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We study the holographic properties of a class of quantum geometry states characterized by a
superposition of discrete geometric data, in the form of generalized tensor networks. This class specifically
includes spin networks, the kinematic states of lattice gauge theory, and discrete quantum gravity. We employ
an algebraic, operatorial definition of holography based on quantum information channels, an approach
which is particularly valuable in settings, such as the one we consider, where the relevant Hilbert space of
states does not factorize into subsystem Hilbert spaces due to gauge invariance. We apply random tensor
network techniques (successfully used in the AdS/CFT context) to analyze information transport properties
of the bulk-to-boundary and boundary-to-boundary maps associated with this superposition of quantum
geometries and produce typicality results about the average over the geometric data coloring the fixed graph
structure. In this context, one naturally obtains a nontrivial area operator encoding the dominant contribution
to entropy calculations. Among our main results is the requirement that one can only isometrically map a bulk
region onto boundaries with fixed total area. We furthermore inquire about similar state-induced mappings
between segments of the boundary and discuss related conditions for isometric behavior. These
generalizations make further steps toward quantum gravity implementations of tensor network holography.
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I. INTRODUCTION

Since the discovery of the Bekenstein-Hawking entropy
formula for black holes [1,2], holography has taken center
stage in the exploration of the overlap of quantum, gravi-
tational, and thermodynamic properties of spacetime.
Indeed, according to the conventional microstate counting
interpretation of entropy, the Bekenstein-Hawking formula
signifies that the number of degrees of freedom associated
with a black hole does not scale with its volume (as for most
systems), but instead scales with the area of the surface
bounding that volume. This implies a form of (informational)
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holography: information on the degrees of freedom of the
system is encoded on the boundary of the region of space it
occupies, from where it may be recovered. Although dis-
covered in the context of semiclassical gravity, it is generally
believed that holography calls for a quantum gravity explan-
ation. In fact, this holographic behavior is found for
entanglement entropy in a number of quantum many-body
systems and often (for local Hamiltonians) it characterizes
ground states, distinguishing them from the vast majority of
their quantum states [3]. The suggestion, therefore, is that it
may also provide a similar characterizing role for quantum
gravitational systems.

Following the discovery of the Bekenstein-Hawking area
law for black hole entropy, other forms of holography have
been related to gravity and used to gain access to its
quantum properties. The most explored example is, of
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course, the AdS/CFT correspondence [4,5] and its gener-
alizations [6]. What all of these more recent examples have
in common, and different from the original black hole case,
is that they describe a relation between a bulk gravitational
theory and degrees of freedom on an asymptotic boundary,
apparently describing the same physics. However, a differ-
ent type of holography for finite regions of space/spacetime
is suggested to exist in a variety of contexts, in addition to
the original black hole one. This finite-distance holographic
behavior is signaled too by entropy bounds. For example,
recent work in classical gravity suggests that corner charges
of general relativity provide an encoding of bulk informa-
tion [7-9], which applies to any finite region of space with
boundary. In the already mentioned condensed matter
context, holographic properties refer to finite regions;
indeed, the ground states of local Hamiltonians on lattice
systems are often found to be “short-range entangled” [10],
so that the entropy of any finite region scales at most with the
size of its boundary. States with such properties are highly
desirable. They not only provide a more manageable subset
of the state space for initiating searches for ground states, but
also exhibit characteristics such as exponentially decaying
correlations between regions, which mimic a local light cone
structure through Lieb-Robinson bounds [11,12].

It is this type of local holographic behavior, in a quantum
gravity context, that we are seeking in the following,
identifying classes of quantum geometries that possess it.
We focus on “spin network states,” which define a complete
basis of spatial quantum geometry. These states were
originally envisioned by Penrose [13,14] and later recovered
to provide such a basis in the loop quantum gravity (LQG)
canonical quantization program [15,16], in the “spin foam”
approach to (discrete) quantum gravity path integrals [17], as
well as in group field theories (GFTs) [18-20].

The goal of this work is to elaborate on criteria for
holographic mappings between patches of a finite spatial
region to exist. This is based on earlier work [21-26] where
spin network states were seen as tensor networks and
analyzed via random tensor network techniques, which have
been well explored in the quantum information literature in
connection to holography (and AdS/CFT correspondence)
[27-29]. These works established the Ryu-Takayanagi
entropy formula [30,31] for spin network states, as well as
isometry conditions for bulk-to-boundary maps defined by
the latter, with an important restriction: both combinatorial
structures (the graph underlying the spin network states) and
the algebraic data labeling them (the eigenvalues of quantum
geometric operators) were held fixed. We generalize those
results by removing one of these substantial restrictions: the
bulk region is modeled by a superposition of spin network
states where we keep the graph structure fixed, but allow for
general superpositions otherwise, i.e., we sum over the
algebraic quantum numbers. This work thus represents a
pivotal first step in studying local holography in its general-
ity, within multiple quantum gravity approaches and with
possible application also to semiclassical states where a large

number of different quantum geometries (spin network
states) are superposed, and complements similar recent work
generalizing random tensor network holography [32-34].
The article is structured as follows. In Sec. II, we detail
the class of states under consideration, along with the
criteria for holographic behavior. Within this section, we
also introduce the methodology for assessing holography:
starting from a state of quantum geometry, we express the
purity of a reduced boundary state—our “holography
measure”—through a random Ising model defined on the
graph underlying the quantum geometry. In Sec. III, we
present our results: after analyzing the properties of the
aforementioned Ising model, we derive a precise criterion for
the superposition of spin network states to feature isometry of
the induced map between network subregions. We conclude
by discussing possible extensions of our work in Sec. IV.
Some technical calculations are reported in the Appendixes.

II. METHODOLOGY

We start by explaining the issues we address and outlining
the main features of our calculation. Several of these steps are
analogous to previous results in the case of spin network
states with fixed spins [35] (referred to as single-sector case),
here generalized to include superposition of such states. After
giving examples for the types of quantum systems we would
like to consider, we specify a class of tensor network states via
their concrete construction. We then introduce an algebraic
notion of holography, suitable for our context where the
Hilbert space does not factorize over bulk and boundary
regions. This notion of holography traces back to the bulk-to-
boundary map defined by our states being an isometry, along
the line of previous works on holographic tensor networks
(see, e.g., [27]), although the algebraic formulation represents
a novel aspect of our analysis. We enquire as well about the
isometric character of the maps that our states define between
boundary subregions. As our work is statistical in nature, i.e.,
we ask questions about properties that may hold only “on
average” with respect to the geometric data of our states, we
then specify a choice of randomization. Finally, by adapting
well-known techniques for random tensor networks to our
general setting, we reframe the isometry condition in terms of
the Rényi-2 entropy of the input region and compute it via the
analysis of a dual Ising model. A novel feature in this last step
is the necessity to perform a cuamulant expansion in terms of a
different statistical weight (distinct from but related to the
uniform distribution over states) in order to calculate the
Rényi entropy.

A. Questions and quantities of interest

Our goal is to enhance the characterizations of spin
network states in terms of holography that were put forward
in [26]. This serves to select subsets of states with favorable
typical properties, as well as to make connections with
research done in the context of tensor network holography.
The main questions we address are the following:
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(i) Given a superposition of spin network states with
fixed graph structure, consider the bulk-to-boundary
map it defines, as well as the map between two sub-
regions of the boundary; are these maps isometric?

(ii) Using the channel-state duality, properties of these
maps can be traced back to properties of the
corresponding states. In particular, isometry is re-
lated to maximized Rényi-2 entropy of the input
region. We therefore ask: what is the Rényi-2
entropy of bulk and boundary subregions?

B. States under consideration

Throughout this work, we will study a restricted class
of states made from superposing spin network states asso-
ciated with the same (open) graph y [36] and different
assignments of spins on its links. More specifically, we
consider states constructed in analogy with projected
entangled pair states (PEPS), i.e., obtained by contracting
tensors associated with open spin network vertices according
to y and therefore denoted as “spin tensor network states.”

Even though most of the constructions in this work are
generic in terms of the relevant Hilbert space, let us be
concrete in our choice of Hilbert spaces. Given a (compact)
Lie group G, let H, = L?(G”/G) be the Hilbert space of an
open, G-invariant spin network vertex x of valence D,
whose links are identified by an index o =1, ..., D. For
simplicity, we restrict the attention to the case in which all
vertices of the graph possess the same valence, but the
analysis can be easily generalized. Concretely, we will
work with G = SU(2) spin networks, whose representa-
tions are labeled by a spin j € Y, interpreted as quantized

microscopic area ayog = /Jj(j + 1) and associated with
the links of the spin network graph y, as it is shown to be the
case in canonical quantum gravity as well as simplicial
quantum geometry. A link of y is generically indicated by
e €y, while vertices will be labeled by x € y. The boundary
of y (i.e., the set of boundary links) will be denoted by dy.

The single-vertex Hilbert space admits a decomposition

H, =PIy Q V (1)
¥

into a direct sum over the representation labels
J* = Jji, ..., jp, where each summand is the tensor product
of the (boundary) space VI' ~@P_ V/e, given by the
tensor product of the representation spaces of dimension
d; = 2j + 1 associated with the open links of vertex x and
the (bulk) intertwiner space of vectors invariant under the
diagonal G action, Z" = Invg (), V/*).

The main way in which the choice of Hilbert spaces on
links and vertices affects the results is through the dimen-
sionalities, in particular, the dependence of Dj := dim(Z J)
on the adjacent link spaces. Additional structures such as
group actions play less of a role in this work. In particular,
the dimension of the bulk input space on a vertex dim(Z )
depends on the dimensions of its adjacent link spaces d:.

Additionally, we will consider only finite-dimensional
vertex Hilbert spaces—in the aforementioned example,
we will implement this through imposing cutoffs 2 < j} <
J on the values of spin labels.

We wish to stress a point of possible confusion for
different audiences. While the interpretation of a link of the
graph as dual to a surface is generic, there are multiple
possible “area functions” one can associate with it. The first
obvious one is, as noted in our exposition, the LQG area
spectrum ay o = 1/j(j + 1), obtained from quantizing the
area function obtained from straightforward quantization of
the surface area in classical general relativity or in sim-
plicial geometry (the precise form of the spectrum depends
on the chosen quantization map, an alternative being
aLQG = j+ 1/2). Another important measure of area in
our context is the tensor network area ary = log(d;),
motivated mostly from entanglement measures. In assigning
a geometric interpretation to the states on the given graph, itis
important not to conflate the two—a point to which we will
return later in the discussion of the scaling of the entropy.

Importantly, the full Hilbert space of N distinguishable
vertices decomposes into a direct sum of “spin sectors,”
each having as a basis the spin network states with fixed
link spins,

N . N
Hj%lj@‘/j:@lr®@v], (2)

where j = j',...,jV is the collection of spins over the
whole set of semilinks. Our setup generalizes immediately
to the case where any single-vertex Hilbert space is used, as
long as it admits a decomposition of the same type as (1). In
particular, the dimension of the bulk space 7 is allowed to
depend on the representation labels in a nonlinear way. The
crucial assumption is rather an initial factorization of states
over vertices, so that a PEPS-type construction of states is
possible. This is not generally the case for states of
quantum geometry in canonical or lattice quantum gravity
(nor is the dependence on a single graph, even though it is
more commonly assumed).

The first step for the construction of the spin tensor
network states consists of picking a state in HY which
factorizes per vertex,

V) = @I‘I’x% (3)

To turn this state into a spin network state with support
on a graph y, we apply a projection onto maximally
entangled states of the spins living on the links (semilinks)
forming the maximal closed subgraph I' of y consisting of
all vertices with valence > 1, according to the prescription
outlined in, e.g., [22,25]. More specifically, let
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Z ) jom) |f. —m), (4)

be a normalized singlet state of two semilinks (labeled here
by 1 and 2) carrying the spin j, and consider a normalized
superposition

&) = D g,

P N
/eef

e, (5)

with coefficients g;. The gluing of the N vertices described
by |¥) into the graph I is then performed by projecting |¥)
onto I') =), r |e), i.e., by applying to |¥) the operator
(up to normalization)

I = @ (Dly;.[’les, ) e;,

el j,

)- (6)

The role of I is precisely that of entangling, in every spin
sector, the data of pairs of semilinks according to I'. The
result is a superposition of spin network states with support
on y, the set of which we denote by H, = IT-(H"). Note
that, when restricting the attention to vertex states picked
on a single spin sector, the setting reduces to that of
previous work [21,26]. We thus constrained the link spins
to be in (a superposition of) singlet states, in order to be
glued according to T

In principle, we can proceed to constrain the intertwiner
degrees of freedom as well and focus on the resulting
boundary state. To do so, first notice that the graph
Hilbert space splits into a sum over boundary link labels

E = {jeoay},
H, = @Hf & Hj. ()
where we introduced the Hilbert spaces for bulk (b) and

boundary (0) degrees of freedom when the boundary links
carry the spins E,

® Iy Hi=QV: (8

{jo: eeT}x€y e €y

HE =

in which the latter has a tensor product factorization over
boundary links, while the former retains a sum over bulk
spins j,. We can then choose pure states |(z)€HE =

&b jieer L i and define another projector

n-o(en). o

which enforces the state to have certain intertwiner data in
each sector.
Then, the projection

(o)

= Ha“r@l‘% (10)

corresponds uniquely (by exact knowledge of the state of
the bulk) to a state of the open (unglued) boundary

semilinks, described by the Hilbert space

Hy 2@ Q Vix Q V= QV.. (11)

Joy €0y eEd j, eEdy

Because of this factorization, it is straightforward to speak
of entanglement and measures of it in the boundary-
reduced case.

