PHYSICAL REVIEW D 110, 045015 (2024)

Four loop renormalization in six dimensions using FORCER

J. A. Gracey

Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool,
P.O. Box 147, Liverpool, L69 3BX, United Kingdom

™ (Received 13 May 2024; accepted 10 July 2024; published 16 August 2024)

We employ the FORCER algorithm to renormalize a variety of six dimensional field theories to four loops.
In order to achieve this we construct the FORCER master integrals in six dimensions from their four
dimensional counterparts by using the Tarasov method. The € expansion of the six dimensional masters are

determined up to weight 9 where d = 6 —2¢. By applying the FORCER routine the four loop MS

renormalization of ¢ theory is reproduced before gauge theories are considered. The renormalization of

these theories is also determined in the MOM scheme. For instance the absence of ¢, and {¢ is confirmed to

five loops in the MOM renormalization of ¢* theory. We also evaluate the three loop pS-function of the

gauge coupling in six dimensional QCD.

DOI: 10.1103/PhysRevD.110.045015

I. INTRODUCTION

There have been significant developments in recent years
to progress our knowledge of the renormalization group
functions of four dimensional quantum field theories and in
particular those of various sectors of the Standard Model.
The main development rests in the advances in the
algorithms used to calculate Feynman integrals and the
implementation of these algorithms in highly efficient
computer algebra and symbolic manipulation languages.
The classic representation of these advances is the estab-
lishment of the five loop f-function of quantum chromo-
dynamics (QCD) which is the field theory that relates to the
strong interactions. Several groups produced the result
contemporaneously [1-5] using one of two separate meth-
ods to achieve this impressive level of precision. One is the
Laporta algorithm [6], which is a systematic way of solving
integration by parts relations to write all the Feynman
integrals of the Green’s function of interest in terms of a
relatively small basis set of core or master integrals. The
evaluation of the latter by nonintegration by parts methods
allows for the Green’s function to be fully determined.
While such a systematic approach will always reach its
goal, it is not always the case that this will be achieved in a
reasonable time frame. One other main technique that led to
five loop QCD renormalization group functions [2,7] was
the development of an efficient four loop integration
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package termed FORCER [8,9]. It is written in the symbolic
manipulation language FORM [10,11]. The FORCER package
is tailored specifically to evaluate four loop massless
2-point functions in d-dimensional spacetime. For realistic
computations the e expansion in d = 4 — 2¢ dimensions
can be extracted within the FORCER framework up to weight
12. The routine represents a generational advance on its
precursor which was MINCER [12]. That was an algorithm
for evaluating massless three loop 2-point Feynman inte-
grals. Although it was developed in the 1980s, it was very
much ahead of its time given our current knowledge of the
mathematics underlying Feynman integral computations.
However, the increase in experimental precision in recent
years has meant that higher loop order algorithms for
automatically evaluating Feynman integrals are now nec-
essary. In fitting this requirement, FORCER implements a
new integration rule for massless fields that extends
the core rule central to MINCER. Moreover this diamond
rule [13] represents an efficient improvement for the more
algebraically demanding four loop Feynman integrals.
While FORCER is now the default package of massless
four loop 2-point functions and was central to [2,7], there
are theories and problems in other spacetime dimensions
that it could be useful for. For instance, in six dimensions
there has been interest in gauge theories with and without
supersymmetry. In [14] the one loop S-functions of the two
coupling non-Abelian gauge theory was studied to ascer-
tain whether the model was unitary and perturbatively
conformal. Aside from [14] there is interest in the ultra-
violet completion of four dimensional theories. As an
example of this we recall that four dimensional scalar ¢*
theory has scalar ¢ theory as its ultraviolet completion in
six dimensions. In other words ¢* theory with an O(N)
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symmetry lies in the same universality class in d-dimen-
sions at the Wilson-Fisher fixed point as O(N) ¢? theory in
six dimensions, [15-17]. This concept extends beyond
scalar theories to include fermionic ones such as those with
scalar-Yukawa interactions [18—20], scalar and fermionic
quantum electrodynamics (QED) and QCD [21,22]. In the
latter two cases the ultraviolet completion of six dimen-
sional QED and QCD begins in two dimensions with the
Abelian and non-Abelian Thirring model respectively. The
completion of non-Abelian gauge theories to six dimen-
sions was verified at two loops in [22]. To establish the
connection between the theories in the same universality
class requires the explicit values of the renormalization
group functions of each theory in its critical dimension to as
high a loop order as is computationally possible. Once
these are available, the respective critical exponents are
computed in an € expansion around the critical dimension.
The expressions can then be compared with the same
exponents computed explicitly in d-dimensions with
respect to a universal expansion parameter that is common
to all the theories in the universality class. For example, for
O(N) theories this expansion parameter is usually 1/N
where N is regarded as large. The agreement of the €
expansion of these d-dimensional large N exponents for
each critical dimension of the theories in the same
universality class establishes the ultraviolet completion.
There will be other ultraviolet completions aside from the
few we mentioned, but in order to concretely establish them
requires high loop order computations in dimensions
beyond four for which FORCER would be an indispensable
integration tool. As it stands, FORCER evaluates integrals in
a similar ethos to the Laporta algorithm in that a rule, based
on an integration by parts construction, efficiently reduces
all contributing Feynman integrals to a basis. The advan-
tage of FORCER is that a database of integral relations does
not have to be solved en route as is the case for packages
that implement the algorithm of [6]. Rules such as the
diamond one are already encoded to circumvent that
necessity. Effectively the ultimate point of the FORCER
routine is the expression of the Green’s functions as d-
dimensional integrals with the option of subsequently
expanding in powers of € up to weight 12 if needed.
Therefore, to adapt the FORCER routine to six dimensional
problems requires the ¢ expansion of the basis integrals
relative to six dimensions. That is one of the main purposes
of this article. We will provide the six dimensional FORCER
master integrals expanded to weight 9 in d =6—2¢
dimensions. To achieve this requires a straightforward
application of the Tarasov method [23,24] that relates
Feynman integrals in d-dimensions to a set of integrals
in (d + 2) dimensions with the same or reduced topology as
that of the original d-dimensional integral.

Having achieved this extension, the use of the FORCER
package becomes straightforward with a FORM module
slotted into the automatic integration of the Green’s

functions of interest at the point where the four dimensional
masters would be called. To verify the correctness of the
masters we determine, the extension is used to reproduce
the known four loop modified minimal subtraction (MS)
scheme renormalization group functions in scalar ¢* theory
with and without O(N) symmetry although we note that
higher loop MS information is already available [25,26].
Having established this check, we apply the algorithm to
various Abelian and non-Abelian gauge theories to verify
their ultraviolet completeness at a newer level. As a by-
product we will also study the renormalization group
functions in several other schemes. While one of these is
the canonical MS one, we will also renormalize ¢ theory

with and without O(N) symmetry in the MOM scheme as
well as introduce a new scheme not unrelated to it. In four

dimensional studies [27-34], the MOM scheme has the
property that at least to five loops the core renormalization
group functions of QCD do not involve the numbers ¢, and
{¢ where (, is the Riemann zeta function. It is worth
recalling that the minimal momentum (mMOM) scheme
of [35] also shares the same property. The definition of that
scheme is based specifically on the ghost-gluon vertex.

However unlike the MOM schemes the absence of ¢, and
{e 1s only manifest in mMOM in the Landau gauge. Indeed
a no-z theorem has been constructed that indicates under
certain conditions there should be no even zetas to all
orders [30,31]. The FORCER algorithm in six dimensions is
essential to verify or otherwise whether this property
remains purely four dimensional or is true in six dimen-
sions as well since the finite part of the various Green’s
functions are required. Indeed we can exploit the known
five loop MS renormalization group functions of [25,26] to

deduce the five loop MOM expressions for ¢° theory.
Aside from establishing the FORCER masters in six dimen-
sions, the study of these scheme properties and ultraviolet
completion is the second main aim of this investigation.
The article is organized as follows. Section II summarizes
the algorithm used to construct the six dimensional FORCER
master integrals up to weight 9. In order to verify that known
results are reproduced, we focus on such a check in Sec. III
by considering ¢ theory. En route we also construct the

MOM renormalization group functions for the O(N) cubic
theory. In Sec. IV the four loop renormalization group
functions of QED and scalar QED are determined in both the

MS and MOM schemes to further investigate the presence or
otherwise of even zetas in renormalization group functions.
This analysis is continued in Sec. V where six dimensional
QCD is studied with the three loop gauge f-function being
computed. We provide an overview of our efforts in Sec. VL.
Finally, there are two appendices. The € expansion of the
FORCER masters are provided in Appendix A while
Appendix B records the two -functions of O(N) ¢? theory

in the MOM scheme at five loops.
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I1. rorcER MASTERS IN SIX DIMENSIONS

As the first phase for studying six dimensional field
theories at four loops is to employ the FORCER package
[8,9], we need to discuss the specifics of what this entails.
To do so we recall that it was primarily developed to
evaluate four loop massless 2-point functions to high order
in the e expansion in d =4 — 2¢ dimensions. Indeed it
extended the earlier three loop MINCER algorithm [12] that
was the main working tool for many decades to compute
three loop massless 2-point functions in the same e
expansion. In many ways MINCER was ahead of its time
in that it relied heavily on integration by parts and the use of
what is termed the carpet rule [36] that allowed for an
efficient reduction of a class of topologies. The last step of
such an integration algorithm was the substitution of a
small class of core integrals whose expansion near four
dimensions was deduced without the use of integration by
parts. It is only since the development of the Laporta
algorithm [6] that one can appreciate the prescience of the
MINCER construction. The summary of how MINCER oper-
ates represents the essence of the Laporta approach where
integration by parts is the engine room of the method which
reduces the Feynman graphs contributing to a Green’s
function to a basis set of integrals now known as master
integrals. Again these have to be determined by techniques
other than integration by parts. While the ethos of both
approaches is the same, there are several key differences.
The Laporta algorithm is applicable not only to 2-point but
also to higher n-point functions as well as the situation
where the Green’s functions involve masses. One of the
main limitations to applying the Laporta algorithm is
technological rather than procedural. By this we mean
the speed of an actual reduction reduces with the increase of
external legs of the Green’s function, the presence of a
larger number of variables, such as masses and external
momenta, and increase in loop order. What has been
beneficial in the years after [6] is the improvement of
the reduction algorithm through pure mathematics results.
The other main difference is that the MINCER algorithm
includes a routine that is more efficient at reducing the
topologies and subtopologies of a Feynman graph. Such a
routine is necessarily connected with the fact that MINCER is
restricted to 2-point functions [12,36]. These aspects reflect
the tension between having a reasonably general algorithm
applicable in virtually all desired setups and one which is
customized to a specific set of Green’s functions. Put
another way, one has a choice of automatic Feynman
integration evaluation tools which are extremely efficient in
their respective domains.

