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A consistency condition of general relativity as an effective field theory in Minkowskian background
uniquely fixes the value of the cosmological constant. In two-loop calculations, including the interaction of
gravitons with matter fields, it has been shown that this value of the cosmological constant leads to
vanishing vacuum energy, under the assumption that the energy-momentum tensor of the gravitational field
is given by the pseudotensor of Landau-Lifshitz’s classic textbook. Here, we demonstrate that this result
also holds when the self-interaction of a scalar field is taken into account. That is, our two-loop-order
calculation suggests that, in an effective field theory of metric and scalar fields, one arrives at a consistent
theory with massless gravitons if the cosmological constant is fixed from the condition of vanishing
vacuum energy. Vice versa, imposing the consistency condition in Minkowskian background leads to a
vanishing vacuum energy.

DOI: 10.1103/PhysRevD.110.046026

It is widely accepted that at low energies the physics
of fundamental interactions is adequately described by
effective field theory (EFT) [1–3]. Gravitation can also be
included in this formalism by considering the most general
effective Lagrangian of metric and matter fields [4–8],
which is invariant under all underlying symmetries includ-
ing the gauge symmetry of massless spin-two particles [9].
It is well known that for nonvanishing values of the
cosmological constant term Λ a quantum field theoretical
treatment of general relativity with the metric field pre-
sented as the Minkowskian background plus the graviton
field poses a problem due to the graviton propagator
possessing a pole that corresponds to a massive ghost
mode [9]. Setting Λ equal to zero does not improve the
situation as radiative corrections lead to the reemergence of
the problem with the massive ghost [10]. However, one
can represent the cosmological constant as a power series in
ℏ with coefficients chosen to yield self-consistent EFT
results to all orders in the loop expansion [10]. Thus, the
consistency requirement of a perturbative EFT in flat
Minkowski background uniquely fixes the cosmological

constant as a function of other parameters of the effective
Lagrangian. This also necessarily requires considering an
EFT in a curved background field if any other value of the
cosmological constant is assumed. In this case, the mass
term of the graviton can be removed at classical level by
imposing the equations of motion with respect to the
background graviton field [11]. To the best of our knowl-
edge, a systematic study beyond tree level has not been
done due to the lack of an EFT on non-Minkowskian
background.
In Refs. [12,13] it was found by performing two-loop

calculations for gravitational interactions only that the
vacuum energy vanishes exactly for the value of the
cosmological constant corresponding to that of Ref. [10],
i.e., for the value that guarantees the vanishing of the
graviton mass and of the vacuum expectation value of the
graviton field. Provided that this result holds to all orders,
also when including interactions among matter fields, the
uniquely fixed value of the cosmological constant yielding
a self-consistent perturbative EFT on Minkowskian back-
ground could also be interpreted as a consequence of
imposing the condition of vanishing vacuum energy.
In this work we consider a simple EFT of general

relativity with metric and a scalar matter fields. We perform
two-loop-order calculations for the value of the cosmo-
logical constant leading to a consistent EFT in order to see
if the vacuum energy vanishes when self-interactions of the
scalar field are taken into account. Notice that, while there
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does not exist a commonly accepted expression of the
energy-momentum tensor for the gravitational field (see,
e.g., Refs. [14–18]), Refs. [12,13] and also the current work
use the definition of the energy-momentum pseudotensor
(EMPT) and of the full four-momentum of the matter and
gravitational fields as given in the classic textbook [19].
In the framework of the EFT of general relativity, the

action is given via the most general effective Lagrangian of
gravitational and matter fields, which is invariant under
general coordinate transformations and other underlying
symmetries of the considered model:

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p fLgrðgÞ þ Lmðg;ψÞg

¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
2

κ2
ðR − 2ΛÞ þ Lgr;hoðgÞ þ Lmðg;ψÞ

�

¼ SgrðgÞ þ Smðg;ψÞ: ð1Þ

Here, κ2 ¼ 32πG, with Newton’s constant G ¼ 6.70881×
10−39 GeV−2, Λ is the cosmological constant, ψ and gμν

denote the matter and metric fields, respectively, g¼detgμν,
and R is the scalar curvature. An infinite number of
gravitational self-interactions involving higher orders in
derivatives are contained in Lgr;hoðgÞ and Lmðg;ψÞ is the
effective Lagrangian of the matter fields interacting with
the metric and the vielbein tetrad fields. Experimental
evidence suggests that the contributions of Lgr;hoðgÞ and
of nonrenormalizable interactions of Lmðg;ψÞ to physical
quantities are heavily suppressed.
The action of the matter part of the model considered

here includes an infinite number of terms, of which we
show below only those contributing in our specific calcu-
lations:

Sm ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
gμν

2
∂μH∂νH −

m2

2
H2 þ g

3!
H3 þ fH

�
;

