ→SĀ=AS̄→AS̄
v ¼ Cv

�
gV
2

�
2

h1h4mAbq
mSbqðϵ2=1 · ϵ†4=3ÞYðΛ; mv; rÞ; ð48Þ

VSĀ→AS̄=AS̄→SĀ
p ¼ Cp

�
h3
4Fπ

�
2

½ðϵ1=2 · ϵ†4=3ÞZðΛ; m̃p; rÞ þ Sðr̂; ϵ1=2; ϵ†4=3ÞTðΛ; m̃p; rÞ�; ð49Þ

VSĀ=AS̄→AĀ
p ¼ δSĀ=AS̄Cp

h3h5
4F2

π
mAbq

½ϵ†3=4 · ðϵ2=1 × ϵ†4=3ÞZðΛ; m̃p; rÞ þ Sðr̂; ϵ†3=4; ϵ2=1 × ϵ†4=3ÞTðΛ; m̃p; rÞ�; ð50Þ

VAĀ→AĀ
v ¼ Cv

g2Vh
2
4m

2
Abq

4
ðϵ1 · ϵ†3Þðϵ2 · ϵ†4ÞYðΛ; mv; rÞ;

VAĀ→AĀ
p ¼ Cp

�
h5mAbq

Fπ

�
2

½ðϵ1 × ϵ†3Þ · ðϵ2 × ϵ†4ÞZðΛ; mp; rÞ þ Sðr; ϵ1 × ϵ†3; ϵ2 × ϵ†4ÞTðΛ; mp; rÞ�: ð51Þ

In the above equations, the subscript p denotes the light
pseudoscalar mesons π, η8,and η0, and v denotes the light
vectors ρ and ω. The coefficients Cπ0 ¼ 1

3
; Cη8 ¼ − 1

9
;

Cη0 ¼ − 2
9
, Cρ ¼ 1, Cω ¼ −1, δBB̄� ¼ 1, δB�B̄ ¼ −1,

δSĀ ¼ 1, and δAS̄ ¼ −1. And, Sðr̂; a; bÞ ¼ 3ðr̂ · aÞðr̂ · bÞ−
a · b, q0 ¼ m2

2
−m2

1
þm2

3
−m2

4

2ðm3þm4Þ , m̃2
E ¼ m2

E − q20 with E the ex-

changed particle. The functions YðΛ; m; rÞ, ZðΛ; m; rÞ, and
TðΛ; m; rÞ are defined as

YðΛ; m; rÞ ¼
Z

d3q
ð2πÞ3 e

iq⃗·r⃗ 1

q⃗2 þm2 − iϵ
e2ðq20−q⃗2Þ=Λ2

; ð52Þ

ZðΛ; m; rÞ ¼ 1

r2
∂

∂r
r2

∂

∂r
YðΛ; m; rÞ; ð53Þ

TðΛ; m; rÞ ¼ r
∂

∂r
1

r
∂

∂r
YðΛ; m; rÞ: ð54Þ

In the Appendix, we will show the calculation method of
the integral YðΛ; m; rÞ.
Taking into account S- and D-wave functions, the

products of the polarization vectors in the subpotentials
are presented below:
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ϵ1 · ϵ
†
3=4

ϵ2 · ϵ
†
3=4

ðϵ1 · ϵ†3Þðϵ2 · ϵ†4Þ
−ðϵ1 · ϵ†4Þðϵ2 · ϵ†3Þ
ðϵ1 × ϵ†3Þ · ðϵ2 × ϵ†4Þ

9>>>>>>>>>=
>>>>>>>>>;

⟶

�
1 0

0 1

�
;

Sðr̂; ϵ1; ϵ4†Þ
Sðr̂; ϵ2; ϵ3†Þ

Sðr̂; ϵ1 × ϵ†3; ϵ2 × ϵ†4Þ
2ðϵ2 · ϵ†3ÞSðr̂; ϵ1; ϵ†4Þ
2ðϵ1 · ϵ†4ÞSðr̂; ϵ2; ϵ†3Þ

9>>>>>>=
>>>>>>;