With the need for higher precision in renormalizing
quantum field theories and determining Green’s functions
that contribute to observables for experiments, there was a
clear need to extend MINCER to the next order. This was
achieved with the FORCER package [8,9]. The core
approach is the same as MINCER exploiting integration

routines tailored to the Feynman integrals that contribute to
four loop massless 2-point functions. In particular for a
subclass of topologies a new routine was required where the
carpet rule of MINCER was not applicable. This rule, termed
the diamond rule, was provided in [13] and moreover was
encoded in an efficient way within the final symbolic
manipulation routine written in FORM [10,11]. In assem-
blying the package, several new aspects were included that
were not in MINCER. In the intervening years between the
two packages being developed the understanding as to what
the independent master integrals were was resolved. In
particular there are two three loop master integrals and
fourteen at four loops in the FORCER routine. In each case
several of the masters are elementary integrals such as those
where there are nested bubbles. However there were others
whose e expansion near four dimensions had only been
available to a few orders in €. Encoded within FORCER are
the e expansions of the master integrals which were
compiled from [37,38] except for lower loop masters where
one or two bubble insertions have been mapped to a closely
related topology [8,9]. Therefore the FORCER algorithm has
arange of applicability greater than MINCER. One particular
feature of the package is the option to express the value of a
2-point function in terms of its masters as a function of d
where the masters are not expanded in powers of € near four
dimensions. It is this specific feature that we aim to exploit
here. In other words FORCER has the potential to be adapted
to the renormalization of six dimensional field theories to
high loop order if that can be achieved by the evaluation of
massless 2-point functions. The missing ingredient is the €
expansion of the d-dimensional four loop master integrals
in d = 6 — 2¢ dimensions.

In fact the € expansion of the masters near six dimensions
can be extracted from the masters near four dimensions that
are already available in FORCER. The key to determining
them is the Tarasov construction [23,24]. Briefly this is a
method that relates an L loop Feynman integral in
d-dimensions to a sum of Feynman integrals in (d + 2)
dimensions which has the same topology as the original
lower dimensional one but with the powers of L propagators
increased by unity. The distribution of the increase in
propagator powers is determined by the structure of the
second Symanzik graph polynomial which reflects and
identifies the original topology. A useful tool for extracting
the specific exponent distribution for each of the master
topologies was the HYPERINT package of [39] written in
MAPLE. Subsequently each of the integrals in the uplift to
(d + 2) dimensions can then be reduced using integration by
parts to produce a sum of Feynman integrals, one of which is
equivalent to the original topology aside from being a
(d + 2) dimensional integral. The remaining integrals in
this sum correspond to Feynman graphs with fewer propa-
gators in the sense that they are derived from the original
topology but with propagators deleted. Therefore if we take
the reference dimension d to be four, knowledge of its €
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expansion means that, provided the same expansion of the
graphs with a lower number of propagators is known, the
only unknown is the six dimensional master that we seek.
This is the procedure we have followed to determine the
FORCER masters in six dimensions. It has already been used
in [17] to carry out the four loop renormalization of ¢3
theory. In that instance, as FORCER was not available then,
the e expansion for the four dimensional masters required for
that computation was provided in [37]. Although the
FORCER master basis was not known at the time of [17],
this was not necessary as the basis of [37] was sufficient to
determine the MS scheme ¢° renormalization group func-

tions at four loops. Other schemes such as MOM that
required the finite part of Green’s functions were not
considered at that time. The derivation of the relation
between the four and six dimensional integrals using the
Tarasov technique relied upon the Laporta algorithm [6] and
its implementation in the REDUZE package [40].

While the Laporta approach could have been repeated to
deduce all the FORCER masters in six dimensions, we chose
a different strategy here. This was to use the d-dimensional
aspect of the FORCER algorithm itself to effect the reduction
of the (d+2) dimensional integrals that the Tarasov
method produces at the first step. One benefit of this
approach is that the reduction of integrals in FORCER is fast
and more efficient than constructing an appropriate size
database of relations between quite intricate topologies
using the Laporta algorithm. This is because the increase in
powers of the propagators by four requires a brute force
integration by parts whereas FORCER applies the custom
built diamond rule and is designed solely for 2-point
functions. Moreover as we wish to determine the masters
to a high order in €, at some point the four dimensional
FORCER masters would have to be imported if the Laporta
reduction had been employed. In addition, employing
FORCER itself as a de facto reduction tool offers an
independent way to check on the previous masters. At
four loops the construction followed an iterative approach.
The Tarasov method was applied to the lowest level master
defined as the one with the smallest number of propagators
that could not be evaluated by simple integration such as
those comprised as bubbles. One has to begin at this point
since in the reduction step these will appear for master
topologies with a larger number of propagators. Once the
lowest order masters have been determined then one moves
to the next level. In each case one is effectively finding the
terms in the e expansion by solving for the unknown
coefficients of € in the required master. In Appendix A
we have recorded the explicit ¢ expansions of the 16
FORCER masters using the same labelling as that of [9] and
to the same order in weight as the four dimensional masters
that appear in Appendix C of [9]. The expressions in

Appendix A should be sufficient for carrying out a five loop
renormalization where the higher powers of ¢ in the four
loop masters are required to extend the calculation of the
lower loop graphs contributing to a Green’s function.
Included in our Appendix A list are two three loop masters
labelled as no and t105. In other words the six dimensional
masters are provided up to and including weight 9 where {y
would be a representative. Though, we note that the FORM
module in the actual FORCER code of [9] that corresponds to
the four dimensional masters includes expressions up to
weight 12 which were derived from the higher order e
expansion of the masters provided in [38].

III. ¢* THEORIES

We are now in a position to renormalize a variety of six
dimensional theories to four loops in the MS scheme as

well as the MOM one which has been examined in four
dimensions [27-34]. Such an exercise will act partly as a
check on the construction of the FORCER masters as well as

confirm an underlying aspect of the MOM scheme that is
apparent in four dimensions. In the former instance an error
in a master could produce an inconsistency with the
application of the renormalization group formalism to
extract and encode the renormalization constants in the
respective f-functions and anomalous dimensions. The

MOM scheme and issues related to it have become of
interest in recent years. Its prescription is that in theories
with a cubic interaction the 2-point functions and 3-point
vertex functions are renormalized by absorbing the finite
part of the respective divergent Green’s functions into the
wave function and coupling renormalization constants. In
the case of the 3-point functions the Feynman graphs are
evaluated where one of the external momenta is nullified. If
there are several fields leading to more than one 3-point

interaction then there will be a MOM scheme attached to
each of the vertices. We will focus in this section on several
six dimensional renormalizable scalar cubic theories. The
first is the basic single field instance with Lagrangian

1 g
L :5(6#91’7)2—1—8453. (3.1)
As far as we are aware the MOM scheme renormalization
group functions for (3.1) are not yet available although
the five loop renormalization group functions are known in
the MS scheme [17,25,26,41-43]. It is worth recording

these for completeness since they are needed as the
foundation for deriving the MOM five loop equivalent

renormalization group functions. For completeness we
recall [17,25,26,41-43]
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3
ﬂ%(a) ==a® — —=a® +5[2592¢; + 6617]
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+ [—4225824¢5 + 3499208, + 1244160¢5 — 3404365]

(14

20736

a’

746496

+ [4157049683 + 356380884¢; — 33912351¢, + 295089480¢ 5 + 15746400

a
— 57684312 102052031] — % 7
5768431200 + 102052031] 2 + O(a”),
P @)= — a2 psone, — 5105 %
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4
a
+ (10080 + 181447, — 691205 + 53449] o

+ [—349920083 — 1836853285 — 4119579¢, + 86916245 — 8748000¢ 4

T
20155392

+ 46294416¢7 — 16492987

where a = ¢?, and we note the parameters will always be in
the same scheme as that indicated on the renormalization
group function itself. In situations where otherwise there
might be an ambiguous interpretation, the parameters will
carry the scheme label explicitly. We note the same
conventions for the coupling constant as that of [17] are
used here rather than those of [27]. The expressions of (3.2)
can readily be mapped to the conventions of [26] via
a — —a. We recall that the MOM renormalization pre-
scription is to remove the finite parts of both the 2- and
3-point functions at the subtraction point and absorb them
|

3, 125
Pr(a) =2 a® — 2 a3 + [~1296(5 + 26741]

MOM 4 144

+ [-1370736¢5 + 2177280¢5 — 2304049]

+ 0(a%), (3.2)

|
into the respective wave function and coupling renormal-
ization constants. For the 3-point function one of the two
independent external momenta is set to zero when the
vertex function is evaluated. In this configuration the
3-point function is equivalent to a 2-point one whence
the FORCER algorithm can be applied. We have first
checked that the four loop MS results of (3.2) are
reproduced. This also provides an initial check on the
six dimensional FORCER masters in a field theory calcu-
lation. Consequently it is straightforward to deduce the

MOM scheme renormalization group functions which are

a

10368

aS

186624

+ [389670912¢% + 330719544085 + 8915184085 — 5640570432¢,

6
+2190456157]

. 137
P (a) = ——a+—a® + [~1296; — 4435]

$MOM 127 1432

+ [122256¢5 + 15552085 + 135149]

26873856 +

O(a’),

a3

31104
4

559872

+ [6718464¢3 — 515388963 — 1086696005 — 185177664¢,

aS

+38661817] 30621568

Over several years there has been interest in which
elements of the £, sequence appear in the renormalization
group functions in four dimensions [27-34]. In the MS
scheme ¢, is present at successive loop orders with n > 3

+ 0(a®).

