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Within the framework of the Einstein-Maxwell-dilaton model, which incorporates information on the
equation of state and baryon number susceptibility from lattice results, we have conducted a compre-
hensive analysis of the potential energy, running coupling, and dissociation time for heavy-quark–antiquark
pairs using gauge/gravity duality. This study encompasses various systems, including pure gluon systems,
2-flavor systems, 2þ 1-flavor systems, and 2þ 1þ 1-flavor systems under finite temperature and
chemical potential. The results reveal that the linear component of the potential energy diminishes
as the flavor increases. It is also found that our results are extremely close to the recent lattice results for
2þ 1-flavors at finite temperature. Moreover, we have thoroughly investigated the dissociation distance
and effective running coupling constant of quark-antiquark pairs to gain a comprehensive understanding of
their behavior across various flavors. Finally, we have examined real-time dynamics of quark dissociation.
The findings indicate that the dissociation time of quark-antiquark pairs is dependent on temperature,
chemical potential, and flavor of the systems.

DOI: 10.1103/PhysRevD.110.046014

I. INTRODUCTION

The investigation of heavy quarks serves as a highly
sensitive method in experimental research on quark-gluon
plasma (QGP) and its characteristics. These heavy quarks
act as significant probes for examining QCD matter [1–4].
The dissociation of heavy-quark–antiquark pairs is widely
regarded as a hallmark of deconfinement, consequently
making the quark-antiquark potential a topic of great
interest in the realm of QCD. The holographic potential
for quark-antiquark pairs was initially documented in
Ref. [5]. The interquark potential plays a crucial role in
determining the formation of bound states of baryons, and
studying it contributes to a better understanding of baryon
structure and the dynamic mechanisms of QCD [3,4,6–27].
Therefore, the objective of this study is to investigate the
correlation properties of quarkonium pairs by utilizing the
quark potential.

Relativistic heavy-ion collision experiments generate
extreme conditions such as high temperatures and densities.
Nevertheless, the study of lattice QCD at finite chemical
potential continues to pose challenges due to the presence
of the fermion sign problem [28,29]. Various approaches
have been suggested to overcome this hurdle [30–40].
Although several methods have been developed so far,
the study of strongly coupled Yang-Mills theories, such as
QCD, continues to pose a challenge. A successful string
description of realistic QCD has not yet been achieved.
Numerous “top-down” approaches are currently being
pursued to derive a realistic description of holographic
QCD from string theory [41–45]. Conversely, the “bottom-
up” approach uses experimental data and lattice results to
build a holographic model [46–52]. Introducing a black
hole in five-dimensional space to describe the boundary
theory at finite temperature, as well as exploring more
general backgrounds, are among the aspects being
considered [14,18,53–58].
Additionally, we have also investigated the real-time

dynamics of quark pair dissociation in QCD media [59,60].
From a holographic perspective, the background geometry
is described by a black hole spacetime at a specific
temperature. The quark-antiquark pairs are positioned on
the boundary with a separation distance of L, connected by
a string [61–63]. Initially, the string hangs on the boundary
and is subsequently attracted towards the black hole
horizon by the gravitational forces arising from the back-
ground metric. As the string approaches the horizon, the
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system reaches an equilibrium state, and the string under-
goes a dissociation process. The dissociation time of
quark-antiquark pairs serves as a crucial timescale in the
study of quarkonium suppression physics, providing valu-
able insights into the underlying mechanisms of QGP
formation.
Based on the holographic QCD model described in

Refs. [64,65], the primary objective of this study is to
explore the impact of temperature and chemical potential
on the potential of quarkonium pairs in various systems.
These systems encompass pure gluon systems, 2-flavor
systems, 2þ 1-flavor systems, and 2þ 1þ 1-flavor sys-
tems. Furthermore, this research aims to analyze the
dissociation time of quarkonium pairs when temperature
and chemical potential are introduced.
The remaining sections of this paper are organized as

follows: Sec. II provides a short review of the machine-
learning holographic model that incorporates the informa-
tion of QCD phase transition. In Sec. III, we have
conducted computational calculations and in-depth analy-
ses of the potential variations of quark-antiquark pairs
under varying temperature and chemical potential condi-
tions. Our investigation covers a range of systems, includ-
ing pure gluon systems, 2-flavor system, 2þ 1-flavor
system, and 2þ 1þ 1-flavor system. Additionally, we
have computed the dissociation distance and running
coupling constant of quark-antiquark pairs in each scenario
to provide comprehensive insights into their behavior. The
interaction of the quark-antiquark pair, namely effective
running coupling, is studied for various systems in Sec. IV.
Section V focuses on the computation of the dissociation
time of quarkonium pairs under various temperature and
chemical potential scenarios. Finally, in Sec. VI, we present
a succinct summary of the research findings and provide
our concluding remarks.