In contrast, the fixed-graph Hilbert space H, with no
restriction on the intertwiner data, thus with a generic
superposition of them, has no obvious factorization proper-
ties at all. In such a setting, the notion of entropy survives,
but several subtleties arise in quantifying entanglement
with it [37-39].

Nevertheless, holography can be characterized more
directly than through entanglement scaling. We indeed
use an alternative strategy, in which we can neglect this
distinction and still make use of entropies as a computa-
tional tool to characterize holographic behavior; in par-
ticular, the latter will be traced back to isometric mappings
between graph subregions. This is the task we tackle in the
following.

C. A notion of holography

We introduce here a simple but effective notion of
information transport that allows us to make assertions
about a form of holography. Details may be found in other
work [40], in a more abstract context not focused on spin
network states of quantum geometry.

Consider first the embedding of the graph Hilbert space
H, into the tensor product H, & H,, with H, =@ H},

and Hy =@, HE. The main idea is then to introduce a map

ip: B(H,) = B(H, @ H,),
X-XQ®L,

to (trivially) extend bulk operators into ‘“bulk+boundary”
ones and a partial-trace map

PTry:B(H, @ H,) = B(H,),

Y > Trb[Y],

which restricts bulk 4 boundary operators to the boundary.
We can then use these objects, suitably generalized, to
define a mapping between algebras of operators associated
with the bulk (A;) or boundary (A,) subsystems. The
equivalence between the two subsystems is then the state-
ment that the mapping between corresponding operator
spaces is isometric.

Such a statement may be translated into a calculable
question about Rényi entropies of the bulk-reduced state

pp- This also connects the present framework to pre-

vious work.

046024-4



HOLOGRAPHIC PROPERTIES OF SUPERPOSED QUANTUM ...

PHYS. REV. D 110, 046024 (2024)

The pieces are combined as follows: we suppose that
holography can be expressed by turning operators (or
operations) X, on the bulk system into approximately
equivalent operations on the boundary system. If the two
are part of a larger system, we can extend bulk operators to
the whole system by the operation i,. We could then
evaluate i, (X, ) in the whole state p of the system (here, our
graph state), to get Tr[i,(X)p], or instead reduce this to an
effective operator on the boundary through the partial trace
PTr,. The algebras Ay, serve in this as a restriction to sets
of operators where this “operator transport” suitably keeps
all or most of the data of the system.

This operator-focused approach not only allows for
immediate transport of operators on top of Hilbert space
states, but it is also necessary for the direct-sum Hilbert
spaces we consider here, which, as we remarked, do not
have straightforward factorization properties. Indeed, if we
were to apply a Hilbert space mapping paradigm, mapping
bulk states to boundary states, then we would have to
confront the questions of which Hilbert space would be the
bulk one, which one is the boundary one, and how we can
see these as subsystems; these questions are highly
ambiguous, absent factorization.

To begin, we introduce the algebraic subsystems

By, = Eg?\} B(Hf),
By= @ B(Hf) (12)
EEW,

of the full algebra of operators on the graph Hilbert space
A=B(H,) = QBH; Q Hj. Wy QHf). (13)
EE

where we choose the index sets W3 a posteriori to ensure
isometric mapping between the two sets. The restriction
can be motivated as follows. If the mapping of algebras is
defined on all sectors, in general, it will not be isometric.
By analyzing the conditions for it to be so, one can identify
necessary restrictions on the set of graphs colored by the
labels E. In principle, then, the mapping is only isometric
when restricted to the subalgebra fulfilling these “isometry
conditions.” This may be seen as an analog of the common
practice of selecting a “code subspace,” which is properly
reconstructible from the boundary data alone. This, of
course, includes at a minimum the restriction that the
dimension of the input algebra is not larger than that of the
output algebra.

We relate them to the full algebra through the associated
extension and partial-trace maps

iplo PTry

Byg=Apg € A—>Byg (14)

given, for example, for the input/bulk algebra by

i (X) =Y Xe @1y

PTry[X] = ZTTa,E[XEL (15)

and whose images we name Ay, = Im(iy|y) [41]. These are
the “naive” partial trace and extension, and our choices of
algebras can be motivated by this naive choice.

However, additionally, we must make this choice for
bulk and boundary algebras where we only have sector-
diagonal operators, because any nondiagonally acting
operator will not have a clear notion of “leaving the
complement invariant.” If we understand a bulk operator
X =) prXpr to leave the boundary H5 invariant, its
matrix elements with respect to a basis |E, i|j) of the bulk
HE labeled by i, j, and |E, m|n) of the boundary HZ labeled
by m, n, should satisfy

(E.J(E.n|Xpp|F.D)|F.m) ~0p by, (16)
but this is only a sensible equation if £ = F holds on the
right-hand side, and therefore must be enforced on the left,
giving a sector-diagonal operator.

On the other hand, if we instead defined bulk/boundary
operators to be sector mixing, such that

BZ=B(@HE), BSZB(@HS:), (17)

then there would be no obvious way to extend or realize the
non-sector-diagonal ones to/in the algebra A. Said more
succinctly, these sets are not (isomorphic to) subalgebras of
B(H,) and therefore do not function as algebraic subsys-
tems. We are therefore led to the choice of bulk and
boundary algebras (12) as the largest sensible one, and
notice that they are not realized as operators on a single
Hilbert space, but only a certain subset of those. In fact,
they are the subalgebras B;,; C B’b‘ , such that their center is

given by the boundary spin Casimir operators {J2: e € dy}.
This is, in fact, what we get if we remove from the full
algebra A all holonomy operators h, on boundary links
e €0y [38]. In this sense, because we are removing the
boundary gauge field from the algebra (usually associated
with magnetic degrees of freedom), we could interpret the
bulk/boundary algebras (12) as electric algebras.

Now, with these preliminary choices at hand, we can
define the superoperator mapping bulk operators into
boundary operators via the Choi-Jamiolkowski isomor-
phism [42,43],

T

»(X) = KPTr,[i,(X)p]

= ZKCETr,,E[(XE & Lo )peel,  (18)

where
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p =) Vrcirer €D(H,) (19)

with Trlppz| =6 and cp = Trglp] 20, Y pcp =1,
K >0, and D(H,) the set of density matrices on H,.
The sum is again over boundary spin labels E = j,,.

In the following, we will work with proper subalgebras,
s0 By CDg B(Hyjpr). The main reason is that it is
generically impossible to make the mapping on the full
bulk input algebra isometric, just for dimensional reasons
alone. We will make a choice of subalgebra by selecting a
subindex set W of sectors E. The specific choice depends
on the scenario of information transport we consider and
will be done a posteriori.

Assume now that the dimension of 5, does not exceed
that of 3, so that isometry between spaces of operators is
possible, in principle. We find the condition for 7 , to be an
isometry in the Hilbert-Schmidt inner product on the
operator algebras by equating the two expressions on the
input (bulk) and output (boundary) sides,

(T,(A).T,(B))s

’ = (A, B)y. (20)

As illustrated in [40], this is equivalent to the requirement
on the state p that
C%K2Tra§2[(ﬂE.E R ree)Sol =S, Y EEW, (21)
in which we use the “swap operators” S that exchange two
identical copies of a Hilbert space.

In the case where the states pg  are pure, the isometry
condition above simplifies drastically to

]IbE DbE
- ) CE _ = ~
Dy, > Dy,

together with the condition on bulk dimensions D, =
dim(H}) given by |K| = >z D, =:D,. This, in fact, is
just the requirement of trace preservation. Therefore,
schematically,

(PEE)S VEEW, (22)

pepure: T ,Quantum channel = 7 ,isometry. (23)
We will restrict to pure states pr in the following, as
results from [40] indicate that it is generically difficult to
get isometry of 7 from mixed states. Therefore, in this
work, we will establish when the transport superoperator is,
typically, a quantum channel, and this will be the sense in
which we identify isometric and thus holographic states.
Furthermore, trace preservation is easy to convert into a
calculable statement about entropies, which also directly
connects to previous work.

Let us consider entropies for those isometry-inducing
states. For any normalized input state ¢, Hermiticity of the
channel 7, and isometry imply that the Rényi-2 entropy is

Py = Try[|p) (4]

left unchanged by the channel,

e=52T(0) = Te[T ()2 2™

T1som

Tt[7(0)™7 (0)]

Trlo'o] = Tr[c?] = e=5:(9), (24)
The Rényi-2 entropy of the reduced state p,, itself is then
also purely determined by the range of sectors and is

maximal,

e=52(p)

— Zc%e—sz((/’&ﬁ)b)

dim( Hy, 1 1
=2 =0 =5 (29)
D d]m(HhE) Db

We now shift our focus toward determining which classes
of spin network states satisfy these last requirements. The
method we use is entirely analogous to the one used in
previous works [26,27,35,44] and relies on entropy calcu-
lation conditions, written, e.g., as S ((pgg),) = log(Dy,).
Via the swap operator [45] we can rewrite the Rényi
entropy as traces over two copies of the system,

Trip [pSS,]
Trye [p7)

_ Trig[(19)(¢)®>S))
Trye[(1¢) (¢]) ®)

(26)

We have introduced the state |¢) here as a stand-in for
whichever pure state we assign to the full system. In the
case of bulk-to-boundary or boundary-to-boundary maps,
we will use pure states of different systems. For example, in
the boundary-to-boundary case, by using the projectors
I1,, [T, we consider a state |¢) = I1,II1|¥) with |¥) € HV.
We can then further express the numerator and denominator
in terms of traces over H®2. For this, note that for product
states |T") and |{) for, respectively, links and intertwiners,
the reduced state is

= Ty, s, [(T W) (WIT. £)]
= Ty, e, [IT. O CIW)(YL - (27)

where we traced out the link (shorthand H) and intertwiner
spaces to impose the correct relations on the state and
projected out everything that is not in the boundary Hilbert
space. We can thus equivalently apply the projectors IT,
and ITy- and trace over H®2, With a product of vertex states
as a starting point, the Rényi-2 entropy then takes the
general form

) Tryue: ME I (@) (F, ) ©2S,]
e™5:r) = . . (28)
Ty M (@)W, (. ) 7]
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Importantly, we have reduced the trace from H,; &)
H, @ Hr, i.e., the tensor product of the Hilbert spaces
for boundary links, intertwiners, and internal links, to the
“sector-diagonal” subspace H. This is possible since the
vertex states we start from have intertwiner/link/boundary
data whose sectors are matched, meaning |¥,) € H,.

The case of bulk-to-boundary maps will be treated later
in more detail.

D. Randomization over vertex states

Instead of calculating the entropy for a particular state,
we will make a typicality statement about our class of spin
tensor networks. So, colloquially, we will ask: what is the
average degree of isometry for states with specified graph
structure? The value of such a statement depends crucially
on the deviation from the average. However, as was shown
in previous work on random tensor networks [27], the
deviation is sufficiently small in a particular limit of bond
dimensions. In our context, this limit must be taken on all
bond dimensions in the superposition. As we will discuss
shortly, our construction requires the introduction of an
upper cutoff J on dimensions, which may be arbitrarily
large, but, in addition, we require a lower cutoff 2. By
taking this lower cutoff to be large, all bond dimensions
involved in the superposition are large enough to suppress
deviations from the average.

In our class of states, then, we can write the average
purity as a partition function of a randomized Ising model.
To see this, we first average over a distribution of vertex
states |¥,) = U,|W.t), where we choose some arbitrary
pure reference state |¥,.¢). This distribution is chosen to be
uniform over the unitary group relating different single-
vertex states [46]. More explicitly, we perform the integral

<(|lP)c><lPxD®2>Ur :=/Z/[(I]-U )d:u(Ux)(lelpref><‘Pref|(Ux)T)®2

=R ((|¥)(.)®?). (29)
where du(U,) is the Haar measure on the unitary group U,,
for each vertex x separately; the last line defines the
operator R, implementing such an average. By linearity
this average commutes with taking traces and we denote it
by (—) in the following.

If all participating spins in the state are sufficiently large,
say larger than some lower cutoff 2 [47], we can suppress
fluctuations in the quotient

sy [ Trel() (@) ®2S))
< o <Ter{<|¢><¢|>®2] >
(Tryg [(1#) (@)®%S,)) 2,

~

(Trel(10) (@) 2o’

as has been shown in random tensor networks—the
measure concentrates over the average if all spins are large.

(30)

A short note on this regime is in order. Operationally, we
are simply making a statement about a class of states that, in
Peter-Weyl decomposition, consist only of certain repre-
sentations. Physically, we may inspect this (still relatively
large) class of states from several angles. For one, if no
superposition is made and we deal with a single spin
network state, (LQG) area operators associated with indi-
vidual links take sharp values. This is already not the case
once we superpose. In this large-j regime, the relative
spacing in the spectrum of the area operator on any given
link becomes arbitrarily small. However, this phenomenon
already occurs at lower spins for sums of area operators of
different links, which are used for larger surfaces.
Furthermore, while for a single sector the area values
may be sharp, no sharpness is present ab initio for other
quantities such as length operators or angles (spin networks
are not eigenstates of those operators). Second, the states
have a fixed entanglement pattern that is in no way erased
by choosing large representation labels from the beginning.
These quantum information properties are our focus, so the
area values are of secondary importance.