(3.3)

|
where the loop order that {5 first occurs depends on the

underlying theory. It transpires that in the MOM prescrip-
tion in four dimensions only ¢,,, for 1 < n < 3 appears to
five loops. In other words {, and (¢ are absent. A similar
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feature arises in six dimensional ¢ theory as is apparent in

(3.3). So the basic four dimensional property of the MOM
scheme is preserved in another spacetime dimension.
The results of (3.3) were derived from a basic property of
the renormalization group equation which relates the
renormalization group functions in one scheme to those
in another. For a single coupling theory such as (3.1) there
is a simple relation between the coupling constant in one
scheme to that in another which is derived from the relation
of each coupling to the bare one which formally gives

MS
Zy

g@(ﬂ) = Zl\m %(/’l)
g9

(3.4)

The right-hand side is interpreted as being a function of gg;5

although Z)'°M is a function of g— . In other words
MOM

ZYOM = ZMOM ((l@ (aszs)) (3.5)
with the explicit gz dependence being deduced via an
iterative process. Such a change of variables is necessary as
otherwise the relation (3.4) would have singularities in e.
Once the mapping is available at four loops then the five
loop p-function can be found from

|

“vom ~ MS T3 g +

+ [659232¢5 — 116640, + 248832085 — 7758845]

+ [~1728¢5 + 8003]

pr—(a—) =

MOM  MOM (36)

da——
MOM
MS—MOM

3
lagg) 5
The restriction indicates that the coupling constant, which
would otherwise be in the MS scheme, has to be mapped to
the MOM scheme from the inverse of (3.4). A similar
process is applied to determine the five loop field anoma-
lous dimension using the conversion function defined by

g A
Cy (a35s) = -

MOM—MS

where the coupling a in conversion functions will always
be an MS variable, and the relation

¢3
—a—
7/¢ MOM ( MOM)

In Cﬁ (ays) o
ans MS—MOM

(3.8)

¢3 ¢3
V¢M—S(aﬁ) + ﬁM—S(am) oa

uses the same process as that to determine the f-function.
To assist with verifying (3.3) we record the relevant
explicit expressions are

a3

1728

a4

373248

+ [11384064¢3 + 69803208¢ 5 + 6620292¢, — 120916800¢5 — 233280086

—123451776¢7 + 262216343] —>>— 2239488 + 0( ) (3.9)
and
2 511 a®
cla)=1+%a-—— —6240 2592 122099
5 (@) = 14 Ga—qgaga + 7624005 — 23928, + 112416
4
+ [—466563 — 2058228¢3 — 299862¢, + 2251152¢5 + 583200¢ s — 12882121] 3359930 +0(a’). (3.10)
As it sometimes turns out to be useful, for completeness we note the coupling constant conversion function is
P (a) = 1 +2a+ [1728¢; — 5701] i
e ’ 3456
&
87264 116640 2488320 4853645
+ &+ (4 — s + }746496
+ [—155271168¢% — 1372972032¢ 3 — 83529792¢, + 1456911360¢s 4 373248008
1975228416¢; — 2620417103] ————— + O(a’ 3.11
* & 1663616 T 0@ (3.11)
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to the same order where

ZMOM

ot as) = [

} - (3.12)
MS—MOM

We can extend the five loop MOM study of the cubic
scalar theory to the case where there is an O(N) symmetry.
In this case there are two coupling constants since the
renormalizable Lagrangian is [15,16]

1 -
L =—(d,0') + ( o) +Lopipi + L6 (3.13)
2 2 6
where we use the same conventions as [17]. The original
single field cubic theory is clearly recovered in the limit

g1 — 0 in (3.13). To determine the O(N) ¢ MOM
renormalization group functions, we follow the same
procedure as before by constructing the four loop con-
version function but with the formalism extended to
accommodate two coupling constants. For instance the
relation between the coupling constants in the respective
schemes is

ZMS
M—Al/wgim(ﬂ)
Z.ﬁli

(3.14)

N (g —

for i = 1 and 2 where there is no summation over i. Then
simply differentiating with respect to the renormalization
scale u leads to

OM
o) (g 69M
MS—-MOM

(3.15)

where the scheme of the coupling constants now appears as
subscripts. The scheme label is included to avoid ambiguity
as there is a mapping of variables. To deduce the five loop
anomalous dimensions the conversion functions for the two
fields are given by

CO(N)( _) _ Z{;J/IOM
¢ 8ms) = ZMS ’
MOM MS
ZMOM
O(N o
o™ (gais) = [ M_S}N B (3.16)
ZG MOM-MS

where the restriction indicates that the argument of each
conversion function is expressed in terms of the MS
variables as the reference scheme. The explicit expressions

for the MOM anomalous dimensions are derived from

2
oy, oWy, O OW) g

o MOM

The final stage of the process is to recall that the O(N) ¢°
MS five loop renormalization group functions are avail-
able from [25]. In addition we have carried out the explicit
four loop renormalization of (3.13) in the MOM scheme
which allows us to determine the field conversion func-
tions and coupling constant mappings to four loops. With
these we have established the O(N) five loop MOM
renormalization group functions. The main motivation for
doing so is to ascertain whether there are any terms

_ 2
O(N O(N O(N d O(N
0 @Y = [ ) + 3 A ) 5, (V) )|
i=1 9ivs MS—MOM

(3.17)

involving {4 or {s which are absent in the single coupling
case for (3.1). We find the same outcome, in keeping with
the analysis of [33], in that {4, or {¢ are absent from each of
the four renormalization group functions for all N. The
full expressions together with the conversion functions
and coupling constant mappings are provided in [44] but
we have provided the two f-functions in Appendix B. By
way of example the expressions for the yo%/[(gl, 9») and

ﬁloli/[(; (91,9,) for N =2 are

) _ _l z_i 2 4 13 ﬂ 4
Y @(gl’gﬁ = |=¢9 1292] + [ 2169292+99192+ 108 +432
L[ 147 505 y 89 83 ——C
31104% ~ 1206919 ~ 972 ~ 5769192 ~ 3549192 29195
| 169 ,
—64’391 4’392+19449 9}
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and

ﬁO

1MOM

139968

26969 439

648

2.0

3
—— - ——(3003 - 639?93 4339192 +33 ngz

432
127

40 139
+ —ng‘l‘g‘z‘+—é’sg§‘ +3ésg?gz 3525391 + 5 6919

Q23 1079, 2486 24283 g 55901 4 5
12065392 T 1206539192 T 55 9192 + ez s 9195 + o001 9195
6407 | 101983 , 4 135149 p 170393 ,
3
5998471 * 26656 1% T 5508729 T 2700369192 + 3639192
18870089 2 10106999 , , _ 453335 Jo_ 119303 .
9195 — $39,
" 20310784 7192 7 5038848 15746471 T 186624
98207 43223, 20011 18665,
7776 S3919 ~ 11664 53919 ~ Toaq $39192 = 550, G593
13975 ., 10157, ., 8815 5755
10368 ngz 3888 539192 216 559192 108 559
4555 2585 2401 1323 755
—T%@Q?g% T%ng 5791 4’79192 144§59192
539 441 147
- 4:79192 C79 ——5:79 C5g?g§—ﬁg“39?g%
] 5
— @m% C@@% £ﬁ£+ éﬁ%+ C@?+—£ﬁ@
5 7 150
+ e“%g‘l‘gg % C%g?g% 5 é%g%oJr C%glq% 1296‘:59
3665 LISt 10055 1367
1206 55919 + 515 9193+ g £59193 + {1654 636192
+741861§ 0, 20811 652231 , 5288099
16625391 T 03312 3919 104976 9192 + 201553029192
6725627 24943961 , o 28840009 , . 38661817 ;
O(a!
* 335923291 T 1679616 Y12 T 20155392 7192 T 0621568 %2 (9:%)
1 1
(91-92) 9192+ 9192+491

B [ 24

+ [ 33791 5 599?—i9?93 : — 9+ o7 919‘2‘]
432 7290712 18 864

[ 4435

62208
559 s 2189 0 2803 5 SO075 6367
T 1728915 * 2592 91% + 120691 + 2505919 T 306
7079

+ ﬁglgg - 3839592

3188293 , , 1584779 843827

[ 139968 1% ~ 46656 9192
482599 , 72569 , . 38011 ,
23328 91 " 15552718 " 31104919 ™ 1206

—— g5 — ng?g‘é C3glgz+ C39192+ ngl+ 539192

9192

<, 721603 ,
139968 7192 ~ 23328 9192

2579 ., 2339
C39192 1296

1931 1603 1253 1189 613
- 539192 §39592 5391 539193 539192

= 0145
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5 1 5 70
-~ —ng?g% — —ng‘l‘gi + —639?93 + —659195 + —ng?
283 25
ng1gz+ nglgz 559192 2592529192 ?Csfﬁgz
135149 p 202163 y
11197447192 " 1866247
L [Po2T00210 3141423697 , , 10824707071
80621568 7192 T 5038848 12T 40310784 U192
LTI0M95 , ) 2000725, TI3SIS,
13436928 9192~ 10368 ©59192 T Tgeq S50
604061  , . 122227 119303 o 44255
31104 ———— {349 92 ‘:7 373248539192 364 {san
44009 42133 32977 32179
- TGQ%Q%— 192 C79 - C7 (:79
26125 . , , 13975 10017 o 9485
2592 {59195 — 2073655919 16 {791 4’79192
215 182 14 1
- 144Cs 193 — 679?93 12867919 —C%glgé°+ C%g?gZ
287 287 293 108
+ 629592 + 589 + 557G + 5 Gole + 5 Gi’n
1477 1601 1679 3725
- 479192 C%gzgé C%gﬁ‘g% nglgz
7391 20 15881 Ay 18805 i 29225
+ 10368539192 YED) &9 S6a {5919, + 108 £591%9,
158255 ., 190625, . . 663761 L 1065955,
+ 288 {5919, + 5184 {59195 + 1296 &91 5832 63919,
2616893 . . 3783533 ,, 9270535
t Tss5y SB T rme Gol' a5y G919
16931831 . , , 17933611, . . 31673845 Y
+ 23308 9919t geeoa 39192 T 278976
L 3B66IBIT 46773469 . 82651885 o 155899681
1612431367192 7 7373248 9192 T 419904 7 419904 192
351087313 . 427400711 .
220003 e 122PR| + 0(g1). 3.19
+ 2739438 9193"' 20310784 &S+ 72859795 | + O(g;°) ( )

One check on the full O(N) MOM results is that the
respective expressions of (3.2) correctly emerged in the
g1 — 0 limit.

Having evaluated the four loop FORCER masters to high
order in powers of ¢ we can study the properties of a

scheme that is not unrelated to the MOM one. In the MOM
prescription the finite part of the Green’s function at the
subtraction point is absorbed into the respective renorm-
alization constants. One natural extension of this pre-
scription is to not only absorb the finite or O(1) part with
respect to € but also the higher order terms in the €
expansion. By introducing such a scheme one is in effect
absorbing the full structure of the underlying Feynman
graphs determined as a function of the regularizing

|
parameter. In other words one subtracts all properties
of the quantum corrections. This may appear to be an
unusual prescription and there is no clear expectation as to
what it means for the properties of the resultant renorm-
alization group functions. However it is an easy algebraic
exercise to pursue in this toy scalar field theory in order to
explore the consequences. There is the tacit assumption
that whatever transpires in this example ought to have
exact parallels in four dimensional theories in much the
same way that the even zetas are absent in the MOM
scheme for theories in both four and six dimensions to a
specific loop order. As this prescription is the polar
opposite to the MS one we will term this new scheme
the maximal subtraction scheme and denote it by MaxS
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where the overline retains the nod to the absence of {, in
the MS renormalization group functions. Therefore we
have repeated the procedure that resulted in the MOM
renormalization group functions of (3.3). In other words
we have applied the MaxS prescription to the 2- and
3-point functions and deduced the respective coupling and
|

' 3125 a
¢ 2 3
—Zp_= —1296¢5 + 26741
M@ = 3@~ g+ &+ I 70368

+ [=1370736¢5 + 217728085 — 2304049]

+ [389670912¢3 + 330719544085 + 8915184085 — 5640570432¢5 + 2190456157

3 1 37 613

& 2

(a) = — a2l 2 —1296¢, — 44

Y ¥ (@) 4T a3 +[-1296¢, 35]31104
4

559872

+ [122256¢5 + 15552085 + 135149]

