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This paper explores the calculation of nonperturbative parameters present in the matrix element
of semileptonic inclusive B decays. These are important for the inclusive determination of the
Cabbibo-Kobayashi-Maskawa parameters in the Standard Model. We focus on calculating the rate for
radiative inclusive decay, B → Xclν̄lγ, where γ is hard. Both the radiative and nonradiative (B → Xclν̄l)
modes are found to require the same nonperturbative parameters. We propose forming ratios from
B → Xclν̄lγ and B → Xclν̄l widths in different lepton energy ranges. Our results provide an efficient
way to unambiguously calculate the nonperturbative parameters, especially when combined with total
width calculations of B → Xclν̄l. This is shown explicitly by working to Oð1=mbÞ and determining
λ1 and λ2.
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I. INTRODUCTION

B meson decays are complex processes that provide an
ideal platform for precision studies of the Standard Model
(SM) as they involve various physical scales. Inclusive
decay modes (where the final state mesons are summed
over) are considered to be theoretically cleaner than
exclusive ones (where the final state particles are explicitly
identified) as the latter involve transition form factors,
which are rather difficult to evaluate. The inclusive B
meson decays are theoretically cleaner as they take advan-
tage of hard scale, mb, which is much larger than ΛQCD.
The presence of the hard scale enables the use of the heavy
quark expansion (HQE) [1,2] and local operator product
expansion (OPE) [3,4], and hence a systematic theoretical
treatment of the decay rates.
HQE is a fundamental tool in the study of heavy quark

physics. It provides a series expansion in 1
mQ
, where Q is

the heavy quark [5]. Though the mass of b quark is heavy
enough to use the expansion in 1

mb
, corrections to the heavy

quark limit are significant for achieving high precision.
OPE is a powerful tool that enables a systematic treatment
of nonperturbative quantum chromodynamics (QCD)
effects by separating the effects originating at large
and small distances [6,7]. For a heavy quark system, it

turns out to be a series expansion in powers

of ΛQCD

mb
[8,9] when combined with the theory of heavy

quark expansion.
The corrections to the leading term (mb → ∞) in the

heavy quark expansion are expected to be small in the end
region of the phase space. This part of the phase
space allows the contribution of several hadronic states
which satisfy the condition: m2

X → m2
q þ #ΛQCDmb.

An observable, like the decay rate, which averages over
these hadronic states, can then be predicted reliably.
To Oð 1

mb
Þ in HQE, the major uncertainty in these pre-

dictions arises from the values of nonperturbative param-
eters, λ1 and λ2. Throughout the paper, we consistently
work to Oð 1

mb
Þ in HQE. These parameters are defined

as [10,11]

λ1 ¼
1

2mHQ

hHQjQ̄ðiDÞ2QjHQi; and

3λ2 ¼
1

2mHQ

hHQjQ̄
i
2
σμνGμνQjHQi; ð1Þ

where D is the covariant derivative and jHQi represents
the states of hadrons containing one heavy quark and light
cloud (for b hadrons HQ ¼ B;Λb, etc.). Physically, λ1
provides information about the average spatial momentum
squared of the heavy quark, while λ2 represents the
amount of the color magnetic field produced by the light
cloud at the position of the heavy quark [12,13].
In the past, the parameters λ1 and λ2 have been

determined using QCD models [14–17], and also have
been extracted by fitting to the experimental data [18–22].
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Reference [23] determines μ2π and μ2G
1 in quenched lattice

QCD using the non-relativistic quantum chromodynamics
action including Oð 1

mQ
Þ terms for the heavy quark. They

compute λ2 explicitly but not λ1, and rather calculate the
difference of matrix elements using two different methods.
Also, these two different methods of computation have
followed different central values. Consequently, having an
unambiguous prediction for these parameters becomes
important.
It should be noted that both B → Xclν̄l and B → Xulν̄l

exhibit similar decay signatures characterized by a high-
momentum lepton, a hadronic system, and undetected
neutrino energy. Thus, distinguishing between these two
processes is challenging. Further, close to the lepton
energy end point regions, nonperturbative shape functions
enter the description of the decay kinematics, making
predictions for the decay rates dependent on the precise
modeling of these shape functions.2 Instead, we are
exploring the possibility of determining the nonperturba-
tive parameters in an efficient manner. Considering
modes with similar cuts such as B → XcðuÞlν̄l together
with B → XcðuÞlν̄lγ may provide complementary infor-
mation allowing one to extract the nonperturbative param-
eters. Further, the inclusion of a hard photon in the decay
process introduces additional degrees of freedom, such as
the angle between the lepton and the photon. As an
example, the forward-backward symmetry has been cal-
culated (for details, see Sec. V). The complete angular
analysis is left for future work.
In this paper, we explore the experimental determination

of the decay rate for the B → XcðuÞlν̄lγ mode, in con-
junction with the B → XcðuÞlν̄l mode. It is worth reiterat-
ing that the emitted photon is a hard photon, and the process
should not be thought of as soft photon correction to
B → XcðuÞlν̄l. To this order in 1

mb
, the decay widths of both

these modes, i.e., B → XcðuÞlν̄l and B → XcðuÞlν̄lγ, have
linear dependence on λ1 and λ2:

decay width ∼ Aþ Bλ1 þ Cλ2; ð2Þ

for different values of A, B,C for the two modes. Therefore,
knowing (or experimentally measuring) one of the sides of
these equations will provide a simultaneous set of linear
equations, which can then be solved to get unambiguous
determinations of λ1 and λ2. While we are including terms
Oð 1

mb
Þ in HQE, it is straightforward to include higher order

terms. To avoid the uncertainties which may arise due to the
presence of the Cabibbo-Kobayashi-Maskawa (CKM)
element (Vub or Vcb), we propose to consider the ratio
of the decay widths in different ranges of the leptonic

energy instead of directly working with the decay width
(see Sec. V for details). Such ratios are defined as (for
radiative width, Γγ, and nonradiative, Γ)

R1 ¼
R
0.2
0 dy dΓγ

dyR
0.5
0 dy dΓγ

dy

and R2 ¼
R
0.5
0 dy dΓ

dyR
1
0 dy

dΓ
dy

; ð3Þ

where y is the lepton energy expressed in dimensionless
units. Further, the considered cuts are representative cuts
and can be chosen in accordance with the experimentally
suitable ones. Here, we are exploring an avenue which
could provide complementary information in a simple way.
The rest of the paper is organized as follows: in Sec. II, as

a warm-up, we first calculate the decay width for the
nonradiative process B → XcðuÞlν̄l mode. This is achieved
by directly using the Cutkosky method applied to the
amplitude in contrast with the usual approach of writing
down the hadronic tensor in terms of invariant quantities
and employing analytical properties. Both approaches are
actually equivalent, and we explicitly verify that the result
matches with [4,11] as it should. In Sec. III, we provide the
details of the calculation of the decay width for the B →
XcðuÞlν̄lγ mode. In Sec. V, we discuss our results for the
differential decay rate for B → XcðuÞlν̄lγ and its sensitivity
to the energy of the hard photon. Also, we provide a
complementary method to extract nonperturbative param-
eters λ1 and λ2. Finally, we conclude in Sec. VI and discuss
the implications of the decay rate of B → Xclν̄lγ for the
calculation of λ1 and λ2.

II. DECAY RATE OF B → Xqlν̄l ðq= c=uÞ
The weak Hamiltonian density for the inclusive semi-

leptonic B meson decays to final state containing a c or u
quark (B → Xqlν̄l) is given by

Hweak ¼
4GFffiffiffi

2
p Vqbðq̄γμPLbÞðlγμPLνlÞ; ð4Þ

whereGF andVqb are the Fermi constant andCKMelement,
respectively. The process ofB → Xqlν̄l involves the b → q
transition and sum over the final state mesons containing the
q quark. To calculate the decay width for the inclusive
process, the forward scattering matrix element is a useful
quantity. Figure 1 shows the Feynman diagram for the
forward scattering matrix element of the inclusive semi-
leptonic B → Xclν̄l decay. The imaginary part of the
forward scattering matrix element called the transition
matrix element, hBjT̂jBi, is related to the decay to an
inclusive final state through the optical theorem. It is
given by

Γ ∝
1

2mB
ImfhBjT̂ðb → q → bÞjBig; ð5Þ

1In this study, we are specifically considering the λ1ð2Þ
parameters rather than μ2πðGÞ.

2We briefly touch upon the shape functions in Sec. VI.
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where the operator sandwiched between the hadronic states is
called the forward scattering operator (or transition operator).
The explicit form of the transition operator reads as

T̂μνðb → q → bÞ ¼ i
Z

d4xe−iq:x
1

2mB
TfJμ†w ðxÞJνwð0Þg;

ð6Þ

where T denotes the time ordered product and
Jμwð¼ q̄γμPLbÞ is the weak current. Further, the differential
decay rate for B → Xqlν̄l process is given by

d3Γ
dq2dEldEν

¼ 1

4

X
Xq

X
spins

1

2mB
jhXqlν̄ljHweakjBij2

× δ4ðpB − pX − pl − pνÞ;
¼ 2G2

FjVubj2MμνLμν; ð7Þ

whereq2 ¼ ðpl þ pνÞ2,El is the lepton energy, andEν is the
neutrino energy. Sum over spins indicates sum over lepton
spins. Furthermore, the leptonic tensor (Lμν) is defined
directly from the electroweak Lagrangian,

Lμν ¼
X
spins

ðν̄lγμð1 − γ5ÞlÞðlγνð1 − γ5ÞνÞ; ð8Þ

whereas the hadronic tensor, Mμν, is expressed in terms of
matrix elements of electroweak currents and is given by

Mμν¼
1

2mB

X
Xq

hBjJμjXqihjXqjJνjBiδ4ðpB−pX−pl−pνÞ:

ð9Þ

The hadronic tensor (Mμν) is defined as the absorptive part of
the matrix element of the transition operator [i.e., Eq. (6)].
Explicitly,

Mμν ¼ −iDiscðhBjT̂μνjBiÞ: ð10Þ

Instead of using the general parametrization for the hadronic
tensor and relying on the analytical properties, we directly

evaluate the transition operator (T̂μν) along with the leptonic
tensor (Lμν) to obtain the matrix element involved in the
inclusive semileptonicB → Xqlν̄l decay.At the lowest order
in perturbation theory (i.e., in αs expansion), the quark level
amplitude (MNR) for Fig. 1 is given by

MNR ¼ i
ðpb þ Π − qÞ2 −m2

q
b̄γν

× PLð=pb þ =Π − =qþmbÞγμPLbLμν: ð11Þ

The subscript “NR” refers to a nonradiative process, i.e., the
process without a photon in the final state. Further, pb þ Π is
the effective momentum of b quark, where
pb ¼ mbv is heavy quark momentum while Π is residual
momentum of heavy quark. Also, qð¼ pl þ pνÞ ∼OðmbÞ
while Π ∼OðΛQCDÞ. Hence, the expansion of MNR in

powers of Π produces an expansion in powers of ΛQCD

mb
.

Expanding the denominator to ðΛQCD

mb
Þ2,

1

ðpb þ Π − qÞ2 −m2
q
¼ 1

ððpb − qÞ2 −m2
qÞ

×

�
1 −

2ðpb − qÞ:Πþ Π2

ððpb − qÞ2 −m2
qÞ

þ 2ððpb − ΠÞ:ΠÞ2
ððpb − qÞ2 −m2

qÞÞ2
�
: ð12Þ

The hadronic part ofMNR is then sandwiched between theB
meson states. It is to be noted that since theOPE involved here
is in the expansion of the inverse power ofmb, therefore theb-
quark field in QCD is converted to those in heavy quark
effective theory at order 1=mb through the relation

bðxÞ ¼ e−imbv:x

�
1þ i=D

2mb

�
bvðxÞ: ð13Þ

Now, the obtained matrix elements are simplified as [11]

hBðvÞjb̄vγμbvjBðvÞi¼2pμ
B;

hBðvÞjb̄vγμDτbvjBðvÞi¼
λ1þ3λ2
3mb

ð2gμτ−5vμvτÞ;

hBðvÞjb̄vγμDðαDβÞbvjBðvÞi¼
2λ1
3mb

ðgαβ−vαvβÞvμ;

hBðvÞjb̄vγμD2bvjBðvÞi¼
2λ1
mb

vμ: ð14Þ

Next, we calculate the imaginary part of the denominator,

1

ððpb−qÞ2−m2
qÞ
→ ð−2πiÞδððpb−qÞ2−m2

qÞΘððp0
b−q0ÞÞ:

ð15Þ

FIG. 1. Representative diagram of forward scattering for
b → clνl.
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Integrating over the neutrino energy, the double differential decay rate for the B → Xclν̄l mode is calculated as

d2Γ

dyd bq2 ¼
G2

FjVubj2m5
b

96π3
y

�
6

�
1 −

bq2
y

�
ð1 − ρ − yþ bq2Þ þ λ1

�
−3þ 3ρþ 4

q̂2

y
− 4ρ

bq2
y
− 6 bq2 þ 4

ð bq2Þ2
y

− δðzÞ
�
1 − 2ρþ ρ2 − 3yð1 − ρÞ − 3

bq2
y
þ 2ρ

bq2
y
þ ρ2

bq2
y
þ 11 bq2 − 3ρq2 − 3x bq2 − 6

ð bq2Þ2
y

− 2ρ
ð bq2Þ2
y

þ 2ð bq2Þ2 þ ð bq2Þ3
y

�
þ δ0ðzÞ

�
1 −

bq2
y

�
ð1 − ρ − yþ bq2Þð1 − 2ρþ ρ2 − 2 bq2 − 2ρ bq2 þ ð bq2Þ2Þ�

þ 3λ2

�
1 − 5ρþ 2

bq2
y
þ 10ρ

bq2
y
þ 10 bq2�1 − bq2

y

�
− δðzÞ

�
−1þ 6ρ − 5ρ2 þ yð1 − 5ρÞ þ

bq2
y
ð1 − 2ρÞ

þ 5ρ2
bq2
y
þ bq2ð1þ 15ρÞ þ 5y bq2 − 2

ð bq2Þ2
y

− 10ð1þ yÞ ð
bq2Þ2
y

þ ð bq2Þ3
y

���
; ð16Þ

where y ¼ 2El
mb
, q2 ¼ ðpl þ pνÞ2, bq2 ¼ q2

m2
b
, ρ ¼ m2

c
m2

b
and z ¼ 1 − y −

bq2
y þ bq2 − ρ. Equation (16) is in perfect agreement with

[4,11]. Integrating over q̂2, the lepton spectrum for B → Xclνl is obtained as

dΓ
dy

¼ 2Γ0y2
�
ð3 − 2yÞ − 3ρ −

3ρ2

ð1 − yÞ2 þ
ð3 − yÞρ3
ð1 − yÞ3 −

λ1
m2

b

�
−
5

3
y −

yð5 − 2yÞρ2
ð1 − yÞ4 þ 2yð10 − 5yþ y2Þρ3

3ð1 − yÞ5
�

−
3λ2
m2

b

�
−
ð6þ 5yÞ

3
þ 2ð3 − 2yÞρ

ð1 − yÞ2 þ 3ð2 − yÞρ2
ð1 − yÞ3 −

5ð6 − 4yþ y2Þρ3
3ð1 − yÞ4

��
: ð17Þ

Further, in the limit ρ → 0 the lepton spectrum for B → Xulν̄l can be obtained as

dΓ
dy

¼ 2Γ0

�
y2ð3 − 2yÞ − λ1

m2
b

�
−
5

3
y3 þ 1

6
δð1 − yÞ þ 1

6
δ0ð1 − yÞ

�
−

λ2
m2

b

�
−ð6þ 5yÞy2 þ 11

2
δð1 − yÞ

��
; ð18Þ

where Γ0 ¼ G2
F jVcðuÞbj2m5

b
192π3

. It is important to note that
the contribution from the parton model, which is propor-
tional to 2y2ð3 − 2yÞ, does not vanish at the end point.
This leads to the presence of delta functions and their
derivatives in the lepton spectrum. After integrating over
the lepton energy, the total decay rate for B → Xclν̄l is
obtained as

Γ ¼ Γ0

�
1þ λ1

2m2
b

þ 3λ2
2m2

b

�
2ρ

d
dρ

− 3

��
× ð1 − 8ρþ 8ρ3 − ρ4 − 12ρ2 ln ρÞ; ð19Þ

which has the same form as shown in Eq. (2), and matches
the result obtained in [4,11].

