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We analyze the proposal of defining the Weyl anomaly for classically nonconformal theories as
G"(T\p) — (g™ T ), originally put forward by Duff, in the case of a scalar field with quartic self-
interaction in 4d. We work in the context of dimensional regularization in curved background to two loops
(first order in the coupling). We review the original regularized but not renormalized prescription and its
ambiguities; we argue that it cannot be extended to the interacting theory as it fails to provide a finite result.
We then propose an alternative prescription via renormalized expectation values. At one loop, our candidate
reproduces the local heat kernel result, while its extension to interacting theories contains nonlocal

contributions.
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I. INTRODUCTION

Since their discovery by Capper and Duff in [1-3], Weyl
anomalies have been a central topic in quantum field theory;
see [4-7] for a number of references and general reviews.
These anomalies parametrize the trace of the energy
momentum tensor induced by quantum corrections for
classically Weyl invariant theories, and provide strong
constraints as well as powerful ordering principles in the
space of quantum field theories, such as the celebrated ¢
theorem in two dimensions [8] and the a theorem in four [9].

The Weyl anomaly shares many similarities with the chiral
anomaly, but also important differences. The latter manifests
itself in a nonzero divergence for the axial current (thereby
spoiling its conservation), it is topological and one-loop
exact. Importantly for the scope of the present paper, when
the axial symmetry is explicitly broken by the addition of a
mass term, the divergence of the current is simply the sum of
an explicit breaking contribution (proportional to the mass)
and of the anomalous term. The Weyl anomaly comes in two
types [10]: one topological and one built from the Weyl

“Contact author: tommaso.bertolini @fysik.su.se
‘Contact author: lorenzo.casarin @itp.uni-hannover.de,
lorenzo.casarin @aei.mpg.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2024/110(4)/045007(13)

045007-1

tensor. This second type of contributions is in general
coupling dependent, although explicitly studying this effect
is difficult, since in perturbation theory the underlying Weyl
symmetry is generically broken by beta functions.'

Furthermore, the quantum trace of the stress tensor for a
generic quantum field theory (QFT), when the Weyl
symmetry is explicitly broken is much less understood
than the conformal field theory case. A better understanding
of quantum contributions to the stress tensor has potential
applications to QFT in the presence of gravity and in the
context of cosmology. The anomalous trace of the stress
tensor is also important in the study of the renormalization
group (RG), since conformal symmetry is broken along the
flow. Ambitiously, an interpolating function for the anomaly
coefficients can be found and provide insights for the strong
a theorem in four dimensions or its attempted generalization
in six [12]. Furthermore, a cancellation of some would-be
anomaly coefficients has been observed in [13,14] in the
case of certain Poincaré supergravities. This cancellation
has not yet been explained, and is somewhat mysterious
since the graviton and the gravitino do not possess two-
derivative classically Weyl invariant actions.’

'An explicit example, albeit somewhat exotic, of a Lagrangian
model with type-B anomaly coefficients with explicit coupling
dependence is given by the 6d four-derivative vector discussed
in [11].

Classically Weyl invariant theories of gravity and super-
gravity typically involve higher derivative fields. For those, Weyl
anomalies are well defined, at least at one loop; see [15-18] and
references therein.
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In [5,7] Duff proposed, following the structure of chiral
anomalies, to identify the quantum breaking of the Weyl
symmetry as

A= g (T ) reg = (9" Toun)reg (1)

where the expectation values are taken in the regularized
but not renormalized theory. The reason behind this
definition [5,7] is that the anomaly should be a physical
(measurable) quantity and therefore independent of the
renormalization prescription. It should capture the purely
quantum contribution to the stress tensor trace, and for this
reason (1) is usually referred to as Weyl anomaly, although
its interpretation is less clear. Notice that for standard
classically Weyl-invariant theories the second term in (1)
vanishes and the definition reduces to the one used in the
original works [1-3] in the context of dimensional regu-
larization. In this work, we will refer to A and its alternative
prescriptions as anomalies, even when it is understood that
the Weyl symmetry is already broken at the classical level.
An efficient way of computing the anomaly proper is via
the heat kernel (HK) expansion, which retains manifest
covariance with respect to the geometry. In this case the
anomaly is identified with the HK coefficient of the kinetic
operator A, so that for a conformal scalar’
gmn<Tmn> = (14(A). (2)
The identification of (1) with the heat kernel coefficient is
often assumed also to the case in which there is explicit
breaking of Weyl symmetry, see, e.g., [5,6,13,14],

Apc = ag(A). (3)

It is, however, a priori not clear which diagrammatic
expression it corresponds to and how it extends beyond
the quadratic (free) level. For a free scalar with generic
(non-Weyl invariant) curvature coupling A = —[1+ ¢R,
the heat kernel prescription gives [6,19]

Apk = a4(=00 +¢R)

1 1 3
= ZE, 1 6(1 = 58)0R + 2 Weyl?
180(471)2[ 5B 61 =SHHR + 35 Wey

C @

which features the appearance of an R” term, absent in the
anomaly proper and showing that this quantity cannot be
obtained from functional differentiation.

The definition (1) was studied in dimensional regulari-
zation in [20]. It was explicitly discussed that the definition
is finite and local but presents an ambiguity on the nature of

The generalization to the case of multiple fields or different
spin is immediate; see, e.g., [6].

the subtraction term that can be represented by writing
explicitly

Aﬁgg) = (4)mn<Tmn>e - <g<D)mnTmn>g (8 - 0) (5)
Indeed, one can subtract the tracein D =4 or D = 4 — 2¢
dimensions. In particular, [20] focused on analyzing the
case of a free scalar field with generic curvature coupling.
We added the subscript “reg” to emphasize that it is built of
regularized quantities. After that, [21] proposed an all-loop
modification of 4 based on dimensional regularization,
which effectively extends the prescription A2 to the
interacting case.”

