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Based on 10.64 fb−1 of eþe− collision data taken at center-of-mass energies between 4.237 and 4.699GeV
with theBESIII detector, we study the leptonicDþ

s decays using the eþe− → D�þ
s D�−

s process. The branching
fractions of Dþ

s → lþνlðl ¼ μ; τÞ are measured to be BDþ
s →μþνμ ¼ ð0.547� 0.026stat � 0.016systÞ% and

BDþ
s →τþντ ¼ ð5.60� 0.16stat � 0.20systÞ%, respectively. The product of the decay constant and Cabibbo-

Kobayashi-Maskawa matrix element jVcsj is determined to be fDþ
s
jVcsj ¼ ð246.5� 5.9stat � 3.6syst �

0.5inputÞμν and fDþ
s
jVcsj ¼ ð252.7� 3.6stat � 4.5syst � 0.6inputÞτν MeV, respectively. Taking the value of

jVcsj from a global fit in the Standard Model, we obtain fDþ
s
¼ ð253.2� 6.0stat � 3.7syst � 0.6inputÞμν and

fDþ
s
¼ ð259.6� 3.7stat � 4.6syst � 0.6inputÞτν MeV, respectively. Conversely, taking the value for fDþ

s
from

the latest lattice quantum chromodynamics calculation, we obtain jVcsj ¼ ð0.986� 0.023stat � 0.014syst �
0.003inputÞμν and jVcsj ¼ ð1.011� 0.014stat � 0.018syst � 0.003inputÞτν, respectively.
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I. INTRODUCTION

Experimental studies of the decays of the Dþ
s are

important to understand weak and strong interactions in
the charm decays. In the Standard Model (SM), the
weak and strong effects in leptonic Dþ

s decays can be
well separated. The partial width of the decay Dþ

s →
lþνlðl ¼ μ; τÞ is given by [1]

ΓDþ
s →lþνl ¼

G2
F

8π
f2Dþ

s
jVcsj2m2

lmDþ
s

�
1 −

m2
l

m2
Dþ

s

�
2

; ð1Þ

where GF is the Fermi coupling constant, fDþ
s
is the Dþ

s

decay constant, jVcsj is the magnitude of the c → s
Cabibbo-Kobayashi-Maskawa (CKM) matrix element
[2], ml is the lepton mass, and mDþ

s
is the Dþ

s meson
mass. Using the measured branching fraction (BF) of
Dþ

s → lþνl, the product of fDþ
s
jVcsj can be determined.

By taking the latest fDþ
s
[3] calculated by lattice quantum

chromodynamics (LQCD), one can determine jVcsj, which
is an essential input for testing CKM matrix unitarity.
Conversely, taking jVcsj from the SM global fit, one
can extract fDþ

s
, which is a crucial check of LQCD

calculations [3–8]. In addition, the BF ratio of Dþ
s → τþντ

and Dþ
s → μþνμ provides an important test of τ − μ lepton-

flavor universality.
In recent years, many studies of Dþ

s → lþνl have been
performed by the CLEO [9–11], BABAR [12], Belle [13],
and BESIII [14–23] experiments. The BESIII Collaboration
has reported experimental studies of Dþ

s → lþνl using the
eþe− → Dþ

s D−
s and eþe− → D�

s D
�∓
s processes. These

studies are based on 0.48 and 7.33 fb−1 of eþe− collision
data taken at center-of-mass energies (Ec:m.) of

ffiffiffi
s

p ¼ 4.009
[14] and 4.128–4.226 GeV [15–21], respectively. The latter
ones are the most precise measurements to date. In
this paper, we perform new measurements of the BFs of
Dþ

s → μþνμ and Dþ
s → τþντ via the eþe− → D�þ

s D�−
s

process. This analysis utilizes 10.64 fb−1 of eþe− collision
data collected at center-of-mass energies between

ffiffiffi
s

p ¼
4.237 and 4.699 GeV. Notably, this is the first time the
eþe− → D�þ

s D�−
s process has been used to measure Dþ

s
leptonic decays. Throughout this paper, charge-conjugation
is always implied and ρ denotes the ρð770Þ meson.

II. BESIII DETECTOR AND MONTE
CARLO SIMULATION

The BESIII detector is a magnetic spectrometer [24]
operated at the Beijing Electron Positron Collider [25]. The
cylindrical core of the BESIII detector consists of a helium-
based multilayer drift chamber (MDC), a plastic scintillator
time-of-flight (TOF) system, and a CsI(Tl) electromagnetic
calorimeter (EMC), which are all enclosed in a super-
conducting solenoidal magnet providing a 1.0 T magnetic
field. The solenoid is supported by an octagonal flux-return
yoke with resistive plate counter muon-identifier modules

*Full author list given at the end of the article.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 110, 052002 (2024)

2470-0010=2024=110(5)=052002(28) 052002-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.110.052002&domain=pdf&date_stamp=2024-09-10
https://doi.org/10.1103/PhysRevD.110.052002
https://doi.org/10.1103/PhysRevD.110.052002
https://doi.org/10.1103/PhysRevD.110.052002
https://doi.org/10.1103/PhysRevD.110.052002
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


(MUC) interleaved with steel. The acceptance of charged
particles and photons is 93% over the 4π solid angle. The
charged-particle momentum resolution at 1 GeV=c is
0.5%, and the resolution of specific ionization energy loss
(dE=dx) is 6% for electrons from Bhabha scattering. The
EMC measures photon energies with a resolution of 2.5%
(5%) at 1 GeV in the barrel (end cap) region. The time
resolution of the TOF barrel part is 68 ps, while that of the
end cap part is 110 ps. The end cap TOF system was
upgraded in 2015 using multigap resistive plate chamber
technology, providing a time resolution of 60 ps [26,27].
About 74% of the data used here benefit from this upgrade.
Details about the design and performance of the BESIII
detector are given in Ref. [24].
Simulated samples produced with the Geant4-based [28]

Monte Carlo (MC) package, which includes the geometric
description of the BESIII detector and the detector
response, are used to determine the detection efficiency
and to estimate the backgrounds. The simulation includes
the beam-energy spread and initial-state radiation in the
eþe− annihilations modeled with the generator KKMC [29].
An inclusive MC sample with a luminosity of 20 times that
of the data is produced at center-of-mass energies between
4.237 and 4.699 GeV. It includes open-charm processes,
initial-state radiation production of ψð3770Þ, ψð3686Þ,
and J=ψ , qq̄ (q ¼ u, d, s) continuum processes, along
with Bhabha scattering, μþμ−, τþτ−, and γγ events. In the
simulation, the production of open-charm processes
directly via eþe− annihilations are modeled with the gen-
erator CONEXC [30]. The known decay modes are modeled
with EvtGen [31] using the BFs taken from the Particle Data
Group (PDG) [2], and the remaining unknown decays of
the charmonium states are modeled by LUNDCHARM [32].
Final-state radiation is incorporated using the PHOTOS

package [33]. The input energy-dependent Born cross
section for eþe− → D�þ

s D�−
s is based on the BESIII

measurement [34].

III. ANALYSIS METHOD

In the eþe− → D�þ
s D�−

s process, the Ds mesons are
produced via D�

s → γðπ0ÞDs. We fully reconstruct the
transition γðπ0Þ and the D−

s meson in one of several
hadronic decay modes; successful cases are referred to
as single-tag candidates. When the single-tag D�−

s and the
signal D�þ

s decay of interest are simultaneously recon-
structed, we obtain the so-called double-tag candidates.
The BF of the signal decay is determined by

Bsig ¼
NDT

NST · ϵ̄sig
: ð2Þ

Here, NDT is the double-tag yield in data; NST ¼ Σi;jN
i;j
ST

is the total single-tag yield in data summing over the tag
mode i and the energy point j; the ϵ̄sig is the averaged

efficiency of the signal decay and estimated by

ϵ̄sig ¼
P

j ½
P

i ðN
i
ST

Nj
ST

· ϵ
i
DT
ϵiST
Þ · N

j
ST

NST
�, where ϵiDT and ϵiST are the

detection efficiencies of the double- and single-tag candi-
dates for the ith tag mode, respectively. The efficiencies
include the BFs of the daughter particle decays.

IV. SINGLE-TAG D�−
s CANDIDATES

The single-tag D�−
s candidates are formed from the

selected D−
s candidates and a transition γðπ0Þ. The D−

s
candidates are reconstructed from the 14 hadronic decay
modes, including D−

s → KþK−π−, KþK−π−π0, πþπ−π−,
K0

SK
−, K0

SK
−π0, K−πþπþ, K0

SK
0
Sπ

−, K0
SK

þπ−π−,
K0

SK
−πþπ−, ηγγπ

−, ηπ0πþπ−π
−, η0πþπ−ηπ

−, η0
γρ0

π−, and

ηγγρ
−. Here, the subscripts of the η and η0 represent the

decay modes used to reconstruct those states.
All charged tracks must satisfy j cos θj < 0.93, and

those not from K0
S decays are further required to satisfy

Vxy < 1 and jVzj < 10 cm, where Vxy and jVzj are the
distance of the closest approach to the interaction point
(IP) in the transverse plane and along the MDC sym-
metry axis, respectively, and θ is the polar angle with
respect to the MDC symmetry axis. Particle identifica-
tion (PID) for the charged particles combines measure-
ments of the energy deposited in the MDC (dE=dx)
and the flight time in the TOF to form likelihoods
LðhÞðh ¼ K; πÞ for each hadron h hypothesis. Charged
kaons and pions are identified by comparing the like-
lihoods for the kaon and pion hypotheses, LðKÞ > LðπÞ
and LðπÞ > LðKÞ, respectively.
Each K0