III. DIFFERENTIAL RATE OF B → Xclν̄lγ

In this section, we calculate the differential rate for the
B → Xclν̄lγ mode. This decay mode is more likely to be
measured, compared to the case of the B → Xu mode which

is additionally strongly suppressed by jVub=Vcbj2. Figure 2
shows all the Feynman diagrams3 contributing to the decay
width of B → Xclν̄lγ at leading order in perturbation
theory. At the leading order (mb → ∞), the decay width for
the process B → Xclν̄lγ is obtained by the partonic result
and further the preasymptotic effects, i.e., the subleading
contributions in heavy quark expansion are obtained in the

powers of ΛQCD

mb
. Similar to Sec. II, our focus is on the B → B

forward scattering matrix element instead of the amplitude
for B → Xclν̄lγ itself. The imaginary part of the amplitude
shown in Fig. 3 is related to the inclusive rate for the B →
Xclν̄lγ transition, as dictated by the optical theorem.
However, the process B → Xclν̄lγ is highly nontrivial
compared to the B → Xclν̄l mode due to the presence of a
photon line between the charged quarks and leptons, as

3We have considered only those diagrams which after cutting
the photon and c-quark lines lead to B → Xclν̄lγ.
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shown in Fig. 2. This means that some diagrams, such as
Figs. 2(b) and 2(c), do not easily separate into leptonic and
hadronic parts like in the B → Xclν̄l mode. Since the

hadronic part in some of the diagrams communicates with
the leptonic part through the photon, the calculation of the
matrix element is more complex when expressed in terms
of invariant tensors and using analytic properties of the
transition operator. Also, in the present case, the transition
tensor will be a four index object, two for the weak currents
and two for the electromagnetic currents representing the
photon emission. Therefore, it is more straightforward to
use the Cutkosky method directly to compute the matrix
element. As we verified in the last section, this method
reproduces correct results for the decay rate of the B →
Xqlν̄l mode.
Now, the decay rate for the semileptonic inclusive

process B → Xclν̄lγ is given by

Γγ ¼
�
4GFffiffiffi

2
p

�
2

jVubj2
1

2mB

Z
d3pl

ð2πÞ32El

Z
d3pν

ð2πÞ32Eν

Z
d4k
ð2πÞ4 Im½hBjIMμνLμνjBi�; ð20Þ

with

IMμνLμν ¼
X9
m¼1

ImM
ðmÞ
μν LμνðmÞ; ð21Þ

where MðmÞ
μν and LðmÞ

μν contain the Dirac structure for the
quark and leptonic part respectively, and Im contains the
denominator part of the propagator. Also, m ¼ 1;…9

corresponds to Figs. 2(a)–2(i). k is the photon four
momentum, and plðνÞ is the lepton (neutrino) four mo-
mentum. The explicit calculation of forward scattering
operator for Fig. 2(a) is presented below. All other diagrams
can be calculated analogously. Calculating the hadronic and

leptonic tensors requires the computation of MðmÞ
μν , LðmÞ

μν ,
and Im. At the leading order in αs, the explicit forms of

Mð1Þ
μν , L

ð1Þ
μν , and I1 are

FIG. 3. Representative diagram with explicit cut.

FIG. 2. Feynman diagrams for B → Xclν̄lγ.
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Mð1Þ
μν ¼2ð−igαβÞb̄γνð1−γ5Þið=pbþ=Π−=qþmcÞð−ieQuÞγαið=pbþ=Π−=k−=qþmcÞð−ieQuÞγβið=pbþ=Π−=qþmcÞγμð1−γ5Þb;

¼2ðe2Q2
ugαβÞ½b̄γνð1−γ5Þð=pbþ=Π−=qÞγαð=pbþ=Π−=k−=qÞγβð=pbþ=Π−=qÞγμð1−γ5Þb

þz2m2
bðb̄γνð=pbþ=Π−=qÞγαð=pbþ=Π−=k−=qÞγβð=pbþ=Π−=qÞγμð1−γ5ÞbÞ�; ð22Þ

Lð1Þ
μν ¼ ðlγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5ÞlÞ; ð23Þ

and

I1 ¼
1

ðk2 þ iϵÞððpb þ Π − qÞ2 −m2
c þ iϵÞððpb þ Π − q − kÞ2 −m2

c þ iϵÞððpb þ Π − qÞ2 −m2
c þ iϵÞ ; ð24Þ

respectively. As before, the effective momentum of b quark is given by pb þ Π. Expanding I1 in powers of Π yields an
expansion in terms of ΛQCD

mb
, similar to the B → Xclν̄l mode. Further, the matrix element is also expanded in the powers of z

to order z3, where z ¼ mc=mb. Now, the explicit form of I1 up to OðΠ2Þ is obtained from Eq. (24) and is given by

I1 ¼
1

k2ððpb − q − kÞ2 −m2
cÞ
�

1

ðpc:kÞ2
−
2ðpb − qÞ:Π

ðpc:kÞ3
−

Π2

ðpc:kÞ3
þ 2ððpb − qÞ:ΠÞ2

ðpc:kÞ4
�

−
1

k2ððpb − q − kÞ2 −m2
cÞ2

�
2pc:Π
ðpc:kÞ2

−
4ðpc:ΠÞðpb − qÞ:Π

ðpc:kÞ3
−

Π2

ðpc:kÞ2
�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ3

�
2ðpc:ΠÞ2
ðpc:kÞ2

�
: ð25Þ

Similar to Sec. II, the Cutkosky method is exploited (see
Fig. 3) to calculate the imaginary part of the matrix
element. Mathematically, this essentially replaces the cut
propagator with a product of the delta function and theta
function, enforcing the positive energy condition. For
example

1

ððpb − q − kÞ2 −m2
c þ iϵÞ

→ ð−2πiÞδððpb − q − kÞ2 −m2
cÞΘððp0

b − q0 − k0ÞÞ:
ð26Þ

More generally, one has the identity

−
1

π
Im

�
1

ðpb − q − kÞ2 −m2
c

�
n

¼ ð−1Þðn−1Þ
ðn − 1Þ! δ

ðn−1Þððpb − q − kÞ2 −m2
cÞ; ð27Þ

where the superscript of the delta function denotes the
(n − 1)th derivative with respect to its argument itself.
When working with terms involving the derivatives of
the delta function, it is important to handle them with care.
The first step is to use integration by parts to remove the
derivatives from the delta function and transfer them onto
other functions by multiplying it. However, it is crucial to

use the theta function carefully during this process because
it determines the minimum value of the neutrino energy,
denoted by Eν. See Appendix B for details of kinematics.
Subsequently, we proceed by combining the termsMð1Þ

μν ,
Lμνð1Þ, and I1 to compute the imaginary part of the
amplitude. Notably, our analysis reveals that no new
operators are produced beyond those already present in
the decay rate of the B → Xclν̄l process. All the pertinent
operators, up to dimension five, are listed in Eq. (14).
It is evident that only I1 contributes to the imaginary part

of the matrix element. Hence, we have presented an explicit
expression of the matrix element in accordance with the
representation outlined in Eq. (25). Each square bracket
contains terms with expansion in Π up to second order. The
imaginary parts of the coefficients of these square brackets
contribute to the delta function and its derivatives. We
designate the forward scattering matrix element as

J 1ðn; αÞ ¼ hBðvÞjImfI1Mð1Þ
μν Lμνð1ÞgjBðvÞiðnαÞ; ð28Þ

where n ¼ 0, 1, 2 denotes expansion powers of Π and
α ¼ a, c, d represents square brackets of Eq. (25) in order.
For example in J ð0; aÞ, “0” denotes the expansion in Π to
OðΠ0Þ and “a” reveals that elements of the first square
bracket of Eq. (25) are chosen. We now explicitly list all the
expressions for each of the terms of I1 without the delta
function or its derivatives:
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OðΠ0Þ∶

J 1ð0; aÞ ¼
−1

mbðpc:kÞ2
16ðpb:plÞððq2 þm2

b − 2ðpb:qÞÞðpν:ðpb þ k − qÞÞ − 2ððpb − qÞ:kÞ

ðq − pbÞ:pν þ 4z2m2
bð3pb:pν þ k:pν − 3q:pνÞÞ: ð29Þ

OðΠÞ∶

J 1ð1; aÞ ¼
−1

3m3
bðpc:kÞ3

64ðλ1 þ 3λ2Þð2m2
bðpl:qÞ þ ðpb:plÞð3m2

b − 5ðpb:qÞÞÞððq2 þm2
b − 2ðpb:qÞÞ

ðpν:ðpb þ k − qÞÞ − 2ððpb − qÞ:kÞðpν:q − pb:pνÞ þ z2m2
bð2ð3pb þ k − 3qÞ:pnð2m2

bðq:plÞ
þ ðpb:plÞð3m2

b − 5ðq:pbÞÞÞ þ 3ðk:pcÞð2m2
bðpl:pnÞ − 5ðpb:plÞðpb:pnÞÞÞÞ: ð30Þ

OðΠ2Þ∶

J 1ð2; aÞ ¼
1

3m3
bðpc:kÞ4

32λ1ððpb:plÞð−2ðpc:kÞ2ðm2
bðpν:k − 5ðpν:qÞÞ þ ðpb:pνÞð2ðpb:ðqþ kÞÞ þ 3m2

bÞÞ

þ ððq2 þm2
b − 2ðpb:qÞÞðpν:ðpb þ k − qÞÞ − 2ðpb − qÞ:kððpb − qÞ:pνÞÞððpb:qÞ2 þm2

bð3ðpc:kÞ − q2ÞÞ
þ 4ðpc:kÞðm2

bððpl:pνÞð2pb:ðqþ kÞ − 4ðq:kÞ − 3q2Þ þ ðpb:pνÞðpb:qþ 2ðq:kþ q2ÞÞ þ 2q2ðpν:kÞÞ
þ ðpb:qÞð2ðpν:qÞðpb:ðqþ kÞÞ − 2ðpb:qÞðpν:kÞ þ ðpb:pνÞðq2 þ 2ðq:kÞ − 4pb:ðqþ kÞÞÞ
−m4

bðpν:qÞÞÞ þ 4z2m2
bð−pb:plð3pb þ k − 3qÞ:pnððq:pbÞ2 þm2

bð3k:pc − q2ÞÞ − 6ðk:pcÞ
ðm2

bððpb:plÞðq̄:pnÞ þ ðpbpnÞðq̄:plÞÞ − 2ðpb:plÞðpb:pnÞðq:pbÞÞÞÞ: ð31Þ

The sum, J 1ð0; aÞ þ J 1ð1; aÞ þ J 1ð2; aÞ, is multiplied with δðk2Þθðk0Þδðððpb − q − kÞ2 −m2
cÞÞθððpb − q − kÞ0Þ.

Similarly, the second square brackets of Eq. (25) with hadronic and leptonic tensors [Eq. (23)] produce the terms
expanded in powers of Π. Since this set of terms comes multiplied with 1

ððpb−q−kÞ2−m2
cÞ2, i.e., the square of the propagator, the

sum of these terms has an overall factor of δðk2Þθðk0Þδ0ððpb − q − kÞ2 −m2
cÞθððpb − q − kÞ0Þ.

OðΠÞ∶

J 1ð1; cÞ ¼
−1

3m3
bðpc:kÞ2

128ðλ1 þ 3λ2Þðððm2
b þ q2 − 2pb:qÞððpb − qþ kÞ:pνÞ − 2ððpb − qÞ:kÞððpb − qÞ:pνÞÞ

ððpb:plÞð5pb:ðqþ kÞ − 3m2
bÞ − 2m2

bðpl:ðqþ kÞÞÞ þ z2m2
bð3pb:pν þ k:pν − 3ðq:pνÞÞð2m2

b

ðk:pl þ q:plÞ þ ðpb:plÞð3m2
b − 5ðk:pb þ q:pbÞÞÞÞÞ: ð32Þ

OðΠ2Þ∶

J 1ð2; cÞ ¼
−1

3m3
bðpc:kÞ3

128ðλ1ðpb:plÞð8ððpc:kþ pb:qÞðpν:qÞ − ð2ðpc:kÞ þ pb:qÞðpb:pνÞÞðpb:kÞ2

þ 2ðð4ðpν:kÞðpc:kÞ þ ð7pc:k − 4k:q − 4q2Þðpν:qÞ þ ð4ðq:kÞ − 3ðpc:kÞ þ 4q2Þðpb:pνÞÞm2
b

− 2ðpb:qÞððpν:kÞð2ðpc:kÞ − q2 þ 2ðpb:qÞ −m2
bÞ þ ðpν:qÞð2k:q − 4ðpc:kÞ þ q2 − 4ðpb:qÞ þm2

bÞÞ
þ 2ð2ðq:kÞðpc:kþ pb:qÞ þ ðpc:kÞðq2 − 8ðpb:qÞ þm2

bÞ þ ðpb:qÞðq2 − 4ðpb:qÞ þm2
bÞÞðpb:pνÞÞðpb:kÞ

þ ð8ðpb − pνÞ:qðk:qÞ2 þ 2ð2ð3q2 − 2ðq:pbÞ þm2
bÞðpν:q − pb:pνÞ þ pc:kð11ðpb:pνÞ − 15ðq:pνÞÞÞðk:qÞ

þ 4q2ðq2 − 2ðpb:qÞ −m2
bÞðpb − qÞ:pν þ pc:kðð2ðpb:qÞ −m2

bÞð7q − 3pbÞ:pν þ q2ð11pb − 15qÞ:pνÞÞm2
b

þ 4ðpb:qÞðpb:qpν:qð2ðpc − qÞ:k − q2 þ 2pb:q −m2
bÞ þ ð2ðq:kÞðpc:kþ pb:qÞ þ pc:kðq2 − 4pb:qþm2

bÞ
þ pb:qðq2 − 2pb:qþm2

bÞÞðpb:pνÞÞ þ ðpν:kÞð4ðq2 − 2pb:qþm2
bÞððpb:qÞ2 − ðq2 þ k:qÞm2

bÞ
þ ðpc:kÞðð7q2 þ 2pb:q −m2

bÞm2
b − 8ðpb:qÞ2ÞÞ þ 4z2m2

bðpb:plÞðm2
bð3ðpb:pνÞð4q2 − 3ðk:pcÞÞ þ 4ðk:qÞ

ð3pb:pν þ k:pn − 3ðq:pνÞÞ þ ðk:pνÞð3k:pc þ 4q2Þ þ 3ðq̄:pνÞð5ðk:pcÞ − 4q2ÞÞ − 2ðk:pb þ q:pbÞ
ð3ðpb:pνÞð2q:pb þ k:pcÞ þ 2ðq:pbÞðk:pν − 3ðq:pνÞÞÞÞÞÞ: ð33Þ
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In a similar way, we then consider the imaginary part of the third square bracket of Eq. (25), and combine with Eq. (23).
Explicitly, the amplitude in the expanded in powers of Π is

OðΠ2Þ∶

J 1ð2; dÞ ¼
1

3m3
bðpc:kÞ2

256λ1ðpb:plÞððð−2pb:qþm2
b þ q2Þðpb þ k − qÞ:pν − 2ðpb − qÞ:kðq − pbÞ:pνÞ

ðððqþ kÞ:pbÞ2 −m2
bð2q:kþ q2ÞÞ − 4z2m2

bððk:pb þ q:pbÞ2 −m2
bð2k:qþ q2ÞÞð3pb þ k − 3qÞ:pνÞ: ð34Þ

Here, “d” refers to the elements of the third square bracket of Eq. (25). Moreover, the J 1ð2; dÞ has a multiplicative factor
of δðk2Þθðk0Þδ00ðððpb − q − kÞ2 −m2

cÞÞθððpb − q − kÞ0Þ.
Next, combining all the amplitudes, the total forward matrix element for Fig. 2(a) is given by

hBjImfI1Mð1Þ
μν L

ð1Þ
μν jBgi ¼ δðk2Þθðk0Þ½ðJ 1ð0; aÞ þ J 1ð1; aÞ þ J 1ð2; aÞÞδððpb − q − kÞ2 −m2

cÞ
þ ðJ 1ð1; cÞ þ J 1ð2; cÞÞδ0ððpb − q − kÞ2 −m2

cÞ þ ðJ 1ð2; dÞÞδ00ððpb − q − kÞ2 −m2
cÞ�

θððpb − q − kÞ0Þ: ð35Þ

Integration by parts is then used to simplify such expressions:

δ0ðxÞθðxÞfðxÞ ¼ −δðxÞδðxÞfðxÞ − δðxÞθðxÞf0ðxÞ; and ð36Þ

δ00ðxÞθðxÞfðxÞ ¼ δðxÞδ0ðxÞfðxÞ þ 2δðxÞδðxÞf0ðxÞ þ δðxÞθðxÞf00ðxÞ: ð37Þ

These relations will be used to carry out integrals over phase space. In a similar way, the forward matrix elements for the

remaining eight Feynman diagrams, as shown in Fig. 2, are calculated. Relevant expressions for MðmÞ
μν , LðmÞ

μν , and Im
m ¼ 2;…9 for all the Feynman diagrams are provided in Appendix A.