⟶

�
0 −

ffiffiffi
2

p

−
ffiffiffi
2

p
1

�
;

ϵ1=2 · ðϵ†4 × ϵ†3Þ
ϵ1 · ðϵ2 × ϵ†3=4Þ

�
⟶

�
i

ffiffiffi
2

p
0

0 i
ffiffiffi
2

p
�
;

2Sðr̂; ϵ†4; ϵ†3 × ϵ1=2Þ
2Sðr̂; ϵ†3; ϵ1=2 × ϵ†4Þ
2Sðr̂; ϵ1; ϵ2 × ϵ†3=4Þ
2Sðr̂; ϵ2; ϵ†3=4 × ϵ1Þ
Sðr̂; ϵ1=2; ϵ†3 × ϵ†4Þ
Sðr̂; ϵ†3=4; ϵ2 × ϵ1Þ

9>>>>>>>>>>>=
>>>>>>>>>>>;

⟶

�
0 2i

2i −i
ffiffiffi
2

p
�
;

ϵ1 · ϵ2; ϵ
†
3 · ϵ

†
4

ðϵ†3 · ϵ†4ÞSðr̂; ϵ1; ϵ2Þ
ðϵ1 · ϵ2ÞSðr̂; ϵ†3; ϵ†4Þ

9>>=
>>;

⟶

�
0 0

0 0

�
:

Hereafter, we label the channels BB̄�=B�B̄, B�B̄�, SĀ=AS;
and AĀ by CH1, CH2, CH3, and CH4, respectively. The
elements of the total potential matrix V̂ is

VCH1→CH1 ¼ 1

2

�
VB̄B�→B̄B�
ρ;ω þ 2VB̄B�→B̄�B

π;η8;η0 þ VB̄�B→B̄�B
ρ;ω

	
;

ð55Þ

VCH1→CH2 ¼ 1ffiffiffi
2

p
�
VB̄�B→B̄�B�
π;η8;η0 þ VB̄B�→B̄�B�

π;η8;η0

	
; ð56Þ

VCH1→CH3 ¼ 1

2

�
VB̄�B→AS̄
Aud

þ VB̄B�→AS̄
Sud;Aud

þ VB̄�B→SĀ
Sud;Aud

þ VB̄�B→AS̄
Aud

	
; ð57Þ

VCH1→CH4 ¼ 1ffiffiffi
2

p
�
VB̄�B→AĀ
Sud;Aud

þ VB̄B�→AĀ
Sud;Aud

	
; ð58Þ

VCH2→CH2 ¼ VB̄�B�→B̄�B�
ρ;ω þ VB̄�B�→B̄�B�

π;η8;η0 ; ð59Þ

VCH2→CH3 ¼ 1ffiffiffi
2

p
�
VB̄�B�→AS̄
Sud;Aud

þ VB̄�B�→SĀ
Sud;Aud

	
; ð60Þ

VCH2→CH4 ¼ VB̄�B�→AĀ
Sud;Aud

; ð61Þ

VCH3→CH3 ¼ 1

2

�
VSĀ→SĀ
ρ;ω þ 2VSĀ→AS̄

π;η8;η0 þ VAS̄→AS̄
ρ;ω

	
; ð62Þ

VCH3→CH4 ¼ 1ffiffiffi
2

p
�
VSĀ→AĀ
π;η8;η0 þ VAS̄→AĀ

π;η8;η0

	
; ð63Þ

VCH4→CH4 ¼ VAĀ→AĀ
ρ;ω þ VAĀ→AĀ

π;η8;η0 : ð64Þ

The subscripts mean the following summation:

V
CHi→CHj

E1;E2;��� ¼
X

a¼E1;E2;���
V
CHi→CHj
a : ð65Þ

III. RESULTS AND DISCUSSION

With the preparation above, adopting the Gaussian
expansion method (GEM) [62], we solve the coupled-
channel Schrödinger equation to find the boundstate
solutions,

