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We study even-parity black hole perturbations in minimal theory of bigravity. We consider the
Schwarzschild solution written in the spatially flat coordinates in the self-accelerating branch as the
background solution. We clarify the gauge transformations for the # = 0, 1, and > 2 modes with ¢ being
the angular multipole moments under the joint foliation-preserving diffeomorphism transformation.
Requiring that the asymptotic regions in the physical and fiducial sectors share the same Minkowski vacua,
the solution to the # = 0 perturbations can be absorbed by a redefinition of the Schwarzschild background.
In order to analyze the # = 1 and > 2 modes, for simplicity we focus on the effectively massless case,
where the constant parameter measuring the ratio of the proper times between the two sectors is set to unity
and the effective mass terms in the equations of motion vanish. We also find that as a particular solution all
the £ = 1 perturbations vanish by imposing their regularity at spatial infinity. For each of the # > 2 modes,
in the effectively massless case, we highlight the existence of the expected two propagating modes and four

instantaneous modes.

DOI: 10.1103/PhysRevD.110.044068

I. INTRODUCTION

Ghost-free massive gravity and bigravity theories are
promising candidates to elucidate the origin of the present
day’s cosmic acceleration. The first model of ghost-free
massive gravity was formulated within a linearized theory
by Fierz and Pauli [1]. While naive nonlinear extensions of
the Fierz-Pauli theory have not been successful because of
the appearance of the Boulware-Deser (BD) ghost [2], the
first model of massive gravity free from the BD ghost at the
fully nonlinear level was provided by de Rham, Gabadadze,
and Tolley [3]. de Rham, Gabadadze, and Tolley model was
then extended to a bigravity theory by Hassan and Rosen
(HR) [4], by promoting the second fiducial metric to be
another dynamical field.'

HR bigravity was extended to the minimal theory of
bigravity (MTBG) [8], where the four-dimensional space-
time diffeomorphism invariance is broken down to the
three-dimensional spatial diffeomorphism invariance and
time-reparametrization invariance. While the four-
dimensional diffeomorphism invariance is explicitly bro-
ken, the absence of problematic scalar and vector degrees of

'HR bigravity still suffers from the BD ghost if matter is
coupled to both the physical and fiducial metrics [5-7].
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freedom (d.o.f.) makes it easy for the theory to be consistent
with experimental and observational tests. MTBG shares the
same background cosmological dynamics with HR bigrav-
ity, but the number of propagating d.o.f. is down to four, two
massless tensorial d.o.f. and the other two tensorial d.o.f.
that are massive. The absence of the extra scalar and vector
d.o.f. in MTBG implies the absence of ghost or gradient
instabilities associated with them [9-11]. In the normal
branch, deviations from GR in the dynamics of both back-
ground and the scalar sector could be already observed. The
absence of extra d.o.f. also allows for a new production
scenario of spin-2 dark matter based on the transition from
an anisotropic fixed point solution to an isotropic one [12].

MTBG possesses constraints by which the unwanted
modes can be removed nonlinearly from the theory. A
consequence of the presence of these constraints is the
appearance of instantaneous (or shadowy) modes [13,14],
which are described by elliptic equations on a three-
dimensional hypersurface. Such instantaneous modes
appear not only in MTBG but also in other theories, for
instance, higher-order scalar-tensor theories where the
degeneracy conditions are met only in the unitary gauge,
known as U-DHOST theories [15,16]. They satisfy elliptic
equations for which some appropriate boundary conditions
need to be imposed.

© 2024 American Physical Society
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Reference [17] investigated static and spherically sym-
metric solutions in the self-accelerating and normal branches
of MTBG. It was shown that a pair of Schwarzschild—
de Sitter spacetimes with different cosmological constants
and black hole (BH) masses written in the spatially flat
(Gullstrand-Painlevé) coordinates is a solution in the self-
accelerating branch of MTBG. On the other hand, in the
normal branch, while the spatially flat coordinates of the
paired Schwarzschild—de Sitter metrics cannot be solutions,
those written in the coordinates with a constant trace of
the extrinsic curvature tensors on the constant time
hypersurfaces [15,18-20] could be solutions, provided that
the two metrics are parallel.

Reference [14] investigated spherically symmetric gravi-
tational collapse of pressureless dust in the self-accelerating
branch of MTBG. While the interior region of a collapsing
solution is described by a Friedmann-Lemaitre-Robertson-
Walker (FLRW) universe, the exterior region is described
by a Schwarzschild spacetime with specific time slicings.
The collapsing solution with the spatially flat slicings has
been obtained under certain tuning of the initial conditions.
In the spatially closed case corresponding to an extension
of the Oppenheimer-Snyder model [21-23], gravitational
collapse happens in the physical and fiducial sectors in the
same manner as it would in two independent copies of GR
under a certain tuning of the matter energy densities and
Schwarzschild radii between the two sectors.