In this paper, we focus on the prototypical example of a
QFT that breaks Weyl symmetry explicitly, namely a scalar
in four dimensions with quartic self-interaction. The break-
ing of Weyl symmetry is achieved via the nonconformal
quadratic coupling with the curvature as well as by nonzero
beta functions. We argue that A,eg as in (1) [or rather the

concrete prescriptions ASeDg) (5)] does not extend beyond
free level. We thus modify the prescription (1) by promot-
ing the expectation values to renormalized (finite) ones, and
consider

Aren = gmn<[Tmn]> - <[®]>’
where © is the four-dimensional trace of the classical
energy-momentum tensor and the square brackets in the
expectation values denote the renormalized composite
operators. We construct these renormalized operators in
dimensional regularization following the well-established
tradition of [23-26] and references therein. In particular, we
work in perturbation theory to first order in the coupling
with a formal expansion around a flat background g,,, =
Sun + h,u, and focus on the contributions to A, of first
and second order in 4. We evaluate the former fully, while
the latter suffer from the complication of three-propagator
subdiagrams which need to be expanded to a nontrivial
order in e. We show that, at free (one-loop) level, (6)
provides a local result that reproduces the heat kernel
prescription (4). To circumvent the technical difficulties in
evaluating (6) to the first order in the coupling at order A2,
we consider the spacetime integral of A.,. This is the
generally covariantized analog of setting the momentum of
the stress tensor to zero, thereby reducing the integrals to
two-propagator diagrams. At two loops we obtain a result
that is nonlocal, and we argue that this is indeed expected in
the general case.

In our calculations all of the nonlocalities and departures
from the anomaly proper disappear at the conformal value
of the curvature coupling & = %, thus the construction might
look in this case artificial. However, this value is not stable

0= gmn Tmnv (6)

*Another perspective on Weyl anomalies for nonconformal
theories is given in [22].
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under quantum corrections, which induce an RG flow for
this parameter away from the conformal point [27,28].
Despite these effects being relevant at a higher order than
the ones considered in this paper, our setting is therefore
generic.

The paper is organized as follows. In Sec. II we give a
general review of the formal setting: action, regularization,
and renormalization in curved background in perturbation
theory. In Sec. III we review the regularized calculations
of [20]. In Sec. IV we construct the renormalized
anomaly (6), commenting on its nonlocal structure and
the two-loop result to first order in the interaction.
Section V concludes with a summary, a comparison with
recent literature, and outlook. Appendix A summarizes
notation and conventions; Appendix B reports lengthy
formulas for Feynman vertices; Appendix C discusses
some aspects of the renormalization of the action in curved
spacetime that are relevant for our discussion.

II. SETTING AND NOTATIONAL REMARKS

We consider the scalar action in D dimensions’ with a
quartic self-interaction and to a geometrical background
given by

1 A
Sy = /de\/§ {5 (Vmgovm(p + §R¢2> + I(p“] , (7)

where ¢ is the dimensionless curvature coupling and 4 is
classically dimensionless only in D = 4. Weyl invariance
of the kinetic term is achieved for & = & := 12=2

We note the equation-of-motion operator,

1D—
4D-1

5 )
E =¢p—S8=q@(-0+¢R — ", 8
=5, p(-0+¢ )rp+3!(p (8)

and the stress tensor and its D-dimensional trace are

1 A
Tf(’;m = vm(pvn(p —59mn va(pva(p - gmn_§04

2 41
2 1 2 2
+§§0 (Rmn_igmnR) _g(vmvn(p _gmnD(p )’
@(D) :g(D)mnTﬁm
D-2 D-4
—(0-1)e-&)007 -2 el + 2Pt (0)

The latter indeed shows that the stress tensor is classically
traceless on shell for £ =&, at D =4 or when 4= 0.

*We use lowercase d to denote the dimensionally regularized
value d = 4 — 2e. We introduce an auxiliary dimension D to be
able to distinguish the two different cases D = 4 and D = d more
explicitly.

In particular, we note the value of the classical trace in
D = 4 dimensions,

1
®E®<4>=3<5—E)D¢2—E(p. (10)

As we are going to review in the next subsection, the
equation of motion operator has vanishing expectation
value in dimensional regularization, both in the bare and
in the renormalized theory. Since we will be only consid-
ering such one-point functions, we will often drop it.

A. Regularization

We adopt the framework of dimensional regularization
with d = 4 — 2&, which is standard in both flat and curved
spacetime [6,23-26,29]. For simplicity and ease of expo-
sition we understand the energy scale ¢ and reinstate it only
in final expressions.

We are interested in regularized and then renormalized
expectation values of 77, and ©®) which we compute via
the path integral,

<T%n>g - /D(Pe_STfm’
©P)y — / Dpe-s0P),

/'D(pe_s =1, (11)

where the subscript ¢ indicates the use of bare dimension-
ally regularized correlators. Fundamental in our discussion
is the observation that

(©D), = (¢ Thn)e = gV (Thn)er — (12)

namely when considering the expectation value of the D =
d dimensional trace ®P=9)_ the contraction with the metric
can be equivalently taken before or after path integration (or
equivalently before and after expanding in &). This is
possible because for regularized correlators the rule

gl Dmngd) — g — 4 —2¢ is valid inside and outside the

path integral symbol. We stress that this holds true only
for (®P=4)) . For (8(°=%) it is not the case.