S candidate is reconstructed from two oppositely
charged tracks satisfying jVzj < 20 cm. The two charged
tracks are assigned as πþπ− without imposing further PID
criteria. They are constrained to originate from a common
vertex and are required to have an invariant mass within
jMπþπ− −mK0

S
j < 12 MeV=c2, where mK0

S
is the K0

S nomi-

nal mass [2]. The decay length of the K0
S candidate is

required to be greater than twice the vertex resolution away
from the IP.
Photon candidates are identified using isolated showers

in the EMC. The deposited energy of each shower
must be more than 25 MeV in the barrel region
(j cos θj < 0.80) and more than 50 MeV in the end
cap region (0.86 < j cos θj < 0.92). To exclude showers
that originate from charged tracks, the angle subtended
by the EMC shower and the position of the closest
charged track at the EMC must be greater than 10° as
measured from the IP. To suppress electronic noise and
showers unrelated to the event, the difference between the
EMC time and the event start time is required to be
within [0, 700] ns.
The π0 and η mesons are reconstructed from photon

pairs. To form π0 and η candidates, the invariant masses of
the selected photon pairs are required to be within the Mγγ
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intervals (0.115, 0.150) and ð0.500; 0.570Þ GeV=c2,
respectively. To improve momentum resolution and sup-
press background, a kinematic fit is imposed on each
photon pair to constrain their invariant mass to the nominal
π0 or η mass [2]. The χ2 of this kinematic fit is required to
be less than 20.
The η candidates are also formed from π0πþπ− combi-

nations with invariant masses in the interval
ð0.530; 0.570Þ GeV=c2. The η0 candidates are formed from
the ηπþπ− and γρ0 combinations with invariant masses in
the intervals (0.946, 0.970) and ð0.940; 0.976Þ GeV=c2,
respectively. In addition, the minimum energy of the γ from
η0 → γρ0 decays must be greater than 0.1 GeV. The ρ0 and
ρþ candidates are reconstructed from the πþπ− and πþπ0
combinations with invariant masses within the common
interval ð0.570; 0.970Þ GeV=c2.
To reject the peaking background events from D−

s →
K0

Sð→ πþπ−Þπ− and D−
s → K0

Sð→ πþπ−ÞK− in the tag
modes of D−

s → πþπ−π− and D−
s → Kþπþπ−, we require

that the invariant mass of any πþπ− combination sat-
isfy jMπþπ− −mK0

S
j > 0.03 GeV=c2.

The tagged D−
s candidates are required to fall in the

MD−
s

mass windows shown in the second column of
Table I, following Refs. [35,36]. To further distinguish
the single-tag D�−

s from combinatorial background, we
use two kinematic variables: the energy difference
defined as

ΔE ¼ Etag − Ebeam ð3Þ

and the beam-constrained mass defined as

MBC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
beam=c

4 − jp⃗tagj2=c2
q

; ð4Þ

where Ebeam is the beam energy, and Etag and p⃗tag are the
energy and momentum of the single-tag D�−

s candidate in
the rest frame of the initial eþe− beams.
The ΔE values for each tag must be within the ranges

listed in Table I. If multiple γ=π0 or Ds combinations
remain, we keep only the candidates with the minimum
jΔEj for each tag mode and each D�

s charge from a given
event. For each tag mode, the single-tag yield is obtained
by a fit to the corresponding MBC spectrum. The signal is
described by the simulated shape convolved with a
Gaussian function representing the difference in resolu-
tion between data and simulation. Because the end point
above 4.450 GeV is far away from the nominal D�

s mass,
the data at all energy points above 4.450 GeV are
combined into one dataset. For the datasets taken below
and above 4.450 GeV, the nonpeaking background shapes
are modeled by an ARGUS function [37] and a second-
order Chebyshev polynomial function, respectively,
which have been validated by analyzing the inclusive
MC sample. As an example, the MBC distributions of
accepted single-tag candidates for various tag modes and
the fit results at 4.260 GeV are shown in Fig. 1. The
candidates in the signal regions, denoted as the red
arrows in each subfigure, are kept for further analysis.
The resulting single-tag yields (Ni

ST) for various tag
modes and the corresponding single-tag efficiencies
(ϵiST) at 4.260 GeV are shown in Table I. Information
for data from other energies is given in the Appendix.
The total single-tag yields at the different energy points
are summarized in Table II.

TABLE I. The MD−
s
requirements, ΔE requirements, single-tag yields (NST), single-tag efficiencies (ϵST), and various double-tag

efficiencies for each tag mode at 4.260 GeV. The ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ
s → μþa νμ and

Dþ
s → μþb νμ, while ϵτeνDT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the double-tag efficiencies for Dþ

s → τþe ντ, Dþ
s → τþμ ντ, Dþ

s → τþπ ντ, and
Dþ

s → τþρ ντ, respectively. The muon candidates identified with (without) MUC information are denoted by μa (μb). The efficiencies
include the BFs of D�þ

s and τþ decays. The uncertainties are statistical only.

D−
s tag mode MD−

s
(GeV=c2) ΔE (MeV) NST εST (%) εμaνDT (%) εμbνDT (%) ετeνDT (%) ε

τμν
DT (%) ετπνDT (%) ε

τρν
DT (%)

KþK−π− (1.950, 1.986) ð−31; 26Þ 7454� 125 19.67� 0.07 14.43� 0.07 16.89� 0.09 3.54� 0.02 1.53� 0.01 1.62� 0.01 1.07� 0.01
KþK−π−π0 (1.947, 1.982) ð−38; 29Þ 2186� 108 5.15� 0.05 5.08� 0.06 5.53� 0.06 1.21� 0.01 0.55� 0.01 0.52� 0.01 0.28� 0.01
π−πþπ− (1.952, 1.984) ð−34; 28Þ 1929� 99 25.73� 0.26 18.18� 0.08 24.60� 0.10 4.32� 0.02 1.84� 0.01 2.35� 0.01 1.76� 0.02
K0

SK
− (1.948, 1.991) ð−33; 30Þ 1649� 53 22.97� 0.16 16.44� 0.09 21.80� 0.11 3.87� 0.02 1.68� 0.01 2.07� 0.01 1.53� 0.02

K0
SK

−π0 (1.946, 1.987) ð−40; 31Þ 554� 50 7.51� 0.14 6.45� 0.09 8.73� 0.11 1.54� 0.02 0.68� 0.01 0.84� 0.01 0.53� 0.01
K−π−πþ (1.953, 1.983) ð−33; 28Þ 1112� 83 23.47� 0.40 16.15� 0.17 21.19� 0.20 3.83� 0.03 1.66� 0.02 1.98� 0.02 1.46� 0.03
K0

SK
0
Sπ

− (1.951, 1.986) ð−32; 28Þ 266� 22 11.07� 0.22 7.96� 0.14 10.84� 0.18 1.94� 0.03 0.83� 0.02 1.03� 0.02 0.72� 0.02

K0
SK

þπ−π− (1.953, 1.983) ð−31; 26Þ 808� 45 10.21� 0.12 7.46� 0.12 9.30� 0.14 1.80� 0.02 0.78� 0.02 0.88� 0.01 0.52� 0.02

K0
SK

−πþπ− (1.958, 1.980) ð−31; 26Þ 390� 40 9.66� 0.20 6.70� 0.06 8.51� 0.07 1.64� 0.01 0.73� 0.01 0.79� 0.01 0.50� 0.01
ηγγπ

− (1.930, 2.000) ð−52; 43Þ 983� 69 19.33� 0.29 15.89� 0.08 22.99� 0.09 3.81� 0.02 1.63� 0.01 2.24� 0.01 1.69� 0.01
ηπþπ−π0π

− (1.941, 1.990) ð−43; 34Þ 269� 29 11.22� 0.28 8.47� 0.06 11.92� 0.07 2.02� 0.01 0.90� 0.01 1.14� 0.01 0.79� 0.01
η0πþπ−ηπ− (1.940, 1.996) ð−40; 34Þ 575� 40 11.16� 0.18 8.60� 0.06 12.39� 0.07 2.05� 0.01 0.91� 0.01 1.18� 0.01 0.85� 0.01
η0γρ0π− (1.938, 1.992) ð−43; 33Þ 1233� 75 14.00� 0.19 11.04� 0.07 15.46� 0.08 2.68� 0.01 1.17� 0.01 1.49� 0.01 1.00� 0.01
ηγγρ

− (1.920, 2.006) ð−66; 49Þ 2142� 191 8.07� 0.13 7.64� 0.06 11.59� 0.07 1.83� 0.01 0.80� 0.01 1.13� 0.01 0.80� 0.01
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V. ANALYSIS OF LEPTONIC D +
s DECAYS

A. Selection of double-tag events

The candidates for D�þ
s containing a leptonic Dþ

s decay
are reconstructed from the unused showers and tracks
remaining after the single-tag selection. We require that
only one additional track remains after the tag recon-
struction. To further suppress hadronic background, we
require that there is no extra charged track in each candidate
event: Ncharge

extra ¼ 0. The transition γðπ0Þ is selected with the
same selection criteria as the tag side.
Throughout this paper, the μþa denotes the μþ candidates

identified with MUC information, the μþb denotes the μþ

candidates identified without MUC information; and the
τþe , τþμ , τþπ , and τþρ denote the τþ candidates reconstructed
via τþ → eþνeν̄τ, τþ → μþνμν̄τ, τþ → πþν̄τ, and τþ →
ρþν̄τ, respectively. In the selection of the candidates for

FIG. 1. Fits to theMBC distributions of the single-tag D�−
s candidates, where the points with error bars are data at 4.260 GeV, the blue

solid curves show the best fits, and the red dashed curves show the fitted combinatorial background shapes. The pairs of arrows denote
the MBC signal window.