II. SETUP

The Einstein-Maxwell-dilaton (EMD) model will be
reviewed in the section. In the string frame, the action
of EMD model is expressed by [3,4,22,24,26,64–69]

Sb ¼
1

16πG5

Z
d5x

ffiffiffiffiffiffiffiffi
−gs

p
e−2ϕs

×

�
Rs −

fsðϕsÞ
4

F2 þ 4∂μϕs∂
μϕs − VsðϕsÞ

�
; ð1Þ

where fðϕÞ is the gauge kinetic function coupled with the
Maxwell field Aμ, VðϕÞ is the potential of the dilaton field,
and G5 is the Newton constant in five dimensions. The
explicit forms of the gauge kinetic function fðϕÞ and the
dilaton potential VðϕÞ can be solved consistently from
the equations of motion (EoMs). We transform the action
from string frame to Einstein frame with the following
transformations:

ϕs ¼
ffiffiffi
3

8

r
ϕ; gsμν ¼ gμνe

ffiffi
2
3

p
ϕ; fsðϕsÞ ¼ fðϕÞe

ffiffi
2
3

p
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ffiffi
2
3

p
ϕVðϕÞ: ð2Þ

The action in Einstein frame becomes

Sb ¼
1

16πG5

Z
d5x

ffiffiffiffiffiffi
−g

p �
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4

F2−
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∂μϕ∂
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ð3Þ

Then, we give the following ansatz of metric,

ds2 ¼ R2
AdSe

2AðzÞ

z2

�
−gðzÞdt2 þ dz2

gðzÞ þ dx⃗2
�
; ð4Þ

where z denotes the fifth-dimensional holographic coor-
dinate, and the radial parameter RAdS of AdS5 space is fixed
at RAdS ¼ 1. Using the above ansatz of the metric, the
EoMs and constraints for the background fields can be
obtained as

ϕ00 þ ϕ0
�
−
3

z
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þ 3A0

�
−
e2A
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∂V
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−
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3z2g
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A00 − A0
�
−
2

z
þ A0

�
þ ϕ02

6
¼ 0; ð9Þ

where only four of the above five equations are indepen-
dent. The boundary conditions near the horizon are

AtðzhÞ ¼ gðzhÞ ¼ 0: ð10Þ

Near the boundary z → zh, we require the metric in the
string frame to be asymptotic to AdS5. The boundary
conditions are

Að0Þ ¼−
ffiffiffi
1

6

r
ϕð0Þ; gð0Þ ¼ 1; Atð0Þ ¼ μþ ρ0z2þ �� � :

ð11Þ
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μ can be regarded as baryon chemical potential and ρ0 is proportional to the baryon number density. μ is related to the quark-
number chemical potential μ ¼ 3μq. Then, we can get

gðzÞ ¼ 1 −
1R

zh
0 dxx3e−3AðxÞ

�Z
z

0

dxx3e−3AðxÞ þ 2cμ2ek

ð1 − e−cz
2
hÞ2 detG

�
;

ϕ0ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðA02 − A00 − 2A0=zÞ

q
;
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e−cz
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2
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2
h

;

VðzÞ ¼ −3z2ge−2A
�
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; ð12Þ

where

detG ¼
�����
R zh
0 dyy3e−3AðyÞ

R zh
0 dyy3e−3AðyÞ−cy2R

z
zh
dyy3e−3AðyÞ

R
z
zh
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�����: ð13Þ

The Hawking temperature is given by

T ¼ z3he
−3AðzhÞ

4π
R zh
0 dyy3e−3AðyÞ

�
1þ 2cμ2ekðe−cz2h R zh0 dyy3e−3AðyÞ −

R zh
0 dyy3e−3AðyÞe−cy2Þ

ð1 − e−cz
2
hÞ2

�
: ð14Þ

To obtain an analytical solution, we employ

AðzÞ ¼ d ln ðaz2 þ 1Þ þ d ln ðbz4 þ 1Þ; ð15Þ

and the gauge kinetic function fðzÞ is taken as

fðzÞ ¼ ecz
2−AðzÞþk: ð16Þ

Then, we can calculate the potential of the quark-antiquark

pair in the string frame with AsðzÞ ¼ AðzÞ þ
ffiffi
1
6

q
ϕðzÞ. In

the string frame, we can use the standard process to obtain
the separation distance and potential of quark-antiquark
pairs [10,12,20,53,58]. The string world-sheet action is
defined by the Nambu-Goto action and takes the following
form:

SNG ¼ −
1

2πα0

Z
d2ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det gab

p
: ð17Þ

Here, gab is the induced metric defined as

gab ¼ gsMN∂aX
M
∂bXN; a; b ¼ 0; 1; ð18Þ

and α0 is related to the string tension and is set to 1.
Here, XM and gsMN are the coordinates and the string-
frame metric, respectively. To calculate the quark-antiquark
potential, we consider the string ends at a static quark-
antiquark pair locating at x1 ¼ −L=2 and x1 ¼ L=2.
A simplest parametrization of the string world-sheet

parameters is ξ0 ¼ t; ξ1 ¼ x1. Under this condition, the
effective Nambu-Goto action can be written as