Reference [14] also studied odd-parity perturbations of
the Schwarzschild—de Sitter solutions written in the spa-
tially flat coordinates in the self-accelerating branch of
MTBG. For the modes 7 > 2, where ¢ represents the
angular multipole moment, there are four physical modes,
where two of them are dynamical and the remaining two are
instantaneous. Beside the case in which the ratio of the
lapse functions in the physical and fiducial sectors are equal
to unity, the two dynamical modes are coupled to each other
and sourced by the two instantaneous modes. For the
dipolar mode # = 1, the two copies of the slow-rotation
limit of the Kerr—de Sitter metrics, in general, cannot be a
solution in MTBG, indicating deviation from GR for
rotating black holes.

In the present paper, we will study even-parity pertur-
bations in the self-accelerating branch of MTBG. In order
to simplify the analysis of the even-parity perturbations, we
will focus on the Schwarzschild background solutions
written in the spatially flat coordinates, where the effective
cosmological constants are tuned to zero, instead of the
Schwarzschild—de Sitter solutions. By construction, for
¢ > 2 there should be two propagating d.o.f. We also
expect the appearance of a number of instantaneous modes
which obey a set of elliptic differential equations on each
constant time hypersurface. To make the analysis of the
¢ > 1 modes explicit, we will set the ratio of the lapse
functions between the two sectors to be unity. In this case
the effective graviton mass terms in the equations of motion

of the perturbations vanish. We will also assume that the
two gravitational radii of the Schwarzschild metrics in both
the sectors coincide. We call this case the effectively
massless case. Within these assumptions, we will be able
to reduce the set of the perturbation equations, and finally
identify the two propagating modes and four instantane-
ous modes.

For the £ = 0 and 1 modes, we will show that there is no
propagating d.o.f. as expected from the structure of MTBG,
and will present the exact analytic solutions for the
perturbations of the two spacetime metrics and the
Lagrange multipliers. For these modes, we will show that
under the suitable boundary conditions all the free func-
tions of time can be fixed. For Z = 0, the solution for the
perturbations can be absorbed by the redefinition of the two
gravitational radii of the Schwarzschild solution. We also
find that all the components of the ¢ =1 perturbations
vanish by imposing the regularity of the physical and
fiducial metrics at spatial infinity.

The structure of this paper is as follows: In Sec. II, we
briefly review MTBG. In Sec. III, we introduce the even-
parity perturbations about the Schwarzschild solution
written in the spatially flat coordinates in the self-
accelerating branch of MTBG. In Sec. IV, we investigate
the monopolar perturbations with # =0 and relate the
solution to the nonlinear analysis of the time-dependent
spherically symmetric solutions in the spatially flat coor-
dinates. In Sec. V, we investigate the dipolar perturbations
with £ = 1 within the effectively massless case and find the
boundary conditions to fix all the free functions of time at
the spatial infinities. In Sec. VI, we investigate the higher
multipolar perturbations with £ >2 in the effectively
massless case and identify the two propagating and four
instantaneous modes. The last Sec. VII is devoted to giving
a brief summary and conclusion.

II. MINIMAL THEORY OF BIGRAVITY
AND MINKOWSKI VACUA

A. Theory

We start with the Arnowitt-Deser-Misner (ADM)
decomposition of the physical and fiducial metrics, g,,
and f,,, respectively,

Gudx*dx’ = —N2di* +y,;;(dx' + N'dr)(dx/ + Ndt),
fudxtdx? = —M?df* + ¢,;(dx' + M'dr) (dx! + M?dr), (1)

where x* = (1, x") represents the coordinates of the four-
dimensional spacetime with ¢ and x’ being the temporal
coordinate and the coordinates of the three-dimensional
spaces, respectively. N, Ni, and vij represent the lapse
function, shift vector, and three-dimensional spatial metric
in the physical sector, and M, M, and ¢, ; represent the
corresponding quantities in the fiducial sector.
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In the unitary gauge, the action of MTBG [8,14,17] is
then given by

1 ‘ . o
S:W d4x(£g[N’Nlayij;MaMl,dhj;ﬂ,),,/{l]
+Em[N’Ni’yii;M’Mi"f’iﬁ‘{’])’ (2)

where k* = 872G represents the gravitational constant in the
physical sector, £, and L,, represent the gravitational and

matter parts of the Lagrangian, respectively, 4, 4, and A’
describe the two scalar and one spatial-vector Lagrange
multipliers which are associated with the second-class
constraints necessary to reduce the number of propagating
d.o.f. to four in the original Hamiltonian formulation, and
W represents the matter fields. The gravitational Lagrangian
L, of MTBG is further decomposed into the “precursor”
and “constraint” parts as

