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We revisited the computation of the cross section for the μþμþ → lþlþ ðlþ ¼ τþ; eþÞ transitions in the
presence of new heavy Majorana neutrinos. We focus on scenarios where the masses of the new states are
around some few TeV, the so-called low-scale seesaw models. Our analysis is set in a simple model with
only two new heavy Majorana neutrinos considering the current limits on the heavy-light mixings. Our
results illustrate the difference between the genuine effects of two nondegenerate heavy Majorana states
and the degenerate case where they form a Dirac singlet field.
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I. INTRODUCTION

The observation of neutrino oscillation [1–3] estab-
lishes that lepton flavor is not conserved, at least not in
the neutrino sector, and demands an explanation of the
origin and nature of neutrino masses.1 Furthermore, if
neutrinos are massive particles, they will induce charged
lepton flavor violation (cLFV) at the one-loop level,
even though these processes have never been observed.
This fact can be well explained in minimal massive

neutrino models such as both the νSM [9] and type-I
seesaw models [10–13]. In the former, there is a
suppression factor of ðmν=EÞ2 (with E as the scale of
the processes) for the contribution of the light active
neutrinos, while in the latter, the contributions of the new
heavy sector have a suppression of the order ðE=mNÞ2 in
the heavy-light mixing of the heavy states, which is
equally small.
In contrast, cLFV can emerge considerably in other

well-motivated massive neutrino scenarios known as
the low-scale-seesaw models. Specifically, the inverse
[14,15] and linear models [16] can be seen as an
alternative to the traditional high-scale type-I seesaw
by considering specific textures for the neutrino mass
matrix [17]. In this way, the search for cLFV processes
is one of the most compelling ways to test such
scenarios [18–21].
Nowadays, the so-called three “golden” cLFV processes,

μ → eγ, μ → eēe, and μ − e conversion, set limits
with sensitivities around the order 10−13 for the former
two and 10−12 for the latter process [22–24], respectively.
Nevertheless, a completely new generation of experi-
ments would be able to considerably improve such
limits. Specifically, the MEG-II, Mu3e, PRISM, COMET,
and Mu2e Collaborations will reach sensitivities of
6 × 10−14 [25,26] for μ → eγ, 10−16 [27] for μ → eēe,
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1Testing whether neutrinos are Dirac or Majorana particles
remains one of the most significant challenges in particle physics.
The most promising way is the search for double beta decay of
nuclei without neutrinos [4–6]. If this process were observed, it
would provide direct evidence that neutrinos are Majorana
particles. Furthermore, alternative methods have been discussed
in the literature; see, for example, [7,8].
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10−18 [28] for μ − eðTiÞ conversion, and 10−17 [29] and
10−16 [30] for μ − eðAlÞ conversion, respectively.2

Additionally, the potential advent of muon colliders
[52–60] opens another route for complementary searches
of new physics (NP) [61–66]. This idea includes the
possibility of both muon-antimuon (μ−μþ) [54–57,60]
and same-sign (μþμþ) muon colliders [67–71] with a
center-of-mass energy in the TeV scale. Motivated by this,
in this work, we compute the cross section for the μþμþ →
lþlþ (lþ ¼ τþ; eþ) transitions in scenarios that introduce
new heavy neutrino states. Our attention is focused on
models with massive Majorana neutrinos around the TeV
scale. Furthermore, our results address some comments on
previous computations for the e−e− → μ−μ− [72] and
μ�μ� → l�l� (l� ¼ τ�; e�) channels [73]. In those
previous works, only the contributions of one-loop box
diagrams with explicit lepton number-violating (LNV)
vertices are included. However, we highlight that an
accurate estimation requires another set of diagrams omit-
ted in Refs. [72,73].3

The manuscript is structured as follows: Sec. II intro-
duces a simple model that captures all the relevant effects of
new heavy neutrinos to cLFV transitions. This minimal
scenario will allow us to estimate the genuine effects of two
nondegenerate Majorana states and compare it with the
degenerate case, where they define a Dirac singlet field.
After that, Sec. III is devoted to the meaningful aspect of
our computation introducing the μþμþ → lþlþ (l ¼ e, τ)
one-loop amplitudes in massive neutrino models (some
important details and identities used in our computation are
left to the Appendixes). Then Sec. IV estimates the total
cross section for these processes based on both the current
limits of the heavy-light mixings and a perturbative con-
dition. Finally, the conclusions and a summary of our
results are presented in Sec. V.