The operator R, acting on two copies of the single-vertex
Hilbert space has the property that it is invariant under
unitary conjugation,

VO2R(VH®2 = R (31)
by left invariance of the Haar measure.

Crucially, this requires the group to be a finite-dimen-
sional Lie group (this integral does not exist on the infinite
unitary groups, so our Hilbert spaces must stay finite
dimensional). Thus, we must require all spins of the state
to be below some (arbitrarily large) upper cutoff J.
Therefore, all we can consider in our framework are subsets
of the set of spin tensor network states that have only
finitely many, sufficiently large spins in their superposition.

With this property, we can easily find what R, is—the
only two operators invariant under this action are the identity
and the swap operator and are combined in the form

1
Re = Gim() (dim (i) + 1)

(L, + S,). (32)

However, the dimensions here, of course, need to be the
ones of the truncated Hilbert spaces, as otherwise the
right-hand side would vanish. Since we average over each
vertex separately, we really replace the initial random vertex
states by

1
T1, dim(H,)(dim(H,) + 1) @(L +8).

(33)
We will perform three types of average in this work, some
finer than others. The “medium grade” is the one where
each individual vertex Hilbert space H, is averaged over.
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The coarser one averages instead over all of them simulta-
neously, so over ), H,, while the finer one performs an
average over each sector Hy of the single-vertex Hilbert
spaces, and additionally allows for a probability weight p;

among the sectors [48]. This distinction amounts to different
granularities of typicality statements. A coarse average is
easier to produce and has larger validity, but of course may
not capture the finer details. A finer average, however,
assumes more structure of the objects and that no mixing
happens between the sectors averaged upon. In the coarser
case, we replace the initial random vertex states by

1
[ 1. dim(H.) (T T dim(H,

whose operators act on all spin network vertices (equiv-
alently, in the dual simplicial geometry picture, tetrahedra)
simultaneously. On the other hand, the finer average pro-
duces

)+1>(]H-S), (34)

®(]IH®2 + SH®2) 192
J

L QL
p.d =K 2

Zk;pjpk D;D; +ij [LDs(Dy +1) D2 |’

J J

(35)

which, in the regime of high spins, is well approximated by

® (HH?Z + SH<§)2> - HH@Z I ®2
D SRS S S| S I
—j dim(H;)? I dim(H;)
J

= Q) 4107 Q I, (36)

Then comes a crucial rewriting. To make working with
the tensor product above tractable, we recognize that, when
expanded as a sum, each term will have a number of swap
operators, and identity operators do not matter. Each term
can then be labeled by the set of vertices with swap
operators on it, a —1 indicating a swap.

The method introduced by Hayden et al. [27] assigns to
each vertex a +1-valued Ising spin o,, which indicates
whether a swap is on that vertex or not. This means the
product (here for the medium grade average) turns into the
sum over Ising configurations

H dim(H dlm

To explain further this step, each term in the original sum is
mapped to a unique Ising configuration such that the region
of swap operators is the region of Ising spin-downs. Then,
every configuration must be summed over. This turns the
numerator and denominator of the average purity into
“Ising partition functions,”

SES) Z@Sz (37)

Zl‘O—ZTrH‘X’Z@ N8 =S e @ (38)

o

and evaluation of the average purity is turned into a
calculation of Ising-like partition sums. The projector II
will depend on the application. In the case of large bond
dimensions, we can approximate the sums by their ground-
state values as the lowest bond dimension plays the role of
inverse temperature. The result is that achieving minimal
purity of the reduced state, corresponding to having an
isometry, depends on the size of the local input and output
legs, along with the underlying graph structure.

In the case of the coarser average, this sort of tensor
product does not appear and the expectation values can be
directly computed. Similarly, the fine average, in the high-
spin limit we are interested in, does not have the tensor
product structure of the medium one. Instead, we have
effectively a structure closer to the coarse average, with
additional dependence in the weights p. Still, an Ising sum

for each sector j is necessary, potentially complicating the
calculations. We therefore delegate the calculations of the
finer and coarser averages to Appendixes B 1 and B 2,
while the main body of this work is concerned with the
medium average. As it can be seen in that Appendix, the
results are not drastically different.

E. Rewriting the Hamiltonian

To calculate the partition functions, we need to find a
usable expression for the Ising Hamiltonian. This is
straightforward when the Hilbert space factorizes over
vertices or links, but in the case of superposed spin sectors,
this is less immediate. Because the Hilbert space does
not factorize, we first have to split the trace into a sum over
the spin sectors, in which we can then easily determine the
Hamiltonian.

More precisely, the total Hilbert space is the direct sum

H = @H, = DH;.
* j

We can thus decompose the trace over H®? into a sum over
the spin sectors I]-I]J? and rewrite the trace as follows:

leo = ZTT ®2®S Sb 1‘0]

Z Try. ®n—n H®2®S 1‘0] (39)
(1k.3)

The individual summands depend, through the choice of

the Hilbert space traced over, on the spin sets j, K. The
traces in each term are now over spaces that factorize over
vertices and links, and accordingly the single-vertex swap
operators do so, too: S, = S7, [, Sa. The traces can
then be evaluated over intertwiner, link, and boundary parts
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separately. Then, the general form of decomposition we are
looking for is as follows:
-0y N .
Tt [M®2@S,™ ... = A(j. K, 6)K;K e k2 (40)
X
The three factors are nonunique, but fulfill specific
functions:

(i) The A factor is Boolean (or [0, 1] valued for the
boundary-to-boundary mappings) and indicates
whether a term vanishes—depending on the combi-
nation of spin sectors and Ising configuration, the
term might be zero. Constraints arising from this are
to be incorporated here.

(i) The K factor absorbs large contributions to the trace
that depend only on the bond dimensions given
through the spin sectors. They function as a normal-
izing factor and will drop out of the calculation if
one considers only a single factor. We can generally
expect something of the form K; = Trﬂ.ﬂj [IT].

(iii) The Hamiltonian H is the main quantity of interest and
contains all dependence on the Ising configuration. It
also depends, in a normalized way, on the spins of the

spin sectors j k. The function is designed such that it
is nonvanishing only where the A constraints are
satisfied. This means that there is no ambiguity about
whether the Ising model is subject to couplings
from jorl_{.
Typically, in the following, the decomposition for Z, will
be chosen such that the Hamiltonian H, satisfies

- _> . . .
Hy(j,k, +1) =0, and the resulting choice of Kj will

be applied for Z, as well.

For example, for the case of bulk-to-boundary mappings,
discussed in Sec. III A, we can find the following expres-
sions, with details relegated to Appendix A 1:

1-boy

sa) - [T @
ecy
HD [Llg: P T1 ), = Tra [, ). - (42)
eEy e€ady
1-bo,
Hypo(J, Zx Z oA (43)
ecy X

with couplings 1, = log(d; ), A, = log(Dj:).
Similarly, when discussing boundary-to-boundary map-
pings in Sec. III D, we will use the data

. I—JS(;)O‘[<E)
AI‘O(J’ k, ) COS gjlzéjl k¢ Hﬁje»ke B (44)

X34
K;=Trsli, 5, 1]l

211 .. (45)

eEy eEy

1 = 065(0)04()

oo 1 i
Hyo(j. K, 3) = A + 5 52(X(doy- 31))

38X (Ey, K1), (46)

with details again found in Appendix A 2.
Let us also define, for reference, the quantities

1‘0 ZAI\O ]’

which enable us to phrase the discussion of the partition
functions nicely. By defining the normalized distribution
over spin sectors

Hl\()( kﬁ)’ (47)

(48)

we see our quantity of interest as a probability average over
Ising models,

Z
—Sz(ﬂb) z_l
(e Ju Z
e e HiGkE)
=D PR M k5). (49)
(G.K) i Z

If all spins in a given sector are large enough, we can
perform a crucial approximation to the partition sums. In
the Ising model, we may approximate the partition function
by its ground-state contribution if the excited states have
very low weight. This is the case if the couplings of the
model are very large, as any spin flip will increase the
energy by an amount proportional to that coupling con-
stant. When the spins are all large, we have that
zg¥xt. 2 mexp(=H, (5. K. Gas)).  (50)
where 65g is the ground-state configuration; this approxi-
mation massively simplifies the distribution P as well,

P(j.K) ~ p;pi . L (51)

In particular, given that Z, = (Tr[p]?),,, we can interpret
the factorization of the partition function as the statement
(Tr[p]?),; = (Tr[p])? in the high-spin regime. This, in turn,
simply reflects that, in the high-spin regime, p is on average
a pure state, which is to be expected since we only work
with such from the outset.
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In this high-spin regime, we may make general state-
ments about the behavior of entropies. Assume that the
Ising sums in Eq. (47) have been calculated, and denote
their approximate value by

Z{M) = Xk, (52)

Then, the full Rényi purity e takes the form of an
expectation value in the probability density vectors P =
p & p over pairs of spin sectors,

(e )y~ Y pippe iw= (e ) (53)

We are therefore able to use a cumulant expansion for X
and write

] = (—1)!
= (-2 nm) o
with cumulants of the random variable X,
k1(X) = (X)p,
Ka(X) = (X2, (X)3, etc, (55)
Then, quite generally,
(S2(pp))y ~ Z
n=1
1
= (X)p —5(<X2>p —(X)3) + ..., (56)

which shows that the overall entropy will not be “sharp” in
the sectors, but be an average of the quantity X that depends
on the contributing sectors nontrivially. In the particular
case that the partition sums evaluate, individually, to an
“area” of a certain surface S5k which bounds a bulk region

Ziﬁ in the graph, such as

k= > log(d;)=

ee Sil‘(

X A (57)

g

B —-

then this gives a Ryu-Takayanagi-type formula for the
entropy which takes the P-expectation value of the
area operators Asz associated with the set of minimal

surfaces >- -,
J.k

Ly

($2000))u %, (A% = (3) + .. (58)

2.42

where remaining terms capture higher cumulants of Asy.

A well-known fact about random tensor networks with
fixed bond dimensions (equivalent to the fixed-spin case
here) is that they feature a Ryu-Takayanagi formula with a
“trivial area operator.” This means that the area operator Ay
of the minimal surface X, appearing as

1
SvN(pb) ~ Z

(wlAs|y), (59)
is proportional to the identity operator on the graph Hilbert
space,

Ag = 4<Z 1og(dj€))]1H7. (60)

eeSs

This is also the case in our setting, because for just a single
sector, there is only one possible value for the spin on each
link. The “tensor network area” a,ry(j.) :=log(d; ) is
then just a function of those c-number labels on the Hilbert
space. This changes with multiple sectors as seen above: we
have instead that the area operator is evaluated on a set of
minimal surfaces 25.1?’ and we can therefore write

(S2(pp)) 421) (. k)( W|A24~| ),

Ag = ZAe =Y ) 4log(d; L. (61)

eeS eeS J.

The area operator on the right is not simply a multiple of the
identity because it assigns different values to a surface S
depending on the state. In this sense, our area operator is
nontrivial in a very similar sense to that of recent studies
[33,34]. What is distinct is the possibility of multiple,
distinct minimal surfaces that contribute to the entropy.
However, this can be argued to be natural: if different
sectors correspond to different sets of states with different
metrics for spatial slices of a spacetime, then the condition
of being the surface of minimal area depends on the metric
in question or, more simply, on the sector. Therefore, to
obtain the entropy, one does not evaluate the area operator
on a single given surface in the bulk, but a number of
potentially different minimal surfaces determined by the
state, and average their areas according to P.

We note also that, while the area operator here is of the
same form as the LQG area operator (for the diagonal series
of eigenvalues),

ARG =SNGl + Dy, (62)

ees eesS j,

ALQG

it differs in the area values themselves: a,1qc(s.) =
\/S.(s, + 1) does not even match in terms of scaling.
Therefore, we can not naively identify the Ryu-Takayanagi
graph-area operator above with the discrete geometric LQG
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area operator. If we want to do such an identification, there
must be a difference between the “graph spins” j, in our
construction and the “LQG spins” s, such that the two
match

se(se + 1) 1og(2j. + 1) (63)

at high values of the graph spins j,. An identification like
this is routine in tensor network models of holography—
a priori, to interpret the logarithms of bond dimensions as
areas, a relation between the two must be stipulated. This
can, for example, be done by embedding the tensor network
graph in an ambient metric space and matching bond
dimensions to the areas of dual surfaces in the space. Here,
we can instead stipulate the matching through the micro-
scopic LQG area operator and even give it a preliminary
interpretation. We also note that this is independent from
the question of superpositions and already features in the
same way on a single link with fixed spin.

This sort of matching makes sense if we see d; as an
“effective bond dimension” of a system that subsumes
many coarse-grained, or rather “reshuffled,” degrees of
freedom, whereas the s, describes the “microscopic”
geometry in terms of LQG areas. The area operator
appearing on the right-hand side of the Ryu-Takayanagi
formula should then be understood as a reshuffled one. In
fact, from this point of view it seems most plausible to
interpret the graph states themselves as a sort of reshuffled
spin network. These kinds of reorganizations would not
strictly be coarse grainings in the usual sense of the word,
as the full dimensionality of the space of states is preserved.
Instead, it may perhaps correspond to a type of “exact”
renormalization procedure.