IV. DIFFERENTIAL RATE FOR B → Xulν̄γ

In the limit mu → 0 the above method can be carried to B → Xu decay. The matrix element for Fig. 3(a) replacing the c
quark to u quark is given by

Mð1Þ
μν ðuÞ ¼ 2ð−igαβÞb̄γνð1 − γ5Þið=pb þ =Π − =qÞð−ieQuÞγαið=pb þ =Π − =k − =qÞð−ieQuÞγβið=pb þ =Π − =qÞγμð1 − γ5Þb;
Lð1Þ
μν ¼ ðlγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5ÞlÞ; ð38Þ

and

I1ðuÞ ¼
1

ðk2 þ iϵÞððpb þ Π − qÞ2 þ iϵÞððpb þ Π − q − kÞ2 þ iϵÞððpb þ Π − qÞ2 þ iϵÞ : ð39Þ

I1ðuÞ has a similar expansion as Eq. (25) replacingmc withmu. The differential decay rate for B → Xulνγ is then calculated
following the procedure outlined for B → Xc, but now in the limit z → 0. In the above processes, one difference is the
expansion in power of z and another crucial difference is in kinematics.4

V. RESULTS

As a general rule, the four-body phase space comprises five distinct variables. In the context of inclusive decays, we have
an additional variable, namely the invariant mass squared of the final state meson ðp2

XÞ, which we trade for
q02ð¼ ðpl þ pν þ kÞ2Þ. The other independent variables are the lepton energy yð¼ 2pB:pl

m2
B
Þ, the energy of the hard photon

xð¼ 2pB:k
m2

B
Þ, the neutrino energy, and three angles. These are defined in the rest frame of the Bmeson. A detailed description

4In Appendix B, we have retained mX in corresponding equations which can be put to zero for the u quark case.
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of the kinematics is furnished in Appendix B. All the input
parameters required for the evaluation of the differential
decay rate are listed in Table I.
We begin by integrating over all variables except y to

determine the spectrum of the charged lepton for different
values of x. Figures 4 and 5(a) illustrate the differential
decay rate as a function of the lepton energy (y) for various

photon energy values (x) for B → Xclν̄lγ and B →
Xulν̄lγ respectively. We observe that as the photon
becomes increasingly soft, the leptonic energy end point
shifts accordingly, which is consistent with the kinematics
of the process.
To provide a complete picture of the distribution for the

differential decay rate for the u− quark mode, we present
the distribution for xmin ¼ 0.3, which corresponds to kmin ∼
0.8 GeV in Fig. 5(b). The plot shows that the distribution
ends at the kinematical boundary, which is, as expected,
larger than that for xmin ¼ 0.5, and more toward the
nonradiative, B → Xulν̄l, case. Further, it is observed that
apart from the difference in CKM elements between the Xc
and Xu modes, the decay rate for the radiative B → Xc
mode receives a correction of approximately 10% due to
mass effects. This finding aligns with the difference of
about 12% in the two inclusive rates as per the particle data
group values [24] after correcting for the difference in the
CKM factors.
Further, as an example of a possible additional observ-

able, we define the photon (differential) forward-backward
asymmetry, AFBðyÞ, with respect to the recoiling final state
hadron as

AFBðyÞ ¼
R
1
0 dt d

2Γγ

dydt −
R
0
−1 dt

d2Γγ

dydtR
1
−1 dt

d2Γγ

dydt

; ð40Þ

where t ¼ cos θXγ is the angle between the outgoing photon
and recoiling hadron (X) in the rest frame of the B meson.
The forward-backward asymmetry for B → Xulν̄lγ is
shown in Fig. 6 for λ1 and λ2 from Table 1.
Finally, Fig. 7 depicts the differential decay rate as a

function of the normalized photon energy (x), which shows
that with lowering of the energy of the photon, the decay
rate behaves as for the nonradiative mode.
It is worth noting that infrared divergences can be

effectively circumvented by assigning sufficient mass to
FIG. 4. Differential decay width of B → Xcμν̄μγ for particular
normalized photon energy (xmin ¼ 0.3).

FIG. 5. (a) Differential decay width of B → Xuμν̄μγ for different values of normalized photon energy (x), and (b) differential decay
width of B → Xuμν̄μγ for particular normalized photon energy (xmin ¼ 0.3).

TABLE I. Numerical inputs used for the decay rate calculation.

Parameter Numerical value References

mBðbÞ 5.28(4.18) GeV [24]
mc 1.27 GeV [24]
mμ 0.10 GeV [24]
GF 1.166 × 10−5 GeV−2 [24]
αem 1=137 [24]
λ1 −0.3 GeV2 [25]
λ2 0.117 GeV2 [25]
jVubj 3.82 × 10−3 [24]
jVcbj 41 × 10−3 [24]
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the photon, i.e., the photon is made sufficiently hard. To
avoid any contribution from mass singularities, we choose
to work with muons in the final state. Furthermore, by
choosing a lower cut for the polar angle, we can eliminate
any collinear singularities that might arise.
When the photon is hard enough, the total decay width

(Γγ) for the radiative mode is expected to be suppressed by
OðαÞ compared to the nonradiative one. In order to check if
this expectation is met, we evaluate the ratio of the radiative
decay width (Γγ) to the nonradiative decay width (Γ) and
put mq → 0. We find that this ratio is approximately 0.01
for hard photons with energy around 1 GeV (xmin ¼ 0.5),
thus confirming the expectation.

A. Nonperturbative parameters

After determining the decay width, we now propose a
simple yet efficient method for calculating the nonpertur-
bative parameters λ1 and λ2. We observe that using the ratio
of the decay widths, instead of the widths themselves, is
more suitable since the latter may contain uncertainties due
to the CKM element Vub. Moreover, such ratios yield
ratios of simple functions of λ1 and λ2. By knowing the

experimentally measured values of R1 and R2, we can
simultaneously solve these two linear equations to obtain λ1
and λ2. The two ratios that we propose to employ are as in
Eq. (3). Both the numerator and denominator have the form
Aþ Bλ1 þ Cλ2. Thus, each of the ratios has the form

Aþ Bλ1 þ Cλ2
A0 þ B0λ1 þ C0λ2

¼ R1 ðsayÞ; ð41Þ

and the same for R2. These are still two linear equations in
λ1 and λ2. To further illustrate the practicality of our
proposed method, we perform a sample calculation for
nonperturbative parameters λ1 and λ2. At this point, there
are no data available to directly determine λ1 and λ2. To
proceed further in order to demonstrate the case of
obtaining λ1 and λ2 once the suggested ratios are exper-
imentally available, we obtain a value for R2 using the
known values of λ1 and λ2, and for R1 we assume that the
decay rate for B → Xcμν̄γ is αem times the decay rate for
B → Xcμν̄. With these values, we can then numerically
calculate the nonperturbative parameters λ1 and λ2. Our
results yield λ1 ¼ −0.29 GeV2 and λ2 ¼ 0.13 GeV2,
which are consistent with previously values reported in
the literature [22,25,26]. This motivates the need for an
experimental measurement of the decay width of
B → Xclν̄lγ. Such a determination will aid in the precise
determination of λ1 and λ2. As mentioned earlier, we have
focused on Oð 1

mb
Þ terms in HQE and therefore are sensitive

only to λ1 and λ2. At higher orders, the expressions develop
a dependence on more such nonperturbative parameters.
Measurements of the B → Xclν̄lγ rate and ratio R1 will in
fact be very helpful in a simultaneous and easy determi-
nation of these parameters when combined with B →
Xclν̄l data and ratio R2.

VI. SUMMARY

To summarize, we have proposed a method to calculate
the nonperturbative parameters λ1 and λ2 in the context of
inclusive B meson decays. We first calculated the decay
width for the inclusive modes B → XcðuÞlν̄l and B →
XcðuÞlν̄lγ directly using the Cutkosky method and the
heavy quark expansion applied to the amplitude, retaining
terms to order ðΛQCD

mb
Þ in HQE. Since the radiative mode,

B → XcðuÞlν̄lγ, involves a hard photon, the most general
tensorial structure will involve four indices as opposed to
two for B → XcðuÞlν̄l. In view of this and related compli-
cations to pick out the analytic properties in order to
evaluate the decay rate, we decided to compute the relevant
amplitude directly (or brute force) by using the Cutkosky
method. The differential rate contains two nonperturbative
parameters λ1 and λ2. Further, the differential and total
decay rates were then obtained by integrating the four-body
phase space variables. The differential rate and forward-
backward asymmetry are plotted with respect to lepton
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FIG. 7. Differential decay width of B → Xuμν̄μγ with photon
energies (x).
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FIG. 6. Forward-backward asymmetry (AFB) with lepton en-
ergy (y).
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energy for different xmin values that define the hardness of
the photon. It was found that the decay rate for the radiative
mode (B → XcðuÞlν̄lγ) is OðαÞ times the nonradiative
mode (B → XcðuÞlν̄l) when the photon is sufficiently hard.
Next, two ratios, R1 and R2, are formed using the

differential rate for radiative (for photon energy
≥ few timesΛQCD ∼ 500 MeV) and nonradiative modes
respectively, in different lepton energy ranges. These ratios
are independent of the CKM element and provide two
linear equations in λ1 and λ2, allowing an unambiguous
determination of these parameters. A simple example is
also shown in Sec. VA to demonstrate the calculation of
these parameters, λ1 and λ2, which are found to be
consistent with existing values. It should be mentioned
that, at present, the radiative mode has not been measured.
The results of this exercise encourage us to have precise
measurements of the radiative mode, more so since, at
higher orders in HQE, there are more nonperturbative
parameters that enter the amplitude. The radiative inclusive
semileptonic mode will be very useful in aiding a clean
determination of these.
The decay rate for free quark decay in

B → XcðuÞlν̄l ∝ 2y2ð2y − 3Þ, where y is the normalized
lepton energy in the rest frame of B meson. This indicates
the difference in partonic and hadronic end points, with the
former being mb

2
and the latter being at mB

2
, resulting in an

end point region of order Λ̄ ¼ mB −mb. Now, more
importantly for the B → Xu mode, in order to correctly
include this region, it is required to sum over the infinite
terms present in the heavy quark expansion. However, this

expansion in Λ̄
mb

brings higher-order derivatives of the delta
function at each successive order, resulting in a failure of
the OPE and QCD perturbation theory in this region.
Therefore in order to incorporate the end-point behavior,
the distribution function of the heavy quark, or the shape
function, needs to be introduced in the decay rate of the
B → Xulν̄l and B → Xsγ mode [10,12].
Now, in the case of the radiative decay (B → Xulν̄lγ)

mode, it is noted that the presence of a hard photon in
the final state causes the end point to shift in comparison
to the nonradiative decay. The partonic and hadronic
end points are at mb

2
− xmin and mB

2
− xmin respectively.

However, the challenge due to the difference in partonic
and hadronic end points remains similar to the B →
Xulν̄l mode. Hence, the shape function for this process
is required. Further, one can try to use a simple form of
the shape function, ∝ ð1 − y − xÞaeð1þaÞðxþyÞ, similar to
the one suggested for the nonradiative decay mode
[27,28]. However, this may be very naive at this point,
and hence, it is required to compute the shape function for
this process and verify its universality before any defini-
tive conclusions can be drawn. While the issue of the form
of the shape function remains unsettled at this point and is
left for a future study, the main idea that the use of the
radiative inclusive decay rate can aid in a quick deter-
mination of λ1 and λ2 stays unaffected.
In conclusion, our proposed method provides a simple

yet efficient way to calculate nonperturbative parameters λ1
and λ2 in inclusive B decays once the decay rate for
radiative B → XcðuÞlν̄lγ is known experimentally.

APPENDIX A: CONTRIBUTIONS FROM DIFFERENT DIAGRAMS
TO THE INCLUSIVE MATRIX ELEMENT

The explicit structures of MðmÞ
μν , LðmÞ

μν , and Im calculated to Oðz3Þðz ¼ mc=mbÞ are listed below.5 All the relevant
expressions for Fig. 2(a) are listed in Sec. III. We now present explicit expressions for the diagrams in Figs. 2(b)–2(i).
(1) Figure 2(b):

Mð2Þ
μν ¼ 2ð−igαβÞb̄ð−ieQbÞγαið=pb þ =Π − =kþmbÞγνð1 − γ5Þið=pb þ =Π − =k − =qþmcÞγμð1 − γ5Þb;

Lð2Þ
μν ¼ ðlð−ieQlÞγβið=pl þ =kþmlÞγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5ÞlÞ; ðA1Þ

I2 ¼
1

k2ððpb − q − kÞ2 −m2
cÞ
�

−1
ðpb:kÞðpl:kÞ

−
ðpb − kÞ:Π

ðpl:kÞðpb:kÞ2
−

Π2

2ðpl:kÞðpb:kÞ2
−

ððpb − kÞ:ΠÞ2
2ðpl:kÞðpb:kÞ3

�

−
1

k2ððpb − q − kÞ2 −m2
cÞ2

�
2pc:Π

ðpl:kÞðpb:kÞ
þ 2ðpc:ΠÞðpb − kÞ:Π

ðpl:kÞðpb:kÞ2
þ Π2

ðpl:kÞðpb:kÞ
�

−
1

k2ððpb − q − kÞ2 −m2
cÞ3

�
2ðpc:ΠÞ2

ðpl:kÞðpb:kÞ
�
: ðA2Þ

5Mathematical expressions for amplitude are very long, so we have only shown the leading term in z here. However, we have included
terms up to Oðz3Þ in our numerical computations.
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OðΠ0Þ∶

J 2ð0;aÞ¼
−1

mbðpb:kÞðpl:kÞ
16ð−2ðpb:pνÞð2ðpb:plÞ2þðpl:kÞ2þpl:kðpb:qþpl:q−3pb:plÞ−ðpb:kÞðpl:kÞ

−pb:plðq:k−2pb:kþ2pl:qÞÞþm2
bðpl:kððpbþqÞ:pνÞþpl:pνðpb:k−q:k−2pl:kÞ

−ððq−pbÞ:plÞðpν:kþ2pl:pνÞÞ−2ððpb:plÞðpν:kÞ−ðpb:kÞðpl:pνÞÞððqþk−pbÞ:plÞÞ; ðA3Þ

OðΠÞ∶

J 2ð1;aÞ¼
−1

3m3
bðpb:kÞ2ðpl:kÞ

32ðλ1þ3λ2Þð2m2
bðpν:kðpb:plðpl:q−2q:k−3pl:kÞ−ðpb:plÞ2

þ2pl:kðpb:qþ2pl:kþ2pl:qÞÞþpb:pνð6ðpb:plÞ2−pb:plð7pl:kþ3q:kþ6pl:qÞ
þpl:kð3pb:qþpl:ðqþkÞÞÞÞþðpb:kÞ2ð10ðpl:pνðqþk−pbÞ:plÞþpb:pνðpl:q−2pb:plÞ
þm2

bpl:pνÞþpb:kð−10pb:pνð2ðpb:plÞ2−pb:plð3pl:kþq:kþ2pl:qÞþpl:kðpb:qþðqþkÞ:plÞÞ
þm2

bðpν:kð9pb−5qÞ:plþpl:kð9pb−12plþqÞ−pl:pνð12ðq−pbÞ:plþq:kÞ−6pb:pνðq−2pbÞ:plÞ
−10ðpb:plÞðpν:kÞððqþk−pbÞ:plÞ−3m4

bðpl:pνÞÞþm4
bð3ðpb−qÞ:plððkþ2plÞ:pνÞþ3ðq:kÞðpl:pνÞ

−3ðpl:kÞðpν:ðpb−2plþqÞÞþ4pν:kÞÞ; ðA4Þ

J 2ð1;cÞ¼
1

3m3
bðpb:kÞðpl:kÞ

128ðλ1þ3λ2Þðm4
bðpν:kððq−3pbÞ:plÞ−pl:kðð4kþ5qþ3pb−6plÞ:pνÞ

þpl:pνð5k:qþ6pl:q−6pb:plÞÞþð2ðð4kþ2qþpbÞ:pνÞðpl:kÞ2þð2pν:kð2q:pbþ6q:pl−3pb:plÞ
þ4pν:qððq−2pbÞ:plÞþ2q2ðpb:pνÞ−2ððqþ7pbÞ:plÞpb:pνþpb:qðð5qþ11pb−6plÞ:pνÞ
−4ðq:kÞðpl:pνÞÞpl:kþ4ðpν:qÞðpb:plÞððpb−qÞ:plÞþpν:kð4ðq:plÞ2−2ðpb:plÞ2−pb:qððq−5pbÞ:plÞ
−2pb:plð2k:qþq2þpl:qÞÞ−2pb:pνð2q:plððkþplÞ:qÞþpb:plðð3kþ4plÞ:qÞ−6ðpb:plÞ2Þ
þpl:pνð6pb:qððpb−qÞ:plÞþk:qð4pb:pl−4q:pl−5q:pbÞÞÞm2

bþ10q:pbð−ðpν:kÞðpb:plÞ
ððkþq−pbÞ:plÞ−pb:pνð2ðpb:plÞ2−pb:plðk:qþ3k:plþ2q:plÞþpl:kðk:plþq:pbþq:plÞÞÞ
þðpb:kÞ2ðm2

bpl:pνþ10ððq−2pbÞ:plÞðpb:pνÞþððkþq−pbÞ:plÞðpl:pνÞÞþpb:kð−3ðpl:pνÞm4
b

þðpν:kðð9pb−qÞ:plÞþpl:kððqþpbÞ:pνÞþpl:pνð2q2þq:pb−12k:pl−k:qÞ−2ðð2qþpbþ6plÞ:pνÞ
ðq:plÞþ4pb:plððqþ3pbþ3plÞ:pνÞÞm2

bþ10ð−ðpν:kÞðpb:plÞððkþq−pbÞ:plÞ−pb:pνððpl:kÞ2
þpl:kðq:pbþq:pl−3pb:plÞþ2ðpb:plÞ2−ðq:pbÞðq:plÞ−ððk−2pbþ2plÞ:qÞÞþððkþq−pbÞ:plÞ
ðpb:qÞðpl:pνÞÞÞÞ: ðA5Þ