II. THE MODEL

We work in a simplified model previously presented in
Refs. [74–76]. Here, the neutrino sector is composed of five
self-conjugate states whose left-handed components χLi
include the three active neutrinos (i ¼ 1; 2; 3) plus two
sterile spinors χf4;5g of opposite lepton number. The
Lagrangian defining the neutrino masses is assumed to
have the following form:

−L ⊃
X3

i

YiΦ̃†Liχ
c
5 þMχc5χ4 þ

1

2
μχ̄5χ

c
5 þ H:c:; ð2:1Þ

where Φ̃≡ iσ2Φ� stands for the charge conjugate Higgs
field, Li the lepton SM doublets, and Yi corresponds to
Yukawa couplings. After the spontaneous electroweak
symmetry breaking, the neutrino mass matrix is written as

Mν ¼

0
BBBBBB@

0 0 0 0 m1

0 0 0 0 m2

0 0 0 0 m3

0 0 0 0 M

m1 m2 m3 M μ

1
CCCCCCA
; ð2:2Þ

with the masses mi ≡ Yiv=
ffiffiffi
2

p
for (i ¼ 1; 2; 3), and

v ≈ 256 GeV for the vacuum expectation value of the
Higgs field. The diagonalization of Eq. (2.2) leads to three
massless neutrinos νi and two heavy neutrino states with
masses

mfN1;N2g ¼
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðm2 þM2Þ þ μ2

q
� μ

�
; ð2:3Þ

with the definition m2 ≡m2
1 þm2

2 þm2
3.

On the other hand, the charged lepton currents necessary
for computing the cLFV processes are described by [74,75]
(arising, at one-loop level, through the mixing of the
leptonic sector)

LW� ¼ −
gffiffiffi
2

p W−
μ

X3

i¼1

X5

j¼1

BijliγμPLχj þ H:c: ð2:4Þ

Working in the Feynman-’t Hooft gauge would also require
considering the interaction of the unphysical charged
Goldstone bosons with a pair of leptons; those vertices
are described by [74,75]

LG� ¼−
gffiffiffi
2

p G−
X3

i¼1

X5

j¼1

Bijli

�
mli

MW
PL−

mXj

MW
PR

�
χjþH:c:

ð2:5Þ

In the above expressions, Bij is a rectangular 3 × 5 matrix
defining the mixing in the leptonic sector. The elements
involving the heavy new states N1;2 are crucial in the
description of both LNV and cLFV effects. They can be
written as

BkN1
¼−i

r1=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r1=2

p sνk ; BkN2
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r1=2
p sνk ; ð2:6Þ

with the definition r≡m2
N2
=m2

N1
, and sνk (k ¼ e, μ, τ)

defining the angles of the heavy states with the three

2Searches for cLFV in other sectors such as tau [31–36],
mesons [37–46], Z [47–49], and Higgs decays [50,51] also play a
crucial role in the intense activity of both experimental and
theoretical groups. These transitions are complementary with
exploring effects at different energy scales and may help to
distinguish different sources of cLFV among the plethora of
new physics scenarios.

3Note that our computation can be implemented easily to other
specific low-scale-seesaw models such as the linear and the
inverse seesaw models.
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flavors, they are expressed as follows

s2νk ¼
mkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffimN1
mN2

p : ð2:7Þ

Something appealing about this scenario is that all the
phenomenology of the leptonic mixing is described in
terms of only five independent parameters, namely, a heavy
mass mN1

