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Capacity of entanglement for scalar fields in squeezed states
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We study various aspects of capacity of entanglement in the squeezed states of a scalar field theory.
This quantity is a quantum informational counterpart of heat capacity and characterizes the width of the
eigenvalue spectrum of the reduced density matrix. In particular, we carefully examine the dependence of
capacity of entanglement and its universal terms on the squeezing parameter in the specific regimes of the
parameter space. Remarkably, we find that the capacity of entanglement obeys a volume law in the large
squeezing limit. We discuss how these results are consistent with the behavior of other entanglement
measures including entanglement and Renyi entropies. We also comment on the existence of consistent
holographic duals for a family of Gaussian states with generic squeezing parameter based on the ratio of
entanglement entropy and the capacity of entanglement.
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I. INTRODUCTION

In recent years, surprising new connections have been
developing between quantum information theory, quantum
many-body systems, and quantum gravity. In particular,
understanding the entanglement structure of quantum
systems in a pure or mixed state has become an active
area of research, e.g., see [1-6] for reviews. Also in the
context of gauge/gravity correspondence, fascinating con-
nections have been developing between quantum informa-
tion and quantum gravity including the holographic
entanglement entropy proposals and the notion of geometry
from entanglement, e.g., see [7] and references therein.
Moreover, in order to quantify entanglement and quantum
correlations several measures has been studied so far
including entanglement and Renyi entropies. Indeed, the
entanglement entropy is the unique measure which assesses
the amount of quantum entanglement between two sub-
systems for a given pure state |y). In this case, assuming
that H,,, = H,4 ® Hj, entanglement entropy can be writ-
ten in terms of von Nuemann entropy as

(1.1)

where p, is the reduced density matrix defined as p, =
Tr;(Jw) (w|). Further, the Renyi entropy is a one-parameter
generalization of entanglement entropy which is given by

Sg = —Tra(palogpa),
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S, =

log Trp}, (1.2)

1—n

where 7 is a positive integer. It is then easy to show that
entanglement entropy follows by analytic continuation of
the Renyi entropy down to n =1, ie., Sg = lim,_S,.
Further, other interesting cases to consider are the large and
small n limits, which yield

Sew=lim S, =10/ So=limS,=log\’, (1.3)

where 4., is the largest eigenvalue of the reduced density
matrix and N denotes the number of nonvanishing eigen-
values of p,. Besides the already mentioned case of the
entanglement and Renyi entropies, there are many attempts
to construct new information theoretic measures for study-
ing the entanglement structure in more general setting, e.g.,
mutual information [8], logarithmic negativity [9,10]
and entanglement of purification [11]. However, in this
paper, we focus on another measure that has recently
entered this discussion which is called the capacity of
entanglement [12]

2

0
— i —limn2 2 (1=
Cp=limCy = limn® 575 (1 =7)Sh).

(1.4)

where C,, is the nth capacity of entanglement. Indeed,
considering n as the inverse temperature, the above
definition is similar to the corresponding relation between
the heat capacity and thermal entropy. Further, using the
definition of the modular Hamiltonian, i.e., Hy, = —logp,,
it is straightforward to show that the entanglement entropy
and capacity of entanglement are the expectation value and
variance (the second cumulant) of H, respectively
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Sg=TrpyHy = <HA>v

Cp = TrpsHy — (TrpsHp)? = (H3) = (Ha)?. (1.5)
Thus the capacity of entanglement characterizes the width
of the eigenvalue spectrum of the reduced density matrix
such that for a maximally entangled state, i.e., py [, it
vanishes. Indeed, in this case the Renyi entropies are
independent of n and we have a flat entanglement spectra.
Recently, there have been many attempts to investigate
various properties of this quantity in different setups both in
the field theory and holography which have led to a
remarkably rich and varied range of new insights, e.g.,
[13-25]. In particular, an interesting observation in [15]
was that systems where are all entanglement is carried by
EPR pairs have zero capacity of entanglement. Thus,
whenever we find that Cr ~ Sg, e.g., (1 + 1)-dimensional
CFTs at equilibrium, EPR pairs are not a very good
approximation of the quantum state and randomly
entangled pairs of qubits give a better description.
Moreover, as proposed in this reference, restricting to field
theories with holographic duals without higher derivative
terms, the ratio g_,f turns out to be exactly equal to one. An

interesting question is whether this result also hold for more
general QFTs without a holographic dual.

Clearly, the capacity of entanglement depends on the
choice of the original state of the system. The main aim of
this article is to further investigate the state dependence of
the capacity of entanglement. We study this dependence by
considering a general class of Gaussian states which are
solutions to the time dependent Schrodinger equation, the
so-called squeezed states. As we will see the squeezed
states are less classical than the vacuum state (which is a
special case of a coherent state) and thus study the
entanglement structure in a squeezed state may help us
to gain a better insight into the quantum features of the
system in question. In the following we will focus on a
scalar field theory in (1 4 1)-dimensions to address this
problem. Indeed, in order to avoid the ultraviolet diver-
gences in the continuum limit, we should regulate the
theory by placing it on a one dimensional spatial lattice.
Thus the model reduces to an infinite chain of quantum
harmonic oscillators. Let us add that the entanglement
entropy for this setup in squeezed states has been pre-
viously studied in [26]. These authors proposed an exten-
sion of the method introduced in [27,28] to more general
cases including squeezed states. Interestingly, using a
systematic method they show that for a free scalar field
theory in (1 + 1)-dimensions the entanglement entropy
obeys the volume law rather than the area law in large
squeezing limit. This is in contrast with the behavior of
entanglement entropy in typical ground states which
exhibits area law scaling where in (1 + 1)-dimensions is
replaced with a logarithmic scaling. Further, their result is
in agreement with the Page’s argument where for a typical

pure quantum state of a joint system, the smaller subsystem
is almost maximally mixed, showing little sign that the total
system is pure [29]. Interestingly, the Page curve followed
by the entropy of Hawking radiation [30]. In this context,
an especially interesting question concerns how the scaling
of the capacity of entanglement alters under a nontrivial
squeezing when the total system is in a random squeezed
state.