ð2Þ

whereH is the scalar field. The low-energy EFT is obtained
by representing the metric field as the sum of the
Minkowskian background and the quantum fields [20]

gμν ¼ ημν þ κhμν;

gμν ¼ ημν − κhμν þ κ2hμλh
λν − κ3hμλh

λ
σhσν þ � � � ; ð3Þ

and we calculate physical quantities perturbatively by
expanding in κ and other coupling constants treating them
independently.
The energy-momentum tensor of the matter fields

coupled to the gravitational field is given by

Tμν
m ðg;ψÞ ¼ 2ffiffiffiffiffiffi−gp δSm

δgμν
: ð4Þ

The energy-momentum tensor corresponding to Eq. (2) has
the form

Tμν
m ¼∂μH∂νH−gμν

�
gαβ

2
∂αH∂βH−

m2

2
H2þ g

3!
H3þfH

�
:

ð5Þ

The pseudotensor of the gravitational field (alone) is
given as

Tμν
gr ðgÞ ¼ 4

κ2
Λgμν þ Tμν

LLðgÞ; ð6Þ

where Tμν
LLðgÞ is defined via [19]

ð−gÞTμν
LLðgÞ ¼

2

κ2

�
1

8
gλσgμνgαγgβδgαγ;σ gβδ;λ −

1

4
gμλgνσgα;γgβδgαγ;σ gβδ;λ −

1

4
gλσgμνgβαgγδgαγ;σ gβδ;λ

þ 1

2
gμλgνσgβαgγδgαγ;σ gβδ;λþgβαgλσgνσ;α gμλ;β þ

1

2
gμνgλσgλβ;α gασ;β

− gμλgσβgνβ;α gσα;λ −gνλgσβgμβ;α gσα;λ þgλσ;σ gμν;λ −gμλ;λ gνσ;σ
�
; ð7Þ

with gμν ¼ ffiffiffiffiffiffi−gp
gμν and gμν;λ ¼ ∂gμν=∂xλ.

The conserved full four-momentum of the matter and
the gravitational fields is defined via the full EMPT Tμν ¼
Tμν
m ðg;ψÞ þ Tμν

gr ðgÞ as [19]

Pμ ¼
Z

ð−gÞTμνdSν; ð8Þ

where the integration covers any hypersurface containing
the whole three-dimensional space. Thus, for a vanishing
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vacuum expectation value of ð−gÞTμν, the energy of the
vacuum will be zero. This expectation value can be
represented via the following path integral:

h0jð−gÞTμνj0i ¼
Z

DgDψð−gÞ½Tμν
gr ðgÞ þ Tμν

m ðg;ψÞ�

× exp

�
i
Z

d4x
ffiffiffiffiffiffi
−g

p ½Lðg;ψÞ þ LGF�
�
;

ð9Þ
where

LGF ¼ ξ

�
∂νhμν −

1

2
∂
μhνν

��
∂
βhμβ −

1

2
∂μhαα

�
ð10Þ

is the gauge-fixing term with parameter ξ and the integra-
tion measure includes the Faddeev-Popov determinant.
According to Ref. [10] the cosmological constant Λ is

uniquely fixed by the condition that the vacuum expect-
ation value of the quantum field hμν vanishes, and this also
removes the graviton mass from the dressed propagator as a
result of a Ward identity [10]. To study the implications for
the vacuum energy at two-loop order we represent Λ as

Λ ¼
X∞
i¼0

ℏiΛi: ð11Þ

The vacuum expectation value of ð−gÞTμν at tree order
vanishes for Λ0 ¼ 0, and this choice also removes the
graviton mass from the propagator at tree level. It is a
straightforward consequence of Eq. (4) that the same value
of Λ1 cancels the one-loop contribution to the vacuum
expectation value of the graviton field hμν and the vacuum

energy. Calculations taking into account only gravitational
interaction have been done in Refs. [12,13].
In this work we consider the order-fg (that is, linear in f

and linear in g) two-loop contributions to the vacuum
expectation values of ð−gÞTμν and of the graviton field hμν,
and we find that the same value of Λ2 leads to an exact
cancellation of both of them. To show this, we first fix Λ2

by imposing the condition that the corresponding two-loop
order contribution to the expectation value of hμν vanishes
and next by imposing an analogous condition on the
corresponding contribution to the vacuum expectation
value of ð−gÞTμν. We subtract the obtained two values
of Λ2 from each other and denote the difference by R. It is a
trivial consequence of Eq. (4) that diagrams with the same
structure, where the vertices with external graviton and with
ð−gÞTμν insertion couple only to scalar lines, give con-
tributions to R which cancel each other diagram by
diagram.1 On the other hand, we find that individual
diagrams contributing to a given topology in Fig. 1 yield
different contributions to the cosmological constant Λ2 in
the two cases. However, considering the sums of the
diagrams in Fig. 1 we find that the contributions of the
two sets of diagrams [one for the vacuum expectation value
of ð−gÞTμν and one for the graviton field hμν] to R neatly
cancel. The first nontrivial result is obtained at two-loop
order. The relevant Feynman rules are included in the
Appendix, and in calculations we used the Mathematica-
based program FeynCalc [21,22].