OðΠ2Þ∶

J 2ð2; aÞ ¼
1

3m3
bðpb:kÞ2ðpl:kÞ

16λ1ðð3ðpl:kÞððqþ pbÞ:pνÞ − 3pl:pνðð3qþ 10plÞ:kÞ − 3pl:ðq − pbÞ

ððkþ 2plÞ:pνÞÞm4
b − 2ðpν:kðð7kþ 5q − 5pbÞ:plÞðpb:plÞ þ pb:pνð6ðpb:plÞ2 − 3pb:pl

ðk:qþ 5k:pl þ 2q:plÞ þ pl:kð7pl:kþ 3pb:qþ 5pl:qÞÞÞm2
b þ ðpb:kÞ2ð2pl:qððpb − plÞ:pνÞ

− 2pb:plðð2pb þ plÞ:pνÞ − pl:pνð3m2
b þ 2pl:kÞÞ þ pb:kð3ðpl:pνÞm4

b − 4ðpb:pνÞm2
lm

2
b

þ 6ððq − 2pbÞ:plÞðpb:pνÞm2
b − ðk:q − 8q:pl þ 8pb:plÞðpl:pνÞm2

b þ pb:pνð2ðpl:kÞ2 − 4ðpb:plÞ2
þ 2ðq:kÞðpb:plÞ þ 4ðpl:qÞðpb:plÞÞ þ pν:kð2ðpb:plÞððqþ pbÞ:plÞ − ððq − 5pbÞ:plÞm2

bÞ
þ pl:kðððqþ 5pb þ 12plÞ:pνÞm2

b þ 2ðpν:kÞðpb:plÞ þ 2ðpl:q − pb:qþ 3pb:plÞðpb:pνÞÞÞÞ; ðA6Þ
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J 2ð2;cÞ¼
−1

3m3
bðpb:kÞ2ðpl:kÞ

128λ1ðm4
bð−k:ð2qþ3pbÞðk:pνððq−pbÞ:plÞ−k:plððqþpbÞ:pνÞÞ−pl:pνð2ðk:qÞ2

þq:kð5pb:kþ4ðkþq−pbÞ:plÞþpb:kðð10kþ10q−6pbÞ:pl−3pb:kÞÞÞþ2ððpl:pνÞðpb:kÞ3
þðpb:kÞ2ððpb:pνÞðpl:ðkþ5qÞÞþpl:pνð7k:pl−q2þq:pbþ7q:plÞþpb:plððkþ2q−6pb−3plÞ:pνÞÞ
þð−7ðpb:pνÞðpl:kÞ2þððpb:pνÞðq2−4q:pb−9q:plÞþpb:plðð15pb−2q−7kÞ:pνÞþ2ðpl:pνÞ
ððkþpbÞ:qÞÞpl:kþ2ðq:pνÞðpb:plÞðpb:pl−k:q−q:plÞþðpν:kÞðpb:plÞðq2−q:pb−7q:plþ5pb:plÞ
−2ðq:plÞ2ðpb:pνÞ−ðpb:plÞðpb:pνÞð6pb:pl−3k:q−12q:plÞþ2ðpl:pνÞððq:pbÞðq:plÞþk:qðq:pbþq:pl

−pb:plÞÞÞpb:kþ2k:qð−ðpν:kÞððkþq−pbÞ:plÞðpb:plÞ−pb:pνð2ðpb:plÞ2−pb:plðk:qþ3pl:kþ2q:plÞ
þpl:kðk:plþq:ðpbþplÞÞÞÞÞm2

b−4k:pbððkþqÞ:pbÞð−pb:pνðpl:kÞ2−pl:kððpν:kÞðpb:plÞþðq:plÞ
ðpb:pνÞ−ðpb:kÞðpl:pνÞÞþpb:plð2pb:pνððkþplÞ:pbÞ−ðk:pνÞðq:plÞÞþðk:pbÞðq:plÞðpl:pνÞÞÞ; ðA7Þ

J 2ð2; dÞ ¼
−1

3m3
bðpb:kÞðpl:kÞ

256λ1ðððqþ kÞ:pbÞ2 −m2
bð2k:qþ q2ÞÞð−2pb:pνð2ðpb:plÞ2 þ ðpl:kÞ2 þ pl:k

ðq:ðpl þ pbÞ − 3pb:plÞ − ðpb:kÞðq:plÞ − pb:plðk:qþ 2q:pl − 2k:pbÞÞ þm2
bðk:plððpb þ qÞ:pνÞ

þ ðpl:pνÞððpb − 2pl − qÞ:kÞ − ððq − pbÞ:plÞððkþ 2plÞ:pνÞÞ − 2ðpb:plÞðk:pνÞð−pb þ kþ qÞ:pl

þ 2ðk:pbÞðpl:pνÞððkþ q − pbÞ:plÞÞ: ðA8Þ

(2) Figure 2(c):

Mð3Þ
μν ¼ 2ð−igαβÞb̄γνð1 − γ5Þið=pb þ =Π − =q − =kþmcÞγμð1 − γ5Þið=pb þ =Π − =kþmbÞð−ieQbÞγαb;

Lð3Þ
μν ¼ ðlγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5Þð−ieQlÞγαið=pl þ =kþmlÞlÞ; ðA9Þ

I3 ¼ I2: ðA10Þ

OðΠ0Þ∶

J 3ð0;aÞ¼
1

mbðpb:kÞðpl:kÞ
16ð−ðpb:pνÞðpl:kÞ2þpl:kðm2

bððpb−2plþqÞ:pνÞ−2pb:pνð−2pb:plþq:ðpbþplÞÞÞ

−m2
bððq:pl−pb:plÞðk:pνþ2pl:pνÞþðk:qÞðpl:pνÞÞþk:pbðpl:pνð2q:plþm2

bÞþ2pb:pνððq−2pbÞ:plÞ
þm2

lk:pνþk:plððpl−2kÞ:pνÞÞþ2pb:plðpb:pνðk:qþ2q:pl−2pb:plÞ−ðk:pνÞðq:plÞÞÞ: ðA11Þ

OðΠÞ∶

J 3ð1;aÞ¼
−1

3m3
bðpb:kÞ2ðpl:kÞ

32ðλ1þ3λ2Þððpb:kÞ2ð5pl:kð2k:pν−pl:pνÞ−5m2
lðk:pνÞ−10pb:pνððq−2pbÞ:plÞ

−Pl:pνð10q:plþm2
bÞÞþpb:kð5ðpb:pνÞðpl:kÞ2þm2

bðpl:pνðk:qþ12q:pl−6pb:plÞþ6pb:pνðq:pl

−2pb:plÞÞþk:plðm2
bððq−9plþ6k−9pbÞ:pνÞþ15ðpb:plÞðk:pνÞþ10pb:pνðq:ðpbþplÞ−2pb:plÞÞ

þk:pνð5q:plð2pb:plþm2
bÞþ3m2

bðm2
l−3pb:plÞÞ−10ðpb:plÞðpb:pνÞð−2pb:plþk:qþ2q:plÞþ3m4

b

ðpl:pνÞÞþm2
bð−pν:kð4ðpb:plÞ2þpb:plð5k:pl−4k:qþ2q:plÞþ4k:plðq:pbþ2k:plþ2q:plÞÞ

þpb:pνððk:plÞ2−2k:plð3q:pbþq:pl−4pb:plÞþ6pb:plðk:qþ2q:pl−2pb:plÞÞþm2
bðk:pl

ðð3pb−2plþqÞ:pνþ4k:pνÞ−3ðq:pl−pb:plÞðk:pνþ2pl:pνÞ−3ðk:qÞðpl:pνÞÞÞÞ; ðA12Þ
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J 3ð1;cÞ¼
1

3m3
bðpb:kÞðpl:kÞ

128ðλ1þ3λ2Þð5ðpb:kÞ2ðk:plðð2kþ4q−4pb−plÞ:pνÞ−m2
lððkþ2q−2pbÞ:pνÞ

þ2pb:plððpl−2ðkþq−pbÞÞ:pνÞÞþð5ðpb:pνÞðpl:kÞ2þð3m2
bððplþ4pb−4qÞ:pνÞþ10pb:pl

ðð2q−3pbÞ:pνÞþ5q:pbðð4q−4pb−plÞ:pνÞþk:pνð−6m2
bþ10q:pbþ15pb:plÞÞpl:kþð2ðq−pbÞ:pν

ð6m2
b−5q:pbÞþpν:kð9m2

b−5q:pbÞÞm2
lþ2pb:plð3m2

bðð2q−2pb−plÞ:pνÞ−10ðq:pbþpb:plÞ
ðq:pν−pb:pνÞþ5ðq:pbÞðpl:pνÞþk:pνð6m2

b−10q:pb−15pb:plÞÞÞpb:kþ2m2
bðk:qððkþ2q−2pbÞ:pνÞ

þ3ððkþq−pbÞ:pνÞðq:pb−m2
bÞÞm2

lþ2pb:plððð2q:plþ3pb:plÞð3k:pνþ2q:pν−2pb:pνÞþk:q

ðð4ðkþq−pbÞ−2plÞ:pνÞÞm2
b−5ðq:pbÞðpb:plÞð3k:pνþ2q:pν−2pb:pνÞÞþpl:kððk:pνð7pb:pl−6q:plÞ

−8ðq:plÞðq:pνÞþ2ð4q:plþ5pb:plÞpb:pνþ2k:qð4pb:pνþpl:pν−4q:pl−2k:pνÞÞm2
bþ5ðq:pbÞðpb:plÞ

ðð3kþ4q−6pbÞ:pνÞÞþðpl:kÞ2ð5pb:pνðm2
bþq:pbÞ−2ð4k:pνþ5q:pνÞm2

bÞÞ: ðA13Þ

OðΠ2Þ∶

J 3ð2;aÞ¼
1

3m3
bðpb:kÞ2ðpl:kÞ

16λ1ððpb:kÞ2ð−m2
lðpν:kÞþ2ððq−2pbÞ:plÞðpb:pνÞþk:plðð2k−plÞ:pνÞ

−pl:pνð9m2
bþ2q:plþ4pb:plÞÞþð3ðpl:pνÞm4

bþðpb:pνÞm2
bð2m2

lþ6q:pl−12pb:plÞ−ðk:q−8q:pl

þ2pb:plÞðpl:pνÞm2
bþððk:plÞ2−4ðpb:plÞ2þ2ðk:qÞðpb:plÞþ4ðq:plÞðpb:plÞÞðpb:pνÞþpl:k

ðððqþ2pbþ9plÞ:pνÞm2
bþ2ðq:plþ4pb:pl−q:pbÞpb:pνþ3ðpν:kÞðpb:pl−2m2

bÞÞþpν:kð3m2
bm

2
l

þq:plð2pb:pl−m2
bÞþ4pb:plð2m2

bþpb:plÞÞÞpb:kþm2
bð−11ðpb:pνÞðpl:kÞ2

þðm2
bðð3qþ3pb−10plÞ:pνÞ−17ðk:pνÞðpb:plÞ−2pb:pνð3q:pbþ5q:pl−12pb:plÞÞpl:k

þ3ðk:qþ2q:pl−2pb:plÞð2ðpb:plÞðpb:pνÞ
−ðpl:pνÞm2

bÞþk:pνðpb:plð3m2
bþ4pb:plÞ−q:plð3m2

bþ10pb:plÞÞÞÞ; ðA14Þ

J 3ð2;cÞ¼
−1

3m3
bðpb:kÞ2ðpl:kÞ

128ð2ðð2q:pνþk:pνÞm2
l þk:plð−2k:pνþpl:pν−4q:pνÞþpb:pl

ð4pb:pν−2pl:pνÞÞðk:pbÞ3þð−2ðpb:pνÞðk:plÞ2þk:plðð28q:pν−20ðpb:pνÞ−3ðpl:pνÞÞm2
b

þð22m2
b−4q:pb−6pb:plÞk:pνþ4pb:plðpb:pν−2q:pνÞþ2q:pbðpl:pν−4q:pνÞÞþm2

l ðð−11k:pν

þ6pb:pν−14q:pνÞm2
bþ2q:pbð2q:pνþk:pνÞÞþ4pb:plððpb:plÞð2pb:pνþk:pνÞþq:pbð2pb:pν−pl:pνÞÞ

þ2m2
bð2ð2q:pl−5pb:plÞk:pνþ4q:plðq:pν−pb:pνÞþpb:plð−10q:pνþ6pb:pνþ3pl:pνÞÞÞ

ðk:pbÞ2þ2ðk:qÞm2
bðpb:pνðk:plÞ2þ2m2

bm
2
l ð−pb:pνþ :kpνþ :qpνÞ−2ðpb:plÞ2ð3k:pνþ2q:pν

−2pb:pνÞþðk:plÞðpb:plÞð3k:pνþ4q:pν−6pb:pνÞÞþk:pbðð3m2
b−2q:pbÞðpb:pνÞðk:plÞ2

−2m2
bðð3pb:pν−5ðk:pνþq:pνÞÞm2

bþ2q:pbðk:pνþq:pνÞþk:qð2q:pνþk:pν−2pb:pνÞÞm2
l

þ2pb:plðð2pb:pνð3pb:pl−2q:plÞþð4q:pl−13pb:plÞk:pνþ2ð2q:pl−5pb:plÞq:pνþ2ðk:qÞ
ðpl:pν−2ð−pb:pνþ :kpνþ :qpνÞÞÞm2

bþ2ðq:pbÞðpb:plÞð2pb:pνþk:pνÞÞþðk:plÞ
ððpb:plð25k:pνþ28q:pν−26pb:pνÞþðk:qÞð4k:pνþ8q:pν−8ðpb:pνÞ−2ðpl:pνÞÞÞm2

b

−2ðq:pbÞðpb:plÞð3k:pνþ4q:pν−2pb:pνÞÞÞÞ; ðA15Þ
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J 3ð2; dÞ ¼
1

3m3
bðpb:kÞðpl:kÞ

256λ1ððk:pb þ q:pbÞ2 −m2
bð2k:qþ q2ÞÞð−2ðpb:plÞ2ð−2pb:pν þ 3k:pν þ 2q:pνÞ

þ ðpb:pνÞðk:plÞ2 þ 2m2
bm

2
l ð−pb:pν þ k:pν þ q:pνÞ þ k:pbðm2

l ð2pb:pν − k:pν − 2q:pνÞ þ ðk:plÞ
ð−4pb:pν þ 2k:pν − pl:pν þ 4q:pνÞ þ 2ðpb:plÞðpl:pν − 2ð−pb:pν þ k:pν þ q:pνÞÞÞ þ ðpb:plÞðk:plÞ
ð−6pb:pν þ 3k:pν þ 4q:pνÞÞ: ðA16Þ

(3) Figure 2(d):

Mð4Þ
μν ¼ b̄γνð1 − γ5Þið=pb þ =Π − =q − =kþmbÞγμð1 − γ5Þb;

Lð4Þ
μν ¼ ð−igαβÞðlð−ieQlÞγαið=pl þ =kþmlÞγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5Þið=pl þ =kþmlÞð−ieQlÞγβlÞ; ðA17Þ

I4 ¼
1

k2ððpb − q − kÞ2 −m2
cÞ
�

1

ðpl:kÞ2
�
−

1

k2ððpb − q − kÞ2 −m2
cÞ2

�
2pc:Π
ðpl:kÞ2

þ Π2

ðpl:kÞ2
�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ3

�
2ðpc:ΠÞ2
ðpl:kÞ2

�
: ðA18Þ

OðΠ0Þ∶

J 4ð0; aÞ ¼
1

mbðpl:kÞ2
64pb:pνðk:plðk:q − k:pbÞ −m2

lðk:pl þ k:qþ q:pl − k:pb − pb:plÞÞ: ðA19Þ

OðΠÞ∶

J 4ð1; aÞ ¼
−1

3m3
bðpl:kÞ2

64ðλ1 þ 3λ2Þðm2
lð2m2

bðk:pν þ pl:pνÞ − 5pb:pνðk:pb þ pb:plÞÞ þ k:plð5ðk:pbÞ

ðpb:pνÞ − 2m2
bk:pνÞÞ; ðA20Þ

J 4ð1; cÞ ¼
1

3m3
bðpl:kÞ2

512ðλ1 þ 3λ2Þðm2
lðk:pl þ k:qþ q:pl − k:pb − pb:plÞ þ k:plðk:pb − k:qÞÞ

ð2m2
bðk:pν þ q:pνÞ þ pb:pνð3m2

b − 5ðk:pb þ q:pbÞÞÞ: ðA21Þ

OðΠ2Þ∶
J 4ð2; aÞ ¼ 0; ðA22Þ

J 4ð2;cÞ¼
−1

3m3
bðpl:kÞ2

256λ1ð4pb:pνðm2
l−k:plÞðk:pbÞ2þ2k:pbðm2

lðm2
bðk:pνþq:pνÞþpb:pνð2ðpb:plþq:pbÞ

þ3m2
bÞÞ−ðpb:pνÞðk:plÞð2q:pbþ3m2

bÞ−m2
bm

2
lðk:pνþq:pνÞÞþm2

lðm2
bðpb:plð6pb:pνþk:pνþq:pνÞ

−pb:pνð11ðk:plþq:plÞþ12k:qÞÞþ4ðpb:plÞðpb:pνÞðq:pbÞÞþm2
bð10ðk:qÞðpb:pνÞðk:plÞþm2

lððpb:pνÞ
ðk:plþ2k:qþq:plÞ−ðpb:plÞðk:pνþq:pνÞÞÞÞ; ðA23Þ

J 4ð2;dÞ¼
1

3m3
bðpl:kÞ2

1024λ1pb:pnuððk:pbþq:pbÞ2−m2
bð2k:qþq2ÞÞðm2

lð−k:pb−pb:plþk:plþk:qþq:plÞ

þk:plðk:pb−k:qÞÞ: ðA24Þ
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(4) Figure 2(e):