, the ratio r and the three heavy-light mixings sνk .
It is important to mention that this is a simplified model

unable to explain the masses and mixings of the light active
neutrinos; however, it suffices to describe the main moti-
vation of this work, namely, the study of cLFVeffects in the
presence of new heavy neutrino states with masses around
OðTeVÞ. The generation of small masses and light-light
mixings for the three active neutrinos would require the
addition of extra singlets.4 This could be accommodated
with the usual mechanisms (in νSM or type-I seesaw
models, where cLFV effects are strongly suppressed) or
by considering specific textures for the neutrino mass
matrix based on approximated symmetries as required in
the low-scale-seesaw scenarios. Nevertheless, the extra
spinors and couplings needed to generate light-neutrino
masses will have no further effects on cLFV observables;
see Refs. [75,76] for details.
We remark that this parametrization allows us to

describe, in a simple way, the effects of two heavy
Majorana states and study the limit of almost degenerate
masses (r → 1) forming a pseudo-Dirac field. We address
this point in detail in Sec. IV by providing an estimation of
the maximal total cross section (consistent with the current

limits on the heavy-light mixings and a perturbative
condition for the Yukawa couplings).

III. COMPUTATION

In the presence of heavy Majorana neutrino states, Fig. 1
shows the two one-loop box diagrams contributing to the
processes μþðp1Þμþðp2Þ → lþðq1Þlþðq2Þ (l ¼ e, τ). The
diagrams (b) are present for an arbitrary vectorlike lepton
that mixes with the active neutrinos of the SM. Moreover,
in type-I seesaw models, the existence of Majorana masses
for the singlet fields for neutrinos inherently implies LNV.
These LNVeffects give rise to the presence of box diagrams
(a). Thus, we remark that a complete computation for these
processes in type-I seesaw models (including their low-
scale variants) must include both (a) and (b) contributions.5

As far as we know, previous works [72,73] have solely
focused on evaluating the genuine LNV effects [diagrams
(a)] considering effective couplings without discussing the
reasons for omitting diagrams (b) or comparing (a) and
(b) contributions. In this work, we cover those points. Even
more, as previously mentioned, in the type-I seesaw models
only their low-scale versions (both linear and inverse)
can potentially lead to observable cLFV rates. These
scenarios are based on an approximated LNV symmetry,
where the small LNV Majorana mass terms combined with
larger Dirac masses lead to the formation of pseudo-Dirac
neutrinos, namely, a pair of almost degenerate heavy
neutral states that, in the degenerate limit, form a Dirac
singlet. We will study this limit considering the setup
presented in Refs. [75,76].
By working in the approximation where the masses of

the external charged leptons are neglected6 and after some

(a) (b)

FIG. 1. Feynman diagrams for the μþðp1Þμþðp2Þ → lþðq1Þlþðq2Þ ðl ¼ e; τÞ transitions in the presence of heavy Majorana
neutrinos. Working in the Feynman-’t Hooft gauge must include the four possible diagrams for the (a) and (b) contributions involving
the W’s gauge bosons and the scalar-charged Goldstone vertices; see Appendix A.

4In the original formulations of both the inverse and linear low-
scale scenarios [14-16], the neutrino mass matrix has dimension
9 × 9, as these scenarios require the addition of six new neutral
singlets. This complexity makes it impractical to derive complete
analytical expressions for the unitary matrix U that diagonalizes
the neutrino mass matrix and for the physical masses of the
neutrinos, leading to approximate or numerical analyses that may
turn out to be complicated to follow.

5Note that in the minimal νSMmodel, only contributions (b) are
present, because in this model neutrinos are Dirac particles that
generate their masses [mν ∼OðeVÞ] in an analogousway to the rest
of fermions, via Yukawa couplings with the Higgs field. However,
in this scenario, the cLFVeffects will be strongly suppressed by an
analogue Glashow-Iliopoulos-Maiani-like mechanism.

6Given that, we will consider the collision energy in the regime
of a few TeV, i.e., ml=

ffiffiffi
s

p
≪ 1.
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algebraic steps and the use of some Fierz identities (see
Appendix A for further details), we have verified that the
total amplitude M ¼ MðaÞ þMðbÞ can be expressed in a
very simple form as follows:

M ¼ αW
16π

e2

s2W
Fðs; tÞΓR ⊙ ΓL; ð3:1Þ

where e is the electric charge, αW ≡ α=s2W with α the fine
structure constant, and s2W ≡ sin2 θW the Weinberg angle.
We also have introduced the notation