Another important feature of dimensional regularization
is that (E[¢p]) = 0, since

(Elo)) = [ Do) s

S (x)
5

= —/D(pé(p(x)(Cﬂ(x)e_S) =0 (13)

which vanishes as a functional boundary term.

®In (13) we used the standard value sy (x) = 8lx —x] =0
of dimensional regularization [24-26,29].
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We wish to evaluate the correlators in (11) in perturba-
tion theory in A. To be able to use the well-developed
diagrammatic technology, we perform a formal expansion
on a flat background g,,, = 6,,, + h,,, and work order by
order in h,,,. In particular, we will need

_ ¢l0) (1) 2) (0) (1)
S(ﬂ—S¢2 +S(/’2 +S(/)2 +"'+S¢4+S(p4+ )
T4 =T + 100 4 10O 1o
Q=070 el ..., (14)

where the superscript (n) indicates the power of h, and

@*, ¢* distinguish the free vs interaction contributions. In
particular, S((ﬂoz) + S;g) is the flat-space scalar action,7

©_1 [ a O _ A [ a4
S(p2 —2/d X0,,00,,0, S(p =1 dxp*  (15)

and we adopt the following notation for the interactions
with the background metric:

st = / dpdqdta)slp + q+ Clo(p)

%
»*(1)
X 9(q) iy (€)Viun (P, q. ),
s = [ dpdqaracensip + a+ k+ Aolpola)
X () s () Vi) (P 0. . K), (16)

and so on analogously for all terms Sfp',',,). Similarly, for the
stress tensor we write”

@*(0 i x 2(0
740 = /d‘pdqe(“q) (P @)Wl (p. q),

7w / dpdqat P+ O%p(p)p(g)h. ()
X W:’/r)lzn(tiz(py Qa f)’ (17)

and so on.” Explicit expressions for the relevant vertices are
reported in Appendix B.

B. Renormalization

Renormalizing the theory on curved geometry requires
the familiar infinite rescaling of the parameters in the

"We write all indices lowered to emphasize the contraction
with the flat metric.

The vertex functions for T,,, and ®®) do not involve a
momentum-conserving delta function, as they are external
vertices injecting momentum in the graph.

In general, one needs to introduce Feynman rules also for ©,
but in this particular example it is not necessary.

action (7) as well as additional terms to cancel purely
gravitational infinities. One therefore considers the total
action

S=3S8,+ Serav
Saray = /ddx\/g_][—a[a +yWeyl®> + pR?.  (18)
The gravitational contribution is quadratic in the curvature
and contains the Euler density, the square of the Weyl
tensor, and the square of the Ricci scalar (explicit expres-

sions in Appendix A). We have an expansion in £,
analogous to (14),

S(3) = /dp d‘qdk(Zﬂ)dé[p +qg+ k]hmn(p)hrs(Q)hac(k)

Sr::r)lrsac(p, q, k) (19)
A finite theory is then obtained by setting

(0) () (0)
/1—>/1+Z/L—i, §~§+Zi—i, ¢+<1+21—i>(p,

i1 i>1 i>1
(0
—.

(#) ()
a—>zag—i, y—)Zyg—i, p—)Zpg (20)

i>1 i>1 i>1

We work in minimal subtraction scheme so that the Weyl
tensor is intended as the four-dimensional one and «, y, p
are only poles. The values of the counterterms in (20) have
been computed in the literature long ago and we will quote
the relevant ones momentarily. In Appendix C we comment
on some aspects of their calculation in the spirit of the
present work.

We will need the renormalized stress tensor [T,,,] and the
renormalized stress tensor trace [®]. The square brackets
denote renormalized composite operators. Constructing
renormalized composite operators in dimensional regulari-
zation is standard also in the curved background context,
see [23-26,29]. Here we summarize the relevant results.

A finite (renormalized) stress-tensor operator is obtained
by differentiation of the renormalized full action (18) with
the renormalized values (20), so that'®

“An operator is renormalized by requiring that its insertion
produces finite correlators. Given any finite correlator, an addi-
tional stress-tensor insertion is realized by differentiation with
respect to the metric thus without introducing any additional
divergence.
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2 6 2 6
[Tn] = —7559,,,” 5] = —%W [S(,, + Sgrav]
T rav 2 5
=[Thn+Tan' s Tan === Serav- (21

The expansion (14) is therefore complemented by
TEY = Tow) +Tod) + -,
70 — / A ¢y (€)Wanae (£),
T(r)n(i%> :/dz,ﬂdk €l<£+k)th(f)hrs(k)w(’)”('%‘)w”(f’ k) (22)

Following (18) and (20), these terms are pure poles and are
responsible for the anomaly proper.

To construct'' a finite operator associated with the four-
dimensional stress-tensor trace ©, we start with the renor-
malized operator [p?(x)], which is given by

(0
Z 4
W1=2205 + 2R Z=14) T Z=)

i>1 i>1

We then define the renormalized operator associated
with (10) as'?

0] =3(¢-¢ )0l - £, (4)

where & is the renormalized (finite) value.

The counterterms (20) have been computed in the
literature with a combination of diagrammatic and heat
kernel methods. To the relevant order, the counterterms
are [23,24,28]

66— 1 1
H=—=_"_3 2 =, (1) = , 2) =0,
ST hRat ¢ T 20(4n)
2
y“):¥, /2 =0, (1):(65—1) ’
240(47)? 144(47)*
66—1)?
(2):_(7/1 A0 =0 M=0
288(dn)2”" R,
m__ 4 (ny_ 651
_ , _ , 25
2 To@a? Y T 6(dn)? (25)

"Insertions of ®@ in arbitrary correlators are produced by
differentiation with respect to the conformal factor of the metric,
s0 ®@ does not require additional subtractions, consistently with
(12). In contract, no shortcut is available for @,

The equation of motion operator does not require any
additional subtraction [23,24,26] and it has vanishing expectation
value.