‘Cg = ‘Cpre[N? Ni, ]/IJ,M,MI,¢U]
+ﬁcon[N,Ni7}’ij§M,Mi,Qbij;ﬁ,/l/ﬂ, (3)

with

Lye = /=gR[g) + &>/~ [R[{]
— m2(N 7 Hy + MA/$Ty). )

ﬁcon = \/}7(117(/1 + Ay/_l) + \/aal(/,(/l - A(/)/_l)
+ V7, (4 A 4 /oy (h — Ayd)?
—m*[\fUD2* = B/ U, D2, (5)

and

= —m2r K4
ay, = -m-UP K7,

m4

1
Ay, = aN <qu -3 Ukk5Pq> Ui,

m4

= m2lP ®4
C¥1¢-—qu(I)p,

N I i
(qu -3 Ukk5qp) 0,9, (6)

where the constant a represents the ratio of the gravita-
tional constants between the two sectors, m is a parameter
with mass dimension one which can be regarded as the
graviton mass, f is a constant, y:=det(y;;) and ¢ :=
det(¢;;) are the determinants of the two three-dimensional
spatial metrics y;; and ¢;;, respectively. We also note that
K, =y"K,, and ®7, =% ®,,, where K;; and ®;;
represent the extrinsic curvature tensors on each constant
time hypersurface in the physical and fiducial sectors,
respectively. Furthermore, H,, and 7{, are defined by H,, :=

Zi:o C4—n€n (IC) and ’HO = Zi:o Cn€n (k:) with

eo(K) =1, e (K) = [K],

() = (KP = []), es(K) = det(K),

eo(K) =1, e (K) = [K].

oK)= (KP -, ef)=daf). ()

with K, and K’ characterized by K',KX; = y*¢;; and
K =yudt. A, =y7D;D; and Ay:= ¢ D,D; re-
present the Laplacian operators in the physical and fidu-
cial sectors, respectively, where D; and D, are the
covariant derivatives associated with the spatial metrics
vij and ¢;;. The spatial tensors U ;j and U ji are, respec-
tively, defined by

. 123 '
P . ik
U= 244 C4_n(U (ny'; T WUWk)’
1< ¢
S ~ i ik [
U, "izcn(UW + 97U ) ®)

. i e, (IC i e, K .
with Uy’ =255, Uil =2, and ¢ (j = 0,1,2,3,4)
being dimensionless coupling constants. In this paper, we
will focus on the vacuum case and set £,, = 0 in Eq. (2).

B. Minkowski vacua in the self-accelerating branch

Before considering the BH solutions, we briefly review
de Sitter and Minkowski solutions in the spatially flat,
homogeneous and isotropic FLRW metrics, which are,
respectively, given by

/ 2
G d* = —d1? + (dr— r@df>

a(t)
+ r?(d6* +sin*6dep?),
e )
fudxtdx = C} [—172(?,,1(t)2dt2 + <dr— raf( )Cm(t)dt)
as(1)
2 (d6? + sin29d¢2)} : 9)

where a(t) and a/(r) represent the scale factors in the
physical and fiducial sectors, respectively, C, (1) is a
function of the time ¢, and b is a constant that characterizes
the relative light cone aperture in the fiducial sector. In the
presence of a nontrivial form of C,,(¢), the time coordinate
cannot be the proper time in the fiducial sector. The general
ansatz for the Lagrange multipliers is given by

A=Atr), A=Atr), = (tr), ¥=12=0. (10)
In order for the equations of motion for 4, A, and A" to be
automatically satisfied, we impose the condition for the

self-accelerating branch [8,14,17] given by
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C3+2COC2+C6€1 :0 (11)

From the equations of motion for the lapse functions N and
M, i.e., the Friedmann equations in both the sectors, we
obtain the solutions for the scale factors in the physical and
fiducial sectors given by

A
a(r) = agexp {\/?gt],
[A
af(t) = af’o exp |:bC0 ?ft:| 5

(12)

where a; and a,, are integration constants, and the
effective cosmological constants in both the sectors are
related to the parameters in the Lagrangian of MTBG (4) by

m*(cy —2C3c, —3C3cy)

A, = : :
(C200 + 2COC] + Cz)m2

The remaining metric equations of motion provide the
general solutions for the Lagrange multipliers

