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We examine the question of scale versus conformal invariance on maximally symmetric curved
backgrounds and study general two-derivative conformally invariant free theories of vectors and tensors.
For spacetime dimension D > 4, these conformal theories can be diagonalized into standard massive fields

in which unbroken conformal symmetry nontrivially mixes components of different spins. In D = 4, the
tensor case becomes a conformal theory mixing a partially massless spin-2 field with a massless spin-1
field. For massless linearized gravity in D = 4, we confirm through direct calculation that correlation

functions of gauge-invariant operators take the conformally invariant form, despite the absence of standard

conformal symmetry at the level of the action.
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I. INTRODUCTION

Quantum field theories (QFTs) are generically expected
to arrive at renormalization group (RG) fixed points in their
low-energy limit (and high-energy limit if the theory is UV
complete). By definition, the physics of theories at RG
fixed points is unchanged as the energy of the theory is
scaled up or down. In flat space this is equivalent to the
theory being invariant under a rigid scaling of the Cartesian
coordinates:

Sxt = AxH, (1.1)
where 4 is a constant. When studied in detail, many of these
theories are found to also be invariant under the entire
conformal algebra, a larger algebra of transformations that
includes the special conformal transformations

ox# = 2(b - x)x* — b*x?, (1.2)
where b* is a constant vector. Invariance under the full
conformal algebra is very desirable; it is a highly con-
straining property, and there are numerous well-developed
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techniques for understanding conformal theories. However
it is unclear what properties a general theory must have in
order to undergo this symmetry enhancement. There are
proofs and strong arguments in both two and four space-
time dimensions that scale-invariant theories which are
unitary and have a local stress energy tensor and a discrete
operator spectrum are conformally invariant [1-4] as well
as examples of nonunitary and nonlocal theories that are
scale but not conformally invariant [5,6]. However in
general dimension there are examples of theories with
the same assumptions that do not have this symmetry
enhancement [7-9] (see also [10,11] for more general
arguments from the algebraic QFT viewpoint). Recently,
it was conjectured that shift symmetry may play a vital role,
as it can explain the lack of enhancement to conformal
invariance in known examples of interacting scale-invariant
theories [9,12], but this argument does not extend to free
theories. Clearly more work is needed to understand the
interplay between these two symmetries (see [13] for a
general overview of scale vs conformal invariance).

For theories with a local, gauge-invariant stress-energy
tensor, the form of the trace of the stress-energy tensor and
its correlation functions can be used to understand the
presence of scale and/or conformal invariance. Here we
wish to study this symmetry enhancement in theories which
may not have such an operator. The prime example of such
a case is linearized gravity, the IR fixed point of quantum
gravity. To understand the presence of scale and conformal
invariance in these types of theories, we must look directly
at the scale and conformal transformations of the correla-
tion functions of the gauge-invariant operators present in
the theory.

Published by the American Physical Society
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We recently studied linearized gravity on flat space from
this perspective [14], as an example of a unitary theory with
no stress tensor that is scale but not conformally invariant in
D > 4. We found that, analogous to Maxwell theory [7,8],
in D > 4 the theory can be embedded into a nonunitary
conformal field theory by adding specific gauge-fixing
terms to the action. We also confirmed that, although there
is no standard conformal invariance at the level of the
action for linearized gravity in D =4, the correlation
functions of gauge-invariant operators, in this case the
linearized Weyl tensor, do have the form dictated by
conformal invariance.

One of the aims in this paper is to extend the results
of [14] to the other maximally symmetric spacetime
backgrounds, namely de Sitter (dS) and anti—de Sitter
(AdS) spacetimes. Conformal correlators on maximally
symmetric backgrounds have previously been studied in
e.g. [15-18], and conformally invariant equations have
been classified [19,20]. We begin by showing how there is
no natural notion of a scale but not conformal theory on
(A)dS, because there is no subalgebra of the conformal
algebra of (A)dS that is strictly larger than the isometry
algebra but strictly smaller than the conformal algebra, so
there is no generator that one could call a scale transformation.

We then go on to study all the possible bosonic single-
field lower spin two-derivative free conformal theories on
(A)dS: scalar theories in Sec. III, vector theories in Sec. IV,
and spin-2 theories in Sec. V. For the scalar, it is well
known that there is a specific mass value at which it
becomes conformal. For the vector, the massless theory is
conformal for D = 4, but we will see that for D > 4 there is
no mass value at which the Proca theory becomes con-
formal. There is, however, a two-derivative vector theory
with noncanonical kinetic terms which is conformal for
D > 4 (and reduces to the massless case when D = 4). By
diagonalizing this theory, we will see that it propagates a
massive vector, with a particular mass analogous to the
scalar’s conformal mass, as well as a conformal scalar, and
that the conformal symmetry acts in a nontrivial way which
mixes the two fields while still acting linearly. For the
tensor, there is no massive Fierz-Pauli theory which is
conformal. The only conformal case is the massless tensor
in D = 4, which is not conformal in the standard way at the
level of the action but whose correlators of gauge-invariant
operators are in fact conformal. For D > 4, there is a two-
derivative action with noncanonical kinetic terms which
does have conformal symmetry. For D > 4, it diagonalizes
into standard massive fields of spin 2, 1, and 0, all with
particular conformal masses generalizing the scalar’s con-
formal mass. The conformal symmetry mixes these fields
into each other while still acting linearly. For D = 4, this
conformal action gets an enhanced scalar gauge symmetry,
and the theory diagonalizes into a partially massless spin-2
field and a massless spin-1 field, again with conformal
symmetry mixing them. We will see that this conformal

partially massless theory shares many properties with
linearized conformal gravity.

Conventions. D is the spacetime dimension, we use the
mostly plus metric signature, and indices are (anti)sym-
metrized with weight one. We use the curvature conven-
tions of [21]. Formulas are written for dS space where the
radius is 1/H, so that R,,,,, = H*(,,906 — Yuo9up)- Results
for AdS space of radius L can be obtained via the
replacement H> — —1/L?. Tensors are symmetrized and
antisymmetrized with unit weight [e.g. #(,,) = 2t + 1]
and the notation (---), means we take the fully traceless
and fully symmetric part of the enclosed indices. Young
tableaux are in the antisymmetric convention.

II. CONFORMAL TRANSFORMATIONS, SCALE
TRANSFORMATIONS AND ISOMETRIES

The infinitesimal conformal symmetries of a metric g,,
are those generated by conformal Killing vectors (CKVs),
vector fields & that satisfy the conformal Killing equation

vﬂgb + vl/f}l = zfg;wv (21)

where f(x) is some scalar function. Taking the trace of this
equation implies [ = %V - £, and (2.1) is equivalent to

vyév + vpgy - %v : ég;w =0. (22)
The set of vector fields satisfying these equations form a
finite-dimensional Lie algebra under the Lie bracket, which
is the algebra of conformal symmetries of g, . In spacetime
dimensions D > 2, the maximal dimension of this algebra
is (D+1)(D+2)/2.

On the other hand, the isometries of a metric g,, are
generated by Killing vectors, which satisfy the Killing
equation V,&, + V&, = 0. These are the subset of con-
formal Killing vectors for which f = %V - £ =0, and they
form a subalgebra under the Lie bracket. The maximal
dimension of this algebra is D(D + 1)/2.

We can define a scale transformation of a general
spacetime as one for which the function f on the right-
hand side of (2.1) is a nonzero constant, i.e. f = %V~
& = const # 0, so that the metric is simply rescaled by the
transformation rather than distorted. We will call the Killing
vectors with this property scale Killing vectors, also called
homothetic Killing vectors in the literature; see e.g. [22].
These also form a subalgebra of the algebra of conformal
Killing vectors under the Lie bracket and contain as a
subalgebra the algebra of isometries. In summary, we have
the inclusions

isometries C scale transformations

C conformal transformations.

(2.3)
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A. Flat space

On flat space, g,, = 1,,, a standard basis of conformal
Killing vectors is the following:

PH =0,
JH = XYoo — xHo¥,
D = x"()ﬂ,

K* = 2x#x"0, — x*0", (2.4)
where P, and J,, generate translations and the Lorentz
transformations, respectively, which are the isometries of
flat spacetime. D and K, generate dilatations and the
special conformal transformations, respectively. A generic
conformal Killing vector field can be written as the linear
combination

Here we can see that for the isometries, parametrized by a*
and o**, we indeed have 0 - £ = 0, and for the additional
scale and special conformal transformations, parametrized
by 4 and b*, we have d- & # 0 with 0 - f = const for the
scale transformation.

The conformal Killing vectors satisfy the following
nonzero commutations relations under the Lie bracket:

[D, P¥] = —P*,
[D, K'] = K*,
[KH, PY] = 2(—n"*D + J"),
[J#, KP] = " K¥ — P K*,
]
]

[JHV’ Jor] = pHo Jvp — nyo’Jﬂp + nb/)]/m’ _ r]}l/)Jl/O" (27)
1

§=¢89,=0'K,+ D + Ew/"’lﬂy +a'P,, (2.5)
. This algebra is 80(2, D). This can be seen more clearly by
with assembling the generators into a (D + 2)-dimensional
antisymmetric matrix J42 with A,B=-1,0,1,...,D as

& =2(b-x)x* — b'x* + A" + &' x¥ + a. (2.6)  follows:
|
0 D (L P —mKY)
JAB — -D 0 TE P +mKY) |, (2.8)
“L(Lpr—mKF) | —L(Lpr ot mKr) J

where m is an arbitrary mass scale, upon which the
commutation relations (2.7) become

[J]AB’ J]CD] — GACJ]BD _ GBCJ]AD + GBDJ]AC _ GADJ]BC’
(2.9)

with

manifesting the structure of 80(2, D).