In particular, at the order in which we are working there is
no renormalization of the coupling A nor is there wave
function renormalization.

III. THE REGULARIZED EXPRESSION
A. Ambiguity and one-loop (free theory) results

In this subsection we review the one-loop calculation
of [20] (cf. also [30]) and we extend some of the results and
discussions.

In the context of dimensional regularization we can
interpret (1) in different ways, i.e., there is an intrinsic
ambiguity.

A = 9T )~ (OP), (e~ 0).  (26)

mn>£

with D =4 or D = d = 4 — 2¢. The origin of this ambi-
guity can be appreciated by looking at the explicit expres-
sion (9): the difference between ®*) and ©*% is of order &
and thus they produce different terms when combined with
the poles of loop integrals.

The case D = d has a computational advantage: one can

compute Aﬁfg) with the knowledge of the divergent part of
(T,,,) only, without the need to consider the more com-
plicated finite pieces. Indeed, as a consequence of (12) we
can write (26) for D = d as

Agég — (9(4)mn

- g(d)mn)<Tmn>g (8 - O) (27)

This expression shows two important features. First,
only terms in (T,,), proportional to the metric g,
contribute: everything else cancels in the difference, as,

e.g., ¢®" R, =R for any D. Second, only the pole of
(T,.n). contributes, as can be seen by writing

1
<Tml‘l>£ = E (Pmn + ganmn) + an + O<8)’ (28)

where P,,, denotes tensor structures that are not propor-
tional to g,,,. From (27), we thus have

4 —2e
€

N
Ay = lim |~ 01 === 01 =207, (29)

where P,, and F,, have dropped since ¢“"P,, =
g dmp, and g, = gldmmE 4 O(e). We notice
that this argument does not rely on perturbative expansion
in h: if the full covariant expression for the (local) pole of
(T)un)e is known (as is, e.g., using the heat kernel
expansion), this immediately gives the covariant result.
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Ow O,

FIG. 1.

Qo O~

Diagrammatic representation of (7', () .oty + €T (X) Do) in (30). Black dots denote interaction vertices V, white

dots denote stress-energy tensor vertices W. Solid hnes represent scalar propagators and wavy lines the metric perturbation 4.

To perform this calculation diagrammatically, we expand
in g,un = Omn + Nyn- Using the definitions of Sec. I B we
have to consider the following terms':

(T (%)) ==(Tn S e = (TS >>s+ (TS S\,
— (TS De+O(h), (30)

whose diagrammatic representation is pictured in Fig. 1.
The associated integrals are listed in Appendix B. They can
be expanded in ¢ and the anomaly can be obtained .A(¢)
direct application of (27) [i.e. (29)]. Owing to locality, the
full ¢ dependence can be reconstructed by demanding
general covariance. We refer to [20,30] for details and we
simply state the result,

1
Al = TSP {—§E4 + 6(1 —10(6¢ — 1)2)DR
+%Weyl2 +§(6§ - I)ZRZ} (31)

The prescription Aﬁggg was only briefly described
in [20,30] and here we provide some more details. At first
sight, this case seems to require the full evaluation of the
finite parts of the correlators. However, we notice the
seemingly trivial rewriting

AR = gOm(T,,) . — (©@), + (0@), — (@), (- 0)
=AY +(a), (32)
where we defined

(A) = (0D), = (©W), (¢ 0). (33)

It is clear that the splitting in the second line (32) is

meaningful, namely that the two terms Aﬁé’g) and (A) are
separately finite: the former is discussed above, the latter
follows from

A = @(d) - @(4) —¢-

1
5 O¢® + €E,.  (34)
Thus, computing (A, ), the second term vanishes [cf. (10)]
and the first one gives a finite and local result, which is
proportional to [JR on dimensional and covariance

BWe denote by {---). the expectation value taken with
respect to the flat-space free theory.

grounds. Indeed we find (A) = —15(4& —1)(6& — 1)0R
and as a result

) 1 1 3 Wevl2

=——— |—=E; +6(1 =5&)R + = Weyl

Areg 180(477:)2 |: 2 4 + ( 5) + 2 ey
+%(6§ - 1)2R2} (35)

We can see that a generic value of £ features the appearance
of R? in the anomaly with either prescription. Since this is not
compatible with the Wess-Zumino consistency conditions, it

follows that the quantity Aﬁgg) is not a functional derivative of
an effective action as already noticed in the original paper [5].
This observation was anticipated in the free-scalar calcu-
lation of [20,30] and is also discussed in [21], where the
authors introduce an all-loop definition for the conformal

anomaly in dimensional regularization which effectively

extends the prescription Aﬁég. As a consequence, all four

coefficients in (35) are physical and the difference between

the two possible choices, Areg and .Areg, cannot be reab-
sorbed by the introduction of counterterms in the action. “In
fact, finite counterterms cancel between the two terms in

(26). The ambiguity D = 4 vs D = d in the subtraction Aﬁel?;
is not discussed in [5] where the quantity A, was first
introduced, and to our knowledge it is not discussed any-
where else besides the references above. Finally, we observe
that the heat kernel identification (4) coincides with the

prescription Asgg. This is a nontrivial result that, to our
knowledge, was so far discussed only in [20,30].

This concludes our review of the calculation of [20],
which hopefully clarifies some incorrect comments
reported elsewhere.'” In the next section we verify our

“This point is overlooked in [20] and corrected in [30].