A=Cy(1) +—=

A=

\/COC% +2Cyc; + ¢ — \/—ZCSCI — 3C%c2 + cua

V6a(—1 + Cof)

while 1 remains undetermined. Imposing the regularity of 1" as r — co yields

which leads to A" = 0 and, from Eq. (14),

-
G0 \/coCZ+2Coe; + 2 — \/—2C(3)c, ~3C2c, + c4a

Thus, A and 1 are not determined by the background
equations of motion.?
In the limit of the vanishing effective cosmological

1 V/@oCG +2Coc, + ¢ + Ciy/-2Cie) = 3Ches + caa <Z" 22,) »
+2 1
2 9
CO \/C0C% + 2COC1 + Cy) — \/—2CSC1 - 3C(2)(72 + Cqx r
mrC,(t), (15)
C,(1) =0, (16)
5 2 [ B, _ a2
1 VeoCF+2Coe + 2+ CO\/ 2C3¢, —3C2e, + caa <J1” X %/_1/) -
p
|
Gudxtdx’ = —di* + dr* + r*(d6 + sin® 0dg?),
fuwdxtdxt = C§[—b*C,,(1)*dr* + dr?
+ r2(d6* + sin® Odg?)). (19)

constants A, =0 and A; =0, which from Eq. (13) are
explicitly given by

C4—2C861—3C(2)C2:O, C(2)C0+2C0C1+C2:O, (18)

the paired de Sitter solutions (12) can smoothly reduce to
the paired Minkowski solutions

At higher-order the metric may depend on 7 and/or . If this is
the case then A and/or 2 may be fixed by suitable boundary
conditions for higher-order perturbations. However, this is
beyond the scope of the present paper.

We note that the nontrivial form of C,,(¢) represents a
Minkowski vacuum in the fiducial sector which is different
from that in the physical sector. In order that the physical
and fiducial sectors share the same Minkowski vacua, we
have to set C,, () = 1. In the next sections, we assume that
in the two asymptotic regions of the paired Schwarzschild
solution written in the spatially-flat coordinates, the physi-
cal and fiducial sectors share the same Minkowski vacua.

III. EVEN-PARITY PERTURBATIONS
OF SCHWARZSCHILD SOLUTIONS

Under the ADM decomposition (1), the perturbed static
and spherically symmetric spacetimes written in the spa-
tially flat coordinates can be described as
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Gudxtdx’ = —N2di® +y,,(dr + N"dt)? + 2y,,(dr + N"dt)(d6" + N°dt) + y,,(d6° + Ndt)(d6” + N"dk),

Suwdxtdx”

= —b’M?*df* + ¢, (dr + M"dt)* + 2¢,,(dr + M"dt)(dO* + Mdt) + ¢, (dO* + Mdt)(dO® + MPdt), (20)

where r is the radial coordinate, 0* = (0, @) represents the coordinates along the unit two-sphere, and

N:N<0)(r)<1+zno(fv r)Yfm(H“)), N* Nf)

Z.m

Yr=1+ ZnZ(I’ r)Yfm(ea)’
£.m

Yab = 7‘2 |:90h + Zhl(tv r)eabem(
£.m

M = CoM g)(r) <1+Zmo(t,r)Yfm(9“)>,

‘.m

¢, = C2 (1 +) mo(t, r)Yfm(G“))
£.m

bap = C57° |:6ab + Zkl(tv )0 e
‘.m ‘.m

Here, C; > 0 is a constant fixed by solving the background
equations of motion, Y, (6%) represents spherical harmonics
with the multipole and magnetic moments (¢, m) with
—Z<m</¢, and ﬁa represents the covariant derivative
with respect to the metric of the unit two-sphere 6,
respectively. Because of the degeneracy between the differ-
ent m modes for the same £, without loss of generality, we
may choose m = 0 so that Y, = P,(cos ). The parameter
b(> 0) measures the difference in the time passing in the
physical and fiducial sectors, which acquires a nontrivial
physical significance in MTBG where the two copies of the
four-dimensional diffeomorphism invariance is broken down
to the joint three-dimensional one. N (r) and N zo)(r)

represent the background lapse function and shift vector
in the physical sector, while M ) (r) and M (r) represent

the corresponding quantities in the ﬁdumal sector respec-
tively. For each of the £ modes, ng, ny, n,, h,;, h,, h;, and h,
represent the (7, r) part of the metric perturbations in the
physical sector, and m, m;, m,, k;, k., k;, and k, represent
the (¢, r) part of the metric perturbations in the fiducial sector.

