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Distorted static black holes with a bubble
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We construct a family of local static, vacuum five-dimensional solutions with two commuting spatial
isometries describing a black hole with a S* horizon and a 2-cycle “bubble” in the domain of outer
communications. The solutions are obtained by adding distortions to an asymptotically flat seed solution.
We show that the conical singularities in the undistorted geometry can be removed by an appropriate choice

of the distortion.
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I. INTRODUCTION

A classic result of Lichnerowiscz asserts that the only
globally stationary, four-dimensional asymptotically flat
solution of the Einstein-Maxwell equations is Minkowski
spacetime [1] (see also [2]). Physically, this implies that an
isolated gravitating system with positive energy must
contain a black hole. A similar result can be proved for
electrovacuum static solutions in dimensions greater than
four [3] (see also [4]). On the other hand, in spacetimes
with dimension greater than four, there are a large number
of families of stationary, asymptotically flat solutions that
have positive energy but do not contain black holes (for a
review, see e.g., [5]). Such spacetimes may be referred to as
“gravitational solitons” [6]. They are characterized by
nontrivial 2-cycles, or “bubbles”, which are prevented
from collapsing by a magnetic flux. Indeed, one can show
quite easily using the positive mass theorem and Stokes’
theorem that in the pure vacuum case, with vanishing
Maxwell fields, such solutions cannot exist. Moreover, it
can be proved that the assumption of trivial topology on
Cauchy surfaces is sufficient to rule out the existence of
solitons [7].

Consider the existence of asymptotically flat stationary
spacetimes containing a black hole which has such non-
trivial topology in its domain of outer communication. This
can be interpreted as an equilibrium configuration of a
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black hole and a soliton. Such solutions would produce a
continuous failure of black hole uniqueness, even for fixed
horizon topology, as one could not distinguish between two
black holes with the same conserved charges computed at
asymptotic infinity. Explicit examples of such configura-
tions have indeed been constructed, confirming this con-
tinuous violation of uniqueness for topologically spherical
black holes [8,9]. The nontrivial topology leads to new
terms in the first law of black hole mechanics [7]. The
known examples are all supersymmetric, where there is a
great deal known about the local form of solutions [10].
They have nonzero charge and angular momenta.
Nonetheless, it is natural to expect that nonsupersymmetric,
and possibly even pure vacuum, black hole spacetimes with
nontrivial topology in the exterior region should exist.
Indeed, only recently, an explicit example of a family of
nonsupersymmetric black hole solutions of this type in
minimal supergravity was constructed [11]. The static black
hole uniqueness theorem states that all (electro)vacuum,
asymptotically flat black holes are members of the
(Reissner-Nordstréom) Schwarzschild family [12]. Hence,
any stationary, asymptotically flat vacuum black hole
spacetime with a bubble would have to be nonstatic.
Explicitly constructing smooth solutions of this type is
well-known to be quite difficult.

To gain some insight on this problem, one could consider
relaxing one or more of the conditions, such as asymptotic
flatness or nonstaticity. It is fairly straightforward to
construct explicit solutions describing a black hole bubble
configuration within the Weyl class of static, biaxisym-
metric solutions [those admitting a R x U(1) x U(1)
isometry group with mutually orthogonal generators] [13].

© 2024 American Physical Society
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The resulting local metrics can be chosen to be asymp-
totically flat, but they suffer from conical singularities
associated to the fixed-point sets (axes) of the rotational
Killing vector fields (see Sec. II). The conical singularities
can be chosen to lie either in the interior of the spacetime or
at infinity. As shown by Tomlinson [14], Harrison-type
transforms can be used to produce new solutions of the
Einstein-Maxwell equations from this seed solution. The
new solutions will have additional parameters which could
in principle be used to eliminate the conical singularities,
although the regular solutions will no longer be asymp-
totically flat. Such a strategy was carried out in detail
in [14], although it was found the parameters could not be
appropriately chosen to achieve regularity. In this article,
we will focus on a different approach to achieve regularity;
relaxing the condition of asymptotic flatness. As we
explain below, this can be thought of as including external
matter in the asymptotic region, which distorts the geom-
etry near the black hole.

Most of our understanding of stationary black holes,
their properties and structures come from studying black
holes with maximal symmetry, such as Schwarzschild,
Kerr, or Reissner-Nordstrom-like black hole solutions. In
analogy with the theory of electromagnetism, the study of
such black holes is analogous to the study of a single charge
in an empty space where no interaction is present. We may
wonder to what extent the properties of such black holes
are a reliable guide to those of more general solutions.
Are there new unexpected properties when we study the
interactions of black holes with surrounding matter and
sources? We can think of large black holes as long
wavelength IR backgrounds where Einstein’s classical
equations are reliable. However, the large black holes
have so much information even though they are IR
objects. From this perspective, as stated by Agmon
et al. [15] “black holes are the star of the show in many
aspects of quantum gravity”.

Lately, many of the Swampland conditions are also
motivated by black hole physics, although some others just
have string theory backing [15]. These new developments,
although not the only motivation, enhance the need for
study of more general class of black hole solutions. For
example, it has been shown that some of the features of
black holes are not as universal as we might think. In
particular, it was demonstrated that, in the case of a
distorted five-dimensional Myers-Perry black hole, the
ratio of the horizon angular momentum and the mass
J?/M?3 is unbounded, and can grow arbitrarily large [16].
Similarly, for a distorted Kerr black hole, the solution is
regular outside the horizon even though the spin parameter
can satisfy J2/M* > 1 [17]. There have also been efforts in
investigating various aspects of more general black holes.
For example, a heuristic argument for the universal area
relation of a four-dimensional adiabatically distorted Kerr-
Newman black hole has been proposed [18-20].

Recently, it was illustrated that some deformed black
holes with less symmetry are more stable against more
general class of perturbations [21]. Thus, studying distorted
black holes is crucial as at times their properties diverge
from the universal characteristics observed in symmetric
black hole solutions, challenging our understanding and
highlighting the need for a more comprehensive explora-
tion of black hole physics to capture the diverse phenomena
arising from interactions with surrounding matter and
sources. Although the ideal situation would be to analyze
dynamical black holes, there exists a well-known technique
for constructing distorted static black hole solutions. This
method relies on the fact that for the Weyl class of metrics,
the Einstein equations reduce to solving for axisymmetric
solutions of Laplace’s equation on R? [22]. The resulting
linearity can be used to “deform” a given Weyl solution by
adding harmonic functions. In higher dimensions, using the
generalized Weyl form [13], we can construct distorted
higher-dimensional black holes. In Newtonian gravity,
multipole expansions are commonly used to expand the
potential associated with a particular mass distribution.
Around a central point such a series can be written in terms
of both positive and negative powers of a radial function r
(the origin is » = 0). However it is typically applied to just
one of two situations: 1) if the mass is localized to a small
region then the expansion is in terms of exterior multipole
moments; negative powers so that the potential goes to zero
at infinity or 2) if the mass is in a shell far from the origin
then the expansion is in terms of interior multipole
moments; positive powers so that potential diverges
at infinity. It is in this context that we consider a local
black hole solution. Namely, as pointed out by Geroch and
Hartle [23], the procedure can be interpreted physically as
adding new external “sources” from an isolated self-
gravitating system that distort the interior geometry.' In
this case, in analogy with the multiple expansion in
electromagnetism we do not include exterior sources in
the solution. Thus, the solution is valid only in the interior,
local region near the black hole and suffers from lack of
asymptotic flatness. This solution-generating technique
has been used to produce and study many new solutions,
generally known as distorted black holes or black objects,
such as distorted Schwarzschild, Kerr, or Reissner-
Nordstrom solutions, distorted Myers-Perry black hole,
and static and charged black rings, etc., [16—18,24-46].