Additionally, in [31,32], using the holographic propos-
als, it was shown that the capacity of entanglement is a
useful probe of the Hawking radiation during the black hole
evaporation process. Interestingly enough, the authors
argued that this measure shows a discontinuity or a peak
at the Page time while the entanglement entropy varies
smoothly. In this sense, one can consider Cy as a conven-
ient probe which can characterizes the order of a phase of
the quantum systems. Indeed a primary motivation for this
work came from these efforts to study the behavior of
different entanglement measures including the capacity of
entanglement in random pure states and to compare our
results to those obtained in the context of holography. Let
us mention that this comparison involves two very different
models, that is a free scalar theory with a single degree of
freedom versus a holographic quantum field theory which
is strongly coupled and has a large number of degrees of
freedom.

The remainder of our paper is organized as follows: In
Sec. II, we give the general framework in which we are
working, establishing our notation and the general form of
the squeezed states and harmonic models in question.
Section III contains a summary about the behaviors of
entanglement measures in ground state of a scalar theory.
We review old results for the entanglement entropy and also
find new ones for the case of capacity of entanglement. To
get a better understanding of the results, we will also
compare the behavior of different measures in specific
scaling regimes. In Sec. IV, we extend our studies to the
case of squeezed states. Specifically, we present a combi-
nation of numerical and analytic results on the scaling of
different entanglement measures in the large squeezing
limit. Next, we return to the field theory problem by
generalizing these results to the continuum limit in
Sec. V. Given the entanglement measures for the scalar
field theory, we then ask how our results compare to
holographic ones. Finally, we close in Sec. VI with a brief
discussion of our results and directions for future work.

II. SETUP

We start by considering a simple quantum harmonic
oscillator with the following Hamiltonian'

'For simplicity of notation in what follows, we will use hat
symbol for the quantum operators only when there is a danger of
confusion. Also we will set 7 = 1.
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2
H:é)—m—ﬁ—ima)zxz. (2.1)
Defining the annihilation and creation operators
. 1 .
a= (mwx+ip), a'= (mwx—ip), (2.2)
2mw 2me

we have H = w(a’a +1). In this case a class of Gaussian
solutions to the time dependent Schrodinger equation
which consists of the so-called coherent states are given by

i) = (") exp (=5 (e xo0)?

Fipe-w(0) - 90). 23)
where
xo(t) = XORe(ei"’(t_’0>), po(t) = miy(1),

el = =Pl D) (o

These states minimize the uncertainty relation with uncer-
tainty equally distributed between position and momentum
such that

szﬂz ! R
ma 2mw

1
AxAp = X (2.5)

Indeed, they have the same minimal uncertainty value
as found for the vacuum state. Further, the mean values
of position and momentum operators in coherent state
follow a classical orbit, e.g., (¥)+ @*(x) =0, and
hence these states correspond to the most classical states
of the harmonic oscillator. It is also easy to show that any
eigenstate of the annihilation operator, i.e., ala) = ala),
where « is a complex parameter, represents a coherent state.
Clearly, these states include the vacuum state as a special
case with @ = 0. Moreover, defining a unitary displacement

operator D(a@) = e ~*“  the coherent states can be
generated from the vacuum, i.e., |@) = D(a)|0).

Let us now turn to another class of Gaussian solutions to
the time dependent Schrodinger equation which are more
general, the so-called squeezed states. The corresponding
wave function reads

mw(t)

y(x 1) = <M> Hexp <——

- 22 = x(0)?

T ipo(t)(x = xo(1)) - if/)S(r)), (2.6)

2
where

*We set the origin of time coordinate to be 0.

1 —isinh zcos2wt

w(t)=w

cosh z+sinh zsin2wt’

ot 1 tanh § +tanw?
1) = f)——+=tan”' ——2————
bs(1) = (1) 2 +2 an 1 +tanh $tanwt

(2.7)

In the above expressions z is the squeezing parameter
such that for z = 0, we recover the coherent states. The key
feature of a squeezed state in the harmonic potential is that
although its profile is still Gaussian, its width is different
from the vacuum state. Further, the corresponding uncer-
tainty relation is easily found to be

1
AxAp =3 V1 + sinh? zcos?2wt, (2.8)

which shows that the squeezed states are not minimal
uncertainty states at all times. Indeed, the time slices where
the above relation becomes minimal are easily found to be
Imin = (2k + 1)L where T = 2% and k is an integer. It is
straightforward to show that when the squeezed state is a
minimal uncertainty state, we have

1 mwe*

T A in — 5
W ( p)mln 2

which shows the possibility of arbitrary compression of the
position uncertainty at the expense of appropriate fluc-
tuation in the momentum variable and vice-versa.
Interestingly, defining a wunitary squeezing operator

S(&) = ealéa”~¢'a")  the squeezed states can be generated
from the vacuum, i.e., |§) = S(£)|0) where & denotes a
complex parameter.

In the next sections much of our discussion will focus on
the different aspects of entanglement measures when the
corresponding state is given by Eq. (2.6) to examine how
the squeezing parameter can affect different quantities.
To do so, we consider a free massive scalar field in
(1 4 1)-dimensions with Hamiltonian

(Ax)min = (29)

H=3 / dx(2(x) + (@, p(x))2 + 2 (x)).  (2.10)

In order to circumvent the divergences so as to obtain finite
results for the measures, we should regulate the above
model by placing it on a lattice, which reduces the system
to an infinite chain of coupled harmonic oscillators. Indeed,
the general Hamiltonian for a system of N coupled (one-
dimensional) harmonic oscillators can be written as

*Note that this definition gives a squeezed vacuum state. In
addition one can obtain a squeezed coherent state by acting the
squeezing operator on a coherent state, i.e., |£, @) = S(&)|a) =
S(€)D(a)|0). For reviews on the main properties of coherent and
squeezed states see, e.g., Refs. [33,34] and references therein.
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1 & 1 &
H:EZpT.p—i—EZXT.K.X, (2.11)
=1 =1
where
x = (x, ..., xy), pl = (p1, .-, Pn)s (2.12)

and K is a real symmetric matrix. Now, this suggests that
we begin with an even simpler warm-up problem, namely,
the case of two coupled harmonic oscillators

2 2 k k

H=T1 2420 +8) +5 (—nP (213)
where k; determines the strength of the coupling between
the two oscillators such that weak and strong coupling
regimes correspond to k; < ky and k; > k limits respec-
tively. We see that this simple set-up maintains some
interesting features of our original problem which helps
us to better investigate the continuum scalar theory. Let us
recall that related investigations attempting to better under-
stand the entanglement structure in general Gaussian states
have also appeared in [35-37].