ðK̂ þ M̂ þ V̂ÞΨ ¼ EΨ: ð66Þ

Here, K̂ ¼ diagð− Δ̃
2μ1

;− Δ̃
2μ2

; � � �Þ, M̂ ¼ diagð0;M2 −M1;

M3 −M1; � � �Þ, and Δ̃ ¼ 1
r2

∂

∂r ðr2 ∂

∂rÞ − lðlþ1Þ
r2 . The coupled-

channel Schrödinger equation (66) is symmetric under the
following transformation:

UðK̂ þ M̂ þ V̂ÞΨ ¼ UEΨ; ð67Þ
⇒ UðK̂ þ M̂ þ V̂ÞU−1UΨ ¼ EUΨ; ð68Þ
⇒ ðK̂ þ M̂ þ UV̂U−1ÞΨ̃ ¼ EΨ̃; ð69Þ

where U ¼ diagðeiθ1 ; eiθ2 ; � � �Þ, Ψ̃ ¼ UΨ. Here, the word
“symmetric”means the energy E does not change under the
transformation of the Schrödinger equation. All the U form
a reducible Lie group Uð1Þ ⊗ Uð1Þ ⊗ � � � ⊗ Uð1Þ.
In this work, some of the off-diagonal elements of the

potential matrix are imaginary. So, we cannot numerically
solve the Schrödinger equation by our program, which
needs a real potential matrix. If we perform the

FIG. 1. The diagram of B�−B�0 → B�−B�0 on quark and hadron
levels.
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transformation mentioned above, the problem is solved.
which means that the potential matrix becomes real. The
corresponding parameters are chosen as θ1 ¼ θ2 ¼ π

2
,

θ3 ¼ θ4 ¼ 0, θ5 ¼ θ6 ¼ π
2
, � � �.

It is also interesting to discuss the OZI suppressed
processes on both the quark and hadron levels, which
was already pointed out in Ref. [27]. We take the B�−B̄�0 →
B�−B̄�0 process as an example. On the quark level, we can
see from Fig. 1 that the diagram is nonconnected, which
means it is OZI suppressed. On the hadron level, the
exchanged particle could be the pseudoscalar mesons
π; η8; η0 and the vector mesons ρ, ω. Since the masses
of ρ andω are almost close to each other, their contributions
to the total potential cancel out, which can be seen from
Eqs. (42) and (59). Under the ½Uð3ÞL ⊗ Uð3ÞR�global ⊗
½Uð3Þ�local symmetry, the pseudoscalar mesons appearing in
Φ [see Eq. (8)] have the same mass. In this case, the
contributions of π, η8, and η0 to the total potential also
cancel out. This conclusion coincides with the OZI rule.
However, the real masses of π, η8, and η0 are different, so
the total potential is nonzero, which depicts the phenome-
non of the violation of the OZI rule.
As we mentioned above, in this work we use the

exponentially parametrized form factor in our calculation.
For comparison, we take the B�B̄� → B�B̄� process as an
example, and plot in Fig. 2 the potentials with both the
exponential form factor and the monopole one. We
notice that

(i) item 1 VB�B̄�→B�B̄�
ρ0

and VB�B̄�→B�B̄�
ω have almost the

same absolute value, but different signs, i.e., the con-
tribution of ρ−and ω−exchange is approximately

zero. So, VB�B̄�→B�B̄�
is mainly contributed by π−,

η8−, and η0−exchange;
(ii) the monopole form factor suppresses the contribu-

tion from the exchanged particle with heavier mass,
which can be clearly seen from the situation of η0−
exchange, since mη0 ≃ 0.96 GeV;

(iii) in the long interaction range, the pion-exchange
subpotential is dominant with both monopole and
exponential form factors;

(iv) in the short and medium range, the vector-exchange
subpotentials are compatibly larger than that of
the pion exchange with exponential form factor.
However, for the monopole form factor, the pion-
exchange contribution is still dominant.

