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We develop a covariant formalism to investigate the mixed state entanglement between time-dependent
boosted subsystems in TT-deformed CFT,s through the reflected entropy. To this end we utilize a
conformal perturbation theory to obtain the Rényi reflected entropy through the partition function on the
replica manifold. The correction to the reflected entropy to the first order in the deformation parameter y is
then obtained in the replica limit for finite temperature and finite-sized systems. We further perform an
analytic continuation of our results to obtain the reflected entropy for timelike subsystems in such

TT-deformed CFT,s. We verify our field theoretic computations for both spacelike and timelike
subsystems by obtaining the dual EWCS in the corresponding bulk cutoff AdS; geometries and find

perfect agreement between the two.
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I. INTRODUCTION

The AdS/CFT correspondence [1,2] provides a non-
perturbative framework for gravitational physics in asymp-
totically anti—de Sitter (AdS) spacetime in terms of
conformal field theories (CFT) at the asymptotic boundary
of the spacetime. Recent advancements have revealed that
quantum entanglement plays a central role in the precise
mechanism for the emergence of bulk spacetime [3,4]. The
inception of this concept traces back to the holographic
characterization of entanglement entropy using the Ryu-
Takayanagi (RT) prescription [5,6], which subsequently
paved the way for significant progress in this field [7-10].

However, it is well known in quantum information
theory that for bipartite mixed states, entanglement entropy
receives contributions from irrelevant classical and quan-
tum correlations, and thus fails to be viable measure of
quantum entanglement. To address the characterization of
mixed state entanglement, several computable entangle-
ment and correlation measures have been introduced in the
literature, including entanglement negativity [11], entan-
glement of purification [12], reflected entropy [13,14],
balanced partial entanglement [15], and odd entanglement
entropy [16], to name a few. In this work, we focus on
the reflected entropy, a bipartite mixed state correlation
measure associated with the canonical purification of a
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given mixed state in a doubled Hilbert space [13,17,18].
Interestingly, the reflected entropy was posited as the
holographic dual to the minimal cross section of the
entanglement wedge, the bulk codimension-one region
bounded by a subsystem and its RT surface [19-21].

Recently, the authors in [22-24] introduced timelike
entanglement entropy (TEE) which is a complex-valued
measure for information, obtained through the analytic
continuation of the standard entanglement entropy to cases
involving timelike subsystems. It was shown in [22] to be
related to the pseudo entropy in AdS/CFT and to the
holographic entanglement entropy in dS/CFT which also
involve complex-valued contribution arising from certain
timelike geodesics. The authors interpreted the imaginary
contribution to the TEE to be describing the emergence of
time in the theory which generalized the emergence of
space through quantum entanglement [3]. Holographically,
the extremal surface corresponding to the TEE is composed
of spacelike and timelike segments which give rise to the real
and imaginary contribution respectively. See Refs. [25-34]
for further developments related to the timelike entangle-
ment entropy.

In a separate context, introducing deformations in the
asymptotic region of the spacetime corresponds to the
inclusion of irrelevant deformations in the dual CFT.
However, managing such deformations poses considerable
challenges, with only limited exceptions where they can be
effectively addressed. In this connection, a class of CFT,s
where the conformal symmetry is disturbed through an
irrelevant deformation introduced through the determinant
of the stress tensor, has been a topic of interest in recent
past. This class of CFTs have generally been termed as TT-
deformed CFTs forming a one-parameter generalization of
the original (undeformed) CFT,. It has been shown that
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these theories retain their integrability and are solvable as
the energy spectrum, partition function and S-matrix are
exactly determinable [35-37]. Furthermore, a holographic
dual of these TT-deformed CFTs was forwarded in [38] in
terms of AdS geometries with the asymptotic boundary
situated at finite radial distance. More precisely, the AdS
geometry is identical to the one that is dual to the
undeformed CFT, except that the cut-off surface is now
pushed further into the bulk. The authors in [38] also
demonstrated the matching of the two-point function, the
energy spectrum and the partition function of the deformed
CFT with the holographic computations, providing sub-
stantiation for their proposal.l The entanglement structure
of pure and mixed states have further been investigated
through conformal perturbation theory in these field
theories [34,49-64].

In this article, we address the issue of mixed state
entanglement in TT-deformed CFT,s through the reflected
entropy.2 Studies of such TT-deformed theories are impor-
tant because of the preservation of integrability which may
allow us to utilize the tools developed for integrable
theories. Additionally, these being irrelevant deformation
ensures that the spectrum of the deformed theory has a one-
to-one map with that of the undeformed theory which
suggests a CFT-like organization for the family of states.
This makes the entanglement structure of states in such TT-
deformed CFTs an interesting problem to investigate. Here,
we construct a covariant formalism for the reflected entropy
corresponding to mixed states comprised of boosted
subsystems in such theories. To this end, we perform a
conformal perturbative analysis by requiring that the
deformation parameter ¢ < 1. In this limit, we obtain
the Rényi reflected entropy through the partition function
on the nm-sheeted replica manifold which admits a
perturbative expansion in u, with the leading order con-
tribution arising from the original (unperturbed) CFT,. The
correction to the reflected entropy is then obtained to the
first order in u for such time-dependent boosted subsystems
in finite temperature and finite-sized systems. Furthermore,
by utilizing the relation between the deformation parameter
u with the location of this new cutoff surface r.. of the dual
AdS; geometry, we obtain the bulk EWCS in the dual
cutoff geometries described by Bafiados-Teitelboim-
Zanelli (BTZ) black holes and global AdS; spacetimes.
We further investigate the nature of timelike entanglement
for mixed states in such CFT,s with TT deformation. In

'See Refs. [39-48] for further developments in this direction.

*Note that, in [59], the authors_have also computed the
reflected entropy in theories with TT and JT deformations for
time-independent setups featuring symmetrically placed subsys-
tems. However, they observed a mismatch between the correction
to the reflected entropy and the dual EWCS for disjoint
subsystems in TT-deformed CFT,s at finite temperatures. In
this article, we resolve this issue and discuss about the proper
matching in Sec. V.

particular, we obtain the leading order corrections to the
reflected entropy between timelike subsystems in a TT-
deformed CFT, via analytic continuation of our results for
boosted spacelike subsystems. Although a suitable geo-
metric construction for the bulk entanglement wedge for
multiple subregions remains elusive, a direct analytic
continuation of the spacelike EWCS matches identically
with our field theoretic computations.

Therest of the article is organized as follows. In Sec. II, we
review the salient features of the TT-deformed CFT,s and
the dual cutoff AdS; geometries. We also briefly review the
salient features of the reflected entropy and its holographic
dual, the entanglement wedge cross section. In Sec. III, we
compute the reflected entropy for disjoint, adjacent and
single boosted subsystems in finite temperature and finite-
sized TT-deformed CFT,s. We also perform an analytic
continuation of these results to timelike subsystems. In
Sec. IV, we perform the corresponding holographic com-
putation for the bulk EWCS in cutoff AdS; geometries for
spacelike and timelike subsystems. Finally in Sec. V, we
summarize our work and draw conclusions.

II. REVIEW OF EARLIER LITERATURE
A. TT-deformed CFTs

We begin by briefly reviewing the class of theories
deformed by the double-trace composite operator [35],

(TT) = ¢ (T (7)),

5 (2.1)

which are termed as TT-deformed theories in the literature.
These theories form a one-parameter generalization of
CFT,s characterized by the deformation parameter u.

The action of the TT-deformed theories SgQT may be
characterized by the following flow equation:

dSi - ()
T / Ew(TT),.  Sgerly—o = Scer. (2:2)

where TT is constructed out of the stress tensor of the
deformed theory, Scgr is the action of the undeformed CFT,
and u > 0 is considered to be non-negative. If the defor-
mation parameter is considered to be small u <« 1, the

action Sg’gT may be expanded perturbatively to the first

order as follows:

S(QMIET = SCFT + H //;/1 dZWTT, (23)

where T =T,,,, T = T, are the components of the stress
tensor of the undeformed theory in the complex (w,w)
plane. Note that, 7% has been omitted in the above
expression, as on a flat manifold, any correlation function
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involving an insertion of 7% always results in a vanishing
contribution. All our computations in this article will be
performed on a cylindrical manifold, justifying the above
omission. Additionally, we will be working within the
perturbative regime of the deformation parameter through-
out this article.