The subalgebra of isometries, the conformal Killing
vectors for which 0-& =0, are spanned by J* and P*,
forming the isometry algebra i8o(1,D — 1).

The subalgebra of scale transformations is spanned by
J, P*, and D. It is the isometry algebra along with the
scale transformation D. This algebra lies strictly between
the isometries and the conformal symmetries; namely, it
is strictly smaller than the full conformal algebra and

|
strictly larger than the isometry subalgebra. On flat space,
it thus makes sense to ask if a theory can be scale but not
conformally invariant. Such a theory is invariant under all
the conformal transformations except for those spanned
by K*, the special conformal generators.

B. de Sitter space

Now consider de Sitter space in D dimensions, dSp.
The conformal Killing equations (2.2) are invariant under
Weyl transformations; i.e. if & is a CKV for the metric
Gu» 1t 18 also a CKV for the Weyl transformed metric
€*g,,, for any scalar function o(x). dS space is con-
formally related to flat space, which can be made explicit
by using coordinates x* obtained by a stereographic
projection of the dS hyperboloid, in which the metric
takes the form

1

i 2.11
(11 222 211)

Guv =

where x> = Nux*x’. These coordinates are Riemann
normal about the origin x* =0, and the flat limit H -0
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is manifest. Since the metric in these coordinates is a
conformal factor times the flat metric, the expressions
for the CKVs are exactly the same as the flat space ones
in (2.4), and so their generators satisfy the same algebra
(2.7) or (2.9). Thus the conformal algebra of dSp is
30(2, D), the same as that of flat space.

To find the isometries of dS, in these coordinates, we
need to find the subset of (2.4) that satisfies Vﬂéj" =0,
with V, now the covariant derivative with respect to the
metric (2.11). Clearly the Lorentz transformations J,,
are among these, since these are manifestly isometries of
the metric (2.11). Using the Weyl transformation rule
V& =0, +280,Q with Q = 1++ we can search

2,2’

T)C
for any other isometries, with the result that the linear
combinations

2

~ H
=P K (2.12)

are the only other Killing vectors besides J*. The
commutators among the Killing vectors form the isom-
etry algebra of dSp:

[J;w’ Jap] — nﬂa]vp _ nl/D‘Jﬂp + nl/pJ/w _ nyp]ua’
[JMV’ i)ﬂ] — ,7/2/4131/ — ”pv[)ﬂ’

[Pt PY) = H2JM. (2.13)

In this form the flat limit H — 0 manifestly reproduces
the Poincaré algebra. We can arrange the isometries into
a (D + 1)-dimensional antisymmetric matrix 7/ with
1,J=0,1,...,D as follows:

-
T = (O—N’ﬂ>
— L pn Jw |’

upon which the commutation relations (2.13) become

(2.14)

|-

[jll’ jKL] — gIKjJL _ g./KjIL + g]Lj]K _ g[LjJK’
(2.15)

with

(2.16)

()
n )’

showing that the isometry algebra of dSj, is 8o(1, D). We
can also see that this is the subalgebra of the full
conformal algebra consisting of the lower two rows
and columns of (2.8), upon choosing m = H/2.

We can add back the non-Killing combinations of
conformal generators by packaging them into a (D + 1)-
dimensional vector P’ by defining'

1 H?
W — | pp___gn
P (P 4K>. (2.20)

These are now the components J~!/ of (2.8) and the full
conformal commutation relations (2.7) and (2.15) can be
written as

(71, JKL) = GIK gL — GIK 1L 4 GIL 1K — GIL TIK
[jlj’ pK] — gKIfPJ _ gKJfPI’
[PLP) =-JV. (2.21)
This manifests the dS isometry subalgebra of the full
conformal algebra; the 3o(1, D) subalgebra is spanned
by J%, and the nonisometries P! transform in the vector
representation of this 8o(1, D).
We can now address the question of whether there exists
a scale but not conformal algebra on dS, i.e. whether the
subalgebra of scale transformations is strictly smaller than
the conformal algebra 80(2, D) but strictly larger than the
isometry subalgebra 8o0(1, D). The answer is no: 8o0(1, D)
is a maximal subalgebra of 30(2, D), so there is in fact no
subalgebra which lies strictly between the isometries and
the conformal transformations. One way to see this is that
since the P! transform in the vector representation of
30(1, D), and since this representation is irreducible, there
is no way to pick only some of the P!’s and add them to
8o(1, D) without generating all the rest of them through
commutators with the 8o(1, D) transformations. It follows
that there are no conformal Killing vectors for which V - &
is a nonzero constant. In this sense, it is impossible even at
the algebraic level to have a theory which is scale but not

'We can also express these in terms of embedding coordinates:
let X!, I € (0, ), be coordinates for a flat embedding space with
metric 17,5 = diag(1,7,,). Then the dS;, hyperbola is the surface
NnapX*X® = b, parametrized in the coordinates (2.11) by

H* 2
Ozl—l—ij X# — xH
H |52

(2.17)

Thinking of the X’ as scalars on dSp, the components of the
conformal Killing vectors (2.20) can be written as gradients of
these scalars:

1
(P’)# = EV”X’. (218)
These scalars also satisfy the equation
V, VX' = -H%g, X' (2.19)
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conformally invariant on dS. An identical argument with
some signs changed shows that the same is true of AdS.

C. Transformations of fields

We next recall how a rank-r tensor field 7, , on a
manifold with a general metric g,, transforms under
conformal transformations. To do this, it iS convenient to
first start with Weyl transformations, under which the
metric and tensor field transform as

gﬂl/ - eZagﬂw Tﬂ]...ﬂr - e_AWGT (222)

Mooty
where ¢(x) is an arbitrary scalar function and Ay is a
constant we call the Weyl weight of the tensor 7.

Weyl transformations allow us to relate correlators of
CFTs on conformally related spacetimes. Given local

primary operators O;,0,,... (potentially with tensor

indices, which we suppress), with Weyl weights A(u(,gl),

A%?Z), ..., the correlators on Weyl-related spacetimes are
related at separated points as’

02)

(O1(x1)Ox(x2) -+ )2y = Q(xl)_A(V(VDI)Q(xz)_A(W

- (01(x1)Ox(x7) - - ‘>ga (2.23)
with Q(x) = e”W.

Infinitesimally, the Weyl transformation (2.22) takes the
form

0Ty, y, = —AwoTy, .

w9 = 20, s (2.24)
Under diffeomorphisms generated by an arbitrary vector &,

the metric and tensor field transform via the Lie derivative:

59/41/ = _'Cfg/w = _(vugy + vl/éﬂ)’

5T - _EfTﬂlmllr'

Hiee by

(2.25)

The conformal transformations are precisely the combina-
tion of Weyl transformations and diffeomorphisms that
leave the metric invariant:

(5W + 6D)gﬂl/ = O’ (226)

which imposes V&, +V, ¢, = 26g,,, meaning that & is a
conformal Killing vector and

o= %v e (2.27)

The tensor field then transforms as

*There can also be a Weyl anomaly that invalidates this
formula, but it is local and so can only do so at coincident points.

A
STy o =~ <E§ + %Vv : g) Tyop- (228)

On flat space, plugging in the conformal Killing vectors
(2.4), we get the transformation laws

513;4 = —6”,
(Sj;w = x”@” —_ .xl/aﬂ + jﬂl/’
Sp = —(x"9, + A),

Sgn = —=2XMxY0, + x?0" — 2x*A = 2x, T",  (2.29)

where (%), " = 0, 8800 (28054 ..
5, is the Lorentz generator on a rank-r tensor and

A=Ay +r. (2.30)
The transformation laws (2.29) are those of a spinning
conformal primary with conformal weight A.

For dS space, we can evaluate (2.28) using the metric
(2.11). The Lie derivative does not depend on the metric
and can be written using ordinary derivatives. Using the
Weyl transformation rule V, & =9, +2&9,Q with

Q= #, we evaluate the rest in terms of ordinary
+5X

derivatives giving the rule

A-r D H*E-x
éTﬂl"'Mr:_|:£§+ D (a.é__w>:|Tﬂlml‘r’

(2.31)

where we have also used (2.30). When & is one of the dS
isometries, this reduces to only the Lie derivative term.
When H — 0, it reduces to the flat space conformal
transformations.

III. SCALARS

The Lagrangian for a canonical free scalar ¢ of mass m
on dSy is

1

= (3.1)

1 1
= —— Heh — —m2?
L 2Vﬂ¢v¢> 2m¢.

A. Conformal symmetry

We know that the Lagrangian (3.1) should be confor-
mally invariant for a particular value of the mass where the
mass term corresponds to the conformal coupling to the
Ricci scalar, which is a constant for dS. The conformal
transformation of the scalar is (2.31) with » = 0:

Q&Hqﬁ. (3.2)

A
Sh=—|09 +=(0.-&—
¢ [5 ,,+D( g
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Demanding that (3.1) be invariant up to a total derivative
under (3.2) fixes’

D(D -2) D
Y H A=2—1,
4 2

2:

(3.4)

m

which is the well-known conformal mass value and
canonical dimension for a free scalar. This also shows
that there are no other values of m? and A for which the
action (3.1) is conformally invariant with ¢ transforming in
the standard way.

This conformal symmetry can be seen as a consequence
of the existence of the Weyl invariant Lagrangian where the
field has Weyl weight Ay = A =2 —1:

1 1
- —_ —— K —
\/_—g ‘CWeyl,qﬁ 2 vﬂ¢v ¢

which reduces to (3.1) on dS where the Ricci scalar
R=D(D-1)H?