SNG ¼ −
1

2πT

Z
L=2

−L=2
dx1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1ðzÞ

dz2

dx21
þ k2ðzÞ

s
; ð19Þ

where

k1 ¼
e4As

z2
;

k2 ¼
e4As

z2
gðzÞ: ð20Þ

According to the study in [8,53,70–73], the expectation
value of the Wigner-Wilson loop is then related to the on-
shell string action by

hWðCÞi ¼
Z

DXe−SNG ≃ e−Son-shell ; ð21Þ

where C denotes a closed loop in spacetime. The definition
of the heavy-quark potential is [5,19,74]

hWðCÞi ∼ e−Vðr;TÞ=T; ð22Þ

where L is the separate distance of quarks. Thus, to
get the potential, one has to solve the on-shell string
world-sheet action. Following the standard procedure
[3,8,10,12,20,26], we can define an effective “Hamitonian”
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H ¼ z0
∂L
∂z0

− L ¼ k2ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1ðzÞz02 þ k2ðzÞ

p ; ð23Þ

where z0 ¼ dz
dx1
. Solving z0 forms the equation

k2ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1ðzÞz02 þ k2ðzÞ

p ¼ k2ðz0Þffiffiffiffiffiffiffiffiffiffiffiffi
k2ðz0Þ

p : ð24Þ

Here z0 denotes the position of the vertex where the quark-
antiquark string joins, with values ranging from z0 ¼ 0 to
z0 ¼ zh. Then, we can obtain the interquark distance and
renormalized potential of heavy-quark–antiquark pair as
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p

z
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−
�
1

z0
− 2
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−6ad

p
lnðz0Þ

�!
: ð26Þ

Here, we have regularized the potential by subtracting the
divergent term at the UV. In this model, the parameters
utilized are outlined in Table I from Refs. [64,65] to encode
the thermodynamics of systems with different flavors.
Next, a probe of heavy-quark pairs put in the various
systems is investigated.

III. QUARKONIUM POTENTIAL AND
DISSOCIATION DISTANCE

In this section, we mainly discuss the potential of quark-
antiquark pairs and their dissociation distance at finite
temperature and chemical potential in systems with various
flavors. As the temperature and chemical potential increase,
we will see that the quark-antiquark pairs are screened,
resulting in their conversion into free quarks. Systems with
different flavors will also exhibit different potential ener-
gies and dissociation distances.

A. Different flavors at finite temperature

In previous studies, the real part of the in-medium poten-
tial is suggested to lie between the free energy and the
internal energy, both of which exhibit a clear color screen-
ing effect as the temperature increases [75]. However,
recent lattice QCD calculations with dynamic quarks
suggest that there are no color screening effects for the
real part of the heavy-quark potential, even at high temper-
atures [76,77]. In the following, we will give a holographic
calculation of heavy-quark potential for different flavors at
finite temperature and compare with the recent lattice
results from the Gaussian fits [78].
First, we calculate the properties of the pure gluon system,

2-flavor system, 2þ 1-flavor system, and 2þ 1þ 1-flavor
system at finite temperatures shown in Figs. 1–6.
Figure 1(a) shows the quark separation distance, L,
increases with increasing z0. Particularly, before reaching
the critical temperature, the quark separation distance
initially shows a slow increase with increasing z0.
However, as z0 continues to increase, the separation
distance suddenly expands. This behavior is reflected in
the V − L plot as an infinite linear increase in the potential
energy of the quark-antiquark pair with increasing separa-
tion distance. Above the critical temperature, the quark
separation distance increases with increasing z0 until it
reaches a maximum point (Lmax). Beyond this point, the
separation distance decreases with further increase in z0.
This suggests that the quark-antiquark pair enters the
deconfined state, the string connecting them melts, and
the quark-antiquark pair configuration no longer exists,
transitioning into free quarks. For Nf ¼ 0 [Fig. 1(b)], the
maximum dissociation distance for the quark pair at T ¼
0.3 GeV is 0.295 fm, while at T ¼ 0.35 GeV it is 0.208 fm.
The potential energy consists of two components in

Fig. 1(b): the Coulomb potential at short distances and the
linear potential at long distances. The temperature slightly
affects the linear component of the potential energy. As the
temperature increases, the linear part of the potential energy
does not infinitely increase, but reaches a maximum point.
This leads to a decrease in the linear component of the
potential energy for the quark-antiquark pair. Specifically,
in the L − V plots for different flavors, it is evident that the
temperature increase only affects the length of the linear
component of the quark pair potential energy, while having
little effect on the Coulomb potential component.