III. PRELIMINARIES: C; FOR GROUND STATE

As a first step toward understanding different entangle-
ment measures including capacity of entanglement in
squeezed states, we would like to study the same quantities
in a simpler setup where the state is vacuum. We begin with
the case of two coupled harmonic oscillators and then,
having built up some intuition, we return to the more
involved problem by generalizing these results to a lattice
of coupled oscillators.

A. Two coupled harmonic oscillators

In this case the corresponding Hamiltonian is given by
Eq. (2.13). Indeed, the entanglement entropy in this model
was studied in [27,28]. Here we would like to apply the
techniques developed in these references to examine the
behavior of Renyi entropy and capacity of entanglement.
To do so, one simply rewrites the Hamiltonian in terms of
the canonical coordinates,

1
Hzi(pi-pa)ixi—kp%—l—w%x%), (3.1)
where
+

Now we have two decoupled harmonic oscillators, and thus
the vacuum state can be written as the product of the vacuum
state wave functions for the two individual oscillators
as follows

w. o \ /4 o, xt +o_x>
l//o(X+,x_):< ;2 ) exXp <—%> (33)

The above expression can be rewritten in terms of the
physical coordinates of the two oscillators and then the
corresponding reduced density matrix can be found by
integrating out the x; coordinate, ie., p,(xy;x5) =
[ dxyyo(xy, xp)y(xy, x5), which yields

y=p\V? Y
pz(xz;x’z)—<7> exp —E(x%—l—x’%)—l-ﬂxzx’z ,
(3.4)
where

(0 o ) +do, o
4w, +o_)

_ (a)+—a)_)2 _
ﬂ_4(a)+—|—w_)’ =

(3.5)

Moreover, solving the eigenvalue problem for the reduced
density matrix, i.e.,

/ dy pa ()1 (3) = pefel). (3.6)

one finds an infinite tower of eigenvalues as follows

(1 _ E\£k :ﬂ:\/a)_+_\/a)——2
p=(-08 =L <m+¢w—>

k=0,... o, (3.7)

where a = /7> — #*>. Note that based on the above result
the weak and strong coupling regimes correspond to & — 0
and £ — 1 limits respectively. Now using Eq. (1.2), we can
evaluate the Renyi entropy which yields

1 - 1
S =72y 108 2 k=1, (nlog(1 =) —log(1 =€)
(3.8)

Combining the above result with Egs. (1.1) and (1.4), we
obtain entanglement entropy and capacity of entanglement

SE:

¢
é_llogf—log(l—é),

1 2
(i)

Further the nth capacity of entanglement is obtained by the
replacement £ — £" in Cp. Remarkably, in the weak
coupling regime a perturbative expansion yields

(3.9)
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Sg and Cg (left), S, (middle) and C,, (right) as functions of the coupling between the two harmonic oscillators. The dashed

lines indicate the large n limit which are consistent with Eq. (3.12).
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FIG.2. S, (left) and C, (right) as functions of the Renyi index for several values of the coupling between the two harmonic oscillators.

Cp=E(logé)? +282(logé)* +- -+,
(3.10)

Sp=—¢Elogé+E+--,

which shows that in this limit both quantities vanish. This is
consistent with the idea that as k, / k, decreases, the reduced
density matrix becomes more and more separable. On the
other hand, in the strong coupling limit we obtain

(E-1)?
12

Sp=—log(1=&+14--- Cp=1- Feeel (310)

Interestingly, we see that in this limit Cr/S; < 1 which is
consistent with the idea that the reduced density matrix
becomes more and more maximally mixed as one increases
the coupling.4

In Figs. 1 and 2 we summarize the numerical results for
different entanglement measures. Figure 1 presents various
quantities as functions of the coupling between the two

*Note that as we have already mentioned, for a maximally
mixed state Cr exactly vanishes. Although, here we follow the
terminology of [15] where the strength of the ratio between the
capacity and entropy indicates how much a given reduced density
matrix is close to a maximal distribution. Similar terminology
used in [29] where the author encountered “almost” maximally
mixed states. We would like to thank the anonymous referee for a
useful comment on this point.

harmonic oscillators. The left panel presents the depend-
ence of entanglement entropy and capacity of entanglement
on £. We note a number of key features: First, both these
measures start at the same value (which is equal to zero
corresponds to a separable state) and then increase as one
increases the coupling. Second, although the entanglement
entropy diverges in the strong coupling limit, the capacity
of entanglement saturates to unity in agreement with
Eq. (3.11). Interestingly, for a specific value of the coupling
these measures coincide, i.e., Cg(&,) = Sg(£,) where
£, ~0.31. The middle panel demonstrates the Renyi
entropy as a function of the coupling for several values
of n. Although §, is a decreasing function of the Renyi
index, it increases with the coupling as expected. In the
right panel we show the nth capacity of entanglement for
the same values of the parameters. We see that C,, decreases
with n and also saturates from below to unity.

We present the n-dependence of S, and C,, for several
values of the coupling in Fig. 2. Based on these plots, we
see that the qualitative dependence of these measures on the
coupling is similar to n =1 case. Also both measures
decrease as we increase the Renyi index. Using Egs. (3.8)
and (3.9) it is easy to find the large n scaling of these
measures as follows

Sy ~ —log(1 = ¢&), Croe ~En?(log )2, (3.12)
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which shows that for any 0 < ¢ < 1, C,_ . vanishes.
Indeed, our numerical results approach the above expres-
sions in this limit as depicted in Fig. 1. Finally, as this
simple example illustrates, the entanglement entropy and
its fluctuations, characterized by the capacity of entangle-
ment have no reason to be equal, except for a specific
coupling. This result is different from what happens for
QFTs with a holographic gravity dual (without higher
derivative terms) where the ratio Cr/Sg turns out to be
exactly equal to one [15].