Mð5Þ
μν ¼ ð−igαβÞb̄ð−ieQbÞγαið=pb þ =Π − =kþmbÞγνð1 − γ5Þið=pb þ =Π − =q − =kþmcÞγμð1 − γ5Þið=pb

þ =Π − =kþmbÞð−ieQbÞγβb;
Lð5Þ
μν ¼ ðlγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5ÞγαlÞ; ðA25Þ

I5 ¼
1

k2ððpb − q − kÞ2 −m2
cÞ
�

1

ðpb:kÞ2
þ 2ðpb − kÞ:Π

ðpb:kÞ3
þ Π2

ðpb:kÞ3
þ ððpb − kÞ:ΠÞ2

ðpb:kÞ4
�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ2

�
−2pc:Π
ðpb:kÞ2

−
4ðpc:ΠÞðpb − kÞ:Π

ðpb:kÞ3
−

Π2

ðpb:kÞ2
�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ3

2ðpc:ΠÞ2
ðpb:kÞ2

: ðA26Þ

OðΠ0Þ∶

J 5ð0; aÞ ¼
1

mbðpb:kÞ2
32ðm2

bðk:pνðpb:pl − 2q:plÞ þ k:plðpb:pν − 2k:pνÞ − pb:plðq:pνÞ þ pb:pνðq:plÞÞ

þ 2k:pbðk:pνÞððkþ q − pbÞ:plÞÞ: ðA27Þ

OðΠÞ∶

J 5ð1; aÞ ¼
1

3m3
bðpb:kÞ3

128ðλ1 þ 3λ2Þð10k:pνðk:pbÞ2ððkþ q − pbÞ:plÞ þm4
bðk:pνð8q:pl − 5pb:plÞ þ k:pl

ðð2qþ 10k − 5pbÞ:pνÞ þ 3pb:plðq:pνÞ − 3pb:pνðq:plÞÞ þm2
bpb:kðk:pnð11pb:pl − 16q:plÞ þ k:pl

ðpb:pν − 16k:pνÞ − 5pb:plðq:pνÞ þ pb:pνð4pb:pl þ q:plÞÞÞ; ðA28Þ

J 5ð1;cÞ¼
1

3m3
bðpb:kÞ2

256ðλ1þ3λ2Þðm2
bð4pl:pνðk:pbÞ2þk:pbðk:pνð11pb:pl−16q:plÞþk:plðpb:pν

−4ð4k:pνþq:pνÞÞ−q:pνðpb:plþ4q:plÞþpb:pνð4pb:plþq:plÞÞ−4k:qðk:pν−pb:pνÞððkþq−pbÞ:plÞ
þq:pbðk:pνðpb:pl−6q:plÞþk:plðpb:pν−6k:pνÞ−5pb:plðq:pνÞþpb:pνð4pb:plþq:plÞÞÞþm4

bð5k:pν

ð2q:pl−pb:plÞþk:plðð10kþ44q−5pbÞ:pνÞþq:pνðpb:plþ4q:plÞ−5pb:pνðq:plÞÞþ10k:pbðk:pνÞ
ðk:pbþq:pbÞðk:plþq:pl−pb:plÞÞ: ðA29Þ

OðΠ2Þ∶

J 5ð2;aÞ¼
1

3m3
bðpb:kÞ3

64λ1ð2k:pνðk:pbÞ2ððpbþkþqÞ:plÞþm4
bðk:pνð10q:pl−7pb:plÞþ7k:plð2k:pν−pb:pνÞ

−2k:pbðpl:pνÞþ3pb:plðq:pνÞ−3ðpb:pνÞðq:plÞÞþm2
bk:pbðk:pνð7pb:pl−12q:plÞ

−8k:plðpb:pνþ2k:pνÞþ2k:pbðpl:pνÞ−pb:plðq:pν−13pb:pνÞ−6pb:pνðq:plÞÞÞ; ðA30Þ

J 5ð2;cÞ¼
−1

3m3
bðpb:kÞ3

256λ1ð4ðk:pbþq:pbÞðk:pbÞ2ð2k:pνðk:plþq:pl−pb:plÞ−pb:pνðk:plÞÞþm4
bð4k:q

ðpb:plðq:pνÞ−pb:pνðk:plþq:plÞ−pb:plðk:pνÞþ2q:plðk:pνÞÞþk:pbðk:pνðpb:plþ2q:plÞþk:pl

ðpb:pν−2k:pν−8q:pνÞþq:pνð7pb:pl−4q:plÞþpb:pνðq:plÞÞÞþ2m2
bpb:kð2q:pbðpb:pνððqþ2k

−2pbÞ:plÞ−2k:pνððqþk−pbÞ:plÞÞþ2k:qðk:pνðpb:pl−2q:plÞþpb:plðpb:pν−q:pνÞ−2k:plðk:pνÞÞ
þk:pbðk:pνð7pb:pl−5q:plÞþk:plð2pb:pν−3k:pνþ4q:pνÞ−4pb:plðpb:pνÞþ2q:plðq:pνÞÞÞÞ;

ðA31Þ
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J 5ð2; dÞ ¼
−1

3m3
bðpl:kÞ2

512λ1ððpb:kþ pb:qÞ2 −m2
bð2k:qþ q2ÞÞðm2

bðpν:kðpb:pl − 2q:plÞ þ k:plðpb:pν − 2k:pνÞ

− pb:plðq:pνÞ þ ðpb:pνÞðq:plÞÞ þ 2k:pbðk:pνÞðk:pl þ q:pl − pb:plÞÞ: ðA32Þ

(5) Figure 2(f):

Mð6Þ
μν ¼ ð−igαβÞb̄γνð1 − γ5Þið=pb þ =Π − =q − =kþmcÞð−ieQuÞγαið=pb þ =Π − =qþmcÞγμð1 − γ5Þb;

Lð6Þ
μν ¼ ðlγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5Þið=pl þ =kþmlÞð−ieQlÞγβlÞ; ðA33Þ

I6 ¼ I7 ¼
1

k2ððpb − q − kÞ2 −m2
cÞ
�

1

ðpc:kÞðpl:kÞ
−

ðpb − qÞ:Π
ðpl:kÞðpc:kÞ2

−
Π2

2ðpl:kÞðpc:kÞ2
þ ððpb − qÞ:ΠÞ2
2ðpl:kÞðpc:kÞ3

�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ2

�
−2pc:Π

ðpl:kÞðpc:kÞ
þ 2ðpc:ΠÞðpb − qÞ:Π

ðpl:kÞðpc:kÞ2
−

Π2

ðpl:kÞðpc:kÞ
�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ3

2ðpc:ΠÞ2
ðpl:kÞðpc:kÞ

: ðA34Þ

OðΠ0Þ∶

J 6ð0; aÞ ¼
1

mbðpl:kÞðpc:kÞ
32pb:pνð2ðq:pl − pb:plÞðk:pl þ k:qþ q:pl − k:pb − pb:plÞ −m2

lðk:qþm2
b þ q2

− k:pb − 2q:pbÞÞ: ðA35Þ

OðΠÞ∶

J 6ð1; aÞ ¼
1

3m3
bðpl:kÞðk:pcÞ2

64ðλ1 þ 3λ2Þð2m2
bq:pν þ pb:pνð3m2

b − 5q:pbÞÞð2ðq:pl − pb:plÞðk:pl þ k:qþ q:pl

− pb:pl − k:pbÞ −m2
lðk:qþ q2 þm2

b − k:pb − 2q:pbÞÞ; ðA36Þ

J 6ð1;cÞ¼
1

3mbðpl:kÞðpc:kÞ
256ðλ1þ3λ2Þðm2

lðk:qþq2þm2
b−k:pb−2q:pbÞ−2ðq:pl−pb:plÞðk:plþk:qþq:pl

−k:pb−pb:plÞÞðpb:pνð5ðk:qþq:pbÞ−3m2
bÞ−2m2

bðk:pνþq:pνÞÞ: ðA37Þ

OðΠ2Þ∶

J 6ð2;aÞ¼
1

3m3
bðpl:kÞðpc:kÞ3

32λ1pb:pνð2k:pcðm2
lðm2

bðk:qþ2q2Þ−2ðq:pbÞ2Þþ2ðk:plþ2q:pl−2pb:plÞ

ððpb:plÞðq:pbÞ−m2
bðq:plÞÞþ2k:qðpb:plðq:pbþm2

bÞ−2m2
bq:plÞþk:pbð2m2

bq:plþq:pbð2q:pl

−4pb:pl−m2
lÞÞÞ−ð2ðq:pl−pb:plÞðk:plþk:qþq:pl−k:pb−pb:plÞ−m2

lðk:qþq2þm2
b−k:pb

−2q:pbÞÞððq:pbÞ2þm2
bð3k:pc−q2ÞÞ−2ðk:pcÞ2ðm2

bðm2
l−2k:plÞþ2pb:plðk:pbþpb:plÞÞÞ; ðA38Þ

J 6ð2;cÞ¼
−1

3m3
bðpl:kÞðpc:kÞ2

128λ1ðm2
bðk:pcÞðq:pνÞð2ðpb:plÞ2−m2

bpl:kþk:plðq:pbÞ−2ðk:qÞðpb:plÞ

−3ðk:plÞðpb:plÞ−4ðq:plÞðpb:plÞÞþm2
bðq:plÞ2ðpb:pνÞð8k:q−24k:pcþ8q2Þ

þm2
bðpb:plÞ2ðpb:pνÞð8k:q−12k:pcþ8q2Þþm2

bpb:pνððpc:kÞðpl:kÞðq:pb−6pl:k−8k:q−q2ÞþÞÞ;
ðA39Þ
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J 6ð2;dÞ¼−
1

3ðk:plÞðk:pcÞ2
128λ1ððq:pνÞðk:pcÞð−ðk:plÞm4

b−4ðq:plÞðpb:plÞm2
b−2ðk:qÞðpb:plÞm2

b

−3ðk:plÞðpb:plÞm2
bÞþðk:pcÞðpb:pνÞð−24ðq:plÞ2m2

b−12ðpb:plÞ2m2
bÞþq2ðpb:pνÞm2

bð8ðq:plÞ2
þ8ðpb:plÞ2−ðk:plÞðk:pcÞÞþ8ðk:qÞðpb:pνÞm2

bððq:plÞ2þðpb:plÞ2þðk:qþq2Þq:plÞþðq:plÞðpb:pνÞ
m2

bð8ðq2þk:qÞðk:plÞ−6ð4k:qþ5k:plÞk:pcÞ−8ðpb:pνÞm2
bðpb:plðk:qþk:plþ2q:plÞðq2þk:qÞ

−ð6k:plþ8k:qÞðk:plÞðk:pcÞÞþðk:pcÞm2
bðq:pνð2ðpb:plÞ2þðq:pbÞðk:plÞÞþðq:pbÞðk:plÞðpb:pνÞ

þð19k:qþ26k:plþ38q:plþ2q2þ3k:qÞðpb:plÞðpl:pνÞÞþð4ðððq2þk:qþpb:qÞm2
bþq:pbðq2þk:q

−3q:pbÞÞm2
l −2ðq:pl−pb:plÞððq2þk:qÞm2

bþq:pbðk:q−pb:qþpl:q−pb:plþk:plÞÞÞðpb:pνÞ
þð−ðpl:pνÞðq:pbÞ2−m2

bððk:plþ2q:plÞðq:pνÞþ6ð2ðpb:plÞþm2
l Þðpb:pνÞÞþððpb:plÞ2

−ð2q:plþk:pl−2pb:plÞm2
bÞðk:pνÞþ2ðpb:plþm2

bÞðpb:plÞðq:pνÞþðpb:pνÞð−16ðpb:plÞ2þ8m2
bðk:plÞ

þ19m2
bðq:plÞþ7ðpb:plÞðk:qþk:plþ2q:plÞÞþðq2þ2k:qÞm2

bðpl:pνÞþðq:pbÞð−9ðpb:pνÞm2
l

þð7q:plþ :kplÞðpb:pνÞþðpb:plÞð2q:pν−16ðpb:pνÞ−3ðpl:pνÞÞÞÞðk:pcÞÞðk:pbÞ−8ððq:pbÞ2ðq:plÞ2
þðq:pbþ2k:pcÞðq:pbÞðpb:plÞ2Þðpb:pνÞþð−4ðk:qÞ2m2

b−4ðq2þm2
b−2ðq:pbÞÞðq2m2

b−ðq:pbÞ2Þ
þð−4m4

bþð−8q2þ8:pbqþ15k:pcÞm2
bþ4ðq:pbÞ2Þðk:qÞþ6ðm4

bþ2ðq2−q:pbÞm2
b−ðq:pbÞ2Þ

ðk:pcÞÞm2
l ðpb:pνÞ−8ðq:pbÞ2ðq:plÞðpb:pνÞðk:qþk:plÞþ8ðq:pbÞ2ðpb:plÞðpb:pνÞðk:qþk:plþ2q:plÞ

−ðk:pcÞðpl:pνÞð2ðq:pbÞ2ðpb:plÞþðk:pbÞ3Þþðk:pbÞ2ð4ðq:pbÞð−m2
l þ2q:pl−2ðpb:plÞÞðpb:pνÞ

þðpb:plÞðk:pνÞðk:pcÞþð−3ðpb:pνÞm2
l þð7q:plþk:plÞðpb:pνÞ−2ðq:pbÞðpl:pνÞþðpb:plÞ

ð2q:pν−pl:pν−16pb:pνÞÞk:pcÞþð−ðk:plÞm4
bþpb:plðq2−2k:plþ2pb:pl−3q:plÞm2

b

þððpb:plÞ2þm2
bk:plÞq:pb−ðq:pbÞ2ðpb:plÞÞðk:pνÞðk:pcÞþð2ðpb:plÞðq:pνÞþ7ðk:qþk:plþ2q:plÞ

pb:pνÞðq:pbÞðpb:plÞðk:pcÞÞ: ðA40Þ

(6) Figure 2(g):

Mð7Þ
μν ¼ ð−igαβÞb̄γνð1 − γ5Þið=pb þ =Π − =qþmcÞð−ieQuÞγαið=pb þ =Π − =q − =kþmcÞγμð1 − γ5Þb; ðA41Þ

Lð7Þ
μν ¼ ðlð−ieQlÞγβið=pl þ =kþmlÞγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5ÞlÞ;
I7 ¼ I6: ðA42Þ

OðΠ0Þ∶ J 7ð0; aÞ ¼ J 6ð0; aÞ; ðA43Þ

OðΠÞ∶ J 7ð1; aÞ ¼ J 6ð1; aÞ; J 7ð1; cÞ ¼ J 6ð1; cÞ; ðA44Þ

OðΠ2Þ∶J 7ð2; aÞ ¼ J 6ð2; aÞ; J 7ð2; cÞ ¼ J 6ð2; cÞ; J 7ð2; dÞ ¼ J 6ð2; dÞ: ðA45Þ

(7) Figure 2(h):

Mð8Þ
μν ¼ ð−igαβÞb̄γνð1 − γ5Þið=pb þ =Π − =qþmcÞð−ieQuÞγαið=pb þ =Π − =q − =kþmcÞγμð1 − γ5Þið=pb

þ =Π − =kþmbÞð−ieQbÞγαb;
Lð8Þ
μν ¼ ðlγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5ÞlÞ; ðA46Þ

NAMIT MAHAJAN and DAYANAND MISHRA PHYS. REV. D 110, 053003 (2024)