In the self-accelerating branch of MTBG satisfying
Eq. (11), the Schwarzschild—de Sitter solution written in
the spatially flat coordinates is given by

Gudxtdx* = =N ) (r)*dr* +
+ 120,,d0°deP,
fudxtdxt = C% [—sz(O)(r)zdtz (dr—I—M’ )( r)dt)?
+ 120,,d0°d6"), (22)

(dr + Ny, (r)di)®

= th(ﬁ r)OUN,Y 4, (69),
Z.m

Y £ (6 )] :

M" = M(’O)(r)<1 + Zml(tv r)Yfm(ea)>’
‘.m

9") + th(t, r)va@b
‘m

= k(t.1)0V,Y 1, (6°),
£.m

0*) + Zkz(t, V.V, Y

L+ n(er Yfm(ea))

£.m
Yra = I’Zhr(l, r)vayfm (ea)v

‘,m

bra = C3rY k(. 1)V, Y £ (09,
£.m

Fn(@)]. e1)
|
with
r Agr2 Ty
N(O)(}”):M(O)(I‘):l, N(O)(r): 3 +7,
rPC2b2A, r
Mig\(r) =[5+ (23)

where A, and Ay are the effective cosmological constants
given by Eq. (13) [14,17].

In the rest, we focus on the Schwarzschild solution
obtained in the limit of the vanishing effective cosmological
constants A, = 0 and Ay = 0, under the conditions explic-
itly given by Eq. (18). The background metric solution (23)

in this limit reduces to
g Mr _ f
P \/
(24)

where r, and r then correspond to the gravitational radii of
the Schwarzschlld spacetimes. We will assume that
Coci + ¢, #0. As mentioned previously, we also call
the case of b =1 (as well as ry =r,) the effectively
massless case, where the effective graviton mass terms
in the equations of motion of perturbations vanish in both
the odd- and even-parity sectors [14].

Because of the spherical symmetry, the background
part of the angular components of the vector Lagrange
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multiplier trivially vanish, 12 = A¢ = 0. We also choose
the trivial solution for the remaining components of the
background Lagrange multipliers

A=0, A=0, A =0, (25)
which is compatible with the background equations of
motion. In general, the background solution for A may be a
solution for the Laplace equation in three-dimensional flat
space. However, since in the Lagrangian (4) the A depend-
ence appears through the spatial Laplacian operators Ay/_l
and A¢/_1, i.e., in our background case the Laplacian

operator in the three-dimensional flat space acting on 4,
a solution of the Laplace equation in the three-dimensional

flat space does not contribute to the background dynamics.
Thus, without loss of generality, we may set A = 0. On top
of the trivial solution (25), we consider the even-parity
perturbations of the Lagrange multipliers given by

A= Aot (6, A=Y A(t.r)Yn(6°),
£.m

Z.m
= "0t Y eu(09),  29= I3(£.1)0V,Y 1, (6%).
£.m £.m

(26)

A. The ¢ > 2 modes

For the Z > 2 modes, the perturbed physical and fiducial
metrics in the even-parity sectors are, respectively, given by

Gudxtdx* = =N ) (r)*dt* 4 (dr + N (r)dt)* + r*0,,d0"do”

(0)

+ 37 {1=2n0(1. )N ) (1) + Nigy (r)2(na(1.7) + 2, (2.7))]Y 1, (6°)d?

£>2.m

+ 2N, (r)(n1 (2. 1) + na(t.r))Y 2, (0%)ditdr + np(1, 1) Y o (0%)dr?
+ 2r(rhy (1, ) + N7y (P, (1, 7))V Y pndtd6 + 2rh, (2, 1)V Y 4, (07)drd6°

(0)

+ P2 (i (8,7)0a Y e (04) + ha(1,7)V VY 1, (67))d6" 6"}, (27)

fudxidx’ = C3 [—sz(O)(r)Zdﬂ + (dr + My, (r)di)? + r20,,d6 6P

+ > {(=2mob®Mg) (r)> + M

£>2.m

J ()2 ((ma(t,7) + 2my (1, 7)))Y £, (07)dE?

+ 2M ¢y (r)(my (2, 1) + ma(t, 7)Y £, (0%)dtdr + my (1, 1Y o (0)dr?