B. A lattice of oscillators and continuum limit

In this section we generalize our studies to a lattice of N
coupled harmonic oscillators, where the corresponding
Hamiltonian is given by Eq. (2.11), in specific directions.
Similar to the previous case, the ground state wave function
is described by a factorized Gaussian in the corresponding
normal mode space. To see this we recall that as shown
in [28] the matrix K can be diagonalize by a real orthogonal
similarity transformation, i.e., K, = UKUT. Then writing
the Hamiltonian in terms of the normal modes reduces the
problem to a chain of decoupled quantum harmonic
oscillators. Thus the total vacuum state can be written as

ﬁ[( >1/4exp (—w’;?), (3.13)

where X; and ®; denote the normal coordinates and
eigenfrequencies respectively. Further, in order to find
the reduced density matrix we would like to express the
above wave function in terms of the original variables x; in
the position basis. It is relatively simple to show that in this
case the above expression becomes

detQ\ 1/4 xT.Q.x
w0 = (S2) e (X5

T

>, (3.14)
where Q is the square root of K, i.e.,

Q=U"KJ'U,  (Kp);=wdy;  (3.15)
We would like to evaluate the reduced density matrix by
tracing over the first N oscillators. To do so, we consider

the following decomposition

o (A B)
~\BT /)’
where A is an N x N matrix and Cis an (N—=N) x (N —=N)

matrix. Now it is straightforward to explicitly evaluate the
reduced density matrix as’

(3.16)

Note that x now has N — N components, so we do not use the
bold face notation which refers to Eq. (2.12).

- /
Pred(Xx 115 e XN X s e Xly)

_ Nexp <_ lyx+xTyx

7 —I—xT.ﬂ.x’), (3.17)

where f = w, y=C—p and N is a normalization

factor. Moreover, as shown in [28] the above expression
can be rewritten as follows

pred(ZN+1,...,ZN;Z;VH,...,Z;V)
N H eXp< /2_|_ﬂlzz> (3.18)
i=N+1
where
B=vpPVvpvTiyy P c=wiyfvx. (3.19)

Also V and W defined as the corresponding similarity
transformations that diagonalize y and J respectively, i.e.,

= VyV" and B, = WBW”. Comparing Eq. (3.18) to
Eq. (3.4) we see that the Renyi entropy can be calculated by
summing the contribution for each of the remaining modes
as follows

] max

:_Z nlog(l —¢&;) —log(1-¢7)),  (3.20)

%}W and j. = min(N,N — N). Note
that as long as we are dealing with pure states, the spectrum
of the reduced density matrices for A and A is the same and
hence S,(A) = S,(A). Further, the corresponding expres-
sions for entanglement entropy and capacity of entangle-
ment are similar to Eq. (3.9) where again we should
consider the contribution for each of the modes, i.e.,

¢
o= Z(é,
log &\ 2
Cp= Zf;(lof?) .
J J

We now wish to apply this approach to the problem of
finding different entanglement measures in the continuum
limit. For example considering a free scalar theory given by
Eq. (2.10) and replacing the space continuum with a
discrete mesh of lattice points the Hamiltonian can be
transformed into a discrete counterpart as follows

1N
= EZ + (i1 —

i=1

where &; =

losg;—log1 =) (321

(3.22)

$:)* + m¢7), (3.23)
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where without loss of generality we set the lattice spacing
equal to unity, i.e., ¢ = 1. We see that the above expression
and Eq. (2.11) will be in complete agreement if we choose

Kij = 2+ m*)8;; = (841 +8ijr1).  (3.24)
It is then possible to extract € using Eq. (3.15) and to use
Egs. (3.20) and (3.21) to determine the behavior of the
entanglement measures. Generally, it is not possible to find
the quantities analytically and thus in the following we will
employ a numerical treatment.

The corresponding numerical results for different quan-
tities are summarized in Figs. 3 and 4. Note that we will
mainly consider N = 60, because the interesting qualitative
features of the entanglement measures are independent of
the total system size. Also this choice facilitates a com-
parison to the analogous results for entanglement entropy
in [28]. In the left panel of Fig. 3, the entanglement entropy
is plotted as a function of N for several values of the mass
parameter. Further, we show the behavior of capacity of
entanglement for the same values of the parameters in the
right panel of this figure. We can see that both measures

0.6
0.5}

0.4f

0.2}

0.1F

00k, . . .

Sg (left) and Cg (right) as functions of N for several values of the mass parameter.

have qualitatively similar behavior and decrease with m.
Also in all cases Cy; is slightly larger than Sr. Notice that as
long as we are dealing with pure states, the entanglement
measures are symmetric, e.g., Sg(A) = Sg(A) where A is
the complement of A.

In the left panel of Fig. 4, we present the behavior of the
Renyi entropy as a function of N for several values of n in
the massless regime. From this plot, one can infer that the
qualitative features of the Renyi entropy are similar to Sg.
Again, we see that the Renyi entropy is a decreasing
function of n such that the rate of change of S, is a
monotonically decreasing function of the Renyi index and
saturates from above to a constant in the large n limit. Let
us add that we found similar results for C,,, although we do
not explicitly show the corresponding figures here. In order
to investigate how these quantities approach the large n
limit, in the right panel of Fig. 4, we plot the maximum
values of S, and C,, (which occurs at N = %) as functions of
the Renyi index. The dashed line indicates the asymptotic
value of the Renyi entropy given by Eq. (1.3) where the
largest eigenvalue of the reduced density matrix can be
evaluated numerically to be A4,,, ~0.83. Finally, the

0.8

max max
. Cq
o
o

S,
o
IS

0.2

0.0

FIG. 4. Left: Renyi entropy as a function of N for several values of . Right: maximum values of entanglement entropy and capacity of
entanglement as a functions of the Renyi index. The dashed line indicates the asymptotic value of the Renyi entropy given by Eq. (1.3).

In both plots we consider the massless regime.
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asymptotic behavior of nth capacity is consistent with the
large n expansion, i.e., Co, ~ lim,_ o, n?A57 ~ 0.

IV. Cz FOR HARMONIC SYSTEMS IN A
SQUEEZED STATE

In this section, we wish to return to our original problem
which is computing the capacity of entanglement of a chain
of coupled oscillators in squeezed states. Again, as a warm
up problem, we first consider the case of a single pair of
coupled harmonic oscillators and then generalize the

wy (¥ —xoy)” +

w_(x_ —xp-)

problem to more involved case consisting of N degrees
of freedom in the next sections.