(D-2)

so- 1)~

(3.5)

B. Correlator

The conformal mass value for (3.1) can also be seen
directly from correlation functions of ¢. Consider for
simplicity the Euclidean dS correlator (¢(x)p(x')) (.e.
the correlator on the sphere of radius 1/H). The field
satisfies the free Euclidean equation of motion

(V2 —m?)¢ =0, (3.6)
and so the correlator must satisfy this at separated points.

By dS symmetry, the correlator must be a function of the
geodesic distance p between x and x’, which we express in
terms of the variable Z defined as Z = cos (Hu) (see the
Appendix):

(3.7)

On the sphere, Z€[—1,1] and p €0, z/H|, with Z = 1,
u =0 the coincident point and Z = —1, y=n/H the
antipodal point. In terms of the variable Z, the equation
of motion (3.6) at separated points becomes

2

(22 = 1)G"(Z) + DZG'(Z) + % G(z)=0. (3.8)

*Note that in checking the conformal symmetry, it suffices to
check it for only one of the nonisometry conformal generators,
for example the generator D for which

1 AH?x?
o = —A|x"g, 4 A -

Ho— o, /T
g = dv FTS T

b (3.3)

The rest are then guaranteed to be symmetries because of the
irreducibility of P! as discussed at the end of Sec. II B.

The two boundary conditions that fix the solution to this
second-order differential equation are (i) the solution
should be regular at the antipodal point, and (ii) the
coincident-point singularity should be the same as that
of the flat space correlator:

ro/2-1) 1
G(Z(M))”?OWF- (3.9)
Enforcing these boundary conditions, the solution
to (3.8) is

HP=21(5,)0(5.) D Z+1
G(Z)= + Filéo_,0,;—;———
@) 207P21(D/2) 2 1< 22

), (3.10)

where 6, are the scalar “dual conformal dimensions”
corresponding to the mass obtained via the (A)dS/CFT
mass formula (6.2),

d & m?
scalar: 5i55j:\/1—%, d=D—-1. (3.11)

As a function of m?, (3.10) is well defined except for

poles coming from I'(6_) at the values
m*=—k(k+D-1)H?>, k=0,12,..., (3.12)

for which 6_ = —k. These are the values at which the scalar
acquires enhanced Galileon-like shift symmetries [23,24],
the first case being the massless scalar k = 0 which has the
simple shift symmetry ¢p — ¢ + const. At these values, the
shift symmetries should be gauged [25], and correlators of
the shift-invariant operators will be finite.

At the conformal value of the mass (3.4), we have
0L = % and (3.10) simplifies to
HPT'(D/2) 1
(D =2)(2x)P (1= Z)P>1

G(Z) = (3.13)
(When D = 2 we see a pole because the conformal value in
this case, m? = 0, coincides with the k = 0 shift symmetric
value.) In the coordinates x# with the metric (2.11), the
geodesic distance between points x* and x* is given by
(A9), and (3.13) becomes

- A 1
G(x,x') = Q(x)2Q(x) AL#‘“P‘—X’PA} (3.14)
with
1 D
Qx)=——7F— A=—-1. 1
) 14+ 252 2 (3.15)

The factor in square brackets in (3.14) is the correlator of a
free massless scalar on flat space, which has the confor-
mally invariant structure ~|x — x| 722, This demonstrates
the formulas (2.23) and (2.30).
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IV. VECTORS

A canonical free vector field A, of mass m on dSj, is
described by the Proca Lagrangian

1 1 1
L =—IF2 —_m2A2,
N 4w M
where F,, =V,A, - V,A,.
For m =0 we have the usual electromagnetic gauge
symmetry

(4.1)

0A, =V, A, (4.2)
with scalar gauge parameter A.

In what follows we will restrict to D > 2, ignoring some
possibly interesting subtleties that occur when D =2,
where the massive vector is dual to a scalar.

A. Conformal symmetry

In the coordinates (2.11), under a conformal transfor-
mation the vector should transform as (2.31) with r = 1:

0A, = — [é”dyA” +9,8"A,

A-1 D H*.x
Y D e S 7 W R
D < ¢ 21+H72x2> "} 43)

A brute force calculation demanding that the Lagrangian
in (4.1) be invariant up to a total derivative under (4.3)
with & = Ax* (see footnote 3) shows that the only case that
is conformally invariant is
m? =0, A=1, D =4. (4.4)

Thus only the massless vector has a conformally invariant
action, and only in D = 4, where it has the scaling dimension
A = 1. Inflat space, the massless vector is scale invariant but
not conformally invariantin D # 4 [7,8]; there is no analog of
this in (A)dS as per the discussion in Sec. II B.

There is a conformal theory away from D =4 if we
allow for the most general Lagrangian with up to two
derivatives. Consider the Lagrangian

Lo e _Swoap _%mw,

V=T 4° " 9

where ¢ parametrizes the deviation from the Maxwell
kinetic structure. Demanding that this Lagrangian be
invariant up to a total derivative under (4.3) yields a unique
solution®

(4.5)

“In the ansatz (4.5) we have implicitly assumed that the leading
structure (V,A,)? does not vanish. Relaxing this assumption does
not yield any other nontrivial solutions.

D-4 (D-4)(D-2)
=— 2= H?>, A=—-1
f=—p— m 2 : 5~ L
(4.6)
giving the Lagrangian
1 1 D-4
L= - P9 ap
/=g 4" 2D
D—-4)(D-2
- —( )8( )HZAZ. (4.7)

This coincides with the massless vector solution (4.4) when
D =4.In D > 4, this is an (A)dS version of the k = 1,
s = 1 “special” conformal field in the classification of [26].
It was found earlier in [27] and discussed further along with
higher spin generalizations in [28-32]. It also appears in
tractor constructions of conformal fields [33,34].

The theory (4.7) comes from the following Weyl
invariant Lagrangian, where A, transforms with Weyl

weight Ay =A—-1=2-2:

1 1., (D-4) ,
\/_—g‘CWeyl.A - 4F/w 2D (v A)
(D=4) . D
+72(D—2)AA R, 47(D_1)Rgm, .

(4.8)

This reduces to (4.7) when restricted to dS space.

For D # 4 the conformal model (4.7) is not purely a
massive vector because the altered kinetic term introduces
new degrees of freedom. (Nor can it be considered a gauge-
fixed massless vector: the mass term is nonvanishing and it
propagates massive modes.) One way to see this is to look
at the equations of motion from (4.7) which read

2 _
<v2 —WH2>A” —%vﬂ(v A)=0. (49)

Taking a divergence, we find

(D; 4) <v2 ~ D(D4— 2) H2> V.A=0.  (4.10)

The analogous divergence on the equation of motion for a
massive vector would have yielded a constraint V- A = 0.
Here we instead find a wave equation for the scalar quantity
V - A. In fact, it is the wave equation for a conformal scalar
with the mass (3.4), so for D #4 we can expect a
propagating conformal scalar mode in addition to a vector
mode.

We can explicitly separate the extra physical mode at the
level of the Lagrangian as follows. Starting with (4.7), we
introduce an auxiliary scalar ¢ through
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L lp (D-4D=2) 0
Na] 4"
+¢V-A+ﬁ¢2. (4.11)

The ¢ equations of motion give

(D-4)

V-A,

¢=- (4.12)

which upon plugging into (4.11) recovers (4.7). We can
then diagonalize (4.11) by the field redefinition

y 4
A A, —
# T T (D —4)(D - 2)

V.. (4.13)

after which we have

1 1. 1_,- 1 1 1
—,C:——Fz __~%A2__ ——(V 2 _ - 22’
N i X Sl B AL X L

(4.14)
where
D—-4)(D-2 D(D -2
i = LZVO=2 ey POZD e (415)

We now see that the dynamical degrees of freedom are
those of a massive vector and a massive scalar, with masses
given by (4.15). The scalar mass is the conformal mass
(3.4). The vector mass can be considered a generalization of
the scalar’s conformal mass: note that A and ¢ both have
the same dual CFT dimension 6, = %, whered =D — 1.
For D > 4 the vector and scalar kinetic terms have opposite
signs on dS and the same signs on AdS. However, the sign
of the vector mass indicates that the vector field is
nonunitary on AdS and healthy on dS. For D = 3, the
same statements are true with dS and AdS reversed. Thus
for D # 4, the combined set of fields is always nonunitary
on both dS and AdS.

The Lagrangian in (4.14) is conformally invariant since it
was arrived at by field redefinitions from the conformally
invariant Lagrangian (4.7). However, because of the diag-
onalizing field redefinition (4.13), in terms of the fields Aﬂ
and ¢, the conformal symmetry acts in a complicated
way, mixing the two fields together (though it is still
linearly realized). The two fields Aﬂ and ¢, each a separate
irreducible representation from the point of view of the dS
algebra, join together into a larger irreducible representa-
tion of the larger conformal algebra (see [35] for more
on how conformal representations break up into dS
representations).

B. Correlator

We now turn to explicitly computing the correlators for
the conformal vector theories, in order to confirm that they
take the unique conformally invariant form. In D # 4, the
theory (4.7) has no gauge invariance and is conformally
invariant at the level of the action, and thus we should
be able to see conformal invariance directly by studying the
correlators of the basic field A,. In order to deal with the
noncanonical structure of these cases, we will first compute
the correlators of the component massive fields in the
diagonalized Lagrangian (4.14) and then use these to
form the correlator of the original field through the field
redefinition (4.13). In D =4, conformal invariance
requires m> = 0 and the action (4.1) has the Maxwell
gauge symmetry 64, = V,A. In this case, we must look at
the two-point function of the basic gauge-invariant oper-
ator, namely the field strength F,, = V,A, -~V A, This
serves as a warm up for the spin-2 case, where the link
between conformal invariance of the correlators and stan-
dard conformal invariance of the action is broken.