It needs to be stressed that the nature of the averages
(=)y and (—)p is quite different. The former is, effectively,
a product of (uniform) averages over the Hilbert spaces H,
and a classical one, in that whatever quantity X [49] we
compute in it (i.e., any average expectation value) corre-
sponds to an ensemble average of complex numbers

<Tr[ﬁj\(]>U = ZPV/Xyn

X, = (wlXly) = Trjw)(w|X].  (64)

each of which is a quantum expectation value, and the
probability P, is the uniform distribution. As far as the
meaning of the average (—)p is concerned, first note that we
can write p as

K;
i ka

K; = Try, [11] = dim(H;), (65)

with the operator I1 that brings us from the full Hilbert
space to the constrained one. For example, in the case of

constraining onto states with definite graph pattern, IT
works as a projector that conditions the quantum proba-
bilities on the given graph pattern. Then, pj can be

understood as a kind of combinatorial probability for a

given, uniform randomly chosen vector |y) € [1(H) to be in
the subsector [H]J?i the larger the dimension of the sector, the

larger the chance for a one-dimensional subspace to be a
part of it. The interpretation of (—) is then the following.
Given some operator X on the system, we can write its
average in the same way as above,

Z, = <TrH(H)[ﬁX]>U:ZTrHj[ﬁX]’ (66)

with the same Z, as above. Then approximately, this can
again be written as

X;=—1——= <<)A(>pj>UJr’ (67)

50 to get the average expectation value of X in a pure state,

we take the probability of the pure state to be in sector jand
weigh by the average expectation value in that sector. For
this interpretation, we see the object X as a random variable

on the space of events given by the sectors j, with values
X;3. To any quantum operator X, we can associate such a

classical random variable X.
The extension to operators on two copies of the system
brings with it the modification that the weights X ik are now

dependent on a ground-state configuration ogg of the
Ising model, but otherwise the interpretation is the same.
We can therefore see that the average (—), is quantum,
(—)y 1s classical and statistical and (—), is classical and
combinatorial.

We can also derive general necessary conditions for the
purity to be minimal. To be more precise, consider that the
condition on purity and therefore the isometry condition
may be written as

_ Gk _ ]
(p.Mp) = ZP“M*kPk M =2, D,

(68)

where D), is the total bulk dimension. The special form of
the matrix M allows us to get an idea of when this is the
case. We may sketch the argument already at this stage,
without referring to specific situations of interest. We can
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calculate the determinant using the matrix Z; with
entries Z(lj’k),
1 > o =
det(M) = det| Z, —D—l X1
= deu(z,) (1= - T'(2)'1
Dy,
1 -1
= det(Z,) (1 - Dbzk;(z')i'?) (69)
i

So assuming det(Z;) #0, we write it as a diagonal,

invertible part W with entries Wi = Z‘lJ plus a matrix
with empty diagonal. Then, factoring out the diagonal, we
obtain the form Z; = W(I + a). We can then solve for the
inverse of Z; and expand the above expression. At first
order, det(T + @) ~ e™® =1 and (Z;)"' ~ (W)~ (I - a),
meaning the above is

<> (Wi e (70)

Then, the necessary condition at zeroth order in a is

Zj(Wj)_l = Dy If, schematically, D) = 5 Dy, then
< Dy,
_ 1 . . _ )
Wi = Di. fulfills the condition and the vector p;= D—: is

J
a solution to Eq. (68). Therefore, for sector-diagonal Z;, we
know a necessary and sufficient criterion on the elements of
the partition sum to fulfill the isometry condition,

D; | Dy

== 71
Pi=D5 D, (71)
which requires that the “boundary dimensions” D, are
J
constant across all sectors, D,)_ D in order to factor out

of the fraction. We will see th1s again later.

III. ISOMETRY CONDITIONS ON SUPERPOSED
SPIN NETWORKS

A. Bulk-to-boundary maps

In seeking holographic behavior, we are concerned with
the equivalence of a bulk and a boundary space. The setting
for us is to consider a fixed graph connectivity y and a state
in the Hilbert space,

H, = ?ﬂ-ﬂf ® HE. (72)

We have a nontrivial center given by sector-diagonal
operators » Azl Our interest will be in determining
which choices of connectivity result in quantum channels
that are isometric between the spaces €@y B(HE) and
&P, B . In this bulk-to-boundary mapping case, we
will call such a channel and, by proxy, the state from which
it arises, holographic. The average purity of the reduced
bulk state in the high-spin regime is expressed as

(eS:0)y =" pippAi (. K; 5)e D (73)

ikso

with all quantities defined in detail in Appendix A 1.
We will now present a sufficient condition on the graph
data and set of input sectors VV, such that the isometry

condition is fulfilled. Unless a sector j is excluded by
having [, ¢, [g;, 2=0,
€] Vj:jay €W, 6 = +1 is the minimum of Hl(j, o).
(2) V,i:jay EW, H_e)ey |gjﬂ 2 Heed}/ djg =C with C
independent of j.
That this condition is sufficient can be checked directly.

In general, A, allows only terms labeled by (j. k., &) such
that §y € G5 = {x€y|j* = k*}. In particular, there are

no restnctlons when the sectors are equal. If 6 = —|—1 is the

ground state of H, ( j, o), then we appr0x1mate ZJ by the

term corresponding to it. However, when j J # k, A, = 0for
this Ising configuration, implying that Z{"k = Z{’jéiﬁ, with
P =Wl =g

Additionally, the second condition

J
implies for the probability weights p; that

Db]r]._‘[eey|gj(, ZHee&yd}
;=
oD e o )? dy,
D, C Dy,
kD C XDy

(74)

which is, as we discussed before, sufficient to reach
minimal purity. This condition is in a sense the obvious
one. It requires that all sectors that appear in the class of
states must themselves be able to support holographic
transport and also constrains a little the weights by which
they are superposed. However, this does not include the
case where some sectors are not holographic by themselves,
but their superposition is. But in fact, if the choice of data
given by the cutoffs, the gluing pattern, and the coefficients

g are such that the matrix of partition sums Z{'k is
approximately diagonal, then the general argument given
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before enforces this sufficient set of conditions on the
sectors and makes it necessary. Therefore, to find more
general sufficient conditions, we need to inquire how
diagonal said matrix is.

Let us again use the language of nontrivial centers to
investigate this issue. In the following, we denote by E the
set of boundary spin values j, which are values of the
spectrum of the center of the algebra in our Hilbert space.
We decompose our unnormalized states according to them,

9 = ().
T 1) (@]  Trgll) (1)
Ceeh =T ot T e

We will study the impact of the trace preservation con-
ditions (22) on these objects and the subsequent constraints

on Z{’k. To begin, we first match the entropy calculations of
the state p, and its sector components in order to derive the
right type of replica trick.

Using formula (25), we connect the following expressions:

Trig [() ()28,

Trie (1) (@)
Trye [(14) (6@
Trye (1) ()@
Trye[(16) () ®S))
Tre [(10) () ®?]

Tris, o, (1) (#) B35
Z Trye (1) () ®?)

e~5:((peE)y) =

2
Cg =

=S2(pp) —

. (76)

which implies that we should use the sectorwise swap
operator S;, = Y S, for this calculation. [50] While it
is diagonal in boundary spins E, it is not so in the bulk ones.
As we will now see, the same property holds for the matrix of
partition sums. We can rewrite the purity e=5:(?») in the same
Ising-oriented fashion as before, (e=52(?)), ~ 7. but with

sums over E,

Zip = Treu ((10)()®)0S,°).  (77)

which are diagonal in E,E due to the special swap
operator here.

We may therefore write Zyg = >z Z 1‘0 , by defining the
“boundary-fixed” partition sums
S E.E 10
Z5E = Try, e, [((10) (@) ®%)0S,)°). (78)

which are related to the previous partition sums by

E.E (.K)
Zyjy = ZK iKiZio s (79)

JB-kp

where the full spin sectors 3: Jr UE, K= k, U E are
composed of the bulk spin sets j,, k;, and the boundary

spins E, leading to
Zl ZgE ZEE
= 80

We can furthermore identify, through quick calculation,
that

<e_52(ph)>U

ZE’E ZE.E
- g E — = 0
<e Sz((PE.L‘)b)>U = W’ <c%>U = Z—o (81)

The only assumption that goes into this is that the
calculation of the two Rényi purity is the same if calculated
over the full graph Hilbert space or over its individual
sectors, which is true before averaging and which is true
after averaging if and only if

<c%e_s2(<pE,E)b)>U ~ <C%> U <e—52((/’5£>b) > U- (82)

So a certain type of localization of the average is required,
but we expect it to be naturally realized in the regime of
large spins, in direct analogy to the arguments presented by
Hayden et al. [27]. In the case of a single vertex (see
Sec. I1I B for an overview), one can verify this by direct but
tedious calculation, leading to the result

D, + D 1 1
2 o=S2(pep)y)y, — —be T op [ i
(Gestveniy, =2t 2% (14 0( - 1)),
D> 1 1
2 __F 1 —— ,
=5 (1+0(p,5))
D, +D, 11
=t  Fl1+0(—.,—] ). (83
vT T D} <+ <DE D)) ®3)

<e_52((/)E,E)b)> 5

This also directly demonstrates that the high-spin regime
needs to apply to all sectors E. We stress that the partition
sums need not be diagonal in the bulk spins.

It is noteworthy that the average value of ¢ can easily be
computed,

Trg [ (%) (¥]) o]
Tr[MIp (%) <‘P|> ]
TrE [y ]

- T[]

(ce)y ™

ijbUE (84)
zFDF .

Matching this with the required value necessitates that D,
is in fact independent of E. In our case, this means a
restriction to boundary spins E = j,, such that
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D,, = [[d;, =DyVE. (85)
eeady

So, we can only use certain sectors on the output side once
we fix this value D,. In the following, we will assume such
a value has been fixed once and for all.

We have much more precise control over the isometry
condition now. We can check it in every sector E separately
and it amounts to

ZEE 1 ZEE dim(H, )2
—FE = C AT Ay ey
Zyt dim(H,,) Zy  (D_gpdim(H,,))

(86)

Crucially, these conditions are necessary and sufficient.
The calculation of these boundary-fixed partition sums
Zﬁf can again be done through dual Ising models. These
conditions can be further reformulated to yield useful

constraints. Assuming the first condition, we can calculate
what the second is,

ZEED, 1
=D} . (87)

= SF.F zer
ZO ZFZI DbF ZFDbFDbF ZEE

~E.E
ZO

We can see from the expression in the denominator that we
need Z[‘Z :;, with ¢ constant, in order to achieve the

second condition. This, in turn, means with the first

condition

Zgt =qD} =kDy VEEW.  q=kD3. (88)
These are necessary conditions on all sectors that may be
included in the bulk algebra 4;, so the set W. In fact, they
are equivalent to the other set of conditions identified
earlier.

With inspiration from the single-vertex case (see Sec. Il
B for details), we can make further clear the role of all these

constraints. Define the new objects

ETE 7ik
ZL L Zls,

Jbekp

ZEE

Yﬁo 10 Ki = DEth, (89)

for which the isometry conditions become (for some
constant k)

YE=k VEEW.  (90)

Let us summarize the constraints we have from 1sometry or

trace preservation. On the partition sums 73X which

1|0’

represent the individual-sector data, there is the maximal
entropy constraint for each Ising model. This can also pose
constraints on the factors K j- Fora single sector, this is all

there is. On those factors as well as the dimensional data,
there is the further restriction for multiple sectors that the
output dimension must be fixed across all sectors and
possibly more subtle constraints.

Quite luckily, if the output dimension must be manually
fixed to be constant across all sectors of the problem, this
reintroduces a notion of scale into the discussion. What this
means is that we can once again speak of low-energy limits
for the Ising model in a sensible manner.

For this purpose, divide all the couplings in the Ising
model by f = log(D,). Then we can perform a universal
low-temperature approximation on Yuo by sending f — oo.

To be more precise, let us write out the full dependence
of the partition sums in terms of these quantities,

Zy = Z ¥p} N LELE ZAHO (J.k:

Jookp

—./7'1‘11\()(312;3)7

o1

where we have rescaled Iill‘o :% by rescaling the

_ _F Ax _ %
consider for the bulk to-boundary and boundary-to-bulk
cases, the L factors are independent of f. Furthermore,
there are subtle, indirect dependencies on g in D, ,A
which come from how many choices of E there are for a
given value of 3, but we neglect these here, assuming that in
the low-temperature limit these do not matter so much.

Then, that limit is dominated by the lowest energy
configurations of H 1o and the combinations of jp, kp
which minimize it furthest. We can find estimates for
these quite easily. First, take into account the constraints
from A. Let

couplings 1, = For the Ising models we

G = {xey:j* =k*} (92)

be the vertex set where the constraints do not change
anything. Then, for the different Hamiltonians, the con-
straints imply

Hy: 8 € G Hy:S, € Gig. (93)
or else the configuration does not contribute. We can then
compare the values of the Hamiltonians in the all-up or all-
down configurations (subject to the constraints) to see
which corresponds more to a minimum,

H(+)= > i+ > A
e €9G;\oy *€Gi;
Hy(+) =0,

Hy(-) = Ho(=) = 1+s5. (94)
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log(

where 55 = l()g( and the reduced couplings are given as
Ao = ﬁi%d; A, = llf)i((g;)) . We assumed here that the “all-

up” configuration for A, is up on Gj,lZ and down

elsewhere. This does not necessarily give the minimal
energy configuration, but is a good approximation to it.