In this paper, we construct a distorted local static vacuum
black hole-bubble solution that is smooth in the interior
region (far from external sources) on and outside the event
horizon and in particular is free of conical singularities.

'As discussed in [23], there is no guarantee that these
“sources” will not violate the energy conditions. The allowed
values of the multipole moments will be constrained if one wishes
to only consider distortions that can be imposed by nonenergy-
condition violating matter. Exact constraints must be determined
on a case-by-case basis.
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The solution should not be considered physical in the
asymptotic region where the curvature may diverge along
certain directions. For example, in the case of distorted four-
dimensional Schwarzschild black hole [23], the Kretchmann
scalar diverges at infinity. This is expected, since we consider
a vacuum solution which does not explicitly include the
external matter distribution responsible for deforming the
original asymptotically flat black hole. Similarly, in electro-
magnetic theory, consider a charge distribution located in
some external region characterized by a radius R. In the
interior region r << R, we can perform an expansion of the
potential in terms of spherical harmonics, although the model
is not physical for r/R ~ 1 and the potential will diverge at
infinity. It is expected that the local black hole solution
constructed may be extended into a more general solution,
where the nonvacuum region with the sources is included,
and then the solution is further extendable into another
asymptotically flat vacuum region.

II. THE BLACK HOLE BUBBLE SOLUTION

We first describe a vacuum solution describing a black
hole with a noncollapsing S?> “bubble” in the domain of
outer communication. The geometry is asymptotically flat,
but the metric suffers from two conical singularities along
two axes of symmetry. We briefly describe the construction
of such metrics below.

A. Weyl solutions

The general solution of the D-dimensional vacuum
Einstein equations admitting D — 2 orthogonal commuting
(non-null) Killing vector fields is given in terms of D —3
independent axisymmetric solutions of Laplace’s equation
in Euclidean R3. Such solutions are known as Weyl
solutions based on the classic original work in D = 4.
We will focus on the D = 5 case. We refer to the reader to
the review [13,22] for details.

A five-dimensional Weyl metric can be locally expressed
in the form,

dS2 — —eZUOdtz + eZy(er + dZ2) + eZU]dW2 + 62U2d¢2,

(1)

where ¢ € R is a timelike coordinate, r > 0, z€R, and v, ¢
will be chosen to each be identified with period 2z in order to
obtain an asymptotically flat geometry and/or a regular
solution. The Killing vector fields d,,d,,, d, generates the
commuting isometry group R x U(1) x U(1). The Ricci flat
equations imply that the metric functions U; = U,(r, z),
i =0, 1, 2 are each axisymmetric solutions of the Laplace
equation in R3, which in cylindrical coordinates (7, z, )
reads

FU; 10U, PU;
o ror 072

—0. (2)

Here (r, z) is identified with the orbit space of the original
spacetime by the isometry group and 0~ 6+ 27z is an
auxiliary coordinate. Equivalently, V2U; = 0 where V? is
the Laplacian associated to flat R® with metric

ds? = dr? + r?d@? + dz%. (3)

Note that, the three U; functions are not all independent, but
satisfy the constraint

>~

logr+c. (4)

We can adjust the constant term ¢ freely by rescaling the
coordinates x'. It’s important to note that log r represents a
solution to Laplace’s equation, which is the Newtonian
potential sourced by a one-dimensional rod with an infinite
length along the z-axis, having a uniform mass density
of 1/2. Once two harmonic functions U, are selected, the
Weyl metric is locally fully determined. The remaining
function v = v(r, z) satisfies the first-order equations

O =——+

N\\

2i > ((0,U,)* = (0.U})?), (5)
0

=

2
= > ((9,U)(0.U))). (6)

i=0

The integrability condition for (5) and (6) reduces to (2) and
so v is determined up to quadrature.

Let § denote the restriction of the metric to the Killing
vector fields (0;,d,.d,). Observe that

det@ _ _62U0+2U1+2U2 — (eZC)rZ. (7)

The set r =0, namely the z-axis, can be shown to
decompose into intervals characterized by whether the
timelike field o, is null or a linear combination of the
spatial Killing fields (9,.0,) degenerate. The resulting
submanifolds in the spacetime correspond to an event
horizon or an axis of symmetry of either of the Killing
fields. The points in the orbit space where two spacelike
axis intervals (referred to as “rods”) intersect are called
“corners”. At these points the U(1)? torus action degen-
erates. Potential conical singularities arise on these axes
and the parameters of the solutions must be chosen to
achieve a globally smooth metric. This latter step cannot
always be performed. In particular, this is the case for the
asymptotically flat black hole bubble solution which we
now describe. We refer the reader to [13] where a large
class of examples are discussed in detail.
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B. Unbalanced black hole bubble solution

As described above, an event horizon in the full
spacetime corresponds to a (finite) timelike rod z, < z <
7, on which e?Yo = 0. A finite spacelike axis rod with
corners as endpoints, where one of eVi i =1, 2 vanishes,
corresponds to a topological S (the S! corresponding to the
generator associated to U; degenerates) with poles at the
corner points. Such $? surface lie in the region connected to
the asymptotic region r> + z> — oo and represent “bub-
bles” in the black hole exterior. Another possibility for a
finite spacelike rod is that one of its endpoints intersect the
event horizon rod; such a rod describes a topological disc
(hemisphere) in the full spacetime. Furthermore, for a five-
dimensional asymptotically flat metric, there must be two
semi-infinite axes (—co,z;) and (z,, 00) on which d, and
d, degenerate, respectively; these correspond in the space-
time to the poles of the asymptotic S° boundary at spatial
infinity. For a given spacetime in the Weyl class, the
associated collection of horizon and axis rods is referred to
as its rod structure.

One can construct a simple example of an asymptotically
flat black hole with a S* horizon and a bubble in the exterior
in the region within the Wey] class [47] as follows. Let a, b,
¢ be positive constants satisfying 0 < a < b < ¢ and define

e =/ 17+ (z=k)? = (z = k). (8)

Observe that log y; is an axisymmetric harmonic function
on R3/A where A represents the region on the z— axis
where =0, ie., {(r.,z)[r=0,z>k}; it is the
Newtonian potential for a semi-infinite rod z > k of mass
density 1/2. It is a simple to construct a Weyl solution by
superimposing these potentials and using the linearity of
the Laplace equation. The black hole bubble solution we
will consider has harmonic functions U; defined by

2
eZUO — @’ €2U1 _ r ,ub’ €2U2 _ Halte ) (9)
Ha HoMe Hp

From this choice we may read off the rod structure
(see Fig. 1):

Uo
Uy
U,
0 a b c
I 1 H I D I B I 2
FIG. 1. The rod structure for a black hole with a bubble [47].