ΓR ⊙ ΓL ≡ ½v̄ðp1ÞPRuðp2Þ�½ūðq1ÞPLvðq2Þ�; ð3:2Þ
denoting a bi-spinor product, where PL;R ¼ ð1 ∓ γ5Þ=2
stand for the chirality projectors. The Fðs; tÞ function in
Eq. (3.1) is given as follows:

Fðs; tÞ ¼
X5

α;β¼1

½ðBμαB�
lβÞ2ðAþA0Þ

− 2B�
lαBμαB�

lβBμβðB þ B0Þ�; ð3:3Þ

where the factors A, A0, B, and B0 encode all the relevant
one-loop tensor integrals given in terms of the Passarino-
Veltman functions (see Appendix B); they depend on two
invariants, namely, s ¼ ðp1 þ p2Þ2 and t ¼ ðp1 − q2Þ2,
and the masses of the internal particles involved in the
loop computation.
Taking the square of the amplitude in Eq. (3.1), it

is straightforward to verify that the differential cross
section for the μþðp1Þμþðp2Þ→lþðq1Þlþðq2Þ ðl ¼ e; τÞ
transitions can be written as follows

dσ
dt

¼ 1

2

1

64π

�
αW
16π

e2

s2W

�
2

jFðs; tÞj2; ð3:4Þ

where the 1=2 factor comes from the statistical property of
having two indistinguishable particles in the final state and
the invariant t is evaluated in the range:

tmaxðminÞ ¼m2
μþm2

l−
s
2
�λ1=2ðs;m2

μ;m2
μÞλ1=2ðs;m2

l;m
2
lÞ

2s
;

ð3:5Þ

with λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2ðxyþ xzþ yzÞ, the so-
called Källen function.7

IV. NUMERICAL EVALUATION

We now present an estimation for the μþμþ → lþlþ
(l ¼ e, τ) cross section in the presence of heavy Majorana

neutrinos. Our main goal is to establish the maximum cross-
section for these processes caused by the presence of new
heavy neutrino states in low-scale-seesawmodels. Therefore,
we considered it appropriate to follow a conservative
approach using the current global fit analysis of flavor and
electroweak precision observables given in [21,77]8

sνe < 4.3×10−3; sνμ < 1.61×10−2; sντ < 2.1×10−2:

ð4:1Þ

Furthermore, we considered a perturbative limit assuming
that the Yukawa couplings must satisfy the condition
jYνij2 < 4π. In our framework, this translates into the relation

rmax ¼
�

v
ffiffiffiffiffiffi
2π

p

mN1
maxfsνig

�4

: ð4:2Þ

Then considering Eqs. (4.1) and (4.2), we plot in Fig. 2
the relevant Fðs; tÞ factor in terms of the mass splitting r of
the two new heavy states. Here, we used the maximum
values from Eq. (4.1) for the heavy-light mixings, along
with a fixed point in the integration phase space set at
ð ffiffiffiffiffi

s0
p

;
ffiffiffiffiffiffiffijt0j

p Þ ¼ ð6; 0.1Þ TeV. The left (right) side illus-
trates the μþμþ → eþeþ ðτþτþÞ channel, where the con-
tributions of (a) and (b) are depicted by cyan and orange
colors, respectively. Meanwhile, the black lines denote the
total contribution, with solid (dashed) lines indicating the
value formN1

¼ 6 (20) TeV. Some noteworthy observations
from this figure are as follows.
It turns out that in the limit when r → 1, the (a) con-

tributions tend to zero, as expected, since in such a case the
two new heavy states are degenerate forming a Dirac
singlet field and recovering the lepton number as a
symmetry of our model. In such a case, the cross section
for the μþμþ → lþlþ (l ¼ e, τ) transitions would be
determined exclusively by the diagrams (b). This is a
different result from previous estimations in [72,73] where
the contributions (b) were omitted.
Note that for mN1

¼ 6 TeV and r in the range (0.1, 10),
the contributions (a) consistently remain below those from
diagrams (b), and only for values of r≳ 11 do the
contributions (a) become dominant. Moreover, if we con-
sider both the maximum values in (4.1) for the heavy-light
mixings and mN1

¼ 20 TeV, then the upper limit of r
consistent with Eq. (4.2) would be rmax ¼ 4.64 (this is
depicted in Fig. 2 where the dashed lines end).
Additionally, Fig. 2(b) illustrates a suppression of

approximately 2 orders of magnitude for μþμþ → eþeþ

7In the limit where the external particles are massless, we have
t∈ ð−s; 0Þ.