Consider first the generic massive Proca theory (4.1).
We will need the Euclidean dS two-point function
(A, (x)A,(x")). Maximal symmetry implies that this corre-
lator has the following structure [36] (see also [37,38]):

<Aﬂ (x)Az/ (x/)> = fl (Z)g;w’ + f2(Z)n/4nb” (416)

where g, (x,x") is the parallel propagator along the
geodesic between x and x’, and n,(x,x") and n,(x,x’)
are the unit tangent vectors to the geodesic at the points x
and x’ (this notation follows [36]; see the Appendix for a
review and definitions and expressions in our particular
coordinate system). Here f,(Z) and f,(Z) are arbitrary
functions of the geodesic distance y expressed through the
variable Z = cos(Hpu).

The equations of motion for the massive vector A, are
equivalent to

(V2= (D-1)H*-m*)A, =0, V,AH=0. (4.17)

The two-point function (4.16) must obey these equations of
motion at separated points.

Plugging the structure (4.16) into the equations of
motion (4.17) gives

f1(2) = ((ZD __11)) G'(Z) +2G(2),
2 _
£2(2) (é _11)) G(2)+(Z-1)G(2),  (4.18)

where G(Z) satisfies the differential equation
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(22 =1)G"(Z) + (D +2)ZG'(Z)

+ (2(1) 1)+ %) G(Z)=0.  (4.19)

The solution to (4.19), with the boundary conditions for
Euclidean dS (regularity at the antipode and matching to
flat space behavior at the coincident point), is

HP (1 -D)I(5, + DI(6_ + 1)
G(Z)=—5 D+1 D2 211
m* 2P EPRET(D/2 4+ 1)
D+2 Z+1
5_+1,6 — ], 4.20
( + Loy + 5 5 ) (4.20)
with
ector: o di (d—2)2 d=D -1
v : = -, =D-1.
72 4 H?
(4.21)

The expressions for f(Z) and f,(Z) from (4.18) can then
be written as

(6, +2)I(s- +2)HP
207P20(D/2) m2 %!

X (6_+2,5+ +2; DTH,ZT—H>

(1-D)I'(5, + 1)['(6_ + 1) HP
2DHADP(D/2+ 1) mP? !

D+2 Z+ >

o416, 41— 2~
<+++ 5 5

£22) = (1= ) R e D

D+4 Z+1
<5 +2,6, —|—2T,T>
(1-D)(5, +

2D+1 D/QF(D/Z—l— )
D+2 Z—|—1>

H@2)=01-2?

+Z

1)T(5_ + 1) HP

+(Z-1) 2

o_+ 1,6, +1;,——; 4.22
( R (4.22)

The correlator becomes singular at the massless value
m? = 0. This is where the theory becomes gauge invariant
under (4.2). As we will see shortly, this singularity in the
propagator will cancel in correlators of gauge-invariant
observables.

The correlator also becomes singular, via the poles of
['(5_+ 1), at the mass values
m*=—(k+2)(k+D-1)H?>, k=0,1,2,..., (4.23)
for which 0, =d + k+ 1 and 6_ = —k — 1. These are the
values at which the massive vector acquires enhanced shift

symmetries [23,39]. At these values, the shift symmetries
should be gauged and correlators of the shift-invariant
operators will be finite.

1. Conformal theory in D # 4

For D #4, we saw that the conformally invariant
noncanonical vector Lagrangian (4.7) for the field A,

can be rewritten as a massive vector A” plus a massive
scalar ¢ as in (4.14), with masses (4.15). To find the
correlators of the original vector field A, we can therefore
compute the correlators of the Proca vector ;\ﬂ and the
scalar ¢ and then combine them using (4.13).

The scalar part of the action (4.14) is proportional to
the action (3.1) for a massive scalar with the conformal
mass value in (3.4), so the two-point function in this case is
just the two-point function (3.13) with the appropriate
normalization:

, HP™T(D/2) 1

(p(x)p(x')) = —m3 (D—2)(2x)P" (1 —z)b2-1

(4.24)

The vector part of the action (4.14) is proportional to the
action (4.1) for a massive vector with the conformal mass
value 1?1/21 in (4.15), so the two-point function in this case is
just the massive vector two-point function (4.16) and (4.22)

with this mass value, which simplifies dramatically to
. HP=1°(D/2) 1
A,(x)A, (X)) =
WA ) = 5 3 D= )20 (1 = 2P
X HD_ (D_Q’)Z]g;u/
+[(3D =2) = (D =2)Z]n,n /].

(4.25)

Now, using the relation (4.13), which tells us

(4.26)

we can form the correlator of the original A,:

(A4 () = (A, (A, () + #Vﬂvu ((x)p(x")).

(4.27)

The derivatives acting on the scalar two-point function can
be computed using the formulas in the Appendix:

N HPT'(D/2)
i VT IIN) = = e s o
x ﬁ 29, + (D+2
+ (D =2)Z)n,n,]. (4.28)
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Combining (4.25) and (4.28) as in (4.27), we arrive at a
simple form for the two-point function of our original
vector field A,

HPI'(D/2) 1
(D —4)(2m)P2 (1 = Z)P/>!
X (G + 2n,ny).

(A, (0)Ay () =
(4.29)

Writing this in our conformally flat coordinate system
(2.11) using the expressions in the Appendix, we have

(A, (A (X)) = Q(x)=AH1Q(x) 72!
24 T(A) 1
{(D —4)4xAH |x — ¥ PA

I/,w' ()C, X/) ’

is the conformally invariant tensor structure of [40] in flat
space. The term in square brackets in (4.30) has the
structure of a two-point function of a conformal primary
of spin 1 and dimension A in flat space. Out front we see
the Weyl factors for the transformation of this two-point
function from flat space to dS, with Weyl weight Ay, =
A — 1 for the rank-1 field, confirming (2.23) and (2.30) and
demonstrating that this noncanonical vector theory is
conformal on dSp.

2. Maxwell theory in D =4

The two-point function for the massless vector in
maximally symmetric spacetimes was calculated explicitly
in [36]. In this section we reproduce the calculation in a
different way, showing that the two-point function of the

(4.30) field strength has the expected form of a conformal primary
h in D = 4. Unlike [36], we start from the massive vector in
where general D and carefully take the massless limit, isolating
1 D the singularity that appears due to the gauge symmetry
Qx) = , A=——-1, 4.31 (4.2). Taking the appropriate gauge-invariant linear combi-
2 2
(1 + Hsz) nation of derivatives for the two-point function, the
singularity cancels and we get a finite conformally invariant
and correlator for the gauge-invariant field strength.
Starting with the expressions (4.22) for the coefficients
N 5 (x=x),(x =), 430 in the massive vector two-point function (4.16), setting
Ly (6.X) =ty = (x— )2 (432) 2 — ¢H? and expanding in ¢, we have’
|
H? 2-7 (Z2-3Z+2)log(5%) -722 + 1
S (Z) ) 2 22 + 0O (6) s
8 (Z—1) € (Z+1)
H? 5-7Z (Z-1)3log(}5%) +2(2>-1)
Z) = - O(e)|. 4.33
f2(2) 87%(Z —1)? [ € (Z+1)? +0(e) (4.33)
[
The divergence at m> =0 now appears as a simple I'(A) 1
pole ln €. <Fﬂl/ (X)Fﬂ/ll/ (‘x,)> = ]_[A |x _ x/|2A (Iﬂll/ll/’/ - I/'”/IVI"/)’
Taking derivatives and antisymmetrizing to form the (4.35)

two-point function for the field strength F,, =V, A, —
V,A, gives

H4
(Fu(x)Fuy (X)) = m (G + 21,y
X (gul/ + 2nunl/) - (guu’ + 2”1/”;4’)

X (g;u/ + 2]’1”1’11/)]. (434)

The 1/e pole has canceled and the result is finite and
unambiguous.

Finally, plugging in the expressions (A13) for these
bitensors in our conformally flat coordinate system (2.11),
we get

with A =D/2=2in D=4 and I,/(x,x') is the con-
formal structure (4.32). This expression is exactly the
conformally invariant two-point function of a rank-r = 2
antisymmetric, dimension A =2 primary field in flat
space. By (2.30), the Weyl weight of such a field is
Ay = A — r = 0, so this conforms with the general expres-
sion (2.23) and shows directly that the Maxwell theory is
conformal on dS,.

In flat space, it was shown in [8] that in D > 4 the scale
but not conformally invariant Maxwell theory can be
embedded into a larger nonunitary conformal theory.

Here and below, we found the Mathematica package HypExp
[41] useful for expanding the hypergeometric functions.
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This was possible because the correlators of F,, though
not conformal in D > 4, take the form of a descendent of
a conformal primary of spin 1, and so by adding a
(necessarily nonunitary) spin-1 primary to the theory, one
obtains a nonunitary conformal theory with the Maxwell

|

1
N e e |

Z+

5 Z+5
— Ny 9y + 5

theory as a unitary but nonconformal subsector. On (A)
dS space, we find that this construction does not work.
For example, in D = 6, taking a descendent of the
conformal structure (4.29), we obtain a correlator of
the form

nn> —(u u)]. (4.36)

On the other hand, the massless vector correlator in D = 6 gives

(z-1)

EnF a0~ s | (s + 5= ) (s + 5 g ) = s =)

(4.37)

These have different tensor structures. In the flat limit where Z — 1, both reduce to Eq. (3.2) of [8], but they differ away

from flat space.