Here the finite rod along (0 < z < a) corresponds to a static black
hole horizon with spatial cross section S3.

(1) I;: A semi-infinte rod —oco < z < 0 corresponding to
the asymptotic symmetry axis of d,;

(2) H: A finite timelike 0 < z < a corresponding to an
event horizon with spatial cross section S°;

(3) Ip: A finite spacelike rod a < z < b on which 9,
degenerates. This represents a disc;

(4) Ip: A finite spacelike rod b < z < ¢ on which 9,
degenerates. This represents a bubble as explained
above;

(5) I, Asemi-infinterod ¢ < z < oo corresponding to the
asymptotic symmetry axis on which d, degenerates.

This solution represents an asymptotically flat black hole
with horizon cross section S? with a nontrivial 2-cycle
(bubble) in the domain of outer communications, i.e., the
exterior region to the black hole from which light signals
can escape to the asymptotic region. Solutions of this type
were considered previously [47] (see also [14]).

Before proceeding, it is helpful to compare the black
hole bubble solution considered here with other five-
dimensional Weyl solutions which also contain finite
spatial rods. First recall that, as explained above, there is
both a finite spatial rod whose endpoints are corners (the
bubble) and a second finite rod with one endpoint on the
horizon (the disc). Consider the solution with the rod
diagram given in Fig. 3(c) of [13] which has a single spatial
finite rod. This rod corresponds to a disc in the spacetime,
not a bubble, and further the full spacetime is not
asymptotically flat. This is because the same Killing field
vanishes on both of the semi-infinite rods, characteristic of
having an asymptotic spatial boundary S' x S? (that is, it is
“asymptotically Kaluza-Klein”). In contrast, our solution is
asymptotically flat since a different Killing field vanishes
on the two semi-infinite axes, and it also has a genuine
bubble as well as a disc. Next, consider the recently
constructed family of Weyl metrics with rod diagram as
in Fig. 11(d) of [48]. This rod structure also has a finite
spatial rod that corresponds to a disc, not a bubble, and
furthermore, one of the semi-infinite rods is actually in the
timelike direction, corresponding in the spacetime to an
acceleration horizon similar to that of the C-metric (see the
discussion in [13]). Thus this solution is neither asymp-
totically flat nor asymptotically Kaluza-Klein.

To write the metric in the form (1) requires an explicit
expression for the function v. We follow the approach of
Iguchi, Izumi, and Mishima [49]. Define the Euclidean
distance from a point in the orbit space from (0, z),

R, =/ + (z=¢)? (10)

and

fie =R.+(z-¢) (11)

along with U, = 1log(R, + (z — ¢)) so that i, = €*Ue,
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1— 1— 1
g==U.,+=U;—-logY,
Ycd 2Uc +2Ud 4Og cd>
ch = RcRd + (Z_ C)(Z - d) =+ 7'2. (12)

Then the y,.,; satisfy the first-order equations
0¥ ea = r(arﬁcarU_d - azﬁcazU_d)’ (13)
azrycd = r(grﬁcaZU—d + aZFL‘arU_d)' (14)
For the black hole bubble solution, we can rewrite the U, in
terms of the U,
UOZU_a_ﬁm Ulzﬁo—’_ﬁc_U—b’
Uy =logr-U,—U,+U,. (15)

This leads to the relations,

20y — & , U1 — HoHc ,

Ho Hp

2_
2V = TH (46)
Bl

e

It remains a tedious process to rewrite dv in terms of the U;.
Doing so and comparing to (13), (14) one finds [47]

Z/(F,Z) ZE_U_a_U_c+yOO+7aa+ybb +7c‘c
—7Y0a +YOC _}/Ob_zybc+7ac_7ab +C’ (17)

where C is an integration constant which is fixed by requiring
asymptotic flatness. Consider the flat Euclidean metric on R*
in spherical coordinates (R', 0, ¢y, ¢»),

84 = dR? + R"*(d6? + sin? 0d¢? + cos? 0dg3),  (18)

with R" > 0, 0 € (0,7/2) and ¢;, i = 1, 2 are angles with
period 2z. We can rewrite this in the Weyl form by
identifying ¢p; = w, ¢ = ¢ and using the transformation,

R=[2+ 24 wn20=", (19
z
which has inverse
R sin 26 R"? cos 26
r= %, 7= %, (20)

one finds that the Euclidean metric on R* is
dr? +dz?

T
+ <\/ r2+z2—z>d¢2. (21)

Thus, for a Weyl metric to be asymptotically flat, we require

that as R’ — oo, €% — \/2R2 + O(R'~*). Comparing this
to (17) fixes

54 ( P42+ z) dy?

1
C=- Zlog 2. (22)

To summarize, the local form of the metric describing an
asymptotically flat black hole with a bubble in the exterior is
given in the Weyl form (1) with metric functions (9) and
conformal factor v given in (17) and C fixed by (22).

We now turn to global properties of the metric. The
functions (9) are analytic everywhere away from the singular
sets of the U,; (being compositions of the exponential
function and harmonic functions) and hence the metric is
analytic as well away from the singular set defined by r = 0.
Each U; becomes singular on some interval (z;_;, z;) of the
z-axis, corresponding to the horizon or axes. These intervals
meet at rod points z; where two of the Vi simultaneously
vanish. Regularity of the metric at these points is guaranteed
provided certain admissibility conditions are met (namely,
that the determinant of the matrix formed by the associated
rod vectors is £1) [50]. This condition is automatically
satisfied for Weyl solutions as the rod vectors are orthogonal.

Potential singularities may arise on the interior of each
interval upon which a given U; behaves like log r as r — 0.
The singular set of U, corresponds to the event horizon
where 0, becomes null. Our choice of U, is sufficient
to guarantee that the metric will be smooth across the
horizon [50]. The other types of singularity that can arise
are conical singularities associated to fixed point sets of the
rotational Killing fields. Consider an axis rod (a codimen-
sion-2 surface in spacetime), upon which a spatial Killing
field K vanishes. Let ¢ be an adapted coordinate so that
K = d,. A smooth degeneration of K (removal of conical
singularities) requires that ¢ ~ ¢ + A¢, where

r2€21/

LG

A¢ = 2zlim (23)

For a solution with multiple axes for a given K = d,,, d,,
it is not generally possible to choose Ag, Ay so that all

conical singularities are removed.
Along the two semi-infinite rods, it is easily checked that

) r2€2u
1lm2—U = 1,
r—0 e“%2

) r2e2v
z>c Iim——=1,

= z2<0
r—0 EZUI ’

(24)

which fixes the periodicities Ay = A¢ = 2x. This is
necessary due to the requirement that the spacetime is
asymptotically flat, and hence there is an asymptotic round
S? boundary at spatial infinity.