B. Cutoff AdS geometries

For these deformed CFT,s with y > 0, the holographic
dual has been proposed to be described by asymptotically
AdS; geometries with asymptotic boundary pushed deeper
into the bulk [38]. In particular, the holographic dual to
TT-deformed CFT,s are characterized by the AdS geom-
etry identical to the one that is dual to the undeformed CFT,
except for the cutoff surface, which satisfies Dirichlet
boundary conditions at a finite radial distance,

dr? [6R*  R?
dszsz(Lzﬁ—rzgabdx“dxb), r<re={/—=—,
r wcu €,

(2.4)

where R is the AdS; radius, c is the central charge of the
deformed CFT, and the subscript ¢ on the UV cutoff e,
signifies that the CFT, defined on the cutoff surface is
pushed inside the bulk. An example of this proposal for
TT-deformed CFT, at a finite temperature dual to cutoff
BTZ black hole, is depicted in Fig. 1. The above holo-
graphic proposal has passed several tests including the
explanation of the light cone deformations, reproducing the
energy spectrum, a geometric description of the exact
RG flow [38] as well as holographic characterizations of
entanglement and correlation [49,59-61,65].

C. Reflected entropy

In this subsection, we briefly review the mixed state
correlation measure introduced in [13] and termed as the
reflected entropy. To this end, we begin with the bipartite
mixed state A U B described by the density matrix p,5. The
canonical purification of p,p is given by the state ||/pag)
defined on the doubled Hilbert space Hy @ Hp @ Hir ®
Hp+ where A* and B* are the CPT conjugate copies of the
subsystems A and B respectively. The reflected entropy Sy
between the subsystems A and B is then defined as the von
Neumann entropy of the reduced density matrix pyqx =

Trgp«|\/Pag){\/Pas| as follows:

Sr(A:B) = Sun(panr) jpry- (2.5)

A replica technique to obtain the reflected entropy for
bipartite mixed states in CFT,s was also developed in [13].
This involved the construction of the state |y,,,) = | p%2> on
an m-sheeted replica manifold with m €2Z". This state
ly,,) may be understood as the purification of p/f;. Rényi

reflected entropy S, (AA*), may then be defined as the

Th
'Y ~ ~ a Te
! A T2
.
Too
'y 2

FIG. 1. Schematics of the cut-off BTZ geometry dual of TT-
deformed CFT, at a finite temperature. The new cutoff surface is
placed at r.. The coordinates of a subsystem A = [x{, x5 in CFT
are scaled to [X, X,] while pushing the cutoff surface inside the
bulk. Figure modified from [59].

Rényi (entanglement) entropy corresponding to the reduced
density matrix p;";)* = Trgg* W) (w,|- Note here that,
unlike the Rényi entropy, the Rényi reflected entropy is
a two-parameter generalization of the reflected entropy
where the parameter m is required to construct the pure
state |y,,) and n is the usual Rényi index. The reflected
entropy is obtained through the analytic continuation of
both these parameters to unity as’

Sk(A:B) = lim S,(AA*), .

n,m—

(2.6)

For any generic configuration, the Rényi reflected entropy
may be obtained through the partition functions %, ,, on the
nm-replicated and Z;,, on the m-replicated manifold as
follows:

Zn,m
—
Zl.m

1
Sn (AA* )1//m = m log

(2.7)

The two replica limits n — 1 and m — 1 do not always
commute [66—68], as the dominant channel could change if the
order is reversed. The appropriate order of limits (n — 1 followed
by m — 1) becomes crucial for the cases where the problem is
defined close to the transition point and the dominant channel
may change. However, for the works in this article, we always fix
the dominant channel to be described by the connected entan-
glement wedge for the subsystem in question and, thus, the two
limits may be implemented interchangeably without any differ-
ence in the results.
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The authors in [13] also established a holographic
duality for the reflected entropy in terms of the bulk
entanglement wedge cross section. In particular they
showed that the reflected entropy is described holograph-
ically by twice the bulk entanglement wedge cross section
(EWCS). In the next subsection, we provide a brief review
of this bulk EWCS.

D. Entanglement wedge cross section

The entanglement wedge is a codimension-one bulk
region dual to a density matrix. For a bipartite mixed state
pap, the entanglement wedge y,p is defined as the bulk
region bounded by the subsystem A U B and the extremal
(minimal) surface I'yz homologous to the subsystem
computing the entanglement entropy. The minimal cross
section of the entanglement wedge (EWCS) serves as a
natural candidate to quantify mixed state entanglement and
correlations corresponding to a reduced density matrix.*

In the AdS;/CFT, setup the extremal curves are always
given by geodesic segments and the EWCS may be
computed comprehensively in the embedding coordinate
formalism where one embeds the AdS; geometry in R*? as
follows:

ds? =1, dX*dX*, X*X,=-R>. (2.8)

Then, the EWCS between two disjoint subsystems A =

[X1,X,] and B = [X3, X,;] may be computed through [68]
1 1+
Ew(A:B) = ——cosh™ 2.
v(a:) = pcon”! (LX) o)

where u and v are defined, with {;; = —X;.X, as follows:

_ 5124’34
C13C24 ’

_ $14823

. 2.10
€138 (2.10)

In a similar manner, for two adjacent subsystems A =

[X1,X,] and B = [X,, X3] the EWCS is given by [69]
1 2
Ew(A:B) = ——cosh™! 26 ) (2.11)
4Gy i3

“Note that, several other entanglement and correlation mea-
sures such as the entanglement negativity, entanglement of
purification, odd entanglement entropy and the balanced partial
entanglement have been proposed as putative duals of the
entanglement wedge cross section (EWCS). However, the most
promising of these dualities stand out to be of that with the
reflected entropy established in [13] through a gravitational path
integral formalism utilizing the explicit holographic construction
discussed in [17].

III. REFLECTED ENTROPY
IN TT-DEFORMED CFTs

In this section, we construct a suitable replica technique to
obtain the reflected entropy in CFT,s perturbed with a TT
operator. To this end, we begin by considering any generic
bipartite mixed state in such a TT-deformed CFT, defined
on a manifold M. As discussed in Sec. II C, to obtain the
reflected entropy in a CFT, it is required to consider an nm-
sheeted Riemannian manifold M,,,,, constructed through
the replication of the original manifold M. The partition
function on such a replicated manifold may be written as

Zym = / DoeSenl®),
' M
(w)

where Sqpr is the action for the TT-deformed CFT, on the

replicated manifold M,,,,. Considering the TT deformation

to be perturbative by taking u <« 1 in Eq. (2.3), we may

obtain the following ratio of the partition functions on the

nm-sheeted replica manifold and the m-sheeted replica
Zn,m o f/\/l,,m e_SCFr

manifold:
Zl,m |:f,/\/l e_SCFTj| n ( M Mo

+nu /M {770, + Ol ))

(3.1)

(3.2)

where the first term gives the leading order result arising
from the original (unperturbed) field theory. Here the
expectation value of the TT operator on M,, may be
determined by employing the twist operators for any general
bipartite configuration as follows:

nm
. (T, (w H
/ (rT M,,H,IZ/
My, =

_//Vl nm

where T are defined on the k-th replica sheet and 7"
correspond to the total energy momentum tensor on the
nm-replicated manifold. The expectation value of the TT
operator on the replicated manifold M,, may also be
determined in a similar fashion.

The correction to the Rényi reflected entropy may then
be identified by utilizing Eq. (3.2) in Eq. (2.7) to be

=253 (/MW<TT>MW—”/MW<TT>MW>,

(3.4)

(3.3)

8S,.m(AA*)
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which in replica limit n, m — 1, will lead to the correction in
the reflected entropy due to such TT deformation in CFT,s.

A. Thermal CFT,s with TT deformation

In this subsection, we consider the TT deformation of a
CFT, at a finite temperature. Thus the manifold M in this
case is described by a thermal cylinder with a circum-
ference given by the inverse temperature . We may
transform this cylinder M described by coordinates
(w,w) to a complex plane C with coordinates (z,Z) by
utilizing the following exponential map:

z=e7, T=eh. (3.5)
It is now possible to compute the expectation value in

Eq. (3.3) by transforming the correlation functions to the
|

complex plane and by utilizing the conformal Ward
identities in the numerator [59-61,65].

In the following, we consider various bipartite mixed
states in such finite temperature CFT,s and obtain the
correction to the reflected entropy. Subsequently we con-
sider an analytic continuation of our results to obtain the
correction for purely timelike subsystems.