053003-18



I8 ¼
1

k2ððpb − q − kÞ2 −m2
cÞ
�

−1
ðpc:kÞðpb:kÞ

þ ðpb − qÞ:Π
ðpb:kÞðpc:kÞ2

−
ðpb − kÞ:Π

ðpb:kÞ2ðpc:kÞ
þ Π2

2ðpb:kÞðpc:kÞ2

−
Π2

2ðpb:kÞ2ðpc:kÞ
−

ððpb − qÞ:ΠÞ2
2ðpb:kÞðpc:kÞ3

−
ððpb − kÞ:ΠÞ2
2ðpb:kÞ3ðpc:kÞ

þ ððpb − qÞ:ΠÞððpb − kÞ:ΠÞ
ðpc:kÞ2ðpb:kÞ2

�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ2

�
2pc:Π

ðpb:kÞðpc:kÞ
−
2ðpc:ΠÞðpb − qÞ:Π

ðpb:kÞðpc:kÞ2
þ 2ðpc:ΠÞðpb − kÞ:Π

ðpb:kÞ2ðpc:kÞ
þ Π2

ðpb:kÞðpc:kÞ
�

þ 1

k2ððpb − q − kÞ2 −m2
cÞ3

−2ðpc:ΠÞ2
ðpb:kÞðpc:kÞ

: ðA47Þ

OðΠ0Þ∶

J 8ð0; aÞ ¼
1

mbðk:pbÞðk:pcÞ
16ð−2ðpl:pνÞðk:pbÞ2 þm2

bð−ðpl:pνÞð−2ðk:pbÞ − 2ðq:pbÞ þ k:qþ q2Þ

− 2ðpb:plÞðq:pνÞ þ 2ðq:plÞðpb:pν þ q:pνÞÞ þ ðk:pνÞððq:plÞð2ðq:pbÞ −m2
bÞ − ðpb:plÞð−2k:pb

þ 2k:qþ q2ÞÞ þ ðk:plÞð2ðk:pνÞðq:pb −m2
bÞ − 2ðk:pbÞðq:pνÞ þ ðpb:pνÞð2ðk:pbÞ − q2Þ þm2

bðq:pνÞÞ
− 2ðk:pbÞðpb:pνÞðq:plÞ − 2ðk:pbÞðq:plÞðq:pνÞ þ 2ðk:pbÞðpb:plÞðq:pνÞ þ 2ðk:qÞðpb:pνÞðq:plÞ
þ q2ðk:pbÞðpl:pνÞ þ 2ðk:qÞðk:pbÞðpl:pνÞ − 2ðk:pbÞðq:pbÞðpl:pνÞ þm4

bð−ðpl:pνÞÞ − 4ðpb:pνÞðq:pbÞ
ðq:plÞ þ 2q2ðpb:plÞðpb:pνÞÞ: ðA48Þ

OðΠÞ∶

J 8ð1;aÞ¼
1

3m3
bðk:pbÞ2ðk:pcÞ2

16ðλ1þ3λ2Þð2pl:pνðk:pbÞ3ð5q:pb−3m2
bÞþðpb:kÞ2ð6m4

bðpl:pνÞþm2
bð−2q:pν

ð3k:plþ7q:pl−5pb:plÞþk:pνð4q:plþ6pb:plÞþ6pb:pνðk:pl−q:plÞþð2k:qþ8k:pcþ5q2−16q:pbÞ
pl:pνÞþ10ð−ðk:pc−q:pbÞðk:plþq:plÞq:pν−q:pbðq:pl−k:plÞðpb:pνÞÞþ5ð2ðq:pbÞ2−ð2k:qþq2Þq:pb

þk:pcð2k:qþq2ÞÞpl:pνÞþpb:kð−3ðpl:pνÞm6
bþm4

bð−8ðq:pνÞðpb:plÞþ2q:plð5q:pνþ4pb:pνÞ
þpl:pνðk:q−6k:pc−3q2þ9q:pbÞÞþm2

bð2q:pνð5ðk:pc−q:pbÞq:plþpb:plð2k:q−4k:pcþq2þ3q:pbÞÞ
þ2pb:pνðq:plð5k:qþ2k:pc−q2−13q:pbÞþð5q2−2k:qÞpb:plÞþpl:pνð4ðk:qÞ2þk:qð2q2−15k:pc

−3q:pbÞþ3q:pbðq2−2q:pbÞþk:pcð8q:pb−5q2ÞÞÞþ10pb:pνðq:plð2ðq:pbÞ2þk:qðk:pc−q:pbÞÞ−q2

ðq:pbÞðpb:plÞÞþk:pνð−7ðq:plÞm4
b−m2

bðq:plð4k:qþk:pc−2q2−15q:pbÞþpb:plð6k:qþ2k:pcþ9q2

−4q:pbÞÞþ5ðk:pc−q:pbÞð2ðq:pbÞðq:plÞ−ð2k:qþq2Þpb:plÞÞþk:plð3m4
bðq:pν−2k:pνÞ−ð4k:pν

ð2k:pc−q2−3q:pbÞþq:pνð4k:q−15k:pcþ2q2þq:pbÞþpb:pνð5ð2k:pcþq2Þ−4k:qÞÞm2
bþ5ðk:pc

−q:pbÞð2k:pνðq:pbÞ−q2ðpb:pνÞÞÞÞþðk:pcÞm2
bð3ðpb:plÞm4

b−m2
bðk:pνðq:pl−2pb:plÞ−6ðq:pνÞðpb:plÞ

þ6q:plðq:pνþpb:pνÞ−3ðq2−2q:pbÞpl:pνÞ−ð2ðq:pbÞðq:plÞ−q2ðpb:plÞÞðk:pν−6pb:pνÞþk:qð3m2
b

ðpl:pνÞþk:pνð14pb:pl−8q:plÞ−2pb:pνðq:plþ2pb:plÞÞþk:plð−3m2
bðq:pνÞþpb:pνð−2m2

bþq2

þ4q:pbÞþ2k:pνð5m2
bþ2q2−7q:pbÞÞÞÞ; ðA49Þ
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J 8ð1;cÞ¼
1

3ðk:pbÞðk:pcÞmb
128ð−3ðpl:pνÞm6

bþððpl:pνÞð−3q2þk:qþ9pb:qÞþð3q:plþ2pb:plÞðk:pνÞ

þ2ð5q:plþ4pb:plÞðq:pνÞ−8ðq:plÞðpb:pνÞ−ðk:plÞð10k:pνþ3q:pνþ2pb:pνÞÞm4
bþð−2ðk:pνÞ

ðq:plÞq2−3ðk:pνÞðpb:plÞq2−2ðq:pνÞðpb:plÞq2þ2ðq:plÞðpb:pνÞq2þ10ðpb:plÞðpb:pνÞq2−ðk:pνÞ
ðq:pbÞðq:plÞ−10ðq:pbÞðq:pνÞðq:plÞ−4ðk:pνÞðq:pbÞðpb:plÞ−26ðq:pbÞðq:pνÞðpb:plÞ−4ðk:qÞðq:plÞ
ðk:pνÞþ4ðk:qÞðpb:plÞðk:pνÞþ6ðk:qÞðpb:plÞðq:pνÞþ4ðk:qÞðq:plÞðpb:pνÞþ6ðq:pbÞðq:plÞðpb:pνÞ
þð−6ðq:pbÞ2þ2ðk:qÞðq2þ2k:qÞþ3ðq2−k:qÞðq:pbÞÞðpl:pνÞþðk:plÞððq:pbÞð20k:pνþ11q:pν

þ4pb:pνÞþðq2þ2k:qÞð2ðq:pνÞ−7ðpb:pνÞÞÞÞm2
bþð9ðpl:pνÞm4

bþððpl:pνÞð8q2þ7k:q−22ðq:pbÞÞ
−4ð5q:plþ4pb:plÞðq:pνÞþ16ðq:plÞðpb:pνÞÞm2

bþð−11ðq:plÞm2
bþð5q2þ6m2

bÞðpb:plÞþ10ðq:pbÞ
ðq:pl−pb:plÞÞðk:pνÞþ10ððq:pbÞðq:plÞ−ðk:q−3ðq:pbÞÞðpb:plÞÞðq:pνÞ−10ððpb:plÞq2þðq:pbÞ
ðq:plÞÞðpb:pνÞ−5ðq2þ2k:q−2ðq:pbÞÞðq:pbÞðpl:pνÞþðk:plÞðð10k:pνþ14pb:pνþq:pνÞm2

bþ5

ðq2þ2k:qÞðpb:pνÞ−10ðq:pbÞð:kpνþ :qpνþ :pbpνÞÞÞðk:pbÞþ10ðk:pbÞ3ðpl:pνÞþðk:pbÞ2ð−16
ðpl:pνÞm2

b−5ðq2þ2k:q−4ðq:pbÞÞðpl:pνÞþ10ð−ðpb:pνÞðk:plþq:plÞþðq:pl−pb:plÞðk:pνÞ
þðq:plþpb:plÞðq:pνÞÞÞþ5ðq:pbÞððpb:plÞðq2ðk:pν−2ðpb:pνÞÞ−2ðk:q−2ðq:pbÞÞðq:pνÞÞþðk:plÞ
ððq2þ2k:qÞðpb:pνÞ−2ðq:pbÞðk:pνþq:pνÞÞÞÞðλ1þ3λ2Þ: ðA50Þ

OðΠ2Þ∶

J 8ð2;aÞ¼
1

3ðk:pbÞ2ðk:pcÞ3m3
b

16ð2ðk:pcÞ2ðk:pbÞð2ð3q:plþk:plÞðpb:pνÞþð−3m2
bþ4k:pbþ2q:pbÞðpl:pνÞ

−2ðpb:plÞð3k:pνþq:pνÞÞm2
bþððk:pcÞð2ðk:qÞ−3ðk:pcÞÞm2

bþðð3ðk:pcÞ−q2Þm2
bþðk:pc−q:pbÞ2Þ

ðk:pbÞÞððpl:pνÞm4
bþððpl:pνÞðq2þk:q−2ðk:pbÞ−2ðq:pbÞÞþ2ðpb:plÞðq:pνÞ−2ðq:plÞ

ðq:pνþpb:pνÞÞm2
bþð−ðq:pνÞm2

bþ2ðm2
b−q:pbÞðk:pνÞþ2ðk:pbÞðq:pνÞþðq2−2ðk:pbÞÞðpb:pνÞÞ

ðk:plÞ−2ðk:pbÞðq:pνÞðpb:plÞþððpb:plÞðq2þ2k:q−2ðk:pbÞÞþðm2
b−2ðq:pbÞÞðq:plÞÞðk:pνÞ

þ2ðk:pbÞðq:plÞðq:pνÞ−2ðk:qÞðq:plÞðpb:pνÞþ2ðk:pbÞðq:plÞðpb:pνÞþ4ðq:pbÞðq:plÞðpb:pνÞ
−2q2ðpb:plÞðpb:pνÞþ2ðððk:pbÞÞÞ2ðpl:pνÞ−ðk:pbÞq2ðpl:pνÞ−2ðk:qÞðk:pbÞðpl:pνÞþ2ðk:pbÞ
ðq:pbÞðpl:pνÞÞ−2ðk:pcÞðððk:plÞðk:pcÞð2k:pν−pb:pν−2q:pνÞþðk:pbÞð−2ðpl:pνÞq2
−ðq:pνÞðpb:plÞ−2ðq:plÞðk:pνÞþðq:plÞð2q:pνþpb:pνÞÞþððpb:plÞðk:pνÞþ2ðk:qÞðpl:pνÞÞðk:pcÞÞm4

b

þð2ððq2þk:qÞðpl:pνÞ−ðq:pνÞð−pb:plþk:plþq:plÞÞðk:pbÞ2þðk:pbÞð−ðpb:plÞðq:pνÞq2þðq:plÞ
ðpb:pνÞq2þ2ðpb:plÞðpb:pνÞq2þ2ððq:pbÞðq:plþpb:plÞ−ðq2þk:qþ2k:pcÞðpb:plÞÞðk:pνÞ
þ2ðq:pbÞðq:plÞðq:pνÞ−2ðq:pbÞðpb:plÞðq:pνÞþ2ðk:qÞðq:plÞðpb:pνÞ−2ðq:pbÞðq:plÞðpb:pνÞ−2ðk:qÞ
ðpb:plÞðpb:pνÞ−2ððq:pbÞðk:pc−q:pbÞþðk:qÞðk:pcÞÞðpl:pνÞþ2ðpb:plÞðq:pνÞðk:pcÞþ2ðk:plÞ
ðk:pνþq:pνÞðk:pcÞÞþððpb:pνÞððk:plÞðq2þ2pb:qÞ−2ðk:qÞðq:plþpb:plÞÞþððq2þ2k:qÞðpb:plÞ
−2ðq:pbÞðk:plþq:plÞÞðk:pνÞÞðk:pcÞÞm2

bþ2ðk:pbÞðk:pc−q:pbÞððpl:pνÞðððk:pbÞÞÞ2−ððk:pl−q:plÞ
ðpb:pνÞ−ðq:pbÞðpl:pνÞþðpb:plÞð:kpνþ :qpνÞÞðk:pbÞþð2ðq:pbÞðq:plÞ−q2ðpb:plÞÞðpb:pνÞÞÞÞλ1;

ðA51Þ
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J 8ð2;cÞ¼−
1

3ðk:pbÞ2ðk:pcÞ2
128ð4ðq:pbÞðpl:pνÞðk:pbÞ4þ2ð−2ðq2þk:qþpb:qÞðpl:pνÞm2

b−2ðk:pνÞððq:pbÞ

ðpb:pl−q:plÞþðq:plÞðk:pcÞÞþðq:pbÞð−ðpl:pνÞðq2þ2k:q−4ðq:pbÞÞþ2ðq:plþpb:plÞðq:pνÞ
−2ðk:plþq:plÞðpb:pνÞÞþððpl:pνÞðq2þ2k:qþ5m2

bÞ−2ðq:plÞðq:pνÞÞðk:pcÞÞðk:pbÞ3þð2ð2ðq2
þk:q−2ðk:pcÞÞþq:pbÞðpl:pνÞm4

bþððpl:pνÞð4ðk:qÞ2−8ðq:pbÞ2−2ð−3q2þpb:qþ6k:pcÞðk:qÞ
−2ðq2−5ðk:pcÞÞðq:pbÞþq2ð2q2−9ðk:pcÞÞÞþ2ððq:plÞðpb:pνÞð2k:qþ2ðq2þpb:qÞ−5ðk:pcÞÞ
þðpb:plÞððk:pνÞð2q2þ2k:q−3ðk:pcÞÞ−ð2k:qþ2ðq2þpb:qÞ−5ðk:pcÞÞðq:pνÞÞþðq:plÞð−ðq:pνÞ
ð2k:qþ2ðq2þpb:qÞ−7ðk:pcÞÞþð2ðq2þk:q−4ðk:pcÞÞþq:pbÞð−k:pνÞÞÞÞm2

bþ2ðð2ðpb:pνÞðq2
þk:qÞþðq:pbÞðq:pνÞÞm2

bþ2ðq:pbÞðm2
b−q:pbþk:pcÞðk:pνÞþðq:pbÞððq2þ2k:qÞðpb:pνÞ−2ðq:pbÞ

ðq:pνþpb:pνÞÞþð−ðq:pνÞm2
b−ðpb:pνÞðq2þ2k:qþ7m2

bÞþ2ðq:pbÞðq:pνÞÞðk:pcÞÞðk:plÞ
þ2ðððpb:plÞððq2−2ðq:pbÞÞðq:pbÞ−ðk:pcÞq2Þþ2ðq:pbÞðq:plÞðq:pb−k:pcÞÞðk:pνÞþ2ððpb:plÞ
ð3ðq:pbÞ2þðk:qÞðk:pc−q:pbÞÞþðq:pbÞðq:plÞðq:pb−k:pcÞÞðq:pνÞ−2ðq:pbÞððpb:plÞq2þðq:pbÞ
ðq:plÞÞðpb:pνÞþð2ðq:pbÞ2−ðq2þ2k:qÞðq:pbÞþðq2þ2k:qÞðk:pcÞÞðq:pbÞðpl:pνÞÞÞðk:pbÞ2
þðð−2q2−2k:qþ3k:pcÞðpl:pνÞm6

bþð−2ðpl:pνÞðk:qÞ2þðð2q2−7ðk:pcÞÞðq:plÞ−2ðk:pcÞðpb:plÞÞ
ðk:pνÞþ2ð2ðpb:plÞðq2−2ðk:pcÞÞþðq:plÞð2q2−5ðk:pcÞÞÞðq:pνÞþ4ð2ðk:pcÞ−q2Þðq:plÞðpb:pνÞ
þð2ðq:pbÞ2þq2ð7k:pc−2q2Þþ4ðq:pbÞðq2−2k:pcÞÞðpl:pνÞþðk:qÞððpl:pνÞð−4q2þ4pb:qþ3k:pcÞ
−4ðpb:pνÞðq:plÞþ2ðq:plÞðk:pνÞþ4ðq:plþpb:plÞðq:pνÞÞÞm4

bþð4ððq:pνÞðpb:plÞ−ðk:pcÞðpl:pνÞÞ
ðk:qÞ2þ2ð−2ðpl:pνÞðq:pbÞ3þððpl:pνÞq2−2ðq:plþpb:plÞðq:pνÞþ2ðq:plÞðpb:pνÞÞðq:pbÞ2þq2