For a black hole with a bubble, there are also two finite
axis rods as shown in Fig. 1. Each finite axis rod in this
solution is associated to a conical singularity. First, we
examine the case of Ip, the disc topology region corre-
sponding to r = 0,a < z < b along which d, degenerates.
A calculation shows

a<z<b<c. (25)
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Regularity requires that this be equal to unity, implying
b + ¢ = a. However, since by assumption 0 < a < b < c,
this cannot be achieved. Next along the bubble rod /z where
r=0,b<z<c along which 0,,, degenerates, we find

) r2 e21/
lim
r—0 e

T = b<z<c. (26

Howeyver, it is clear that

(c—b)?
c(c—a)

< 1. (27)

Therefore, there is no way to choose the parameters (a, b, c)
to remove the conical singularities while keeping the rod
structure fixed, i.e., 0 < a < b < ¢. One could choose the
periodicities of the angles so that the conical singularities are
removed on thedisca < z < bandonthebubbleb < 7 < ¢
although the resulting solution would have conical singu-
larities along the semi-infinite rods that extend to spatial
infinity. We will, for brevity, refer to the solutions where ¢
and y have period 2z as BHB-AF, since the spacetime is
asymptotically flat, although it is not free of conical
singularities in the interior region. As a comparison, also
consider the area of the black hole, bubble, and disk for the
undistorted black hole bubble solution, where the period of
¢ and y are given by A¢ = 27+/b(b—a)/c(c —a) and
Ay = 2x(c — b)\/1/c(c — a), respectively. We will denote
this solution by BHB-NF, since the spacetime is not
asymptotically flat. In this case, the bubble and disc are
smooth, although the horizon S will have conical singu-
larities at one of its poles (z = 0).

Before we turn to constructing the distorted solution, we
give expressions for some geometric invariants of physical
interest. From the expansion

Ap =2rx /C ev"Vadz = 2x(c — b) ll -
b

and the area of the disc (hemisphere) is

2w

V(e —a)

b
Ap = 271/ etlidz =
a

C. The event horizon

The Weyl coordinate system covers only the region
of spacetime outside any event horizons. Note that g,, =
—e?Y < ( and it vanishes in the limit » — 0 and z € (0, a).
We can pass to a natural radial-type coordinate by intro-
ducing coordinates (p, x),

2(a)

R/2

gu(R'.0) = -1 + + O(R) (28)

one can read off the Komar mass
m=—, (29)

which must agree with the Arnowitt-Deser-Misner (ADM)
mass for stationary, asymptotically flat solutions. Note
that the mass is independent of the parameters (b, ¢). The
surface gravity of the event horizon is

) €2U° c
k=lim\ 2w =\ 2ap (30)

where 0 < z < a on the horizon rod. Spatial cross sections
of the horizon have topology S* with an inhomogeneous
metric. As discussed above, here will be a conical singu-
larity at one pole (at the pole z = a where d; vanishes).
The area of the horizon is

a 2ab
Ay = / du = 47z2/ Uity = 4n2ay |22, (31)
H 0 ¢
Observe that the Smarr relation
3kAy  3rma
= =—. 32
" er 4 (32)
holds. The Komar mass on the horizon,
3 3 a 3
my =—— [ xdk = 2 0,UyeVotUitlagy — 2 a,
32 H 0 4

(33)

which equals the mass computed at infinity, as it must by
Stokes’ theorem. The area of the S? bubble is

ozas |

Vi—via o

{b—a—i—amsinh‘l (g— 1)} (35)

2
2 (2 N\ _ .2 _4a
r _< 4)(1 x*), z=5+tpx. (36)

In this coordinate chart, the horizon corresponds to
p =a/2 and |x| < 1. Under this transformation,
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2.2 d 2 dx2
e?(dr? +dz?) :ez”<p2—a * ) L P :+ ] (37)
4 2_a ] —x?
4
The metric degenerates at the horizon endpoints
p=a/2,x==1. In the region near the horizon, the

(t,r) part of the metric can be expressed in terms of
(p, x) coordinate chart as

a

a2 = -2"2(1 1 0(p - a/2)?)dr?
dp?> [ b
+p_% Lc+ O(p—a/Z)Z]. (38)

We can then introduce coordinates that are regular on the
event horizon by

v=ql [r + \/%mg (p— a/Z)] (39)

in which case the metric takes the form

[ b

where the “...” denote terms that are smooth as p — a/2.
We thus conclude that we can analytically continue the
metric through the (nondegenerate) event horizon into the
black hole interior region.

The geometry of the horizon is given by

ab 2(b-2)z
d2: d2 d 2
g 2zc(a—7z) o c—z 7V
2(a—z)(c—z2
+ Ha=2)le=2) 5 z(z ) dgp?. (41)

This can written in a simpler form by writing x = cos 26
with 0 < 0 < 7/2, giving

(b — acos*d)cos?0 |,

¢ — acos*@

b
ds? = 2a|-do* +
c

(¢ — acos?0)sin’0

do?|. 42
b — acos?6 ¢ (42)

This can be extended to an inhomogeneous metric on S3,
although it necessarily has a conical singularity at one the
two poles at @ = 0 or 6 = /2.

III. DISTORTED BLACK HOLE BUBBLE
SOLUTION

A. Distorting Weyl solutions

For the Wey] class of solutions, the construction of a full
vacuum equations reduce to selecting two axisymmetric

harmonic functions in R3. The Laplace equation is obvi-
ously linear, and so it is relatively simple to superimpose
solutions. In particular, one can add higher-order axisym-
metric harmonics to an existing solution in such a way that
the underlying rod structure (but not the geometry) is
unaffected.

Although one can formally consider the solution even at
the infinity. Such consideration would lack proper physical
interpretation. As we discussed in the introduction, we have
two choices either to analyze the spacetime in the interior
region of the sources or the exterior region of the sources.
This is in analogy with the interior or exterior multiple
expansions in the electromagnetism. We choose the interior
multiple moments. Thus, our solution is valid only in the
interior region, i.e., a local distorted black hole by presence
of external sources. In such analysis, the solution is not
asymptotically flat. In other words, between the black hole
horizon and the asymptotic infinity the sources are located.
However, the vacuum Einstein equations we use here to
construct the distorted black hole solution cannot account
for the sources and thus are valid only in the interior region
of sources far away from the sources. As we will see, this
can help to remove conical singularities in the black hole
bubble system, at the cost of asymptotic flatness.