The values of the masses of diquarks taken from Ref. [63]
are listed in Table II, and the meson masses are taken from
PDG. Then, we solve the Schrödinger equation, and
the numerical results are presented in Table III. For
BB̄�=B�B̄�=SĀ=AĀ and B�B̄�=SĀ=AĀ systems, loosely
bound states exist when the cutoff is reasonably chosen
as Λ ∼ 1 GeV. If the value of Λ increases, the binding
energies increase as well, while the root-mean-square radii
decrease. For both of these two systems, the D-wave
contribution is much smaller than that of the S wave.

(a) (b)

(c) (d)

FIG. 2. The effective potential for S-wave B�B̄� to S-wave B�B̄� with different form factors.

TABLE II. The diquark masses we use in effective potentials
from Ref. [63]. q indicates u or d quark.

mSbq ðGeVÞ mAbq
ðGeVÞ mSqq ðGeVÞ mAqq

ðGeVÞ
5.451 5.465 0.691 0.840
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Besides, the meson-meson component is much larger
than the diquark-anti-diquark component. That is to say,
both Zbð10610Þ and Zbð10650Þ can be explained as
hadronic molecules mixing with a few diquark-anti-diquark
components.
It is worth mentioning that the masses of the Zb and

Z0
b states extracted by Belle Collaboration are slightly

above the BB̄� and B�B̄� thresholds. However, in
Ref. [9], the authors demonstrated that if the Zb states
are indeed generated from nonperturbative BB̄� þ c:c:
and B�B̄� dynamics, the data should not be analyzed
using a Breit-Wigner parametrization. They also showed
that the data of Belle experiment are consistent with the
assumption that the main components of the lower- and
higher Zb states are S-wave BB̄� þ c:c: and B�B̄� bound
states, whose masses are located below BB̄� and B�B̄�
thresholds. This discussion is also applicable to our case,
which means that our study in the picture of bound states
does not contradict the experimental data of Belle
Collaboration.

IV. SUMMARY

In this work, we extend the ½Uð3ÞL ⊗ Uð3ÞR�global ⊗
½Uð3Þ�local symmetry to the diquark sector and construct
the Lagrangians containing diquarks. In this way, we can
introduce the diquark-exchange interactions and study the
nature of the Zb states as the mixture of hadronic molecule
and diquark-anti-diquark state. In order to make the small
distance interaction suppressed, we introduce the exponen-
tial form factor instead of the monopole form factor for
each vertex, and calculate the effective potentials in the
coordinate space analytically. We see that in the short-
and medium ranges, ρ−or ω−exchange contribution is
larger than that of pion exchange, while the pion exchange
is dominant in the long range. Besides, Bð�Þ−B̄ð�Þ0 →
Bð�Þ−B̄ð�Þ0 processes are OZI suppressed, which can be
easily seen on the quark level. This is well depicted under
the ½Uð3ÞL ⊗ Uð3ÞR�global ⊗ ½Uð3Þ�local symmetry, since
the π−, η8−, η0−, ρ−, and ω−exchange contributions

cancel out. If taking the real masses of the exchanged
particles which are different, the potential is nonzero
corresponding to OZI violation.
Taking into account S- and D-wave contributions, we

solve the coupled-channel Schrödinger equation, which
obeys the Uð1Þ ⊗ Uð1Þ ⊗ … ⊗ Uð1Þ symmetry. The
numerical results show that both Zbð10610Þ and
Zbð10650Þ can be explained as hadronic molecules slightly
mixing with diquark-anti-diquark states. If the cutoff is
chosen around Λ ¼ 1 GeV for both Zbð10610Þ and
Zbð10650Þ, the probabilities of molecular components
are about 90%, while those of diquark-anti-diquark com-
ponents are less than 10%. Besides, the S-wave contribu-
tion is much larger than that of the D wave. Our work can
help to understand the nature of the Zb states.
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APPENDIX: CALCULATION OF THE
FUNCTIONS YðΛ;m; rÞ AND UðΛ;m; rÞ