1. Two disjoint subsystems

We begin by considering two disjoint subsystems
described by A = [(w;,w;), (o, w,)] and B = [(w3, w3),
(wg, Wy)] with wy, = x + ity in a thermal CFT, with a TT
deformation. Computing the expectation value in Eq. (3.3)
via the map Eq. (3.5) and substituting it in Eq. (3.4) lead to
the following correction in the Rényi reflected entropy for
this configuration:

gl hgm + aZ[ (10g<6> —n 10g<6m>))
Z—Z;

i,j=1

0. log(c h, .
+ Z; g( >><_ y,_ + z
-7 (z-12))

_ 2—2i hy, 4=
nz°zZ =2)°

In the above, we have defined

log(o) = log(o,, (21,21)0,1(22.22)0,,(23. 23)0-1 (24, Z4))
1+./n 1+ /i
~ hyg, log 1 _\/_—i—hg s log 4 (3.7)
log{e,,) =log(a,, (21.21)0,:1(22.22)0,, (23.23)041 (24, 24))
= lin}log<0>, (3.8)
n—

where the cross-ratio 5 7% with z;; = z; —z;. Also
h, =h,, h, =h, and hyrg, = hg 14,» Tespectively re-

present the conformal dimensions of the twist operators in
Eq. (3.7) at position z;, of ¢, in Eq. (3.8) and of the

Gm
composite twist operator e and have the following form:

nc 1 c 1
hgi :}’lhgm :24<m_m>, th]gB :12<n—n> (39)

Note that the conformal dimension of Oytg, appear in

Eq. (3.7) as this operator provides the dominant contribution

(3.6)

in the conformal block expansion of the corresponding four-
point twist correlator [13].

On simplifying Eq. (3.6), we may obtain the following
integral:

5S,(AA*), = /M Pw ”9;4”

<2\/ —Zz Z1—Zs)(Zz—Z4)(Zs—Z4)
(z—z)(z—22)(z—23)(z—24)
+c.c.>,

2n(x—+it) .
where z = ¢ 7 and c.c. represent the complex conjugate

of the first term. This integral may easily be solved
following the techniques described in [65] where similar
integrals appear in the computation of correction to the
entanglement entropy. Finally, in the replica limit
n,m — 1, the correction to the reflected entropy for the
given configuration of two disjoint subsystems may be
obtained as follows:

(3.10)
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7t
184°\/n
r*clu

TN

where we have defined

oSk = (Pﬁ 7)234 Png - PZQ)

(7_)734 - ﬁg% + ngIZ - 75512) ’ (31 1)

Pl = (3.12)

We have also analytically continued to the real time ¢ to
explicitly observe the time dependence of our result, and
the finite temperature cross-ratios # and 7 are given by

sinh <”(f12;)f12)) sinh (”(%4;)534))
s1nh f11+X13 ) sinh (”(IZA;XM)) ’

t1y—X . 7(t34—X34)
smh( L ) smh<734ﬂ 34)

x(t;3—x . 7(taa—x24)\
sinh ‘3 L ) smh(%)

(3.13)

It may be checked here that the correction to the leading
order in Eq. (3.11) is negative for spacelike subsystems,
indicative of a reduction in the entanglement between the
two parties forming the bipartite mixed state.

Timelike entanglement. We now investigate the timelike
entanglement structure of the bipartite mixed state of two
disjoint subsystems through an analytic continuation of the
above correction to the reflected entropy. We consider

purely timelike subsystems A = [(x,1;), (x,1,)] and B =
[(x,13), (x,4)] on a thermal cylinder describing the CFT,
with a TT deformation and substitute these in Eq. (3.11) to
obtaining a vanishing correction. Thus the timelike
reflected entropy Sg) for this configuration is same as
the one with no TT deformation and may be obtained
through the analytic continuation of the result obtained
in [70] as follows:

(3.14)

Notice that, unlike the timelike EE, the timelike reflected
entropy for this configuration does not have any imagi-
nary part.

The above vanishing result is similar to the findings
of [25,60] where the authors observed no correction to the
entanglement entropy and the odd entanglement entropy
for a timelike subsystem in the TT-deformed thermal CFT,.
This was explained, holographically, owing to the orienta-
tion of the subsystems with respect to the cylinder.

2. Two adjacent subsystems

We now proceed to case of two adjacent subsystems
described by A = [(w;,w;), (wy,w,)] and B = [(w,, w,),
(w3, w3)] in a thermal CFT, with TT deformation. The
correction to the Rényi entropy (3.4) for this case may be
obtained by computing the expectation value in Eq. (3.3),
as follows:

|
S

2te (& 5 hg,-
3p (Zl (Z <(z - z)?

h 0, log(s,,)
_ nz2 I 4 T m
Z<Z<(Z—Zi)z <=4

i=13

167>

3 )
_ oy %
) Z(@—zf z

0, log{c h, .
+ Zi g< >> +Zz( _ g,_ 2_|_ z_
-z (2-%)

=)))

Z—Z,'

S

i,j=1

<— Z (<z et azéligf)) ((z Eoz * azélig;j >>

where

22 Z < hy,, 2+az,-10g<0m>> < _Bg'f 2+02j}0g<_0m>>)],
=it (z—2z) 7—7; (z-12)) Z-3;

(3.15)
log(o) = log(o,, (21,21)0414,(22.22)0-1 (23, 23)), (3.16)
= log(oy, (21,21)0,1 (23, 23)) (3.17)

log(o,,)
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with conformal dimensions of the twist operators given in
Eq. (3.9). Simplifying Eq. (3.15), we may arrive at the
following integral on the thermal cylinder M:

ztctu
9ﬂ4
-2 )(22—23)

X( (25
(z—z2)(z=22)%(z—23

This integral may again be computed following the tech-
niques described in [65], which in replica limit n,m — 1
provide the following correction to the reflected entropy:

55,(AA%), = / dw
M

)+c.c.>. (3.18)

2ﬂX12)

X1, sinh(

ety
oSp = —
K 94 (cosh(z’”‘z) cosh(

2
7[[-;‘12)

2mxy3

X3 s1nh(

)
cosh(z”m) - cosh(z”;; 3)

27x13

X13 smh(

)
cosh(z’””) - cosh(z’””)

p

(3.19)

where we have analytically continued to the real time f.
Again, the above correction is always negative for boosted
spacelike subsystems hinting towards a reduction in the
entangled degrees of freedom shared between the two
adjacent subsystems due to the TT deformation.

Timelike entanglement. We now consider the mixed state
of two adjacent (purely) timelike subsystems A = [(x, ),
(x,1,)] and B = [(x, 1), (x, £3)] on the thermal cylinder M
describing the CFT, with a TT deformation. Considering
the analytic continuation of Eq. (3.19), we again observe a
vanishing correction to the reflected entropy in the leading
order for the given timelike subsystems. Thus the reflected

__H

entropy for this case is simply obtained by analytically
continuing the corresponding result of [70] as follows:

44\ sinh(*§2) sinh(*) e
ogl|— Pl vi=.
e sinh (") 6

Similar imaginary part has been observed to appear in the
entanglement entropy for timelike intervals in CFT,s with
and without [22,24,25] TT deformations as well. In the
holographic description they correspond to some timelike
geodesics constituting the RT surface for the timelike
subsystem [22,24].

(3.20)

3. A single subsystem

In this subsection we consider a single spacelike sub-
system described by A = [(0,0), (¢, ¢)] in a CFT, at a finite
temperature deformed by the TT operator. Similar to the case
for the reflected entropy in undeforrmed CFT,s [70,71], the
appropriate replica technique prescription for this configu-
ration involves the consideration of two auxiliary subsystems
B, =|[(-L,-T),(0,0)] and B, = [(¢,1), (L, T)] adjacent to
the given single subsystem on either sides.” This is required
due to the presence of infinite branch cuts along the cylinder
which involve nontrivial gluing among the replica sheets for
the Rényi reflected entropy. The reflected entropy is obtained
with these subsystems in place, and finally the bipartite limit
B,UB, =B — A° (L — o) is considered to obtain the
original configuration of the single subsystem.