A. Two coupled harmonic oscillators

Let us begin with the case of two oscillators as in
Sec. IIT A, but now the overall system lying in a squeezed
state given by Eq. (2.6). Again, we can write the total wave
function as the product of the wave functions for the two
individual oscillators as follows®

2

|
w(x, 1) = <M§e(w_)>iexp <—

Vs 2

where x;, were defined in Eq. (3.2) and we have also
— Xo1%Xpp
V2

por =2 ”‘j{”. The corresponding reduced density matrix

introduced the new variables (. and

can be found by rewriting the wave function in terms of the
original coordinates and integrating out the x; variable. The
calculation follows straightforwardly from the considera-
tions of the previous section. We have then

R — A\ 12 2 2
e(y) ﬂ) exp(_yy2+7 5

) —

+ By2yy +ipoa(ya — y’2)> (4.2)

where we have defined y, = x, — xpp, Y5 = x5 — x{, and

Cw w4 4w w
~ 4Re(w,+w_)

Wy —w_[?
ﬁ_4Re(w++w_)’ (43)
Interestingly, although y is complex, the eigenvalues of the
reduced density matrix depend only on the real part of this
parameter [26]. Indeed, as shown in this reference the
calculation proceeds essentially as the ground state case
and the resulting spectrum is given by

pi=(1=§)&,
where & = % and a = /Re(y)? — #*. Again we can

evaluate different entanglement measures using Eqgs. (3.8)
and (3.9). It is worthwhile to mention that based on
Eq. (2.7) the spectrum of the reduced density matrix
depends on time and thus we expect that the measures
are also time-dependent.

With these tools in hand, let us examine the dependence
of the measures on the squeezed parameter in more detail.
The numerical results for different quantities are summa-
rized in Figs. 5 and 6. Figure 5 shows the time evolution of

(4.4)

Fipoy(r = 30.) + o300 ). ()

entanglement measures when only the symmetric mode is
squeezed. From these plots, one can infer that different
measures exhibit qualitatively similar behaviors. Clearly,
in this case the evolution is periodic with period

T . .
7, =5 = We see that C reaches it maximum values
+

at times fp, = (4k+1)5 where k is an integer.
Interestingly, the capacity of entanglement is always greater
than the entanglement entropy such that the difference of
these quantities becomes maximal when they reach
their maximum values. Moreover, the right panel shows
that for larger values of n this difference becomes less
pronounced.

Now we proceed further by examining in more detail the
z dependence of the entanglement measures, as shown in
Fig. 6. The key observation to note here is that while both
Sg and Cg are monotonically increasing functions of the
squeezing parameter, only the entanglement entropy goes
on to grow indefinitely as we increase z. Indeed, the right
panel illustrates that Cj saturates to unity in the large z
limit. To gain some insights into this behavior, let us turn
our attention to the computation of the mean quantities
which is defined as M =1 [T M(#)dt. Before examining
the full z dependence of the mean capacity of entanglement,
we would like to study its asymptotic behaviors in
small and large z limit. In [26] it was shown that in these
limits the expansions for the mean entanglement entropy
become

L+4¢)+&
SEO_%<1+ 1_2(2) 0

S+1 —3ln2+ln< 2t /Z;)f) +0(e7%), z.>1,
(4.5)

1n§o>z++-~, 7y <1,

®Based on the results of [26] in the following we will set
¢s. = ¢,_ = 0 without loss of generality.
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FIG.5. Left: evolution of entanglement entropy and capacity of entanglement. Right: S,, and C,, as a function of time for n = 2. In both

panels we set w_ = 2w, =2,z, = 0.5 and z_ = 0. Also the dashed lines are the corresponding results for the ground state where both
squeezing parameter vanish.

FIG. 6. Evolution of entanglement entropy (left) and capacity of entanglement (right) for several values of z, for w_ = 2w, =2 and
z_ =0.

where Sgy and &, denote the corresponding vacuum values with z, = 0. This shows that for a large squeezing parameter the
mean entanglement entropy grows linearly with z. A similar derivation holds in the present case and it is also easy to find

that the expression for the mean capacity of entanglement reduces to

14+3&+&
l—f:g

_ C +l(1+2
CE: EO 8
1 —O(e %),

lnéo +

14+6£)+&2
%“T()(Z))Zo(lngo)2>zi+“" Y < 1,

(4.6)
zy > 1,

which shows that in the large z limit, the capacity of entanglement saturates to unity.

The numerical results for the Renyi entropy and nth
capacity of entanglement as functions of the squeezing
parameter for different values of the Renyi index with
specific values of @, are summarized in Fig. 7. Note that
the case of n = 1 corresponds to S and Cy. In this case our
numerical results coincide with the analytical expansions
given by Egs. (4.5) and (4.6). Interestingly, we see that in
the large z limit /S < 1 which shows that the reduced
density matrix becomes more and more maximally mixed
as one increases the squeezing parameter. The left panel
illustrates that all curves for S, have the same behavior in

large n limit. In particular, one gets asymptotic linear
growth with the same slope for different values of n and z.
Moreover, the right panel also shows that the asymptotic
behavior of the mean value of the nth capacity of
entanglement in large squeezing limit is almost indepen-
dent of the Renyi index. Indeed, it is straightforward to
show that the corresponding scaling of S, and C, with z at
leading order is the same as Eqs. (4.5) and (4.6)
respectively.

To close this subsection, let us comment on extending
this discussion to cases where both modes are squeezed.
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FIG. 7.

Zy

Mean values of the Renyi entropy (left) and nth capacity of entanglement (right) as functions of the squeezing parameter for

several values of the Renyi index. The asymptotic behavior of C, in large z limit is almost independent of n. Here we set w_ = 2w, = 2

and z_ = 0.

Indeed, in this case the evolution of the entanglement
measures is in general not periodic, as the ratio of the
frequencies of the two modes may be irrational. Again we
found similar results for small and large squeezing param-
eter, although we do not explicitly show the corresponding
figures here.