In the conclusions of both arXiv v1, v2, and of the journal
version, Ref. [22] comments that A&ZQ asin (31) is “obtained using
dimensional regularization and a perturbative expansion around
flat space, together with a dose of intuition to use the right amount
of onshellness” to simplify the stress-tensor trace. Similar state-
ments appear in the Introduction. It should be clear from the
discussion above that this remark is incorrect in two ways:
(i) operatively the result (31) does not directly depend on ®@) but
relies on the epsilon expansion of the (7,,,), only; (ii) computing

(@@, directly neglecting the equation of motion (e.0.m.)
operator E, as done for (@), in Aﬁé‘g, is not a problem because
(E) = 0 in dimensional regularization as in (13). Unfortunately,
the authors of [22] did not share their impression with those

of [20] prior to publication. For completeness, we note that AS:; is
not discussed in [22].
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claim that Aﬁe? is divergent in the limit where the regulator
is removed in an interacting theory.

B. Failure at two loops (first order in the coupling)

We will now argue that the definition (26) does not
provide a finite quantity at higher loop order by showing
|

(T () el a1y = (Tn (x)SL S e

an explicit two-loop divergence proportional to [IR.
As discussed at the end of the previous subsection, it is
an unambiguous quantity, in contrast to the anomaly
proper.

It is enough to consider the term of order O(h'). The
relevant contribution is

1 >
—/l/dd /d‘qe"”‘h /dp =) Wmn( )(p,q—p,—q)V‘r”s(”(—p,p—q, q)

A direct calculation on the lines of (29) immediately shows
that the presence of a double pole proportional to the

metric renders the anomaly ASQQ divergent, hence the defi-
nition (27) is insufficient to accommodate for interactions.

For ease of ex osmon we do not discuss the analogous
calculation for Areg, as the idea is essentially the same and
its divergent nature is implicit in the results of the next
sections.

IV. RENORMALIZED CONSTRUCTION

Having established the insufficiency of the regularized
prescription, we turn to the definition (6) based on
renormalized correlators,

-Aren = gmn<[T ]> - <[®]>’ (37)

which by construction works to arbitrary loop order and
does not have any ambiguity once a renormalization
scheme is chosen. We work in minimal subtraction.

Let us see the consequences of this definition in practice.
Here we focus on the O(h!, 2°) + O(h', A') contribution to
parallel the discussion of the previous section. As we shall
see, we do not need the more complex O(h?,1°) term to

|

gmn<[Tmn]>O(hl) = /dp eipthn(p) ’ (pmpn - 5mnp2)p2 : l

+0(2?),

rs (x) (5mnq

11— 60& + 15(6& — 1)21og;—§

— G4 dn) (654" —
72

94:) | O™, (36)

|
fully obtain A, in the free case. The contribution
O(h?, ") is even more complicated and will be considered
in a simplified setting in a later section.

The first term of (37) can be computed from the
renormalized effective action on a curved background.
Here we work in series of &, so

= /d4p d4q By (p)hrs(q) (271-)46{17 + Q]rmnrs (p7 Q)

L. (38)
mn(y)y = — 2 L
<T ( )> \/ g(x) 5gmn(x) F[g]
= /dk eikx[_“'hrs(k)rmnrs(_k’ k) + - ']’ (39)

from which the trace can be readily computed and expanded
in 1, g (T yun) = Goun(T"™" ) = (8 + My ) (T™") . The second
term of (37) is essentially given by the diagrammatic
evaluation of {[¢?]) following the definition (34).

In particular, to the lowest order in the metric perturba-
tion, we obtain

» [3(62 - 1)log 2 — 1]21

180(47)? 216(4x)*

[2(4n)2 + /Ilog/’_j—zz} [3(65 ~1)logZ - 1}

T(an) +0(2%), (41)

<[®]>O(h') - /dp eipthn(p) : (pmpn - 5mnp2)p2 : (65 - 1)
where ji% := p>e’®/%7. As a result we can recognize the covariant structure

3(6£—1)logH —1]6(6& —1)logHd — 1
| -1 2-1]
216(4x)*

56-1

Aren = 30(4x)?

R+ OR + O(h*, 2%). (42)
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In (40) and (41) there are nonlocal terms both in the free
and in the interacting contributions. We notice that when
A =0 these exactly cancel, while they survive in the
interacting case. The free contribution agrees with the

regularized value Aﬁgg) in (35) (and thus with the heat kernel
prescription Ay, ). In fact, as we shall see in the next
section, this agreement can be argued on general grounds at
least in the massless case and we do not need an explicit
calculation to obtain in general result

Aen = Aﬁ;g (free theories). (43)

Effectively, this means that the renormalized definition
extends the HK prescription to arbitrary loop number.

A. Some properties of the renormalized anomaly

In this section we make some general consideration on
the renormalized A,.,, comparing it between free and
interacting theory. We focus on massless theories for
simplicity.