In particular, when j: K, it reduces to Hi(+) = 55

We can think of the contribution from (3G~ ~\dy as
being the analog of a bulk geometry- dependent minimal
surface—but we are calculating the entropy of the bulk
here, so no such surface is attached to any boundary
region and there is no meaning of Ryu-Takayanagi (RT)
formulas.

Notably, the all-up configuration is always the minimum

of H,, so the assumption Z(j)'k ~ | holds well. We can then
approximate the partition functions as

Vi = LELE el (95)

Jvkp

which for Z, gives the previous estimate and condition
for isometry and for Z; selects a certain type of
contribution of minimal energy E;(j, k). Which combi-
nations of j,, k;, give the lowest energy? This all depends
a lot on the size, shape, and values of spins in Gj.l?'

However, we can think of two extreme cases for illus-
tration. When the spin sets are equal, G}E consists of all

graph vertices and so E|(j,j) = rg = % On the other

hand, if the spin sets are nowhere equal, G~ - =0 and no

configurations with up spins are allowed Instead con-
sider spin sets that are equal at a single vertex
{z} = G;;, for which then

E, (]7k) = Az + Z j’e’ (96)

enz,ﬁ/dy

so it once again depends on the values of the spins at
hand at any given vertex. However, it seems feasible that
such an “off-diagonal” contribution might be smaller than
the “diagonal” one, if the values of the spins are not too
large. In the following, we will simply assume that there
is a number gz of combinations (j,, k&) for which H,
is minimal at value

S e+ YA (97)

€ E Spink X € Zin £

Emin.E =

for some bulk region X ;,r and a boundary segment
Smin,E of it. Then

_ 5. E E
5]b.min~kb<min )Ljh,min Lkbmin

e_ﬂEmin.E’ (98)

YE (%}f;)z = (ZH |9J,|2> = <H2|91«|2>2

jp €€y eEY J,

—1, (99)

and the next-to-leading term will be exponentially sup-
pressed. As we can see, the condition on Y§ is generi-
cally fulfilled in the bulk-to-boundary model because
lg;.| =1 for all boundary links, making the value inde-
pendent of E. So we are now in a position to give general
conditions for isometry to happen:

(1) First, the input and output algebras must be chosen
such that the output dimension in each sector is a
fixed D,, which we take here to be quite large.

(2) We assume the localization of Eq. (82), which we
conjecture to naturally happen in the regime of
high spins.

(3) The input Rényi-2 entropy in each boundary sector
is maximal.

This means we can, in this setting of fixed output
dimension, check the degree of isometry purely by
finding the minimizer E\;, r and its degeneracy gg, mea-
ning we are just looking at an Ising model with extended
set of variables (j,,k;,,0) and finding its ground state.
The problem is particularly simple because the minimal
value is most likely the one of configurations where the
bulk spins are close to the lower cutoff. This of course
introduces a tension between the approximations made.
We need a high D, to perform the approximation and require
all spins to be large enough for the unitary average to localize,
but still the minimal configuration will be the one with the
smallest possible spins. As the single-bulk-link example in
Appendix III C shows, the third of the three conditions
implies restrictions on the weights g; used to define the state
p, of the form

(100)

1_[|9j|2 ~ /Dy,

ecy

Let us summarize the consequences of these results for the
class of states themselves. In our setting, we consider PEPS-
like spin network superpositions |¢,) whose spins may take
values between 2 and J. If we further consider the (sufficient)
restrictions: .

(1) For any sector j that features in |¢,), the boundary
spins take the same total value, ie., A, =
> ccoylog(d;,) is independent of the sector.

(2) Fix any set of boundary spins E = {j,} in accor-
dance with the above. There is a unique pair of spin
sectors (j E) matching the boundary condition
such that the Ising Hamiltonian H; achieves its
minimum, and the ground-state energy gives
log(Dy, ). In terms of spins, this requires as much

inhomogeneity in the spins in j over the graph y as
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possible. More generally, require that the state peaks
on such sectors.
Then, provided we restrict the input and output algebras
sufficiently, the state |¢,) induces an approximately holo-
graphic mapping 7' .

We now illustrate the criteria investigated here in two
examples: First of a single bulk vertex, then for a single
bulk link, both of generic valence. The concrete model used
is derived in Appendix A 1.

B. Bulk-to-boundary maps: Single vertex

We give a full analytical calculation of the partition sums
for bulk-to-boundary mappings for a single spin network
vertex. While this example may appear trivial, it illustrates
the complexity of the calculations that already appear
without tensor network contractions when superposition
is allowed.

We begin with the full partition sums

Zip =) Tre:[M®QS, | = zf7  (101)

E.E

with boundary-fixed partition sums

1-boy
2
x

Zﬁf = ZTrHE®HE |:H®2®SI]-U }

= Z Z TrHEuj;, Mz, |:H®2 ®Sﬁ:|

. B EUj,,EUKk,
=> > KejKpu, Zig """

(102)

Now each term in this is, in general, hard to compute
already, but here it completely trivializes. Because of
absence of internal links, IT and the sums over j,, k,
disappear entirely. Furthermore, the sums are diagonal in
boundary spins E, meaning we only need to consider

E.E _ 12 7EUR.EU
Z0 =KiZ

10 10 J (103)

where the right partition sum is defined through the Ising
model. Using Appendix A 1, this is

Zﬁt(J)ﬂ,Euﬁ _ 2 : e—]_%zﬂs e T
6/\

—(0[1)

=p,"" + D;'D, (104)

and
K = D} D3 = D3} (105)

and therefore the Ising sums are

Zy = Z(D% + Dg).
E

Z, = ZE:D%ED%E (Dy! + D7)

- ZDbEDaE (Dy, + Dy, ). (106)
E

. D . .
Let us introduce rp = which allows us to rewrite

Dy
Dy’
everything in terms of it as an expansion parameter r.
Isometry requires » < 1, and this holds for any gauge-
invariant spin/tensor network vertex by definition of

intertwiner spaces,

D? /D?
2= 320 (),

z TE \TE

1 1
Zi=Y D} —(1+—]. 107
=30k (1) (107
We can establish under which conditions we have holog-
raphy by calculating the purity and weight separately in
each sector. These are given, respectively, by Egs. (75),
(76), and (81),

zZrt _ (Dp, + Dy, )Dg _p, ()
ZOE'E (1+DE)DE £ (1+L)rif)
E
I 1+rg 1 < < 1> )
== =— 1+ (1= )re+0O(r%) |,
Dy, 1+5E Dy, D; )" (k)
E

(108)

which is generically close to the isometric value for small
rg and, in fact, for one-dimensional bulk spaces only differs
at second order.

The cross-sector conditions can be understood as restric-
tions on which combinations of E we may have in the input
algebra. We must demand for some constant ¢ that

Dg(Dy, + Dy,) = gDy,

Di(Dy+1) = gD}, (109)
which already includes the condition from before that r is
small. We can just solve the two conditions directly for
some conditions by multiplying the first by D), and solving
for rg,

1
Inserting this solution into the first equation yields
Dp+ 1 =g = const, (111)
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so, in fact, the dimensions must be independent of the
sector label E. It also yields more trivially that

D%EZI"EDEZI

= D,, =1,Dp =D, =q—1=const. (112)

So although we saw before that, generically for small rg,
the entropy condition is fulfilled easily, this is not the case
for the cross-sector condition: it requires that the boundary
dimension may also not depend on the sector label. In fact,
it also requires, far stronger, the restriction to one-dimen-
sional inputs in each sector. Therefore, we must restrict
ourselves to a fixed boundary dimension D, and select only
those E such that D, = 1,D, = D,. Then we can find
holographic behavior.

For the trivalent case, the input condition is always
fulfilled; however, in the four-valent case already, we have
to restrict ourselves: either, at least one of the dimensions
on the boundary links is 1, or the largest dimension is

dmaxzd1+d2+d3—2. (113)

This means that there are overall two constraints on the four
free variables we can choose. However, the overall message
is clear: while the fixing of the output dimension is
generically necessary, there are also strong restrictions
on the input dimension. Incidentally, the restriction to
dimension-1 inputs also makes corrections to the entropy
vanish, simply because the minimal entropy is also the
maximal entropy. We note though that, in the high-D,
approximation, holography is generic,

R RS
Ye=s—t— =P p—m—,
D, Dy, Dy, Dy,

1 1
YE=14+—=1+—e¢F w1,

114
DE DbE ( )

which trivially fulfills holography. We should therefore
think of the restriction to bulk dimension 1 perhaps more as
having very low bulk dimension compared to the boun-
dary D,.

C. Bulk-to-boundary maps: Single internal link

In the case of a single link, we are also able to perform
most of the calculations analytically. We label for conven-
ience the end points by x and y and the set of boundary
spins on x or y as E, and E,, respectively. The spins of the
single bulk link will be labeled by u or v, and we denote
intertwiner dimensions on a vertex x depending on link
spins by Dyjsy.

Once again, we have

1-boy
Zﬁ(f = TrHE®HE |:H®2@SH3 :|

1—boy
= ZTrHEUu®HEUU |:H®2®8Hj :|

u,v

= ZKEUMKEUuzlE‘L(;M’EUU’ (1 15)
and we can split
Kpou = DdEDEXUuDEyUu|gu|2 = LEUMD(),:-’ (1 16)
EVu (> 1- Ox ; 1- %y
H”0 (6) = Z log(2je+1)+T'
jeeEX
. 1-bo, 1 -bo,
X Z log(2j,+ 1)+ > A+ > A,
JeEE,
1—
+%log(2u+l) (117)

into its bulk contribution Lg,, which stays in the sum, and
the pure boundary contribution D, . Next, we consider the
effect of the constraints. The constraints, in general, state
that for Z; (Z,), the spin-down (spin-up) region must be
contained in the region Gj,lZ of vertices where all the

incident spin labelings agree. This restricts allowed Ising
configurations and leads to a suppression of sector-off-
diagonal partition sums, because the usual lowest energy
configuration is typically disallowed.

In our case, for u # v, Giﬁ =0 (not counting the

boundary vertices), meaning that only the spin-down
(spin-up) configuration can contribute to off-diagonal
sums. Let

ap=Diue by [[ 4 (18)
J €Ey,
then
ZEE — o H () = p b (119)
+1
ZEOEDY — omHg™ () = (120)
This means that the matrices Zﬁ‘é”’Eu” (collected over

u — v) have the form of a constant contribution in each
entry as well as a diagonal part. The diagonal terms are
again

Z{:?Uu,Euu =a.a, + d;laxby + d;laybx + bxby’ (121)

Z{U P =1+ dy'ab, + dy'ayby + aa bbb, (122)
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and so we have obtained the full partition sums for fixed
boundary spins.
We can use the other objects defined before,

=l ¥E = Y lauPlafZE R (123)
u,v
and fix the output dimension
Da = DaE = (bxby)_l (124)

and so we find

-1)0)
YE, = Z|gu|4zﬁf)” oy p=1o) KZIQLJZ) —Zlgul“}
u
(125)
Now by noting the normalization condition >, [g,]* = 1

for all internal links, the term in the brackets becomes a
Rényi-2 entropy of the sequence of coefficients

(ShoP) = Slant = 1= expl-S:((9))

SHY +2n2HY 41
5 b

n

We can evaluate, for example, Yf in the special case where
the two vertices are four—valent and all the boundary spins
are the same, at value j = “5!, meaning D, = n°. Then, we
can explicitly calculate the 1ntenw1ner dimension in closed
form and find that D; = n?, and the sum splits into three
parts: the constant part above, the part where m := 2u + 1 is
less than n, and the part where m > n. The first part is as
above, while the second and third are, respectively,

Z Igml4< (1 + 2>> (126)
mn+2§k;e[l :n]|gn+2k|4 [n3(n - k§(2k )k —ln)2 i %} '
(127)

This is already quite complex, but because the sums are
finite, they of course converge. In fact, for g = 1 they even
have a closed form each,

—n?n® + 6’y V(1 = n) + 4yn — dny O 2+ 1) + 4ny O (2 + 1) + 4ny @ (1 —n) + 6

where H 22)

6n° ’

gives the nth Harmonic number of order 2, y¥) are the polygamma functions, and y is the Euler-Mascheroni

constant. In the limit of large n, they have simple expansions

7 1 1\2
T _Z+o((=)).
o))
Si l+ 2

6 ﬂ'CO

() + o<<i>2>

In general, for varying n the sum shows oscillatory behavior around any integer.

As for YE, we find the same split with exact values,

i o (1)
n n

6n +dyn? — 4n2y O (2 + 1) + 402y O (2 + 1) + 4n2y O (1 = n) + 6y V(1 — n) — 7°
X

wee(()

6n°
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As a result, we see that, indeed, with |g| = 1 we cannot
fulfill the isometry conditions and that

Yt n?

— 128
Y§ 2n’ (128)

which does not scale like ﬁ = ﬁ This shows that the
E

choice g = 1 hinders holographic behavior. Now, we can
also find what choice for g we must make. In a high-p
approximation, the sums are generally (v, = gnt 2),

1 2
Yfz}n:v%,D—[E, Y~ (Zl:an> . (129)

So again, in this limit the only condition we need to check
is the entropy one, which takes the form

LN N L—
— R Y raa,h)=—m—F————
Y§ & ’ Soalaa,(n))™!
2
vn
r, :7(2 . )2, (130)

which has as valid solutions for r,,, if there are M values for
the spins,

axaj,(n) <MZm(axlay(m))—l + Cn> ;cn =0.