+ [6718464¢3 — 51538896¢; — 108669600 5

What is interesting is that the expressions are formally the
same as the respective MOM ones to five loops. This is not
unexpected given that even zeta contributions were absent
in the MOM scheme renormalization group functions but
are present in the O(e?) part of the MOM and MaxS
renormalization constants. The higher order MaxS ¢ terms
will involve the subsequent terms of the {-series as well as
rationals. Such higher order zeta contributions cannot for
instance appear in the renormalization group functions
before a certain loop order. This is preserved naturally in
the MaxS scenario. Where the difference in the MOM and
MaxS renormalization group functions would be manifest
is in the ultimate step that results in (3.20). That step is to
set the regularizing parameter, ¢, to zero. Prior to that the
renormalization group functions are ¢ dependent with the
coefficients of ¢ being in a direct relationship with the
constant and O(e) terms of the respective renormalization

constants. In the case of the MOM scheme the dependence
on € would be linear in contrast to the structure of the MaxS
renormalization group functions. In that instance the
coefficients of a would be an infinite series in e. However
for practical reasons in our construction we restricted our
analysis to weight 9 as that was the weight we determined
the six dimensional FORCER masters to. What this exercise

has revealed in addition to the above is that the MOM and
MaxS schemes are synonymous in the critical dimension of
¢* theory. Moreover at least to five loops, the MOM

a
186624

wave function renormalization constants before construct-
ing the coupling constant map and the wave function
conversion function. Retaining the higher order terms in €
necessarily involved an additional quantity of intermedi-
ate algebra. However, we were able to determine that the
two MaxS renormalization group functions are

616 7
26873856 + @)
aS
~ 1851776647, + 38661817 oo+ O(a’). (3.20)

|
scheme is equivalent to the scheme where the full Feynman
integrals themselves are completely subtracted at the
renormalization point which is something we believe has
not been examined previously.

IV. ABELIAN GAUGE THEORIES

Having established the usefulness of the four loop FORCER
masters in the cubic scalar theory we devote this section to
extending their application to gauge theories in six dimen-
sions. In particular our focus here will be on Abelian gauge
theories as these are of interest in [21]. The aim is to extend
the renormalization of both quantum electrodynamics
(QED) and scalar QED (sQED) to four loops. First we
recall the QED Lagrangian in six dimensions is [21]

Pl i 1 Vo
L(6) =y pl// - Z (aﬂFvo’)(a”F )
QED

1
~ % (0,0°A,)(0"0°A,), (4.1)
where ¢ is the gauge coupling constant, o is the gauge
parameter, F,, = d,A, — d,A,, A, is the photon and wl is
the electron with 1 < i < N. The linear gauge fixing term is
such that the photon propagator takes the form

(A, (P)A(-p)) = —ﬁ M — (1= ) 2202

(4.2)
D
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We note that the second order pole in the propagator is not
infrared pathological in six dimensions as it would be
in four dimensions. Moreover it is not an obstruction
to extending the three loop renormalization group

Ny ONrgs 1

B (9.0) = === ——

+ [170362Nj2f + 17107200L3N s — 14025425N ; — 7500000]

4N 38N
QED _ ANy, 38Ny
a5\ @) =~z 0 =g+ 1T

+ [170362N§ + 1710720043N ; — 14025425N ; — 7500000]

ED ED
y (9. a) = 2 (g.a),

QED
7, s (9 @) =

4

[3a+5]6 133

232N, — 1251

2
+ [2864N3 —

+ [-51840003N3 — 25824N3

[—111N, +200] —L=—

- 111Nf+2001

64800083N s + 730375N ; + 1944000¢ 5 —

functions to the next order using FORCER. Since we have
followed the same algorithm that produced the renormaliza-
tion group functions of the previous section for ¢* theory, we
record the equivalent QED four loop results are

fg
12150

Nf99

11
s201250 T 019 )

6

6075

NfQS

10
2100625 + W)

6

243000

1033000]

43156800¢ 3N} + 17496OOOC4N} + 28663075N§~

— 1560999600¢3N ; — 52488000 4N ¢ + 30618000005 N, — 1179131300N ¢

+ 1552770000¢5 — 30618000005 + 1003751250]

4

5
2 —[68N, +25] -2 E

rois(9) =3

+ [13456N3 + 648000N ;£ — 818575N; + 121500085

[5184OON3C3
— 137011500N ;&3

+ 2574281250¢5 — 4538025000¢ 5 + 845045625]

in the MS scheme. We note that the S-function is derived
from the Ward-Takahashi identity

pi(9) = S7alg.) (44)

to four loops. The previous three loop results of [22] are
recovered partially verifying our procedure. Another check
is that the electron anomalous dimension has the same
feature as four dimensional QED in that the only depend-
ence on the gauge parameter « is in the one loop term.
Interesting properties of this renormalization group func-
tion in four dimensional QED were initially discussed in
[45,46] in the on-shell renormalization scheme. There it
was noted that the anomalous dimension was gauge

216384N? + 31492800N25 — 17496000N3¢
— 32805000N ;£ + 656100000N (s

98

10
T6a02500 T C9):
6

121500
— 6336415N2

—318912625N

— 726875

gS

10
8201250 ~ 00

(4.3)

|

independent. Subsequently it was shown in [47] that in
the MS scheme the gauge parameter of a linear covariant
gauge fixing appears only in the one loop term of the
electron anomalous dimension in four dimensional QED.
That analysis made use of a Landau-Khalatnikov-Fradkin
(LKF) transformation [48,49] and this formalism should be
equally applicable to establish the same property in scalar
QED. In more recent years the absence of « in the two and
higher order corrections in four dimensions was examined
from the Hopf algebra point of view in [50-52]. It seems
clear that the LKF transformation approach as well as the
graphical and algebraic arguments could be extended to the
six dimensional theory of (4.1). The expression for

ywm(g, @) in (4.3) would support that expectation. Any
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proof that a only appears at one loop in the MS electron
anomalous dimension though should probably be con-
structed in a way that is applicable to all even dimensions
beginning from four. This is simply because it is known that
the same property is present at two loops in eight dimen-
sional QED [22]. However such a proof is beyond the scope

of the current article.
In light of the discussion concerning the location of the set
of numbers ¢, of the previous section, we recall that the MS
|

2Ny 1OV

QED _
D (g.0) = - g -

MOM

[2592¢3N; — 2889N ; + 1700]

p-function has the same property as its four dimensional
counterpart in that {5 is absent at three loops but appears for
the first time at four loops which is a consequence of gauge
symmetry. By contrast {3 is present in the three loop MS
p-function of ¢* theory as well as in the MOM scheme.
Therefore we have repeated the renormalization of (4.1) in the
MOM scheme to ascertain whether {5 first appears at three or
four loops. We found the analogous expressions to (4.3) are

Nfg7

6075

+ [165888§3N]2c - 306876N]2c +4976640{3N y — 4665600 sN ¢

— 692335N ; — 500000 0(g").
! I546750 T O9)
4N 38N N
QED T 2 PO 4L 2105000, N , — 288 1700] L7
J/A,MOM(g’ a) 15 g 27 g+ [ 9263 Y 9Nf+ }6075
+ [165888¢3N2 — 306876N2 + 497664003N ; — 466560085N ;
N g8
— 692335N ; — 500000] —~ 10
0 ! 15373375+ 06"),
r¥_ (g, a) = —y¥2_(g,a),
a,MOM AMOM
QED 92 94
r%MOM(9<ﬁ [Ba+ }6-+ [4N ]27
6
2 g
+ 976N} — 675aN + 8SSSN - + 38880¢; — 20660] 15
+ [546752N ; — 972008302 N ; + 10368083aN2 — 144720aN% — 324000830
+81000aN, + 150528N3 — 173145605 N% + 3643432N2 — 7259544003N
+ 139968000¢5N s — 59802795N ; + 82814400 — 163296000
g’ 10
53533400
+ Ig7ag00 O
®_ (o= 3@ (N, 45
Vnom Y = 739 T TRl

+ [1215aN; — 1184N]2c + 5184N ;{53 — 12613N; + 48600¢5 — 29075]

96

4860

+ [194400a2Nf§3 - 103275(12Nf - 2073600(NJ%C3 + 136080aN]2c
+ 1069200aN s — 4992N} + 2094336N%C3 - 4752992N]2c + 10886400N ({3
+9331200N ;{5 — 29410965N ; + 274590000¢ 3 — 4840560008 5

98

+90138200] g7

+ 0(g'%).

(4.5)

Clearly {5 arises for the first time at three loops more in keeping with ¢ theory and similar to the properties of the MOM
scheme renormalization group functions in four dimensional gauge theories. One other feature of (4.5) is that unlike

QED
UV

(g, a) there is a dependence in T (g, a) beyond one loop. However it first appears at three loops, like MOM
w.MOM
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schemes in four dimensional QED, rather than at two loops
for the MOM schemes of Celmaster and Gonsalves [53,54].
The contrast in this structural difference may be attributed
to the difference in the underlying renormalization pre-

scription. For instance in the MOM suite of schemes the
subtraction for 3-point functions is carried out at a point
where one of the external legs has its momentum nullified.
By contrast for the MOM schemes of [53,54] the pre-
scription is that the vertex subtraction is enacted at the fully
symmetric point where the squared momenta of all three
external legs are nonzero and equal. So it would appear that
the properties of the vertex kinematics has a bearing on the
structure of the renormalization group functions and in
particular this is manifest in the electron renormalization in
an Abelian theory.

It is worth examining whether these observations are
peculiar to six dimensional QED or a more general feature.
Therefore to explore this we have repeated the above QED
analysis but for the version where the fermions are replaced
by a scalar field ¢'. The corresponding Lagrangian is

T o1 1
LSQED — D,¢'D" ¢’ —ZGMFW()”F’”’ —%(()HGUAU)(()”@"AG)
(4.6)

which is the ultraviolet compeletion of four dimensional
scalar QED where 1 <i < N;. Carrying out the renorm-
alization process we find that the MS renormalization
group functions are

N 37N q
SQED, \ _ _‘Vf 1 f 5 _
- (9) = 60g 2169 [1017Nf+59600]97200
+ [21413160023N - — 407787250N ; — 282521N% + 1180980005
N 99
— 456939750] — 27 1 O(g'"),
J 1049760000 T O
N 37N 6
SQED f oo 2Ny 4 19
ED (1 g) = — [1017N; + 59600
Taws 0¥ = =309 ~ 08 9~ 7t ]48600
+ [21413160023N - — 407787250N ; — 282521N3 + 1180980005
N,g®
— 456939750 ——17____ 1+ 0(4'9),
I 524880000 T 019)
FE(g,0) = (),
QED 92 94
Y 5315 (g,a) = [3a— 10] 3 + [-98N + 1375] 1080

[662N2 + 6480003 N — 1430875N ; + 145800085 + 516500

+ 1296083 N3

— 2382N7 4 8631360{3N7 —

6

972000

— 1435890240 3N — 787320084 N ¢ + 2536920000{ s Ny — 470052370N ¢

+ 1663578000¢ 5 + 2274480000 5

+0(g").