We begin with the renormalized anomaly of the free
theory. Interestingly, it reproduces the result of the regu-
larized prescription Arg. In particular, it is local: the
nonlocal contributions cancel in the difference. We can
indeed see this result on general grounds. Denoting by (0)
bare quantities, there are only one-loop simple-pole geo-
metrical counterterms and

2 68
S = S<O) + Sctl? [Tmn} = T’(g’z - fntrll ?
NG
(0)
TS,?,)l _ 2 68 — 9(4)mnT5'?r)“

- \/gé‘gmn ’
(0] = {g¥"™" T\ } + Oy
Ocy = ZogOR + ZgeR* + Zy2Weyl® + Zg Ey. (44)

The brackets {---} denote the renormalized composite
operator without the contribution proportional to the
identity operator, which is 6., and contains only poles.
We dropped irrelevant e.o.m. terms. In the case of the
massless scalar, only Zgz # 0 in minimal subtraction,
cf. (24). The crucial point, as we are going to see, is that
{g(4)’""T£,?,),} = 9(4)’"”T,(,?,), for free theories, but typically
not when interactions are present [cf. (24) and (25)].
We now consider

Aren = 9(4)mn<[Tmn]> - <[®]> (45)
The indication of the dimension ¢ in A, is naturally
redundant, as the expressions in the right-hand side are
finite and renormalized, so they are in four dimensions, but
we keep it for clarity. Explicitly, A, becomes

Aren = 9(4)m"<TI(1(1)2,>E _ <g(4)mnT£r?,)l>é _ i (4)mn %

\/g 5gmn

- actg (8 - 0)
C) : 2 mn ) tl
- Areg - 11_1;% <\/§ 9<4) 6g,c,m + 90tg) . (46)

We have used that the difference of the first two terms in the
first line is of order &, therefore it produces a finite and local
result in the ¢ — 0 limit which is exactly Aﬁgg). The fact that
we are still taking the trace in four dimensions'® implies
that, from the counterterms in S, we only have a
divergent contribution proportional to

mn 5Sct1
5gmn ~

1 5 1
@) Lm0 R? « —~[JR. (47
g L9 g / VIR x ; (47)

The other contributions vanish when taking the four-

dimensional trace. By definition, 6, contains only poles.

By construction A, is finite, so the divergent pieces must
cancel.

3 ; #)mnp0)y _

This argument relies on the fact that {¢!Y""T),} =

g(4)m" Tf,?),, which is true at free level. Including interactions
produces additional “wave function” renormalization fac-
tors that induce new terms in perturbation theory [cf. (23)
and (24)]. In contrast, [T,,,] does not require additional
subtractions beyond the standard action renormalization of
the action (which involves only noncomposite operators),
so that a cancellation of the nonlocalities in 4, seems
unlikely on general grounds. Our calculation in the scalar
model supports this; cf. (42) and the following section.

B. Integrated anomaly

Computing A, to two loops and third order in the
metric perturbation £ requires considering the & expansion
to high order of integrals of formidable complexity. To
simplify the problem, we consider the integrated quantity

A_/d4x\/ g(x)-Aren<x)
_ / & x/g@) gD () ([Tl (X)), (48)

which remarkably, in the present example, does not depend
on ([@®]) since that is a total derivative. The correlator is the
finite, renormalized one, and we emphasized that the trace
is taken in D = 4 for additional clarity.

We could have extended the trace to d = 4 — 2¢ dimensions.
In this case g<4>’”"(T,(,?,>l> is replaced by g<‘1)’”"(T,(,?,)l>:
(g@mnT0)y = (@) and g(d)’””% contains in addition to
(47) a finite piece, which gives rise to the anomaly. The
conclusion is the same.
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O W e OO OO0 OO
v O OO

FIG. 2. Diagrammatic representation of the bare Feynman integrals in (51). Black dots are vertices V from the action; the white dot is a
vertex W from the stress tensor. Wavy lines are metric perturbations /. Metric perturbations with a dashed line represent the external £,

that does not come from the correlator.
We focus here on the O(h?) contribution to (48)
(A)O(hz) = 5mn/d4x<[Tmn]>(9(h2)

- 5r(m5n)s> / d'x hrs<[Tsz>0(hl)'
(49)

1
+ (5 5rs 5mn

As the expectation values are computed in dimensional
regularization, they have the structure

(A)O(hZ) = lim

) 1
= llngémn / dk hrs(k) huc (_k) Tlmnrsuc(k) + IIHOI <§ 5rs5mn

Proceeding in this way has the advantage of setting to zero
external momenta before expanding in e, thus reducing the
diagrams to manageable two-propagator integrals and
avoiding IR divergent logs. In the second step, we wrote
the integrands in momentum space and indeed imple-
mented the momentum conservation arising from the

1 d*k
(A)O(hz) - 180(47‘[)2 / (2”)4 hrs(k)hac(_k) X {

2 _ g_é A
+<90§ 306+ 5Ty

2 _ _§ A
+<90§ 306437 L

We recognize the covariant structure

1 3 3
4= tangamy | 3l west 6= (Sse-1) -

S Peg
6(4r)?

. 0
(Tundogey = lim[ (TS o) + (Tswdoqe | (50)

e—=0

where the second term indicates counterterm contributions.
We find it convenient to extend the dimensionality of the
integrals and of all the delta symbols in (49) from 4 to
d = 4 —2¢ dimensions. This is consistent because the
correlators are already finite, so this choice does not
influence the limit € - 0. We can thus rewrite (49) as

0 . 1 0
ddx(smn |:<T$”’>l>0(h2) + <T(r:'in>0(h2)i| + lg%/ dx hrs(x) (Eérsémn - 5r(m5n)s) |:<T$W)l>0(h‘) + <T(r:'in>0(h])} ’

- 5r(m5n)x) / dk hr.\‘ (k)hm(_k) Tir}mac (k) (51)

|
integration over x. The diagrammatic representation is in
Fig. 2 and we refer to Appendix B for the expressions of the
corresponding integrals.