FIG. 1. Topologies of two-loop diagrams whose sums (but not the separate diagrams) lead to the same contribution to the cosmological
constant for the graviton tadpole and the matrix element of ð−gÞTμν. The wavy and solid lines correspond to gravitons and scalars,
respectively. The filled dots stand for vertices generated by the fH term of the Lagrangian. The cross corresponds to either external
graviton line or a ð−gÞTμν insertion.

1This is because due to Eq. (4) the Feynman rules of one
graviton coupling to scalars and ð−gÞTμν coupling to the same
number of scalars (and no gravitons) are the same, modulo an
overall factor.
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A self-consistent EFT should lead to finite physical
quantities after renormalizing (an infinite number of)
parameters of the effective Lagrangian. Therefore, it is
mandatory that the unique value of the cosmological
constant that defines the perturbative EFT of the
Standard Model, coupled to gravitons on a Minkowskian
flat background, leads to a finite expression of the energy
(density) of the vacuum to all orders of perturbation theory.
Based on the two-loop order results including the one of the
current work, we expect that this finite value should be at
least of three-loop order and thus very small. Moreover, it
seems natural that an adequate theory formulated in the
language of mathematics should assign zero energy to the
vacuum state [23]. Therefore turning the argument around
we expect that by demanding that the vacuum energy
should be vanishing to all orders we obtain a self-consistent
perturbative low-energy EFT of matter and gravitational
fields on a flat Minkowskian background.

We thank D. Djukanovic for checking the completeness
of the list of diagrams and their symmetry factors and for
useful discussions. This work was supported in part by
BMBF (Grant No. 05P21PCFP1), by DFG and NSFC
through funds provided to the Sino-German CRC 110
“Symmetries and the Emergence of Structure in QCD”
(NSFC Grant No. 11621131001, DFG Project-ID
No. 196253076—TRR 110), by the Georgian Shota
Rustaveli National Science Foundation (Grant No. FR-
23-856), by CAS through a President’s International
Fellowship Initiative (PIFI) (Grant No. 2025PD0022), by
the EU Horizon 2020 research and innovation program
(STRONG-2020, Grant Agreement No. 824093), and by
the Heisenberg-Landau Program 2021.

APPENDIX

Below we give Feynman rules used in the calculation of
the vacuum expectation values of the graviton field and the
energy-momentum tensor.

1. Propagators

(i) Scalar propagator with momentum p:

i
p2 −m2 þ iϵ

; ðA1Þ

(ii) graviton propagator in D dimensions with Lorentz
indices ðμ; νÞ, ðα; βÞ and momentum p:

i
2

gλνgμσ þ gλμgνσ − 2gλσgμν

D−2
p2 þ iϵ

−
iξ
2

pνðpσgλμ þ pλgμσÞ þ pμðpσgλν þ pλgνσÞ
ðp2 þ iϵÞ2 :

ðA2Þ

2. Vertices (all momenta in all vertices are incoming)

(i) One scalar:

if; ðA3Þ

(ii) three scalars:

ig; ðA4Þ

(iii) one graviton with indices ðμ; νÞ:

−
2iΛgμν

κ
; ðA5Þ

(iv) one graviton with indices ðμ; νÞ and one scalar:

1

2
ifκgμν; ðA6Þ

(v) one graviton with indices ðμ; νÞ and two scalars with
momenta p1 and p2:

1

2
iκð−gμνðm2 þ p1 · p2Þ þ pμ

2p
ν
1 þ pμ

1p
ν
2Þ; ðA7Þ

(vi) one graviton with indices ðμ; νÞ and three scalars:

1

2
igκgμν; ðA8Þ

(vii) two gravitons with indices ðμ; νÞ and ðα; βÞ and one
scalar:

−
1

4
ifκ2ðgανgβμ þ gαμgβν − gαβgμνÞ; ðA9Þ

(viii) two gravitons with indices ðμ; νÞ and ðα; βÞ and two
scalars with momenta p1 and p2:

−
1

4
iκ2ð−m2gανgβμ −m2gαμgβν þm2gαβgμν

þ pβ
1p

ν
2g

αμ þ pβ
1p

μ
2g

αν þ pα
1p

ν
2g

βμ

þ pν
1ð−pμ

2g
αβ þ pβ

2g
αμ þ pα

2g
βμÞ þ pα

1p
μ
2g

βν

þ pμ
1ð−pν

2g
αβ þ pβ

2g
αν þ pα

2g
βνÞ − pα

2p
β
1g

μν

− pα
1p

β
2g

μν − p1 · p2ðgανgβμ þ gαμgβν − gαβgμνÞÞ;
ðA10Þ

(ix) two gravitons with indices ðμ; νÞ and ðα; βÞ and three
scalars:

−
1

4
igκ2ðgανgβμ þ gαμgβν − gαβgμνÞ; ðA11Þ

(x) three gravitons with (Lorentz indices, momentum)
combinations ðμ; ν; p1Þ, ðα; β; p2Þ and ðλ; σ; p3Þ:
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1