Consider a fixed Weyl solution (U;, D), referred to as
the background solution. We consider a solution (U;,v)
defined by

U, =U, +U,, v=0+7D, (43)

where (U;, 7) are understood to represent the deformation.
We have

Uo+ U, + U, =logr, Uy+ U, + U, =0. (44)
It is convenient to reparametrize the background and

deformation fields in terms of unconstrained fields as
follows:

Uy=U+W-+logr, U =-W, U,=-U, (45)
p=V+U+W, (46)
Uy=U+W, U =-W, U=-0 (47
p=V+U+W. (48)

The Weyl metric is then expressed as
ds? — 62(0+W+0+W)(_r2dt2 + te2(\7+\7)(de + drz))
+ e—2(W+W)dll/2 + 6_2(U+U)d¢2. (49)

The background fields U, W are both harmonic whereas V
is determined from
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(50)

(51)

In addition, the deformation fields &/ and W are harmonic, and V can be obtained by using the following integrable
equations:

(52)
Choosing the black hole bubble solution as the background, we read off
U=-U,= llog (@&) (53)
2 Uy
W =0, = jlog 21, (54
Ho He
and since U, - U, - U, = U, - U, - U—logr—U, + U, = —U — log r we have
- ~ 1
v=-U- 10g " +Y00 + Yaa T Yoo+ Vee = Yoa T Yoe — Yoo — zybc +Yac = Vab — Zlog 2. (55)
We also have V=0 - U - W
- ~ 1
V==2U-W-=logr+vyw+7Yw+7Vow+Yec=Y0a+Yoe=Yob = 2Vbc + Vac — Yap —1082. (56)

4

We now determine the deformation field explicitly. The
solution of Laplace equation is well known in cylindrical
coordinates (r,z). As mentioned before, the functions U
and W satisfy the Laplace equation (2). In the cylindrical
coordinates the solution of Laplace equation is

X(r.z) = Y AR+ A,R"IP, (cos 9).  (57)

n>0

where

o VEEE

— (58)

cosd = i.

R
where P, (cos d) represent the Legendre polynomials of the
first kind, m is a scaling free parameter, and X refers to
either U or W. The expansion (57) involves two sets of
coefficients, A, and An, which can be attributed to interior
and exterior multipole moments, respectively [51], in the
sense that they represent distortions to the gravitational
field that arise from the “near” and “far” region respec-
tively. In this discussion, we only consider A, coefficients,

which describe the local distortion of a black hole with a
bubble due to external fields and will be called (interior)
multipole moments. These deformations vanish as R — 0
but diverge at infinity.

It is possible to obtain the function V by using Egs. (52)
if the distortion fields &/ and W are already known. We can
rewrite Eq. (52) as V = V; + V,, where

Vi=Voo+Viw + Vo, (59)
Vao=Vow+ Vg +2Vo + 2V, (60)
where
Viegr = 1(f 19— f292); (61)
Vigge = r(fr9:+ f29,) (62)

The three parts V5, Vi, Vi involve only the distor-
tion fields. We can write the function V, in the following
form:
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‘7122

n,k>1 n

nk
+k

where P, = P,(z/R).

(anak + anbk + bnbk)RrH_k[PnPk - Pn—lPk—l]v

(63)

Due to the fact that U/ and W are logarithmic functions, we can further decompose each of the 60 terms in the

following manner:

and we know

Thus,

Then each term can be found by a line integral,

Von(r.) = /( (Vo) 4 + (Vo 2) 42

(70)

where the integral is taken along any path connecting the
points (g, z9) and (r, z). Thus, the field V is defined up to
an arbitrary constant of integration defined by the point
(ro, o). We choose this arbitrary constant using a boundary
condition. Here, [T's are to be filled with the corresponding
notation for each term in V. After calculating V5, Vi
|

1

Vs(r.z) = (_—> [(Bi —A)(R, —R.) + (2A, + By)R, — (A; + 2B )Ry +3(A; + By)z], n=1,

2m

)A(,r - UZ)A(Z) (64)
X, - (U:+U,-T,—logr) X.), (65)

v X (66)
v — Vg —X (67)
X, -Ww._X.), (68)

_0 - Fc‘)zj\( Z)
rX r _O,Z)A(,z) - r(_c.rf( r— FC,zj\(z)

=Vo2 - Vs - Vox (69)

Vi > and Vi we can obtain V, by (60) for each of the
multiple moments.

Given the metric form (49), the functions (53)-(56) for
the background spacetime, and (57) when 12\,, =0, (63) for
V1, (60), Egs. (67), (70), (70) for V, and V = V| + V,, we
have the general form of the metric. The only terms that is
given in terms of the integral is V, which is very tedious to
compute it for higher orders.

In this paper, we give explicit expressions forn = 1, 2, 3
moments (here A,, B, denote the coefficients in the
expansions of U,w, respectively),

(71)
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2m

Vy(rz) = (‘—1) (243 + B)(a + )Ry + (b + 2)(Bs — A2)Ry — (As + 2B3)2Ro + (c + 2)(As - B2)R.]

Vy(r.2) = (%) [(r* = 22%)(2B5 + A3)Ry + (2d* 4 22 — r* + 2az)(B; + 2A;)R,]
- (4};) [(2b2 + 222 — 2 4 2b7) (B3 — A3)Ry, — (2¢ + 22% — 12 + 2¢2) (B3 — A3)R.]
- (4—;3> [(62° —9r°2)(A; + B3)], n=3. (73)

Note that for all of these V = V, + V, satisfy the Eqgs. (52),
which implies vacuum Einstein equations are satisfied.
However, we have also explicitly confirmed that metric
(49) with the functions (53)-(56) for the background
spacetime, (57) for U or W and (63) for V; and V, given
by (71)=(73) satisfy Einstein equations. Note that for V,,
we can choose any value of n or sum of any combinations.
The same is true for U, W, or ‘71. However, in analogy to
the multiple expansion in electromagnetism or gravitational
Newtonian potentials of external sources (corresponding to
the interior multiple moments), A,, and B,, become weaker
with increasing value of n. In the four-dimensional case
these relativistic multiple moments were mapped to
Newtonian multiple moments of a ring of mass or two
masses along the axis in [38] in the simplest case.

B. Regularity

As aresult of the constraint (44), the rod structure, which
is determined by the zeroes of the determinant of the
restriction of the metric to the Killing fields (in the Weyl
coordinate system, this is simply the function r?), is not
changed by the deformation. The deformations are char-
acterized by harmonic functions which diverge at asymp-
totic infinity but remain smooth and bounded everywhere
else. Analyticity of the metric is thus guaranteed, as in the
undistorted case, away from the singular sets of the
harmonic functions. We have also confirmed the regularity
of the spacetime by explicit computation of the curvature
invariants of the spacetime.

1. Dipole deformations

The dipole term in a multipole expansion represents the
lowest-order contribution to the field or potential, followed
by the quadrupole, octupole, and higher-order terms. The
strength of these terms diminishes with increasing order,
meaning that the dipole term typically dominates the
behavior of the system compared to higher-order terms

such as the quadruple. In many physical systems, especially
those with a significant degree of symmetry, the dipole term
may be the most important in determining the overall
behavior. In what follows a dipole deformation refers to
the case where A #0, B; #0, and A, = B, =0.
Similarly, the quadruple case refers to when A, # 0,
B, #0, and A, = B, = 0. The functions U and W
and thus multiple moments A, and B,, are independent, and
correspond to independent distortion fields.