+ 2r(rk, (1, 1) + Mg (r)k, (1, NIV,Y 0 (09)dtd0" + 2rk,(t, 1)V, Y 1,y (0°)drd6*

Pk (6,700 Y g (09) + o (£, )V NV Y (ea))deadeb}} . (28)

The perturbed three-dimensional metrics in the even-parity sector are, respectively, given by

vidy'dy = dr* 4 r?6,,d6"do” + Z (128, 7)Y 5y (0)dr? + 2rh, (1, 1)V Y 4, (07)drd6®

£>2.m

+ 1”2(/’11 (t’ r)eabem(eu) + hZ(t7 r)@avbem(G“))dH“de],

bidy'dy’ = C%{dr2 +7r20,,,d9°do"” + Z [y (8, 7)Y 4y (09)dr? + 2k, (2, 1)V .Y 4, (04 drd&®

£>2,m

+ P2 (ki (1,10 Y 20 (0%) + ko (1. 1)V, VY £,(09)) d6°d6"] } (29)

Under the spatial gauge transformation ¢ — ¢ and x' — x' + £(¢, x') with

E = B (t.1)Y (6%,

£>2,m

= > Ei(t.r)0UV,Y 4, (07), (30)

£>2.m
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the metric perturbations transform as

- Nig(r) . Ny (r) 1
o\ _ 0 ") _ - -

ong(t,r) = — E.(t,1), ony(t,r) = — E.(t,r)+E.(t,r) — 5.(1,1),

’ N (r) 1 (o)(’”) (o)(’")
_ - . - B (1 22 (t
Sny(t, r) = —28L(1, 1), Bhy(t.r) = N7y (NE (1.7) = Ey(r.7). b (1.r) = = L)+ rE(LT)

r
_ 28, (1, _
Sy (1,r) = — 22r1) Shy(t.r) = =28, (1. 7). (31)
r
and
- Mo /(r) . Miy)'(r) 1
0"\ ") - -

omy(t, r) = — E.(t,1), omy(t,r) = ——- E.(t,r)+E.(t,7) . E.(t,71),

0 M g)(r) : M (r) Mo (1)

0 (0)
_ - . - B.(t 22 (1,
Smy (1, r) = —28L(1, 1), Bki(1.r) = My (& (1.r) = E((1r). Bk (t.r) = = L)+ rE(G)
-

_ 28, (1, _
5k, (t.r) = _BEAn) Sk, (t,7) = =28, (1, 1), (32)

r

where 6 represents the difference between the perturbed quantities before and after the gauge transformation. For each of the
¢ > 2 modes, among 14 metric variables for the even parity perturbations, two of them can be eliminated by choosing E,
and Z,. Later, we move to the gauge

l’ll(t, r) :l’lz(t, r) :0, (33)
which will fix the two gauge functions =, and Z; completely.

B. The =0 mode

For the # = 0 mode, using Y,,, = Py(cos0) = 1, the metric perturbations can be written as

Gudxtdx’ = —N ) (r)*di* 4 (dr + N(’O)(r)dz‘)2 + 7r20,,d9°d6”
+ [=2n0(2, )N g)(r)* + Nfo)(r)z(nz(t, r) +2n(t,r))]de* + 2N{o) (r)(ni(r.r) + nay(t,r))didr
+ nz(t, r)dr2 + rzhl(t, r)HabdQ“dGb, (34)

Frdxidx’ = cg{—b2M(O>(r)2dt2 + (dr + My (r)d1)? + 120,,d6"de"
+ [=2mg(1, r)b*M () (r)* + Mfo)(r)z(mz(t, r)+2m(t,r))]d* + 2M g, (r)(my (2. r) + my(2.7))dtdr

a1, P)dr? + Pk (1, r)eabdéadéb}. (35)

Under the spatial gauge transformation for £ = 0, t — ¢, and x' — x' + £(¢,x) with & = E,(¢, r) and & = 0, the metric
perturbations transform as

- Nig(r) . Nig)'(r) 1
OV = () = =
ony(t,r) = — E,.(t,r), ony(t,r) = —— E.(t.r) + Bt 1) = — E.(t,r),
’ N (r) l N(o)(r) N(o)(”)
- - 2E,.(t,
Sny(t,r) = —28.(1, 1), Sy (1,r) = — =B T). (36)
r
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and

ro
Smo(1.r) = — ]‘;;((:))'Er(r, N, Em(nr) = _74(;:)(“)) =, () + EL(t, ) Mfol) EAn.
Sma(t, r) = 221, r), Sy (1, ) = —ZEfEt’ r) (37)
We will move to the gauge
hy(t,r) =0, (38)
which completely fixes E,. The even-parity perturbation of the Lagrange multipliers for £ = 0 is given by
A= Ay(t,r), A=2(tr), A= l(t,r), 24 =0. (39)

C. The =1 mode
For the # = 1 mode, using Y,,, = P;(cos @) = cos @, the two perturbed metrics can be expanded as
Gudxtdx’ = —N ) (r)*dr* + (dr + Nfo)(r)dl‘)2 + %0, d0"d6”
+ [=2no(t, r)N () (r)* + Ny, (r)2(ny(t, r) + 2n,(t, 7))] cos Odr* + 2N{o) (r)(ny (2. r) + ny(2, 7)) cos Odtdr