8Notice that these limits depend not on the assumptions made
on a particular model but solely on experimental data. Unlike the
limits derived from cLFV processes like μ → eγ or μ → e,
conversion depends strongly on the masses considered for the
new heavy neutrino states and on the specific textures of the
neutrino mass matrix in different low-scale-seesaw realizations.
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in comparisonwith the μþμþ → τþτþ. This difference arises
from the more restrictive experimental limits on the heavy-
light mixings in Eq. (4.1) involving electrons. Therefore, we
will concentrate on the μþμþ → τþτþ channel.
In Fig. 3(a) we integrate Eq. (3.4) over the t invariant in

order to plot the total cross section as a function of the
invariant mass

ffiffiffi
s

p
. Here, we have considered the mass of

the heavy neutrino to be mN1
¼ 20 TeV and rmax ¼ 4.64

consistent with Eq. (4.2). We observe from this that taking
an energy of collision around

ffiffiffi
s

p
≈ 6 TeV, the maximal

cross section for the μþμþ → τþτþ channel would then be
of the order Oð10−2Þ fb. Therefore, if we consider the
expected sensitivity reported in Ref. [69] for an expected
total integrated luminosity (at

ffiffiffi
s

p ¼ 6 TeV) of around
12 fb−1 year−1, we would have approximately one μþμþ →
τþτþ event for every nine years of collisions. Nevertheless,
following a more optimistic scenario, as presented in
Ref. [70], where the authors study similar transitions in
the type-II seesaw model, namely, if we consider an
integrated luminosity of 10 ab−1 with the center of mass
energy

ffiffiffi
s

p ¼ 10 TeV, we estimated around 300 events.
It is also important to stress that from a phenomeno-

logical point of view, these processes would be crucial to
compare the genuine effects of heavy Majorana states with
the contributions of new heavy Dirac singlets. In this
regard, Fig. 3(b) depicts the behavior of the cross section
as a function of the heavy neutrino mass mN1

considering a
transferred energy of

ffiffiffi
s

p ¼ 6 TeV, and r ¼ rmax (solid
black lines).9 The cyan and orange lines stand for the

contributions of diagrams (a) and (b), respectively. Note
that since the black line consistently lies above both the
orange and cyan lines, the contributions of diagrams (a)
and (b) in Fig. 1 interfere constructively.
From Fig. 3(b), we can also see that for mN1

< 13 TeV
and mN1

> 65 TeV, the dominant contribution arises from
diagrams (a), which introduce explicit LNV vertices.
Conversely, for mN1

within the interval (13, 65) TeV,
diagrams (b) become dominant, reaching a maximum of
around 10−2 fb for mN1

≈ ð20–50Þ TeV. Note that the cyan
line tends to zero as mN1

approaches 32 TeV because this
corresponds to the scenario where rmax ¼ 1 and diagram
(a) vanishes, as discussed previously. Finally, for compar-
ative purposes, we include the Dirac singlet scenario
(r ¼ 1), indicated by the black dashed line. In this case,
mN1

< 31 TeV since beyond this range, r ¼ 1 contradicts
Eq. (4.2). An important point to highlight here is that even
in the absence of LNV in the theory, we still obtain nonzero
values of the cross section, reaching up to the limit
of σ ≈ 10−2 fb.
Notice that despite considering a simplified model,

which, certainly, does not explain the masses and mixing
of the light-neutrino sector, this setup provides both a clear
analysis and a good estimation of the cLFV effects caused
by the presence of new heavy neutrino states in low-scale-
seesaw scenarios. This point has been verified previously in
Refs. [75,76], where the authors study other cLFV tran-
sitions, such as l → l0γ, l → l0l00l000, μ − e conversion in
nuclei, Z → ll0, and H → ll0 processes.
Let us recall that the main feature of low-scale-seesaw

models is that the Yukawa couplings of the new heavy
neutrinos to the Standard Model (SM) leptons can be

(a) (b)