B. A chain of oscillators

In this section we again consider the system of N
coupled harmonic oscillators which was defined in
Eq. (2.11) to compute several entanglement measures,
but now for the squeezed states given by Eq. (2.6). The
main question of interest is what are the additional
technicalities involved in computing different measures

Q.(x — xg)

in squeezed states compared to the vacuum state. In
particular, we would like to investigate to what extent
the squeezing parameter modifies the behavior of capacity
of entanglement. Here, it is worth mentioning that, the
influence of this parameter on the entanglement entropy
was studied in [26] and we will follow the discussion there
closely. Indeed, the spectrum of the reduced density matrix
corresponding to a squeezed state can be evaluated as
detailed in this reference. These authors proposed three
equivalent scenarios to compute the eigenvalues of p,. In
what follows we briefly review one of the approaches used
in the reference which is fairly simple. To do so, assume
that all the corresponding normal modes lie in a squeezed
state whose wave function is given as follows

T

(x) = (EEE) " o (- L2220

S PR >

(4.7)

where Q was defined in Eq. (3.15), but now w;’s are given by the application of Eq. (2.7) for each normal mode and hence it
is a complex symmetric matrix. It is straightforward to show that in this case the reduced density matrix for the remaining

(N — N) oscillators becomes

~ o ..
pred(xN+1’ "x]-\']+] ’ N-N

T

where

-
== B'Re(A)"'B,

1
=C—--B"Re(A)"'B

(4.9)
and y = x — xy. Note that we consider the same decom-
position for Q as in Eq. (3.16). Also note that here y is a real
symmetric matrix and f is a Hermitian matrix. Indeed, this
result is different from what happens for the ground

state where S is a real and symmetric matrix. Hence in
this case it cannot be diagonalized via a real orthogonal

)= <det Re( - ﬁ))iexp (—y-}/-y =y.rry

5 + By +ipo.(» —y’z)>7 (4.8)

transformation. Fortunately, as shown in [26] for our
purposes a general solution is not required and in order
to find the eigenvalues of Eq. (4.8), it is sufficient to
compute the spectrum of a simpler matrix Q defined by

6 = Re(Q) (__f;((;‘))r

iIm(B)

Re(C) > (4.10)

The relation between the two spectra is &; = ?:Lll
J

normalization condition for the density matrix allows us to

where the
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neglect EJ- < 1. Further, the eigenstates can be written in
terms of the Hermite polynomials. We skip over the details
of the calculation and we refer the interested reader to [26]
for further details. Having the corresponding eigenvalues,
the entanglement measures can be found using the same
formulas as in the previous section, e.g., Eq. (3.21). Now
we are equipped with all we need to study the behavior of
the entanglement spectrum and thereby other related
quantities in a squeezed state. To do so, we employ a
numerical treatment in the next section.

Before we proceed further, we would like to study the
asymptotic behaviors of the entanglement measures in large
squeezing limit. Indeed, this study plays an important role
in our analysis in the next section. Here for simplicity we
restrict our analysis to a specific case where all modes lie in
a squeezed state with the same squeezing parameter which
is very large, i.e., z > 1. Of course, a similar analysis has
been previously done for the entanglement entropy in [26].
Indeed, as shown in this reference in the large z limit the
corresponding eigenvalues can be written as

g=1-e2eV 4., (4.11)

where 55-1) are some z independent positive coefficients.

Using the above expression one finds the following
expansion for the entanglement entropy

Jmax

Sg=min(N,N - N)(z+1) - Zlogﬁﬁ.l) - O(e™).
=
(4.12)

Thus in the large z limit the entanglement entropy has a
linear dependence on the squeezing parameter. In a similar
manner, one can show that

S, = min(N,N - N) Z+logn —%lo 50)—1—(9(6_1)
n ’ n—1 = g¢j ’

(4.13)

which shows that the Renyi entropy also has a linear
behavior in this limit. Further, the corresponding expres-
sion for the capacity of entanglement can be determined in
a similar way and the result is

Cp =min(N,N — N) — O(e™%). (4.14)
Thus asymptotically, it approaches a constant value which
is exactly the number of degrees of freedom of the smaller
subsystem. Indeed, based on the above results we see that at
leading order all the measures are time-independent and
proportional to the volume of the smaller subsystem.
Again, we see that in this limit Cp << S which shows

that the reduced density matrix becomes more and more
maximally mixed as one increases the squeezing parameter.
It is also easy to show that in this case the expansion for C,,
is the same as Cg. In the next section, we numerically
evaluate the entanglement measures for a free scalar theory
in a squeezed state which enables us to more explore the
validity of these expressions.

V. C FOR A MASSLESS SCALAR
IN SQUEEZED STATES

In this section we proceed our previous analysis in a
scalar theory, whose Hamiltonian is given by Eq. (3.23), to
more investigate the behavior of the capacity of entangle-
ment in a squeezed state. First, we provide a simple analysis
where just a single mode is squeezed and examine the
various regimes in the evolution of entanglement measures.
Next, we will extend this study to a more general case
where all the normal modes lie in a squeezed state which
enables us to directly extract some interesting features of
the z dependence of the capacity of entanglement.

A. Squeezing a single mode

To begin, we consider the system lying in a state where
only one normal mode is squeezed and thus its wave
function is given by Eq. (2.6). Also the remaining modes
are put in their ground states. In the following we will use i;
to denote the index of the squeezed mode. Further, based on
the results of Sec. IVA we expect that the evolution of the

measures is periodic with period 7, = % = where ; is
the normal frequency of the corresponding squeezed mode.
The examples depicted in Fig. 8 exhibit this behavior for
the capacity of entanglement. In the figure, C as a function
of N is presented for several values of i; with z = 3. The
black markers correspond to the vacuum state. Based on
this figure, it is evident that squeezing mostly increases Cr
in comparison to that in the vacuum state. Nevertheless, we
notice that for iy, =1 and ¢ = 0.757; the capacity of
entanglement becomes smaller than that of the vacuum
state. It is expected that this behavior also happens for other
values of z and i,. Further, the oscillations of Cg can be
traced back to the trigonometric functions appearing in the
wave function corresponding to the squeezed state. The
larger i,, the shorter the period of oscillation. Also as this
parameter increases, the amplitude of oscillation becomes
smaller. Moreover, one can see that in this regime the
oscillation seems more or less the same independent of i.
Let us add that similar behavior was found for the
entanglement entropy in [26].