TABLE I. Parameters of pure gluon system, 2-flavor, 2þ 1-flavor, and 2þ 1þ 1-flavor system, respectively. Tc is the predicted
critical temperature at vanishing chemical potential. The unit of T is GeV.

a b c d k G5 Tc

Nf ¼ 0 0 0.072 0 −0.584 0 1.326 0.265
Nf ¼ 2 0.067 0.023 −0.377 −0.382 0 0.885 0.189
Nf ¼ 2þ 1 0.204 0.013 −0.264 −0.173 −0.824 0.400 0.128
Nf ¼ 2þ 1þ 1 0.196 0.014 −0.362 −0.171 −0.735 0.391 0.131
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Figure 2(a) shows the quark separation distance, L,
increases with increasing z0 for the Nf ¼ 2. The qualitative
behavior is the same as before. However, the quark-
antiquark pair will be screened under lower temperature.

Compared with Fig. 1(b) and Fig. 2(b) shows different
behavior, indicating that the potential has a cutoff, which
leads to a dissociation distance, under the same temper-
ature T ¼ 0.25 GeV.

FIG. 2. (a) The dependence of interquark distance L of a quark-antiquark pairs on z0 at different temperatures for Nf ¼ 2, μ ¼ 0.
(b) The dependence of the potential energy V of a quark-antiquark pairs on the interquark distance L at different temperatures for
Nf ¼ 2, μ ¼ 0.

FIG. 3. (a) The dependence of interquark distance L of a quark-antiquark pairs on z0 at different temperatures for Nf ¼ 2þ 1, μ ¼ 0.
(b) The dependence of the potential energy V of a quark-antiquark pairs on the interquark distance L at different temperatures for
Nf ¼ 2þ 1, μ ¼ 0.

FIG. 1. (a) The dependence of interquark distance L of a quark-antiquark pairs on z0 at different temperatures for Nf ¼ 0, μ ¼ 0.
(b) The dependence of the potential energy V of a quark-antiquark pairs on the interquark distance L at different temperatures for
Nf ¼ 0, μ ¼ 0.
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Figures 3 and 4 show the picture of separation distance
and potential for 2þ 1-flavor and 2þ 1þ 1-flavor. It is
found that the results are extremely close, as the presence of
charm has only a slight influence on the thermodynamics of
the medium within this temperature range.
To be more clear, we set the temperature to T ¼ 0.2 GeV

and compared the separation distance and potential energy
of quark pairs for different flavors, as shown in Fig. 5.
Consistent with our previous findings, these plots reveal
that the separation distance between quark pairs initially
increases and then decreases after reaching Lmax as z0
increases. Interestingly, at Nf ¼ 0, there is no maximum
separation distance. Instead, at larger values of z0, there is a
sharp increase in the separation distance of quark pairs.
This phenomenon occurs because at T ¼ 0.2 GeV, the
critical temperature of Nf ¼ 0 (Tc ¼ 0.265 GeV) has not
been reached, causing the sudden increase in separation
distance at larger z0 values. Moreover, as the flavor

FIG. 5. (a) The dependence of interquark distance L of quark-antiquark pairs on z0 at different temperatures for T ¼ 0.2 GeV, μ ¼ 0.
(b) The dependence of the potential energy V of quark-antiquark pairs on the interquark distance L at different flavors
for T ¼ 0.2 GeV, μ ¼ 0.

FIG. 6. Comparison of model data and lattice data [78] for the
quark-antiquark pairs potential at Nf ¼ 2þ 1, μ ¼ 0. The differ-
ent shapes of the points represent lattice data, while the lines
depict model data.

FIG. 4. (a) The dependence of interquark distance L of quark-antiquark pairs on z0 at different temperatures for Nf ¼ 2þ 1þ 1,
μ ¼ 0. (b) The dependence of the potential energy V of quark-antiquark pairs on the interquark distance L at different temperatures for
Nf ¼ 2þ 1þ 1, μ ¼ 0.
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increases, the dissociation distance Lmax between quarks
decreases in Fig. 6(a). Similarly, in the V − L plots, the
linear component of the potential energy for Nf ¼ 0 can
extend to the infinity. In the 2-flavor system, 2þ 1-flavor
system, and 2þ 1þ 1-flavor system, the potential energy
decreases with an increasing flavor in Fig. 5(b). This
suggests that at the same temperature and chemical
potential, large numbers of flavors are more prone to
disrupt the string connecting the quark pair configuration,
resulting in a less stable quark-antiquark pair.
Lattice QCD is a computational method used in gauge

field theory, employing discretized spacetime grids for
numerical simulations. It plays a critical role in theoretical
physics and high-energy physics research, especially in
studying quark-gluon plasma and nonperturbative effects of
quantum chromodynamics. In this study, we compare the
computational results of our model with lattice results of
2þ 1-flavor [78], as depicted in Fig. 6. The data points
represent lattice data, while the lines represent our model’s
computational results. The comparison reveals a striking

similarity between the model’s calculations and the lattice
data without introducing extra parameters.