V. TENSORS

A spin-2 field on dS;, with mass m is described by the Fierz-Pauli Lagrangian [42] extended to curved space (see Sec. 5

of [43] for a review):

1

\/—_—g £FP,m2 (h) -

T Volw

+(D-1)H? <hﬂbh,w -

For generic m?,

this has no gauge symmetry and
describes a massive spin-2 particle with w — 1 propa-
gating degrees of freedom. When m? = 0 we have the
linear diffeomorphism gauge symmetry

5hm/ = v[lfl/ + vz/g;u (52)
with vector gauge parameter f”( ) and the theory describes
a massless spin-2 field with 223 propagatmg degrees of

freedom. When m? = (D — 2)H2 we have the double-
derivative gauge symmetry

Shyy = V,V,A + H2g, A, (5.3)

with scalar gauge parameter A(x), and the theory
describes a partially massless (PM) [27,44] spin-2 field
with ( V_» propagating degrees of freedom.

In what follows, we assume D >4, avoiding some
potentially interesting degenerate cases in lower dimensions.

Vh VP +V b, NV =N WV Y+ Vth

%hz) —%mz(h,wh/“’ - h?). (5.1)
A. Conformal symmetry

The conformal transformation (2.31) acting on 4, reads
[é" ol + 10,8 + by 0,8°

+AT_2 (a- gilffizxz)h ] (5.4)

The Fierz-Pauli theory (5.1) is not invariant under this
transformation for any value of m? or A, so it is not
conformally invariant at the level of the action when £,
transforms in the usual way. This includes the massless
graviton. It also includes the partially massless graviton,
consistent with the claims of [45] (note, however, that
the free PM graviton in D =4 is invariant under a
nonstandard version of conformal symmetry [46,47],
whose nature has yet to be fully elucidated). As we will
see later, the massless graviton is in fact conformal at the
level of correlation functions of gauge-invariant local
operators only when D = 4, as happens in the flat space
case [14]. For the partially massless graviton, there is no

045011-11



FARNSWORTH, HINTERBICHLER, and HULIK

PHYS. REV. D 110, 045011 (2024)

conformal invariance in any D even at the level of correlators
of gauge-invariant local operators, as argued in [45].

As in the vector case, there is a conformal theory with
action invariant under (5.4) if we allow for a noncanonical
|

Fﬁh_F

Lep 2 (h) + &V N 0+ EN WV pY 4 EN, WV h + aH?h?.

kinetic term. Consider the general action for a symmetric
tensor /1, on dSp with up to two derivatives, which we can
write in the form

(5.5)

This is the Fierz-Pauli Lagrangian (5.1) along with terms parametrizing the possible deviations from the Fierz-Pauli

Lagrangian, with parameters &, &, &3, and a.

Demanding conformal invariance under (5.4), we find a one-parameter family of solutions®:

_ (D-2) _ (D+4)(D-2) _ (D-2)(D*+3D +4) L
‘51__(D+z)’ 2= D(D +2) &= 2D(D +2) 2"
Z_z:@’ a:_(D—1)(D8;2)(D—4)_D(D8—2)/1’ Az?—l, (5.6)

. 7
where A is a free parameter.

We can make clear the reason for the free parameter 4 by decomposing the field into a traceless part and a trace:

_ 1 _
hﬂl/ = hm/ + B(pgﬂlf’ ”;4 =0, (e h, (58)
after which the conformal action decouples into two parts:
Ly=L,+ Ly, (5.9)
with
1 D> -28D+16 ,- -
—L; = ——Vphlvah + —VphWV” —+H2h/‘”h,w, (5.10)
N D+ 8(D +2)
1 1 D(D -2)
——L,=1|—-=(Vp)? - —"H%*¢p*|. 5.11

These are separately conformally invariant: £, is 4 times
the conformal scalar Lagrangian [(3.1) with the mass value
in (3.4)] and Lj is the unique conformal second-order
Lagrangian for a symmetric traceless tensor field. Only
the sign of A is meaningful because there is the field
redefinition h,, — h,, + chg,, with constant ¢ which

®In writing (5.5) we have implicitly assumed that the leading
structure (V,h,,)? is nonvanishing. Relaxing this assumption does
not yield any other nontnwal solutions.

"For 4 = = , the values of &, & and &; are such that
these three terms can be arranged into the form

(D-2) W (D+4)
T (D+2) (v”h 2D Vh>

(5.7)

which is precisely the gauge-fixing term needed in the flat space
case for the massless action to be conformal in D # 4 [14].

|
preserves the ansatz (5.5) and can be used to scale the
value of J by a positive number proportional to c?. A value
A # 0 indicates that the scalar mode is present, with the sign
of its kinetic term determined by the sign of A. When 1 = 0,
the scalar is absent and the trace disappears from the
Lagrangian, indicating the presence of the linear Weyl
symmetry

ohy,, = Q19 (5.12)

in L, with arbitrary scalar gauge parameter Q; (x).

InD >4, L;in(5.10)isadS versionof thex = 1, s = 2
“special” conformal field in the classification of [26], also
discussed in [27-29,33,34,48-51]. It comes from the
following Weyl invariant Lagrangian [52], where }_l;w
transforms with Weyl weight Ay, =2 —3:
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1 1_ - - 4 - -
—Lyweus = — =V, h, VI + ——V,h, VY
\/_—g Weyl,h ) Aty +D+2 Aty

2 D?—12
— (R 7R h/"’h"
o2 |t T 16D =) e
+ bW, R, (5.13)

which reduces to (5.10) when restricted to dS space. (Here
b is an arbitrary constant; it comes with a term that is
separately Weyl invariant, involving the Weyl tensor W,
This term vanishes on conformally flat spaces such as dS.)

The equations of motion coming from (5.10) are

(vz_wm)ﬁ

8 _
-—V,V’h, ,=0.
4(D + 2) Hy (u V)rp

D+2
(5.14)

Taking a divergence gives

D-2 v2_D2—2D+4H2
D+2 4

=0. (5.15)

) Vo, — %vﬂvuvphw]

This is the conformal vector equation (4.9) for the quantity
V¥h,,. 1t follows that the double divergence V¥V¥h,,
satisfies the scalar wave equation with the conformal mass
in (3.4). The analogous divergences on the equations for a
pure massive spin-2 would have yielded constraints, so we
expect to find an extra propagating vector and scalar mode
in the case here.

Returning to our original action (5.5) with (5.6), we
can explicitly isolate these extra scalar and vector modes

as follows. First introduce an auxiliary scalar ¢ and
auxiliary vector A, to the Fierz-Pauli theory (5.1) with
m*=D(D-2)/ 4H2
1 1 DD -1)D-2)(D—-4
—EZ—LFPD(D—Z) 2(h)+ ( )( )( )
NG V—g T 16
DD -1 D(D -2
XH2<—]’Z¢—|— ( >¢2>+ ( 5 )HZ
( -A,V h"”+D2—+4A Vih
D(D+2
+%H2A2>. (5.16)

The ¢ and A, equations of motion give

2
=bpm-n™

4 D+4
Ay=— (Vhy, ==V, h 5.17
# D(D+2)H2< W oD > (5:17)

which upon plugging back into (5.16) gives the solution
(5.6) with 1 = % (see footnote 7). We can now

diagonalize (5.16) by making the field redefinitions

B = by + VA +— (V,V, +— qu’)gm, ,
2
+——V. A, 5.18
=9+ 55y (5.18)
after which we have
1 1 - D(D=2)
7_95 = ﬁLFP,D<a72)H2(h) - 3 I‘I2
., 3 (D—-4) 5
X { 4FW D (V-A)
D42 HW]
DD -1)(D-2)(D-4)
a 16
X [—%(V&ﬁ)z D(Dg 2) H2(;§2} (5.19)

The Lagrangian for A, appearing here is proportional to
the conformal vector theory (4.7), which can itself be
diagonalized into a massive vector and a conformal scalar
¢4 as we did in Sec. IV. The Lagrangian for ¢ is another
conformal scalar. In total we have a massive tensor, massive
vector and two conformal scalars. One of the conformal
scalars is the trace mode present when 4 # 0, so the case
A =0, or equivalently the traceless Lagrangian (5.10),
therefore contains a massive tensor, massive vector, and
a single massive scalar, with masses

_ D=2, " = .

m 4

S

D(D-2)
2 2
my = 1 H-.

(5.20)
Note that these fields all have the same dual CFT dimension
8, =41 where d = D — 1, so they can be considered as
generahzat10ns of the conformal mass of the scalar. As in
the vector case in Sec. IV, because of the diagonalization
(5.18), the conformal symmetry mixes the tensor, vector
and scalar modes but still acts linearly, so these fields form
an irreducible representation of the conformal algebra
which break up into three representations when restricted
to the isometry algebra.

On dS, the mass for fzw is above the Higuchi bound [53]
and the vector A, and scalar ¢, masses are positive, but the
signs of the kinetic terms for these three fields alternate. On
AdS, the relative signs of these three fields are all the same,
but all the fields have negative masses squared, and so the
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theory is nonunitary. Either way, the full theory is not
unitary on dS or AdS.