For this configuration of the single subsystem sand-
wiched by the auxiliary subsystems, the correction to the
Rényi reflected entropy in Eq. (3.4) is explicitly given in
terms of the twist operators, upon utilizing the conformal
map in Eq. (3.5) as follows:

5S,(AA*)

27tc
Y n— 1 M

=
2y

<h
i—1.4 (z—z)

(2 Z (e
azi10g<0m>>

Z—Z;

0Z_log<o—>> 5 4
+ - +3
=% ¢ Z

—nz

a.log(c)

h 0: log(o >>>
2 glﬂ zl m
E _|_
i=1.4 ((Z Zi)z Z- Zi

1672 < 227 zi <
n i,j=1

+— hy +
p*m )
hgm

Z—Z,‘2

Z— I

) )

N d. log(

2 -2z

2=2
i 3 (
i, =14 (z—2z)

)2

(3.21)

>Similar construction has also been utilized in nonrelativistic scenarios for the reflected entropy of a single subsystem at a finite

temperature in GCFT,s [72].
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where

10g< > =lo g("gB(ZIvZI)UgE'gA(ZZ’ ZZ)G_(];]_(]B

X (Z3, 23)0951 (Z4, Z4)> (3.22)
log(c,,) = log(o,, (21.21)6,:1(24.24))
= _hgm IOg(Z4 - Zl) - ljlgm IOg(Z4 - Zl)‘ (323)

The four-point twist correlator in Eq. (3.22) is given
by [70,71]

(04,(21.21)0414, (22, Zz)%;'g,,(za 23)0,1(24.24))

B 1 Foul) 1 Fou@)
— Rmn 2h _ h _ 2h h _ ’
2h, 9 gp g o 2h,, _“Mglgy =g lgg
24 2yt M 2yt M
(3.24)

where 77 and 7 are the cross ratios as defined earlier in z and
7 coordinates. The nonuniversal function F,,(n) and
F,un(71) depend on the full operator content of the theory
and in the limit#, 7 — 1 and 7, 77 = 0 may be approximated
as [71]

‘an (0) = ‘an (0) = Cmnv
(3.25)

where C,,, is a nonuniversal constant. Using the above, the
correction to the reflected entropy may be obtained in the
replica limit n, m — 1 of the Rényi reflected entropy as

_”490 ;f g <Coth <”(";_ t)> + coth <”(”ﬂ ; t)> - 2)
A G I G

—e VN
7(e7)

/()

where the bipartite limit L — oo has been implemented. We
have also defined the nonuniversal functions,

fn)=

5SR:

_e/i

(3.26)

f(@)= lim log[F,,,(7)].

m,n—1

lim log[F .. ()],

m,n—1

(3.27)

Similar to previous cases, the correction to the reflected
entropy for this configuration is always negative for
spacelike subsystems hinting towards the reduction in
the entangled degrees of freedom between the subsystem
A and its compliment.

Timelike entanglement. We now consider the case where
the subsystem A is purely timelike. It is important to note
here that the above construction for a spacelike subsystem
involving the auxiliary subsystems should not be extended

naively to timelike situations as the apparent problem due
to infinite branch cuts is absent in such cases. This is due to
the fact that the subsystem is now aligned in the compac-
tified direction of the thermal cylinder making the branch
cuts along A€ finite. Thus the reflected entropy is obtained
through a two-point twist correlator in this case for which
the correction in the reflected entropy given by Eq. (3.4)
vanishes.

B. Finite-sized CFT,s with TT deformation

In this subsection, we now proceed to the case of TT
deformation of finite-sized CFT,s leading to a cylindrical
manifold M with a compactified spatial direction
x ~x -+ L. This spatial cylinder may be mapped to the
complex plane C through the following:

_2xiw 2xiw

z=e L, 7=

(3.28)

Similar to the finite temperature case, we may now compute
the correction to the Rényi reflected entropy by obtaining
the expectation value of the TT operator in Eq. (3.3).

1. Two disjoint subsystems

Consider the bipartite state of two disjoint subsystems
described by A = [(wy,w;), (w2, W,)] and B = [(w3, w3),
(wg,w,)] in a finite-sized CFT, with a TT deformation.
Here w, = x; +ir, with x; ~x; +L and 7, as the
Euclidean time. The correction to the Rényi reflected
entropy for this case is given by the same integral as in
Eq. (3.10) with # — iL. However the planar coordinates
(z,Z) are now related to the coordinates (w,w) on the
spatial cylinder through Eq. (3.28). Solving the integral and
subsequently taking the replica limit n, m — 1 leads to the
following correction for the reflected entropy:

ztclu

5SR = 18L3\/_ (7)134 P§34 + P§12 - ,PAI(IZ)

a*ctu

_ o (PL —PL 4 PL —PL ). (3.29
18L%\/E( 134 234 312 412> ( )

where we have again defined the following functions:

t; sin (7”0“':)(”‘))
Pl]k

w(ti+x5)\ oo (#ltatxa))
Sln( 17 Sin L

t; sin U7 xk)

Sln( ( XU)) Sln( (tlk sz)) ’

The analytic continuation to the real time ¢ has also been
considered, and the finite-sized cross-ratios £ and & are as
follows:

Pl]k

(3.30)
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sin (W) sin (@)
i (Pl sin (sl
. sin("epe) ) gin ((tezn)
- sin (w) sin (@) :

It is worth noting here that the correction for this case in
Eq. (3.29) is always negative for spacelike subsystems
which indicate that the entangled degrees of freedom
between the such subsystems in finite-sized systems also
decreases upon the introduction of the TT operator.

Timelike entanglement. We now consider the configu-
ration of two disjoint (purely) timelike subsystems
described by A = [(x, 1), (x,%,)] and B = [(x, 13), (x, 14)]
in a finite-sized CFT, deformed by a TT operator. Unlike
the finite temperature case, we observe that the analytic
continuation of Eq. (3.29) to timelike subsystems lead to
nonvanishing correction given by

(3.31)

t, sin(®)

55— _ 7Py [sin(FE) sin("R) L
K 9L |/ sin(™2) sin(Z) \sin(52) sin (")
1, sin(*3) 13 sin(%72)
s1n(””3) sin(*2) - sin(*2) sin(*)
14 sin(*72)
- |- 3.32
sin(774) sin(F2) (3.32)

2. Two adjacent subsystems

In this subsection, we now consider two adjacent boosted
subsystems A = [(wy, w;), (wp,w,)] and B = [(w,, W),
(ws,ws3)] in a finite-sized CFT, with a TT deformation.
The correction to the Rényi entropy may be obtained
through Eq. (3.15) where, now, the complex plane coor-
dinates (z,z) is mapped to the spatial cylinder (w,w)
through Eq. (3.28). Solving the integral in Eq. (3.18) and
subsequently taking the replica limit n,m — 1, we may
obtain the correction to the reflected entropy in the leading
order as follows:

et I1o Sln(anI'Z)
5SR - -
cos(

O \cos(Z72) - con (57
I73 Sm(2m23) 13 Sm(zmm)
cos(Q”’“) cos(z’”‘”) cos(z’””) cos(z’””)
(3.33)

where we have analytically continued to the real time t.
Again, the above correction is always negative for space-
like subsystems, indicative of the reduction in entangled
degrees of freedom due to the TT operator insertion.

Timelike entanglement. We now consider the analytic
continuation of the above result to the case for (purely)
timelike subsystems described by A = [(x, 1,), (x,#,)] and
B =|[(x,1,), (x,13)] in a CFT, deformed by a TT operator
defined on a spatial cylinder. The correction to the reflected
entropy for such case is nonvanishing and is given by

4.2
T TCT U V15D
5S§)_—W<112 0t< I >+t23 0t< I )
it
—l]3COt< Ll3>>

3. A single subsystem

(3.34)

For the case of a single subsystem in a finite-sized
CFT, perturbed by a TT operator, we consider the sub-
system to be described by a boosted spacelike interval
A = [(wy, W), (W, W,)]. Note that unlike the case for the
CFT at a finite temperature, it is not required to introduce
the auxiliary intervals in this case, as the branch cuts are
finite along the spatial circle. The correction to the Rényi
reflected entropy is obtained by solving Eq. (3.4) with
appropriate two-point twist correlator. Subsequently the
correction to the reflected entropy for this configuration is
then obtained in the replica limit n,m — 1 to be

ztciu I2 Sm(zmm)

oS = — ,
K OL* cos(*%2) — cos(*212)

(3.35)

where analytic continuation to real time ¢ has been
implemented. Note that, similar to earlier cases, the above
correction to the reflected entropy due to the introduction of
the TT operator is always negative for spacelike subsys-
tem A.