(131)

r, =

Ultimately, solving for a, here is irrelevant, but what
matters is the scaling,

1

ROk (132)

|gul? ~

So, demanding isometry puts strong constraints on the
scaling of the coefficients g we use to define the state p and
map 7 ,. This is interesting, for one because it is consistent
with the assumption that large spins must dominate for the
approximations to work, but also because this is the only
constraint we had to put on the problem to get isometry.
This is because, for the setting here, it was quite natural to
assume that the all-up configuration is the ground state of
H,. Under this assumption, and the constancy of D,,,
though, we are, however, already almost at isometry, as
given in the main section.

The most intriguing part of this scaling, though, is that
the left-hand side does not depend on E. This implies at
least that

(a,a,(n))"!
> m(axay(m))™

is independent of E for all n.

(133)

We can therefore understand that the full isometry
condition boils down to three essential ingredients:
(1) constancy of D, = Dy; 5
(2) knowledge of the minima of H, and their proximity
to the all-up configuration; and
(3) constraints on the g; coefficients that relate them to
the input dimensions.

D. Boundary-to-boundary maps

In contrast to the usual question of holography, which is
concerned with equivalence of a bulk and a boundary
space, we may consider the system as a transport between
two complementary boundary regions, I, O = dy\I and ask
for equivalence of the boundary regions. For this, as we will
see, we will need to fix a state of the bulk intertwiners I]-l]f in
each boundary sector. This means restricting the set of
graph states that are averaged over to have prescribed data
on intertwiners.

We see that the full graph Hilbert space splits as

H = @Hpe @Hor, @ HE (134)
E|.Eo
with the useful shorthand
Hyg, = @V, Hog, = @ V. (135)
eel ee0

We routinely write E = E; U E, as the sector whose
component boundary spins are given by those in the
region / and O together. We will see the first as an
input space, the second as the output space, and the third
as a bath or background. This means we choose the
algebras

B, = éeBUH]I.E,)’ Bo = @B(Hop,)  (136)

Eo

with the obvious extension and partial traces

i (ZXE,) =3 X, @y, ®L, ., .
E;

E/Fo

(137)

PTr, { >

Ej,Eo.F,Fo

= Z Z TTHO_FO QHEIFo (XE,ury:E0r,)  (138)

E; Fo

XE,UEy:F U, ]

which are again adjoints.
Therefore, we can then again define a Choi map for any
density matrix p on the full system,
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T,(X) = KPTro[i(X)p"]

= KZ Z Tru,, [X£,0c]

Eo E;

(139)

with the effective system density matrix in sector E,
op = Trye[p"1] € B(Hy,) = B(H; ) @ B(Hog,). (140)

We can derive the applicable isometry condition here more
easily because the effective system has a factorized Hilbert
space,

Hy=H, Q@ Ho = D Hi g, @ Hyp,.  (141)

EIvE()

We simply see the effective system density as one on this
system,

0= ZGE,UEO € D(H,)

E;Ep
= @ BH g Q@Hop, -Hip, @Hop,). (142)
EjEgiF.Fo
This lets us write the Choi map as
T ,(X) = KTry, [(X @ Ip)o] (143)

and we can apply the standard bipartite, centerless isometry
condition

|K|2TI'[H](§>2 [6®2SH<§)2] == SHI®2. (144)

This becomes particularly easy for pure states o (equiv-
alently, o), where it is equivalent to trace preservation,

(G)I — ]IHI
Trle] dim(H;)’

K= Tro] - (145)
Of course, purity of o requires the state of the full system to
factorize
peE = |Pe)(Pel @ poe (146)
and is not very generic (as by Page’s argument), unless
either the effective system size or the environment size is
very small compared to the other. Still, it is a generic result
of a projective measurement on the effective system H,
conditioned on some outcome, if one sees IH]E as a kind of
environment coupled to the effective system [51]. In
general, we know that, for mixed states, trace preservation
and isometry are mutually exclusive. We will for now
assume that such a factorization holds and proceed.
To restrict the average to states of this factorized
form, we introduce another projector for the bulk infor-
mation. First, notice that with the states we consider,

PEE "~ |l//y,E><’//y,E| is always pure. Then, p;, y = |§E><§E|
must also be pure. We will fix a single pure state |{g) in
each sector, and the projector to this is then simply

$) (€|
(Celle)

(147)

Oy => Tx ®
E

The reason we fix a single one is that this reduces the
effective dimension of the “environment” HE for the
channel to the minimum. This is one of the necessary
requirements to find isometry for this tripartite case.

So we project the randomized graph state |y,) into a
fixed configuration of intertwiners {z in each sector. This
way, we obtain the pure state required to study isometry
conditions the usual way. We can then write the second
Rényi entropy as before, with

Z

=S,(a;)
(e Ju Z

(148)

In this boundary-to-boundary mapping case, we will call
such a channel and, by proxy, the state from which it arises,
“transparent” if it is isometric.

The purity of the reduced input state is, through
calculations from Appendix A 2, in the high-spin regime

j k.G
= > I piped_coso( k:d)e
jk ¢€r ki

—H(G) s -
X e 2k 5J'¢~ki5j65¢'kasi’

(149)

which is a sum of non-negative numbers and we take

1- Os(e)0t(e rOY
Hy= Y do——0 4 (X (g dy))  (150)

egy

as an effective Hamiltonian. The form here is more
complicated than that of the bulk-to-boundary case: the
A factors are no longer, in general, Boolean, but can take
any value between 0 and 1. We can take a limit of
dim(H,)
dim(Hp)"
Then, we can drop all of the subdominant terms in the
sum and approximate with the most dominant contribu-
tion G pi,.

To begin, we study the behavior of the A factor. Of
course, we must require as usual that

p =dim(Hy) being very large, for fixed r =

S, € Gs;. (151)

but the cosine factor also has an influence. For example, the
all-up configuration ¢ = 1 has cos o( j,E;E) =1 for all
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sectors. For a given sector j, we can evaluate the
Hamiltonian on the extreme configurations for a hint of
what the minimum might be,

Hy(+1) = > A, = log(dim(H,+ ),

g€
Hy(=1) =Y A +log<<<€;:gj:>>. (152)

We can study, for example, the case of a single vertex.
This is very simple as there are no bulk spin sums involved,
and the entropylike quantities ¥ = 0 = S,(X) vanish. This
translates into the cosine cos@ =1 being 1 for all con-
figurations and choices of spins, so the overall sum
collapses into

—S,(c _ -1H:(5) —1H.(5
<e S_( I)>U — ‘]ka‘lpkze 2 J< )e 2Hk( )5L,El

2
_ <ije—%H;<+1>> Ny )
J

J

(153)

This can be simplified by noting that the dimensionalities
of the boundary spaces factorize and sum nicely,

D; =Dy, Do, = Y D= (ZD,.J (ZD%)-
J ’ ’ (154)

This leads to the expression

2
S\ 5e) 52 (5e)
E; DI DO E, D[

(155)

1
=Sy(er)y  —
(e Ju D,

(156)

which is as simple as it gets. We can recognize the two

terms as Rényi entropies S, of the sequence aj, = lj;—’;’,
allowing for the rewriting in the second line. We can see
immediately that if the normalized sequence a is constant,
the term in the square brackets will be greater than 1 just
from the first term. On the other hand, if it is peaked on
exactly one sector, it returns 1 + DLO. This shows a general

criterion for isometry:
(1) we require large total output dimensions D; and
(2) we require the sequence a to be strongly peaked
around one or at most a few input sector.
For the single vertex, this is all we need. If we extend our
study to a single internal link, we find constraints on the
relative weights of different sectors in the bulk states |{),

as seen in Appendix IITE. We postpone a closer inves-
tigation of these constraints to future work.

To summarize once more: if we want to see the graph
state |¢,) as inducing an isometric boundary-to-boundary
map, the following conditions must be satisfied (on top of
the usual one on the spins size):

(1) the correlations between boundary data [ng and
intertwiner data HZ in each boundary sector must
be negligible; and

(2) the graph state must be peaked on only a few sets of
spin sectors on the input boundary region.

We now again illustrate this case with an example on a
fixed, simple graph.

E. Boundary-to-boundary: Single internal link

To illustrate the complexity of the calculations involved,
we shall give an innocuous example. We will not impose
the known necessary conditions for isometry and work in
the boundary-to-boundary case, where we include a matrix
pP for bulk/intertwiner degrees of freedom in the trace
expressions for Z;o. We do not impose that it is a projector
from the beginning, but this restriction and others may of
course be imposed at the end.

The graph in question, see Fig. 1, is the simplest
nontrivial one, and we only consider two distinct spin
sectors, which agree on all but one link. This means that
there are only four Ising configurations. We choose the area
spins such that only one intertwiner space is nontrivial. We
will also refer to the vertices just by L(eft) or R(ight) for

convenience. In spin sector k, all intertwiner spaces are one

dimensional, while in j, the right one is two dimensional.
We can then give the intertwiner state

b b
. 5 Pik P _[a b]
Pl Pl Moolb d

b
k

P b1 _
P = [v prp=w=1 (a+d). (157)
From this, we can derive the reduced entropies
2 2 2
+ d* + |b]
b_ = b)) = —1 761
S:((2)x) = Sa((61:) [ B ]
S((p2-)) =0, (158)

J.J

while the ones for kK vanish.

FIG. 1. We consider a superposition of two spin sectors that are
only different on a single link. The values are chosen as to give a
controllably low intertwiner space dimension of 1 or 2.
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TABLE I. Hamiltonian values for the four configurations.”

Function (+.+) (+.-) (= +) (=)

HO(jv ]) 0 3L2 + L6,— + S2 3L2 + LG.— 4L2 + L6,— + L6,+ + S2
Hy(K.K) 0 3Ly + Le + 3Ly + Le + 4Ly +2L¢ +
Ho(j. k) 0 2Ly + Lo + 2y

Hl (._i'7 .]_:) L6,— 3L2 + S2 3L2 + L6,+ + L6.— 4L2 + L6,+ + Sz
H,(K.K) Lo+ 3L, 3Ly +2L¢ 4Ly + Lo+

Hl (j» E) 3L2 + Z(ﬁ‘) 3L2 + L6.+ + Z(_._)

*We have used the shorthand

L, =1n(2s + 1),

E(O'L,O'R) = z(j k; (O-L7GR))

We choose the input area I to be the rightmost link,
where the two sectors disagree. The individual sectors
induce, at least for large spins, an isometry, making the only
question what parameters need to be chosen to make their
superposition induce an isometry.

We show some of the calculations for this case here, but
some are omitted for brevity and can be easily reproduced
in Mathematica code.

We first discuss the constraints on configurations. The
case chosen here has intertwiner constraints that can be
ignored, so we have the_following:

(D) Ao(J, i.0)= (i k. 5) = 1,

AO(Jvk’_g‘tLv“‘R)) =1,
andﬁAg(j,k, (-2.+r)) = 1.
(2) AO(.i’ l_()’ (_L7 _R)) = He:r;)[:—l 5'9./(9 =0,
Ag(3. K. (+1.—5)) = 0.
Essentially, as the spins on the right vertex do not agree
between the two sectors, the Ising spin may not point down
on it. The only difference in the numerator A factors is that
the boundary pinning field flips around where spins have to
agree. We take the pinning field to be —1 on the rightmost
link whereqthﬁe areas disagree: .
1 4 (.1 S +r) =0=A4,(J. K, (=2, +r))-
J

K
@ AGK (= —x) =1 = A (J.K. (+1.—5)).

Z.;-J e~ Lo- 4 ¢3L2e=S2 | o73apLo-gLos 4 o=4L2p=Los p=52

Lg. =In(6s £ 1),

$> = S,(ITL ). (159)

In other words, the right Ising spin must be down. This is a
manifestation of the general rule that configurations where
the value of the Hamiltonian would be ambiguous need to
be excluded. Overall, even in this innocuous example
we see that there can be a fair reduction of possible
configurations contributing to the mixed partition sums.
Then, we can calculate the Hamiltonian values individually
(see Table I).

We thus find the six partition sums

(1) ngj =1+ e—SZ—3L2—L6A— + €_3L2_L6~‘

4o 4o Lo Loy

@) Zglz =14 e 32Lor 4 g73aLos 4 o=4L22Lo
3) z“‘—1+e -2 les,

4) ZJ1 J = ¢ Lo- 4 =273l | p3La—Le ~Ley
—8§,—4L,—L
45274l 6+

(5) le(k — e_L6‘+ + e—3L2 + e_2L6.+_3L2 + e—L()_+—4L2,

6) Z3* = e T
and we note that, as expected, the values of the Z partition
sums approach 1 as we increase the areas. Each term in
the Z; sums also decays with some power of the area.
Additionally, the decay in the mixed sums is stronger than
the others due to suppression of certain configurations.