8
½hhhðfμ; ν; p1g; fα; β; p2g; fλ; σ; p3gÞ þ hhhðfμ; ν; p1g; fα; β; p2g; fσ; λ; p3gÞ
þ hhhðfμ; ν; p1g; fβ; α; p2g; fλ; σ; p3gÞ þ hhhðfμ; ν; p1g; fβ; α; p2g; fσ; λ; p3gÞ
þ hhhðfν; μ; p1g; fα; β; p2g; fλ; σ; p3gÞ þ hhhðfν; μ; p1g; fα; β; p2g; fσ; λ; p3gÞ
þ hhhðfν; μ; p1g; fβ; α; p2g; fλ; σ; p3gÞ þ hhhðfν; μ; p1g; fβ; α; p2g; fσ; λ; p3gÞ�; ðA12Þ

where

hhhðfμ; ν; p1g; fα; β; p2g; fλ; σ; p3gÞ ¼ −
1

4
iκðpα

1p
β
2g

λσgμν þ pβ
2p

α
3g

λσgμν þ 2Λgαβgλσgμν

þ 2gαβgλσðp1 · p2 þ p1 · p3 þ p2 · p3Þgμν þ 2gαβgλσðp2
1 þ p2

2 þ p2
3Þgμν

þ gαβðpν
1ðpμ

2 þ pμ
3Þgλσ þ ðpλ

1 þ pλ
2Þpσ

3g
μνÞ þ 4ðpσ

1p
ν
3g

αβgλμ þ pβ
1p

ν
2g

αμgλσ þ pσ
2p

β
3g

αλgμνÞ
þ 4ððpσ

1p
ν
2 þ pσ

2p
ν
3Þgαβgλμ þ ðpν

2p
β
3 þ pβ

1p
ν
3Þgαμgλσ þ ðpβ

1p
σ
2 þ pσ

1p
β
3ÞgαλgμνÞ

− 2ððpν
1p

σ
2 þ pν

2p
σ
3Þgαβgλμ þ ðpν

1p
β
3 þ pβ

2p
ν
3Þgαμgλσ þ ðpσ

1p
β
2 þ pβ

1p
σ
3ÞgαλgμνÞ

þ 2ððpν
1p

σ
1 þ pν

3p
σ
3Þgαβgλμ þ ðpβ

1p
ν
1 þ pβ

2p
ν
2Þgαμgλσ þ ðpβ

2p
σ
2 þ pβ

3p
σ
3ÞgαλgμνÞ

− 2ðpμ
1p

ν
1g

αβgλσ þ ðpλ
3p

σ
3g

αβ þ pα
2p

β
2g

λσÞgμνÞ − 2ðpβ
1p

α
3g

λσgμν þ pα
1p

β
3g

λσgμν

þgαβððpν
2p

μ
3 þ pμ

2p
ν
3Þgλσ þ ðpσ

1p
λ
2 þ pλ

1p
σ
2ÞgμνÞÞ − 4ðpα

1p
β
1g

λσgμν þ pα
3p

β
3g

λσgμν

þgαβððpμ
2p

ν
2 þ pμ

3p
ν
3Þgλσ þ ðpλ

1p
σ
1 þ pλ

2p
σ
2ÞgμνÞÞ − 5ðpα

2ðpβ
1 þ pβ

3Þgλσgμν þ gαβðpμ
1ðpν

2 þ pν
3Þgλσ

þðpσ
1 þ pσ

2Þpλ
3g

μνÞÞ þ 2ðpμ
3p

σ
3g

αβgλν þ pα
1p

ν
1g

βμgλσ þ pα
3p

σ
3g

βλgμν þ pβ
2ðpμ

2g
ανgλσ þ pλ

2g
ασgμνÞ

þpλ
1p

ν
1g

αβgμσÞ þ 2ðpσ
2p

μ
3g

αβgλν þ pμ
2p

β
3g

ανgλσ þ pα
1p

ν
3g

βμgλσ þ pβ
1p

λ
2g

ασgμν þ pσ
1p

α
3g

βλgμν þ pλ
1p

ν
2g

αβgμσÞ
þ 4ðpσ

1p
μ
3g

αβgλν þ pβ
1p

μ
2g

ανgλσ þ pα
1p

ν
2g

βμgλσ þ pλ
2p

β
3g

ασgμν þ pσ
2p

α
3g

βλgμν þ pλ
1p

ν
3g

αβgμσÞ
− 4ðpβ

1p
ν
3g

ασgλμ þ pσ
1ðpν

2g
αμgβλ þ pβ

3g
ανgλμÞ þ pσ

2ðpν
3g

αλgβμ þ pβ
1g

αμgλνÞ þ pν
2p

β
3g

αλgμσÞ
− 6ðpν

2p
β
3g

ασgλμ þ pσ
2ðpν

3g
αμgβλ þ pβ

1g
ανgλμÞ þ pσ

1ðpν
2g

αλgβμ þ pβ
3g

αμgλνÞ þ pβ
1p