Timelike entanglement. We now proceed to the case of a
single timelike subsystem A = [(0,0), (0,7)] in a finite-
sized CFT, deformed by a TT operator. Note that the
timelike subsystem is aligned parallel to the axis of the
spatial cylinder. Consequently, as earlier, we encounter
infinite branch cuts for this configuration, requiring the
introduction of two auxiliary subsystems B, = [(—-X, -T),
(0,0)] and B, =[(0,¢), (X, T)]. Unlike the finite temper-
ature case, the bipartite limit B; U B, = B — A“ for the
spatial cylinder is implemented by stretching the auxiliary
intervals to timelike infinity 7 — oo.

The correction to the Rényi reflected entropy for this
single subsystem sandwiched between two auxiliary sub-
systems can be obtained through Eq. (3.21). The correspond-
ing four-point twist correlator have the same form as in
Eq. (3.24), except that the complex plane coordinates (z, Z)
are now obtained through the map (3.28) and 5, 7 are replaced
with the finite-size cross-ratios &, & given in Eq. (3.31).
Following arguments similar to [71,73], it may be checked
that the nonuniversal functions F,,,, F,, follow similar
behavior as in Eq. (3.25) in the limits £, & — 0 and &, & — 1.
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This ultimately leads to the following correction to the
reflected entropy in the replica limit n, m — 1:

271402;” . it
5SR = —W |:l —C0t<z):|

(3.36)

where the bipartite limit 7 — oo has been implemented and
the nonuniversal functions f, f given in Eq. (3.27) have been
introduced. Note that, unlike previous cases, here we also
observe correction to the imaginary part of the reflected
entropy.

IV. ENTANGLEMENT WEDGE CROSS SECTION
IN CUTOFF ADS GEOMETRIES

In this section, we compute the EWCS for various
bipartite states in the cutoff AdS geometries dual to TT-
deformed CFT,s and find agreement with the reflected
entropy computed from conformal perturbation theory in
the limit of a small deformation parameter.

A. Cutoff BTZ black holes

According to the prescription in [38], a thermal CFT,
with TT deformation is dual to the BTZ black hole with the
line element,

r2 2

—r? R r?
ds? = — hdr? + dr? +—di?,  (4.1)
R? P2 — r%l R?
with the finite radial cut-off r, = %. In the above line

element, the black hole horizon is located at r = r, and the
time direction is compactified as t~t+ if. It is well
known that the black hole has the same temperature as
the dual field theory,

- 27R?
=

s

(4.2)

In the holographic correspondence described in [38], the
dual thermal field theory is located at the asymptotic
boundary of the spacetime at r = r. and the metric on
this conformal boundary reads

2

ds? = —dP + 5 d2 = —d? +dx?,  (4.3)
r.—r;,
where we have defined the conformal coordinate,
2\ —1/2
x:x(l —r—’;) : (4.4)
ra

hence the CFT, lives on a temporally compactified cylinder
described by the coordinates (7, x).

In the following, we will compute the minimal cross
section of the entanglement wedge for various bipartite
states involving two disjoint, two adjacent and a single
subsystem in the TT-deformed thermal CFT,, utilizing the
embedding coordinate techniques described in Sec. II D. To
simplify latter calculations, we set R = 1 and introduce a

new holographic coordinate u =1, with u. =1 and

u, = % The embedding coordinate transformations which

map the BTZ metric to that of R>? are given by

1. Two disjoint subsystems

We begin with two generic boosted disjoint subsystems
A= [(x1.11), (x2,12)] and B = [(x3.13), (x4, 14)] as depic-
ted in Fig. 2. Utilizing Egs. (4.5) and (2.9), the EWCS
corresponding to the reduced density matrix p,p is then
given by Eq. (2.9), with

2 2 p—)
u t;i u u; — ug
Cij=|—%-1]cosh( L) ——4cosh | +——1|x;| ).
u? u,) u? us

To compare with the field theoretic result, we consider the
limit of small deformation parameter # which corresponds

(I27Et2) (w3,t3) B (I4,st4)

FIG. 2. Schematics of two Lorentz boosted disjoint subsystems A
and B in the cutoff BTZ geometry. The two shaded planes represent
the original and the shifted asymptotic boundary, and the corre-
sponding scaling of the subsystems. Green curve is the EWCS.

046009-10



REFLECTED ENTROPY AND TIMELIKE ENTANGLEMENT IN ...

PHYS. REV. D 110, 046009 (2024)

to a large cutoff radius r, (or, small u.). Furthermore, as the bulk BTZ black hole is dual to the finite temperature deformed
CFT, in the limit of high temperatures, we further consider the limit # < |x;;|. #;;. Expanding the expression of the EWCS

for small u, and u, < |x;;

, t;j, we may obtain

X2 sinh(%hz)

EW(AZB)_LCOSh_l[ (1+\/ﬁ ]

4Gy L=n)(1-7)

X34 sinh(32)

116Gy (/i + v/7)

X3 sinh(32)

2 [

cosh(;‘—f) — cosh(32)

X14 sinh(72) }

cosh(2) — cosh(7) B cosh() — cosh(;2) B cosh(i4) — cosh(31)

X13 sinh ();—];>

X4 Sll’lh(i—zi)

u? [
16Gyu;, (/1 + /M) [cosh((2) — cosh(32)

X3 sinh (%)

X4 Slnh(%)

cosh(’;—:) - cosh(%‘)

- Cosh(luz_z) — cosh(%) B COSh(;l—:) - COsh(z_llj&) )

where 7 and 7 are the finite temperature cross-ratios given
in Eq. (3.13). The first term in the above expression is
nothing but the EWCS corresponding to the two disjoint
subsystems in the undeformed CFT, located at the asymp-
totic boundary r — oo of the bulk BTZ black hole
geometry [13]. Utilizing the holographic dictionary in
Egs. (2.4) and (4.2) along with the usual Brown-
Henneaux relation is AdS;/CFT, [74], the rest of the
terms is easily seen to match with the corresponding field
theoretic computations for the corrections to the reflected
entropy given in Eq. (3.11).

Timelike entanglement. We now consider the correlation
between two purely timelike subsystems A = [(x, 1),
(x,1,)] and B = [(x, 13), (x, 14)], in the spirit of the time-
like entanglement introduced in [22,24]. While an explicit
geometric construction of a timelike entanglement wedge
remains absent, we adopt a straightforward approach by
accepting its inherent properties and proceed with a
rudimentary analytic continuation of our result for the
EWCS in Eq. (4.7). It is easy to verify that the correction
to the EWCS due to the deformation vanishes identically,

1 sinh(32) sinh(53
Ey(A:B) = ——cosh™ [1+2— (i ) : (2, Y
4Gy sinh(52-) sinh(5}*)

. (4.8)

> |

(4.7)

Upon utilizing the Brown-Henneaux formula [74]
and the holographic dictionary in Eq. (4.2), the above
expression for the EWCS matches identically with the
field theoretic result for the reflected entropy in
Eq. (3.14). Interestingly the corrections due to TT
deformation is absent in the above expression as the
angular separations of the timelike intervals are unaf-
fected while pushing the holographic screen inwards
[25,60]. Furthermore, we notice a vanishing imaginary
contribution to the EWCS indicating no timelike curve
segment in the bulk construction. This ought to shed
some light into the geometry of the corresponding
entanglement wedge.

2. Two adjacent subsystems

Next, we consider the case of two adjacent boosted
subsystems A = [(x, #1), (x5, )] and B = [(x,, 1),
(x3,13)] in the dual thermal CFT, with TT deformation
as depicted in Fig. 3. Utlizing Eq. (2.11) and the
embedding coordinates given in Eq. (4.5), the EWCS
between the two adjacent subsystems may be obtained
as follows:

2 2
2]a? cosh(’u‘—:) - % cosh(“‘%}fl)] [o? cosh(’;—;) - % cosh(%:*‘l)]

1
Ew(A:B) = ECOSh_]

2 13y _ 4 cogh (@l
[a® cosh(() =k cosh(=7E)]

up

046009-11



DEBARSHI BASU and VINAYAK RAJ

PHYS. REV. D 110, 046009 (2024)

2
where we have defined > = % — 1. Once again, we consider the limit of small deformation parameter (small «,.) at a large

temperature and expand the above expression to obtain

Ey(A:B) =

8G

x12 sinh(32)

g B0 — cosh(]fcosh((2) — cosh(i)
N uz[cosh(i2) — cosh(32)]

Up

X3 sinh(72) x13 sinh(2)

u? [
16Gyu;, [cosh(i2) —sinh(;2) = cosh(i2) —sinh(72)  cosh(;2) —sinh(32)]”

Utilizing the holographic dictionary in Eq. (2.4) and the
expression for the temperature of the black hole in
Eq. (4.2), the first term in the above expression may be
identified as the EWCS between two adjacent subsystems
in the original undeformed CFT, with UV cutoff ¢... On the
other hand, the subleading terms proportional to u2 match
identically with the leading order corrections to the
corresponding reflected entropy obtained from conformal
perturbation theory in Eq. (3.19), upon utilizing the Brown-
Henneaux relation in AdS;/CFT,.