It is instructive to see the single-sector results at this
point. For the first sector, the purity is

3Ly 4 g=Z)=3La—Ley

Zj’j 1+ e3lrgLo-g5 4 ¢ 3lagLo- 4 gHagLo Lot =5
0

~e Lo-

for large s,

(160)

(161)

which is the reciprocal dimension of the boundary input space in the large-spin limit. The same thing happens with the other

k. k
sector, where % ~ e Lo+ Thus both sectors individually yield an isometric map when spins are large enough. Now, with

0
the two weights
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K;= eHotloitlo-(q 4 d), Kp = ety (162)
and the entropies of the intertwiner state
2 dZ b 2

e~ = = a+d + b (163)

(a+d)? ~

(1-2w)3
3652

Z, 2w?=2w+1

ZO - 6s

e+ [of?
T wla+d)’

e7Eh) = e ) = | (165)

L) = "I =

(164)

this gives us % The full expression is rather unilluminating,

but we give a few special cases of interest. When the spin is
taken to be asymptotically large,

(166)

+27(w —1)%e752 + (61 = 54q)w? + (54q — 10)w + 24w* — 48w3 + 1 N 0((1)“)

21653

This is particularly simple in that the b and u, v parameters
do not contribute up to second order. Thus, in the high-spin
limit, these tend to not matter as much. Studying only the
leading two orders, we can ask which parameters give us
the most mixing. These are easily found to be, for fixed s,
we {% , 2“'; 11 which means that only w = % is a valid
minimum. If we take the third order into account, we

instead have as minima

(w.q) = (1,22—7(18s2—9s+ 16)> ~ (1,§s2) (168)

irrespective of the value of the entropy e~%2. Further orders
preserve this minimum. A simple numerical study of the
minimum of the purity for fixed s reveals that the overall
value decreases with spin inversely as expected,

Z 1
G(s) == min <Z_] (a,d,w, t,q,s)) ~— (169)

a,dw,t.q 0 12s
So, the maximal achievable entropy for fixed spin s is then

S, ~1In(12s). (170)
We can then estimate the maximal dimension for a trans-
parent subspace by G~'x 12s, which is precisely the
dimension of H in the studied case. Numerically, we find
that this is achieved when (a,d.w) ~ (§.%,4) in the large-
spin limit, with no significant dependence on g or ¢. This, in
particular, implies ¢; = ¢; = 4 and has the minimum w = §
seen before. The result agrees qualitatively with the second
order result from (166), confirming that the large-spin
regime is well approximated by it.

If we instead choose the region I to be the upper right
link, we get the same type of result: there is a state of
maximal entropy that makes the induced map into an
isometry, with G(s) = 5-1, and which is the minimum of
%‘) for fixed-spin sectors. The parameters of the minimum

; (167)

|
are, however, different: (a,d,w) ~ (3.1.3). Here, ¢; = 2¢;.
This shows that whether an isometry exists or not can
depend sensitively on the boundary region under consid-
eration and the state of bulk degrees of freedom.

IV. OUTLOOK

In this work, we generalized earlier analyses on the
holographic properties of quantum geometric states, i.e.,
spin networks, to the case of arbitrary superposition of
algebraic (quantum geometric) data, for a fixed support
graph. Asin earlier work, we have done so viarandom tensor
network techniques, taking advantage of the fact that spin
networks are, in fact, generalized tensor networks them-
selves. This required extending appropriately such random
tensor network techniques. In particular, while earlier work
focused on unique, tunable bond dimensions, the true
quantum gravity setting requires Hilbert spaces involving
different combinations of bond dimensions on the same link.
This superposition brings with it several new phenomena,
which we addressed, using more general definitions of
holographic behavior, with respect to the standard Hilbert
space-based one. These new phenomena are as follows:

(1) Several new options for averaging procedures with

different eases of computation.

(i1) A multitude of dual Ising partition sums in place of a

single one. These depend on pairs of bond dimen-

sions (j E) and are subject to special constraints A
depending on the problem.

(iii) Appearance of a sum over sectors in the full
expression of the purity, which may be interpreted
as a kind of average in a distribution p determined
by the bond dimensions and other input data,
through the K factors.

(iv) An “averaged” RT formula (58) with a nontrivial
area operator that is not sharp unless very special
conditions are fulfilled.

(v) A nontrivial center of the algebra given by the
boundary area operators. This requires a generalized
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definition of bulk-to-boundary mappings via Choi

maps and proper choices of input/output algebras.
We provided general conditions, both necessary and/or
sufficient, for an average state of a discrete quantum
geometry (described as a generalized tensor network) to
give an isometric map between operator algebras. This is, in a
clear sense, a kind of holographic behavior. The conditions
we found all entail two key ingredients:

(i) We need the total boundary area to be constant
across all involved sectors.

(ii) We need the bulk Hilbert spaces to be compa-
rably small.

While the latter may be expected from dimensional reasons
or by the usual picture of bulk code subspaces [52-54], the
former is quite surprising. It arises as a consequence of the
split of the isometry condition into separate conditions for
each sector, which can only hold in parallel if and only if the
total boundary area is a given fixed value across all sectors.

We also considered boundary-to-boundary transport of

data in the presence of a bulk state, giving rise to the notion
of a transparent state. This is a dual viewpoint to holog-
raphy: instead of the bulk being equivalent to the boundary,
the bulk here functions as a realization of a mapping
between two boundary regions.

In future work, we would like to explore various ways to

expand on this setup:

(1) Itis expected from several discrete quantum gravity
formalisms that superpositions of different graph
structures must arise. Up until now, our formalism
has been adapted to a fixed graph, and thus a highly
nontrivial extension is required to tackle the truly
general case of quantum geometry states.

(ii) In particular, the group field theory formalism for
quantum gravity points to an extension to a setting
where graph vertices can be created or destroyed in a
(bosonic) second-quantized language, and graph
vertices are unlabeled (or must be identified by
dynamical, physical data).

(iii) The whole analysis should be extended to the
dynamical and (in some approximation) spatiotem-
poral level. The kinematical structures exposed here
are generically subject to gravitational constraints
and quantum gravity dynamics, be it encoded in a
canonical constraint operator or in covariant, path
integral-like amplitudes. They should be subject
also, upon adoption of physical frames, to a rela-
tional temporal evolution.

(iv) For a proper spacetime geometric interpretation and a
rendezvous with the AdS/CFT correspondence, we
need a better handle on how to reconstruct spacetime
information from our data, possibly combining tech-
niques from quantum gravity literature (e.g., from
GFT cosmology) and the AdS/CFT one [55-63].

(v) It would be interesting to take the renormalization
group flow perspective [64—69] on the AdS/CFT
correspondence seriously also in our finite context

and build coarse-graining maps using the boundary-
to-boundary mappings we introduced.

Our work, and the many possible extensions of it, prove
that the interface between quantum gravity and quantum
information is a very fertile research ground, and the search
for a local, microscopic origin of holography is a powerful
motivation to explore it.
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APPENDIX A: DERIVATION OF RANDOM
ISING MODEL

1. Bulk-to-boundary maps

Here we derive the random Ising model components
necessary for the bulk-to-boundary mapping analysis.
Crucially, we will need the projector

=Y Ty, Ty, = Qlg,
Jb eel’

with the maximally entangled state (4) on each glued link,
in each sector, with the weight |g; |*.
Then each term in the random Ising model becomes

2|€je><€je| (A1)

10
T @ [(HF,L ® HF,Eb)S&Sb‘ } (A2)
1=05(0)4(e)
= TrHr.jb‘X’Hm:b {(HF,EI, X HF’Eb)e§r8€ ] (A3)
1-boy 1-04(¢)
xTrz. @1, [@Sb,i ]TrHMW@HMJV g, S.7 |, (A4)

where b = (=1)!"in Z; 5. We can then evaluate each part
separately. For the link factor, it factorizes over each
internal link,

H|9jf|2|9kg

eel

17%5(e)%(e)
*Try, @, {(|"ja><€je|®|€ke><eke|)5€ 2 ]
(A5)
where we define H; = V) ; @& V() ,- This evaluates to

1=05()%1(e)

1119, 1o 12 (8, 4,450 (A6)
eel’
Then, the intertwiner factor is similarly
o BN
Tij®Iﬁ |:®Sb,;c :| = HIDjX,DkX(&iquXDjxl) 2, (A7)
~x X
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where Dj = dim(Z;.). Finally, the boundary factor is

1-0

J(’) t(e)

Tru—n,@n—ndﬁ ®Sez Hd dk Jfk ) R
"oy "R leeay

eEdy

(A8)

where we set 6,) = 1 for all boundary links.

This means we have as our random Ising model data the
choices

1=boy (e)

A (3 k; H i ka‘Se ke (A9)
eEey
K- _HD [Tle.PT] 4., =Try [Ty, (A10)

ecy eeady

where we fix the convention g; =1 for all e€dy to
write this uniformly across all links of the graph. The
Hamiltonian is

Hyo(j K, 5) Z/l +Zl_2b"’“/\x

e€y X

(Al1)

with couplings 1, =log(d; ), A, = log(Dj). It is clear
that this Hamiltonian is bounded from above and below,
with upper bound 7,1, +>° A

The diagonal partition sums Z{'j can be reinterpreted
through

- [ e,

I, s 2
= ( Trz, | Try,, @, z |¥) (W] (A12)
J U

as the reduced bulk entropy of a state in the given sector, so
as

Z{"i _ <e—Sz (Py3) Yy

p g TI’ HFJ{J
b.j Hay.j, QW K-
J

) <\P|]. (A13)

Therefore, the diagonal partition sums are, in fact, in the

interval [W(I) 1].
J

2. Boundary-to-boundary maps

We have two projectors in this case, one for the
intertwiners in the bulk (b) and one for the connected
links in the bulk (I'). They split over spin sectors

Hb - XE:Hb,E’ HF = anajb’
b

(Al14)

where the sums j;, are only over bulk spins, as designated
by the fixed graph pattern. In the followmg, the set of bulk

spins of a sector _] will be denoted J » and we will indicate
the decomposmon into bulk and boundary spin values

as J = .]b U Jay
The Ising partition sums we are dealing with in this case
are (up to the usual constant factors)

Zl|0 = TTH®2[<0'® >U8HO] Zzﬁ(f
E.F

- ZTWHa.E@IE)@(Ha,F@m
EF

x [, @ T, ) () (0, D@0, g, |
(A15)

The traces are over the full sectors E, I each, so we can
expand this into the usual form with a trace over [I-I]Jm The

ly,) (w,| part becomes a trace over the internal link spaces,
but the spin sets are identiﬁed with the ones coming from

the overall trace, due to SHo 1,1, being diagonal in the bulk

spin sets. This makes the sum s1mplify to

Zyo = ZTYH -QH; [ M, e @10, )

Jkor

x (Hpz, @ Mg, )®S F gl ®IW] (A16)

Jay 1

Each term in the random Ising model becomes
110
Trn—u;@u—uﬁ [(Hb,E & My k) (Hr,j,, X HF,E,,)S&SIl }

1=05(0)%4(e)
e TI‘H - ®Hl‘,l;b |:(Hrqu ® HF,E,,) e§r88 2 :|

I"Jb

X Trz;@zﬁ [(Hb,E 03¢ Hb.F)®S?xX]

1-0
10 ste)
x TrHayi,,,@Ha,,ﬁar {S, XS’ } . (A17)

eE€dy

We can then evaluate each part separately. Starting with the
intertwiner factor,

Trr.@r, [(Hb,E Q Iy r) @S;TX}

= 85, 1@, 7 X (E. )X (F. Ky )]
o 5]¢ ElTr® Ty [Hb-E]Tr(@ka [Hb.F]e_Eb(j’kﬁ), (A18)
where we denote
X(E1 jT) = Tr®x€STIj" [Hb,E] (A19)

046024-25



COLAFRANCESCHI, LANGENSCHEIDT, and ORITI

PHYS. REV. D 110, 046024 (2024)

with the entropylike quantity

Tri [X(jdya jT)X(kd}/v kT)]
Try [X(iys 1)) Tri [X (Ko, ky)]
(A20)

%(j.K.5) = —log

which simplifies to the Rényi entropy of the reduced bulk
“state” when the sectors coincide,

Zb(j’jva) :SZ(X(jdy’jT» (AZI)
To be more concrete, for the choice
66 = >_IE3),
Jb
|Ce) (Cel
I, = = > g« (A22)
' (CelCE) j;,zkb et
from the main text, gives
E ']T ZTrI‘ EJTU“L'JTTUbL]
ap.by
185 0a, 145,00, |
=5 Tr, {Wi—“‘”’i] (A23)
an, (CelCE)

which is a Hermitian operator on intertwiners on the spin-
down region between sectors like @ and b .

We can make more general statements about the quantity
by identifying the trace as a Hilbert-Schmidt inner product:

let X = X(E, j;), ¥ = X(F,K,), then

(X.Y) =Re((X.Y)) =Tr[XY] = || X||[[Y| cos 05 (A24)
and with

IX]| = /Telx?] = Trix]e 300 (A25)
this gives
%, (j.K.5) = %Sz(x) + %Sz(Y) — log (cos 645,),  (A26)

which shows that we need to exclude the cosine part of this
object from the Hamiltonian, as it can be 0. By our con-
vention, such factors are to be excluded. Alternatively,
however, we can also write

(X,Y) = Tr[VXYVX]
1 sl
_Tr[< \/E(—Y\/)?) ] =e cos?0% y.
(A27)
where F(X,Y) = cos?0% , = (Tx| VXYVX]) is the

“fidelity of states” X, Y. Because of its properties, and
that of the Rényi entropy, we can see that the Hilbert-
Schmidt inner product is actually non-negative as long as
X, Y are states. Furthermore, due to the fidelity being a
metric on the space of states, we know precisely that the
cosine factors in both cases are 1 if and only if X =Y.
Orthogonality, however, so when the cosine vanishes, is
possible for many different situations.

