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We consider an arbitrary deformation of the Gaussian matrix model parametrized by Miwa variables z,.
One can look at it as a mixture of the Gaussian and logarithmic (Selberg) potentials, which are both
superintegrable. The mixture is not, still one can find an explicit expression for an arbitrary Schur average
as a linear transform of a finite degree polynomial made from the values of skew Schur functions at the

Gaussian locus p; = Jy,. This linear operation includes multiplication with an exponential %/2 and a kind
of Borel transform of the resulting product, which we call multiple and enhanced. The existence of such
remarkable formulas appears intimately related to the theory of auxiliary K-polynomials, which appeared
in bilinear superintegrable correlators at the Gaussian point (strict superintegrability). We also consider in
great detail the generating function of correlators ((TrX)) in this model, and discuss its integrable
determinant representation. At last, we describe deformation of all results to the Gaussian f-ensemble.
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I. INTRODUCTION

This paper is a direct extension of our recent discovery
[1] that perturbation theory around a superintegrable point
can be extraordinary simple and can actually be summed up
into an absolutely explicit formula with the help of what we
called an enhanced Borel transform. In this paper, we
develop this result in two directions.

First, we express perturbative corrections through the
values of Schur functions at the special point p; = &5,
which makes similarity to superintegrability nearly full,
and allows us to call the entire phenomenon a deformation
of superintegrability. The only difference is that now the
skew Schur functions are involved. In fact, these are rather
sophisticated special functions, they are still polynomials,
but with nontrivial coefficients. The formulas from [1] are
actually computationally better, but conceptually an expres-
sion via the Schur functions has many advantages.
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Second, we make use of one of advantages and describe
various generalizations like introducing many Miwa var-
iables (and multiple Borel transform) and f-deformation.
A very interesting generalization to expansions around
non-Gaussian monomial potentials is now also straightfor-
ward [2], but it involves a number of new ideas: in addition
to just shifting the locus to p; = 6, there is also an
ambiguity in the choice of superintegrability preserving
integration contours among all the (nonsuperintegrable)
Dijkgraaf-Vafa phases. We leave this story to a separate
paper in order to avoid overloading and shadowing the
ideas of the present one.

The rest of the Introduction briefly repeats the main
points from [1], since we need them below as well.

Superintegrability in quantum field theory was originally
defined in [3,4] (based on the phenomenon earlier observed
in [5-14], see also some preliminary results in [15-19] and
later progress in [20—40]) as a possibility of finding a basis
in the space of correlators, when they can be explicitly
calculated. The basis can be a somewhat transcendental
(not expressed in elementary functions), but just a little,
unlike the case of generic nonsuperintegrable models. This
was supposed to mimic the situation in superintegrable
classical potentials, like the harmonic oscillator or Newton/
Coulomb potentials, when the orbits become periodic and
are expressed in terms of periodic, though still elliptic
integrals (i.e., not just elementary trigonometric functions).
As a basic example in QFT, we took the Gaussian matrix
model [4], other examples include Selberg (logarithmic)
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models [10,11,41-43], and a variety of other theories [35].
This basic example states that the Gaussian average of the
Schur function' Sy is explicitly calculable in terms of the
same Schur functions

(Sr) = nr(N)Sg{dr2} (1)
with 7p(N) = 400,
by the Young diagram R and is a graded polynomial of
time variables, which is expressed at the left-hand side
through “the quantum fields” p; = trX*, X beinga N x N
Hermitian matrix in the case of Gaussian matrix model. The
correlators in this latter are defined

where the Schur function is labeled

(...)= / dXe X (2)

and are normalized in such a way that (1) = 1. The
measure dX is a natural flat Lebesgue measure (invariant
under translations) on Hermitian matrices. At the right-
hand side (rhs) of the Schur function in (1), the variables are
restricted to particular loci p; = J;,, and p, = N. The ratio
ng(N) is just a polynomial in N, a product over the boxes
(i, ) of the Young diagram: ng = [[; jer(N +i—j)-

In this paper, we are going to consider a deformation of
the Gaussian model”:

(...)ﬂk:/dXexp(—%TrX2+zk:%TrX">... (3)

The rhs of this expression is understood as a power series in
7’s, i.e., this is an arbitrary deformation that is associated
with the same integration contour along the real axis as
in the Gaussian model. In other words, this is a small
deformation over the Gaussian background, and parameters
{m; } are considered as describing small deviations from the
Gaussian action. Here we consider only the specialization

= +7* and explain the structure of correlators in such a

"The Schur function § r(z4) 1s a symmetric function of a set of
variables {z,,} or of their power sums p; = Y, zX. In the latter
case, we use the notation Sg{p;}. The Schur function is labeled
by the Young diagram (partition) R: Ry > R, > ... 2 R;, > 0,
and can be manifestly evaluated using the Jacobi-Trudi formula

Spipe} = det; jhp i i {pi}

where the complete homogeneous symmetric polynomials
h,{pi}’s are defined as

k
oo(S07) = Shatpoe
k m

’In the deformed case, we do not change the normalization of
correlators as compared with the nondeformed case in order to
have formulas simpler.

model. It appears to have an interesting and intriguing
feature: it turns out that the correlators are given by a
Borel transform of a finite degree polynomial times a
quadratic exponential.

In [38, Sec. 3], we used the model (3) as a typical
counterexample for superintegrability. Now we try to move
further and explain how this notion can be extended and
generalized to capture this more sophisticated model. One
of the most natural options is to choose the parameters z;’s
in the Miwa parametrization: 7, = > | z*. Not surpris-
ingly, the quantity m plays a distinguished role in the
resulting formulas. In this paper, we start from the simplest
case of m = 1 and explain the structure of correlators in
such a model. It appears to have an interesting and
intriguing feature: it turns out that the correlators are given
by a Borel transform of a finite degree polynomial times a
quadratic exponential.