1. D=4

An additional interesting symmetry appears in this
generalized conformal theory when D = 4. In this case
the conformal mass for the tensor in (5.20) coincides with
the partially massless value m?> = (D —2)H?, and the
vector becomes massless. The action (5.5) with parameters
(5.6) and A =0 is invariant under the double-derivative

gauge transformation
oh,, = V,V,Q,, (5.21)
for arbitrary scalar gauge parameter €, (x), in addition to

the Weyl symmetry (5.12). The Lagrangian in this case can
be written as

1 1
- L=—-C,,Cm 24
_gz: 7 Cun O™, (5.24)
where
2 (2
;w/) =V hu/) - vl/hﬂ/) - ggﬂ[ﬂ(v hu]rf - vu]h) (525)

The tensor C,,, is invariant under (5.12) and (5.21). It is

fully traceless, antisymmetric in its first two indices, and
vanishes if antisymmetrized over all its indices; i.e. it has

the symmetries of a traceless hook tableau :

%The standard PM action [the Fierz-Pauli theory (5.1) with
m? = (D —2)H?] can be written as

1

1
—Lpy = F, F*° —2F F"), 5.22
\/_—g PM — 4( Hvp " ) ( )
where F,,, = Vﬂhw, Vphﬂ,, is the field strength invariant under

the PM symmetry (5.3) and F, =F,," is its trace [54]. The
precise relative coefficient between the two structures in (5.22)
ensures that the divergence of the equations of motion yields the
constraint F u = 0, which removes unwanted extra degrees of
freedom and allows only the PM spin-2 degrees of freedom to
propagate. The D-dimensional version of the Lagrangian (5.24),
using the D-dimensional expression C,,, = F,,, — % AL
instead has the structure

1
-2 ~C,,, O =

! L= 1 F, F* + F,F*
— 1 up D—1* .

This no longer has a divergence constraint but instead has the
Weyl symmetry (5.12) (as was noted in [55]), and as a result it
propagates an extra massless vector mode. And unlike the pure
PM theory, it is conformally invariant in D = 4.

Cup =—Cpp, Clup) = 0, C,' =0. (5206)
This is the basic gauge-invariant local operator in the
theory, which we will compute correlators of in Sec. V B.
We can think of (5.24) as analogous to linearized conformal
gravity, with (5.25) analogous to the linearized Weyl tensor.
Going to the traceless Lagrangian £; (5.10) by using the
Weyl symmetry to set the trace to zero, we are left with the
gauge symmetry
oh,, =V, V,) Q, (5.27)
inherited from (5.21). This case is the (A)dS version
of the s =2, k=1 “type Il partial-short” conformal
field in the classification of [26]. It appears in [56], and
is studied further, along with its curved space extensions,
in [50,57,58].
To diagonalize this theory, we can work with the Weyl

. . __(D=2)(D-4)
invariant theory because the value 4 = —*=—,7—

needed in order to facilitate the diagonalization coincides
with the value 4 = 0 where we also have invariance under
Weyl transformations (5.12). Furthermore, we do not need
to introduce the auxiliary scalar since the scalar terms
in (5.16) all vanish in D = 4. We introduce the vector A, as
in (5.16) with D =4 and then diagonalize via the field
redefinition

that we

By = by + VA, (5.28)
giving the Lagrangian
1 ol
E £FP2H- (h)—H _ZF”” . (5.29)

The spin-2 field fzw now has the partially massless value
m? = 2H?, the vector A, is massless, and there is no scalar.
Thus in D = 4 there is a conformal model consisting of a
PM spin-2 field and a massless spin-1 field which transform
into each other under conformal transformations.

In terms of the diagonalized fields, the two gauge
symmetries (5.12) and (5.21) become

5h/u/ = Vﬂvy/\l + H2gﬂbAl7 5AI'4 = V,,Az, (530)
where
1 1 1
Al Hzgl, Azz_ﬁgl—’_igz (531)

These are precisely the PM gauge transformations (5.3) and
U(1) gauge transformations (4.2) of the PM graviton and
massless vector, respectively.

On dS,, where the PM field is unitary, there is a wrong
relative sign between the PM tensor Lagrangian and the
massless vector Lagrangian. On AdS,, the relative sign is

045011-14



SCALE AND CONFORMAL INVARIANCE ON (A)DS ...

PHYS. REV. D 110, 045011 (2024)

correct, but the PM field itself is not unitary. Either way, the
model is not unitary (nonunitarity in the flat space case was
noted in [59]). Note that this is the same as the structure of
conformal gravity: conformal gravity expanded around (A)
dS propagates a partially massless graviton and a massless
graviton, and its unitarity properties are the same as was
just described with the photon replaced by the massless
graviton [60—63].

From the arguments of [45], a necessary condition for
gauge theories to be conformal is that the reducibility
parameters, i.e. the global part of the gauge symmetries,
should form representations of the conformal algebra
80(2,4). The reducibility parameters always form multip-
lets of the dS isometry algebra 8o0(1, 4), but it is a nontrivial
requirement that they combine into representations of the
larger conformal algebra. In the case at hand here, we can

|

see that this condition is met: the reducibility parameters of
the partially massless tensor field form a vector of the dS
isometry algebra 8o0(1,4) [64], whereas the reducibility
parameter of the massless vector field is a scalar. Together,
these join into a vector of the conformal algebra 80(2,4).

B. Correlator

We will consider first the correlator of the Fierz-Pauli
theory (5.1), which we will then use to compute the
correlator of the conformal theories and the massless
graviton. The two-point function for a massive graviton
in dSp has been calculated in [65-70]. The two-point
function of a symmetric tensor 4, on Euclidean dS can be
decomposed into a linear combination of symmetric
bitensors as follows:

<h;w(x)h;/b’(x/)> = fl (Z)g/wgy’z/ +f2( )(gu//gw + Gu' Gup! ) +f3( )I’l nynyny +f4( )(gﬂl/ nyny + Gy nv)
+ fS (Z) (g/m’nunu’ + Guv 1y + uny,ny + Gou 1y 1 /) (532)
The equations of motion following from (5.1) are equivalent to
(V2 =2H?* —m*)h,, =0, Vih,, =0, n, =0. (5.33)
Imposing these on (5.32) at separated points fixes
I m?> 2 m? m?
_ ) 1" - / -
112) = Coue |60 = 52526/ @) = (14 5 P ) 6(2)|
[ 1" ( ) / m? (D - 1) m?
Z) = 2 Z 1 Z
f2() CD.m _G()+H2(D ) G() H2 2 +(D—2) 2 G()’
r 2
f3(Z) = Cp 2 |(A(D+1)Z+ (D* +2D +4))G"(Z) + 2( Z+(D+1) (D + %) ) G'(Z)
m? m?
m> 2 m? m?
_ - " /
Fi2) = Coup | =D+ 26D + 1y 25 26'2) 4 s (14 s )62,
. m? (D —1) (D+1) m? ,
f5(Z2) =Cp,n {((D+1)Z+1)G (Z2) + <F(D—2)Z+ > <D+?>>G(Z)
m? (D —1) m?
— 1 Z 34
H 2 < +(D—2)H2)G< )}’ (3-34)
where
(D-2) 1
Cppe = ~ (5.35)
(D- 1w (m_p42)
and the function G(Z) obeys the equation
2
(22 - 1)G"(Z) + DZG'(Z) + %G(Z) =0. (5.36)
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Equation (5.36) is exactly Eq. (3.8) in the scalar case, so
the solution in Euclidean dS with appropriate boundary
conditions is the same as (3.10):

HD‘ZF(5+)F(5_) D Z+1
G(Z)= Fl6_,6.;—;—— |, (5.37
@) 20zP21(D/2) 2 1( D) ) (537)
with
. d &2 m?
Spm—21 5i = E:t Z—?, d=D —1. (538)

Here 6, are the dual CFT conformal dimensions for a
massive spin-2 field with the mass m.

As a function of the mass, the correlator becomes
singular at the massless value m? = 0, where the theory
becomes gauge invariant under (5.2), and the PM value
m? = (D — 2)H?, where the theory becomes gauge invari-
ant under (5.3). These singularities in the propagator will
cancel in correlators of gauge-invariant observables.

The correlator also becomes singular at the mass values
m?*=—(k+2)(k+D+1)H*>, k=0,1,2,..., (5.39)
for which 6, = d + k+ 2 and 6_ = —k — 2. These singu-
larities come from the poles of I'(5_ + 2), which appear

|

- = ., HPT(D/2-1) 1
(P (x) Dy (X)) = 2(D—1)(D—4)(22)P72 (1= Z)P/2+1

1
(4Z— D(l - Z)2)g/wg;¢’u’ +=

in G"(Z). These are the values at which the massive
graviton acquires enhanced shift symmetries [23]. At these
values, the shift symmetries should be gauged and corre-
lators of the shift-invariant operators will be finite.

1. Conformal theory in D > 4

In D > 4, the linearized spin-2 action around dS;, with
noncanonical kinetic terms (5.5) is conformally invariant
with the choice (5.6). Here we will calculate its two-point
function and show directly that it is conformally invariant.
As shown in Sec. VA, this action is equivalent via the field
redefinitions (5.18) to (5.19) with the conformal masses
(5.20), which is a massive spin-2 Fierz-Pauli action, a
massive scalar, and a noncanonical conformal massive
vector of the type considered in Sec. IV. To calculate the
two-point function of (5.5) and (5.6), we only need the two-
point function for the massive spin-2 field and our previous
results for the two-point function of the conformal vector
and scalar. With these we can reconstruct the two-point
function of the original conformal tensor using the field
redefinitions (5.18).

For the particular conformal value of the mass
2 _ b2

4

m; =

from above simplifies dramatically, giving

H?, the massive graviton two-point function

2(4(D—|— 1)-4(D-1)Z

+D(D - 1)(] _Z)z)(guu’gw’ +gpu/gw’) + (S(D + ])(D + 2) —4(D2 —4)Z
+D(D=2)(1=Z))nmynyny — (2D +2) + D(1 = Z)(Z+ 1)(gunyny +gownn,)

2

To find the full two-point function for #,,,

. 1 -~ D -
By = hy + Vi, Ay + 72 V.V.p+ Zquﬁgm, )

1
+_(8(D +2) _2(D2 +D _4)Z+D(D - 1)(1 _Z)z)(g;m’nvnz/ +gﬂy’nbny’ +gw/n/4n;4’ +gvﬂ’n/4nlz’> .