B. Different flavors at finite chemical potential

Similar to the previous section, we have computed the
separation distance and potential energy of quark pairs for
three different chemical potentials in 2-flavor systems,
2þ 1-flavor systems, and 2þ 1þ 1-flavor systems at their
respective critical temperatures. The results are presented
in Figs. 7–9. In the L − z0 plots for different flavors, we
observe an initial increase in the separation distance L with
an increase in z0. Similar to the temperature dependence,
there exists a maximum value of Lmax. Beyond this
maximum separation distance, as z0 continues to increase,
the separation distance between quarks decreases. At this
stage, the quark pairs are screened, and the string connect-
ing them melts, resulting in free quarks as shown in
Figs. 7(a), 8(a), and 9(a). In the same flavor system, the
increase in chemical potential causes Lmax to decrease, and
the potential energy curve reaches a point where further

FIG. 7. (a) The dependence of interquark distance L of quark-antiquark pairs on z0 at different chemical potentials for Nf ¼ 2,
T ¼ 0.189 GeV. (b) The dependence of the potential energy V of quark-antiquark pairs on the interquark distance L at different
chemical potentials for Nf ¼ 2.

FIG. 8. (a) The dependence of interquark distance L of quark-antiquark pairs on z0 at different chemical potentials for Nf ¼ 2þ 1,
T ¼ Tc ¼ 0.128 GeV. (b) The dependence of the potential energy V of quark-antiquark pairs on the interquark distance L at different
chemical potentials for Nf ¼ 2þ 1.
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increase in potential energy ceases. Nevertheless, when
dealing with high chemical potentials, the potential energy
curve only displays a slight deviation from the curve at low
chemical potentials for the same separation distance, as
depicted in Figs. 7(b), 8(b), and 9(b). This indicates that the
presence of a chemical potential reduces the linear com-
ponent of the quark pair’s potential energy without affect-
ing the Coulombic potential of the quark pair.
In Fig. 10, we set the chemical potential to 0.3 GeV and

the temperature to 0.2 GeV for each system. Subsequently,
we calculate the plots illustrating the separation distance
and potential energy of quark-antiquark pairs with different
flavors. Under the same temperature and chemical poten-
tial, the maximum separation distances for quark pairs
decrease with increasing flavor, and are 0.397, 0.398, and
0.518 fm, respectively. This indicates that as the number
of flavors increases, the maximum separation distance of
quark pairs also increases, suggesting their tendency to
dissociate at shorter distances. In the potential energy plot,
the endpoint distance for the potential decreases with the
increase in the number of flavors, aligning with the findings
from the quark separation distance plot. Besides, the results

of the 2þ 1 and 2þ 1þ 1-flavors almost overlap, indicat-
ing that the effect of the 2þ 1 and 2þ 1þ 1-flavors on the
heavy-quark potential is similar.

C. The dissociation distance of quark-antiquark pairs

In quark-antiquark pairs, a strong interaction force exists
between the quark and antiquark. However, the presence of
color charge in hadrons causes this interaction to gradually
weaken over a specific distance until it becomes fully
shielded. The dissociation distance defines the binding
nature of the quark-antiquark pair. When the distance
between the quark and antiquark is smaller than the
dissociation distance, they are bound together through
the strong interaction, resulting in the formation of stable
hadrons like protons or mesons. Conversely, when the
distance between the quark and antiquark exceeds the
dissociation distance, their interaction is shielded, prevent-
ing them from being bound. This leads to the free quarks
and antiquarks. Hence, the dissociation distance plays
a crucial role in comprehending the binding of quark
pairs and the mechanism of hadron formation. It aids in

FIG. 9. (a) The dependence of interquark distance L of quark-antiquark pairs on z0 at different chemical potentials for
Nf ¼ 2þ 1þ 1, T ¼ Tc ¼ 0.131 GeV. (b) The dependence of the potential energy V of quark-antiquark pairs on the interquark
distance L at different chemical potentials for Nf ¼ 2þ 1þ 1.