Let us explain the origin of this Borel transform. To this
end, we notice that, in the Gaussian model, the generating
function of all correlators looks like

Z{py} = ZSR{pk} Sr) = ZﬂR )Sr{Sk2}Sr{pi}-
(4)

If not this nz(N), one would get an elementary answer,
using the Cauchy formula [44]:

= ZSR{(Sk,z}SR{pk} — eP2/2. (5)

As explained in [31,32], insertion of the polynomial factor
nr(N) can be induced by an action of a linear operator
acting on the time variables p;:

2(ps) = O S siloialsilp) | = OW)er. (o

The action of operator O can be interpreted as an enhanced
Borel transform. Usually Borel “improves” infinite series
by inserting extra factorials [45] or their combinatorial
counterparts [46] in denominators. In the case of poly-
nomial insertions like 7, the series are sometimes3 cut off

by a combination of I'-function factors = N ), at finite values

of n, actually regulated by the size N of the matrix in
the underlying matrix model. This cutoff is a kind of
extreme (enhanced) version of the same convergency
improvement idea.

*In the case of choosing the deformation of the Gaussian
model by 7, = =3, z%, see Sec. VI below.
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In order to demonstrate that emerging the Borel trans-
form is a general feature of the Miwa-deformed model, in
the paper, we consider a deformation with an arbitrary m.
However, the correlators in this case become rather
involved. This is why we specifically consider in detail
arbitrary correlators of (TrX)* in this model with m Miwa
variables, and demonstrate that, in order to imitate 1z (N),
the kind of borelization is applied independently to all the
Miwa variables, thus what we come across is actually a
multiple enhanced Borel transform.

Summing up series in z; provides an example of
resurgence [47], remarkable because it should one day
give rise to new superintegrable theories, e.g., for mono-
mial potentials trX? with integer p > 3. Like every non-
trivial resurgence, it involves extra parameters like p — 2
different phases (Stokes sectors) for monomial potentials
or Dijkgraaf-Vafa phases for nonmonomial potentials.
This interesting direction is beyond the scope of the
present paper, because Miwa deformations with any finite
number m of z, variables do not bring us to a new
superintegrable point with multiple Stokes sectors.
Instead, we can treat these deformations as a kind of
superintegrable themselves, because we found a way to
express the answers for averages (S R>”k:2 " with arbi-

trary R through finite and explicit polynomials made from
Schur functions. In fact, even more is correct: as we
demonstrated in [1], at least, in the case of one Miwa
variable, all correlators are explicitly expressed in terms
of peculiar polynomials W;(Q) depending on somewhat
mysterious truncation Q — Q of the Young diagram Q.
At least, this looks like quite a nontrivial and interesting
generalization of superintegrability.

The paper is organized as follows. In Sec. II, we discuss a
structure of correlators in the Gaussian model with general
deformation, and in detail in the case of deformation by
a single Miwa variables. In this latter case, we realize
natural to introduce an enhanced Borel transform, which
we define and discuss in Sec. III. In Sec. IV, we explain that
instead of considering averages of the Schur functions,
one can deal with another set of polynomials, which have
simpler averages. This allows us to obtain a general formula
for correlators in the Gaussian model deformed with
arbitrary many Miwa variables and to extend it to the
P-ensemble in Sec. V. In Sec. VI, we consider correlators
of (TrX)* in the Gaussian model deformed by m Miwa
variables, discuss its integrable properties in Sec. VII, and
its f-deformation in Sec. VIII. Section IX contains some
concluding remarks.

Notation. We use the notation Sg(z,) and Sg(z,
2, ..., 2,) for the Schur functions, which are symmetric
functions of a set of n variables {z,}, and Sg{p,} for the
Schur functions as functions of power sums p; = > z%,
which are graded polynomials of variables p, of grading k.
The Schur function Sg{p} is labeled by the Young diagram
(partition) R: Ry > R, > ... > R;, > 0, and the grading of

this Schur function is |R| := ), R;. We also denote through
Sr/oip} the skew Schur functions:

Se{pr+pi} = ZSR/Q{pk}SQ{p;C}' (7)
0

Similarly, we use notations Jx(.) and Jg{.} for the Jack
polynomials [44].
Throughout the paper, we use the Pochhammer symbol

1

(N + k) (8)

n

(Nsp), =

~
Il

and (N;p), = 1.

II. MIWA DEFORMATION OF
SUPERINTEGRABILITY FOR GAUSSIAN MODEL

Thus, in this paper, we consider the correlators in the
deformed Gaussian model. The generating function of the
correlators is given by

1 ) Pk + Ty &
Z_/dX exp <—§TrX +;TTrX (9)
and, using (1), we immediately obtain [see Eq. (7)]

2=2 N
= Zme
i.e., for an arbitrary correlator, one obtains

Z’?R

This is an infinite sum. It is always divisible by to 7, since
the summand is nonzero only if the Young diagram R
contains all boxes of the Young diagram Q inside. Hence,
the correlator can be written as

)SrAOk2 }SriPk + 7k}

)Sri0k2}Sk/0tm}Soirk}  (10)

<SQ{Ter} )Sr{6k, 2}SR/Q{ﬂ'k} (11)

(So{TrX*}), = no(N)Fo(m. N) (12)

where

olm N Z

R

SR{51< 2}SR/Q{”1<} (13)

is a power series in N and x;. Here the (infinite) sum runs
over all Young diagrams R containing the diagram Q.
For 7z, =0 and F, = Sg{6;,}, one obtains the
usual superintegrability formula (1) [35], for =z, # 0,
one gets a deformation, which we can treat as that of
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superintegrability provided Fy(z;, N) are calculable and
simple enough.