When addressing the conical singularities using multiple
moments, the goal is to utilize terms such as dipole and/or
quadruple to remove the conical singularities from the local
black hole bubble solution. Although in removing the
conical singularities we would need to impose conditions
on values of multiple moments.

Let us consider the solution on the negative semi-infinite
rod z < 0,

r2v

. e
b= 1213W =exp [=(24; + By)a— (A} — By)(c = b)],

(74)
whereas for the finite bubble rod with b < z < ¢,

2 v 2
. ree c—b
ﬂz—l]]ll oY —( )
r—0e~~1

c(c—a)

x exp[(2A; + By)a— (A, = By)(c+b)].  (75)
Regularity requires f; = 5, and then the period of
must be Ay = 2x+/f,. On the semi-infinite rod z > c,
the Killing vector field d, degenerates, with regularity
requiring,

B3 = exp[(2A, + By)a+ (A; = B)(c = b)]. (76)

Similarly on the finite rod a < 7 < b,
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(b—a)b
c(c—a)

Regularity requires f3 = f, and that the period of ¢ must
be A¢ = 27+/B5. Then

Pa=

exp[(2A, +By)a—(A; = By)(c—=b)]. (77)

ﬂ o . (C—a)c
ﬂ_i_ : —mexp [2(A; = B;)(c—=b)] (78)
and
c—b)2
%: 1= E(c _bc)l) exXp [261(2A1 +Bl) —Zb(Al _Bl)]~

(79)

The former gives

which leads to

fEREEDT W

Substituting this back into (80) gives

(a* = 2az +27%)

2a—2b+c _b=2a
o (cle=aEF BB -
(¢ =b)w

Note that the right-hand sides of (81) and (82) are strictly
positive so that A; and B, are uniquely defined. Of course,
as the rod points of the undistorted solution approach each
other (i.e., a —» b or b — c¢), the distortions required to
achieve regularity become arbitrarily large. We consider
such case unrealistic.

In summary, regularity of the metric is achieved provided
we choose the distortion parameters (A, B;) to satisfy (81)
and (82), respectively. In this case the periods of y and ¢
must be chosen to be

Ay = 27/, Ap =27/, (83)

where

ﬂl — (eAl )—(2a+c—b) (eBl )c—b—a7

/}3 —_ (eAl)ZzH—c—b(eBl)a—(c—b). (84)

Near the horizon surface, the dipole distorted metric is

ds? — —exp [2<A1 + Bl)Z] <4Z(a1_ Z) P2 —

+exp[(—2a+b—c+2z)A1—(a+b—c—2z)Bl]<

16z°(a — z)?

—_

ab

m + 0(r2)> (dr? +dz?)

2z2(=z+b)  (z* —4cz® + (4bc + 2¢?) 7> = 2bc(b + ¢)z + b*c?)
" << (c—2) 22(c -2 (~z + b) 2
2(a—z)(c —z)exp(=2412)\ , ,»
g ( (Ce+b) )d¢ |

r > exp(—2B;z) + 0(r4)>dy/2

The metric on the horizon of the distorted black hole is given by

ds3 =2a <exp [((A; + B)(2cos’0 — 1) — A)a + (A, = By) (b — c)}ngZ

(b — acos’d)cos>6

+ exp[—2aB;cos*d] (e — acos’0)

where 0 < @ < z/2 and z = a/2 + a/2 cos 6. The metric
extends to a smooth metric on S3. Note that removing the
conical singularity at @ = z/2 requires that the period of y

dy? + exp[—2aA,cos?d]

(¢ — acos*@)sin’0 d¢52>, (85)

(b — acos?0)

is given by Ay = 27/f5. This corresponds to the removal
of the conical singularity on the semi-infinite rod z < 0.
Similarly, removing the conical singularity at 0 =0
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requires that the period of ¢ is given by A¢p = 27z+/f,. This
corresponds to removing the conical singularity on the
disc a <z < b.

2. Quadropole deformations

We now turn to the n = 2 deformations parameterized by
(A5, B,). For the quadruple case, we consider A; = B; = 0.
We seek to mitigate conical singularities by choosing
appropriate values of multiple moments of (A,, B,). Such
adjustments show that we can balance the black hole bubble
system when the black hole is surrounded by appropriate
sources.

On the negative semi-infinite rod z < 0,

r2u

. e
7= lrlgolﬁ =exp[—(24; + By)a’ = (Ay = By)(c* = b?)].

(86)
whereas for the finite rod with b < z < ¢,

2 v _b2
yy = lim 8 — €= 0)

0?1 c(c—a)

x exp[(24; + By)a® — (Ay = By)(c* + b)) (87)
Regularity requires y; =y, and that we impose the
periodicity condition y ~ y + 2z, /y;. On the semi infinite

rod z > ¢, the Killing vector field d, degenerates with
regularity requiring,

3 = exp [(2A; + By)a* + (A, — By)(c* — b?)].  (88)

Similarly on the finite rod a < z < b,
|

2

(b—a)b

c(c—a) €xp KZAZ + Bz)az — (A — BZ)(Cz - bz)]

V4 =
(89)

Regularity requires y; = y, and that the period of ¢ must be
A¢ = 2r,/y3. Using y3/y4 = 1 implies

5 c(c—a) s A
e = | ——+ e (90)

and using y,/y; = 1 fixes

1

] 1)

o [<b<b ~ )T
(c— b

—a2-2p2 42

(c(c - a)) "2

which gives

2a2-2b2 42

1 L2 p2—242
e = (12 oo = el -
Cc —
(92)

In summary, we must select the period of y to be

Ay =2mJ7i. g = e DI ERIB:  (03)
and the period of ¢ must be chosen such that

A¢ _ 2”\/7/_’ y: = e(2a2+cz—b2)A2e(az—cz+h2)Bz' (94)

The horizon metric of the deformed black hole in terms of
the quadropole parameters A, and B, is given by

b
ds? = %exp[—az(ZAz + B,) — (Ay — By)(c? = b?) + 2a*(A; + B,) cos* 6]

2a exp|—2a*B, cos* 0] (b — a cos? ) cos? O

a4 2a exp|[—2a*A, cos* 9](c — a cos® §) sin® §
W

dg?, (95

¢ —acos?f

where 0 < 0 < z/2 and z = a/2(1 + cos 26). Where, this
also confirms that to have a smooth metric on S3, we
have the above regularity conditions Ay =2x,/y; and

Ap = 2775

C. Physical properties

In this section, we discuss various classical properties of
the black hole, bubble, and disk. For brevity we will use the
acronym DBHB to refer to the smooth distorted black hole
bubble solution. Simple expressions are obtained for
horizon/bubble area, and surface gravity. We find that
the Komar integral over the horizon (33) is unchanged
when the black hole gets distorted. Recall that the surface
gravity is defined by

b —acos?6

K = —é (V&) (V). (96)

where, V,, is the covariant derivative defined with respect to
the metric and limit as the horizon is approached is under-
stood. Here, we have considered 5‘(‘” = 7. However, since

the spacetime is not asymptotically flat, the surface gravity is
defined only up to an arbitrary “red-shift” factor. More
precisely, the surface gravity is only defined up to an arbitrary
constant which depends on the normalization of the time-like
Killing vector. In this case, the quantity of the surface gravity
is changed by an exponential factor (which can be absorbed
considering the redshift factor),
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iﬁn{a@a+c—bm,+34a—c+mﬂ, ifn=1,

¢2Uo

k=Ilim{/—5— =
r262v

r—0

(97)
vﬁﬂpﬁ@f+ﬁ—ﬁmrwf—&+wwﬂ,ﬁn:z

The surface area of a spatial cross-section of the black hole horizon is a key feature that gives its entropy and information
content. For the undistorted black holes, it obeys a “second law”, or area theorem, subject to energy conditions, that requires it to
be nondecreasing. Note that, in general a distorted and an undisturbed black hole are not related to each other by a dynamical
process of bringing masses around a black hole adiabatically from infinity, although such process could be formally imagined.