Timelike entanglement. We consider the case of two
purely timelike adjacent subsystems A = [(x,1,), (x, ;)]
and B = [(x,1,), (x,#3)] in the thermal CFT, with TT
deformation. Once again, despite the absence of an explicit
geometric construction of the corresponding entanglement
wedge, we accept its existence prima facie and adopt an
analytic continuation of the result Eq. (4.10) for two
boosted adjacent intervals, to obtain

1 2u, sinh(72) sinh (32
L (1og [P TR SNGL))
4Gy uy sinh(5)

2uy,

Ew(A:B) =

(4.11)

As in the case of two disjoint subsystems, we observe
that the corrections due to the TT deformation vanishes
identically owing to the geometric orientation of the
subsystems along the thermal cylinder [25,60]. Utilizing

FIG. 3. Schematics of two Lorentz boosted adjacent subsys-
tems A and B in the cutoff BTZ geometry.

(4.10)

the holographic dictionary in Eqgs. (2.4) and (4.2) and the
Brown-Henneaux relation [74], the above expression is
easily seen to conform to the result in Eq. (3.20).

3. A single subsystem

In this subsection, we consider a boosted spacelike
subsystem A = [(0,0), (#,1)] in the TT-deformed thermal
CFT,. As described earlier, this requires the introduction
of two large auxiliary subsystems B, = [(—L,-T), (0,0)]
and B, = [(¢,1), (L, T)] sandwiching the single subsystem
in question which is depicted in Fig. 4. Subsequently,
we construct the bulk codimension one entanglement
wedge dual to the bipartite density matrix p,,p Wwith
B=B,UB, We may compute the upper bound to
the EWCS between A and B utilizing the following
expression [71,75]:

Ew(A:B) = Ew(A:B)) + Ey(A:B,). (4.12)

The upper bound to the EWCS corresponding to the single
subsystem in question may then be obtained by taking the
bipartite limit B — A¢ (L — o0). Noting the fact that A, B;
are adjacent to each other, we may utilize the result
Eq. (4.10) to compute the individual EWCS Ey (A:B;)
and obtain

FIG. 4. Schematics of a Lorentz boosted subsystem A in the
cutoff BTZ geometry. B and B, are auxiliary intervals. Union of
the green curves gives the upper bound to the EWCS for this
configuration.
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o 1

2 4
8uzh [cosh (—)
Ue up
t cosh(&L) — cosh(&T)
— cosh (—) } b
up

iy
cosh(5EE) — cosh(“ET)
> 2¢ sinh(;)
16Gyuj, |cosh(;) — cosh(4)
(¢+1L) sinh(”ﬂ;’—h’“)
cosh(“:1) — cosh(f;—hL)
(¢ — L) sinh(%E) ] |

- =T =L
cosh(70) — cosh(7%)

(4.13)

The upper bound to the EWCS corresponding to the single
boosted subsystem in question may now be obtained by
taking the bipartite limit L — oo as follows:

- 1 2u? 4
Ew(A:A°) = Gy [Iog( uuzh {cosh (u—h>

t 4 1
“cosh( =) | ) = &) 4 ——log2
o (“hﬂ) uh:| Jr2GN o8

2 sinh(£
Sl iy W1 (41
8Gyu;, cosh(u—’h) - cosh(a)

As earlier, the first term in the above expression is just the
EWCS corresponding to the single subsystem in the unde-
formed CFT,, whereas the term proportional to u?2 is the
leading order correction due to the TT deformation. The
constant term may be attributed to the Markov gap [76]
owing to its geometrical interpretation in terms of the number
of nontrivial boundaries of the EWCS. Utilizing the holo-
graphic dictionary in Egs. (2.4) and (4.2) and the Brown-
Henneaux relation in AdS;/CFT,, the subleading term may
be seen to match exactly® with the corresponding leading
order correction to the reflected entropy obtained from
conformal perturbation theory in Eq. (3.26). Interestingly,
the above expression for the EWCS in the dual cutoff
geometry maybe recast into the following instructive form:

y 1
Ey(A:A) =S, — ST+ ——log2,

4.15

The nonuniversal functions f and f are expected to be
subleading in the large central charge limit and hence are
undetected in the holographic computations. Furthermore, the
constant mismatch of log 2/(2G ) may be attributed to the Markov
gap [76] pertaining to our holographic construction for the upper
bound in terms of the EWCS between two adjacent intervals.

where S 4 is the entanglement entropy of the single subsystem
under consideration and ST" is the corresponding thermal
entropy,

¢ 2 % 3
ST — - ) =22 (1 —pZl). (4.16)
4Gyu, \22) T 3p 34

Hence, we see that the thermal entropy gets nontrivial
corrections due to the TT deformation. This may be under-
stood from the re-scaling of the spatial coordinate given in
Eq. (4.4) in the limit of small deformation parameter u. It is
well known that the thermal contribution to the entanglement
entropy for a single subsystem arises as the corresponding
HRT surface wraps the black hole horizon [77]. The
correction to the thermal entropy due to the TT deformation
may then be interpreted from the fact that as the holographic
screen is pushed inside the bulk, the wrapping of the extremal
surface around the black hole horizon decreases.

Timelike entanglement. Finally, we consider a purely
timelike subsystem A = [(x,, 0), (x, 7)] in the thermal TT-
deformed CFT,. In contrast to the spacelike subsystem
considered earlier, in this case, we do not require any
auxiliary subsystems to remove the pathology of tracing out
an infinite branch cut. Hence, the EWCS corresponding to
the single subsystem in question reduces to the minimal
surface homologous to the subsystem. The length of such
minimal surface has already been computed in [22,24]. The
EWCS in this case is therefore given by

1 2uh . t iﬂ
Ey(A:A°) =—|1 h{— — ), (4.17
wl ) 2Gy <Og Ltc o <”h>:| " 2> (@17)

which matches identically with half of the reflected entropy
for the present configuration [70]. Interestingly, the above
result may be obtained from an analytic continuation of the
first term in Eq. (4.14) which serves as a strong consistency
check of our holographic construction.

B. Cutoff global AdS

In this section, we consider the finite cutoff global AdS
geometry dual to a TT-deformed CFT, with a finite size.
The line element for the global AdS; geometry reads

ds? = R*(—cosh? pdz? + dp? + sinh® pd¢p?),  (4.18)

where the spatial direction ¢ is compactified with period 27,
¢ ~ ¢ + 2. According to the prescription in [38], the dual
finite-sized CFT), is located at the radial cutoff p,. where

3L?
Qunic

p. = cosh™! (4.19)

where L is the circumference of the boundary circle. The UV
cutoff of the CFT, may then be related to the bulk radial
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cutoff utilizing the relation in Eq. (2.4) as follows;

L
2re,.

coshp, = (4.20)

Therefore, the line element at the cutoff boundary is given by

ds? = —coth? p.dz* + d¢p*> = —d#? + d¢p?, (4.21)

cutoff boundary may be computed straightforwardly as
follows:

$ij=—X;-X;=R?[sinh’p,coszj, —cosh’p,cos ¢,

2
=R? [sinthc cos < 77;12)

2t
where we have defined the conformal time coordinate, —cosh?p, cos< ﬂletanh pL.)] . (4.24)
T
= , 4.22
tanh p,. ( )

such that the CFT, is defined on a cylinder compactified
along the spatial direction with circumference L. The CFT,
may be described by the coordinates (¢, x), which are related
to the bulk coordinates as follows: 0 = % = %

We may embed the geometry described by the metric
Eq. (4.18) in R?? by utilizing the following coordinate
transformations:

In the following, we will compute the minimal cross section
of the entanglement wedge for various bipartite states
involving two disjoint, two adjacent and a single subsystem
in the TT-deformed finite-sized CFT,, utilizing the embed-
ding coordinates in Eq. (4.23) and the distance formula
Eq. (4.24). For brevity of notations, in the following, we
will set the AdS radius to unity, R = 1.