As we already explained, the Miwa parametrization of
the deforming constants z; = >_; z¥ looks quite natural. In
this case, one inserts in the Gaussian integral an additional
factor of*

(14)

z 1

In the case of generic m, formula (13) for Fy (7, N) does
not look simple (though it possesses an interesting structure
|

that we discuss throughout the paper), however, in the case
of m =1, it does:

Fo(z,N) = Z IRI-IC| ZZE]]\\;; Spidk2}Srio{l}  (15)

R

where |R| = Y, R; denotes the size of the Young diagram R.
There is a systematic description of the correlators in the
case of the Gaussian model deformed by one Miwa
variable. It turns out that one can evaluate the infinite
sums, (13) for Fy(z,N) in this case.
The simplest correlators in this case are

. Zmz(": (N +2j: 1)y 5,2 i“‘%”(wrzk—m 2
T S Qr-2j)Mk =2 g g (N+2j— 1) (2r = 2))1(2k - 2))!!
o min(k,r) N+2J+1 1 2k 2Z2k+1 co min(k ) N+2k) Z2k+1
F 16
r+1] = k; ; (2r — 2j)11(2k = 2))11 z; ; (N +2j)! (2r — 2))11(2k — 2j)11 (16)
and
. (=) i(N+2k—l)! b
I 2sn& (N=1) (26!
<_)s o0 <N+2k) 2k+1
Freey =59 ; NI 2R (17
The general answer for F, of even size |Q] is
0 k k! (N—|—2k—1 & L 1)
Fo= ci( (18)
while that for F, of odd size |Q| is
© 2k+1 k k! N + 2k © 2k+1 k k: )
Fo= "S>l 3 = S e g D) (19

k DN +2))!

\ !
=}

j=0

Now we explain various ingredients of these formulas.

Overall coefficients. An important observation is that if
the constant term in F at even |Q| or the linear term in z
in F(Q) at odd |Q|, the whole F, is zero, ie. the
corresponding coefficients are, in fact, the overall coef-
ficients. Hence, we need to describe them in order to
determine when F', vanishes.

*One can avoid a potential singularity of the integral shifting z;
from the real axis. In practice, we always deal with this factor as a
power series in z;.

k=0

|

The overall coefficient in the case of even |Q] in (18)
follows immediately from (13): the coefficient ¢(Q) in
front of 7 is determined by R = Q and is equal just to
So{6k2}. The value of S, {d;,} is equal [14,48] to

1
So{dka} = 6,(Q) e
(ij)eQ i

(20)

where h; ; is the hook length, and the product runs over

only hook with even length, which we denoted by the
superscript ev. §,(Q) is defined in [14, Eq. (3.26)]:
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5,(0) = {0

where ¢; ; is the content of the box (i, /) in Q. Thus,
¢;(Q) = 0 if the 2-core of Q is nontrivial.”

The overall coefficients in the case of odd |Q| is
proportional to z, i.e., only the Young diagrams R with
|R| = |Q| + 1 contributes to the sum (13):

c0(Q) = > (N+jo—in)Serafdia}  (22)
o+0

where the sum goes over all Young diagrams produced from
Q by adding a box, and ir, j denote the coordinates of the
added box on this new Young diagram Q -+ [1. Note that this
coefficient does not depend on N. Indeed, since [44]

piSolp} = ZSQ+D{Pk} (23)
0+0
we immediately obtain

D Soio{dia} =0. (24)

o+0

Hence,
co(Q) = Y (jo — in)So:o{bea}- (25)
o+

Note that this sum can be reproduced by the action of the
differential operator > kpy;1 55~ [31]

co(Q) = > (jo —in)Sg+0{d2}

o+0

0
= zk:kpk+1 a—kaQ{Pkak:ak_z

d
- a_SQ{pka:(Sk,z = S/Q{5k’2}' <26)
P1

Coefficients c;(Q). The coefficients ¢;(Q) are expressed
through auxiliary functions, which we manifestly described
in the Appendix of [1]. The manifest formulas for them are

foreven |Q|

for odd | Q|

¢j(Q) =2 Sg/pj{dk2}
Cj(Q) = 2jSQ/[2j+1]{5k,2}

These quantities are the mysterious quantities from [1] that
were denoted there Cy - W;(Q), and they were parame-
trized an auxiliary Young diagram Q [see Ref. [1], formulas
(38) and (51)]. The W;(Q)-representation of [1] for

°In accordance with [44], the r-core of Q is the unique result of
stripping all possible rim hooks of length r from Q.

(=192 Ty e (= 1)/ Aii/2if the 2-coreof Q is trivial

. (21)
otherwise

correlators has its own advantages, for example, it is easily
computable (when Q is known), in variance with the Schur
polynomials, which get increasingly complicated for large
partitions. However, (27) are conceptually important and
emphasize the fact that superintegrability is deformed only
slightly once expressed in an appropriate form and varia-
bles. We prove these formulas in Sec. 1V, they appear
related to the theory of exact bilinear Gaussian correlators
(strict superintegrability) [30,38], which originally could
seem a little artificial, but now acquires a spectacular
raison d’étre.

An important additional property that allows one to
identify (27) with formulas from [1] is that

Soldk2} = So/midea}- (28)

From here, it is just one step toward the final formu-
las (32) and (33) for the averages (18) and (19). It, however,
involves one more ingredient, which we will name the
enhanced Borel transform.

III. BOREL TRANSFORM

A priori the Schur averages F(z,N) in the Gaussian
model deformed with one Miwa variable z are represented
by series (18) and (19) in powers of z (sums over k), with
the coefficients having three properties:

(a) they are themselves some series (sums over j),

(b) which are actually cut to polynomials by peculiar
factorials (N — j)! in denominators in the case of
choosing 7, = — > z%, see Sec. VI below,

(c) atruly nontrivial part of the coefficients is defined by a
certain truncation of Q [1].

In this paper, we found remarkable formulas (27) which
resolve point (c): now we know what are these coefficients.

The next step is to find an appropriate interpretation of
(b), and below in this section we suggest that the inverse
factorials (N — j)! are an enhanced version of the ordinary
inverse factorials j!, which defined the Borel transform.
While the Borel transform damped the large j asymptotics
of the series, our coefficients can just cut them down to
polynomials, hence we call this enhanced Borel transform.

A pleasant bonus of this definition is that if one treats the
j-sums as the enhanced Borel transform, the entire sum
over k can be explicitly summed up into the exponential
¢%/2 times a polynomial! Thus, by finding an interpretation
for (b), we are simultaneously handling (a): the final answer
for the average F is the enhanced Borel transform of a
simple exponential times a polynomial.

046027-5
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In result, the averages are explicitly calculable, i.e., in a
sense, are superintegrable, just instead of a single Schur
product, the answer is the enhanced Borel transform of a
finite sum.