ðððq:plÞðk:pcÞþðpb:plÞð2q2−5ðk:pcÞÞÞðpb:pνÞ−ðk:pcÞðq:pνÞðpb:plÞÞþðq:pbÞð2ð5ðk:pcÞ−2q2Þ
ðq:pνÞðpb:plÞ−ðk:pcÞq2ðpl:pνÞÞÞþððpb:plÞððk:pcÞð5q2þ4:pbqÞ−2q4Þþ2ðq:pbÞðk:pc−q:pbÞ
ðq:plÞÞðk:pνÞþ2ðk:qÞððpl:pνÞðððq:pbÞÞÞ2þð2ðk:pcÞðq:plÞ−ðq2þ2k:pcÞðpb:plÞÞðk:pνÞ
þ2ðpb:plÞððpb:pνÞq2þðq2−2ðq:pbÞÞðq:pνÞÞþððpl:pνÞðq:pb−q2Þ−5ðpb:plÞðq:pνÞþ2ðq:plÞðq:pν

−pb:pνÞÞðk:pcÞÞÞm2
bþð2ðq:pb−m2

bÞð−2ðððq:pbÞÞÞ2þ2ðq2þk:qÞm2
bþð2ðq:pbÞ−5m2

bÞðk:pcÞÞ
ðk:pνÞ−2ððq:pbÞ2−ðq2þk:qÞm2

bÞððq:pνÞð2ðq:pbÞ−m2
bÞ−ðq2þ2k:qÞðpb:pνÞÞþðð7q:pνþ2pb:pνÞ

m4
bþð9q2þ10k:qÞðpb:pνÞm2

bþ2ð−8ðq:pνÞm2
b−ðpb:pνÞðq2þ2k:qþ2m2

bÞÞðq:pbÞþ4ðq:pbÞ2ðq:pνÞÞ
ðk:pcÞÞðk:plÞþ2ðq:pbÞðpb:plÞð−2ðq:pbÞðpb:pνÞq2þðk:pνÞðq:pb−k:pcÞq2þ2ð2ðq:pbÞ2þðk:qÞ
ðk:pc−q:pbÞÞðq:pνÞÞÞðk:pbÞþ2ðk:qÞm2

bððpl:pνÞm4
bþððpl:pνÞðq2þk:q−2ðq:pbÞÞ−2ðq:pνÞðq:pl

þpb:plÞþ2ðq:plÞðpb:pνÞþðq:plÞð−k:pνÞÞm2
bþðk:plÞðð2k:pνþq:pνÞm2

bþðq2þ2k:qÞðpb:pνÞ
−2ðq:pbÞðk:pνþq:pνÞÞþðpb:plÞðq2ðk:pν−2ðpb:pνÞÞ−2ðk:q−2ðq:pbÞÞðq:pνÞÞÞðk:pcÞÞλ1; ðA52Þ

J 8ð2; dÞ ¼
1

3m3
bðk:pbÞðk:pcÞ

256λ1ððk:pb þ q:pbÞ2 −m2
bð2k:qþ q2ÞÞð2ðpl:pνÞðk:pbÞ2 þm2

bððpl:pνÞ

ð−2ðq:pbÞ þ k:qþ q2Þ − 2ðq:pνÞðpb:pl þ q:plÞ þ 2ðpb:pνÞðq:plÞ − ðk:pνÞðq:plÞÞ þ ðk:plÞ
ðm2

bð2k:pν þ q:pνÞ þ ðpb:pνÞð−2ðk:pbÞ þ 2k:qþ q2Þ − 2ðq:pbÞðk:pν þ q:pνÞÞ þ ðk:pbÞ
ð−ðpl:pνÞð−2ðq:pbÞ þ 2k:qþ q2 þ 2m2

bÞ þ 2ðk:pνÞðq:pl − pb:plÞ − 2ðpb:pνÞðq:plÞ þ 2ðq:pνÞ
ðpb:pl þ q:plÞÞ þ ðpb:plÞðq2ðk:pν − 2ðpb:pνÞÞ − 2ðq:pνÞðk:q − 2ðq:pbÞÞÞ þm4

bðpl:pνÞÞ: ðA53Þ
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(8) Figure 2(i):

Mð9Þ
μν ¼ ð−igαβÞb̄ð−ieQbÞγαið=pþ Π − kþmbÞγνð1 − γ5Þið=pþ Π − =q − kþmcÞð−ieQuÞγβið=p

þ Π − =qþmcÞγμð1 − γ5Þb; ðA54Þ

Lð9Þ
μν ¼ ðlγμð1 − γ5ÞνlÞðν̄lγνð1 − γ5ÞlÞ;
I9 ¼ I8: ðA55Þ

OðΠ0Þ∶

J 9ð0;aÞ¼
1

mbðk:pbÞðk:pcÞ
16ð−2ðpl:pνÞðk:pbÞ2þm2

bððpl:pνÞð2k:pbþ2q:pb−k:q−q2Þ−2ðpb:plÞðq:pνÞ

þ2ðq:plÞðpb:pνþq:pνÞÞþðk:pνÞððq:plÞð2ðq:pbÞ−m2
bÞ−ðpb:plÞð−2k:pbþ2k:qþq2ÞÞþðk:plÞ

ð2ðk:pνÞðq:pb−m2
bÞ−2ðk:pbÞðq:pνÞþðpb:pνÞð2ðk:pbÞ−q2Þþm2

bðq:pνÞÞ−2ðk:pbÞðp:bpνÞðq:plÞ
−2ðk:pbÞðq:plÞðq:pνÞþ2ðk:pbÞðpb:plÞðq:pνÞþ2ðk:qÞðpb:pνÞðq:plÞþq2ðk:pbÞðpl:pνÞþ2ðk:qÞðk:pbÞ
ðpl:pνÞ−2ðk:pbÞðq:pbÞðpl:pνÞ−m4

bpl:pν−4ðpb:pνÞðq:pbÞðq:plÞþ2q2ðpb:plÞðpb:pνÞÞ: ðA56Þ

OðΠÞ∶

J 9ð1;aÞ¼
1

3ðk:pbÞ2ðk:pcÞ2m3
b

16ð2ð5ðq:pbÞ−3m2
bÞðpl:pνÞðk:pbÞ3þð6ðpl:pνÞm4

bþððpl:pνÞð5q2þ2k:q

−16ðq:pbÞþ8k:pcÞþð4q:plþ6pb:plÞðk:pνÞ−2ð3k:plþ7q:pl−5ðpb:plÞÞðq:pνÞþ6ðk:pl−q:plÞ
ðpb:pνÞÞm2

bþ5ð2ðq:pbÞ2−ðq2þ2k:qÞðq:pbÞþðq2þ2k:qÞðk:pcÞÞðpl:pνÞþ10ð−ðq:pbÞðk:pν

þq:pνÞðpb:plÞ−ðk:pc−q:pbÞðk:plþq:plÞðq:pνÞþðq:pbÞðq:pl−k:plÞðpb:pνÞÞÞðk:pbÞ2þðk:pbÞ
ð−3ðpl:pνÞm6

bþððpl:pνÞð−3q2þ :kqþ9:pbq−6ðk:pcÞÞ−8ðpb:plÞðq:pνÞþ2ðq:plÞð5q:pν

þ4pb:pνÞÞm4
bþððpl:pνÞð4ðk:qÞ2þ3ðq:pbÞðq2−2ðq:pbÞÞþðk:qÞð2q2−3ðq:pbÞ−18k:pcÞ

þð8ðq:pbÞ−5q2Þðk:pcÞÞþ2ð5ðq:plÞðk:pc−q:pbÞþðq2þ2k:qþ3:pbq−4ðk:pcÞÞðpb:plÞÞðq:pνÞ
þ2ððpb:plÞð5q2−2ðk:qÞÞþð−q2þ5k:q−13ðq:pbÞþ2k:pcÞðq:plÞÞðpb:pνÞÞm2

bþð−7ðq:plÞm4
b

−ððpb:plÞð9q2þ6k:q−4ðq:pbÞþ2k:pcÞþð−2q2þ4k:q−15ðq:pbÞþ4k:pcÞðq:plÞÞm2
bþ5ðk:pc

−q:pbÞð2ðq:pbÞðq:plÞ−ðq2þ2k:qÞðpb:plÞÞÞðk:pνÞþ10ðð2ðq:pbÞ2þðk:qÞðk:pc−q:pbÞÞðq:plÞ
−q2ðq:pbÞðpb:plÞÞðpb:pνÞþðk:plÞð3ðq:pν−2ðk:pνÞÞm4

b−ððpb:pνÞð5ðq2þ2k:pcÞ−4ðk:qÞÞþ4ð−q2
−3ðq:pbÞþ2k:pcÞðk:pνÞþð2q2þ4k:qþ :pbq−18ðk:pcÞÞðq:pνÞÞm2

bþ5ðk:pc−q:pbÞð2ðk:pνÞðq:pbÞ
−q2ðpb:pνÞÞÞÞþm2

bð3ðpl:pνÞm4
b−ð−3ðpl:pνÞðq2−2ðq:pbÞÞ−6ðq:pνÞðpb:plÞþðq:pl−2ðpb:plÞÞ

ðk:pνÞþ6ðq:plÞð:qpνþ :pbpνÞÞm2
bþð−3ðq:pνÞm2

bþ2ð2q2þ5m2
b−7ðq:pbÞÞðk:pνÞþðq2þ4:pbq

−2m2
bÞðpb:pνÞÞðk:plÞ−ð2ðq:pbÞðq:plÞ−q2ðpb:plÞÞðk:pν−6ðpb:pνÞÞþðk:qÞð3ðpl:pνÞm2

bþð14
ðpb:plÞ−8ðq:plÞÞðk:pνÞ−2ð2pb:plþ :qplÞðpb:pνÞÞÞðk:pcÞÞðλ1þ3λ2Þ; ðA57Þ

J 9ð1;cÞ¼−
1

3ðk:pbÞðk:pcÞm3
b

128ð−3ðpl:pνÞm6
bþððpl:pνÞð−3q2þk:qþ9pb:qÞ−ðk:pνÞð3q:plþ2pb:plÞ

þ2ð5ðq:plÞ−4ðpb:plÞÞðq:pνÞþ8ðq:plÞðpb:pνÞþðk:plÞð−10k:pνþ3q:pνþ2pb:pνÞÞm4
bþð−2

ðpb:pνÞðq:plÞq2−7ðk:pνÞðpb:plÞq2þ2ðq:plÞðk:pνÞq2þ2ðpb:plÞðq:pνÞq2þ10ðpb:plÞðpb:pνÞq2
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− 10ðq:pbÞðq:pνÞðq:plÞ − 26ðq:pbÞðpb:pνÞðq:plÞ − 14ðk:qÞðk:pνÞðpb:plÞ þ 4ðk:qÞðq:plÞðk:pνÞ þ 11ðq:pbÞ
ðq:plÞðk:pνÞ þ 4ðq:pbÞðpb:plÞðk:pνÞ þ 4ðk:qÞðpb:plÞðq:pνÞ þ 6ðq:pbÞðpb:plÞðq:pνÞ þ 6ðk:qÞðq:plÞ
ðpb:pνÞ þ ð−6ðq:pbÞ2 þ 2ðk:qÞðq2 þ 2k:qÞ þ 3ðq2 − k:qÞðq:pbÞÞðpl:pνÞ þ ðk:plÞð20ðq:pbÞðk:pνÞ
− ð2q2 þ 4k:qþ :pbqÞðq:pνÞ þ ð−3q2 þ 4k:q − 4ðq:pbÞÞðpb:pνÞÞÞm2

b þ ð9ðpl:pνÞm4
b þ ððpl:pνÞð8q2

þ 7k:q − 22ðq:pbÞÞ þ 16ðpb:plÞðq:pνÞ − 4ðq:plÞð5q:pν þ 4pb:pνÞÞm2
b þ ððq:plÞm2

b þ ð5q2 þ 10k:q

þ 14m2
bÞðpb:plÞ − 10ðq:pbÞð:qpl þ :pbplÞÞðk:pνÞ þ 10ðq:pbÞðq:pl − pb:plÞðq:pνÞ − 10ððpb:plÞq2 þ ðk:q

− 3ðq:pbÞÞðq:plÞÞðpb:pνÞ − 5ðq2 þ 2k:q − 2ðq:pbÞÞðq:pbÞðpl:pνÞ þ ðk:plÞð5ðpb:pνÞq2 − 10ðq:pbÞð−q:pν

þ k:pν þ pb:pνÞ þm2
bð10k:pν þ 6pb:pν − 11q:pνÞÞÞðk:pbÞ þ ðk:pbÞ2ð−ðpl:pνÞð16m2

b þ 5ðq2 þ 2k:q

− 4ðq:pbÞÞÞ − 10ðpb:plÞðk:pν þ q:pνÞ þ 10ðq:plÞðq:pν þ pb:pνÞ þ 10ðk:plÞðq:pν − pb:pνÞÞ þ 10ðk:pbÞ3
ðpl:pνÞ þ 5ðq:pbÞððpb:pνÞðq2ðk:pl − 2pb:plÞ − 2ðk:q − 2ðq:pbÞÞðq:plÞÞ þ ððq2 þ 2k:qÞðpb:plÞ
− 2ðq:pbÞðk:pl þ q:plÞÞðk:pνÞÞÞðλ1 þ 3λ2Þ: ðA58Þ

OðΠ2Þ∶

J 9ð2;aÞ¼−
1

3ðk:pbÞ2ðk:pcÞ3m3
b

16ð2ð−ðq:pbÞ2þðk:pcÞ2þq2m2
b−3m2

bðk:pcÞÞðpl:pνÞðk:pbÞ3þð2ð3k:pc

−q2Þðpl:pνÞm4
bþððpl:pνÞð2ðq:pbÞ2þq2ð9k:pc−q2Þþðk:qÞð6k:pc−2q2Þþ2ðq:pbÞðq2−5k:pcÞÞ

þ2ððpb:plÞð5ðk:pcÞ−q2Þþðq:plÞðq2−7k:pcÞÞðq:pνÞþ2ðq:plÞðpb:pνÞðq2−3ðk:pcÞÞÞm2
bþð−ð2

pb:pνþq:pνÞðððk:pcÞÞÞ2−2ðq:pν−pb:pνÞððððq:pbÞÞÞ2−q2m2
bÞþ2ðð3ðpb:pνÞ−5ðq:pνÞÞm2

b

þ2ðq:pbÞðq:pνÞÞðk:pcÞÞðk:plÞ−2ðk:pcÞ2ðq:pνÞðpb:plÞþð−ð2pb:plþq:plÞðk:pcÞ2þ2ððq:pbÞ2
−q2m2

bÞðpb:plÞþ6m2
bðpb:plÞðk:pcÞÞðk:pνÞ−2ðq:pbÞ2ðq:plÞðq:pνÞ−2ðk:pcÞ2ðq:plÞðq:pνÞþ2ðq:pbÞ2

ðpb:plÞðq:pνÞ−2ðq:pbÞ2ðq:plÞðpb:pνÞþ2ðk:pcÞ2ðq:plÞðpb:pνÞ−2ðq:pbÞ3ðpl:pνÞþðq:pbÞ2q2ðpl:pνÞ
þðk:pcÞ2q2ðpl:pνÞþ2ðq:pbÞ2ðk:qÞðpl:pνÞþðk:pcÞ2ðk:qÞðpl:pνÞþ2ðk:pcÞ2ðq:pbÞðpl:pνÞ−2ðk:pcÞ
q2ðq:pbÞðpl:pνÞ−4ðk:qÞðk:pcÞðq:pbÞðpl:pνÞþ4ðq:pbÞðq:plÞðq:pνÞðk:pcÞÞðk:pbÞ2þðk:pbÞððpl:pνÞ
ðq2−3ðk:pcÞÞm6

bþð2ðq:plÞðpb:pνÞð4ðk:pcÞ−q2Þþ2ððq:plÞð5ðk:pcÞ−q2Þþðpb:plÞðq2−4k:pcÞÞ
ðq:pνÞþðq4−2ðq:pbÞq2−ðq:pbÞ2−ðk:pcÞ2þðk:qÞðq2þ :kpcÞþð8ðq:pbÞ−7q2Þðk:pcÞÞðpl:pνÞÞ
m4

bþððpl:pνÞð2ðq:pbÞ3−ðq2þk:qÞðq:pbÞ2þð2ðk:q−2ðk:pcÞÞq2þðk:qÞð4ðk:qÞ−13ðk:pcÞÞÞ
ðk:pcÞþ2ðq2−2ðk:qÞÞðq:pbÞðk:pcÞÞþ2ððpb:plÞððk:pcÞð2ðk:qÞ−q2Þ−ðq:pbÞ2Þþððq:pbÞ2
þ4ðk:pcÞ2−2ðk:qÞðk:pcÞÞðq:plÞÞðq:pνÞþ2ðððq:pbÞ2þðk:qÞð5ðk:pcÞ−q2Þþðk:pcÞðq2−2ðk:pcÞÞ
þ2ðq:pbÞðq2−5ðk:pcÞÞÞðq:plÞ−ððq2−5k:pcÞq2þ2ðk:qÞðk:pcÞÞðpb:plÞÞðpb:pνÞÞm2

bþð−ð−13
ðq:pνÞm2

bþðq:pbÞðq:pνÞþðq2þ10m2
bÞðpb:pνÞÞðk:pcÞ2þðq2m2

b−ðq:pbÞ2Þðq2ðpb:pνÞ−ðq:pνÞm2
bÞ

þ2ððq2−3k:pcÞm4
bþð−ðq:pbÞ2þðk:pcÞ2þð5k:pc−q2Þðq:pbÞÞm2

bþðq:pbÞðk:pc−q:pbÞ2Þðk:pνÞ
þð3ðq:pνÞm4

bþ4ðk:qÞðpb:pν−q:pνÞm2
bþq2ð2ðq:pbÞ−5m2

bÞðpb:pνÞÞðk:pcÞÞðk:plÞþðððq:plÞm2
b

−ðpb:plÞðq2þ2k:qþ2m2
bÞþ3ðq:pbÞðq:plÞÞðk:pcÞ2þððq:pbÞ2−q2m2

bÞððq:plÞð2ðq:pbÞ−m2
bÞ−ðq2

þ2k:qÞðpb:plÞÞþð−7ðq:plÞm4
b−3ð3q2þ2k:qÞðpb:plÞm2

bþ2ð7ðq:plÞm2
bþðq2þ2k:qþ2m2

bÞðpb:plÞÞ
ðq:pbÞ−4ðq:pbÞ2ðq:plÞÞðk:pcÞÞðk:pνÞ−4ðq:pbÞ3ðq:plÞðpb:pνÞþ2ðq:pbÞ2ðk:qÞðq:plÞðpb:pνÞ
þ2ðk:pcÞ2ðk:qÞðq:plÞðpb:pνÞþ4ðk:pcÞ2ðq:pbÞðq:plÞðpb:pνÞ−4ðk:qÞðk:pcÞðq:pbÞðq:plÞðpb:pνÞþ2