ν
3g

αλgμσÞ
þ 8Λðgασgβμgλν þ gανgβλgμσÞ − 2ðpν

2p
μ
3g

ασgβλ þ pμ
2p

ν
3g

ασgβλ þ pσ
1p

λ
2g

ανgβμ þ pλ
1p

σ
2g

ανgβμ

þpβ
1p

α
3g

λνgμσ þ pα
1p

β
3g

λνgμσÞ − 2ðpσ
1p

α
3g

βμgλν þ gασðpλ
1p

ν
2g

βμ þ pμ
2p

β
3g

λνÞ þ pα
1p

ν
3g

βλgμσ

þgανðpσ
2p

μ
3g

βλ þ pβ
1p

λ
2g

μσÞÞ þ 2ðpν
2p

σ
3g

αμgβλ þ pσ
1p

β
2g

ανgλμ þ pβ
2p

ν
3g

ασgλμ þ pβ
1p

σ
3g

αμgλν

þpν
1g

αλðpσ
2g

βμ þ pβ
3g

μσÞÞ þ 2ðpμ
1ðpσ

2g
αβgλν þ pβ

3g
ανgλσÞ þ pα

2ðpν
3g

βμgλσ þ pσ
1g

βλgμνÞ
þpλ

3ðpβ
1g

ασgμν þ pν
2g

αβgμσÞÞ − 2ðpμ
1ðpσ

3g
αβgλν þ pβ

2g
ανgλσÞ þ ðpβ

2p
λ
3g

ασ þ pα
2p

σ
3g

βλÞgμν
þpν

1ðpα
2g

βμgλσ þ pλ
3g

αβgμσÞÞ þ 2ðpμ
1ðpσ

1g
αβgλν þ pβ

1g
ανgλσÞ þ pα

2ðpν
2g

βμgλσ þ pσ
2g

βλgμνÞ
þpλ

3ðpβ
3g

ασgμν þ pν
3g

αβgμσÞÞ − 4ðpσ
1p

ν
3ðgαμgβλ þ gαλgβμÞ þ pσ

2p
β
3ðgανgλμ þ gαμgλνÞ

þpβ
1p

ν
2ðgασgλμ þ gαλgμσÞÞ − 4ðpν

2p
σ
2ðgαμgβλ þ gαλgβμÞ þ pβ

1p
σ
1ðgανgλμ þ gαμgλνÞ

þpβ
3p

ν
3ðgασgλμ þ gαλgμσÞÞ þ 2ðpμ

2p
σ
3g

ανgβλ þ pβ
2p

μ
3g

ασgλν þ pα
1p

σ
3g

βμgλν þ pλ
1p

β
2g

ανgμσ

þpν
1ðpλ

2g
ασgβμ þ pα

3g
βλgμσÞÞ þ 16ðpα

3p
μ
3g

βνgλσ þ pα
1p

λ
1g

βσgμν þ pλ
2p

μ
2g

αβgνσÞ − 8ðpα
1p

μ
2g

βνgλσ

þpλ
2p

α
3g

βσgμν þ pλ
1p

μ
3g

αβgνσÞ þ 2ðpα
1p

μ
1g

βνgλσ þ pα
3p

λ
3g

βσgμν þ pα
2ðpμ

2g
βνgλσ þ pλ

2g
βσgμνÞ

þpλ
1p

μ
1g

αβgνσ þ pλ
3p

μ
3g

αβgνσÞ þ 2ðpα
3ðpμ

2g
βνgλσ þ pλ

1g
βσgμνÞ þ pα

1ðpμ
3g

βνgλσ þ pλ
2g

βσgμνÞ
þðpλ

1p
μ
2 þ pλ

2p
μ
3ÞgαβgνσÞ − 4ðpμ

2p
λ
3g

ασgβν þ pα
1p

λ
3g

μσgβν þ pμ
1g

βσðpλ
2g

αν þ pα
3g

λνÞ þ pα
2p

μ
3g

βλgνσ

þpλ
1p

α
2g

βμgνσÞ − 8ðpλ
1p

μ
1g

ανgβσ þ pα
1p

μ
1g

λνgβσ þ pλ
3g

βνðpμ
3g

ασ þ pα
3g

μσÞ þ pα
2p

μ
2g

βλgνσ þ pα
2p

λ
2g

βμgνσÞ
þ 4ðpλ

3p
σ
3g

αμgβν þ pμ
1p

ν
1g

αλgβσ þ pα
2p

β
2g

λμgνσÞ − 2ðpλ
1p

σ
3g

αμgβν þ pλ
2p

σ
3g

αμgβν þ pν
1p

μ
2g

αλgβσ

þpν
1p

μ
3g

αλgβσ þ pα
1p

β
2g

λμgνσ þ pβ
2p

α
3g

λμgνσÞ þ 8ðpσ
1p

λ
2g

αμgβν þ pλ
1p

σ
2g

αμgβν þ pν
2p

μ
3g

αλgβσ þ pμ
2p

ν
3g