FIG. 2. Fðs; tÞ factor in terms of the mass splitting r≡m2
N2
=m2

N1
of the two new heavy states. The heavy-light mixings are fixed by

their maximum values according to expression (4.1), and we also have considered that ð ffiffiffiffiffi
s0

p
;

ffiffiffiffiffiffiffijt0j
p Þ ¼ ð6; 0.1Þ TeV. The left (right) side

of the figure illustrates the μþμþ → eþeþ ðτþτþÞ channel, where the behavior of the (a) and (b) contributions are represented by the
cyan and orange lines, respectively, whereas the black line stands for the total contribution. The solid (dashed) line depicts a fixed value
for mN1

¼ 6 (20) TeV.

9We considered r ¼ rmax to maximize the cross section; taking
r < rmax would lead to lower values.

AUTHENTIC MAJORANA VERSUS SINGLET DIRAC NEUTRINO … PHYS. REV. D 110, 053006 (2024)

053006-5



relatively large compared to those in conventional high-
scale seesaw models. This is because the seesaw mecha-
nism requires a balance between the scale of the new
physics (the mass of the heavy neutrinos) and the Yukawa
couplings to achieve the observed light-neutrino masses.
Moreover, in these low-scale scenarios, the physics respon-
sible for neutrino masses could lie at the TeV scale,
allowing significant mixing between the light neutrinos
and the new heavy neutrinos, potentially leading to
observable cLFV rates.
Because the contribution of the light-neutrino sector to

cLFV is negligible, the relevant point to estimate cLFV
effects in low-scale-seesaw scenarios is to study the case of
having large Yukawa couplings for the singlets. The
simplicity of the setup proposed in Refs. [75,76] lets us
understand this limit in a very simple way since all the
phenomenology is described in terms of only five param-
eters, namely, the three mixing angles sνk and the two mN1

,
and mN2

heavy neutrino masses (for which simple ana-
lytical expressions have been derived).

V. CONCLUSIONS

Some experimental collaborations expect to substantially
improve the current limits on an extensive list of cLFV
processes, including leptonic, hadron, and heavy boson
decays [25–29]. These searches will either provide thrilling
indications of new physics or impose even more stringent
limits on extensions to the Standard Model.
In this work, motivated by the potential of future muon

colliders, we investigate and revisit the computation of the
μþμþ → lþlþ ðl ¼ τ; eÞ processes in type-I seesaw mod-
els, as part of complementary cLFV searches. We calculate
the complete cross section for these processes focusing on

the so-called low-scale scenarios. Our analysis is based on a
setup involving only two new heavy Majorana neutrinos
that allow us to study the limit of pseudo-Dirac states, while
taking into account the current constraints on their mixings
with the light sector.
Our results show that the observation of the μþμþ →

τþτþ cLFV transition due to the presence of new heavy
Majorana neutrinos (with masses around mN1

≈ 20 TeV)
could be possible in a future same-sign muon collider, for
an energy of collision

ffiffiffi
s

p ≳ 10 TeV and an integrated
luminosity of order Oðab−1Þ.
The analysis presented in Figs. 2 and 3 illustrates the

relevance and behavior of contributions (a) and (b) to
estimate the cross section accurately in low-scale-seesaw
models. It turns out clearly that for the contribution of
pseudo-Dirac neutrinos, namely, in the limit (r → 1),
contributions (b) dominate over contributions (a), because
the latter tend to zero since lepton number is recovered as a
symmetry. Nevertheless, notice that the maximum value for
r is determined for the perturbative equation (4.2). Then, as
depicted in the plots, depending on the value fixed for mN1

you may have allowed values for r where the contributions
(a) become the dominant. This distinction is crucial in
distinguishing between the scenario with two nondegen-
erate heavy Majorana states and the degenerate case where
they form a Dirac singlet field.
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APPENDIX A: AMPLITUDES

Before presenting the amplitudes of the diagrams in
Fig 1, let us introduce the following notation to avoid
cumbersome expressions:

Γf1;μ;μνg
X ⊙ΓY

f1;α;αβg≡ ½v̄ðp1Þf1;γμ;σμνgPXuðp2Þ�
× ½ūðq1Þf1;γα;σαβgPYvðq2Þ�; ðA1Þ

Γf1;μ;μνg
X ⊗ΓY

f1;α;αβg≡ ½ūðq1Þf1;γμ;σμνgPXuðp1Þ�
× ½ūðq2Þf1;γα;σαβgPYuðp2Þ�; ðA2Þ

where PX and PY represent either the left (L) or right (R)
projection operator.