Moreover, items (a) and (b) can be immediately con-
tinued to several Miwa variables, only one needs a multiple
enhanced Borel transform. One can sometimes avoid
multiplicity in the transform, at expense of making it more
sophisticated like in [2] but, at the moment, the multiple
option looks more preferable.

In the next sections, we also consider in detail the
evaluation of an arbitrary correlator ((TrX)X) in the
Gaussian potential perturbed by an arbitrary number of
Miwa variables, 7; =+, z%, and explain what the
multiple enhanced Borel transform is, which converts it
in a convenient form. The generalization of point (c) is also
straightforward, see the next section IV.

A. Borel representation of correlators

Let us introduce a Borel transformation defined in the
following way: given a power series

= Fi (29)
k

the Borel transformation (parametrized by a parameter N)
is the power series

Bu[F(2)). = ) (N: 1), Fiz. (30)

k

This transformation at negative integer N regularizes the
infinite series (29) making a finite polynomial from it,
hence the name (as we explained in the Introduction).
One may notice that all the correlators in the single Miwa
deformed model possess such a form: (18) and (19). Hence,
all of them can be written the Borel transformation of the
finite degree polynomial multiplied with the quadratic
exponential. For instance, the results (17) of the previous
section can be rewritten using the Borel transform

Fu(aN) = STV 4+ 1: 1)y, S = L gt 31
@ N) = SN+ 1 1) s =y BV 265, 3)
while (18) has the form
- L. (k;—1);
Fy= N; 1
0 ;( )2k (2k)”;c (Q) (N;1)2]
© (k;—1), 2% }
=B . J
N|:; p C](Q) (N’l)zj (2/()” )

afrge@]

and (19) has the form

) 2kl K )}
Fo = ;( 2k+1 2k 1)2J+1
2 C~(Q) <22>J}
=B Ty L= ([T 33
N[Ze ;(N;l)Zj-H 2 i (33)

Here we have the Borel transform of finite degree poly-

nomials times eé

The notable difference between (31)—(33) is that, in the
first of them, the answer is given by the Borel transform of a
function that does not depend on N.

An essential point is that all correlators in the single
Miwa deformed model can be presented as the Borel
transform. This is a peculiarity of the model: in the multiple
Miwa deformed model, in order to describe all the
correlators one has to generalize the Borel transform to
the multiple Borel transform, which we discuss in this
section. In the next sections, we consider in detail evalu-
ating an arbitrary correlator (TrX)* in the example of
multiple Miwa deformation, ¢, = +_,z¢ and demon-
strate that they can be presented in a convenient form with
the multiple Borel transform.

B. The operator O(N)

Let us construct the operator O(N), which was called
rotation operator in [32] and which plays the central role in
the definition of the Borel transform. This operator is
constructed manifestly via generalized cut-and-join oper-
ators. That is, the generalized cut-and-join operators W,
form a commutative set of operators, the Schur functions
being their eigenfunctions [49]:

WASR = ¢R(A)SR (34)

where, for the diagram A containing r unit cycles:
A=[A 17,

0 |A]>|R]

Pr(A) = {(R Al o Ay — (RIZIALED! g
Nl e (B) =R 525y 18I <IR.
(35)

Here A := [A, 1/RI=121] yp(A) is the value of character of
the permutation group Sjg| in the representation R on the

conjugacy class A, and z, is the order of automorphism of
the Young diagram A [50]. Now note that [[51], Eq. (61)]

Spn(a)p = LR (o)

Now we construct the rotation operator as follows:

046027-6
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= ZPA . WA, with Pr=u-— 5](.1. (37)
A
Here we use the notation p, = Hfi | Ps,» Where [, is the
length of the partition A, and §;’s are its parts.
Then,

SR{M}
S{é}

This operator was constructed earlier in [[12], Eq. (21)] in

O(u) - Se{pi} = Sei{piy = nr(w)Sr{ps}. (38)

order to insert additional factors SSR’*{ng 1}} into character

expansion of the partition function, and was written there
in a different form. In particular, one can rewrite it via
Casimir operators [12, Sec. 3].

|

C. Borel transform

Now we define the Borel transform of an arbitrary
symmetric power series F(z;, 25, ...,2,,) of m variables,
which we sometimes call the m-fold (or multiple) Borel
transform:

.zn)]. = O(N) -

In fact, the superscript m is not that necessary, and we often
omit it.

Let us explain this definition more explicitly. An
arbitrary symmetric power series can be expanded into
the basis of the Schur functions Sy, and, for m variables, the
Young diagrams R cannot have more than m lines. Thus,
one can generally write

BV [F(zi 2, ... F(ziiza, o Zm).  (39)

F(thzv AL} Zm) = Z Cn],nz ..... nmS[nlJ'Lz ..... nm](zlvz27 (AL Zm) (40)
ny>ny>...>n,,>0
and the m-fold Borel transform gives rise to
B;\;n)[F(Zl’ZZN"’Zm)}z: Z (N;l)m(N_l;l)nz ..(N—m—l—l;l)nanl_nz ..... n,,,S[nl.nz ..... n,,,](zl’z2""7zm)' (41)
ny>ny>...2n,,>0
Note that one can similarly use the relation
Seipe} = SRV{<_1>k+1Pk} (42)
where RY denotes the transposed Young diagram, in order to get the expansion
m
F(Zlv 225 ey Zm) = Z (_1)2”1(;"]’"2 ..... nmS[n],nz ..... nm]v{_zzf} (43)
ny>ny>...>n,,>0 i=1
and, in these terms,
B%n)[F(Z]’ZZ’ "'va)]z
= z (_1)Zni(N;_1)nl(N+1;_1)n2"‘<N+m_1;_1)nmcn,,n2 ..... nm n, Ny,...,n, { Z }
ny>ny>...2n,,>0 i—=1
m
= Z (_N; 1)n| (_N - 1; l)nz(_N —m+ 1; 1)nmCn],nz.,“.,n,”S[n],nz,“.,nm]v {_ Z Z{(} (44)
ny2ny>...2n,,>0 i=1

In particular, in the case of one variable, this transformation
reduces to the ordinary enhanced Borel transform (30)

R

) Crzk. (45)