αλgβσ
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þpβ
1p

α
3g

λμgνσ þ pα
1p

β
3g

λμgνσÞ þ 8ðpλ
1p

σ
1g

αμgβν þ pλ
2p

σ
2g

αμgβν þ pμ
2p

ν
2g

αλgβσ þ pμ
3p

ν
3g

αλgβσ þ pα
1p

β
1g

λμgνσ

þpα
3p

β
3g

λμgνσÞ þ 10ððpσ
1 þ pσ

2Þpλ
3g

αμgβν þ pμ
1ðpν

2 þ pν
3Þgαλgβσ þ pα

2ðpβ
1 þ pβ

3ÞgλμgνσÞ
− 4Λðgαμgβνgλσ þ gαλgβσgμν þ gαβgλμgνσÞ þ 4ðpα

2ðpσ
3g

βν þ pν
1g

βσÞgλμ þ pμ
1g

αλðpσ
3g

βν þ pβ
2g

νσÞ
þpλ

3g
αμðpν

1g
βσ þ pβ

2g
νσÞÞ − 8ððpα

3p
σ
3g

βν þ pα
1p

ν
1g

βσÞgλμ þ gαμðpλ
1p

ν
1g

βσ þ pβ
2p

λ
2g

νσÞ
þgαλðpμ

3p
σ
3g

βν þ pβ
2p

μ
2g

νσÞÞ − 10ðpα
2ðpσ

1g
βν þ pν

3g
βσÞgλμ þ pλ

3g
αμðpν

2g
βσ þ pβ

1g
νσÞ

þpμ
1g

αλðpσ
2g

βν þ pβ
3g

νσÞÞ − 4ððpσ
2p

α
3g

βν þ pα
1p

ν
2g

βσÞgλμ þ gαλðpσ
1p

μ
3g

βν þ pβ
1p

μ
2g

νσÞ
þgαμðpλ

1p
ν
3g

βσ þ pλ
2p

β
3g

νσÞÞ − 4ððpσ
1p

α
3g

βν þ pα
1p

ν
3g

βσÞgλμ þ gαμðpλ
1p

ν
2g

βσ þ pβ
1p

λ
2g

νσÞ
þgαλðpσ

2p
μ
3g

βν þ pμ
2p

β
3g

νσÞÞ þ 10ððpα
1p

σ
2g

βν þ pν
2p

α
3g

βσÞgλμ þ gαμðpλ
2p

ν
3g

βσ þ pλ
1p

β
3g

νσÞ
þgαλðpσ

1p
μ
2g

βν þ pβ
1p

μ
3g

νσÞÞ þ 8ðpα
2ðpμ

3g
βνgλσ þ pλ

1g
βσgμνÞ þ pμ

1ðpα
3g

βνgλσ þ pλ
2g

αβgνσÞ
þpλ

3ðpα
1g

βσgμν þ pμ
2g

αβgνσÞÞ þ 12ðpα
2p

λ
3g

βσgμν þ pμ
1ðpα

2g
βνgλσ þ pλ

3g
αβgνσÞÞ − 6ðpμ

2p
λ
3g

ανgβσ

þpα
2p

μ
3g

λνgβσ þ pλ
1p

α
2g

βνgμσ þ pα
1p

λ
3g

βμgνσ þ pμ
1ðpλ

2g
ασgβν þ pα

3g
βλgνσÞÞ − 4ðpλ

2p
μ
2ðgασgβν þ gανgβσÞ

þpα
3p

μ
3ðgβσgλν þ gβλgνσÞ þ pα

1p
λ
1ðgβνgμσ þ gβμgνσÞÞ þ 4ðpλ

1p
μ
3ðgασgβν þ gανgβσÞ

þpα
1p

μ
2ðgβσgλν þ gβλgνσÞ þ pλ

2p
α
3ðgβνgμσ þ gβμgνσÞÞ − 4ðpα

1p
μ
3g

βσgλν þ pλ
1ðpμ

2g
ανgβσ þ pα

3g
βνgμσÞ

þpμ
2p

α
3g

βλgνσ þ pλ
2ðpμ

3g
ασgβν þ pα

1g
βμgνσÞÞ þ 2ðpμ

2p
α
3g

βσgλν þ pλ
2ðpμ

3g
ανgβσ þ pα

1g
βνgμσÞ þ pα

1p
μ
3g

βλgνσ

þpλ
1ðpμ

2g
ασgβν þ pα

3g
βμgνσÞÞ − 12ðpα

2p
λ
3ðgβνgμσ þ gβμgνσÞ þ pμ

1ðpλ
3ðgασgβν þ gανgβσÞ

þpα
2ðgβσgλν þ gβλgνσÞÞÞ þ 4ðgασgβνgλμp1 · p2 þ gαμgβλgνσp1 · p3 þ gαλðgβνgμσp1 · p2 þ gβμgνσp1 · p3Þ