FIG. 10. (a) The dependence of interquark distance L of quark-antiquark pairs on z0 at different flavors for μ ¼ 0.3 GeV,
T ¼ 0.2 GeV. (b) The dependence of the potential energy V of quark-antiquark pairs on the interquark distance L at different flavors for
μ ¼ 0.3 GeV, T ¼ 0.2 GeV.
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describing the properties of hadrons, decay processes, and
elucidating particle production and deconfinement phe-
nomena observed in high-energy physics experiments.
We have performed calculations and generated

Ld − T=Tc diagrams for different flavors at μ ¼ 0, as
depicted in Fig. 11. The diagram demonstrates that with
increasing temperature, the dissociation distance between
quark pairs gradually diminishes. Notably, near the critical
temperature, the dissociation distance experiences a rapid
decline, whereas at temperatures far from the critical
temperature, the decrease in the dissociation distance is
more gradual across all systems. Furthermore, upon com-
paring the dissociation distance plots of the systems with
different flavors, it becomes apparent that the different
flavors of the system will significantly influence the
dissociation distance of quarkonium.
In Fig. 12, we can observe the relationship between the

dissociation distance of quark pairs and the chemical
potential at the critical temperature in different flavor
systems. As depicted, as the chemical potential rises, the

dissociation distance of quark pairs gradually decreases,
indicating a reduction in the maximum separation between
quark pairs with increasing temperature. However, in
contrast to the temperature dependence, as the chemical
potential increases, the dissociation distance of quark pairs
exhibits a slower rate of decrease compared to Fig. 11. This
suggests that temperature plays a more significant role
than the chemical potential in influencing the dissociation
distance. Additionally, we found that compared to the
2þ 1-flavor and 2þ 1þ 1-flavor systems, the chemical
potential has a greater impact on the potential energy of
heavy quarkonium in the 2-flavor system.

IV. EFFECTIVE RUNNING COUPLING
CONSTANT

The running coupling constant serves as a measure of
the strength of interactions at different energy scales and is
essential for making accurate theoretical predictions in
various physical processes [79–82]. At finite temperature
and chemical potential, the QCD coupling indeed exhibits
running behavior as a function of the quark separation
distance L in the holographic models [27,83–86]. According
to the definitions provided in lattice QCD [87,88], the
effective running coupling constant is defined in the
so-called qq scheme as

αQQ̄ ¼ 3L2

4

dVQQ̄

dL
: ð27Þ

For Figs. 13, 14(a), 15(a), and 16(a) of different systems
at varying temperatures with μ ¼ 0, we observed that
before reaching the critical temperature of each system,
the running coupling constant increases with the quark
separation distance. However, the running coupling con-
stant initially continues to rise with L, reaching a peak
value, and then starts to decrease once the critical temper-
ature is surpassed. The magnitude of the running coupling
constant represents the strength of interactions for the

FIG. 11. The dissociation distance Ld of quark-antiquark pairs
is dependent on temperature T (T > Tc) when μ ¼ 0 GeV.

FIG. 12. The dissociation distance Ld of quark-antiquark pairs
is dependent on temperature T when T ¼ 0.2 GeV. The unit of
Ld is fm and the unit of μ is GeV.

FIG. 13. The running coupling constant of the quark separation
distance function, L, in Nf ¼ 0 at different temperatures.
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heavy quarkonium. For strong interactions, the coupling
constant is large, indicating a significant interaction force
where interactions between particles cannot be ignored.
Conversely, the small coupling constant indicates that
interactions between quarks can be approximated as inde-
pendent behavior.

Additionally, within the same system, the maximum
value of the running coupling constant diminishes as
the temperature rises. Hence, as the quark separation
distance increases, the interaction force between quarks
intensifies until reaching a maximum value, after which
the interaction of heavy quarkonium becomes weak.

FIG. 14. (a) The running coupling constant of the quark separation distance function, L, in Nf ¼ 2 at different temperatures. (b) The
running coupling constant of the quark separation distance function, L, in the Nf ¼ 2 system at different chemical potential.

FIG. 15. (a) The running coupling constant of the quark separation distance function, L, in Nf ¼ 2þ 1 at different temperatures.
(b) The running coupling constant of the quark separation distance function, L, in the Nf ¼ 2þ 1 system at different chemical
potentials.

FIG. 16. (a) The running coupling constant of the quark separation distance function, L, in Nf ¼ 2þ 1þ 1 at different temperatures.
(b) The running coupling constant of the quark separation distance function, L, in the Nf ¼ 2þ 1þ 1 system at different chemical
potentials.
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Figures 14(b), 15(b), and 16(b) illustrate the L − α plots of
different systems under various chemical potentials when
T ¼ Tc ¼ 0.189 GeV for 2-flavor, T ¼ Tc ¼ 0.128 GeV
for 2þ 1-flavor, and T ¼ Tc ¼ 0.131 GeV for 2þ 1-flavor.
From the plots, it can be observed that the running coupling
constant for each system initially exhibits an upward trend
with L, culminating in a maximum value before gradually
decreasing. Furthermore, as the chemical potential
increases, this maximum value progressively diminishes.
These plots provide further evidence that, with increasing
temperature and chemical potential, heavy quarkonium
becomes more unstable.
Furthermore, to explore the running coupling constants

of different flavors, we have generated coupling constant
plots for various systems under the same temperature and
chemical potential, as illustrated in Figs. 17 and 18. A
discernible trend emerges: as the separation distance
between quarks increases, the coupling constant initially
rises before decreasing. Additionally, with an increase in
flavors, we observe a reduction in the maximum value of

the coupling constant. In Fig. 17, corresponding to increas-
ing flavors, the coupling constant values are 0.452, 0.224,
and 0.227, respectively. Similarly, in Fig. 18, the coupling
constant values are 0.326, 0.222, and 0.217 following the
same pattern. These results indicate that as the system’s
flavor grows, the heavy quarkonium becomes more unstable,
leading to an earlier manifestation of unbound quark pairs.