TABLE II. The integrated luminosities L, the MBC require-
ments, and the single-tag yields in data NST, for various energy
points. The uncertainties are statistical only.

Ec.m. (GeV) L (pb−1) MBC (GeV=c2) NST

4.237 530.3 (2.107, 2.117) 6477� 163
4.246 593.9 (2.107, 2.118) 11944� 246
4.260 828.4 (2.107, 2.118) 21550� 320
4.270 531.1 (2.107, 2.118) 13319� 244
4.280 175.7 (2.106, 2.119) 4063� 152
4.290 502.4 (2.106, 2.119) 9316� 221
4.310–4.315 546.3 (2.106, 2.119) 5758� 228
4.400 507.8 (2.106, 2.119) 1855� 87
4.420 1090.7 (2.106, 2.121) 14890� 443
4.440 569.9 (2.106, 2.121) 9699� 443
4.470–4.699 4768.3 (2.104, 2.123) 25156� 762
Sum 124027� 1121
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Dþ
s → τþπ ντ and Dþ

s → τþρ ντ, the πþ and ρþ candidates are
selected with the same selection criteria as those used on
the tag side. To select the candidates for Dþ

s → τþe ντ, the
positron PID uses the measured information in the MDC,
TOF, and EMC. The combined likelihoods (L0) under the
positron, pion, and kaon hypotheses are obtained. Positron
candidates are required to satisfy L0ðeÞ > 0.001 and
L0ðeÞ=ðL0ðeÞ þ L0ðπÞ þ L0ðKÞÞ > 0.8. To select the can-
didates for Dþ

s → τþμ ντ, the muon candidate is required to
have a deposited energy in the EMC within (0.1, 0.3) GeV.
It must also satisfy a requirement on the hit depth, dμþ , in
the muon counter which depends on both j cos θμþj and
pμþ . These requirements on dμþ are shown in Table III. The
selected Dþ

s → τþπ ντ candidates offer an opportunity to
determine the BF of Dþ

s → μþb νμ as a cross check.
Information concerning the undetectable neutrino(s) is

inferred by the kinematic quantity M2
miss ≡ E2

miss=c
4 −

jp⃗missj2=c2, where Emiss and p⃗miss are the missing energy
and momentum of the neutrino(s) candidate, respectively,
calculated by Emiss ≡ Ebeam − Ek and p⃗miss ≡ −p⃗D�−

s
−

p⃗γðπ0Þ − p⃗k in the eþe− center-of-mass frame. The index
k denotes the eþ, μþ, πþ, or ρþ of the signal candidate, and
Ek and p⃗k are its energy and momentum, respectively. For
Dþ

s → μþa νμ, to improve theM2
miss resolution, we perform a

kinematic fit that constrains the masses of all possible
particles and the missing neutrino combinations to the
known mass of D�−

s or D�þ
s . If there is more than one

combination, the one with the minimum χ2 values of the
kinematic fit is retained for further analysis. The variable
Eextra γ
sum is defined as the total energy of good showers in the

EMC including the transition γðπ0Þ used to reconstruct the
signal D�þ

s , but excluding those used in the tag side. We
also remove bremsstrahlung photon candidates, defined as
showers reconstructed within 10° of the initial positron
track direction.

Figure 2 shows the M2
miss distribution of the candidate

events for Dþ
s → μþa νμ. The left two plots of Fig. 3 show

the Eextra γ
sum distributions of the candidate events for Dþ

s →
τþe ντ and Dþ

s → τþμ ντ, and the right two plots of Fig. 3
show the M2

miss distributions of the candidate events for
Dþ

s → τþπ ντ and Dþ
s → τþρ ντ. Different signal variables

are chosen for the different τþ modes mainly to achieve
better separation between signal and background. There
are no prominent peaking backgrounds for Dþ

s → τþe ντ
and Dþ

s → τþμ ντ, while the main peaking backgrounds are
from Dþ

s → μþνμ and Dþ
s → K0πþ for Dþ

s → τþπ ντ, and
the main peaking backgrounds are from Dþ

s → ηπþπ0

and Dþ
s → K0πþπ0 for Dþ

s → τþρ ντ. These distributions
are obtained from the combined data from all energy
points.

B. Detection efficiencies

The detection efficiencies ϵijST and ϵijDT are estimated by
analyzing MC samples with the relevant combinations of
events and appropriate relative BFs. The single-tag MC
sample is generated with inclusive D�−

s decays and D−
s

decays to the tag modes, while the double-tag has D�−
s

decays to signal modes and D−
s decays to the tag modes,

and D�þ
s → anything with Dþ

s decays to signal modes.
As an example, the double-tag efficiencies obtained for
each signal decay at 4.260 GeVare shown in Table I. For a
given tag mode i and energy point j, the effective signal
efficiencies ϵijsig of each signal decay are obtained by

dividing the ϵijDT by ϵ
ij
ST. For each signal decay, the averaged

signal efficiencies ϵ̄sig are obtained by weighting them by

the relative single-tag yields Nij
ST; the results are shown

in Table IV.

TABLE III. The cos θμþ and pμþ dependent requirements on
dμþ for muon candidates.

j cos θμþ j pμþ (GeV=c) dμþ (cm)

(0.00, 0.20) pμþ ≤ 0.88 dμþ > 17.0
0.88 < pμþ < 1.04 dμþ > 100.0pμþ − 71.0

pμþ ≥ 1.04 dμþ > 33.0

(0.20, 0.40) pμþ ≤ 0.91 dμþ > 17.0
0.91 < pμþ < 1.07 dμþ > 100.0pμþ − 74.0

pμþ ≥ 1.07 dμþ > 33.0

(0.40, 0.60) pμþ ≤ 0.94 dμþ > 17.0
0.94 < pμþ < 1.10 dμþ > 100.0pμþ − 77.0

pμþ ≥ 1.10 dμþ > 33.0

(0.60, 0.80) � � � dμþ > 17.0

(0.80, 0.93) � � � dμþ > 17.0

FIG. 2. Fit to the M2
miss distribution of the candidate events for

Dþ
s → μþνμ with the μþ depth requirement. The points with error

bars represent data combined from all energy points. The blue
solid curve denotes the total fit. The red solid curves and red
dashed curves show the fitted signal and combinatorial back-
ground shapes.
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C. Branching fractions without lepton universality
constraint

When using the MUC information to identify muon
candidates, the background level of Dþ

s → μþa νμ is very
low. In this case, the signal yield ofDþ

s → μþa νμ is obtained
from the unbinned maximum likelihood fit to the M2

miss
distribution, as shown in Fig. 2. In this fit, the signal and
background shapes are modeled by the simulated shapes.
We obtain a signal yield of 507� 26. Combining this yield,
the detection efficiency, and the single-tag yield, we use
Eq. (2) to obtain the BF of Dþ

s → μþa νμ result,

BDþ
s →μþa νμ ¼ ð0.547� 0.026stat � 0.016systÞ%:

The systematic uncertainties in the BF measurement are
discussed in the following section.
To extract the BF of Dþ

s → τþντ, we perform a simulta-
neous fit to the Eextra γ

sum distributions of candidates forDþ
s →

τþl ττ (l ¼ e or μ) and the M2
miss distributions of candidates

for Dþ
s → τþh ττ, (h ¼ πþ or ρþ), as shown in Fig. 3. There

is large component of Dþ
s → μþb νμ in the accepted candi-

dates Dþ
s → τþπ ντ due to the poorer separation of muons

and pions when using only the dE=dx, TOF, and EMC

FIG. 3. Simultaneous fit to the Eextra γ
sum distributions (left) of Dþ

s → τþe ντ and Dþ
s → τþμ ντ as well as the M2

miss distributions (right) of
Dþ

s → τþπ ντ andDþ
s → τþρ ντ. The points with error bars represent data combined from all energy points. The blue solid curves denote the

total fit. The red solid curves and red dashed curves show the fitted combinatorial background shapes. The pink dashed, cyan dashed,
blue dashed, and green dashed are the backgrounds from Dþ

s → μþνμþ , Dþ
s → K0πþ, Dþ

s → ηπþπ0, and Dþ
s → K0πþπ0, respectively.

TABLE IV. The signal yields, the effective signal efficiencies (ϵ̄sig), and the obtained BFs. The efficiencies include
the BFs of all subresonant decays. The first uncertainties are statistical and the second systematic. The high effective
signal efficiency forDþ

s → μþνμ is mainly due to the fact that the tag environments in the signal MC sample are very
different from the inclusive MC sample, where the single-tag efficiency is affected much more due to low
momentum photon(s) and pions.

No lepton universality constraint Lepton universality constraint

Signal decay ϵ̄sig (%) NDT B (%) NSM
DT BSM (%)

Dþ
s → τþe ντ 7.81� 0.02

2845� 83 5.60� 0.16� 0.20 2754� 69 5.39� 0.14� 0.20
Dþ

s → τþμ ντ 18.57� 0.04
Dþ

s → τþπ ντ 8.93� 0.02
Dþ

s → τþρ ντ 6.11� 0.02

Dþ
s → μþb νμ 94.76� 0.20 579� 34 0.491� 0.029� 0.020 641� 16 0.553� 0.014� 0.021

Dþ
s → μþa νμ 74.67� 0.16 507� 26 0.547� 0.026� 0.016 � � � � � �
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information. The signal shapes of Dþ
s → μþa νμ, Dþ

s →
μþb νμ, D

þ
s → τþe ντ, and Dþ

s → τþμ ντ are modeled by the
individual simulated shapes for each decay mode. The
signal shapes of Dþ

s → τþπ ντ and Dþ
s → τþρ ντ are described

by a sum of two bifurcated-Gaussian functions, whose
parameters are determined from the fits to the signal MC
events and are fixed in the simultaneous fit. The back-
ground components for each signal decay are modeled with
shapes derived from the relevant MC simulation. The four
τþ decay modes are constrained to have a common BF for
Dþ

s → τþντ, taking into account different efficiencies and
daughter particle decay BFs. From this simultaneous fit, we
obtain

BDþ
s →μþb νμ

¼ ð0.493� 0.029stat � 0.020systÞ%

and

BDþ
s →τþντ ¼ ð5.60� 0.16stat � 0.20systÞ%;

which correspond to total signal yields of 579� 34 and
2845� 83, respectively. The systematic uncertainties in the
BF measurements are discussed in the following section.