The lower loop expressions are in agreement with [55,56].
As another check we have computed the critical exponents
for the scalar electron and the photon from (4.7) in powers of
1/N at the Wilson-Fisher fixed point of the f-function in
d = 6 —2¢ dimensions. These were compared with the
direct large N expansion of the same quantities computed

3499200C4N]2c - 12293840N]2c
s
— 3242042625 ————
3242042623 104976000

(4.7)

I
in the underlying universal theory in d-dimensions in [55].
Expanding the results of [55] to O(e®) we find exact
agreement. From a careful comparison it is evident the
properties of (4.3) that were highlighted earlier are the same
for (4.7). The same situation occurs for the four loop MOM
renormalization group functions which we determined as
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. N 37
sQED __r 3
Paon =" 607 ~2

N
_16f g + [64883N; — 1701N ; — 59600]

Nsg’

97200

+ [648O¢’3N§. - 18039N§- +2610792{3N — 933120{ 5N ¢

N;g’
— 3049985N ; + 78732005 — 3046265] o+ o(g"),
yf%d(g, a) = — % i % g* + [648L3N s — 1701N s — 59600] :;2 %(;)
+ [6480L3N% — 18039N% + 2610792¢3N ; — 933120L5N
Nsg® 10
— 3049985N ; + 7873200 — 3046265 1 -+ 0(9"%),

I (g.a) = 2 _(g,a).
a,MOM A.MOM
2
SQED — Ba—101L 4 [—4N, + 275
YWVMOM(g,a) [Ba ]6 + [-4N; + ]216

9

g6

+ [270aN ; - 49Nj2f —648{3N; — 1684N ; + 145803 + 5165] ——

9720

+ [194400a2§3Nf - 97200a2Nf - 25920aC3NJ2¢ + 17280aN§- — 1296000a¢3N ¢
+ 2349000aN ; — 1176Nj3c + 222912C3N} - 1008229N§ —160535520{3N ¢
+ 218116800{sN p — 7940520N r 4 11090520083 + 15163200085

98

- 216136175]m

The emergence of the same ¢, and «a structures for both
theories only reinforces the notion that the kinematics of the
vertex subtraction point have an influence on the scheme
dependent parts of the renormalization group functions.
Although this was already apparent in the MOM schemes of
[53,54], the new insight here is that the @ dependence of the

MOM and MOM schemes is dependent on whether there is a
nullification of an external vertex leg or not. Finally we note

that like ¢ theory, the Abelian gauge theory MOM scheme
renormalization group functions are devoid of even zetas to
the order we have calculated to in complete agreement with
four dimensional studies [27-34]. While there are clear
similarities with the zeta structure of four dimensional
theories, a formal proof of the absence of even zetas in
six dimensions may only be possible if, for instance, the
approach using the KLF formalism for massless correlation
functions of [57] could be generalized to six dimensions.
To the high loop orders discussed here and other places
[27-34], this may not be as straightforward as it would seem
at first. For instance in the context of the explicit calculations
carried out here one would have to establish that there is no
primitive graph that arises as a FORCER master at very high
loop order whose simple pole residue is an even power of 7.
However there is some evidence in four dimensions [58] that
there may be one or more such primitive graphs at weight 12
whose residue involves 5. If such an integral remained in
the determination of the renormalization constant of a

+0(g").

(4.8)

I
massless correlation function then the no-z theorem
of [30-32] may need to be revisited. Similar reasoning
should equally apply to six dimensions.

V. SIX DIMENSIONAL QCD

Next we turn to the six dimensional version of QCD that
has been studied at one and two loops in [14,22,59]. We
will use the Lagrangian of [22] which is

1
L(6) — _ Z (DﬂGZU)(D’uGaDG) 4 %fabCGZvaﬂoG%y

1 ) )
by (aﬂd”A,‘j)(d”d"Aﬁ;) — Z‘“D(d"Dﬂc)” + iy’ Pyt
(5.1)

where the gauge coupling g, is embedded in the covariant
derivative and field strength Gy, and the indices lie in the
ranges 1 <i<N; 1<a<Ny and 1 <7< Np with
Np and N, corresponding to the dimension of the funda-
mental and adjoint representations of the color group
respectively and N is the number of quarks. The operator
associated with g, is sometimes referred to as a spectator.
In [14,59] the Lagrangian took different forms. This is
because there are three possible gauge invariant dimension
six operators but only two are independent in the action
which can be deduced from the Bianchi identity and
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integration by parts. The renormalization group functions
of one formulation of the Lagrangian can be translated to
those of another via [14]

1
(D Gi)(D,G) = 5 (D, G, ) (D'G)

+ 01 fGLGGY,  (52)

which is used to connect the respective coupling constants.
The gauge fixing terms have been chosen to ensure the
gluon and ghost dimensions match. The one and two
loop renormalization of (5.1) was carried out in the MS
scheme by a direct computation of Feynman integrals.
Subsequently the one loop renormalization for a more
general version of (5.1) was performed using the heat
kernel expansion in [14]. Included for instance in that
generalization were scalar fields as well as others that
matched the field content of the supersymmetric extension.
Taking the limit of the one loop results of [14] to recover
the field content of (5.1) and using the relation between the
coupling constants of both formulation that results from
(5.2) produced agreement between the f-function at this
one loop order. Given that we now have a six dimensional
version of FORCER it is possible to extend results for the
renormalization group functions to three loops. This
required the renormalization of the gluon, ghost and quark
2-point functions and, to extract the gauge coupling
p-function, the ghost-gluon vertex. Additionally we renor-
malized the quark mass operator. The number of graphs
that were evaluated are recorded in Table I. To initiate the
automatic Feynman integration process requires the com-
pilation of the electronic representation of the graphs. This
was effected with QGRAF, [60]. At the outset we need to be
clear and record the fact that with FORCER it is not possible
to deduce the three loop p-function of the nongauge

|

91

ﬁl(gl»QZ) 120

—[249C, + 16N, Ty] 2L
+ [-50682C2 g3

= 624C,NTrgigs + 96CsN T rg193

+ [~7464290865C3 ¢

+2439C3 2 g, + 3129C% 9,93 —

TABLE L. Number of Feynman diagrams computed for various
Green’s functions at L loops.

Green’s function L=1 L=2 L=3 Total
AGA b 3 18 267 288
cieb 1 6 78 85
Wy 1 6 78 85
c9ePAS 2 33 702 737
Total 7 63 1125 1195

coupling ¢,. To do so requires the renormalization of the
triple gluon vertex. The structure of the triple gluon vertex
Feynman rule will involve both g; and g, in contrast to the
ghost-gluon vertex that only contains g;. So by determining
the renormalization of g; from the ghost vertex that of g,
can only be deduced from the triple gluon vertex renorm-
alization. However as the cubic term of (5.1) involves the
product of Gy, nullifying any external leg of the triple
gluon vertex Feynman rule, the terms involving g, vanish
identically. Therefore FORCER cannot be employed.
Moreover rewriting the cubic operator of (5.1) to redefine
it in terms of the other two operators of (5.2) produces the
same outcome. Any nullification of an external gluon
momentum in the resultant triple gluon Feynman rule
excludes access to the nongauge coupling constant. The
only route to find the fS-function for g, is to evaluate the
triple gluon vertex at a nonexceptional momentum con-
figuration such as the symmetric point one that was
employed in [22]. At three loops this is clearly beyond
the scope of the present article.

Having explained the background to the renormalization
of (5.1), we record the MS renormalization group func-
tions. For the gauge coupling f-function we have

315C2 g3 — 1328C4N,Trg?

91
—3040CyN T g3
FiVf Fgl}4320

+ 1091499579C3 43 9, + 809468904C3 g g3

— 141762510C3 g3 g3 — 15628455C3 g2 g4 + 1812375C39,93

+94500C3 ¢5
+ 63346632C5N T r gt g3 —
— 411047360C,CpN (T rgS

—495581080C3N T g
1733040C3N  Trgi 93
— 37440000C,CrN T g9
+ 14592000CACpN T rgigs + 987520C4 N7 TS

— 66132288C3N T 4}0,
— 652320C2N T g

— 4732416C4 N3 T2 g},

+728064C4N7T5gig5 + 17408000CEN /T pgf

— 9661440C s N3T%4f]

62208000

+0(g). (5.3)
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As all the results in this section will be in the MS scheme, we do not include the scheme label on the renormalization group
functions. For the renormalization of the fields, we have the gauge parameter dependent expressions

%

60
+ [13022C3% g3 + 1095aC3 g} — 81412C2% g3 + 2178C3 939, + 5658C2 g, 63

74(91.92. @) = [20aC, — 199C, — 16N T]

— 6080Cy N Trg) 45—‘20

+ [—1215000830° C5 g8 + 18003750 C3 68 + 89100030 C3 68 — 314125a*C3 65
— 461700083aC3 g8 + 82449225C3 o8 — 194400083aC3 g3 g5
— 7416000aC3, g g, — 1842000aC3 g g3 4+ 5906400aCiN (T ¢S
+90477000¢5C3 6§ — 6130578488C3 ¢ — 6674400085C3 g3 95
+ 829769679C3 g3 g, — 25920005 C3 gt g3 + 718180404 C3 gt g3
+ 388800045 C3 g1 g3 — 127466010C3 g3 g3 — 13886955C3 67 4
+ 1812375C3 g1 93 + 94500C5 ¢§ + 6220800053 CAN T g5
— 449504664C3N ;T g8 — 61797888C3N ;Trg, g, + 56482632C3N T g} g3
— 1733040C3N T g} g3 — 652320C3N T g2 g3 — 829440008 3C4 CrN (T g
—307447360C,CpN (T g% — 37440000C4CiN (T g3 9s
+ 14592000C, CN T4} g% — 734848C,N3T3.48 — 4732416CoN3T3 g7 9,
+728064C4N7T5g1g5 + 17408000CEN (T g

~ 9661440CN2T24f] O(gf).