1. Two disjoint subsystems

Xo(0,¢,p) =Rcoshpsind,  X,(6,¢,p) = Rcoshpcosb,
We begin with the case of two disjoint subsystems A =
X,(0, ¢, Rsinhpcos X5(0, Rsinhpsin . -
2(0.0p) = Reinhpcosg. X0, p) = RSIMPSING: (4 1) (1)) and B =[xy 15), (1) in a TT-
(4.23)  deformed finite-sized CFT,. Utilizing the embedding

In these embedding coordinates, the distance between two
arbitrary points X;: (0;,¢;.p.) and X;: (6;,¢;.p.) on the

coordinates in Eq. (4.23), we may compute the EWCS
corresponding to the mixed state under consideration from
Eq. (2.9) as follows:

1 tanh?p.,. - tanh?p. -
Ew(A:B) = cosh-! {\/( anh’p, cos 73; — cos g3, ) (tanh“p, cos 745 — 08 )

N

(tanh?p,. cos 73, — cos ¢h3, ) (tanh?p, cos 74, — COS Py)

(tanh?p,. cos 75, — €OS ¢hy; ) (tanh?p, cOS 743 — COS Py3)
(tanh?p,. cos 73, — cos b3, ) (tanh?p, cos 74 — cos yy) |

(4.25)

In order to compare with field theoretic results for the reflected entropy, we consider the limit of a small deformation
parameter u, or large cut-off radius p.. Expanding Eq. (4.25) for large p., namely for L > |X;;|.¢; [cf. Eq. (4.19)], we

obtain to leading order in the cutoff scale y,. = m,

Ey(A:B) = ——cos —l[ 1+ ] ] _ mVE _ [ 1o sin(7)
4Gy (1-8(1-8]  8GyL(VE+ /&) leos(*2) —cos(*72)
t34 sin(z”L’“) try sin(z’”B) ta sin(z’””)
cos(z’"”) cos(z”x“) cos(2”’23) cos(2’”‘”) cos(z’”“‘) cos(z”x“‘)}
Ty I3 sm(z’l"") Ig Sln(ZﬂLm)
- 8GyL(VE+ /&) LOS(Z”L’13 —cos(2Z1)  cos(2) — cos(2Ex)
- 22:3 Sin(zﬂL'”)ZM 22:4 SIH(ZT[LI”)MX + O(xd), (4.26)
cos(TB) — cos( L”) cos( ) — cos(T)
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where & and & are the cross-ratios corresponding to the two
disjoint subsystems in the finite-sized CFT, given in
Eq. (4.27),

: w(tn+x . (134 +x3
é: B sm( (t 2L z)) sm( (fuL x4)>
oL w(t3+x)3 (g +x:
sm( (t zL 3)) sm( (f24L z4)>
B sin (”(IlzL—xlz)) sin (”(’34L—x34))
E= o p— (4.27)
sin (”( 13Lx|3 ) sin (”( z4L X4 )

As in the finite temperature case, the first term in the above
expression may be identified with the EWCS between the
two disjoint subsystems in the absence of the TT defor-
mation. The rest of the terms proportional to 2 denote the
leading order corrections to the EWCS due to the defor-
mation. Utilizing the holographic dictionary in Eq. (4.19)
and the Brown-Henneaux formula, the leading order
corrections may be seen to match exactly with the corre-
sponding field theoretic computations for the corrections to
the reflected entropy given in Eq. (3.29).

Timelike entanglement. For two purely timelike disjoint
intervals A = [(x, #1), (x, ;)] and B = [(x, 13), (x, #4)], once
again, we forego the pursuit of an explicit geometric
delineation of the entanglement wedge and instead under-
take a naive approach to the bulk dual for the reflected
entropy. We proceed by analytically continuing our result
for the EWCS for two boosted spacelike intervals given in
Eq. (4.26), to obtain the following leading order expression
for a small deformation parameter:

sin(Z12) gin (Za
Ey(A:B) = ——cosh™ {1 +2— (mL ) , <ML )]
N sin(%2) sin("7)

(4.28)

In the above expression, the first term concerns the EWCS
for two timelike disjoint intervals for a undeformed CFT,
defined on a spatially compactified cylinder, while the rest
of the expression corresponds to the contributions due to
the TT deformation owing to an inward displacement of the
holographic screen. Utilizing the holographic dictionary in
Eq. (4.19) and the usual Brown-Henneaux formula in the
context of AdS;/CFT,, it is straightforward to verify that
the above expression is tantamount to half the reflected
entropy computed in Eq. (3.32). Note that, similar to the
case of the BTZ black hole geometry [cf. Eq. (4.8)], there is
no imaginary contribution to the reflected entropy for two
disjoint timelike intervals indicating the absence of a
timelike curve segment in the corresponding geometric
construction.

2. Two adjacent subsystems

Next, we consider two adjacent subsystems A =
[(.X'l, tl)’ (.X'z, t2)} and B = [(XZ, t2>, <X3, t3>] in the finite-
sized CFT, with a TT deformation. Utilizing Eq. (2.11)
and the coordinate transformations in Eq. (4.23), we may
obtain the following expression for the EWCS corres-
ponding to the mixed state under consideration:

2% (tanh?p, cos 75, — o8 ¢, )(tanh?p, cos 73, — cos ¢h3,)

, (4.29)

1
Ew(A:B) = ECOSh_l \/

(tanh?p,. cos 73; — cos ¢h3;)

where the boundary coordinates (x;, #;) are related to the (z;, ¢;) coordinates as follows:

27Tti

T, =

(4.30)

2rx;
tanhp,., ="
7 tanhp, b 7

We may expand Eq. (4.29) for large cutoff radius p, (corresponding to the small deformation parameter y) to obtain

Ey(A:B) %log [<2L ) 2 [cos(2Z2) — cos(j;’é:)] [cos(%})l - cos(z’iﬁ)]}
N e, 2[cos(FL) — cos(F)]
_ e { ty1 sin(*72) t sin (V72) _ ray sin () } O (4.31)
8GyL cos(z”%) - cos(z”Lﬂ) cos(%) - cos(%) cos(Q”Lﬂ) - cos(%) o '
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where in the first term we have utilized the relation
Eq. (4.20) to convert the bulk cutoff scale y. to the UV
cutoff €. in the dual field theory. As earlier, we may identify
the first term on the right hand side of the above expression
as the EWCS between the two adjacent subsystems in an
undeformed CFT,. Furthermore, utilizing Eq. (4.19) and
the usual Brown-Henneaux relation in AdS;/CFT,, the rest
of the terms proportional to y7> match identically to the
leading order corrections to the reflected entropy due to the
TT deformation, given in Eq. (3.33).

Timelike entanglement. For two purely timelike adjacent
subsystems A = [(x,1,), (x,%,)] and B = [(x, 1), (x, 13)]
in the finite-sized TT-deformed CFT,, we may analytically
continue our result for boosted spacelike intervals in
Eq. (4.31). Consequently the leading order expression
for the bulk dual to the reflected entropy is given as

2L sin(%2) sinh (%)

follows:
Ew(A:B) Ly +i
. =—110
W 4Gy J e, sinh (*2) o

”){2 t1» cot iy + 153 cot min
T8GyL |\ L 3N

~ 143 Cot< 23” , (4.32)

where the first term signifies the contribution due to
the undeformed CFT, and the rest of the terms propor-
tional to y2 denote the leading order corrections due to
the TT with a small deformation parameter. Note that,
above expression features a constant imaginary part
reminiscent of a timelike curve in the corresponding
bulk geometry. As earlier, upon utilizing Eq. (4.19)
and the Brown-Henneaux formula, the above expres-
sion matches identically with half of the reflected
entropy computed through conformal perturbation theory
in Eq. (3.34).