The values in (25) of the counterterms make these
expressions finite, providing a consistency check. As a
result, we obtain the integrated anomaly A:

3

n 5aracsk4 - E 5ark2kskc

2

(65 - 1) (1 - 3(65 - 1) 10g k;)) (5rs5ack4 - 25rskakck2)

(65 —1) (1 —3(6¢ - l)logk;))kakck,ks}. (52)

5A(1 — 6¢)2

O
Rlog—R ¢ + O(h3,2%). 53
e Rlog R+ OUR ). (59

The Euler term E, is a total derivative in four dimensions; hence it disappears after integration, as well as the manifest total
derivative [IR. Interestingly, the ¢ coefficient is in any case undeformed by A at first order."”

"This carries resemblance with the analysis of [31,32] based on the analysis of stress-tensor correlators.
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We see from (52) and (53) that the departure from
conformality brings nonlocalities in A, together with
an explicit dependence on the energy scale y besides the
implicit one induced by the renormalization of the parameters.

V. CONCLUDING REMARKS

In this paper we have explored the characterization of the
quantum contributions to nonconformal theories A (1)
proposed by Duff in [5,7]. We studied in dimensional
regularization the explicit example of a scalar field with a
generic curvature coupling and a quartic self-interaction.

The free case was studied in [20,30] using regularized but
not renormalized correlators. In particular, an ambiguity in
the definition of AEeDg) in (26) was pointed out, corresponding
to the dimensionality of the subtraction term, D =4 vs
D =4 —2¢e. We have reviewed and completed the calcu-
lation, spelling out some aspects that were misunderstood in
the previous literature [20,22]. We explicitly showed that the

prescription Aﬁg‘g reproduces the result of the heat kernel
identification Ay, = a4, which is advocated in [5,7] to be
preferred. On the other hand, the prescription A*~2) is
singled out in the analysis of [21]. There, in the context of
dimensional regularization, a different notion of A valid to
all-loop order is introduced, which is by construction finite
local and reduces to .A(4~2¢) for free theories. It is naturally of
interest to understand which prescription is more appropri-
ate to capture the sought effects.

In either case, A of the form (1) produces a quantity that
contains R?, thus violating the Wess-Zumino (WZ) con-
sistency conditions. This implies that it cannot be obtained
as a functional derivative of an effective action and it is not
subject to the same counterterm ambiguity of the anomaly
proper: a finite counterterm would cancel in the difference
between the two terms in 4. As an additional consequence,
also the coefficient of IR is physical.18 Similar comments
appear also in [21,30].

We have then extended the analysis of [20,30] to
include interaction at lowest order in the coupling. We
have shown that the regularized prescription is insuffi-
cient, as it gives a divergent result once the regulator is
removed. We thus considered the definition A, built of
renormalized correlators. We have argued that it is a good
candidate to extend the identification of A with the heat
kernel coefficient in the presence of interactions, at least
for generic massless theories. This identification is non-
trivial, in that it suggests a firmer diagrammatic under-
standing of the HK prescription (6) in a way that can be
extended to higher loops, and deserves to be investigated
in greater generality.

This definition, however, displays nonlocalities at
higher loops. We have shown this explicitly in (42) and (53).

18Aspects of physicality of the coefficient of LR, in particular
in relation to the RG flow, are also discussed in [33].

We explained the appearance of the nonlocalities as
a consequence of the fact that, in constructing finite
composite operators, the stress tensor does not require
any additional renormalization, while the operator associ-
ated to its trace does. It is this imbalance that produces
uncanceled nonlocal terms from two loops on.

Given this discussion, it seems that the situation regard-
ing the characterization of quantum violation of Weyl
invariance, when the classical symmetry is absent, is far
from clear. As Weyl (conformal) invariance is absent along
the RG flow, this has the potential application of shedding
light on the space of QFTs and providing insights in the
local version of the a theorem. Similarly, Einstein gravity
and supersymmetric generalization thereof lack classical
Weyl invariance, therefore the significance of the cancel-
lation of the ¢ anomalies in the total heat kernel coefficients
in N > 4 supergravities is unclear [13,14].

On a practical level, it would be interesting to extend our
calculation to higher loop to see the appearance of the beta
functions as well as including mass terms. Other field theory
models would provide additional concrete examples and
would, e.g., allow one to test the identification of A with the
heat kernel coefficient more thoroughly. To make a clearer
connection with the a theorem [9], it would be interesting to
compute A, without the spacetime integration considered
in Sec. IV B that hides the contribution from [E,; more
advanced diagrammatic techniques are needed in order to
overcome the computational complexity. With this in mind,
it would also be of interest understanding how to connect the
notions of anomaly discussed above with [34-36].
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APPENDIX A: NOTATION AND CONVENTIONS

We work in Euclidean signature. Dimensional regulari-
zation is considered in d = 4 — 2¢ dimensions. The metric
is expanded in a perturbation around a flat background
as Gmn (X) = Opn + hmn(x)'

Flat-space Fourier transforms and integrals follow the
convention

d‘p
(2m)*
(A1)

7= [apersip). [aper=at. ap=

The four-dimensional Euler density and Weyl curvature
tensor are given, respectively, by

1
E, =Riem? —4Ric> +R?>, Weyl?> =Riem? —2Ric? +§R2.

(A2)
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Quantum expectation values are denoted as follows: APPENDIX B: FEYNMAN RULES
(...): renormalized (finite) expectation values; AND DIAGRAM INTEGRALS
(---)ogm: renormalized (finite) expectation values of

. ) ) The propagator for the field in momentum space
order n in the metric perturbation; propag ¢ p

(---)reg: regularized but not renormalized correlators reads
(only used in general discussion); (2015 [p 1 g

<...>s: re?gularlzed correlators in dimensional regulari- G(p.q) = (p(p)o(q)). = V3 217 a (B1)
zation; p

(...»,: bare correlators taken in the free theory, in flat
space, in dimensional regularization. The action vertices as defined in (14) and following, are