D. Branching fractions with lepton universality
constraint

The ratio of decay widths between Dþ
s → τþντ and

Dþ
s → μþνμ is given by

R ¼ ΓDþ
s →τþντ

ΓDþ
s →μþνμ

¼
m2

τ

�
1 − m2

τ

m2
Ds

�
2

m2
μ

�
1 − m2

μ

m2
Ds

�
2
: ð5Þ

In this ratio, fDþ
s
and jVcsj cancel, and we can obtain a very

precise SM prediction of R ¼ 9.75� 0.01, with the μþ and
τþ masses from the PDG [2]. To improve the precision of
the measured fDþ

s
jVcsj, we have examined the BFs of

Dþ
s → μþνμ and Dþ

s → τþντ after further constraining the
ratio BDþ

s →τþντ=BDþ
s →μþνμ to be 9.75 based on the SM

prediction, in the fits to individual distributions in Fig. 3.
From this constrained fit, the BFs of Dþ

s → μþνμ and
Dþ

s → τþντ are obtained to be

BSM
Dþ

s →μþνμ
¼ ð0.553� 0.014stat � 0.021systÞ%

and

BSM
Dþ

s →τþντ
¼ ð5.39� 0.14stat � 0.20systÞ%;

respectively. These correspond to signal yields of Dþ
s →

μþνμ and Dþ
s → τþντ to be 641� 16 and 2754� 69. The

systematic uncertainties in the BF measurements are
discussed in the following section.

VI. SYSTEMATIC UNCERTAINTIES

The systematic uncertainties associated with the single-
tag selection cancel. Several other sources of systematic
uncertainties are estimated for the BFs measurements and
described below.

A. Individual systematic sources

1. Single-tag yield

To estimate the systematic uncertainty in the fitted
single-tag yield, we perform fits to the MBC distributions
of the data and inclusive MC sample with alternative signal
and background shapes. The nominal signal shape is the
simulated shape convolved with a Gaussian function. An
alternative signal shape is obtained after requiring that the
angle between each reconstructed and generated track is
less than 20°. The background shape is changed to a third-
order Chebyshev polynomial. The relative differences of
the ST yields between data and the inclusive MC sample
from these two variations are added in quadrature assigned
as the systematic uncertainty. In addition, the uncertainty
due to the background fluctuation of the fitted single-tag
yield is considered as an additional systematic uncertainty.
The quadrature sum of these two items, 1.88%, is assigned
as the systematic uncertainty in the single-tag yield.

2. Tracking and PID of e+ , μ+ , and π +

The efficiencies for tracking and PID of the eþ and μþ
are studied with the control samples of eþe− → γeþe− and
eþe− → γμþμ−, respectively. To consider the difference of
topologies between eþe− → γlþl− and Dþ

s → lþνl, the
obtained efficiencies in different polar angles and momen-
tum intervals of the control samples are reweighted to
match the Dþ

s → lþνl signals. The data-MC differences
of the weighted efficiencies of eþ tracking, and eþ
PID, μþ tracking, and μþ PID are summarized in Table V.

TABLE V. Data-MC differences of the weighted efficiencies of tracking and PID for eþ and μþ.

Signal decay eþ tracking eþ PID μþ tracking μþ PID

Dþ
s → μþa νμ � � � � � � 99.93� 0.12 88.62� 0.63

Dþ
s → μþb νμ � � � � � � 99.93� 0.12 99.52� 0.53

Dþ
s → τþe ντ 99.84� 0.08 98.45� 0.54 � � � � � �

Dþ
s → τþμ ντ � � � � � � 99.93� 0.12 89.05� 1.06
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After correcting for the data-MC differences, the residual
uncertainties are taken as individual systematic uncertain-
ties, as listed in Table VI.
The efficiencies of the πþ tracking and PID are studied

with control samples of eþe− → KþK−πþπ−ðπ0Þ and
πþπ−πþπ−ðπ0Þ. The systematic uncertainties of the πþ

tracking and PID efficiencies are assigned to be 0.35% and
0.08%, respectively.

3. γðπ0Þ selection
The photon selection efficiency was previously studied

with J=ψ → πþπ−π0 decays [38]. The π0 reconstruc-
tion efficiency was previously studied with eþe− →
KþK−πþπ−π0 events. The systematic uncertainty of find-
ing the transition γ or π0, weighted according to the BFs for
D�þ

s → γDþ
s and D�þ

s → π0Dþ
s [2], is 1.0%. For the π0 in

theDþ
s → τþρ ντ, the systematic uncertainty is assigned to be

1.1% from the study of Ref. [16]. After reweighting by the
individual signal yields, the systematic uncertainty due to
the π0 in theDþ

s → τþρ ντ for the overall BF measurement of
Dþ

s → τþντ is 0.29%.

4. Eextra γ
sum and Ncharge

extra requirements

The efficiency for the requirements on Eextra γ
sum and Ncharge

extra
is investigated with the double-tag sample of Dþ

s → ηπþ.
The ratio of the averaged efficiency of data to that of
simulation is 1.058� 0.022. After multiplying the signal
efficiency by this factor, we assign 2.2% as the systematic
uncertainty. Reweighting by individual signal yields, the
systematic uncertainty due to Eextra γ

sum and Ncharge
extra require-

ments for the measurement of Dþ
s → τþντ is 0.56%.

5. Tag bias

The single-tag efficiencies obtained from the inclusive
MC sample differ from those estimated with the signal
MC events generated with events containing the single-tag
D�−

s and signal decays, an effect known as “tag bias.” To
estimate the MC simulation for these differences, we use a
method from Ref. [39]. To study the tag bias, we assign
1.0% for the tracking and PID efficiencies of πþ and Kþ,
and 2.0% for π0, K0

S, ηðγγÞ reconstruction efficiencies of the
tag side for their corresponding data and MC differences.

The difference from 1 of ε
Dþ

s →μþa νμ
ST =εinclusiveD

þ
s

ST is assumed
to not cancel in the BF measurements. Weighting
the offsets in each tag mode by their relative single-tag
yield, the average offset for Dþ

s → μþa νμ is calculated
to be ð1.28� 0.01Þ%, which is taken as the systematic
uncertainty.
Similarly, the systematic uncertainties due to tag

bias are assigned as 1.19%, 1.28%, 1.22%, 1.19%,
and 0.68% for Dþ

s → μþb νμ, Dþ
s → τþe ντ, Dþ

s → τþμ ντ,
Dþ

s → τþπ ντ, and Dþ
s → τþρ ντ, respectively. Reweighting

by individual signal yields, the systematic uncertainty
due to tag bias for the measurement of the BF of Dþ

s →
τþντ is 1.16%.

6. MC statistics

The uncertainties due to the MC statistics are
assigned to be 0.40%, 0.51%, 0.29%, 0.40%, and
0.32% for Dþ

s → μþνμ, Dþ
s → τþe ντ, Dþ

s → τþμ ντ,
Dþ

s → τþπ ντ, and Dþ
s → τþρ ντ, respectively. Reweighting

by individual signal yields, the systematic uncertainty
due to MC statistics for the measurement of the BF of
Dþ

s → τþντ is 0.25%.

TABLE VI. Relative systematic uncertainties (%) in the measurements of the BFs ofDþ
s → μþνμ andDþ

s → τþντ.

Source Dþ
s → μþa νμ Dþ

s → μþb νμ Dþ
s → τþντ Dþ

s → lþνl (SM)

Single-tag yield 1.88 1.88 1.88 1.88
μþ tracking 0.19 0.19 0.04 0.08
μþ PID 0.63 1.06 0.21 0.99
eþ tracking � � � � � � 0.11 0.10
eþ PID � � � � � � 0.24 0.18
πþ tracking � � � � � � 0.35 0.18
πþ PID � � � � � � 0.08 0.04
γ=π0 reconstruction 1.00 1.00 1.00 1.00
π0 reconstruction from ρþ � � � � � � 0.29 0.19

Eextra γ
sum and Ncharge

extra requirements � � � 0.40 0.56 0.37

M2
miss fit and Eextra γ

sum fit 1.20 3.03 2.45 2.67
Tag bias 1.28 1.19 1.16 0.83
MC statistics 0.40 0.40 0.25 0.22
Quoted BFs 0.30 0.46 0.33 0.33
SM constraint � � � � � � � � � 0.04

Total 2.88 4.13 3.59 3.74
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7. M2
miss and Eextra γ

sum fit

The uncertainties in the M2
miss and Eextra γ

sum fits arise from
the signal and background shapes.
For Dþ

s → μþa νμ, the systematic uncertainty due to the
signal shape is estimated by replacing the nominal shape
with signal shape convolved with a double Gaussian
function with floating parameters. The relative change
between the remeasured and nominal BFs, 1.12%, is taken
as the systematic uncertainty. For Dþ

s → τþμ ντ and
Dþ

s → τþe ντ, we use the MC-simulated shapes convolved
with a single Gaussian resolution function with free
parameters. For Dþ

s → μþb νμ, Dþ
s → τþπ ντ, and Dþ

s →
τþρ ντ, the systematic uncertainty due to the signal shape
is estimated by replacing the nominal shape by varying
the Gaussian shape parameters individually by �1σ.
The quadrature sum of the relative changes between the
remeasured BFs and the nominal BF, 0.60%, is assigned as
the systematic uncertainty for Dþ

s → τþντ.
For Dþ

s → μþa νμ, the peaking background is mainly due
to the misidentification of a πþ or a Kþ as a μþ. We have
corrected the background yields considering the data-MC
differences. The systematic uncertainty is assigned by
varying the weights of various background sources within
�1σ of individual BFs. We also try alternative MC-
simulated shapes by varying the relative fractions of the
main backgrounds from D�

s D
�∓
s , D�−

s D�þ
s , and qq̄ by �1σ

according to the observed cross sections, following
Refs. [34,40]. After considering the uncertainties of the
correction factors and changing the weights of different
background shapes according to their yield uncertainties,
we assign 0.80% as the associated systematic uncertainty.
To study the systematic uncertainty caused by the

background shape in the fit for the measurement of
Dþ

s → τþντ, we remeasure the BF by varying the back-
ground models in three ways. First, we use alternative MC-
simulated shapes obtained by varying the relative fractions
of the main backgrounds from D�

s D
�∓
s , D�−

s D�þ
s and qq̄.