31104000 *

Cpg?
ve(91> 92, @) = [@ = 5] le

+ [=55a*C 4 g% + 60aCy g% — 19952C 4 g% + 2700C 4 g, 9> + 600C4 3

CAQ%

8640

+ [~2673000&30° CA g} + 338512503 C4 g} — 8910008 30> C4 gf
+867625a*>C% g} — 2187000 3aC% gt + 27779025aC% gt
— 194400053aC%g?gz — 1764000aC? g?gz - 336000aC2 g2 g3
+ 24576000:NfTFCAg‘]1 —90477000¢3C% g — 1333712377C4 4t
+ 6674400083 C2 g3 g2 + 261729900C3 93 95 + 2592000¢3C3 6% 93
+91288500C2 g7 g5 — 3888000¢3C3 9,95 — 14296500C3 9,95
—1741500C% g5 — 622080004’3NfTFCAg‘1‘ - 46076416CANfTFg‘11
- 4334400CANfTFg?92 + 6864000CANfTFgfg% + 82944000¢5 CFNfTFg‘l‘

— 1088N ;T g7]

C g2
-1 N, Trg* + 1722 2724 AL 8
03600000C N ;T g} + 368N% Fgl]62208000+0(g,),

CFQ%
6
+ [7562Cx g3 + 1830aC, g7 + 43617C, g7 — 600C, g5 — 8000C g3

yl//(gl’g%a) = [3a + 5]
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CFQ%
4320

+ [-972000830° CA gt + 129637503 C3 gt + 1215000830>CA gt

— 1231875a°C3 gt + 2430000 3aC% g} + 29389350aC3 g}

—1944000&3aC3% g3 g, — 1971000aC3 g3 g, — 747000aC3 g7 5
+2420400aC4N T gt + 746010005 C3 gt + 816942603C3 g

— 447120003 C g3 92 — 1730025C5 g1 9, + 777600085 CL g1 93

— 55844625C% g1 g3 + 4357125C5 9193 + 300375C3 g3 — 6220800083C4Crgt
— 178896000C, C g} + 3240000C4Crg3g, + 4800000C,Cr g1 3
+2073600083CAN (T gt + 41385824C,N T gt + 7520400C4N ;T £ g3 9
—2580000C4N /T rg2 g3 + 6220800043 C2.g} — 33056000C% g7
—2073600083CN T rgt + 23372000CkN ;T g}

CFQ%

164 2T2 4
+O1648N T 61 222000

Finally we note that the quark mass dimension is given by

5
Ym(91.92) = —ngg% + [-11301C4g7 + 300C, g3 — 200Crg; — 544N (T g3

+0(gf).

(5.4)

Crg;
1080

+ [38880000¢; C2 g — 424927488C2 g — 11664000L;C2 g3 g,
+ 54029025C2 g, + 24506625C2 2 2 — 2197125C2 g, 63
— 435375C2 g} — 972000003 C4Crg? + 30950400C, Cpg’
+2332800085C,4 Crglgs — 22356000C, Crglgs + 240000C, Crai gl
— 2073600083C4N ;T rg* — 8608304C4N T gt — 4712400C,N T3 g5
+ 1716000CAN ;T pg? % + 388800003 C2.g* — 23260000C3 ¢*
+2073600083CxN T gt — 26194400C ;N ;T g

C 2
+430592N2T2 ) L0

which, like the g-function, is independent of « as it ought to
be in the MS scheme [61]. While part of the focus in

previous sections examined the MOM scheme in six
dimensions, it is not possible to repeat that for (5.1). This

is primarily because interest in the MOM scheme con-
cerned the absence of even zetas commencing from four
loops. As we do not have a full set of three loop
renormalization group functions yet, let alone at four loops,
that investigation clearly has to be postponed to a later

point. However any study of the MOM schemes similar to
[27,34] may only be able to focus on the vertices that
determine /3 (g, g») since the renormalization of g, cannot
be directly accessed when one of the external momenta of a
gluon 3-point vertex is nullified. For similar reasons we
have not constructed the equivalent of the mMOM scheme

3888000

0(g}) (5.5)

[

of [35] to four loops. One check on our FORCER compu-
tation is that the two loop expressions of [22] have been
reproduced and we recall that [22] used the Laporta
approach. Another check is that f(g;,g,) satisfies the
Slavnov-Taylor identity being given by a linear combina-
tion of the Landau gauge gluon and ghost anomalous
dimensions. More specifically

1
Ba(91.92) =5 91lra(91.92.0) + 2r.(91.92.0)]  (5.6)

2
as the ghost-gluon vertex of (5.1) is finite in the Landau
gauge for the same reasons as its four dimensional
counterpart, [62].

A separate check on the three loop contributions to the
gluon, ghost, quark and quark mass anomalous dimensions
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lies in comparing with known critical exponents of the
fields computed to several orders in the 1/N, expansion.
These renormalization group invariants have been com-
puted as a function of d at the Wilson-Fisher fixed point
defined as the nontrivial solution of ;(g;,9,) = 0 closest
to the origin. Evaluating the anomalous dimensions at the
Wilson-Fisher critical point produces critical exponents
which will be functions of d and N/ as well as the group
Casimirs. They can be expanded as a double Taylor series
in powers of 1/N;, where N, is large, and e where
d = d,. —2e. Here d, is the critical dimension of any of
the quantum field theories that lie in the same universality
class. In this situation these are the two dimensional non-
Abelian Thirring model, QCD in four dimensions and (5.1)
in six dimensions as well as the tower of theories that lie in
eight dimensions and beyond. Therefore the expansion of
the large N, exponents when d. = 6 have to be consistent
with the analogous critical anomalous dimensions evalu-
ated at the same fixed point and expanded in the same
double Taylor series. This is the background to the three
loop large N, check extending the previous two loop check
of [22]. Tt is in fact possible to carry out such an analysis

|

even though the three loop terms of f,(g;, g,) have not
been found. The evidence for this is deduced from
examining the g, and N, dependence of y4(g;.9.a),
ve(91.92. @), 7,(91.92.@) and y,,(g1.92). 1t is apparent
that the coupling constant associated with the spectator
interaction, which is g,, first appears at two loops. In
addition at three loops there are no g3 terms in y,,(g;. g2, @)
and y,, (91, g») meaning that their associated exponents can
be expanded to O(1/ N%) without the three loop correction
to the g, critical coupling and then compared with the ¢
expansions of the large N, exponents of [63]. For
v4(91, 92. @) and y.(g1, g2 @) only the O(1/N) d-dimen-
sional exponents are known [64]. More concretely, follow-
ing the large N, approach of [21,22] we set

i 15¢ i 15¢
== , == 5.7
91=5 \/TFfo 9 =54/ TN, (5.7)

and solve f;(g;,9,) =0 to find the Wilson-Fisher fixed
point is located at

L[240 4TS 5855 3145 104729 1,1 1
X = _— —_— _— € — € [
32 4T (48 T 768 A 384 7T 18432 AT | TuN;
186003 197125 7530655
76‘2— o= 76‘2
[2048 A { 512 AYF T 32768 A]e
549125 , 12040925 L 1I50323311 151 1 €
1536 © 18432 AT 3145728 A€ TEN3 TIN3)’

62385

Crp+

(5.8)

51327 {2325
y =

13
3t [_ 2048 4 |6

1 €’
C )
4096 A] 6] ToN, <T%Nj%>

in the large N, expansion where the order symbols indicate the truncation order of both the ¢ and large N, expansions.
Substituting into the various anomalous dimensions we have

ra(97.95.0) = €e— [%e —I—%ez +%€3:| Tf]i’f + O<T%€]3\’]2p>
o500 = [foe- S5 - e | ron-+ 075 )
Poldt. 92.0) = [_ 28756 * ?ez - £€3] Tf;/f {6122285 Cacm ngs Crt % CA] ¢
[ -e)e [0 e eel ol
[ + 18- [+ lor)e) g+ o) >
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for the exponents where g’ are the critical couplings
evaluated at x and y. These exponents are in full agreement
with the e expansion of the large N, exponents of [63,64]
near six dimensions. One caveat to this is that for the first
three exponents of (5.9) the check is restricted to the
Landau gauge since that is a fixed point of the renormal-
ization group equations.

With the present renormalization group equations we can
examine one property which has parallels in the four
dimensional counterpart of (5.1). It is known that aside
from the Banks-Zaks fixed point of [65,60], treating the
gauge parameter as a second coupling constant opens up a
richer critical point phase plane [67], which has been
studied more recently in four dimensions in [68]. This is the
observation that there is a nonzero critical value of the
gauge parameter that leads to an infrared stable fixed point
in the plane of gauge coupling and parameter. Moreover
one can redefine the renormalization group function for a in
such a way that this critical value is exposed at leading
order [69]. For (5.1) we recall the parallel transformation is
derived by first redefining the gauge field by [69]

Cy 9%

j}a(gl’gZ’a) = _[2a+5] 6

Al = g Al (5.10)

With this the relevant sector of the Lagrangian becomes

1 . 4 A
Lfg?l)lonic = _4_9% (DﬂGZG) (DﬂGam)

1 N n
g (0,0°A¢) (#0°AL) + ... (5.11)
where the hatted quantities are the same as the unhatted
ones but expressed as a function of AZ. This identifies the
transverse and longitudinal operators with separate inde-
pendent coupling constants. If we compute the renormal-
ization group function for the combination ag? given in
[69] we find

R 2
Palg1, 92, @) = g—ﬂ1 (91, 9) + 7alg1, 2,@)  (5.12)
1

which gives

+ [2700C, 919> + 600C, 2 — 1300*Cg? — 1095aC >

— 19952C, g3 — 1088N T 1.g7]

Cagt
4320

+ [1215000¢30° C3 gt — 18003750° C3 gt — 891000830°Ch gt + 3141250°C gt
+ 461700083aC% gt — 82449225aC3 g + 194400083aC3 g3 9,
+ 7416000aC? g} g, + 1842000aC? g3 g% — S906400N ;T raCy gt
—90477000¢5C% gt — 1333712377C5 gt + 6674400085C5 g3 9,
+ 261729900C3 g3 g5 + 259200043 C% g3 g5 + 912885003 ¢ 63
— 3888000¢3C2 g1 93 — 14296500C3 g, g3 — 17415003 g3
— 62208000¢3C 4N ;T g} — 46076416C4N T gt — 4334400C4N (T g3 g,
+ 6864000C4 N ;T g2 g3 + 829440003 CN T gt — 103600000C N (T gt

C 2
+ 1722368N2T3g1] 29

Therefore in the (g;,a) plane there is a critical gauge
parameter value of @ = — % In four dimensions the analo-
gous value was (—3) and it was suggested that defining the
combination ag? in [67,69] as a second coupling then that
coupling in effect was an accounting parameter for the
longitudinal modes of the gluon in the perturbative ex-
pansion of gauge variant Green’s functions. In fact such a
pattern of a rational value for a critical gauge parameter
extends to the next case which is the eight dimensional
extension of (5.1) and was renormalized at one loop in [70].