1. Diagrams with explicit LNV vertices

The amplitudes for diagrams (a), namely, those with
explicit LNV vertices, can be expressed in a general form as
follows:

Ma1a2
LNV ¼ αW

16π

e2

s2W

X5

α;β

ðBμαB�
lβÞ2Ma1a2

LNV; ðA3Þ

where the superscript a1 (a2) denotes the contribution of
the particle (W gauge boson or ϕ Goldstone boson) in the
up (down) vertices of Fig. 1(a). We have found that

MWW
LNV ¼ A1ΓR ⊙ ΓL; ðA4Þ

MϕWþWϕ
LNV ¼A2ΓR⊙ΓLþΓμα

R ⊙ΓL
μβ

�
B1q2αp

β
1þB2q2αp

β
2

�

þΓμν
R ⊙ΓLðC1p1μ

q2ν þC2p2μ
q2νÞ

þC3ΓR ⊙ΓL
μνp

μ
1p

ν
2; ðA5Þ

Mϕϕ
LNV ¼ A3ΓL ⊙ ΓR: ðA6Þ

In the approximation limit where the masses of the external
particles are identically zero, after some Dirac algebraic
steps, Eq. (A5) is simplified by using the following
identities:

Γμα
R ⊙ ΓL

μβq2αp
β
ð1;2Þ ¼ �q2 · pð1;2ÞΓR ⊙ ΓL; ðA7Þ

Γμν
R ⊙ ΓLpð1;2Þμq2ν ¼ ∓iðpð1;2Þ · q2ÞΓR ⊙ ΓL; ðA8Þ

ΓR ⊙ ΓL
μνp

μ
1p

ν
2 ¼ −iðq1 − q2Þ · p2ΓR ⊙ ΓL: ðA9Þ

Therefore, the sum of expressions (A4)–(A6) is given by
the simple expression

MLNV ¼ MWW
LNV þMϕWþWϕ

LNV þMϕϕ
LNV;

¼ AΓL ⊙ ΓR; ðA10Þ

where A ¼ ðA1 þ A2T þ A3Þ, and we also have defined

A2T ≡ A2 þ ðq2 · p1ÞðB1 − iC1Þ
þ ðq2 · p2ÞðiC2 − B2Þ − iðq1 − q2Þ · p2C3: ðA11Þ

Similarly, the sum of the diagrams exchanging the final
leptons [lðq1Þ ↔ lðq2Þ� in Fig. 1 is identified straightfor-
wardly from Eq. (A10) by the replacementMLNV → M0

LNV,
with

M0
LNV ¼ ð−1ÞA0ΓL ⊙ Γ0R;

¼ ðA0
1 þ A0

2T þ A0
3ÞΓL ⊙ ΓR; ðA12Þ

where A0
i ≡ Aiðq1 ↔ q2Þ. The minus sign comes after

considering the Feynman rules of Majorana fermions
shown in Ref. [78]. Therefore, all the contributions of
diagrams (a) are given by

MðaÞ ¼
αW
16π

e2

s2W

X5

α;β

ðBμαB�
lβÞ2ðAþA0ÞΓR ⊙ ΓL; ðA13Þ

2. Diagram (b) contributions

The amplitudes of diagrams (b) can be written in the
generic form

Mb1b2
LNC ¼ αW

16π

e2

s2W

X

α;β

B�
lαBμαB�

lβBμβM
b1b2
LNC; ðA14Þ

with

MWW
LNC ¼ α1Γ

μ
R ⊗ ΓR

μ þ β1Γ
μ
R ⊗ ΓR

ν q2μqν1; ðA15Þ

MϕWþWϕ
LNC ¼ α2Γ

μ
R ⊗ ΓR

μ ; ðA16Þ

Mϕϕ
LNC¼ α3Γ

μ
R ⊗ΓR

μ þðβ2p2μqν1þβ3q2μqν1ÞΓμ
R ⊗ΓR

ν :