To gain some insights into this behavior, let us turn our
attention to the computation of the mean entanglement
measures in this setup. The corresponding results for the
mean capacity of entanglement are summarized in Fig. 9.
The left panel illustrates Cy as a function of N for several
values of the index of the squeezed mode. We see that the
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The black markers correspond to the vacuum state.
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The capacity of entanglement as a function of N for several time slices when only a single mode has been squeezed with z = 3.
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FIG.9. Mean capacity of entanglement as a function of N (left) and i (right) for several values of the parameters when a single mode

has been squeezed with z = 3.

mean capacity of entanglement is always larger than that in
the vacuum state of the system. Further, the right panel
shows this quantity as a function of i, for several divisions
of the system in two subsystems. We note a number of key
features: First, C is not monotonous with the index of the
squeezed mode. Indeed, for small values of N the mean
capacity of entanglement first increases approximately
linearly with i, and then after some fluctuations decreases
to a constant value. Note that the intermediate fluctuations

become less pronounced in the large N limit. Second, for
large values of N the mean capacity of entanglement first
increases very sharply with i, and then suddenly saturates
to a constant value.

To close this subsection, we examine the z dependence
of mean entanglement measures in Figs. 10 and 11. We
focus our analysis on the special case of i, = 1 because the
interesting qualitative features of the measures do not
depend strongly on which mode is squeezed. Note that

—— N=1 —2— N=2 —o— N=4
—0— N=6 =—v— N=9 —o— N=15

N=22 == N=30 ]

10 15 20

z

FIG. 10. Entanglement entropy (left) and capacity of entanglement (right) as functions of z for iy = 1 and several values of N.
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FIG. 11.
several values of the Renyi index with i; = 1 and N = 10.

we have also included the corresponding results for the
mean entanglement entropy, which was previously reported
in [26], to allow for a meaningful comparison between the
different measures. Based on Fig. 10, we observe that both
Sg and Cg are monotonically increasing functions of the
squeezing parameter, as expected. Further, the left panel
illustrates that for large squeezing, the entanglement
entropy has a linear dependence on z. Remarkably, from
the right panel we can deduce that the mean capacity of
entanglement saturates to a constant value in this regime.
Hence, we expect that the corresponding reduced density
matrix becomes more and more maximally mixed as one
increases the squeezing parameter. Moreover, the saturation
value is a monotonically increasing function of both N
and i,.

Figure 11 illustrates the behavior of mean values of the
Renyi entropy and nth capacity of entanglement as func-
tions of the squeezing parameter for several values of the
Renyi index. The left panel shows that S, exhibits a linear
dependence on the squeezing parameter with the same
slope for different values of n. Further, in the right panel we
see that C_,, with n > 2 saturate from below to unity
independent of the Renyi index. Indeed, for larger values
of n, the mean value of the n-th capacity of entanglement

—T—T3

Mean values of the Renyi entropy (left) and nth capacity of entanglement (right) as functions of the squeezing parameter for

vanishes initially but then rapidly rises to the final constant
value corresponding to the large squeezing regime.

B. Squeezing all modes

We turn now to a more realistic case where all modes lie
in a squeezed state with the same squeezing parameter. As
in the previous section, unlike the case where we had
squeezed a single mode, the evolution of entanglement
measures are not necessarily periodic. Moreover, as we
have shown in Sec. IV B, the large z behavior of the
measures are completely independent of time. In particular,
in this regime the scaling of the capacity of entanglement is
not sensitive to the details of the time evolution of the
reduced density matrix.

The corresponding numerical results are summarized in
Figs. 12 and 13. The capacity of entanglement for various
random instants as function of N when all modes lie in a
squeezed state with the same squeezing parameter is
depicted in Fig. 12. Once again, the black markers
correspond to the vacuum state. Note that the qualitative
behavior of the capacity of entanglement is more or less the
same independent of the random instant that we have
chosen. Clearly, Cg is a monotonically increasing function
of the squeezing parameter. Further, as we increase the

20T
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FIG. 12. Capacity of entanglement for various random instants as functions of N when all modes lie in a squeezed state with the same
squeezing parameter. The black markers correspond to the vacuum state.
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FIG. 13. Mean entanglement entropy (left) and mean capacity of entanglement (right) as functions of N for several values of z. The red
lines indicate the asymptotic behavior in large z limit given by Eqs. (4.12) and (4.14). The mean has been calculated as the average of

300 random times.

squeezing parameter the scaling of the capacity of entan-
glement tends asymptotically to Eq. (4.14) as expected. Let
us recall that according to this equation the leading term is
time-independent and thus the fluctuations of the capacity
of entanglement with time decrease as the squeezing
parameter increases.

To get a better understanding of the results, we compare
the behavior of mean entanglement entropy and mean
capacity of entanglement in Fig. 13. The markers in this
figure show the numerical results which in the large z limit
coincide with the leading term of the asymptotic expan-
sions given by Egs. (4.12) and (4.14) (represented by the
continuous red line). Further, based on our numerical
results we see that at leading order Sz and Cg are propor-
tional to the volume of the smaller subsystem. Indeed, for
an infinite chain of oscillators in the continuum limit we
have

— 7
Cp=—+---,
€

oz
SE:%+--~, (5.1)

where £ = Ne and L = Ne — co. Thus in this limit 2£ =
z>> 1 which is a feature of an “almost” maximally mixed
state. Moreover, the measures are both sensitive to the UV
cutoff, but the ratio is finite. We conclude that at least for
the free massless scalar field theory, the ratio of the leading
terms is scheme independent. Of course, the numerical
results depicted in the left panel for the mean entanglement
entropy are consistent with the Page’s argument that in an
arbitrary quantum state the entropy is close to maximal.
Hence we expect entanglement entropy to scale with the
volume (instead of the area) of the entangling region.
The right panel shows that this special behavior also
holds for capacity of entanglement. In particular, we see
that Cp is always continuous and varies smoothly. This
feature contrasts with the holographic results for the
capacity of entanglement corresponding to the black hole

evaporation process as previously noted in [31,32]. Of
course, their results should be hold in a strongly coupled
theory with a large number of degrees of freedom which is
completely different from our free scalar model. Thus there
is no a priori reason to expect that the results should agree
in these cases. Interestingly enough, based on Eq. (5.1) we
see that in large squeezing limit the relationship Cr = Sg is
completely broken. Indeed, as proposed in [15] perhaps
such a relation in QFTs is a hint of a dual gravitational
interpretation. Therefore, at least in this regime the corre-
sponding squeezed states cannot have a solution of a
classical gravity theory as a holographic dual. This is
the main clue that forbids us to compare our results with
some previous studies on capacity of entanglement in the
context of holography. Let us emphasize that we found
similar results for S, and C,, which are consistent with the
asymptotic expansions we reported in the previous section,
although we do not explicitly show the corresponding
figures here.