The link factor is, in fact, identical to that of the bulk-to-
boundary mapping. Finally, the boundary factor is

-0
10 s(e)
TrH"%JTdy®H0rlzar |:SI egyse : :| (A28)
1=%5(e) ()
B HTrV“(")vJ‘e@‘/S(e)Jw |:S€ B :| (A29)
e€oy
H a (8;,x,d —, (A30)
e€dy

where we introduce boundary conditions for the Ising
configurations on the boundary vertices [#(e) in the above]:
for Z,, on boundary vertices of region I, we set o;(,) = —1.
For all other cases, o) = +1.

This means we have as our random Ising model data the
choices

INTER'S G) = cos 0555 ¢ H i (A31)
eEy
K; = Trj[nhjw]Hm,»eP 114, (A32)
e€y eEdy

where we fix the convention g; = 1 for all e € dy to write
this uniformly across all links of the graph. We also
introduced the shorthand

= - HS L A33
Ik X(jdy*j?)'X<k0rva)) ( )
for the Hilbert-Schmidt angle between the objects X. It is
not Boolean, but may be zero, which is why we include it in
the A factor. The Hamiltonian is
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T = 1—6366 e 1 rOrY
Hyp(j. ko) = Z%%‘FESZ(X(JW,JT))

ecy

1 N
+38:(X(Ry, Kp)) (A34)
with couplings 4, =log(d; ). It is clear that this

Hamiltonian is bounded from above and below, with upper
bound }°, 4, + log(dim(Z5)).

APPENDIX B: ALTERNATIVE AVERAGING
METHODS

1. Coarse averaging

We can perform, to contrast our main approach, an
average over all tetrahedral states as a whole, as opposed to
averaging over individual tetrahedra’s states. This amounts
to performing a unitary Haar average over the (truncated)
Hilbert space

H = QH,,

X

(B1)

which does not treat different vertices separately. Such
an average does not keep information about localization
of properties on any given vertex and is in some sense
“nonlocal.”

We exemplify this here for the case of a boundary-to-
boundary mapping by inserting both a bulk projector I1; as
well as a projector for the input segment of the boundary,
IT.or- This means we are calculating the entropy in a region
A of the outer boundary in the presence of an input or core
state on the inner boundary. While in this average, the
calculations simplify significantly, we lose the correspon-
dence to a random Ising model and the bulk and boundary
decouple as far as the boundary entropy is concerned. Still,
we find that there is an implied transition of an entangle-
ment shadow that is not seen explicitly. We choose as the
state to be projected a general

) = Ul¥o) = DI¥}

=@ Uiil¥p) el =Q@H,, (B2
bk .

where U is a general unitary H — H and |W¥,) is a reference
state. Split the boundary of choice into two parts—an inner
and outer boundary dy;,, 07,,. The inner will also receive
data. Now, we can define the boundary state

@) = (O|CITY) €y, = DV,

Jorout

(B3)

We have here introduced a core state [§) = >, |6; ) on
which we project the inner boundary. We are interested in
the second Rényi entropy of this reduced state in depend-
ence on the connectivity I" and the presence of an interior
e = |0)(0] and intertwiner data IT,, from now on
assumed to be a more general projector. For this, we need
to use the replica trick again. We find

Z1jo = Tryge NS () (T ®2(1%) () ®2(S, 1))
(B4)

We now perform an average over the Haar measure on the
unitary group U(H,), where

Hy = P H- with dimension D;.
Jasjss

(BS)

For this case, we may use the same application of Schur’s
lemma as before. If (f),, denotes the average of a function
fon U(H;) with respect to the Haar measure, we have that

S
T e LD

where S swaps the two copies of H;. Now, we insert this
into (B4) and proceed as usual,

(Ziohy = Trye: [NRR(10) (€)@ () (1)) @) (¥)@(S, )|

CTre [n§r%<|¢><c>®2<|r><r|>

= ;TIH@’Z [H§r€(|£><g|>®2(‘r> <F|)®2(HH1®H1 + SHJ®H,)(SA|H)} .

D;,(D;+1)

Dy(D;+1)

I +S
®2 "HIQH, H,QH, (SA|H):|

(B7)
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If we also neglect fluctuations in the low-spin regime [70],
we may discard the J-dependent prefactor m, which
yields objects that we call Y, in the quotient and write

(e, = <21>U JAZou Y1

Z,

(B8)

However, we can no longer perform the conversion to an
Ising model as before. The reason is that, for that con-
version, we need a tensor product @), (Iy,@u, + Su,gH,)
of operators acting on the vertices individually. Working
with completely generic classes of states ¥ has removed the
local structure from the problem entirely, and thus averag-
ing over it will not allow us to recover that local data.
Note that this is to be expected: an average removes
information from a distribution or random variable. The
larger, or coarser, the average we perform, the more data we
remove in the process. On the other hand, removing said
data can pinpoint typical behavior and allow for simpler
calculations. In our case, the removal of local data clearly
|

makes the calculation simpler—so simple, in fact, that we
will not be able to talk about holographic surfaces or
entanglement wedges or similar concepts, as those objects
are not needed for the entropy calculation.

In fact, we can perform the calculation as is. For this, it is
actually convenient to work in the form

2 2
Yio = Try, ou,)® M (Iry(r))®>

(Tns,, @, o1, @1, + S, @, St1, @, ) (SalD)], (B9)
where the traces over bulk and boundary can be performed
separately. The reason that this is equal to the other sum is
simply that the states |y) we put on the vertices initially
were diagonal in the tensor product space H,, Q) Hyuy in
the sense that the area spins agree between the two systems.
This means we can trace over either H or Hy, &) Hyyx.

The key fact is that the bulk state has no support on the
boundary, so itdoes not matter for the trace over the boundary
space at all. We study both parts separately and find

Yo = Try, g, e [H@iﬂ;i@z(lﬂ (C)®2 Iy, o, I, o, + SHW@HWSH@HJ}
= Try, o [H%é]lwa@%} Tr 02 [HZ®2(|F> (F|)®2}
+ T, yor 18, o, | T o2 [T (D) () @28, 0,
= Tryy, o {H@i} Tr g, o0 [H;@’z(m <r|)®2}

2 2
+ T, yor 1S, o, | Trvor |1 (10) (1) 82

= (Trga, o0 [NBE] + Tr, o2 (MBS, @, | ) T, I, I0) (2,

while

(B10)

2 2
Yy =Try, @u,e [Hg’rel‘[? (IT)(T)®2 (T, s, s, o, + SHBV(X)H,,VSH,,@H,,)SA}

_ (Tr(HM@ [n%riSA} + Trg, o2 [Hﬁ%’éSHd@HwSADTth (M1, [T)(T

P (B11)

which leads to the interesting result that the entropy does not depend on the bulk at all; in fact, the global average completely

erased the information about the bulk combinatorics,

<e_SZ (A)>

v Tr, [HggriSA} + Ty, e [Hgﬁ,sww@ww‘%}

U — - 2
Yy Tr(”‘”»y>®2 [H® } + Tr([H]dy)®2 [HéeéreSde®Har]

(B12)

We can simplify this further using the fact that I, only has support on the inner boundary and S, only on the outer one.

For example,

Tr,, 2 [Hgéswa@way&} = Tr(1,, 00092 (St 0 Sal T, 02 [H?éri‘gwom} ’

which, when used in the above, yields

(B13)
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Yl Tr([I-I](,y_om)‘g’2 [SA] + e—Sz <rIL\m)Tr([l-l][;y,out)‘g’2 [SH&,AomSA]

=S(A)y 21
(e v Yo Tr(

Hd}aoul

)®2 []I] + e—SZ(chre)TI'(devmu)@Z [SHay.ou&]

- dlm(HA) dlm(ﬂ'ﬂA)Z + e_S2(Hcorc) dlm(lH]A)2 dlm(HA) _ 5HAH + e_S2(Hcorc)5HAH
a (‘ﬁl’n(l]-l]dy,out)2 + e_S2(HC0m) dim(l]-l]dy,out)

where we defined the truncated single-link Hilbert space
dimension

) _ A ) —dslds ) gy

6:dim< @ vi .

A<jasI

So, the average Rényi-2 entropy is given approximately as

“log({e:),) = —log (?Lf‘e:j_nsz);sl?l) 16)
which, for large enough 6, has limiting behavior
(S,(A))y = ~log({e~52M) )
~min{S,(Meore) + [[A[|In(8). [|A]|In(5)}  (B17)
and, in particular,
(82(97))y = min{{|9you [ In(8), $2(Meore) }- - (BI8)

Numerically, we can find that this approximation is very
good for even low values of 0.

It appears that the entropy will only depend on the size of
the region A, the outer boundary, and the entropy of the
core. The crucial fact is that, after total randomization, no
connection between bulk and boundary exists anymore.
Furthermore, as the region A grows, its entropy will at
some point make a transition to count the number of links
in the complement instead—it shows Page curve behavior
with an offset.

A simple interpretation connected to the other averaging
procedures is that there is a bulk region akin to an
entanglement wedge bounded by A and a minimal surface
which grow as A grows. This surface eventually “envelops”
the core, but does not enter it, upon which the minimal
surface wraps around and now contains the core as well as
A’s complement in the boundary.

In this figurative sense, a minimal surface is still virtually
present, though no longer accessible as the Ising model is
no longer present.

<(Ua" ® ch|lPa”,ref>|‘{lcx,ref><lpb".ref|<"Pd",ref|UJlr)x ® U:rlr‘)>U

- W(ax, bx) ® W(Cx, dx) ‘l‘ 53’(,6‘5[)1,(]'*631,[))‘ (

o 5”0}'%1“ _|_ e_SZ(ncure) ’ (B14)

2. Fine averaging

Here, we will study a different kind of averaging
procedure over the class of spin tensor networks with
stricter control over the participation of different spin
sectors. To be more precise, we write the full state

¥) € &, Hy as

(B19)

|lp> = Z \/p_j ®x Uj'x|le*,ref>a
J

where the unitaries U; €U(Hj.) are picked at random
with the Haar distribution, but the weights erE[O, 1],

Zj p;= 1 are fixed and act as “manual dials” for us to

manipulate. This average allows us to make a typicality
statement about superpositions where, for example, high
weight p lies on sectors with the right input and output
dimensionality to support isometries. It stands in contrast to
the medium grade average, where the weights pj were not

free but instead determined by the set of considered sectors
in the input and output algebra alone.

To proceed, first let j, £ denote full collections of
(unglued) spins {j*: x €y} over all vertices. Notice that
the average state in this procedure is

() (¥ = VPPt QU ¥ ) (Fic et Ui -
it "

(B20)
We will use the identities
1 ]Ij" sX X
(U] ¥ ser) (Prce et | Ui ) )y = O ger D= W(j* k%),
JX
(B21)
as well as
(B22)
]I[H]®2 + S[I—I]®2 .
a¥ a¥ _ W ;l.)C7 ax , B23
Da" (,Dax + ]) ( ) ) ( )
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which, in simpler terms, means thatif a = b, ¢ = d, a # c,
it evaluates to W(a*,b*) Q W(c*,d*), but if instead
a =b = c =d, it evaluates to

HH§2 + SH§2

. B24
Dy (D + 1) (B24)
Therefore, the average state is
. I
(9) ¥y =D pi®@W(i*. §) = ijgl, (B25)
i . i ]

which really shows that the average state in this setting is
completely agnostic in each sector up to its relative weight
in contribution to the full state.

On the other hand, the average state on two copies is
more involved,

(M) (EN®2)y =D pipgW (i

j#k

) & W(k*, k)

®( @z +SH®2)
+ZPJ 1.0y (D; + 1)
L QI

= ZP iPx D-D-
Kk i

®(HH®2+8H®2) HJ@z
[L.Dj(Dj + 1) D% ’

2
A
i
(B26)
which, in the regime of high spins, is well approximated by
Q. (]Iu-u.@?2 + Su—u@z) — e I: ®2
L Py
—"] dim(H;) T dim(H5)
i
= P Q1) (B27)

which is similar in structure to the coarse average, but with
a “weighted identity”

Zpl d1m

We may proceed from here by introducing an Ising spin
configuration for each sector, o5 .- The average can then be

(B28)

split into two parts, the first 1nV01V1ng Q and the other I'?),
which can be evaluated exactly. Then each term in the first
part is its own separate Ising sum with the all-up state
removed. Because of this removal, we can expect for some
cases the dominant contribution to come from the second,
exactly calculable part.

Using this exactly calculable, second part in the bulk-to-

boundary calculations has two effects:

1 It replaces the K factors by K- pJ D« =
p;llelg;.* = p;.

(i1) It removes all contributions from Ising configura-
tions that are not all up, so the only contributing
configuration is ¢ = +1.

This simplifies calculations dramatically. In fact, it allows
an immediate, exact expression for the Rényi purity,

ph Z d1m

So a tuning of the weights p will allow for holography quite
easily, e.g., by

(B29)

b, (B30)

;=

This is a solution if, as before, we fix the boundary spins.
For another example, the maximum entropy sequence p,,

on a set of sectors fn subject to the constraint of isometry is
then schematically of the form

T C
o)
c, T

for the sequence ¢, =

(B31)

WI,) and some constant 7 in the

Lambert VWV function. So while there may still be constraints
on the weights, the situation is now perfectly controllable.
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