ðA17Þ

Considering the approximation where the masses of the
external particles are zero, the sum of the above expressions
is given by

MLNC¼MWW
LNCþMϕWþWϕ

LNC þMϕϕ
LNC;

¼BΓμ
R ⊗ΓR

μ ; ðA18Þ
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where, in the above expression, we have used the identity10

Γμ
R⊗ΓR

ν q2μqν1¼Γμ
R⊗ΓR

νp2μqν1¼ðp2 ·q1ÞΓμ
R⊗ΓR

μ ðA19Þ

and we have defined B≡ α1T þ α2 þ α3T , where

α1T ¼ α1 þ ðp2 · q1Þβ1 ðA20Þ

α3T ¼ α3 þ ðp2 · q1Þðβ2 þ β3Þ: ðA21Þ

Similar to the (a) contributions, the inclusion of the
diagrams with the final charged leptons exchanged is added
to the amplitude after the change q1 ↔ q2 in the above
expressions, which takes to

MðbÞ ¼
αW
16π

e2

s2W

X5

α;β

B�
lαBμαB�

lβBμβðBþB0ÞΓμ
R ⊗ΓR

μ :

ðA22Þ

The sum of Eqs. (A13) and (A22) can be done
immediately by considering the Fierz identity

Γμ
R ⊗ ΓR

μ ¼ −2ΓR ⊙ ΓL: ðA23Þ

Thus, the total contribution M ¼ MðaÞ þMðbÞ is given
by Eq. (3.1).

APPENDIX B: LOOP FUNCTIONS

All the relevant factors coming from the loop integration
presented in the previous appendix are given in terms of
Passarino-Veltman (PaVe) functions. We have used the
software Package X [79] for our computation and we have
found the following expression:

A1 ¼ 4mNα
mNβ

D̄0; ðB1Þ

A2T ¼ −2
mNα

mNβ

m2
W

	
4D̄00 − t

�
D̄0 þ D̄1 þ 2D̄2 þ D̄3

þ 2ðD̄12 þ D̄13 þ D̄22 þ D̄23Þ
�

;

A3 ¼
m3

Nα
m3

Nβ

m4
W

D̄0: ðB2Þ

Note that these are the same expressions obtained in
Ref. [72], except for a minus sign in Eq. (B2). We have
introduced the following notation to express the argument
of the Passarino-Veltman functions involved in the con-
tributions of diagrams (a):

D̄i ≡Dið0; 0; 0; 0; s; t;mW;mNα
; mW;mNβ

Þ: ðB3Þ

Regarding the diagram (b) contributions we have found the
relevant expressions

α1T ¼ 4D00 − 2tðD0 þD1 þD3 þD13Þ; ðB4Þ

α2 ¼ −2
m2

Nα
m2

Nβ

m2
W

D0 ðB5Þ

α3T ¼ m2
Nαm

2
Nβ

2m2
W

ð2D00 −D13Þ; ðB6Þ

where, this time, the arguments of the Passarino-Veltman
function are given by

Di ≡Dið0; 0; 0; 0; u; t;mNα
; mW;mNβ

Þ; ðB7Þ

defining the invariant u≡ ðp1 − q1Þ2 ¼ ðp2 − q2Þ2 and
taking the A0 (B0) factor related with AðBÞ by the change
t ↔ u in the corresponding PaVe functions.

APPENDIX C: EXPRESSIONS
IN TERMS OF THE MASSIVE STATES

Using the neutrino’s mass framework introduced in
Sec. II, we can rearrange the sum over all the mass
eigenstates shown in Eq. (3.3) in terms only of the heavy
states as follows:

X5

α;β¼1

B�
lαBμαB�

lβBμβdðmα; mβÞ

≡ X5

α;β¼4

B�
lαBμαB�

lβBμβðdðmα; mβÞ − dð0; mβÞ

− dðmα; 0Þ þ dð0; 0ÞÞ;

where dðmα; mβÞ is an arbitrary function that depends on
the neutrino masses. It is important to remark that this
simplification is valid only for this specific model where
the light neutrinos have masses identically zero.10Only valid in the massless limit.
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