4 y
L4 p45m(r5s)n - 7p2p(m5,,)(,ps) + DuPnPrPs (p + 5)

2
an})urs (P) = 3

4 v
* (pzprp“‘ém” + pzpmpnérs> <g B p> - p46mn51“" <8 B p>

2 1 1 ¢
V;lr’m“)(p» q, f) = Ep(mq’z) _Zémnpq +§ (6mnl’ﬂ2 - fml’ﬂn)

20 1 1 1 1 1 1
an,rs (p’ q, Z, k) - _Ramnérqu + gpqém(rés)n - Zp(mén)(rqs) - Zq(mén)(rps) + gémnCI(rps) + gérSQ(mpn)

1 1 1
+¢ |:§ 5mn6rs (k2 +kt + l’ﬂz) - gém(r(ss)n (2k2 -3k + 2l’ﬂ2) - gérs (l’ﬂml’ﬂn + kakn)

1 1 1
- _5rsk(mfn) += k(mén)(rks) +5 f(mén)(rfs)

1 1
— = Sn(koky +20,8) — =6
8 mn( r S+ r S) 4 2 2

Z mnk(rfs)

1 1
+ 3 Lm0 ks + 7 KmOn L)

(1) L%_

T

We also use Vﬁ,f,)m-ac, but its expression is lengthy and uninformative so we do not report it.
The stress tensor vertices as defined in (17) and following are

2(1 2(1 400 ﬂ, 4(1 ﬂ
Wi (p.q) = =2V (p.q.-p—q). Wi = = 1 Omn: Wiat — 11 SatmBne- (B2)

The integrals corresponding to the diagrams of Fig. 1 referring to Eq. (30) are

2(0) o1 iax 2(0 1
—(Tha >S;z)>>g=—2/dq6‘f hrs(q)/d‘ppz(p_q)zW% '(p.a=p)VE(=p.p—4.9)

L 2(0) (1) (1) ; 1
_«TV’ZM S7S  Ne=4 dkdfel(k+f>xhac(f)hrs<k> dp
2 (G pHp—=¢)(p+k)?

Wa = p.p+ VI (p.—p -k K)VID (p—£.-p.2)

. 1
(T 052y, = -2 / dkat e %O h, (£)h,(k / dp———s
<< P »5 e ac( ) rs( ) ppz(p—k—l/ﬂ)z

W (pk+ = p)WVolD(=p.p—k—£.0.k)

2 . 1 2 2
~(ThnS, 1 he =2 / dkas e hy(€)hs(K) / ap =g Whnae(pok=p.OVEY (=p.p k). (B3)
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The bare integrals corresponding to the diagrams of Fig. 2 referring to Eq. (51) are

Tl bare = _2/ W'””" _k+p7k)vzll7€(l>(p’k_p’_k)
mnrvac p2(p _ k)2
»? (1
—8/ Wmn P,P,O)fom(—lkp—k, k>Vc/l)L( )(P’k_l%_k)
p*(p —k)?
2
Ve (—p.p—k.k) Ve (g, —q + k. k)
+12/d : d W (p,—q.—p + k. —k +
p*(p —k)? T gk (P =4, 9
2(1
-I—ﬂ/ Wmnrs —-pP,P— k k)/d VZ}(,( )(q, _q+k7 _k)
*(p—k)? q*(q = k)?
2 20
_2l/dpv‘fs(>(—p,p—k,k)/d Vi (g —q + k. ~k)Wh." (=q.q) (B4)
p*(p —k)? q*(q - k)?
T"‘”“e(k):4/dp i (=p.p = ke k) Vi (p.k = p. =
mnac p (p_k)
2 2
Vo (=p.—k + p.k) Ve (k—q,q,—k)
_2,1/dp T Pa—_E /dq ypmaeat (B5)
p°(p—k) q°(q —k)

where we have only given the bare integrals corresponding to the diagrams displayed; the counterterm contributions can be
easily derived.

APPENDIX C: REMARKS ON ACTION RENORMALIZATION ON CURVED BACKGROUND

In the notation explained in Sec. III, the bare theory induces purely gravitational infinities that need to be canceled by
counterterms in Sy, as in (18) with (20) and (25). To determine the counterterms, it is enough to compute the effective
action to second and third order in the A expansion.

For the two-point function we have

1 2 >
Tou) = [ dqhmn(=0)hs(@)3 | @p——— Vi (p.a=p.—a)V&" (=p.p — 4.4)
p*(q—p)

/1 / 1 2(1) 1

—5 [ dP————5Vim (p,q—p,—q)/d‘kiV‘fs (=k.k—q, q)} (C1)
2 p*(q - p)? (k- p)?

Performing the calculation to two loop (first order in 2) fixes &), &@) through subdiagrams, and the resulting divergences

give the counterterms y!), y@, p(1) and p@. In contrast, a is not captured because E, does not have a quadratic term in the
expansion on a flat background in the general dimension.
The bare three-point function is

FO(h3) = /dpdq /’lmn(—p)h s(Q)hac(p Q){4/ fZ(f p)l (f— q)z

¢’ v’
o=t pVEY (4.0~ 4.V (0 = pa=t.p = 0)

Z/Jf%%n (bop—t.—p)VolD(=t.6 - p.q.p - q)} (C2)

As observed in [37], the three-point function does capture the coefficient of E,. Despite the fact that it is a total derivative in
D = 4 and vanishes in D < 4, in the spirit of analytically continuing for generic (complex) D, it is indeed relevant in the &
expansion. In fact, the contribution disappears only by using identities that are not valid for D > 4.
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