We vary background yield by �1σ according to the
observed cross sections [40,34]. Second, we try alternative
MC-simulated shapes obtained by varying the relative
fractions of their largest background sources. Third, we
vary the yields of the main background sources by varying
�1σ of the quoted BFs. Finally, we assign 2.34% as the
systematic uncertainty in the measurement of the BF
of Dþ

s → τþντ.

8. Quoted branching fractions

The BFs of τþ → μþνμν̄τ, τþ → eþνeν̄τ, τþ → πþν̄τ, and
τþ → ρþν̄τ are quoted from the PDG [2], which are
ð17.39� 0.04Þ%, ð17.82� 0.04Þ%, ð10.82� 0.05Þ%,
and ð25.49� 0.09Þ%, with relative uncertainties of 0.23%,
0.22%, 0.46%, and 0.35%, respectively. After reweighting
these by the individual signal yields, the systematic uncer-
tainty for the BF of Dþ

s → τþντ is assigned as 0.14%.

The BFs of D�þ
s → γDþ

s and D�þ
s → π0Dþ

s are ð93.5�
0.7Þ% and ð5.8� 0.7Þ% [2]. By varying the BFs by these
uncertainties, we find that the signal efficiencies change by
no more than 0.30%, which is assigned as a systematic
uncertainty. The effect of the BF uncertainty on D�þ

s →
eþe−Dþ

s is negligible.
The total systematic uncertainties for the quoted BFs

in the BF measurements of Dþ
s → μþνμ and Dþ

s → τþντ
are 0.30% and 0.33%, respectively.

B. Total systematic uncertainties without lepton
universality constraint

Table VI summarizes all systematic uncertainties in the
measurements of the BFs of Dþ

s → μþa νμ, Dþ
s → μþb νμ, and

Dþ
s → τþντ. Assuming that all systematic uncertainties are

independent with each other, the total systematic uncer-
tainties in the measurements of the BFs of Dþ

s → μþa νμ,
Dþ

s → μþb νμ, and Dþ
s → τþντ are obtained by summing in

quadrature, giving 2.88%, 4.13%, and 3.59%, respectively.

C. Total systematic uncertainty
with lepton universality constraint

When constraining the yields of Dþ
s → μþνμ and

Dþ
s → τþντ, the uncertainties of NST and quoted BFs are

fully correlated and all other uncertainties are independent.
For the independent system uncertainties, we vary the
signal efficiency of the corresponding uncertainties �1σ to
obtain the new BF measurement. The systematic uncer-
tainty due to lepton universality constraint is assigned to be
0.04% by varying the fixed R within �1σ. We assign the
relative change of the BF as the corresponding uncertainty.
Table VI summarizes the systematic uncertainties for
individual sources. The total systematic uncertainty in
the measurement of the BFs of Dþ

s → lþνl (SM) is the
quadrature sum which gives 3.74%.

VII. CONCLUSION

By analyzing 10.64 fb−1 of eþe− collision data taken at
Ec.m. between 4.237 and 4.699 GeV with the BESIII
detector, the BFs of Dþ

s → μþνμ and Dþ
s → τþντ are

determined with and without constraining the ratios of
their BFs to the SM prediction. The obtained BFs are
shown in Table IV. Combining these BFs with the world
averages of the masses of lþ andDþ

s as well as the lifetime
of Dþ

s , we obtain fDþ
s
jVcsj with Eq. (1). The comparisons

of the BFs and fDþ
s
jVcsj obtained in this work and the other

measurements are shown in Table VII.
With the BFs ofDþ

s → μþνμ andDþ
s → τþντ without the

SM constraint, we determine the ratio of the two decay

widths to be
ΓDþ

s →τþντ

ΓDþ
s →μþνμ

¼ 10.24� 0.57. It is consistent with

the SM prediction of 9.75 within 0.9σ, implying no
violation of τ − μ lepton-flavor universality. Taking the
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CKM matrix element jVcsj ¼ 0.97349� 0.00016 from the
global SM fit [2], we obtain fDþ

s
¼ ð253.2� 6.0stat �

3.7syst � 0.6inputÞμν and fDþ
s
¼ ð259.6� 3.7stat � 4.6syst �

0.6inputÞτν MeV, which agree with the value from recent
LQCD calculations [3] within 0.4σ and 1.6σ. Conversely,
taking the averaged decay constant fDþ

s
¼ ð249.9�

0.5Þ MeV from recent LQCD calculations [3], we obtain
jVcsj ¼ ð0.986� 0.023stat � 0.014syst � 0.003inputÞμν and
jVcsj¼ ð1.011�0.014stat�0.018syst�0.003inputÞτν, which
agree with the value from from the global SM fit [2]
within 0.4σ and 1.6σ. The fDþ

s
values obtained in this work

offer complementary data to test the LQCD calculations
and the jVcsj measurements are important for CKM matrix
unitarity tests.

The averaged BF ofDþ
s → μþνμ is obtained by reweight-

ing the results reported in Refs. [14,21] and the one in this
work. The averaged BF of Dþ

s → τþντ is obtained by
reweighting the results measured by using the decays τþ →
πþπ0ν̄τ [16], τþ → eþν̄τνe [18], τþ → μþν̄τνμ [20], τþ →
πþν̄τ [19], the one measured in this work, and Ref. [14].
Using the method described in [41] which takes into
account the correlation of systematic uncertainties, we
obtain the averaged BFs to be BDþ

s →μþνμ ¼ ð0.5310�
0.0099stat � 0.0053systÞ% and BDþ

s →τþντ ¼ ð5.359�
0.067stat � 0.074systÞ%. For Dþ

s → μþνμ, the single-tag
yield, the πþ tracking and PID, and the transition γðπ0Þ
reconstruction are taken to be correlated; for Dþ

s → τþντ,
the uncertainties from the single-tag yield, the πþ tracking

TABLE VII. Comparisons of the BFs and the corresponding products of fDþ
s
jVcsj from various experiments. The “weighted” values

are obtained by combining results after considering the correlated effects. The “average” values are obtained by weighting both
statistical and systematic uncertainties, but not the third uncertainty dominated by the uncertainty of the Dþ

s lifetime. The uncertainties
of average BFs and the first uncertainties of average fDþ

s
jVcsj are the total experimental uncertainties combined from statistical and

systematic effects, and the second uncertainties of average fDþ
s
jVcsj is due to the input uncertainty of the quoted lifetime of Dþ

s . All
weighted and average results do not include results constrained by the SM.

Experiment Ec.m. (GeV) Mode Dþ
s decay B (%) fDþ

s
jVcsj (MeV)

This work 4.237–4.699 D��
s D�∓

s τþe ντ; τþμ ντ; τþπ ντ; τþρ ντ 5.60� 0.16� 0.20 252.7� 3.6� 4.5� 0.6
This work (SM) 4.237–4.699 D��

s D�∓
s τþe ντ; τþμ ντ; τþπ ντ; τþρ ντ 5.39� 0.14� 0.20 247.9� 3.2� 4.6� 0.5

BESIII [14] 4.009 Dþ
s D−

s τþπ ντ 3.28� 1.83� 0.37 193.4� 53.9� 10.9� 0.5
BESIII [16] 4.178–4.226 D�

s D
�∓
s τþρ ντ 5.30� 0.25� 0.20 245.8� 5.8� 4.6� 0.5

BESIII [17] 4.178–4.226 D�
s D

�∓
s τþπ ντ 5.21� 0.25� 0.17 243.7� 5.8� 4.0� 0.5

BESIII [18] 4.178–4.226 D�
s D

�∓
s τþe ντ 5.27� 0.10� 0.13 245.1� 2.3� 3.0� 0.5

BESIII [19] 4.128–4.226 D�
s D

�∓
s τþπ ν̄τ 5.44� 0.17� 0.13 249.0� 3.9� 3.0� 0.5

BESIII [20] 4.128–4.226 D�
s D

�∓
s τþμ ν̄τ 5.37� 0.17� 0.15 247.4� 3.9� 3.5� 0.5

Weighteda · · · · · · τþντ 5.359� 0.067� 0.075 247.2� 1.5� 1.7� 0.5
CLEO [9] 4.170 D�

s D
�∓
s τþe ντ 5.30� 0.47� 0.22 245.8� 10.9� 5.1� 0.5

CLEO [10] 4.170 D�
s D

�∓
s τþρ ντ 5.52� 0.57� 0.21 250.9� 13.0� 4.8� 0.6

CLEO [11] 4.170 D�
s D

�∓
s τþπ ντ 6.42� 0.81� 0.18 270.5� 17.1� 3.8� 0.6

BABAR [12] 10.56 DKXγD−
s τþe ντ; τþμ ντ 4.96� 0.37� 0.57 237.8� 8.9� 13.7� 0.5

Belle [13] 10.56 DKXγD−
s τþπ ντ; τþe ντ; τþμ ντ 5.70� 0.21þ0.31

−0.30 254.9� 4.7� 7.0� 0.6

Average 5.38� 0.09 247.7� 2.1� 0.5
This work 4.237–4.699 D��

s D�∓
s μþa νμ 0.547� 0.026� 0.016 246.5� 5.9� 3.6� 0.5

This work (SM) 4.237–4.699 D��
s D�∓

s μþνμ 0.553� 0.014� 0.020 · · ·
BESIII [14] 4.009 Dþ

s D−
s μþνμ 0.517� 0.075� 0.021 239.6� 17.4� 4.9� 0.5

BESIII [15] 4.178 D�
s D

�∓
s μþνμ 0.549� 0.016� 0.015 246.9� 3.6� 3.4� 0.5

BESIII [17] 4.178–4.226 D�
s D

�∓
s μþνμ 0.535� 0.013� 0.016 243.7� 3.0� 3.6� 0.5

BESIII [21] 4.128–4.226 D�
s D

�∓
s μþνμ 0.5294� 0.0108� 0.0085 242.5� 2.5� 1.9� 0.5

Weightedb · · · · · · μþνμ 0.5310� 0.0099� 0.0053 242.8� 2.3� 1.2� 0.5
Weightedc · · · · · · τþντ; μþνμ · · · 245.4� 1.3� 1.7� 0.5

CLEO [11] 4.170 D�
s D

�∓
s μþνμ 0.565� 0.045� 0.017 250.5� 10.0� 3.8� 0.5

BABAR [12] 10.56 DKXγD−
s μþνμ 0.602� 0.038� 0.034 258.6� 8.2� 7.3� 0.5

Belle [13] 10.56 DKXγD−
s μþνμ 0.531� 0.028� 0.020 242.8� 6.4� 4.6� 0.5

Average 0.539� 0.009 244.6� 2.0� 0.5
aWeighted excludes BESIII [17].
bWeighted excludes BESIII [15,17].
cWeighted excludes BESIII [15,17].
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and PID, the transition γðπ0Þ reconstruction, the best γðπ0Þ
selection, and the tag bias are taken to be correlated.
Additional common uncertainties come from τDþ

s
, mDþ

s
,

and mτ;μ for fDþ
s
and jVcsj, while all the other uncertainties

are independent. We obtain fDþ
s
¼ ð249.4� 2.3stat �

1.2syst � 0.5inputÞμν and fDþ
s
¼ ð254.8� 1.6stat � 1.8syst �

0.6inputÞτν MeV, which agree with the value from recent
LQCD calculations [3] within 0.3σ and 1.4σ. We also
obtain jVcsj ¼ ð0.972� 0.009stat � 0.005syst � 0.003inputÞμν
and jVcsj ¼ ð0.989� 0.006stat � 0.007syst � 0.003inputÞτν,
which agree with the value from from the global SM
fit [2] within 0.3σ and 1.5σ.
Furthermore, we reweight the two separate fDþ

s
jVcsj

values fromDþ
s → μþνμ andDþ

s → τþντ mentioned above,
under the assumption that the uncertainties from the single-
tag yield, the πþ tracking and PID, the eþ tracking and
PID, the μþ tracking and PID, the transition γðπ0Þ
reconstruction, the best γðπ0Þ selection, and the tag bias
are taken to be correlated. The common uncertainties come
from τDþ

s
,mDþ

s
, andmτ;μ for fDþ

s
and jVcsj. Finally, we obtain

fDþ
s
¼ ð252.1� 1.3stat � 1.7syst � 0.5inputÞ MeV, which

agrees with the value from recent LQCD calculations [3]
within 0.8σ, and jVcsj ¼ 0.982� 0.005stat � 0.007syst �
0.003input, which agrees with the value from the global
SM fit [2] within 0.8σ.
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APPENDIX: FITS TO THE MBC DISTRIBUTIONS OF DATA SINGLE-TAG YIELDS IN DATA,
SINGLE-TAG EFFICIENCIES, AND DOUBLE-TAG EFFICIENCIES AT OTHER ENERGY POINTS

Figures 4–13 show the fits to the MBC distributions of ST D�−
s candidates selected from data at the other energy points.

Tables VIII–XVII show the single-tag yields in data, single-tag efficiencies, and double-tag efficiencies at the other energy
points.

FIG. 4. Fits to theMBC distributions of ST D�−
s candidates selected from data at 4.237 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.
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FIG. 5. Fits to theMBC distributions of ST D�−
s candidates selected from data at 4.246 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.
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FIG. 6. Fits to theMBC distributions of ST D�−
s candidates selected from data at 4.270 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.

M. ABLIKIM et al. PHYS. REV. D 110, 052002 (2024)

052002-14



FIG. 7. Fits to theMBC distributions of ST D�−
s candidates selected from data at 4.280 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.
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FIG. 8. Fits to theMBC distributions of ST D�−
s candidates selected from data at 4.290 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.

M. ABLIKIM et al. PHYS. REV. D 110, 052002 (2024)

052002-16



FIG. 9. Fits to theMBC distributions of STD�−
s candidates selected from data at 4.310–4.315 GeV, where the points with error bars are

data, the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows
denote the MBC signal window.
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FIG. 10. Fits to theMBC distributions of STD�−
s candidates selected from data at 4.400 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.

FIG. 11. Fits to theMBC distributions of STD�−
s candidates selected from data at 4.420 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.
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FIG. 12. Fits to theMBC distributions of STD�−
s candidates selected from data at 4.440 GeV, where the points with error bars are data,

the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows denote the
MBC signal window.
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FIG. 13. Fits to the MBC distributions of ST D�−
s candidates selected from data at 4.470–4.699 GeV, where the points with error bars

are data, the solid curves show the best fits, and the red dashed curves show the combinatorial background shapes. The pairs of arrows
denote the MBC signal window.

TABLE VIII. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.237 GeV.
The ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies forDþ

s → μþa νμ andDþ
s → μþb νμ; the ϵ

τeν
DT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the

double-tag efficiencies forDþ
s → τþe ντ,Dþ

s → τþμ ντ,Dþ
s → τþπ ντ, andDþ

s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 2303� 72 20.47� 0.13 16.46� 0.08 17.98� 0.09 3.92� 0.02 1.83� 0.01 1.76� 0.01 1.17� 0.01
KþK−π−π0 635� 45 4.98� 0.10 5.57� 0.06 5.82� 0.07 1.37� 0.01 0.65� 0.01 0.58� 0.01 0.34� 0.01
π−πþπ− 675� 48 24.52� 0.48 20.53� 0.09 25.03� 0.10 4.71� 0.02 2.19� 0.01 2.49� 0.01 1.94� 0.02
K0

SK
− 575� 34 24.04� 0.29 18.61� 0.10 22.51� 0.11 4.27� 0.02 1.97� 0.01 2.22� 0.01 1.71� 0.02

K0
SK

−π0 158� 25 8.58� 0.28 7.50� 0.10 9.16� 0.11 1.75� 0.02 0.84� 0.01 0.93� 0.01 0.61� 0.02
K−π−πþ 247� 39 21.67� 0.65 18.38� 0.18 22.03� 0.20 4.25� 0.04 1.98� 0.03 2.19� 0.02 1.60� 0.03
K0

SK
0
Sπ

− 80� 21 11.44� 0.43 9.27� 0.16 11.47� 0.18 2.11� 0.03 0.96� 0.02 1.15� 0.02 0.72� 0.02
K0

SK
þπ−π− 235� 28 10.51� 0.20 8.36� 0.13 9.89� 0.14 1.99� 0.03 0.93� 0.02 0.94� 0.01 0.60� 0.02

K0
SK

−πþπ− 151� 39 9.89� 0.35 7.50� 0.07 8.60� 0.08 1.79� 0.01 0.84� 0.01 0.86� 0.01 0.54� 0.01
ηγγπ

− 257� 33 22.14� 0.59 19.05� 0.09 24.56� 0.10 4.27� 0.02 1.95� 0.01 2.46� 0.01 1.99� 0.02
ηπþπ−π0π

− 84� 19 10.96� 0.51 9.91� 0.08 12.48� 0.09 2.27� 0.01 1.06� 0.01 1.24� 0.01 0.89� 0.01
η0πþπ−ηπ− 179� 20 11.79� 0.32 10.06� 0.07 12.94� 0.08 2.27� 0.01 1.06� 0.01 1.29� 0.01 0.95� 0.01
η0γρ0π− 350� 47 15.44� 0.39 12.98� 0.07 16.46� 0.08 2.96� 0.01 1.39� 0.01 1.63� 0.01 1.12� 0.01
ηγγρ

− 548� 83 9.07� 0.27 9.31� 0.06 12.59� 0.07 2.12� 0.01 1.01� 0.01 1.29� 0.01 0.92� 0.01
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TABLE IX. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.246 GeV. The
ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ

s → μþa νμ and Dþ
s → μþb νμ; the ϵ

τeν
DT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the

double-tag efficiencies forDþ
s → τþe ντ,Dþ

s → τþμ ντ,Dþ
s → τþπ ντ, andDþ

s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 4241� 94 20.11� 0.09 16.92� 0.08 17.49� 0.09 3.83� 0.02 1.78� 0.01 1.71� 0.01 1.14� 0.01
KþK−π−π0 1029� 81 5.39� 0.07 5.82� 0.06 5.64� 0.07 1.34� 0.01 0.63� 0.01 0.56� 0.01 0.32� 0.01
π−πþπ− 1149� 78 25.80� 0.34 20.65� 0.09 24.81� 0.10 4.59� 0.02 2.12� 0.01 2.45� 0.01 1.85� 0.02
K0