(5.40)

we use the first equation of (5.18) used to diagonalize the action:

(5.41)

Since the actions for the scalar ¢ and vector A, are exactly the conformal actions we saw in the previous sections, we can
use the two-point functions for these fields we computed there, modulo the appropriate normalizations. The scalar correlator

from (3.13) gives

PRI = -

and the vector correlator from (4.29) gives

(Au()Ay () = -5

(D-2)H?>(D-4)2n)"* (1 -2

16 HPI'(D/2) 1
(D=#)(D-2)(D—1) (D-2)(22)"" (1 = Z)P> " (5.42)
8 H"~ F(D/Z) I)D/2_1 (g’w, + 2”;4”1/)' (5.43)
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We can now assemble the correlation function of 4, from (5.41):

(vﬂvu’ <Av (X)Al/ ()C/)> + vuvu’ <Au (X)A// (x/)> +u < l/)

ENg -

<h/w(x)h//t/ (x/» = <ilﬂu(x)ilu/u’ ()C/)> +

1 ~ D1 ~ o~ D -~ -
+ ﬁvyvuvy’vz/ <¢(x)¢(x/)> +—— (g;/l/v;tvu + gﬂuvu’vv’)<¢(x)¢(x/)> + Eg}lbgﬂ/lf <¢(x)¢(x,)>

4 H?
(5.44)
The derivatives can be computed using the expressions in the Appendix and we get
D HPI(D/2) 1
h h 10 / =
< /w(x) /u/(x)> (D—Z)(D—“-) (2”)D/2 (1 _Z)D/Z—l
1 1
X |:§ ((g/m’ + 2”}4”}4/)(9111/ + 2”1/”1/) + (.gm/ + Znﬂnv’)(gbﬂ’ =+ 2”1/”;4’)) - mgﬂl/gﬂ,l/} . (545)

Separating this into the traceless part fzw and trace ¢ using h,, = fzw + % 9@ we get for the traceless two-point function

- - D HD_ZF(D/Z) 1
AN
<h/w(x)h/4’z/(x )> - (D _ 2)(D — 4) (2E)D/2 (1 _ Z)D/z_l

1 1

X |:§ ((g;m' + znﬂnﬂ')(gw’ + 2”1/”1/) + (g;u/ + znﬂnlz’)(guu’ + Znunﬂ')) - Bgﬂugﬂ’l/:| (546)

and for the trace
2D? HP2T'(D/2 1

(PR = - o2 (5.47)

(D-2)*(D—-4) (2z)P?  (1-2z)P-1"
with the cross-correlator vanishing:

<Ijlpw(x)(p(x/)> =0. (548)

Finally, writing this in the conformally flat coordinates (2.11), we have

S ) . DIr(A) 1
ek e o)
with
1 D
Q(x) = . A=Z-1, (5.50)
(1 + Hsz) 2
and
1 1
I;u/;/,t’z/ = E (I/m'luz/ + Iﬂl/lvﬂ') - Bg;wgy’b’7 (551)

where 1,/ is defined in (4.32). The trace two-point function in these coordinates becomes

(p(x)e(x)) = Qx)7Q) |5 D 2)(29_) ORE (|x _lx,FAﬂ (5.52)
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with Q(x) and A as defined in (5.50). The term in square
brackets in (5.49) has the structure of a two-point function
of a traceless spin-2 primary with dimension A in flat
space. It gets multiplied by Weyl factors with Weyl weight
Ay = A —2 for the rank-2 field, confirming (2.23) and
(2.30) and demonstrating that the traceless noncanonical
tensor theory is conformal on dSp. The terms in square
brackets in (5.52) has the structure of a two-point function
of a scalar primary with dimension A in flat space, and it
gets multiplied by Weyl factors with Weyl weight Ay, = A
appropriate for a scalar.

Note that both expressions (5.49) and (5.52) are singular
in the D — 4 limit, a sign of the gauge invariance that
develops in this case. Below we will see that this singularity

|

cancels when we compute the appropriate gauge-invariant
combinations of these two-point functions.

2. Massless theory in D=4

The Fierz-Pauli massive graviton propagator is singular in
any dimension as the mass goes to zero. In flat space,
although massless linearized gravity is not conformal at the
level of the action in D =4, the appropriate two-point
function of gauge-invariant operators does have the form
predicted by conformal symmetry. To see that this is also
true also in dS, we first make the substitution m% = e¢H?

and then expand the massive graviton two-point
function around € = 0. The results for the functions in the
propagator (5.32) are

f (z)—L2 12(8 9Z+327%)
N T 2402(Z2 1) e
—2(Z—-1)*(3Z*>+9Z + 8)Zlog(5%) —2Z° — 6Z° + 52* +26Z° + 30Z* +4Z -9
+ b
6(Z+1)>
f (z)—H—2 1( 973 +277%-29Z +15)
T8 (Z-1)3 e

N (Z—1)3(9Z° +277% +29Z + 15) log(15%) + 326 +9Z° — 10Z* — 34Z% + 157* + 49Z + 16]

3(Z+1)°

3(Z-1)Y(Z2+4Z+5)log(}5%) + 26 +325 — 182> = 152* = 57Z + 2

9(Z+1)> ]

H? 1
Z)=——s—r |- (=32°+192%> —53Z + 85
13(2) 127T2(Z—1)3|:€( * +85)
+(Z—1)5(3Z+5)10g(1‘72)+(Z+1)(ZS+ZZ4—2ZZ3+44ZZ+18IZ+82)
3(Z+1)3 '
f2) =t [ Lz z—az e+
TR (213 e
fs(Z2)= t 1( 973 +377% —59Z +55)
T8 (Z - 1) |e

N (Z-1)*(9Z* +26Z +25)log(15%) + (Z+1)(3Z° + 6Z* - 262> + 12Z* + 63Z + 86)

3(Z+1)3

} , (5.53)

up to terms that vanish as ¢ — 0. The massless singularity now appears as a 1/¢ simple pole.
From this, we now form the two-point function of the linearized Weyl tensor [71,72], which is the basic gauge-invariant

operator, by taking the appropriate derivative combinations:

w

Hvpc

= _4732{/}/}7/12 Ve vﬁ hys.

(5.54)

where P,‘jfgi is the projection operator onto a tensor with the symmetries of the Weyl tensor, i.e. a fully traceless window

tableau . Forming the two-point function of (5.54), the 1/¢ poles in (5.53) cancel and we find’

(Woipo ()W (x')) = Q(x)74H4Q(x) =04

Wvp'o

96 s
—,|2A7> br (5.55)

a/ﬂ/ylél
2 |)C —x ﬂl’l’ﬁpﬂ’y///(y’ Ia()/ I/i/}’ Iyy’ 155’ s

?As was the case in flat space, getting the correlator into this form requires more than simple tensor manipulations; it requires using
dimensionally dependent identities in D = 4. We accounted for this by evaluating the expressions explicitly in components.
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with

%, A= b +1=23.
(1 + 5 x ) 2
This now has the structure of Weyl factors times the flat
space result found in [14], exactly of the form (2.23) and
(2.30) with A =3, r =4 and Ay, = —1. This means that
although massless gravity was not conformal in terms of
standard transformations of the Lagrangian (5.1), the two-
point function of the Weyl tensor (the appropriate gauge-
invariant operator for massless linearized gravity) does
have the correct conformally invariant structure, as was the
case in flat space. In this sense, massless gravity in D = 4
on any maximally symmetric background is conformal.
The massless linear spin-2 theory in flat space in D > 4
is a unitary scale-invariant but not conformally invariant
theory. In [14] we saw, following the pattern of what
happens in the Maxwell spin-1 case [8], that the correlators
of the Weyl tensor have the form of a descendant operator,
and so the theory can be embedded into a larger nonunitary
conformal theory by including a spin-2 primary which
violates the unitarity bound. On (A)dS space, we find that
this construction does not work. For example, in D = 6, we
|

Qx) = (5.56)

<hﬂv(x)hﬂ’v' (x,)> = <Ijlpw(x)ilu’v' (x/)> + % (vﬂvu’ <AU(X)AL/ (x/)> + vﬂvv’ <Av(x)Aﬂ’ (X')> Tu < l/)'

Here (h

checked that taking a descendent of the conformal structure
(5.46) does not yield the massless correlator, PP(V,V,
h/u/ (x) vp’ vo’ h//u’ (x/» # <W/wp6 (x) Wﬂ’u’p’a’ ()C/) > > though
they agree in the flat limit.

3. Conformal partially massless theory in D=4

In D = 4, the conformal correlators (5.49) and (5.52)
diverge due to the additional PM gauge symmetry in the
conformal theory. We will see in this section that this
divergence cancels when we compute the correlators of
gauge-invariant operators. The basic gauge-invariant oper-
ator in this case is the tensor C,,, defined in (5.25).

In D = 4 the conformal action diagonalizes to (5.29). We
can study correlators of C,,, by looking at the correlators of
fz,w and A, of this diagonal action, then use the field
redefinition (5.28) to form the correlators of the original
PM field h,,:

My =y + Vi, Ay, (5.57)
and then form the combination (5.25). In terms of two-point
functions, we have

(5.58)

(X) 1, (x)) is the graviton two-point function (5.32), and (A4, (x)A,, (x')) is the vector two-point function (4.16).
These are both singular in D = 4 in the limits of the masses we want, m

2 —

2 = 2H? and mj = 0. We isolate these divergences

by setting m; = (2 + ¢)H* and mj = ¢H* and expanding in . The divergences then appear as 1/e poles.
Forming the correlator of the gauge-invariant combination (5.25), the 1/¢ poles cancel and we are left with the finite two-

point function

(Cunp Oy () = il
wvp W'p 422(1 - 2)

a, a’/}’y’
2 7)/“"/)7)//1/,;7’

where PZ,% is the projector onto the traceless hook tableau . Writing this in our coordinates gives

(Cc

with

1 D
=, A:*:2
(l—i—HTZxZ) 2

This is now manifestly conformal as in (2.23) and (2.30),
where here A =2, r =3 and Ay = —1.