3. A single subsystem

In this subsection, we consider a boosted spacelike
subsystem A = [(x;,#), (x2,%,)] in the finite-sized
CFT, with TT deformation. Since the spacelike direction
¢ is compactified, we do not encounter any pathology
associated with an infinite branch cut. Hence the
EWCS corresponding to the single subsystem under
consideration reduces to the minimal surface homolo-
gous to the subsystem A. The length of the subsystem
may then be obtain using standard AdS;/CFT, tech-
niques as follows [25]:

L
Ew(4:49) :ml 8| 2re
X \/2 cos (2712) —2cos <2”212>
e f sin(472)
+ 0 L (4.33)

4GyL cos(z”Lt‘z) co s(z’”“z)'

Once again, the first term indicates the EWCS corre-
sponding to the spacelike subsystem in the undeformed
CFT, whereas the second term signifies the leading order
correction due to the TT deformation which, upon
utilizing the holographic dictionary in Eq. (4.19) and
the Brown-Henneaux relation, may be seen to match with
half of the corresponding reflected entropy obtained
using conformal perturbation theory in Eq. (3.35).

Timelike entanglement. Finally, we consider a timelike
single subsystem A = [(0,0), (x, )] in the finite-sized TT-
deformed CFT,. Since the subsystem is placed along the
noncompact direction, in the reflected entropy computa-
tions in the dual field theory, we encounter an infinite
branch cut. As earlier, we may circumvent this pathology
by introducing two large auxiliary subsystems B; =
[(-X,-T),(0,0)] and B, =|[(x,1),(X,T)] sandwiching
the single subsystem A. Considering the bulk entanglement
wedge dual to the density matrix p,p, we may obtain the
upper bound of the EWCS between A and B utilizing
Eq. (4.12). In the following, we find it easier to employ
Euclidean signature of the metric Eq. (4.18), namely we
make the Wick rotation to the Euclidean time:

= —itE, T — —lTE

Now utilizing Egs. (4.12) and (4.31) we obtain the upper
bound as follows:

1 L2 271X 2nty
Ew(A:B)=—Ilog|2 —— ] —cosh
st =g v ) (o (7)o ()
cos (2 (2_)0) —cosh(Z”(tEL_TE))
x
COS(2 ()Z-Q-X)) _COSh<2ﬂ(Z‘11+TE)>
oy 2t sinh(%)
8GyL |cos(22) —cosh(22)

(t5+ Tg)sinh (P e))
27 (x e+TE
cos (22X +X)) cosh(#)

_ (tE—TE)sinh(w)
COS(M) cosh(M)

(4.34)
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The upper bound to the EWCS for the single subsystem
under consideration may now be obtained by taking the
bipartite limit B — A€ which may be achieved by stretching
the auxiliary subsystems to (timelike) infinity, namely
Ty — oo. Taking the appropriate limit of Eq. (4.34) and
analytically continuing to Lorentzian signature, we obtain

- 1 L 27x 2t
Ey(A:A¢) =——|I 2 =\ =
0028 =55 o () -2 ()

rt
log2+i—
+log —|—1L)
2 s (2mt
X ¢ . Sln(T)
t2i+ . 4.35
+4GNL [ ! cos () —cos (%) (4.35)

The imaginary part of the (upper bound) to the EWCS may
be rewritten in the following instructive form:

nt 72

Hr(1+5)
We notice the striking resemblance of the above expression
to the TT corrected thermal entropy in Eq. (4.16). However,
the usual understanding in terms of wrapping around a
horizon is missing. At this point, we boldly hypothesize
that the presence of light cones may give rise to some kind
of cosmological horizons impenetrable by the timelike
segments of the corresponding HRT surfaces. For com-
parison with the field theoretic computations for the leading
order corrections to the reflected entropy in Eq. (3.36), we

reproduce the upper bound to the EWCS for a purely
timelike subsystem A = [(0,0), (0, 7)],

- 1 L t
Ew(A:A9) :E <log [Msin <7£>} +log2>

2 2
TTY; t . 7t Xe
- 1+4). (437
4GNLtan('g)+lzGNL< +2> (437)

(4.36)

Utilizing Eq. (4.19) and the Brown-Henneaux formula, the
above expression conforms to the result obtained in
Eq. (3.36) through conformal perturbation theory till
leading order (cf. footnote 6).

V. SUMMARY

In this article, we have obtained the reflected entropy for
boosted spacelike and timelike subsystems in CFT,s with
TT deformations which extends the recently developed
concept of timelike entanglement entropy to bipartite
mixed states through the reflected entropy. To this end,
we have performed a perturbative analysis in such TT-
deformed CFT,s in the regime of small deformation
parameter ¢ << 1. In this regime, the partition function
on the nm-sheeted replica manifold M,,,, corresponding to

the reflected entropy admits an expansion in u with the
leading term arising from the original (unperturbed) field
theory. O(u) correction to the Rényi reflected entropy is
then obtained by computing the expectation value of the TT
operator in this manifold through conformal Ward iden-
tities. In the replica limit, we finally obtain the correction to
the reflected entropy for disjoint, adjacent and a single
boosted subsystem in thermal and finite-sized CFT,s with
TT deformation. Furthermore, through an analytic con-
tinuation, we extend these results to timelike situations.
Through this we investigate the nature of timelike entan-
glement for bipartite mixed states.

Note that, for the case of a single spacelike subsystem at
a finite temperature and a single timelike subsystem in a
finite-sized CFT, the replica structure is nontrivial and
involves introduction of two auxiliary subsystems sand-
wiching the single subsystem in question. This is due to the
presence of infinite branch cuts along the axis of the
cylinder. Similar pathology has also been encountered for
the reflected entropy in unperturbed CFT,s earlier in the
literature. Finally the reflected entropy is obtained for this
configuration by implementing the bipartite limit where the
auxiliary subsystems are pushed to the spatial and temporal
infinity respectively. This pathology however does not arise
for any other configuration as the subsystems are either
finite or are aligned along the compactified direction of the
cylinder.

We have also computed the bulk EWCS in dual AdS;
geometries where the cutoff surface is pushed inside the
bulk. The perturbative analysis is performed in terms of
the location of this new cutoff surface. In this regard, we
resolved the issue of mismatch of the constant multipli-
cative factor between the correction to the reflected
entropy and the dual EWCS observed earlier in [59]
for disjoint subsystems in TT-deformed CFT,s at finite
temperatures. The matching between the two is observed
at high temperature (expansion in # — 0 limit) and not in
zero temperature limit as was investigated in [59]. This
may be understood by recalling that for low temperatures,
CFT,s are dual to thermal AdS; geometries, and the
duality with BTZ black holes only holds true above a
critical temperature [78].

Specifically, we obtain the EWCS in cutoff BTZ black
holes and cutoff global AdS; for disjoint, adjacent and a
single boosted subsystem in the dual field theory. For the
case of the cutoff BTZ black hole, rescaling of the spatial
coordinate is required to appropriately map the location of
the subsystems in the dual field theory as the coordinates
are scaled along the holographic direction. However, for the
cutoff global AdS; geometries, the temporal coordinate is
scaled to match the CFT, defined on the new cutoff surface.
With these, we observe perfect agreement of the bulk
EWCS with the corresponding reflected entropy for all
configurations considered. Furthermore, we also obtain
the EWCS for timelike subsystems and observe proper

046009-17



DEBARSHI BASU and VINAYAK RAJ

PHYS. REV. D 110, 046009 (2024)

matching with the corresponding field theory results. These
serve as consistency checks for our computations.

For the case of a single spacelike subsystem in a thermal
CFT, deformed with the TT operator, we observe that the
subtracted thermal contribution to the EWCS also receives
O(u) correction which may be attributed to the decrease in
the wrapping of the extremal curve around the black hole
horizon as the holographic screen is pushed inside the bulk.
A similar behavior is also observed for a timelike sub-
system in a finite-sized CFT, where a term, which looks
suspiciously similar to the thermal entropy in finite temper-
ature case, is subtracted from in the EWCS although no
horizon is present in the dual bulk. An interpretation for this
term is still unavailable to us but we suspect that the light
cones may induce certain cosmological horizons which
have this effect on the EWCS. We leave a concrete
investigation of the origin of this behavior for the future.

There are several open problems worth exploring in
this direction. It will be interesting to study other mixed
state entanglement and correlation measures such as the

entanglement of purification, balance partial entanglement
in these deformed theories. It would also be interesting to
explore such irrelevant deformation in CFTs with unequal
left-moving and right-moving central charges. One may
also generalize our study to other excited states in CFT,s
such as through the addition of a U(1) charge. Based on a
recent article where the authors in [79] have analyzed the
TT deformation of a boundary conformal field theory, it
would be interesting to perform a similar analysis for
reflected entropy and investigate the island formalism for
these settings. We leave these interesting open issue
for future consideration.
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