SK
− 920� 41 23.66� 0.21 18.74� 0.10 22.02� 0.11 4.21� 0.02 1.95� 0.01 2.19� 0.01 1.67� 0.02

K0
SK

−π0 254� 31 7.89� 0.18 7.44� 0.10 8.90� 0.11 1.71� 0.02 0.78� 0.01 0.89� 0.01 0.60� 0.02
K−π−πþ 634� 51 23.40� 0.52 18.59� 0.18 21.51� 0.20 4.16� 0.04 1.90� 0.03 2.15� 0.02 1.54� 0.03
K0

SK
0
Sπ

− 216� 23 11.21� 0.28 9.26� 0.16 11.10� 0.18 2.05� 0.03 0.96� 0.02 1.09� 0.02 0.76� 0.03
K0

SK
þπ−π− 433� 33 10.08� 0.15 8.53� 0.13 9.36� 0.14 2.00� 0.03 0.90� 0.02 0.92� 0.01 0.59� 0.02

K0
SK

−πþπ− 330� 35 9.07� 0.23 7.65� 0.07 8.44� 0.07 1.77� 0.01 0.84� 0.01 0.83� 0.01 0.53� 0.01
ηγγπ

− 492� 47 20.56� 0.40 18.65� 0.08 23.91� 0.10 4.15� 0.02 1.91� 0.01 2.39� 0.01 1.91� 0.02
ηπþπ−π0π

− 192� 22 10.92� 0.34 9.90� 0.07 12.42� 0.07 2.20� 0.01 1.02� 0.01 1.22� 0.01 0.86� 0.01
η0πþπ−ηπ− 311� 27 11.35� 0.22 10.03� 0.07 12.82� 0.07 2.20� 0.01 1.03� 0.01 1.25� 0.01 0.91� 0.01
η0γρ0π− 650� 56 14.82� 0.25 12.70� 0.07 15.83� 0.08 2.89� 0.01 1.34� 0.01 1.56� 0.01 1.08� 0.01
ηγγρ

− 1093� 156 8.17� 0.17 9.02� 0.06 12.25� 0.07 2.04� 0.01 0.96� 0.01 1.24� 0.01 0.90� 0.01

TABLE X. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.270 GeV. The
ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ

s → μþa νμ and Dþ
s → μþb νμ; the ϵ

τeν
DT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the

double-tag efficiencies forDþ
s → τþe ντ,Dþ

s → τþμ ντ,Dþ
s → τþπ ντ, andDþ

s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 4822� 101 19.53� 0.09 15.48� 0.08 16.05� 0.08 3.49� 0.02 1.61� 0.01 1.60� 0.01 1.11� 0.01
KþK−π−π0 1368� 92 4.70� 0.06 5.25� 0.06 5.28� 0.06 1.18� 0.01 0.57� 0.01 0.51� 0.01 0.31� 0.01
π−πþπ− 1265� 81 25.40� 0.33 19.13� 0.09 22.82� 0.10 4.20� 0.02 1.95� 0.01 2.26� 0.01 1.76� 0.02
K0

SK
− 1055� 44 23.09� 0.20 17.40� 0.10 20.55� 0.11 3.90� 0.02 1.77� 0.01 2.02� 0.01 1.59� 0.02

K0
SK

−π0 388� 40 7.74� 0.18 6.79� 0.10 8.34� 0.11 1.54� 0.02 0.73� 0.01 0.79� 0.01 0.56� 0.02
K−π−πþ 618� 72 23.46� 0.56 17.21� 0.18 19.86� 0.19 3.81� 0.03 1.77� 0.02 1.94� 0.02 1.46� 0.03
K0

SK
0
Sπ

− 199� 23 10.98� 0.28 8.67� 0.16 10.70� 0.18 1.91� 0.03 0.89� 0.02 1.00� 0.02 0.72� 0.02
K0

SK
þπ−π− 550� 39 10.08� 0.16 7.89� 0.12 8.73� 0.13 1.83� 0.03 0.82� 0.02 0.88� 0.01 0.57� 0.02

K0
SK

−πþπ− 300� 36 9.40� 0.26 7.20� 0.07 7.97� 0.07 1.62� 0.01 0.77� 0.01 0.76� 0.01 0.52� 0.01
ηγγπ

− 557� 54 19.53� 0.41 16.79� 0.08 21.41� 0.09 3.72� 0.02 1.72� 0.01 2.13� 0.01 1.74� 0.01
ηπþπ−π0π

− 167� 24 10.59� 0.36 8.93� 0.06 11.06� 0.07 2.00� 0.01 0.93� 0.01 1.09� 0.01 0.78� 0.01
η0πþπ−ηπ− 323� 27 10.91� 0.23 9.01� 0.06 11.48� 0.07 2.03� 0.01 0.92� 0.01 1.15� 0.01 0.85� 0.01
η0γρ0π− 674� 59 14.26� 0.27 11.58� 0.07 14.43� 0.08 2.62� 0.01 1.23� 0.01 1.42� 0.01 1.04� 0.01
ηγγρ

− 1033� 120 8.19� 0.18 7.93� 0.06 10.71� 0.07 1.79� 0.01 0.84� 0.01 1.11� 0.01 0.79� 0.01
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TABLE XI. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.280 GeV. The
ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ

s → μþa νμ and Dþ
s → μþb νμ; the ϵ

τeν
DT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the

double-tag efficiencies forDþ
s → τþe ντ,Dþ

s → τþμ ντ,Dþ
s → τþπ ντ, andDþ

s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 1467� 57 18.53� 0.15 15.08� 0.11 14.82� 0.11 3.34� 0.02 1.54� 0.02 1.43� 0.01 0.92� 0.02
KþK−π−π0 455� 63 5.27� 0.15 5.16� 0.09 4.74� 0.09 1.16� 0.02 0.57� 0.01 0.46� 0.01 0.23� 0.01
π−πþπ− 351� 50 24.06� 0.63 18.50� 0.12 21.53� 0.13 4.06� 0.02 1.86� 0.02 2.09� 0.01 1.45� 0.02
K0

SK
− 310� 23 22.02� 0.35 16.73� 0.14 19.21� 0.15 3.68� 0.03 1.70� 0.02 1.81� 0.02 1.30� 0.02

K0
SK

−π0 125� 32 7.54� 0.34 6.69� 0.13 7.74� 0.15 1.47� 0.03 0.69� 0.02 0.77� 0.02 0.43� 0.02
K−π−πþ 252� 54 23.16� 1.11 16.64� 0.25 18.32� 0.27 3.64� 0.05 1.69� 0.03 1.79� 0.03 1.21� 0.04
K0

SK
0
Sπ

− 61� 12 10.54� 0.49 7.97� 0.21 9.23� 0.23 1.80� 0.04 0.78� 0.03 0.85� 0.02 0.52� 0.03
K0

SK
þπ−π− 141� 19 9.94� 0.28 7.86� 0.18 7.92� 0.18 1.69� 0.03 0.78� 0.02 0.75� 0.02 0.45� 0.02

K0
SK

−πþπ− 119� 21 8.57� 0.43 6.78� 0.13 7.16� 0.14 1.52� 0.02 0.71� 0.01 0.68� 0.01 0.39� 0.01
ηγγπ

− 160� 32 17.49� 0.77 16.08� 0.11 20.53� 0.13 3.61� 0.02 1.68� 0.02 2.01� 0.01 1.47� 0.02
ηπþπ−π0π

− 26� 11 9.50� 0.55 8.73� 0.09 10.54� 0.10 1.88� 0.02 0.89� 0.01 1.02� 0.01 0.62� 0.01
η0πþπ−ηπ− 98� 15 11.04� 0.39 8.77� 0.09 10.87� 0.10 1.94� 0.02 0.90� 0.01 1.07� 0.01 0.68� 0.01
η0γρ0π− 212� 34 11.29� 0.35 11.32� 0.10 13.75� 0.11 2.49� 0.02 1.21� 0.01 1.33� 0.01 0.83� 0.01
ηγγρ

− 286� 73 7.65� 0.39 7.75� 0.08 10.42� 0.10 1.71� 0.02 0.81� 0.01 1.01� 0.01 0.71� 0.01

TABLE XII. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.290 GeV. The
ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ

s → μþa νμ and Dþ
s → μþb νμ; the ϵ

τeν
DT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the

double-tag efficiencies forDþ
s → τþe ντ,Dþ

s → τþμ ντ,Dþ
s → τþπ ντ, andDþ

s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 3432� 90 18.43� 0.09 14.34� 0.08 14.86� 0.08 3.22� 0.02 1.49� 0.01 1.40� 0.01 0.85� 0.01
KþK−π−π0 1018� 81 5.02� 0.09 4.86� 0.06 4.72� 0.06 1.09� 0.01 0.53� 0.01 0.44� 0.01 0.23� 0.01
π−πþπ− 869� 87 24.33� 0.42 18.09� 0.09 22.14� 0.10 4.00� 0.02 1.85� 0.01 2.11� 0.01 1.45� 0.01
K0

SK
− 727� 39 21.35� 0.22 15.94� 0.10 19.07� 0.11 3.51� 0.02 1.63� 0.01 1.78� 0.01 1.24� 0.02

K0
SK

−π0 239� 36 7.39� 0.22 6.28� 0.09 7.68� 0.10 1.39� 0.02 0.66� 0.01 0.73� 0.01 0.42� 0.01
K−π−πþ 484� 76 23.61� 0.78 16.02� 0.17 18.61� 0.19 3.54� 0.03 1.63� 0.02 1.78� 0.02 1.20� 0.03
K0