ðq:pbÞ2q2ðpb:plÞðpb:pνÞ−2ðk:pcÞ2q2ðpb:plÞðpb:pνÞþðk:pcÞ2ðk:qÞðq:pbÞðpl:pνÞÞþm2
bð−2ððpl:pνÞ
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m2
b þ 2ðpb:plÞðk:pνÞ − 2ðq:plÞðpb:pνÞÞðk:qÞ2 þ ðk:qÞð−2ðpl:pνÞm4

b þ ððpl:pνÞð−2q2 þ 4:pbq

þ 7k:pcÞ − 2ðq:plÞðk:pνÞ þ 4ðq:pl − pb:plÞðq:pνÞ þ 4ðq:plÞðpb:pνÞ þ 2ðk:plÞðq:pν − 2ðk:pνÞÞÞm2
b

þ 2ððpb:plÞð7ðk:pcÞ − q2Þ þ 2ðq:pbÞð:kpl þ :qplÞÞðk:pνÞ − 2ððk:plÞq2 þ ð4q:pb þ 5k:pcÞðq:plÞ
þ 2ðk:pc − q2Þðpb:plÞÞðpb:pνÞÞ þ ð3ðpl:pνÞm4

b þ ð3ðpl:pνÞðq2 − 2ðq:pbÞÞ þ ð3q:pl þ 2pb:plÞðk:pνÞ
þ 6ðpb:plÞðq:pνÞ − 6ðq:plÞð:qpν þ :pbpνÞÞm2

b þ ð−7ðq:pνÞm2
b þ 2ð5m2

b − 7ðq:pbÞÞðk:pνÞ þ ð5q2
þ 4:pbq − 2m2

bÞðpb:pνÞÞðk:plÞ − ð2ðq:pbÞðq:plÞ − q2ðpb:plÞÞð5ðk:pνÞ − 6ðpb:pνÞÞÞðk:pcÞÞðk:pcÞÞλ1;
ðA59Þ

J 9ð2;cÞ¼−
1

3ðk:pbÞ2ðk:pcÞ2
128ð4ðq:pbÞðpl:pνÞðk:pbÞ4þ2ð−2ðq2þk:qþpb:qÞðpl:pνÞm2

bþðq:pbÞ

ð−ðpl:pνÞðq2þ2k:q−4ðq:pbÞÞ−2ðpb:plÞðk:pνþq:pνÞþ2ðq:plÞðq:pνþpb:pνÞÞ−2ðk:plÞ
ððq:pbÞðpb:pν−q:pνÞþðq:pνÞðk:pcÞÞþððpl:pνÞðq2þ2k:qþ3m2

bÞ−2ðq:plÞðq:pνÞÞðk:pcÞÞ
ðk:pbÞ3þð2ð2ðq2þk:q−2ðk:pcÞÞþq:pbÞðpl:pνÞm4

bþððpl:pνÞð4ðk:qÞ2−8ðq:pbÞ2−2ð−3q2
þpb:qþ7k:pcÞðk:qÞ−2ðq2−3ðk:pcÞÞðq:pbÞþq2ð2q2−11k:pcÞÞþ2ððpb:plÞð2q2þ2k:q−9ðk:pcÞÞ
þðq:pbÞðq:plÞÞðk:pνÞþ2ðð2k:qþ2ðq2þ :pbqÞ−3ðk:pcÞÞðpb:plÞ−ð2k:qþ2ðq2þpb:qÞ−9ðk:pcÞÞ
ðq:plÞÞðq:pνÞ−2ð2k:qþ2ðq2þ :pbqÞ−3ðk:pcÞÞðq:plÞðpb:pνÞÞm2

bþ2ð−ðð2ðq2þk:qÞþq:pbÞ
ðq:pνÞ−2ðq2þk:qÞðpb:pνÞÞm2

b−ðk:pcÞð−9ðq:pνÞm2
bþ2ðq:pbÞðq:pνÞþðq2þm2

bÞðpb:pνÞÞ
þ2ðq:pbÞðm2

b−q:pbþ :kpcÞðk:pνÞþðq:pbÞð2ðq:pbÞðq:pνÞþðq2−2ðq:pbÞÞðpb:pνÞÞÞðk:plÞþ2ð−2
ðq:pbÞðq:pνÞððq:pbÞðpb:pl−q:plÞþðq:plÞðk:pcÞÞþððpb:plÞð−2ðq:pbÞ2−ðk:pcÞðq2þ2k:qÞþðq2
þ2k:qÞðq:pbÞÞþ2ðq:pbÞðk:pc−q:pbÞðq:plÞÞðk:pνÞþ2ðð3ðq:pbÞ2þðk:qÞðk:pc−q:pbÞÞðq:plÞ
−q2ðq:pbÞðpb:plÞÞðpb:pνÞþð2ðq:pbÞ2−ðq2þ2k:qÞðq:pbÞþðq2þ2k:qÞðk:pcÞÞðq:pbÞðpl:pνÞÞÞðk:pbÞ2
þðð−2q2−2k:qþ3k:pcÞðpl:pνÞm6

bþð−2ðpl:pνÞðk:qÞ2þððk:pcÞð7q:plþ2pb:plÞ−2q2ðq:plÞÞ
ðk:pνÞþ2ð2ðpb:plÞð2ðk:pcÞ−q2Þþðq:plÞð2q2−5k:pcÞÞðq:pνÞþð2ðq:pbÞ2þq2ð7ðk:pcÞ−2q2Þ
þ4ðq:pbÞðq2−2ðk:pcÞÞÞðpl:pνÞþðk:qÞððpl:pνÞð−4q2þ4:pbqþ3k:pcÞ−4ðq:pνÞðpb:plÞ−2ðq:plÞ
ðk:pνÞþ4ðq:plÞð:qpνþ :pbpνÞÞþ4ðq:plÞðpb:pνÞðq2−2ðk:pcÞÞÞm4

bþð−4ððpb:plÞðk:pνÞ−ðq:plÞ
ðpb:pνÞþðpl:pνÞðk:pcÞÞðk:qÞ2þððpb:plÞððk:pcÞð11q2−4ðq:pbÞÞ−2q4Þþ2ðq:pbÞð2q2þpb:q

−9k:pcÞðq:plÞÞðk:pνÞþ2ð−2ðpl:pνÞðq:pbÞ3þððpl:pνÞq2þ2ðpb:plÞðq:pνÞ−2ðq:plÞðq:pνþpb:pνÞÞ
ðq:pbÞ2þq2ððk:pcÞðq:pνÞðpb:plÞ−ððpb:plÞð5ðk:pcÞ−2q2Þþðq:plÞðk:pcÞÞðpb:pνÞÞþðq:pbÞð2ð5
ðk:pcÞ−2q2Þðq:plÞðpb:pνÞ−ðk:pcÞq2ðpl:pνÞÞÞþ2ðk:qÞððpl:pνÞðq:pbÞ2þððpb:plÞð7ðk:pcÞ−3q2Þ
þ2ðq:pbÞðq:plÞÞðk:pνÞþ2ððpb:plÞq2þðq2−2ðq:pbÞÞðq:plÞÞðpb:pνÞþð−ðpl:pνÞðq2−2ðq:pbÞÞþ2

ðq:pl−pb:plÞðq:pνÞ−7ðq:plÞðpb:pνÞÞðk:pcÞÞÞm2
bþð−2ððq2þ :kqÞm2

b−ðq:pbÞ2Þðq2ðpb:pνÞ
−ðq:pνÞm2

bÞþ2ððk:pcÞð5m4
b−9ðq:pbÞm2

bþ2ðq:pbÞ2Þ−2ðq:pb−m2
bÞððq:pbÞ2−ðq2þk:qÞm2

bÞÞðk:pνÞ
þð−ð7q:pνþ2pb:pνÞm4

bþð4ðk:qÞðq:pνÞþð7q2−4k:qþ4:pbqÞðpb:pνÞÞm2
b−2q2ðq:pbÞðpb:pνÞÞðk:pcÞÞ

ðk:plÞþ2ðq:pbÞð2ðpb:pνÞðð2ðq:pbÞ2þðk:qÞðk:pc−q:pbÞÞðq:plÞ−q2ðq:pbÞðpb:plÞÞþðk:pc−q:pbÞ
ð2ðq:pbÞðq:plÞ−ðq2þ2k:qÞðpb:plÞÞðk:pνÞÞÞðk:pbÞþ2ðk:qÞm2

bððpl:pνÞm4
bþððpl:pνÞðq2þk:q

−2ðq:pbÞÞþ2ðpb:plÞðq:pνÞ−2ðq:plÞðq:pνþpb:pνÞÞm2
bþððpb:pνÞq2þ2ðm2

b−q:pbÞðk:pνÞþm2
bð

−ðq:pνÞÞÞðk:plÞþððpb:plÞðq2þ2k:qÞþðm2
b−2ðq:pbÞÞðq:plÞÞðk:pνÞ−2ððpb:plÞq2þðk:q−2ðq:pbÞÞ

ðq:plÞÞðpb:pνÞÞðk:pcÞÞλ1; ðA60Þ
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J 9ð2;dÞ¼
1

3m3
bðk:pbÞðk:pcÞ

256λ1ððk:pbþq:pbÞ2−m2
bð2k:qþq2ÞÞð2ðpl:pνÞðk:pbÞ2þm2

bððpl:pνÞð−2

ðk:pbÞ−2ðq:pbÞþk:qþq2Þþ2ðpb:plÞðq:pνÞ−2ðq:plÞðpb:pνþq:pνÞÞþðk:pνÞððpb:plÞð−2ðk:pbÞ
þ2k:qþq2Þþðq:plÞðm2

b−2q:pbÞÞþðk:plÞð2ðk:pνÞðm2
b−q:pbÞþ2ðk:pbÞðq:pνÞþðpb:pνÞðq2

−2ðk:pbÞÞþm2
bð−q:pνÞÞ−2ðk:qÞðpb:pνÞðq:plÞþ2ðk:pbÞðq:plÞðq:pνÞ−2ðk:pbÞðpb:plÞðq:pνÞ

þ2ðk:pbÞðpb:pνÞðq:plÞ−q2ðk:pbÞðpl:pνÞ−2ðk:qÞðk:pbÞðpl:pνÞþ2ðk:pbÞðq:pbÞðpl:pνÞþm4
bðpl:pνÞ

þ4ðpb:pνÞðq:pbÞðq:plÞ−2q2ðpb:plÞðpb:pνÞÞ: ðA61Þ

APPENDIX B: KINEMATICS

In this section, we describe the kinematics involved in the decay. However four-body decay generally consists of five
independent kinematical variables. The inclusive four-body decay consists of six independent variables where one extra
variable is due to invariant mass squared for decayed hadron (p2

X). Here, we have traded p2
X with q02ð¼ ðpl þ pν þ kÞ2Þ.

Further we define two Lorentz invariant variables as

y ¼ 2pB:pl

m2
B

and x ¼ 2pB:k
m2

B
: ðB1Þ

The variables y and x are the normalized lepton and photon energy, respectively in the B meson rest frame. The other three
variables are neutrino energy (Eν), and two angles: (a) θXγ is the angle between the recoiling hadron and hard photon and
(b) θXl is the angle between the final state recoiling hadron (X) and charged lepton. The general form of triple differential
decay,

d3Γ
dq02dEldEν

¼
Z

d4pl

ð2πÞ4 2πδðp
2
l −m2

lÞθðp0
lÞ
Z

d4pν

ð2πÞ4 2πδðp
2
νÞθðp0

νÞδðEl − p0
lÞδðEν − p0

νÞδðq02 − ðqþ kÞ2Þ
Z

d4k
ð2πÞ4

1

k2ððpb þ Π − q − kÞ2 −m2
cÞ
jMj2ð2πÞ4δ4ðpb − q0 − pXÞ: ðB2Þ

The Cutcosky method implies that

Z
d4k
ð2πÞ4 →

Z
d4k
ð2πÞ4

Z
d4pX

ð2πÞ4 ð2πÞ
4δ4ðpb − q − pX − kÞ; ðB3Þ

and the propagator is replaced with delta functions. For example, in Fig. 2(a), the propagators are

1

k2
→ −2πiδðk2Þθðk0Þ; and ðB4Þ

1

ððpb þ Π − q − kÞ2 −m2
cÞ

→ −2πiδðððpb þ Π − q − kÞ2 −m2
cÞÞθððpb þ Π − q − kÞ0Þ: ðB5Þ
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Incorporating the Cutkosky method, the differential decay width is

d3Γ
dEldq02dEν

¼
Z

d3pl

ð2πÞ3 δðp
2
lÞθðp0

lÞ
Z

d3pν

ð2πÞ3 δðp
2
νÞθðp0

νÞδðq02 − ðqþ kÞ2Þ
Z

d4k
ð2πÞ4

d4pX

ð2πÞ4 ð−2πiÞδðk
2Þθðk0Þ

ð−2πiÞδððpb þ Π − q − kÞ2 −m2
cÞð2πÞ4δ4ðpb − q0 − pXÞð2πÞ4jMj2δ4ðpB − q − pX − kÞ;

¼ −
1

8π2
ElEν

Z
dðcos θlνÞδðq02 − ðqþ kÞ2Þ

Z
d3k
2Eγ

δððpB þ Π − q − kÞ2 −m2
cÞjMj2

δ4ðpB − q − pX − kÞ;

¼ −
1

8π2

Z
d3k
2Eγ

δððpB þ Π − q − kÞ2 −m2
cÞjMj2δ4ðpB − q − pX − kÞ;

¼ −
1

16π2

Z
jkjdEγ

Z
dΩkδððpB þ Π − q − kÞ2 −m2

cÞjMj2δ4ðpB − q − pX − kÞ; ðB6Þ

where θlν is the angle between the lepton and neutrino. Equation (B6) can be translated in terms of variables x and y. Hence,
one can write Eq. (B6) as

d2Γ
dydx

¼ −
m2

B

64π2

Z
dq02

Z
dΩkjkj

Z
dEνδððpB þ Π − q − kÞ2 −m2

cÞjMj2δ4ðpB − q − pX − kÞ: ðB7Þ

Further, the differential rate with respect to lepton energy is

dΓ
dy

¼
Z

xmax

xmin

dx
d2Γ
dydx

; ðB8Þ

where m2
γ ≤ q02 ≤ ym2

Bð1−y−z2Þ
1−y , mγ ≤ x ≤ 1 − y − z2, and 0 ≤ y ≤ 1 − z2. The variable z ¼ mu=c=mb is defined in Sec. IV.

Next, the delta function with Π can be expanded in the power of Π. Explicitly, it is given by

δððpb þ Π − q − kÞ2Þ ¼ δððpb − q − kÞ2Þ þ 2Π · ðpb − q − kÞδ0ððpb − q − kÞ2Þ þ Π2ðδ0ððpb − q − kÞ2Þ
þ 2ðpb − q − kÞ2δ00ððpb − q − kÞ2ÞÞ þ � � � ðB9Þ

In the rest frame of the B meson, the momentas involved are given by

pB ¼ ðmB; 0Þ; q0 ¼ ðq0; jq0jÞ; pX ¼ ðEX;−jq0jÞ; ðB10Þ

where

EX ¼ m2
B − q02 þm2

X

2mB
; q0 ¼ m2

B þ q02 −m2
X

2mB
; and jq0j ¼ λ1=2ðm2

B; q
02; m2

XÞ
2mB

: ðB11Þ

Another important point to note is that the integration domain in Eν has a boundary from below:

Eν ≥
q02 − 2q:k −m2

l

4El
: ðB12Þ

Therefore, it should be ensured that Eν does not cross the boundary. This is enforced by introducing an appropriate theta
function in the integral. This plays an important role in the integration of delta functions and their derivatives present in the
differential rate in Eq. (B6).
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