Q(x) (5.61)

VI. CONCLUSIONS

We have investigated the scale and conformal invariance
of free two-derivative scalar, vector and rank-2 symmetric

(%) () = Qx)4Q(x") 74+

(gaa’ + nana’)(gﬂﬂ’ + nﬂ”ﬂ’)(Q}/y’ + nyny')’ (559)
1 )
fr po' p
2l = o e Py ey Ly (5.60)

|
tensor fields on maximally symmetric backgrounds. In the
nonflat cases, there is no algebraic distinction between
scale and conformal invariance on these backgrounds; i.e.
there is no subalgebra of the conformal algebra that is
strictly larger than the isomorphism algebra but strictly
smaller than the full conformal algebra.

For the massive scalar ¢p in D > 3, the action is conformal
in any dimension only for the particular value of the mass
mg/H* = D(D —2)/4, and the correlator is conformal
here too.

For the massive vector in D > 3, the action is conformal
only for the massless value where the field becomes gauge

045011-19



FARNSWORTH, HINTERBICHLER, and HULIK

PHYS. REV. D 110, 045011 (2024)

invariant and only in D = 4. In the D = 4 massless case the
correlator of the vector field diverges. We showed that these
divergences cancel in the correlators of the gauge-invariant
field strength operators F,,, which take the expected
conformally invariant form.

For D # 4, there is a unique two-derivative non-gauge-
invariant vector theory with noncanonical kinetic terms
which is conformal. The conformal invariance of this
theory is also reflected in the two-point functions of the
vector. This theory can be diagonalized into a canonical
massive vector Aﬂ and massive scalar ¢, with the masses
m%/Hz = (D—-4)(D-2)/4 and mé/hﬂ =D(D-2)/4.
The kinetic terms of the vector and scalar have opposite
signs in dS and same signs in AdS, but the mass squared of
the vector is negative on AdS, so in either case the theory is
nonunitary. In this diagonalized form, conformal symmetry
acts in a way that mixes the two fields.

For a spin-2 field with the Fierz-Pauli action (5.1) in
D > 3, the action never has standard conformal symmetry
for any mass. In the massless case, the correlators of the
graviton diverge, but those of the gauge-invariant linearized
Weyl tensor W, are finite. The Weyl tensor correlators
become conformally invariant only for D = 4, analogously
to what was demonstrated in flat space in [14] (see
Appendix C of [73] for the spin-3/2 case).

For a rank-2 symmetric tensor field, although there is no
conformal Lagrangian for the usual Fierz-Pauli action, there
is one if we allow for noncanonical two-derivative kinetic
terms. There is a trace part that decouples and is equivalent to
the conformal scalar, and once this is removed there is a
unique conformal Lagrangian for a traceless tensor. The
conformal invariance of this theory is also reflected in the
two-point functions of the traceless tensor. This theory can be
diagonalized into canonical massive actions for a massive
spin-2 field 71,4,,, a massive spin-1 field A,, and a massive
scalar field ¢, with the masses m?/H* = D(D -2)/4,
m%/H? = (D —4)(D —2)/4, and mé/H2 =D(D-2)/4.
The kinetic terms of the fields alternate signs in dS and have
the same signs in AdS, but the mass squared of the vector and
tensor are negative on AdS, so in either case the theory is
nonunitary. In this diagonalized form, conformal symmetry
acts in a way that mixes the three fields.

When D = 4, this conformal theory gets an enhanced
two-derivative scalar gauge symmetry. In this case the
tensor becomes partially massless, the vector becomes
massless, and the scalar disappears. This leaves a con-
formally invariant theory of a partially massless spin-2 and
a photon, where the conformal symmetry mixes the two.
This theory can be expressed in terms of a rank-3 mixed
symmetry Weyl-like tensor C,,, and is in many ways
analogous to linearized conformal gravity. The correlators
of the graviton diverge in this theory, but we showed that
correlators of C,,, are finite and conformally invariant.
This is in contrast to the correlators of the gauge-invariant

operators in the pure PM theory, which are finite but not
conformally invariant.

Finally, we saw that electromagnetism and linearized
gravity in D > 4 cannot generally be embedded into a
larger nonunitary conformal theory in the way that it was
done in [8,14] for flat space.

There is a natural conjecture that extends these results to
arbitrary spin. For every s > 1, there is a two-derivative
conformal Lagrangian for a traceless field 71,4 ..u,» Namely
the x =1 spin s “special” conformal field in the classi-
fication of [26]. Its (A)dS, extension should factorize into

spins s' = 5,5 — 1,...,0 with masses
D(D4—2) H2 s =0

mi) = (D+25'—4)(D+25'~6) (6.1)
Wy WSO H2, ¢ =1,2, ..., 5.

4 ’

These are the masses that correspond to the dual CFT
dimensions . = % through the (A)dS/CFT mass formula

5:t:

where d = D — 1. The relative signs in front of the kinetic
terms in the factorized Lagrangian should alternate on dS
and be the same on AdS. Conformal symmetry should act
linearly but mix all the fields into each other. For D = 4, the
original conformal field acquires a PM-like gauge symmetry
5/3”]“%_ =V, ---V,,),Q with a scalar gauge parameter €
(for s > 2 these are the k = 1 case of “type Il partial-short” in
[26], and for s = 1 itis called “short”). This gauge symmetry
should act to remove the scalar longitudinal modes from all
the component fields: indeed when D = 4 the component
fields s’ > 1 all take the mass values of the maximal depth PM
field (i.e. the one with a scalar gauge parameter), and the scalar
mode s’ = 0 should be absent. We can see that this multiplet
satisfies the condition of [45] for a gauge theory to be
conformal: the reducibility parameter for a spin s maximal
depth PM field forms a rank-s’ — 1 traceless symmetric tensor
of the isometry algebra 8o(1,4). Taken together, the reduc-
ibility parameters for all the s’ = s, s — 1, ..., 1 combine into
a rank-s — 1 symmetric traceless tensor of the conformal
algebra 80(2,4). All of this should be reflected in the
correlators, in a manner analogous to what we have worked
out here for spins < 2.
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APPENDIX: MAXIMALLY SYMMETRIC
BITENSORS

bitensor formalism used
on maximally symmetric

review the
correlators

Here we
to construct
spaces [36].

We are interested in the case of Euclidean dS, which is
the sphere of radius 1/H. The two-point correlators depend
on two generic points x and x’ on the sphere. Let u be the
minimal geodesic distance between x and x’. It is conven-
ient to use the variable Z defined as

[ R
Hy1=72 "7

n,=V,u=

V,Z=-

Z = cos(Hu), U= ﬁcos‘1 Z. (A1)

Ze[-1,1]and u €0, z/H], with Z = 1, u = 0 the coinci-
dent point configuration and Z = —1, y = z/H the antipo-
dal configuration on the sphere.

Let g,, (x) be the metric at x and g, (x") be the metric at x'.
Let n,(x, x) be the unit normal vector at x, pointing away
from x’ along the minimal geodesic connecting x to x’.
We have

1 - 272, (A2)

Gunt'n” = 1.

Let n,,(x, x’) be the unit normal vector at x’, pointing away from x along the minimal geodesic connecting x to x’. We have

1 1 ) C
/= ! = - / / = - _ ! '~ H 4 —
ny =Vyu H\/I_——ZEV”Z’ V,Z HV1-Zn,, Guy ' n 1. (A3)
Let g,,(x,x’) be the operator that parallel transports indices between x" and x. We have
n, = _gW/n,/’ ny = =gy, (A4)
We can compute the covariant derivatives of these functions following [36] and we get
Z Z
VH,,ZH—gU—nnD, VIHD/:H—g/y/—n/nD/’
e = e ) =z e )
1 1
Vﬂnb/ = —H\/T—Zz (g/ll/l + nﬂny/), vﬂ/nv = —Hﬁ (gyﬂ/ + n”/ny)’
1-Z 1-Z
Vot = H e Gt ). S = H 1 (101, ). )
The objects n,, n,, and g, are parallel transported along the geodesic and thus
nV,n, = n*V,n, = n"V,q,, =0, (A6)
nVyn, =n*V,n, =n"V,g, =0, (A7)
as can be verified from (A5).
We will often use conformally flat coordinates on the sphere:
() =@ Q)= (A3)
gm/ - 77/41/’ - 1 + HTZ)C2 ’
in which we have
H2
Z=1- TQ(x)Q(x’)(x —x')2. (A9)
In these coordinates, the geometric quantities above all manifestly reproduce the flat space limit as H — 0:
n,(x,x') = M@Q(x’)(x -x),-(1-2)x,) = M + O(H?) (A10)
S Vg 2 g = ’
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na (. x' —_M O x — X' — 7\ __(x—x’)ﬂ, 5
(%, X7) = Zm(m( ) Ju + (L =2Z)x,) = oo + O(H?), (All)
G (X, %) = Q)Q(X" )7y = 2n,my — H*Q*(x)Q(x') (- )(Cl)”_(xZ; )y
= N + O(H?). (A12)

In these coordinates, the standard conformal tensor structure that appears in two-point correlators also takes a simple

form:

Jup

=Q(x)Q(x")I

(x=x),, (x=x)

where 1, =n,,, —2 er)?

'+ 2n,n, = Q(x)Q(x") Myt — 2

(x —x’)ﬂ(x —x’)ﬂ/
(x=x')?

(A13)

“ is the flat space conformal tensor structure.
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