The definition of YðΛ; m; rÞ is shown in Eq. (52), i.e.,

YðΛ;m; rÞ ¼
Z

d3q
ð2πÞ3 e

iq⃗·r⃗ 1

q⃗2 þm2 − iϵ
e2ðq20−q⃗2Þ=Λ2

: ðA1Þ

After integrating out the azimuth and polar angle,
we have

YðΛ; m; rÞ ¼ −
e2q

2
0
=Λ2

ð2π2rÞ
∂

∂r
Fðr; 2=Λ2Þ; ðA2Þ

TABLE III. The obtained bound-state solutions (binding energy E and root-mean-square radius rRMS) for the
charged Zb system. PM is the probability of the channels BB̄�=B�B̄ð3S1Þ; BB̄�=B�B̄ð3D1Þ; B�B̄�ð3S1Þ; B�B̄�ð3D1Þ
for Zbð10610Þ, and B�B̄�ð3S1Þ; B�B̄�ð3D1Þ for Zbð10650Þ, respectively. PD is the probability of the channels
SĀ=AS̄ð3S1Þ, SĀ=AS̄ð3D1Þ, AĀð3S1Þ, AĀð3D1Þ.
State Λ ðGeVÞ E ðMeVÞ rRMS ðfmÞ PM ð%Þ PD ð%Þ
Zbð10610Þ 1.10 −1.10 2.02 90.32=0.30=6.94=0.03 1.27=0.06=1.07=0.01

1.15 −3.78 1.15 78.40=0.22=16.24=0.02 2.24=0.09=2.78=0.01
1.20 −8.66 0.80 64.11=0.12=27.39=0.01 3.03=0.10=5.23=0.01

Zbð10650Þ 1.00 −2.76 1.41 95.91=0.29 0.10=0.01=3.67=0.02
1.05 −5.60 1.06 94.04=0.27 0.18=0.01=5.47=0.03
1.10 −9.58 0.86 92.02=0.26 0.29=0.01=7.39=0.04
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where

Fðr; 2=Λ2Þ ¼
Z

∞

−∞
dq

1

q2 þm2 − iϵ
e−2q

2=Λ2

eiqr: ðA3Þ

One can prove that the function Fðr; 2=Λ2Þ satisfies the
following first-order differential equation:

∂

∂α
Fðr; αÞ −m2Fðr; αÞ ¼ −

Z
∞

−∞
dqe−q

2αeiqr

¼ −
ffiffiffi
π

α

r
e−

r2
4α; ðA4Þ

with α ¼ 2=Λ2. Besides, we calculate Fðr; 0Þ by using the
residue theorem, i.e.,

Fðr; 0Þ ¼ π

m
e−mr; ðA5Þ

which can be treated as the initial condition of the differ-
ential equation (A4). Through solving this initial value
problem, we have

YðΛ; m; rÞ ¼ −
e2q

2
0
=Λ2

ð2πÞ2r
∂

∂r



e2m

2=Λ2 π

2m

�
emr þ e−mr

− emrerf

�
Λr
2

ffiffiffi
2

p þ
ffiffiffi
2

p
m

Λ

�

þ e−mrerf
�

Λr
2

ffiffiffi
2

p −
ffiffiffi
2

p
m

Λ

���
: ðA6Þ

Using the same method, as a product, we also calculate
the following function:

UðΛ; m; rÞ ¼
Z

d3q
ð2πÞ3 e

iq⃗·r⃗ 1

q⃗2 −m2 − iϵ
e2ðq

2
0
−q⃗2Þ=Λ2

¼ e2q
2
0
=Λ2

ð2πÞ2r
∂

∂r



π

�
−

1

2im

�
e−imrerf

�
rΛ
2

ffiffiffi
2

p

−
ffiffiffi
2

p
im
Λ

�
− eimrerf

�
rΛ
2

ffiffiffi
2

p þ
ffiffiffi
2

p
im
Λ

��

−
i
m
cosðmrÞ

�
e−2m

2=Λ2

�
: ðA7Þ
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