þgανgβσgλμp2 · p3 þ gαμgβσgλνp2 · p3Þ þ 2ðgανgβμgλσp1 · p2 þ gαβgλνgμσp1 · p3 þ gασgβλgμνp2 · p3Þ
− 8ðgαμgβνgλσp1 · p2 þ gαβgλμgνσp1 · p3 þ gαλgβσgμνp2 · p3Þ þ 8ðgαμðgβσgλν
þgβλgνσÞp1 · p2 þ gασgβνgλμp1 · p3 þ gανgβσgλμp1 · p3 þ gαλgβνgμσp2 · p3 þ gαλgβμgνσp2 · p3Þ
− 4ðgαλgβσgμνðp1 · p2 þ p1 · p3Þ þ gαβgλμgνσðp1 · p2 þ p2 · p3Þ þ gαμgβνgλσðp1 · p3 þ p2 · p3ÞÞ
− 4ðgαλgβσgμνp2

1 þ gαβgλμgνσp2
2 þ gαμgβνgλσp2

3Þ þ 8ðgανgβσgλμp2
1 þ gαλgβμgνσp2

2 þ gασgβνgλμp2
3

þgαλgβνgμσp2
3 þ gαμðgβσgλνp2

1 þ gβλgνσp2
2ÞÞ − 4ðgαμgβνgλσðp2

1 þ p2
2Þ

þgαβgλμgνσðp2
1 þ p2

3Þ þ gαλgβσgμνðp2
2 þ p2

3ÞÞÞ; ðA13Þ

(xi) energy-momentum tensor with indices ðμ; νÞ and
one scalar:

−fgμν; ðA14Þ
(xii) energy-momentum tensor with indices ðμ; νÞ and

two scalars with momenta p1 and p2:

gμνðm2 þ p1 · p2Þ − pμ
2p

ν
1 − pμ

1p
ν
2; ðA15Þ

(xiii) energy-momentum tensor with indices ðμ; νÞ and
three scalars:

−ggμν; ðA16Þ
(xiv) energy-momentum tensor with indices ðμ; νÞ, grav-

iton with indices ðα; βÞ and one scalar:

1

2
fκðgανgβμ þ gαμgβν − 2gαβgμνÞ; ðA17Þ

(xv) energy-momentum tensor with indices ðμ; νÞ, grav-
itonwith indices ðα; βÞ and two scalars withmomenta
p1 and p2:

1

2
κðm2ð−gανÞgβμ −m2gαμgβν þ 2m2gαβgμν

þ pβ
1p

ν
2g

αμ þ pβ
1p

μ
2g

αν þ pα
1p

ν
2g

βμ

þ pν
1ð−2pμ

2g
αβ þ pβ

2g
αμ þ pα

2g
βμÞ þ pα

1p
μ
2g

βν

þ pμ
1ð−2pν

2g
αβ þ pβ

2g
αν þ pα

2g
βνÞ − pα

2p
β
1g

μν

− pα
1p

β
2g

μν − p1 · p2gανgβμ − p1 · p2gαμgβν

þ 2p1 · p2gαβgμνÞ; ðA18Þ
(xvi) energy-momentum tensor with indices ðμ; νÞ, grav-

iton with indices ðα; βÞ and three scalars:

1

2
gκðgανgβμ þ gαμgβν − 2gαβgμνÞ; ðA19Þ
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(xvii) energy-momentum tensor with indices ðμ; νÞ and two gravitons with (Lorentz indices, momentum) combinations
ðλ; σ; p1Þ and ðα; β; p2Þ:
1

8
ð−4pσ

1p
λ
2g

ανgβμ − 4pλ
1p

σ
2g

ανgβμ þ 4pσ
1p

α
2g

λνgβμ − 2pα
1p

ν
2g

λσgβμ − 2pα
1p

ν
2g

σλgβμ þ 4pλ
1p

α
2g

σνgβμ

− 4gασgλνp1 · p2gβμ þ 6gανgλσp1 · p2gβμ þ 6gανgσλp1 · p2gβμ − 4gαλgσνp1 · p2gβμ − 4pσ
1p