IV. AVERAGES IN THE GAUSSIAN MODEL WITH
GENERIC MIWA DEFORMATION

We observed in the previous sections that the aver-
ages of the Schur functions in the Gaussian model

deformed by a single Miwa variable are calculable
and can be presented as the enhanced Borel transform
of a polynomial times quadratic exponential. Let us
explain that there is another basis [38,39] instead of
the Schur one, where these polynomials are simpler.
Instead, the polynomials that form this basis are more
complicated.
These polynomials are defined as

KR{Ter} = (-1 )\R|eltrH7SR{W;(H)}e—%trH2 (46)
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where®

Wit =) (47)

and H is an N x N Hermitian matrix. The time variables are

= TrH*. One can also realize the operators Wy as
differential operators in p; from the very beginning [52]
so that

Kripi}d = (=)l S (Wi (p) e 2. (48)

However, this realization is quite involved.
The polynomials K form a complete polynomial basis,
however, they are not graded.” The averages of these

polynomials in the (nondeformed) Gaussian model cel-
ebrate two important (and defining) properties:

(Kg - KQ>G = ’lR(N)5RQ (49)
and
(Ko - Sg)g = nr(N)Sr/o1k2} (50)

The second property is called strict superintegrability, since
the bilinear correlator also turns out to be factorized. It
follows from (50) that the average of K in the deformed
Gaussian model (3) is

Ko)n = ZSR{”k}U(Q “Sr)g
= Zme
This formula, in a sense, is dual to (11),

ZWR

but, in the case of z; given by m Miwa variables, can be
immediately transformed to

Zme
_ 5, [gsk{za}sk/g{ék,z}}z

[44p71

SR{ﬂk}SR/Q{5k2} (51)
SR{5k 2}SR/Q{7Tk} (52)
SR{Za}SR/Q{ék 2}

By [Solzael -7 (53)

z

6By the matrix derivative, we imply the derivative with respect

to matrix elements of the transposed matrix: (3 A) 0/‘3

"Generalizations of these polynomials for other cases can be
found in [30, Sec. 7.3] and in [40].

One can definitely expand the Schur functions over the
polynomials Ky and use the transition matrix in order to
evaluate the average (Sg) ()

Sp = ;CSKR

<SQ> [ZR CQSR{Za}eZZ zaL
N < (54)
ZR(C_1)§<SR>(m) — BN [SQ{Za}eizﬂ Z2:| )

One can easily calculate the transition matrix from
formulas (49) and (50), it turns out to be rather simple
and triangle:

no(N)

CR ==~
¢ ’YR(N)

So/r{dk2} (55)

Its inverse is also simple

no(N)
nr(N)

(C‘l)’é = So/r1—0k2} (56)

and, hence, one finally obtains

(So)m =By [Z%SQ/R{(M}SR(%)E%E“ 23]

e

(57)

and

So/r{6a} | z:|

(m) _ Q/R1k2 .2

F,’' =B ———"=Sp(z,)€2 Lua 58

o= | e sy o

which is a polynomial of degree (grading) |Q| in z,,.
Using relation (42), one can also obtain similar expres-

sions for the choice of Miwa variables 7, = —> " | zi':

S V{5 } 1 2
(m) R| P Q/R" 9.2 P
Fo' =B_ E — )R =S 22 S e (z,)e 2 ]
0 N|: - ( ) nRV(N) R( )

Z

(59)

In particular, at m = 1, (58) gives rise to expressions (19)
and (18) coinciding with [[1], Egs. (59) and (60)] with the
coefficients c;(Q) as in (27):

c;j(0) = ZJ‘SQ/[Zj]{ék!Z} foreven |Q)|
c;(Q) =2/Sg/pjiida} forodd|Q|. (60)
Similarly, (59) at m = 1 gives rise to expressions coincid-

ing with [[1], Egs. (63) and (64)] MMPS1 taking into
account that
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See{orat - Sgypz{dia} =
S/RV{5/<,2} . SR/[IZ”H]{ék,Z} =

(=1)"Sr{0k2} Sk /om {0k2}
(=1)"Se{dk2} Sk /onsi {02 }-
(61)

We point out again that the normalization of the coefficients

¢;(Q) here and in [1] differs by a factor of Sg{d,} in the
case of even |Q|, and by a factor of S3{8;,}, in the case of
odd |Q].

Thus, we demonstrated that, in the case of the Gaussian
model deformed with m Miwa variables, the general
correlators are reduced to infinite sums over m integers
and only finite sums over Young diagrams instead of an
infinite sum over Young diagrams as in (11). In the case of
one Miwa variable, they are the infinite sums (18) and (19)
over integer k and finite sums over integer j instead of an
infinite sum over the Young diagram R in (15).

V. DEFORMED pg-ENSEMBLE

The construction of the previous section can be easily
extended to the deformed Gaussian f-ensemble, where the
correlators are defined

/ de A% (x

instead of (2), where A(x)=[[,_;(x;—
Vandermonde determinant.

In this case, the proper basis of polynomials is formed by
the Jack polynomials [44] instead of the Schur functions
since they provide the superintegrability basis in this case
[53,54], and the operators W (H) (47) are now substituted

by operators W<_'ﬂ ), which can be formulated either again as
a differential operator in variables p, = >, h¥, or in terms
of eigenvalues /; of the matrix H: in this case, they are
just Hamiltonians of the rational Calogero model with the
particle coordinates h; [[52,55], Sec. 7]. A possibility of this
p-deformation is in no way a surprise since the construction is
described by the so called integer ray Hamiltonians of [52],
which are immediately $-deformed [56].