SK
0
Sπ

− 122� 19 10.12� 0.32 7.16� 0.14 8.62� 0.16 1.69� 0.03 0.80� 0.02 0.81� 0.02 0.54� 0.02
K0

SK
þπ−π− 370� 37 8.77� 0.17 6.77� 0.12 7.48� 0.13 1.57� 0.02 0.73� 0.02 0.71� 0.01 0.40� 0.02

K0
SK

−πþπ− 153� 28 8.94� 0.30 6.25� 0.06 6.80� 0.07 1.42� 0.01 0.66� 0.01 0.65� 0.01 0.37� 0.01
ηγγπ

− 476� 56 19.16� 0.47 15.96� 0.08 20.95� 0.09 3.52� 0.02 1.62� 0.01 2.00� 0.01 1.45� 0.01
ηπþπ−π0π

− 102� 20 10.81� 0.44 8.36� 0.06 10.48� 0.07 1.89� 0.01 0.88� 0.01 0.99� 0.01 0.63� 0.01
η0πþπ−ηπ− 238� 25 11.13� 0.26 8.59� 0.06 11.13� 0.07 1.88� 0.01 0.89� 0.01 1.06� 0.01 0.68� 0.01
η0γρ0π− 462� 50 13.24� 0.34 10.89� 0.07 13.99� 0.08 2.46� 0.01 1.13� 0.01 1.33� 0.01 0.82� 0.01
ηγγρ

− 624� 93 7.86� 0.27 7.39� 0.06 10.30� 0.07 1.68� 0.01 0.77� 0.01 1.01� 0.01 0.68� 0.01
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TABLE XIII. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.310–
4.315 GeV. The ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ

s → μþa νμ and Dþ
s → μþb νμ; the ϵτeνDT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT

correspond to the double-tag efficiencies for Dþ
s → τþe ντ, Dþ

s → τþμ ντ, Dþ
s → τþπ ντ, and Dþ

s → τþρ ντ, respectively. The efficiencies
include the BFs of D�þ

s and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 2014� 83 16.86� 0.14 12.60� 0.07 13.34� 0.08 2.80� 0.01 1.32� 0.01 1.26� 0.01 0.81� 0.01
KþK−π−π0 722� 94 5.70� 0.18 4.25� 0.06 4.17� 0.06 0.97� 0.01 0.46� 0.01 0.41� 0.01 0.21� 0.01
π−πþπ− 415� 98 22.94� 0.73 16.02� 0.08 19.66� 0.09 3.52� 0.02 1.62� 0.01 1.89� 0.01 1.36� 0.01
K0

SK
− 443� 32 19.15� 0.28 14.22� 0.09 17.12� 0.10 3.15� 0.02 1.47� 0.01 1.60� 0.01 1.16� 0.01

K0
SK

−π0 188� 46 6.63� 0.42 5.51� 0.09 6.74� 0.10 1.23� 0.02 0.59� 0.01 0.64� 0.01 0.41� 0.01
K−π−πþ 254� 48 27.59� 1.31 14.16� 0.16 16.87� 0.18 3.15� 0.03 1.45� 0.02 1.57� 0.02 1.12� 0.03
K0

SK
0
Sπ

− 85� 18 9.49� 0.52 6.49� 0.14 7.95� 0.15 1.51� 0.03 0.71� 0.02 0.81� 0.02 0.54� 0.02
K0

SK
þπ−π− 237� 42 8.31� 0.27 6.31� 0.11 7.29� 0.12 1.46� 0.02 0.70� 0.02 0.68� 0.01 0.38� 0.02

K0
SK

−πþπ− 156� 45 9.28� 0.58 5.86� 0.06 6.47� 0.07 1.29� 0.01 0.59� 0.01 0.60� 0.01 0.36� 0.01
ηγγπ

− 211� 55 15.60� 0.71 13.77� 0.08 18.24� 0.09 3.03� 0.01 1.38� 0.01 1.74� 0.01 1.32� 0.01
ηπþπ−π0π

− 70� 17 8.87� 0.62 7.33� 0.06 9.40� 0.07 1.63� 0.01 0.77� 0.01 0.87� 0.01 0.56� 0.01
η0πþπ−ηπ− 139� 21 9.21� 0.36 7.37� 0.06 9.78� 0.07 1.66� 0.01 0.78� 0.01 0.92� 0.01 0.64� 0.01
η0γρ0π− 269� 55 12.80� 0.55 9.65� 0.06 12.31� 0.07 2.17� 0.01 1.01� 0.01 1.18� 0.01 0.76� 0.01
ηγγρ

− 555� 102 6.23� 0.37 6.38� 0.05 8.94� 0.06 1.42� 0.01 0.67� 0.01 0.86� 0.01 0.59� 0.01

TABLE XIV. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.400 GeV.
The ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies forDþ

s → μþa νμ andDþ
s → μþb νμ; the ϵ

τeν
DT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the

double-tag efficiencies forDþ
s → τþe ντ,Dþ

s → τþμ ντ,Dþ
s → τþπ ντ, andDþ

s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 1544� 83 17.06� 0.19 12.68� 0.07 13.80� 0.08 2.83� 0.01 1.29� 0.01 1.26� 0.01 0.87� 0.01
K0

SK
− 311� 27 20.05� 0.36 14.18� 0.09 17.15� 0.10 3.12� 0.02 1.43� 0.01 1.60� 0.01 1.24� 0.02

TABLE XV. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.420 GeV. The
ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ

s → μþa νμ and Dþ
s → μþb νμ; the ϵ

τeν
DT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT correspond to the

double-tag efficiencies forDþ
s → τþe ντ,Dþ

s → τþμ ντ,Dþ
s → τþπ ντ, andDþ

s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.

D−
s tag mode NST ϵST (%) ϵμaνDT (%) ϵμbνDT (%) ϵτeνDT (%) ϵ

τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)

KþK−π− 5297� 138 18.44� 0.10 13.67� 0.08 15.07� 0.08 3.08� 0.02 1.42� 0.01 1.39� 0.01 1.00� 0.01
KþK−π−π0 1539� 218 5.36� 0.11 4.96� 0.06 5.18� 0.06 1.10� 0.01 0.51� 0.01 0.49� 0.01 0.31� 0.01
π−πþπ− 1185� 135 22.40� 0.50 17.46� 0.08 21.69� 0.09 3.84� 0.02 1.76� 0.01 2.02� 0.01 1.58� 0.01
K0

SK
− 1195� 53 21.90� 0.19 15.85� 0.10 19.25� 0.11 3.47� 0.02 1.59� 0.01 1.80� 0.01 1.41� 0.02

K0
SK

−π0 485� 84 7.81� 0.30 6.09� 0.09 7.62� 0.10 1.37� 0.02 0.64� 0.01 0.71� 0.01 0.49� 0.01
K−π−πþ 684� 135 21.28� 0.90 15.63� 0.17 18.90� 0.19 3.43� 0.03 1.55� 0.02 1.76� 0.02 1.33� 0.03
K0

SK
0
Sπ

− 192� 35 10.32� 0.34 8.02� 0.15 9.76� 0.17 1.75� 0.03 0.84� 0.02 0.88� 0.02 0.64� 0.02
K0

SK
þπ−π− 588� 58 9.58� 0.19 7.51� 0.12 8.56� 0.13 1.68� 0.02 0.78� 0.02 0.80� 0.01 0.52� 0.02

K0
SK

−πþπ− 314� 71 10.05� 0.37 6.77� 0.07 7.73� 0.07 1.50� 0.01 0.69� 0.01 0.70� 0.01 0.46� 0.01
ηγγπ

− 591� 79 18.65� 0.49 14.32� 0.08 19.12� 0.09 3.13� 0.01 1.42� 0.01 1.78� 0.01 1.44� 0.01
ηπþπ−π0π

− 164� 29 9.82� 0.44 7.61� 0.06 9.88� 0.07 1.69� 0.01 0.79� 0.01 0.93� 0.01 0.66� 0.01
η0πþπ−ηπ− 389� 30 10.13� 0.25 8.03� 0.07 10.64� 0.08 1.77� 0.01 0.82� 0.01 0.98� 0.01 0.72� 0.01
η0γρ0π− 949� 120 13.41� 0.36 10.44� 0.07 13.49� 0.08 2.32� 0.01 1.07� 0.01 1.26� 0.01 0.89� 0.01
ηγγρ

− 1318� 227 7.58� 0.26 6.32� 0.05 8.87� 0.06 1.40� 0.01 0.65� 0.01 0.84� 0.01 0.61� 0.01
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double-tag efficiencies forDþ
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s → τþρ ντ, respectively. The efficiencies include the BFs ofD�þ
s

and τþ decays. The uncertainties are statistical only.
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TABLE XVII. The single-tag yields (NST), single-tag efficiencies (ϵST), and double-tag efficiencies for each tag mode at 4.470–
4.699 GeV. The ϵμaνDT and ϵμbνDT correspond to the double-tag efficiencies for Dþ

s → μþa νμ and Dþ
s → μþb νμ; the ϵτeνDT, ϵ

τμν
DT, ϵ

τπν
DT, and ϵ

τρν
DT

correspond to the double-tag efficiencies for Dþ
s → τþe ντ, Dþ

s → τþμ ντ, Dþ
s → τþπ ντ, and Dþ

s → τþρ ντ, respectively. The efficiencies
include the BFs of D�þ

s and τþ decays. The uncertainties are statistical only.
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τμν
DT (%) ϵτπνDT (%) ϵ

τρν
DT (%)
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