λ
2g

αμgβν

− 4pλ
1p

σ
2g

αμgβν − 4pσ
1p

ν
2g

αβgλμ þ 4pσ
1p

β
2g

ανgλμ þ 4pβ
1p

ν
2g

ασgλμ − 4pσ
1p

ν
2g

βαgλμ þ 4pσ
1p

α
2g

βνgλμ

þ 4pα
1p

ν
2g

βσgλμ − 4pσ
1p

μ
2g

αβgλν þ 4pσ
1p

β
2g

αμgλν þ 4pβ
1p

μ
2g

ασgλν − 4pσ
1p

μ
2g

βαgλν þ 4pα
1p

μ
2g

βσgλν

− 2pβ
1p

ν
2g

αμgλσ − 2pβ
1p

μ
2g

ανgλσ − 2pα
1p

μ
2g

βνgλσ þ 2pσ
1p

λ
2g

αβgμν þ 2pλ
1p

σ
2g

αβgμν − 2pβ
1p

σ
2g

αλgμν

− 2pβ
1p

λ
2g

ασgμν þ 2pσ
1p

λ
2g

βαgμν þ 2pλ
1p

σ
2g

βαgμν − 2pα
1p

σ
2g

βλgμν − 2pα
1p

λ
2g

βσgμν þ 2pβ
1p

α
2g

λσgμν

þ 2pα
1p

β
2g

λσgμν − 2pβ
1p

α
2g

λνgμσ − 2pα
1p

β
2g

λνgμσ þ 2pσ
1p

λ
2g

αβgνμ þ 2pλ
1p

σ
2g

αβgνμ − 2pβ
1p

σ
2g

αλgνμ

− 2pβ
1p

λ
2g

ασgνμ þ 2pσ
1p

λ
2g

βαgνμ þ 2pλ
1p

σ
2g

βαgνμ − 2pα
1p

σ
2g

βλgνμ − 2pα
1p

λ
2g

βσgνμ þ 2pβ
1p

α
2g

λσgνμ

þ 2pα
1p

β
2g

λσgνμ − 2pβ
1p

α
2g

λμgνσ − 2pα
1p

β
2g

λμgνσ − 2pβ
1p

ν
2g

αμgσλ − 2pβ
1p

μ
2g

ανgσλ − 2pα
1p

μ
2g

βνgσλ

þ 2pβ
1p

α
2g

μνgσλ þ 2pα
1p

β
2g

μνgσλ þ 2pβ
1p

α
2g

νμgσλ þ 2pα
1p

β
2g

νμgσλ − 4pλ
1p

ν
2g

αβgσμ þ 4pβ
1p

ν
2g

αλgσμ

þ 4pλ
1p

β
2g

ανgσμ − 4pλ
1p

ν
2g

βαgσμ þ 4pα
1p

ν
2g

βλgσμ þ 4pλ
1p

α
2g

βνgσμ − 2pβ
1p

α
2g

νλgσμ − 2pα
1p

β
2g

νλgσμ

− 2pν
1ð−2pλ

2g
ασgβμ þ 2pα

2g
λσgβμ þ 2pα

2g
σλgβμ − 2pλ

2g
αμgβσ þ pσ

2ð−2gαμgβλ − 2gαλgβμ þ ðgαβ þ gβαÞgλμÞ
þ 2pβ

2g
αμgλσ þ 2pβ

2g
αμgσλ þ 2pμ

2ðgασgβλ þ gαλgβσ − ðgαβ þ gβαÞðgλσ þ gσλÞÞ þ pλ
2g

αβgσμ þ pλ
2g

βαgσμÞ
− 4pλ

1p
μ
2g

αβgσν þ 4pβ
1p

μ
2g

αλgσν þ 4pλ
1p

β
2g

αμgσν − 4pλ
1p

μ
2g

βαgσν þ 4pα
1p

μ
2g

βλgσν − 2pβ
1p

α
2g

μλgσν − 2pα
1p

β
2g

μλgσν

− 2pμ
1ð−2pλ

2g
ασgβν þ 2pα

2g
λσgβν þ 2pα

2g
σλgβν − 2pλ

2g
ανgβσ þ pσ

2ð−2gανgβλ − 2gαλgβν þ ðgαβ þ gβαÞgλνÞ
þ 2pβ

2g
ανgλσ þ 2pβ

2g
ανgσλ þ 2pν

2ðgασgβλ þ gαλgβσ − ðgαβ þ gβαÞðgλσ þ gσλÞÞ þ pλ
2g

αβgσν þ pλ
2g

βαgσνÞ
− 4gασgβνgλμp1 · p2 − 4gανgβσgλμp1 · p2 − 4gαμgβσgλνp1 · p2 þ 6gαμgβνgλσp1 · p2 þ 2gασgβλgμνp1 · p2

þ 2gαλgβσgμνp1 · p2 − 3gαβgλσgμνp1 · p2 − 3gβαgλσgμνp1 · p2 þ 3gαβgλνgμσp1 · p2 þ 3gβαgλνgμσp1 · p2

þ 2gασgβλgνμp1 · p2 þ 2gαλgβσgνμp1 · p2 − 3gαβgλσgνμp1 · p2 − 3gβαgλσgνμp1 · p2 þ 3gαβgλμgνσp1 · p2

þ 3gβαgλμgνσp1 · p2 þ 6gαμgβνgσλp1 · p2 − 3gαβgμνgσλp1 · p2 − 3gβαgμνgσλp1 · p2 − 3gαβgνμgσλp1 · p2

− 3gβαgνμgσλp1 · p2 − 4gανgβλgσμp1 · p2 − 4gαλgβνgσμp1 · p2 þ 3gαβgνλgσμp1 · p2 þ 3gβαgνλgσμp1 · p2

− 4gαμgβλgσνp1 · p2 þ 3gαβgμλgσνp1 · p2 þ 3gβαgμλgσνp1 · p2Þ: ðA20Þ
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