The area of the horizon for the dipole distortion is

2a*b 1
Ay = ApAy exp 5(—(2a—l—c—b)A1 +(c—a-D)By)|. (98)
and for the quadruple distortion it is
2a°h 1 2, 2 _ 2 2_ 22
Ay = ApAy exp 5(—(261 +c* = Db*)Ay + (¢* —a* — b*)B,)|. (99)

We could formally define the mass of the nonasymptotically
flat solution by setting

(100)

although, we emphasize that this identification does not
come from some well-defined ADM energy. As is well-
known, mechanical laws of black holes represent relations
between the black hole variables, such as mass, horizon
area, surface gravity. These can be thought of as describing
the tangent space within a family of solutions (i.e., a
linearization). The classic works of Bekenstein [52] and
Bardeen, Carter, and Hawking [53] have shown that the
mechanical laws governing classical systems containing
black holes can be placed in analogy with those of
thermodynamics. This correspondence has been made
explicit for many solutions.

Geroch and Hartle investigated this correspondence for
the systems of black hole plus distorting matter for a
Schwarzschild black hole in four dimensions [23]. They
considered the black hole as a single system acted upon by
the gravitational forces of the external matter and found that
its laws continue to have a simple correspondence with
those of thermodynamics. The first law of black hole
mechanics delineates a connection between two equilib-
rium states of a black hole, altered by variations in its mass,
horizon area, and additional parameters such as electric
charge and angular momentum, alongside alterations in
the stress-energy of surrounding matter, if applicable. The
global first law applies to the system comprising both the
black hole and the external matter influencing it. Extending

spacetime to attain asymptotic flatness is necessary to
define the global first law of black hole mechanics.
Achieving this extension is done under the assumption
that the solution can incorporate the sources of the
distorting matter. To achieve such an extension, we need
to violate the Finstein equations within the vicinity of the
source’s position. Then, such an extension requires con-
sidering the solution at the exterior region of sources and
requiring the decay of the distortion field as we approach
spatial infinity and extending the manifold to infinity.

A
B

18000+
16000+
14000+
12000+
100004

80004

6000+

o" s
4000 - -
2000 -
. o
e e —-

; Lk

—

1 2 3

b=2— — — ph=3—— - —— - ph=5 === ph=7

FIG. 2. Area of the bubble Ay for dipole distortions of the
DBHB for several values of b. In this plot a = 1, ¢ = kb.
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FIG. 3.
of b. For both cases a = 1, ¢ = kb.

The constructed solution in this paper is valid only in the
interior region of the sources. Only when such an extension
is formally performed beyond the region where external
sources are located, can we then normalize the timelike
Killing vector £, at spatial infinity such that & . On the
other hand, the local first law applies specifically to the
black hole system itself, excluding any consideration of
distorting matter within black hole mechanics. It is for-
mulated by observers residing close to the black hole who
solely attribute the local gravitational field to the black
hole, viewing it as an isolated and undistorted entity. Thus,

304

204 -.

e — — — — — — — — —

10 20 30 40 50 60 70 80 90 Kk

b2 — —b=3—— = - b=5rcrccccccb=]

Area of the bubble Ay for dipole distortions of the BHB-AF solution (left) and the BHB-NF solution (right) for several values

assuming that there is no other matter presenting the
spacetime is asymptotically flat, they define its surface
gravity, the horizon area, and the black hole Komar mass
such that they satisfy the Smarr formula (100). Note that as
far as the Smarr relation is concerned, the bubble and disc
surface will not contribute in the vacuum, although such
contributions do appear when refinements to the Smarr
relation are considered, such as those discussed for asymp-
totically flat vacuum solutions in [54].

The area of the bubble and disc of the distorted solutions
are, forn =1

¢\/%AC\/ZCXP B((Za—b—c—Zz)Al+(a+b+c—2z)B1)]dz,

- b 1
= Ay/,/b(b a)/ J——exp [—((2a+b—c—2Z)A1 —|—(a—b+c—2z)Bl)}dz, (101)
c(c=a))s Vz—a 2
and for the quadruple distortion,
Ad(c —
Ap = \/L/ 1/ exp[ ((2a%> = b? — 2 = 27%)A; + (a® + b + 2 —2z)32)}dz,
(c—a)
b(b—-a) ) )
Ap = Ay exp |z ((2a* + b* — ¢* = 22%)A, + (a* — b + ¢* = 27%)B,) | dz. (102)
c(c—a) z—a

In this section, we consider the area of the black hole, bubble,
and disk for the smooth distorted black hole bubble solution
(DBHB), i.e., where the distortion parameters A;, B; are
chosen to remove the conical singularity. This requires that

the period of y and ¢ are given by (83). We consider the area
of the black hole horizon, bubble and disk for the asymp-
totically flat undisturbed black hole bubble solution, where y
and ¢ are identified with period 27.
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b=2— — —b=3— * — b=5

FIG. 4. Area of the horizon Ay for dipole distortions of the
DBHB for different values of b. In this plot, a = 1 and ¢ = kb.

In these various cases, the solutions are parameterized by
the positive numbers 0 < a < b < c. In order to simplify
the analysis, we will use the scaling freedom to arrange
a = 1. We can then consider plots of physical quantities
with ¢ = kb where k > 1 while varying the distance b — a.
Ideally, one would like to eliminate these parameters in
favor of physical quantities, namely the area of the horizon,
bubble, and disc. One could then compare, e.g., the size of
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the horizons of the distorted and undistorted cases with
fixed bubble area. However, we have found it too compli-
cated to perform this explicitly. It should be noted, of
course, that the interval lengths » — a and ¢ — b are, in fact,
geometric invariants that can be used to uniquely character-
ize vacuum Weyl solutions [55].