AT (62)

x;) is the

(kS -Jolpidy = 0V Vol = (@ W)

) (O

_,7/3
= p(N)

Bop

||Jp||ZN,%5pv (OP(N) T rl P}l = it (N)
HJP”ZN I/ {BOk2} = My(N)

In order to describe the operators VAVE{_’/} ) in terms of

variables p;, we introduce a -deformed counterpart of the
operator @(N ) [32], which is defined

OP(N) - Tr{pi} = o(N)Tr{pi}

o) =2 TL v+ G- =i+ 1), (6

Then, one has

_ (& kK 0\
— @ W) (5 )0 o

so that formula (48) is now substituted with

KD4p) = (—1)IRe%szR{W;‘-ﬂ>(pk)}e—%pz. (65)

Now, following [32], we use that

o s plpe) = ol - Tuolmit (66

where ||Jy|| is the norm square of the Jack polynomial,

= Gren©) g
Rl = GQRV(O)ﬂ
Grp®) = [ c+R—j+BR/—i+1)) (67)
()R

with the bar over the functions denoting the substitution
p — !, use that

Trip =Y NE . Jg (68)
0

where N,%D are the generalized Littlewood-Richardson
coefficients for the Jack polynomials [44], and also use
the superintegrability of the f-ensemble [53,54]

<JR>G—’7R( )JR{ﬂ5k,2} (69)
in order to obtain
kol o
Ir{ o} O Jolni))
>1Jp{k 9 }Jg{pk}> = (O N))- IJQ/p{pk}Vg
HJPHZN%JW ”ﬁ R{pk%
I pl|To/p{Bdk2}- (70)
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From this expression, one obtains instead of (49) and (50):

(K®

and

(KD - TRYl = (N 0|l k0 {82}

Now, using the Cauchy identity

Z JR{Pk}JR{pk}

7 [l

= (V)T &lI3ro

(71)

(72)

= (5322 73)

one can literally repeat all calculations of the previous section:

JR{”k}
Z (M ||

G:Z;ﬂ/l]e(

This formula, in the case of z; given by m Miwa variables, can be immediately transformed to

Zﬂfe(N ”JQHJR (za) TRy {BOk2} = B [Z

]

where we now define the enhanced multiple Borel trans-
form with the action by the operator O/ (N).

At last, one can calculate the transition matrix from
formulas (71) and (72), it is again rather simple and
triangle:

Jp— Z(jf I; JR/Q{ﬁakz}) (76)

and, hence, one finally obtains

B
<‘]Q>(m)

ﬂﬂ <N) b 2
i [; mJQ/R{ﬂ‘Sk,Z}||JR||JR(Za)e2 > ]

z

(77)
Defining similarly to (12)
Ry = TR (N)F G (78)
one finds
Jo/r{Pd2} I 2
(mp) _ plp) 0/R1PO%2 2
rg? = B0 |1 g ) £
¢ =B ) Z
(79)

which is a polynomial of degree (grading) |Q| in z,,.

/ol
[ 7& ]l

T2 o iz (74)
Incno Bz | =B ootz -2
| (75)

VI. GAUSSIAN MODEL WITH LINEAR TERM
IN MIWA VARIABLES

Now we consider the Gaussian model deformed by the
Miwa variables and the generating function of correlators of
the form ((TrX)*), which is equivalent to adding the linear
term to the Gaussian exponential. After integrating over
angular variables, this partition function can be presented in
the form

ngim) _ 1 +eo dw
= —

[T & V2zn
2 K
+o0 dw o i
N - wj)ze Wity

\/277 ,</

- n:k:i_Z:a Za +o0 dW1 +oo dwy
k' V2 V2n

z</ a=1 i=

(30)

One can look differently at this partition function, and
generate correlators in the Gaussian model with the linear

term expanding this integral in z,. We now demonstrate that

the partition function Zg\,im) is given by the Borel transform

of a relatively simple function, if one parts off a peculiar
N-dependent factor.
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A. One Miwa variable m=1

We start with the simplest example of one Miwa variable.
First of all, we expand

zk]:V?) _ ZR:SR{:F Zk}SR{Z.:W{'{}

so that

(£1) +oo dwl +oo dWN 2< k { k}) _ﬁ )
Z . — | |(w; = w; Sp{£z"}S wh b e
N H;{v lk‘/ \/2—”H( ,/) ; R{ } R Z

- ;SR{izk}<sR{Zwif}>

and use the superintegrability property of the Gaussian model with a linear shift (35,541

<SR{ZW§}> = M np(N)Sp{1611 + 810}

i<j

Thus,

— ER:SR{izk}<SR{Z:w§}> = ¢ Zz' nr(N)Sp{E1}Sp{18, 1 + 812}

Now note that Sg{1} = g, and, hence, Sg{—1} = (=1)"6g 1), and that
S itde1 + oo} = [ezz/zﬂt]k
and, hence,
(—l)kS[lk]{tékyl + 601 = [6_12/2_1’]/{,

Here [...], denotes the coefficient in front of z*, and this kind of formulas follows from the identity

k
> Su{pite" = exp (Z kaZ>
n k

Thus, finally, one obtains

Zy" = &Y (V1) [Tk = S (N 1), 657/ ()t
—0 k=0

1.€e.

(£1)

N2 2
— R +7°/2+zt
Zy ) = e Byylet A

¥We point out that the partition function in these references is normalized with an additional factor of e
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B. m Miwa variables

One can immediately generalize this calculations for arbitrary u. That is, one expands

HH — z,w;)T = exp <:F Z%) = XR:SR{:F za:z’;}SR{Zw{.‘} (90)

a=1 i= ik.a

so that

D= ;SR{i;z’;}<SR{ZWf}> (91)

and, using (83),

ZEm = zR:SR{izu:zﬁ}<SR{zi:wff}> =M Z”R SR{iZza}SR{tékl + 5} (92)

1. Evaluating ZZ(\',")

Let us first evaluate the partition function with positive m:

= ER:SR{Z;Z];}<SR{ZW?}> = ¢ Zr/R )Sk(21: 22, - Zm ) Sk{ 1Ok 1 + 2} (93)

Note that the Schur function S that depends on m variables is nonzero only if R has no more than m lines. Hence, we can
replace the sum over all R in this formula with the sum over m lengths of lines n; > n, > ... > n,, > O:

m N2
ZI(V ) = eNZ Z <N’ l)nl (N -1 1)n2(N -m+1; l)n,,,S[nl.nz ..... n,,,](zlv 225 s Zm)S[n],nz,....nm]{ték,l + 5/(,2}‘ (94)

”l]Z”zZn.anZO
In order to evaluate the last multiplier, we use the Macdonald scalar product [44],9
déz gi
fH—SR ‘)H<1—5> = g (95)
i#j J
and the Cauchy identity

Fkiﬁ

S Sk{pi}Sk(ér...) = e2ata T (96)

1.e.