+ ny(t,7) cos Odr? = 2r(rh,(t,r) + N{g)(r)h,(1. 1)) sin 0dtdd

—2rh,(t,7) sin@drdé + r*(hy(t,r) — hy(t,7)) cos 0 - 0,,d0°d6”, (40)

Fudtdst = C3{=b2M(q) (r)2de* + (dr + Mig (r)dt)? + 126,,d6° d6”

+ [=2my (1, r)B*M ) (r)* + Mg, (r)?(my + 2my)] cos Odi* + 2M{g (r)(m (1, 1) + my(t, 1)) cos Odtdr

+my(t, r) cos 0dr* = 2r(rk,(t,r) + My (r)k,(t, r)) sin Odtd®

— 2rk,(t, r) sin@drdo + r*(k, (1, 7) — ks (¢, 7)) cos 0 - Habde“deb}. (41)

Under the spatial gauge transformation 7— ¢ and x' — x' +&(1,x") for £=1 with & =ZE.(t,r)cosf and
& = —E,(t,r) sin 0, the metric perturbations transform as

) N, () _ Ny (r) 1.
St r) = —— L= (1, 7), ny(t,r) = =228, (1, 1) + B, 1) = B, (1, 1),

0 N(O)(r) ] N(O)(r) N(Q)(’")
ony(t,r) = =2E8L(t, 1), oh,(t,r) = NE())E‘/I -,
- B (t,r)+ rPE(t,r - _ 28, (t, r
i (1.7) = = 2D I TEED 500 — () = 22 1, - ) )
and
_ M (r) _ M,/ (r)

o\ 0 \") - &

omy(t,r) = — E.(t,1), omy(t,r) = ——- E(t,r) +E.(t.7) = — E.(t,1),

’ M o) l M) (r) (0)(r)
omy(t, r) = =2E8(t, 1), ok, (t,r) = M’O)(r)E’] (t.r) =B (1. r),
- =.(1, 2= (1, - 28,(t,
5k, (1, 1) = =D ETEED) s ) — k(e ) = 28 (1, ) — ) (43)

r r
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Since h,(t,r) and k,(t, r) always appear as the combina-
tions of h(t,r)—hy(t,r) and k\(t,r) —ko(t,r) in
Egs. (40) and (41), respectively, we may set

hy(t,r) =0, ko(t,7) = 0. (44)

By fixing E, and E; appropriately, for instance, we may
choose the gauge
hy(t,r) =0, h.(t,r) =0. (45)

The even-parity perturbation of the Lagrange multipliers
for £ =1 is given by

A=y(t,r)cosh,
29 = —)5(t,r)sind,

=1 (t,r)cos@, A"=Ay(t,r)cosh,
27 =0. (46)

IV. THE SOLUTIONS FOR THE
MONOPOLAR PERTURBATIONS

In this section, we focus on the Z = 0 mode.

A. The case of the two copies of GR

First, we focus on the case of the two copies of GR. This
will help illustrate the case of MTBG, whose Lagrangian can
be understood as a particular coupling between the two copies
of GR. In the case of the two copies of GR, after deriving all
the equations of motion, with use of the two copies of the four-
dimensional diffeomorphism invariance, for the perturbed
metrics (34) and (35) we may choose the gauge

h 1 — 0, k 1 = 0,

ny, = O, my = 0. (47)

For convenience, we introduce the new variables y and y

1 1
ny =ny+-_——y, my =my+-——y. (48)

v v

Integrating the equations of motion for ny and m,, we find the
solutions

v = Cl//([)’ X = C)((t)v (49)

where C,, (1) and C,(t) are functions of time. The equations of
motion for n, and m, then, respectively, lead to

Cw(t) = Cy/,Ov C)((t) = C)(.Ov (50)
|

1
 2bC3(Coey + ) (=1 + Cof)m?r

Z)

where C,, o and C, , are integration constants. The equations
of motion for y and y, respectively, give rise to

Cony (1), (51)

where C, (t) and C,, (1) are free functions of time. We note
that the constants C,,, and C,,, can be absorbed into the
redefinition of gravitational radii r, and r, and the functions
C,,(t) and C,, () can be set to zero by the redefinition of the
time coordinates in each sector. Thus, the £ = 0 mode in
the case of the two copies of GR can be absorbed by the
redefinition of the Schwarzschild backgrounds.

ng = C,, (1), my =

B. The case of MTBG

We then focus on the # = 0 mode in the self-accelerating
branch of MTBG. For convenience, we also introduce the
new variables y and y

1
n = ny+ A [(6r = 5ry)hy = 2rny + 2r(r —ry)h,
. . .