V. THE REAL-TIME DYNAMICS OF QUARK
DISSOCIATION FOR DIFFERENT FLAVORS

We now turn our attention to the thermalization process
of quark-antiquark pairs. At the boundary, a pair of heavy
quark and antiquark is generated with a fixed distance L
between them. If the quarks are sufficiently separated at a
given temperature, the gluon cloud surrounding the quark
pair will gradually thermalize, merging with the surround-
ing medium. Consequently, the heavy-quark state will
undergo dissociation. The holographic description of this
dissociated quark pair involves a string with fixed end
points at the boundary and extending towards the horizon
of a black hole. As the string falls under the gravitational
influence of the background, it eventually reaches the black
hole horizon and attains equilibrium, transforming into a
straight string plummeting into the black hole [59,60,89].
In this section, we delve into the real-time dynamics of

quark pairs with different flavors. The string’s coordinates
are represented as XM ¼ ðt; zðt; xÞ; x; 0; 0Þ. The Nambu-
Goto action then reads

SNG ¼ 1

2πT

Z
dtdx

e2AsðzÞ

z2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðzÞ þ z02 −

ż2

gðzÞ

s
; ð28Þ

where ż ¼ ∂tz and z0 ¼ ∂xz. Then, the motion equation of
the string can be written as

− ∂t

0
@e2AsðzÞ

z2gðzÞ
żffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðzÞ þ z02 − ż2
gðzÞ

q
1
A

þ ∂x

0
@e2AsðzÞ

z2
z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðzÞ þ z02 − ż2
gðzÞ

q
1
A

− ∂z

�
e2AsðzÞ

z2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðzÞ þ z02 −

ż2

gðzÞ

s

−
e2AsðzÞ∂zgðzÞ

2z2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðzÞ þ z02 − ż2

gðzÞ
q �

1þ ż2

gðzÞ2
�

¼ 0: ð29Þ

We can numerically solve the above equation with suitable
boundary conditions. To achieve this, we fix the end points
of the string on the boundary at point zðt;x¼�L=2Þ¼ εUV.
Additionally, we assume that the string is initially at rest on
the boundary at point zðt ¼ 0; xÞ ¼ εUV with a velocity of

FIG. 17. The running coupling constant is dependent on quark
separation distance when T ¼ 0.2 GeV, μ ¼ 0.

FIG. 18. The running coupling constant is dependent on quark
separation distance when T ¼ 0.2 GeV, μ ¼ 0.3 GeV.
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żðt ¼ 0; xÞ ¼ εUV. Here, εUV represents the boundary cut-
off, and we set εUV ¼ 0.11 in our case. In principle, using
these boundary conditions, we can solve Eq. (29) for all
values of L. However, for small separation of quark pairs,
the spatial variation component introduces significant
numerical errors, making it challenging to solve this partial
differential equation. The difficulty is further amplified
by the singularity of our coordinate system at the black
hole horizon, rendering it unsuitable for studying dynamics
near the horizon. Therefore, meticulous numerical care is
required when discussing dynamics for small L. On the
other hand, for large quark separations L, the string profile
approximates a straight line falling towards the black hole
horizon. In this case, the spatial variation becomes negli-
gible, meaning that the dependence on x can be effectively
ignored for most of the string. This bypasses the afore-
mentioned numerical intricacies. This simplification greatly
facilitates the understanding of real-time dynamics of the
string. Furthermore, when considering quark dissociation
(primarily described by the disconnected string configura-
tion in the holographic context), it is indeed reasonable to
focus on dynamics governed by large L physics [60].
In this simpler case, the string action takes the form

SNG ¼ 1
2π

R
dtdx e2AsðzÞ

z2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðzÞ − ż2

gðzÞ
q

. Then, the equation of

motion for the string becomes

− ∂t

0
@e2AsðzÞ

z2gðzÞ
żffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðzÞ − ż2
gðzÞ

q
1
A − ∂z

�
e2AsðzÞ

z2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðzÞ − ż2

gðzÞ

s

−
e2AsðzÞ∂zgðzÞ

2z2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðzÞ − ż2

gðzÞ
q �

1þ ż2

gðzÞ2
�

¼ 0: ð30Þ

The action does not depend on time, therefore there exists a
corresponding conserved energy. The Lagrange can be
written as