31104000

+ O(g8). (5.13)

Examining the (5.12) for eight dimensions gave (—1) for
the critical gauge parameter, a, . In fact it is straightforward
to deduce the d dependence of @, and we note

(5.14)

This is a monotonically increasing function of d for d > 2
with limits
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dlirga* = —o0, L}Lrgoa* =-2. (5.15)

The singular behavior in strictly two dimensions may be
indicative of the absence of longitudinal modes in the gluon
in that dimension. One puzzle that arose in four dimensions
was the relation of the integer value of a, (4) to the value
for the Yennie gauge. The latter is a =3 and a,(4)
has been referred to as the anti-Yennie gauge in, for
example, [71]. This apparent connection does not translate
to the six and higher dimensional generalizations of QCD
since the defining criterion for the Yennie gauge is the
vanishing of the ghost anomalous dimension at leading
order. Clearly in six dimensions this occurs at a = 5 while
in eight dimensions a would be 7. The generalization is

aYennie(d) =d-1 (516)
It is straightforward to check this directly by computing the
one loop correction to the ghost 2-point function that
eventually produces y.(g;,«) in the higher dimensional
Lagrangians. The key sector of those is the ghost term
given by

d n,;-d a
LY = —~(0%e")(0"Dc)

(5.17)

where n,; = %d — 2 when d is integer. Extracting the gluon

propagator from the relevant sector of

1 _l ng
Ltnanie = =3 (D DI GH)2 ( 5 ) (04AG) T (AL
a

gluonke =

(5.18)

and using the ghost-gluon interaction from (5.17), the one
loop ghost 2-point function can be computed in d-dimen-
sions. Expanding it in powers of € near each even critical
dimension strictly above two produces (5.16). We note that
for higher dimensions the Lagrangian can always be written
in terms of one independent gauge invariant operator with
two gluons. While an alternative operator to the first term
of (5.18) is Gy, 1" G, the latter can be rewritten in terms
of it using integration by parts in the Lagrangian plus
additional gauge invariant operators with three or more
gluon legs.

VI. DISCUSSION

One of our main tasks was to provide the missing
information that prevented the symbolic manipulation
FORCER algorithm being used to study properties of
quantum field theories in six dimensions. This required
mapping the e expansion of the known four dimensional
FORCER masters to six dimensions using the Tarasov
method [23,24] with the six dimensional counterparts
available now at weight 9. By way of checks we reproduced
the available four loop renormalization group functions of

¢* theory both with and without O(N) symmetry. As a
consequence of the masters being available to high order in

powers of ¢ we were able to explore the MOM scheme
property of the cubic theory to five loops and verify that the
absence of even zetas to this order is not restricted to four
dimensions. As the scalar ¢’ interaction is devoid of
derivatives, it was relatively easy to explore a new scheme
which was MaxS whereby all the terms of the e expansion
of the sum of the Feynman integrals are removed from
the two divergent Green’s functions. This scheme had the
interesting feature that in strictly six dimensions the
renormalization group functions were equivalent to those

of the MOM scheme. Such a property should also hold in
four dimensional theories including gauge theories. Having
studied ¢* theory and extended the three loop renormal-
ization of six dimensional QED to four loops, we were able
to repeat the same exercise for scalar QED in six dimen-
sions. One outcome of the latter was to verify the ultraviolet
completion of the four dimensional version of QED to six
dimensions. In essence this demonstrates the usefulness of
compiling the new masters and opens the way to extend
other theories to a similar level. A first step in that direction
has also been provided here in that all the renormalization
group functions of the six dimensional ultraviolet com-
pletion of QCD have been determined to three loops bar
one. That outstanding B-function is not accessible using a
2-point function approach due to the fact that the operator
associated with the coupling involves the product of three
field strengths. If that could be overcome at three loops then
the three loop QCD renormalization group functions
computed here could be extended to four loops. There
are other six dimensional theories which have been of
interest recently whose ultraviolet completeness has been
studied at one or two loops. For instance in [55,56] the six
dimensional version of the CP(N) nonlinear ¢ model has
been studied to two loops and in the large N, expansion.
For a certain configuration of the coupling constants it
contains scalar QED. The CP(N) ¢ model contains an
additional scalar field and in principle it can now be
examined using the FORCER construction and the ultraviolet
completion studied that will necessarily build on the earlier
work of [72] and the large N results of [73] that allow for a
connection of theories in d-dimensions.

One reason we mention this particular theory is by way
of caution. In the course of the application of the new
masters to renormalizing a variety of theories they have all
carried the same feature with respect to the renormalization
of the vertices. This is that when nullifying the momentum
of one external leg of the 3-point function no infrared
singularities arise. For ¢’ theory the propagators at the

nullified vertex will reduce to a contribution of —— where

(r?)?
p is the momentum of a propagator. In six dimensions,
unlike four dimensions, this is infrared safe. So we have not

needed to introduce any infrared rearrangement. For certain
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theories in six dimensions this may be necessary and is
usually the case for gauge fields since they have a higher
derivative kinetic term as is evident in (4.1) and (5.1). For
the cases considered here no infrared rearrangement was
required. For the ghost-gluon vertex of (5.1) the extra
derivatives in the interaction were the redeeming feature.
However for the six dimensional version of the CP(N)
nonlinear ¢ model infrared rearrangement may be neces-
sary given the absence of derivatives in the basic inter-
actions involving the gauge field. Some evidence of such
difficulties have been implicit in this article. For instance,
the mass dimension of the scalar field of (4.6) was not
provided despite the fact the electron mass dimension was
computed from (4.1). The reason for this has been given
previously in [55,73] which is that the scalar electron mass
operator mixes with other operators. One is the square of
the photon field strength. The remainder include the square
of the operator defining the linear covariant gauge con-
dition and those which are total derivative operators. Of the
latter the gauge variant ones will not play a role in the
extraction of the eigen-anomalous dimensions of the two
gauge invariant mass operators. However to extract the
renormalization constants for the photon mass operator,
inserting it at zero momentum in a photon 2-point will
immediately produce an infrared issue which would require
either an infrared rearrangement ahead of a FORCER
evaluation or determining the mixing matrix by routing
the external momentum in one external leg and out through
|

the operator itself. In this latter case the mixing with gauge
variant and total derivative operators would have to be
included in the construction. While this is beyond the scope
of the current article we note it as a reminder and
illustration of the potential pitfalls in naively applying
Feynman graph integration routines.

The data representing the main results here are accessible
from [44].
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APPENDIX A: SIX DIMENSIONAL FORCER

MASTERS

In this appendix we record the ¢ expansion of the 16
three and four loop FORCER masters in six dimensions. The
name of each topology matches exactly with those of [8,9]
where the respective Feynman graphs are defined graphi-
cally. We have carried out the expansion of each master to
the level of {4 which does not equate to the same order in €
for each master. Similar to [9] each is expressed in the
G-scheme. Using the same master label as that of the
Masters.prc file of the FORCER release we have

1 17 1 407 1 1 25 25 85
haha = - — 4+ |- — — — - Sl i i = =7
ana 72ez+{ 08 365 " Q]e 4327245 7365 T2 T 165 T a6
24671 67 17 , 13 25 425 895
{_W_& 7_F6€3_m§5__€3§4+ ot 432 {6+ 43253
58795 . 6011, 3785, 287 , 17 17
{— 7776 %5 T 720 8 T gy &7 = mC 5354—5% +ECS’3 +75355
895, 103955 113711) ,
—— €
288°* 1 7776 3 46656
| 4168205, 298475 : 178393 ,, 41341 26929 : 6235 :
46656 0 15552 % 7776 3 432 Y 432 8 192 77
127 21 385 103955
5254 C +I§5.3 +W€SC6+ 5355 5184 —oCa
2837317 12816899 , ,
16656 > T 03312 +6C455]€ +0(e%),
171 13 1 6511 13 2 1 179
1= ey S i R SN i
o { net 216} +[ 216% 48C4+1296} e 4% 9% 7365 Taas
457 97 5, 5 1. 4109
{_ﬁQ_@65_ﬁ€3_m§6_§g4+_5832]€
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Here {53 denotes the multiple zeta that was discovered in [74]. In [17] the e expansion for the set of masters that was
required to renormalize ¢ to four loops in six dimensions was provided but in the same master basis as [37]. We have
checked that those masters derived from FORCER in this paper are in agreement up to the order in € given in [17]. To assist
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with this comparison we note the mapping of the overlapping masters in each basis is haha < Mg, nol <> Mg;, no2
<> M62’ no6 <« M51, Cross <> M36’ nono <> M45 and bebe <« M35.

APPENDIX B: O(N) ¢* p-FUNCTIONS
In this appendix we record the two S-functions in O(N) ¢° theory for all N in the MOM scheme. We have
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It is evident from both expressions that no terms involve {4 or {g. The situation is the same for the other two renormalization

(V) (N)

group functions yON (91,9,) and yON (91,9») as is apparent by using a search tool on the respective expressions
$MOM o

MOM
recorded in [44].

[1] P. A. Baikov, K. G. Chetyrkin, and J. H. Kiihn, Phys. Rev.
Lett. 118, 082002 (2017).
[2] F. Herzog, B. Ruijl, T. Ueda, J. A. M. Vermaseren, and A.
Vogt, J. High Energy Phys. 02 (2017) 090.
[3] T. Luthe, A. Maier, P. Marquard, and Y. Schroder, J. High
Energy Phys. 03 (2017) 020.
[4] T. Luthe, A. Maier, P. Marquard, and Y. Schroder, J. High
Energy Phys. 10 (2017) 166.
[5]1 K. G. Chetyrkin, G. Falcioni, F. Herzog, and J. A. M.
Vermaseren, J. High Energy Phys. 10 (2017) 179.
[6] S. Laporta, Int. J. Mod. Phys. A 15, 5087 (2000).
[7] K.G. Chetyrkin, G. Falcioni, F. Herzog, and J. A.M.
Vermaseren, J. High Energy Phys. 10 (2017) 179.
[8] T. Ueda, B. Ruijl, and J. A. M. Vermaseren, Proc. Sci.,
LL2016 (2016) 070.
[9] T. Ueda, B. Ruijl, and J. A. M. Vermaseren, Comput. Phys.
Commun. 253, 107198 (2020).
[10] J. A. M. Vermaseren, arXiv:math-ph/0010025.
[11] M. Tentyukov and J. A. M. Vermaseren, Comput. Phys.
Commun. 181, 1419 (2010).
[12] S.G. Gorishny, S.A. Larin, L. R. Surguladze, and F. K.
Tkachov, Comput. Phys. Commun. 55, 381 (1989).
[13] B. Ruijl, T. Ueda, and J. A. M. Vermaseren, Phys. Lett. B
746, 347 (2015).
[14] L. Casarin and A.A. Tseytlin, J. High Energy Phys. 08
(2019) 159.
[15] L. Fei, S. Giombi, and I. R. Klebanov, Phys. Rev. D 90,
025018 (2014).
[16] L. Fei, S. Giombi, I.R. Klebanov, and G. Tarnopolsky,
Phys. Rev. D 91, 045011 (2015).
[17] J. A. Gracey, Phys. Rev. D 92, 025012 (2015).
[18] J. Zinn-Justin, Nucl. Phys. B367, 105 (1991).
[19] K. Diab, L. Fei, S. Giombi, I.R. Klebanov, and G.
Tarnopolsky, J. Phys. A 49, 405402 (2016).
[20] L. Fei, S. Giombi, . R. Klebanov, and G. Tarnopolsky, Prog.
Theor. Exp. Phys. 2016, 12C105 (2016).
[21] S. Giombi, I. R. Klebanov, and G. Tarnopolsky, J. Phys. A
49, 134503 (2016).
[22] J. A. Gracey, Phys. Rev. D 93, 025025 (2016).
[23] O. V. Tarasov, Phys. Rev. D 54, 6479 (1996).
[24] O. V. Tarasov, Nucl. Phys. B502, 455 (1997).