Z S[nl,nz ..... nm]{ték,l + 6k,2}S[n|,n2 ..... ) (51’ §2v CEER) ém) = et Za §“+%Za 5121 (97)

ny>n,>...2n,,>0

Thus, we finally obtain

m L w2
Z](V):%ez > N, (N=151), (N =m A+ 151), Siu ) (212220 00 Z)

ni=ny>...>n,>0

]gﬂd’f“H( > Sy T8 ). (98)

‘l a#b

The contour integral here includes the factor ﬁ, and the integral surrounds zero so that this is just the residue at the origin.
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Using the Cauchy identity (96) with p, = >, zX, one can immediately rewrite this formula as the Borel transform

(m) _ 2 ab &) o oA 2
2 = e o f e = ime .

Z

where the integration contours surround the poles.
In the case of m = 1, we immediately return to formula (89).

2. Evaluating Zz(v_m>

For evaluating ZI(\,_"”, we use formula (42) in order to obtain instead of (93)

257 = S 5e -0t (e 0wt | ) = S S eS8z} (100)
so that

Z5m = > (—1)2,%(1\/;—1)”] (N+1;-1), ...(N+m—1;-1),

Vl]Zl’l22~uZVlmZO

S S[n],n2 ,,,,, nm](ZIvZZv EEE) Zm)S[nl,nz,...,nm]v{t(sk,l +6k,2}' (101)

m

Using the same way to evaluate the factor S [,,l,nzﬁ___,nm]v{ték, 1 + 6o} as in the previous subsection, but with the Cauchy
identity in the form

Z S[nl,nz ..... Y {ték,l + 5k,2}S[n1,n2 ..... ) (5] ’ 521 R gm)

ny>ny>...2n,,>0

n _1 2
= Z (—1)2“ Sy s Ok 1 = Ok 23Sty imsrmn) (E15 625 oo &) = ORI (102)

ny>ny>...2n,,>0

we obtain
(-m) _ 1 2 . ‘ |
Z :—62 (N,—l)n (N+1,—1>n7-.-(N+m—1,—1)” S”.n AAAA n, (Zl,Zz,---,Zm)
! m! "1>"z>§:>n,,l>0 : - 2 [, ]
G ((EA Y -
% ( _> etzaéa Zzaéas[m,nz .... nm](gll’gzl’ ---,éml) (103)
Sa a#b Sb

One again can rewrite this formula as the Borel transform:

(om) _ 1 2 [Lazo (8 — &) ORI DIR -
Z 2 B_ [% dé, =—/———= @ ot 104
. VP Il ) . oY
and, again, in the case of m = —1, we immediately return to formula (89).
3. Moral

Thus, we obtained the generating functions of correlators ((TrX)*) in the Gaussian model deformed by the Miwa
variables as the Borel transform of a relatively simple function:

ZEm) — ¢ 2 [ d oz (Sa = Sb) EODRE DI 105
N iN fH fal_[ab ga:FZb> +z ( )

Technically, this formula is, in a sense, more convenient than the sums over all possible Young diagrams since they are
just multiple (m-fold) sums of the Schur functions with no more than m lines. These latter can be evaluated as
m X m determinants:
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m+n;—j
detm>z J21%i ’

o (106)

S[nl,nz,...,nm](zl’ 225 s Zm) -

where  A(z)
determinant.

=[lic;(zi—z;) is the Vandermonde

(=m)

Moreover, at integer N, the infinite series Z,, "~ becomes
a finite sum: this is the main role of the Borel transform.

VII. INTEGRABILITY AND DETERMINANT
REPRESENTATION

It is known that the partition function of the Hermitian
matrix model (9) at any constants z;’s is a z-function of
the integrable hierarchy: the (forced) Toda chain with the
size of matrix N playing the role of the discrete (zeroth)
time, and #; = p;/k being the remaining time variables
of the hierarchy [57,58]. The Toda chain z-function satisfies
the bilinear differential Hirota equations [59-61], and, after
the Miwa transformation of variables,'® Pr=—> .7k =
-, ¢a5, it satisfies the bilinear difference Hirota equa-
tions [62—64]. Moreover, the z-function in these variables
always has the determinant representation

Ty = detailél)(gb) (107)
where y;({) = 711+ 0(¢™")) form the Segal-Wilson

basis describing some point in the Sato’s Grassmannian
[63]. The concrete form of y;({) for the Hermitian matrix
model at any constants z;’s was obtained in [65]

l//a(C> = é’_NPN-&-a—l (Z:)

where P,({) =%+ --- are polynomials in { orthogonal
1 ek

with the weight e—%ﬂi}%. In the case of model (80),

(108)

when 7, = 16, ;, these polynomials are the Hermite
polynomials
(=1 (-
P =H —t)=al .
(O = el =a ,z:;j!(a—zj)z 2
_1) a=2j—k gk
~a U (109
jOkO(a_zj_k)'J'k' 2
where [...] denotes the integer part of a number. Thus,
(N+a-1)!
va() =
JZOkZ N+a—1—2] k)!jlk!
é'a 1-2j—k tk W 2
2 = B yan [e 2 L_, (110)

10 .. .. . . e ..
Some of {; may coincide giving rise to nonunit multiplicities.
However, it is a smooth procedure, and, for the sake of simplicity,
we consider here only unit multiplicities.

and this finally gives us the determinant representation for the
partition function (80) (choosing the proper normalization),

2
1-a —tz,—2
ot detap (Z” By [e ' sz>

(=m) _
zlom 27
N m! A(z7h)

(111)
which is equivalent to (104).