L ¼ 1

2π

e2AsðzÞ

z2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðzÞ − ż2

gðzÞ

s
: ð31Þ

Because of the definition of Hamiltonian as

H ¼ ż
∂L
∂ż

− L; ð32Þ

the conserved energy E can be derived:

H ¼ Ts
e2AsðzÞ

z2
gðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðzÞ − ż2
gðzÞ

q ¼ E: ð33Þ

Here, Ts ¼ 1=2π is the open string tension. Therefore, the
velocity of the string can be expressed as

ż ¼ gðzÞ
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEÞ2 − T2

se4AsðzÞgðzÞ
z4

s
: ð34Þ

We can determine E, the energy of the falling string, from
the boundary conditions of the string being dropped with
zero initial velocity [żðt ¼ 0Þ ¼ 0]. By setting the boun-
dary cutoff value at z ¼ εUV, the energy of the falling string
can be represented as

E ¼ Tse2AsðεUVÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðεUVÞ

p
ε2UV

: ð35Þ

The time required for the dissociation of a quarkonium can
be calculated as the time it takes for the string to approach
the event horizon from the boundary. As the string
asymptotically approaches the horizon, this time becomes
infinite. To avoid this divergence, we introduce an infrared
cutoff distance εIR ¼ 0.01 from the horizon, which we
consider as the point of string thermalization. Therefore, we
solve the string motion equation corresponding to different
black hole backgrounds at various temperature and chemi-
cal potential states and calculate the dissociation time tD. It
is straightforward to obtain a closed-form expression for tD
from the string’s motion equation,

tD ¼
Z

zh−εIR

εUV

dz
1

gðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − T2

se4AsðzÞgðzÞ
ðEÞ2z4

q : ð36Þ

Based on our investigation into the quark pair dissociation
time as a function of μ at various flavors, we have generated
Fig. 19 to visualize the findings. It is evident from the graph
that the dissociation time of quark pairs gradually decreases
with an increase in chemical potential for different flavors.
Moreover, the quark pair dissociation time is found to be
the longest forNf ¼ 2 and the shortest forNf ¼ 2þ 1þ 1,

FIG. 19. The quark dissociation time is a function of chemical
potential for quarkonium pairs of different flavors when
T ¼ 0.3 GeV. Tc is the critical temperature, which can be found
in Table I.
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implying that an increase in flavor leads to a reduction in
the dissociation time. In Fig. 20, we present the dissociation
time of different flavor quark pairs at varying temperatures.
As the temperature rises, the dissociation time for each
quark pair experiences a significant decrease. This phe-
nomenon aligns with our expectations from physics, as
larger black holes cause strings to descend more rapidly
towards the horizon, resulting in accelerated string disso-
ciation. Similarly, an increase in flavor also contributes to a
reduction in the dissociation time. However, compared to
Fig. 19, the introduction of temperature intensifies the
decrease in dissociation time, signifying that temperature
holds a more substantial influence than the chemical
potential.

VI. CONCLUSION

The main focus of this article is to investigate the
potential energy, dissociation distance, running coupling,
and dissociation time of quark-antiquark pairs in different
systems, namely the pure gluon system, 2-flavor system,
2þ 1-flavor system, and 2þ 1þ 1-flavor system at finite
temperature and chemical potential with a holographic
model. Our results reveal that both high temperature and
chemical potential cause a decrease in the maximum

separation distance of quark-antiquark pairs. The strings
connecting the quark pairs break at smaller separation
distances, leading to the transition of quark-antiquark pairs
into the free quarks. Under the same temperature and
chemical potential, an increase in the flavor of quark pairs
reduces the dissociation distance. Additionally, we observed
that the inclusion of chemical potential and temperature
leads to a reduction in the linear potential energy component
of quark-antiquark pairs, while the Coulombic potential
energy component remains unaffected.
Furthermore, we have conducted a study on the disso-

ciation distance and running coupling constant of quark-
antiquark pairs under temperature and chemical potential
conditions. Our findings reveal that temperature has a
more significant influence on quark-antiquark pairs com-
pared to chemical potential of the same magnitude.
Furthermore, our computational results provide further
evidence that the inclusion of temperature and chemical
potential renders quark pairs more unstable, leading to
their dissociation occurring at shorter quark separation
distances.
We have also investigated the real-time dynamics of

quark pair dissociation, where the dissociation scenario
corresponds to strings falling from the boundary to the
horizon. We have computed the dissociation time for
heavy-quark separation at various temperatures and chemi-
cal potentials and observed that the dissociation time
decreases as the temperature and chemical potential
increase. Besides, we have specifically examined the
dissociation time of quark pairs in different flavor systems
under the influence of high temperature and chemical
potential. The outcomes have demonstrated that the dis-
sociation time of heavy quarkonium increases with an
increase in the number of flavors.
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