[25] M. Kompaniets and A. Pikelner, Phys. Lett. B 817, 136331
(2021).

[26] M. Borinsky, J. A. Gracey, M. V. Kompaniets, and O.
Schnetz, Phys. Rev. D 103, 116024 (2021).

[27] E. Braaten and J. P. Leveille, Phys. Rev. D 24, 1369 (1981).

[28] K. G. Chetyrkin and A. Rétey, Nucl. Phys. B583, 3 (2000).

[29] K. G. Chetyrkin and A. Rétey, arXiv:hep-ph/0007088.

[30] P. A. Baikov, K. G. Chetyrkin, J. H. Kiihn, and J. Rittinger,
J. High Energy Phys. 07 (2012) 017.

[31] P. A. Baikov and K. G. Chetyrkin, J. High Energy Phys. 06
(2018) 141.

[32] P. A. Baikov and K. G. Chetyrkin, J. High Energy Phys. 10
(2019) 190.

[33] L. Jack, Phys. Rev. D 109, 045007 (2024).

[34] J. A. Gracey, Phys. Rev. D 109, 036015 (2024).

[35] L. von Smekal, K. Maltman, and A. Sternbeck, Phys. Lett. B
681, 336 (2009).

[36] K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys. B192, 159
(1981).

[37] P. A. Baikov and K. G. Chetyrkin, Nucl. Phys. B837, 186
(2010).

[38] R.N. Lee, A. V. Smirnov, and V. A. Smirnov, Nucl. Phys.
B856, 95 (2012).

[39] E. Panzer, Comput. Phys. Commun. 188, 148 (2015).

[40] A. von Manteuffel and C. Studerus, arXiv:1201.4330.

[41] A.J. Macfarlane and G. Woo, Nucl. Phys. B77, 91 (1974).

[42] O.F. de Alcantara Bonfim, J.E. Kirkham, and A.J.
McKane, J. Phys. A 13, 1247 (1980).

[43] O.F. de Alcantara Bonfim, J.E. Kirkham, and A.J.
McKane, J. Phys. A 14, 2391 (1981).

[44] J. A. Gracey, 2024, arXiv, 10.48550/arXiv.2405.00413.

[45] K. Johnson and B. Zumino, Phys. Rev. Lett. 3, 351 (1959).

[46] B. Zumino, J. Math. Phys. (N.Y.) 1, 1 (1960).

[47] A.G. Grozin, Phys. Lett. B 692, 161 (2010).

[48] L. D. Landau and I. M. Khalatnikov, Sov. Phys. JETP 2, 69
(1956).

[49] E.S. Fradkin, Sov. Phys. JETP 2, 361 (1956).

[50] H. KiBler, Ann. Phys. (Amsterdam) 372, 159 (2016).

[51] H. KiBler and D. Kreimer, Phys. Lett. B 764, 318
(2017).

[52] H. KiBler, Proc. Sci., LL2018 (2018) 032.

045015-34


https://doi.org/10.1103/PhysRevLett.118.082002
https://doi.org/10.1103/PhysRevLett.118.082002
https://doi.org/10.1007/JHEP02(2017)090
https://doi.org/10.1007/JHEP03(2017)020
https://doi.org/10.1007/JHEP03(2017)020
https://doi.org/10.1007/JHEP10(2017)166
https://doi.org/10.1007/JHEP10(2017)166
https://doi.org/10.1007/JHEP10(2017)179
https://doi.org/10.1142/S0217751X00002159
https://doi.org/10.1007/JHEP10(2017)179
https://doi.org/10.1016/j.cpc.2020.107198
https://doi.org/10.1016/j.cpc.2020.107198
https://arXiv.org/abs/math-ph/0010025
https://doi.org/10.1016/j.cpc.2010.04.009
https://doi.org/10.1016/j.cpc.2010.04.009
https://doi.org/10.1016/0010-4655(89)90134-3
https://doi.org/10.1016/j.physletb.2015.05.015
https://doi.org/10.1016/j.physletb.2015.05.015
https://doi.org/10.1007/JHEP08(2019)159
https://doi.org/10.1007/JHEP08(2019)159
https://doi.org/10.1103/PhysRevD.90.025018
https://doi.org/10.1103/PhysRevD.90.025018
https://doi.org/10.1103/PhysRevD.91.045011
https://doi.org/10.1103/PhysRevD.92.025012
https://doi.org/10.1016/0550-3213(91)90043-W
https://doi.org/10.1088/1751-8113/49/40/405402
https://doi.org/10.1093/ptep/ptw120
https://doi.org/10.1093/ptep/ptw120
https://doi.org/10.1088/1751-8113/49/13/135403
https://doi.org/10.1088/1751-8113/49/13/135403
https://doi.org/10.1103/PhysRevD.93.025025
https://doi.org/10.1103/PhysRevD.54.6479
https://doi.org/10.1016/S0550-3213(97)00376-3
https://doi.org/10.1016/j.physletb.2021.136331
https://doi.org/10.1016/j.physletb.2021.136331
https://doi.org/10.1103/PhysRevD.103.116024
https://doi.org/10.1103/PhysRevD.24.1369
https://doi.org/10.1016/S0550-3213(00)00331-X
https://arXiv.org/abs/hep-ph/0007088
https://doi.org/10.1007/JHEP07(2012)017
https://doi.org/10.1007/JHEP06(2018)141
https://doi.org/10.1007/JHEP06(2018)141
https://doi.org/10.1007/JHEP10(2019)190
https://doi.org/10.1007/JHEP10(2019)190
https://doi.org/10.1103/PhysRevD.109.045007
https://doi.org/10.1103/PhysRevD.109.036015
https://doi.org/10.1016/j.physletb.2009.10.030
https://doi.org/10.1016/j.physletb.2009.10.030
https://doi.org/10.1016/0550-3213(81)90199-1
https://doi.org/10.1016/0550-3213(81)90199-1
https://doi.org/10.1016/j.nuclphysb.2010.05.004
https://doi.org/10.1016/j.nuclphysb.2010.05.004
https://doi.org/10.1016/j.nuclphysb.2011.11.005
https://doi.org/10.1016/j.nuclphysb.2011.11.005
https://doi.org/10.1016/j.cpc.2014.10.019
https://arXiv.org/abs/1201.4330
https://doi.org/10.1016/0550-3213(74)90306-X
https://doi.org/10.1088/0305-4470/13/7/006
https://doi.org/10.1088/0305-4470/14/9/034
https://doi.org/10.48550/arXiv.2405.00413
https://doi.org/10.1103/PhysRevLett.3.351
https://doi.org/10.1063/1.1703632
https://doi.org/10.1016/j.physletb.2010.07.032
https://doi.org/10.1016/j.aop.2016.05.008
https://doi.org/10.1016/j.physletb.2016.11.052
https://doi.org/10.1016/j.physletb.2016.11.052

FOUR LOOP RENORMALIZATION IN SIX DIMENSIONS USING ...

PHYS. REV. D 110, 045015 (2024)

[53] W. Celmaster and R. J. Gonsalves, Phys. Rev. Lett. 42, 1435
(1979).

[54] W. Celmaster and R.J. Gonsalves, Phys. Rev. D 20, 1420
(1979).

[55] H. Khachatryan, J. High Energy Phys. 12 (2019) 144.

[56] J. A. Gracey, Mod. Phys. Lett. A 35, 2050188 (2020).

[57] A.V. Kotikov and S. Teber, Phys. Rev. D 100, 105017
(2019).

[58] O. Schnetz, Phys. Rev. D 97, 085018 (2018).

[59] D.I. Kazakov, J. High Energy Phys. 03 (2002) 020.

[60] P. Nogueira, J. Comput. Phys. 105, 279 (1993).

[61] G.’t Hooft, Nucl. Phys. B61, 455 (1973).

[62] J.C. Taylor, Nucl. Phys. B33, 436 (1971).

[63] M. Ciuchini, S. E. Derkachov, J. A. Gracey, and A.N.
Manashov, Nucl. Phys. B579, 56 (2000).

[64] J. A. Gracey, Phys. Lett. B 318, 177 (1993).

[65] T. Banks and A. Zaks, Nucl. Phys. B196, 189 (1982).

[66] W.E. Caswell, Phys. Rev. Lett. 33, 244 (1974).

[67] O. V. Tarasov and D. V. Shirkov, Sov. J. Nucl. Phys. 51, 877
(1990).

[68] J. A. Gracey, R. H. Mason, T. A. Ryttov, and R. M. Simms,
Phys. Rev. D 108, 045006 (2023).

[69] J. A. Gracey and R. H. Mason, Phys. Rev. D 108, 056006
(2023).

[70] J. A. Gracey, Phys. Rev. D 97, 025009 (2018).

[71] A.V. Garkusha, A.L. Kataev, and V.S. Molokoedov, J.
High Energy Phys. 02 (2018) 161.

[72] S. Hikami, Prog. Theor. Phys. 62, 226 (1979).

[73] A.N. Vasil’ev and M. Yu. Nalimov, Theor. Math. Phys. 56,
643 (1983).

[74] D.J. Broadhurst, Z. Phys. C 32, 249 (1988).

045015-35


https://doi.org/10.1103/PhysRevLett.42.1435
https://doi.org/10.1103/PhysRevLett.42.1435
https://doi.org/10.1103/PhysRevD.20.1420
https://doi.org/10.1103/PhysRevD.20.1420
https://doi.org/10.1007/JHEP12(2019)144
https://doi.org/10.1142/S0217732320501886
https://doi.org/10.1103/PhysRevD.100.105017
https://doi.org/10.1103/PhysRevD.100.105017
https://doi.org/10.1103/PhysRevD.97.085018
https://doi.org/10.1088/1126-6708/2002/03/020
https://doi.org/10.1006/jcph.1993.1074
https://doi.org/10.1016/0550-3213(73)90376-3
https://doi.org/10.1016/0550-3213(71)90297-5
https://doi.org/10.1016/S0550-3213(00)00209-1
https://doi.org/10.1016/0370-2693(93)91803-U
https://doi.org/10.1016/0550-3213(82)90035-9
https://doi.org/10.1103/PhysRevLett.33.244
https://doi.org/10.1103/PhysRevD.108.045006
https://doi.org/10.1103/PhysRevD.108.056006
https://doi.org/10.1103/PhysRevD.108.056006
https://doi.org/10.1103/PhysRevD.97.025009
https://doi.org/10.1007/JHEP02(2018)161
https://doi.org/10.1007/JHEP02(2018)161
https://doi.org/10.1143/PTP.62.226
https://doi.org/10.1007/BF01027537
https://doi.org/10.1007/BF01027537