VIII. f-DEFORMATION

The Gaussian matrix model after integrating over
angular variables (80) admits a simple deformation to
the f-ensemble

N
(dm) _ rp+1) ) oo dwy
“n _<H(2ﬂ)‘/2F(mﬂ+1) o V21
+°°dWN

\/Zﬂ'Kj

1/{”

_— )2ﬂe——+ﬁ1w +Z E

(112)

Note that we preserve here f positive in order to have the
integral (112) convergent.
In this case, the calculations of Sec. IV are literally
repeated, with the following changes:
(i) The Miwa variables are now introduced with
nonunit multiplicity: 7, = 8>, z&. Hence, the in-
tegral (80) becomes

ZEm) _ H r(p+1) +oo dw,
N.p P 1(275)1/2F(mﬁ+1) . —\/ﬂ
+oo dWN 2
Var L)

xﬁlN_[ (1 =z w;)FPe™

a=1 i=1

2 +ﬂtw,»

(113)

(i) The natural expansion is now into the Jack poly-
nomials [44]:

N
[T —2w)* = exp <¢ ;ﬁ—zzwf>

i—1
FRESLTN !
=2 4

where we used the Cauchy identity for the Jack
polynomials,

ZJR{Pk}JR(fl, ") _

7 7]l

Prrk
et (115)
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where (iv) The transposition rule (42) for the Jack polynomials
deforms to
~p
- Orr(0) g
el = 2 8
5 kR ' . JR{B7 o} = el - T {(=D)* p} (119)
G =[] G+R—j+pR] —i+1))
(i.j)er
where the bar over any function denotes the replace
(116) y p

B — p~'. In particular,
(iii) The superintegrability property now reads

. IRl = TR (1" (120)
pNi%
<JR{ZW§}> = Tl (NI p {18, + 812}
(117) (v) The Macdonald scalar product (95) is deformed [44]
to
where
JRAN — dgl 5[ b
RIS § (ORI ) f R(E)ol& )H(l——) = Nbrg
’iGei} iJER i 3
(118) (121)
|
with
'R, =pi—R, +pj+p)I'(R,—Ppi—R; +pj—p+1
1<i<j<m LR —pi—R; + Bj)U(R; = pi —R; + Bj + 1)
(vi) At last, the operator O(N) also admits a natural -deformation O (N) [32],
PN - Te =g (N) - T (123)
so that one now naturally defines the f-deformed multiple Borel transform
BUAF (G222l = OV (V) - Flzp 220 2) (124)
which acts on the symmetric function expanded into the basis of the Jack functions,
F(ZDZZ?'-'v Zm) = Z Cn],nz,..”nm][n],nz,..”nm](ZlvZ2v SRR Zm) (125)

ny>ny>...>n,,>0

as

B](\;'?/)}[F(ZI’ZZ""’ZVH)L
= Z (N;ﬂ_l)nl(N_ l;ﬂ_1> (N m+1 :B ) nl Moy n,,,S[nl Moy nm](zlvz27"'vzzn) (126)

ni>ny>...>n,, >0

Answers for the }-ensemble partition functions. Now one can repeat calculations of Sec. IV, using these modifications,
in order to obtain
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2 1
NP m) - Z N

n>ny>...>n,, >0 [ny.na,...n,,)

Xj[nl Moy nm](ZIsZZv- < Zm f

déaH<

a#b

and

Hj[nl,nz,....nm]v || (
N[nl,nz ,,,,, n

| 2
m ny=ny>...2n,,>0

]

X Ty, nm](ZI’ZL“"Zm)%Hd;aH< B

a#b

These formulas are immediately rewritten via the

p-deformed multiple Borel transforms BE\',"; and B(—r%v,ﬁ
accordingly. However, these Borel transforms are of much
more complicated expressions as compared with (105)

because of the coefficients N [_nll AT which make

evaluating the infinite sums not that simple.

IX. CONCLUSION

Exact solvability is slowly paving its way to the hearts and
minds of theorists working with nonperturbative quantum
field theory. It has its origins in the properties of (functional)
integrals [66]: their independence of the change of integra-
tion variables [67], and thus is one of the basic features of
quantum theory. The subject is still full of puzzles, including
the basic one of how chaotic types of behavior emerge from
exact solvability in the classical limit (see a recent very
interesting paper [68]). A part of the answer is presumably
related to different images which solvability acquires in
different contexts. There is a very clean part of the story,
currently nicknamed superintegrability [35], when all quan-
tum averages are immediately calculable if appropriate
special functions are used, exactly like the motion in
quadratic and Newton/Coulomb potentials, hence the name.
However, so far this is achieved only for Gaussian or
hypergeometric (in particular, Selberg) integrals, and exten-
sion requires thorough analysis which will take several steps.

In this paper, we look at the most obvious generalization,
a mixture of the Gaussian and Selberg types, and describe
one of the structures which emerges in the answers. It can
look tremendously sophisticated, but this is the usual story:
when one encounters a new type of special functions, one
needs time to get used to them and reach a consensus about
appropriate notation and abbreviations. At this stage, we

(N;pY), (N=1;71),,

N;=1), (N + 4755 -1),,

A(N=m+1;p7),

) ﬁfz §a+ﬂz {:2 nl Nyyeny nm](§1 ’52 ""?ér_nl) (127)

AN+ g m=1); -1),.

fa ! -1 2 3 1 e -
) O E, EE LED).  (128)

h

[

avoid making simplifications of this type, in order to let
people enjoy and think about the newborn structures in
their original form.

Remarkable is a natural appearance of the new variation
of Borel transform, which usually “improves” infinite
series by adding extra factorials [45] or their combinatorial
counterparts [46] in the denominators. This time the series
are not just improved in the asymptotics, they are cut off by
I"-function factors (= ) at finite values of n if B is integer,

and become polynomials of a finite degree actually
regulated by the size N of the matrix in the underlying
matrix model. Another remarkable fact is that this kind of
borelization is applied independently to all the Miwa
variables, thus what we come across is actually a multiple
enhanced Borel transform.

Another remarkable fact is that what this Borel acts on
are just the universal exponentials e%l? multiplied with
polynomials, which do not differ too much from the
answers for the Gaussian correlators: compare (1) and (57).
The significance and the degree of generality of this
statement, the existence of superintegrable direction for
deformation of superintegrable theory still remains to be
appreciated and understood. What is interesting, however,
is that these (58) were discovered (see Sec. IV) on the base
of the theory of strict superintegrability [30,38,40], which
originally could look somewhat artificial, but now proves to
be valuable and inspiring.
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