VI. CONCLUSIONS AND DISCUSSIONS

In this paper, we explored the evolution and scaling of
the entanglement measures in squeezed states which are the
most general Gaussian states. We have mainly studied the
behavior of capacity of entanglement, the quantum infor-
mation theoretic counterpart of heat capacity, for a specific
harmonic model which is a discrete counterpart of a
(1 + 1)-dimensional free scalar field theory. To gain some
intuition for the problem, we began by studying the simple
case of a pair of harmonic oscillators. In this case we have
studied different aspects of the capacity of entanglement in
various setups and with different parameters numerically.

In particular, the time evolution of entanglement mea-
sures when only a single mode has been squeezed is
periodic with period equal to half the period of the
corresponding mode. Further, the capacity of entanglement
is always greater than the entanglement entropy such that
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the difference of these quantities becomes maximal when
they reach their maximum values. A key observation to
note here is that while both S and Cy are monotonically
increasing functions of the squeezing parameter, only the
entanglement entropy goes on to grow indefinitely as we
increase z. Indeed, the capacity of entanglement saturates to
unity in the large z limit. Hence, we see that in this limit
g—EE <1 which shows that the corresponding reduced

density matrix becomes more and more maximally mixed
as one increases the squeezing parameter. Moreover, the
asymptotic behavior of the mean value of the Renyi entropy
and nth capacity of entanglement in large squeezing limit is
almost independent of the Renyi index. In addition,
considering more general cases where both modes are
squeezed, although the evolution of the entanglement
measures is in general not periodic, the qualitative features
of the results are the same.

We have also extended these studies to the system of N
coupled harmonic oscillators to investigate to what extent
the squeezing parameter modifies the behavior of the
entanglement measures including the capacity of entangle-
ment. In particular, we have shown that where all modes lie
in a squeezed state the measures are time-independent and
proportional to the volume of the smaller subsystem in
large squeezing limit. Again, we have found that in this
limit the ratio of capacity over entropy is negligible and
thus the reduced density matrix behaves as an “almost”
maximally mixed state.

In order to gain further insights into certain properties of
these quantities in squeezed states, we have also considered
a scalar field theory, which is the continuum counterpart of
our harmonic chain. In this case when only a single mode
has been squeezed, we found a number of key features:
First, the mean capacity of entanglement is not monotonous
with the index of the squeezed mode such that for large
values of N, it first increases very sharply with i; and then
suddenly saturates to a constant value. Second, we
observed that Cr is a monotonically increasing function
of the squeezing parameter and saturates to a constant value
in the large z limit. Further, the mean Renyi entropy
exhibits a linear dependence on the squeezing parameter
with the same slope for different values of the Renyi index.
Also we have shown that the mean value of n-th capacity
saturates from below to unity independent of n. Indeed, for
larger values of the Renyi index, C, vanishes initially but
then rapidly rises to a constant value corresponding to the
large squeezing regime.

Once again, considering the more realistic case where all
modes lie in a squeezed state, the large z behavior of the
measures are completely independent of time. In particular,
in this regime the scaling of the capacity of entanglement is
not sensitive to the details of the time evolution of the
reduced density matrix. We have also found numerically
that at leading order Cf, is proportional to the volume of the
smaller subsystem which is consistent with asymptotic

scaling given by Eq. (4.14). Interestingly, for an infinite
chain of oscillators in the continuum limit the correspond-
ing behaviors of Sy and Cg are given by Eq. (5.1) which
shows that the reduced density matrix becomes more and
more maximally mixed in the large squeezing limit such
that C/Sg ~z~! — 0. As we have mentioned before this
means that the corresponding reduced density matrix can
be approximated as proportional to the identity operator to
the extent that its Renyi entropies are independent of n and
thus we have a flat entanglement spectra. Remarkably, in
the holographic context one can produce the n-independent
Renyi entropies by considering specific semiclassical
states, the so-called fixed-area states [38-41]. It is an
interesting question whether or not a more concrete
connection can be found between the squeezing states in
the field theory and fixed-area states of quantum gravity.

Of course, Eq. (5.1) is consistent with the Page’s argu-
ment that in an arbitrary quantum state the entropy is close
to maximal. Hence we expect entanglement entropy to
scale with the volume (instead of the area) of the entangling
region. Our results show that this interesting behavior also
holds for the capacity of entanglement. Moreover, the
measures are both sensitive to the UV cutoff, but the ratio
is finite and thus at least for the free massless scalar field
theory, the ratio of the leading terms is scheme indepen-
dent. We found similar results for other entanglement
measures which are consistent with the asymptotic expan-
sions in the large squeezing limit.

To close our discussion, we would like to recall that our
result for the capacity of entanglement for a family of
random states, where C is continuous, contrasts with the
holographic computations correspond to the black hole
evaporation process reported in [31,32]. Indeed, we expect
that a meaningful comparison between the field theory and
holographic results is achieved by considering strongly
coupled theories with a large number of degrees of free-
dom. This investigation is beyond the scope of the present
paper. It would be interesting to explore the behavior of Cg
in general setups including rational and holographic CFTs
[42—45]. Some additional topics to explore include general-
izing our results to higher dimensions [46] or to non-
relativistic models [47-50]. Another interesting direction is
to study the scaling of capacity of entanglement in theories
which exhibit a volume law scaling of the entanglement
entropy [51-54]. In addition, we have been focused on the
exploration of the capacity only in a free scalar theory, but it
should be feasible to extend our work to more realistic
cases with nontrivial interactions where we believe the
capacity will exhibit more interesting features [55]. We
leave the details of some interesting problems for future
study [56].

"We thank Mohammad Hasan Vahidinia for bringing this to
our attention and raising the following question.
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