In Fig. 2, we consider the area of the bubble Ap for
DBHB, for different values of » in the case of dipole
deformations when we increase ¢ = kb. We compare this
area to the case of the BHB-AF or to BHB-NF in Fig. 3.
Roughly, as b is increased, the horizon area decreases while
the bubble and disc areas grow. Qualitatively, the BHB-AF
and DBHB show similar behavior. As k is varied, we expect
the area of the bubble to grow (indeed as k — 1 the bubble
rod disappears). Consider next Fig. 4, in which plots the
area of the horizon Ay for DBHB, for different values of b
in the case of smooth dipole deformations. We compare this
area to the case of the BHB-AF and BHB-NF in Fig. 5.
Here, the distorted black hole-bubble shows qualitatively
different behavior; as k grows (the size of the disc rod
becomes large) the area of the horizon approaches a
constant independent of k, whereas in the undistorted
case, the area of the horizon grows arbitrarily small. In
particular, for the BHB-AF case, the horizon area is
independent of b. In Fig. 6, we consider the area of the
disk Ap for the DBHB, for different values of b in the
case of dipole deformations. We compare this area to
the case of BHB-AF and BHB-NF in Fig. 7. We observe
that for BHB-AF when we increase c¢, the area of the
bubble increases while the area of the black hole horizon
and the area of the disk both decrease (see Figs. 3, 5,
and 7). In contrast, this behavior is not observed for
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Left side: area of the horizon, Ay, for dipole distortions of AF black hole-bubble solution for different values of b. In this plot

a =1 and ¢ = kb. Right side: area of the horizon, Ay, for dipole distortions of the BHB-nf &. In this plot ¢ = 1 and ¢ = kb.
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FIG. 6. Area of the disk, A, for dipole distortions of DBHB for
several values of b. In this plot, a = 1, ¢ = kb.

BHB-NF or DBHB. In the case of DBHB, the area of
the bubble increases with increasing c. However, the area
of the black hole horizon or disk may decrease or
increase (see Figs. 2, 4, and 6). Enforcing the removal
of conical singularities on the bubble and disc (that is, for
the BHB-NF and DBHB) seems responsible for this
behavior.

Finally, Figs. 8 and 9 directly compare the distorted
the BHB-AF cases by plotting the ratios of the areas of the
bubble and horizon respectively at fixed values of the
parameters. In Fig. 8, the bubble interval length ¢ — b is
held fixed on each curve with a = 1 and we allow b to vary.
One sees that the distorted bubble area is initially larger
than that of the undistorted case, but as b increases,
smoothness forces the distorted bubble to have a smaller
area than the undistorted solution. The ratios of horizon
areas of the distorted and BHB-AF are plotted in Fig. 9.
One observes that in both cases, increasing a while holding
¢ —b =0>b—a fixed has a strong effect on the distorted
solution, forcing the areas of the bubble and horizon to
increase quickly relative to the undistorted case. Note that
A, and B, both diverge as b — ¢ or k = 1, so they can no
longer be thought of as small.

IV. DISCUSSION

An interesting feature of asymptotically flat black hole
solutions in spacetime dimensions larger than four is
that the domain of outer communication need not be
homeomorphic to the exterior of a ball in Euclidean space.
As discussed in the Introduction, explicit examples of
such solutions have been found in supergravity theories.
Such solutions necessarily carry an electric charge. There
are no theorems, however, that rule out the existence of
pure vacuum solutions. In this work, we have constructed
completely regular vacuum solutions in this class by
relaxing the asymptotic flatness condition. The solutions

b2 —— —b=3—— b5 b=7

b=2— b3 b=S e b

FIG. 7.

Left side: area of the disk, A, for dipole distortions of the AF black hole bubble solution. In this plot @ = 1 and ¢ = kb. Right

side: area of the disk, Ap, for dipole distorted BHB-nf for different values of b. In this plot @ = 1 and ¢ = kb.
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Left side: nz = (area of the distorted bubble)/(area of the AF undistorted bubble) for different values of . In the first plot,

¢—b =25 is a constant and a = 1. Right side: 5z = (area of the distorted bubble)/(area of the undistorted AF bubble) for different
values of 6. In each plot, both ¢ —b = § and b — a = § are constant.

FIG. 9. Left side: ny = (Thearea of the distorted horizon) /(The area of the horizon of the AF undistorted solution) for different values
of 5. Ineachplot, ¢ — b = Sisaconstant. Here « = 1. Rightside: n; = (area of the distorted horizon)/ (area of the AF undistorted horizon)
for different values of 6. In each plot, both ¢ — b = 6 and b — a = 6 are constant.

contain a noncollapsing S> “bubble” outside a smooth
event horizon with spatial cross section topology $* (a
completely regular asymptotically flat solution of this type
can be constructed in supergravity, although it carries
angular momenta and electric charge [8]).

Distorted black holes reveal some unique and remark-
able properties, serving as a theoretical framework for
understanding how various properties of black holes
change when distorted. This paper focuses on examining

a five-dimensional local distorted black hole bubble
solution. The metric describing the BHB-AF solu-
tion, excluding distortion sources, is presented in a
five-dimensional Weyl form. The distorted solution is
constructed by using the static asymptotically flat Weyl
solution as a seed solution. Using the underlying linearity
of the vacuum equations reduced on Weyl metrics,
we applied “distortions”, which can thought of as
adding dipole and quadrupole sources to the seed solution.
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These can be physically interpreted as being produced by
distant sources in an asymptotic region far from the event
horizon. The distorted DBHB solution is a local solution
valid in the region interior to the sources. Distortions
influence the black hole horizon. We also have shown that
with proper adjustment of the dipole or quadruple dis-
tortions we can remove the conical singularities present in
the asymptotically flat case.

We expect that constructing explicit asymptotically flat
black hole vacuum solutions with nontrivial exterior (i.e.,
finite spatial rods) will require using inverse scattering
techniques that produce non-static solutions with angular
momenta. Remarkably, very recently, such a construction
was carried for charged nonextreme solutions in super-
gravity [56] to produce charged, asymptotically flat black
holes with such finite spatial rods and horizon cross section
topology S' x $? and L(1,1) = S* [more general families
with L(n,1),n > 1 horizon topology were constructed
locally, but these necessarily had conical singularities].
There is strong evidence, using integrability methods, that
regular vacuum solutions with the same rod structure as the
aforementioned charged solutions and lens-space horizon
topology L(n,1),n > 1 are ruled out [57]. For example,
asymptotically flat vacuum solutions with L(2,1) lens
space topology can be effectively ruled out [58]. Such
solutions also have a disc-topology region outside the event
horizon, similar to the solutions considered here. It would
be interesting to see whether the Weyl distortions method

can be applied to a suitable seed solution to produce regular
vacuum black lens solutions.

There are multiple ways to define a black hole, focusing
either on the causal structure defining the black hole
region to be the set of all points that cannot send signals to
future infinity or geometric, defining the black hole region
to be the union of all trapped surfaces in a spacetime. At
least for dynamical spacetimes, black hole characteriza-
tion is complicated and these definitions may deviate from
each other. It was also shown that highly deformed static
distorted Schwarzschild black holes may lack surfaces
that are marginally trapped or outer trapping, making the
trapping horizon neither future nor outer [59]. These
features have also been analyzed in [41], where the
authors have constructed a black hole deformed by the
presence of a thin ring. Further study of these features
of distorted static and stationary black holes could
be very insightful.
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