9
+24/Pr,hy + mlp}, (52)

1
my; = mgy + i [(61921’ —5r;)k; = 2b%*rmy + 20?17k,
r
f
=201k 20/ Py + . (53)

Integrating the equations of motion for ny and my,
respectively, we find the solutions

2(rg—2r)
=C =9 g,
w=C,(1)+ N
2
x=C,(1) +L\/;br)kl, (54)

where C,,(t) and C,(¢) are functions of time. The equations
of motion for 4, and 4, yield

1
mny :§<hl — ki) + n,. (55)
The equation of motion for 1, can then be integrated as
Cpi(t
kl == ]’l] +—1k§( ) s (56)
r2

where Cj,(?) is a function of time. The equation of motion
for m, leads to

[—(b — 1)bC8(COC1 + CQ)erChk(t) + 2C%(COC1 + Cz)mzr(ﬁ — b\/r_g)ﬂo

+ Cira*Cl (1) — 4C0c1m2\/ﬁ/1’1 - 4c2m2\/ﬁ/1’1 - 419C(3)c1mz\/r_g/l’l - 417C(2)c2mz\/§/1’l

— 2Cocym?r T — 2com?r\JpA] — 2bCicim?r /T A — 2bCieom?r /7, ’1’} (57)
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Similarly, the equation of motion for n, leads to

C*a?
C,(1)=C,o- OT C,(1). (58)

where C,, is an integration constant.
The equation of motion for y reduces to the equation

r
g9

and the equation of motion for y reduces to the equation

2h, = 2ny — nb + rhy +

20, = 2mly =y + rh + /ri(—hl Vi —ri})=0.  (60)
S

The compatibility of the equations of motion for y and &,
leads to the solution

\/rf+bC(2J\/ r!] ﬂ”—i—%ﬂ/ (61)
C(yrr—byr) 't )
0 f 9

where C,, (¢) is a free function of time. The compatibility of

the equations of motion for y and k; leads to the same
solution as Eq. (61). The combination of Egs. (59) and (60)
can be integrated as

/10 - C/lo(t) +

my=C,, (1) + +rhl—ny), (62)

et
Vf 27y
where C,, () is a free function of time. Then, Eq. (60)
reduces to Eq. (59).

So far, we have not fixed the gauge. From now on, we fix
the gauge as Eq. (38) and then Eq. (59) reduces to

—2n( —nh + \/Zizz =0. (63)
Ty

nl = Cn()(t>

nO = Cn()(t>’

my = Cno(t> =+ dmo(t)7

which satisfies the constraint

C2a? rs
V= ng) + T

—mg) = CZO . (67)

C,,(t) corresponds to the d.o.f. of the redefinition of the
time coordinate #. In other words, we may set C,, (¢) = 0 by
a suitable redefinition of the time coordinate. Although

Under the condition (63), the general solution is given by

C

n 1//()_C ()+I’l _Ln
! 4\/“ 4b J7; 02,
\[ \/7—\/_
mg r 25
f
1
=C, (t)+——C,(t C
my m0(>+4ﬁ x()‘*‘z\/—f (1)
1
+t5- [2, [FiFgng + (=b*r —rp + /rfrg)nz} .
f
1 1
my = ny — —5 Cy(2), ky = — Ci(2). (64)
2r2 &

Imposing for simplicity the flatness of the spatial three-
dimensional part of the g, metric, we have n, = 0 and then
the integration of Eq. (63) is given by ny = C,, (), where
C,, (1) is a free function of time. Imposing for simplicity the
flatness of the spatial three-dimensional part of the f,,
metric, we have m, = k; = 0, and hence Cj(¢) =0. In
general, imposing spatial flatness in the two sectors restricts
the solution space for the £ = 0 perturbations. However,
we nonetheless choose to impose this condition to be
compatible with the discussion in Sec. IV C. By the
reparametrization,

Cy (1) = d,, (1) + (1 — \/::j> C,, (1), (65)

where d,, (t) is a function of time, the metric solution
with the flatness of the three-dimensional spatial metrics is
given by

Cia?
NG (C% ‘OTCN))’ S

my = Cop (1) + dy (1) + %cm

4 my = kl =V, (66)

|
the metric solution satisfies the flatness of the spatial
three-dimensional metrics and the asymptotic flatness of the
two spacetimes, there are still the two functions of time,
C,(t) and d,, (1). We also impose that the two sec-
tors share the same asymptotic Minkowski vacua, and
set d,, (1) = 0.

The general solution for the Lagrange multipliers which
do not affect the metric solutions is explicitly given by
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TABLEI. The manipulations to reduce the equations of motion for the # = 0 mode. EOM means equation of motion.

# of independent
Manipulation Output Remark variables
Derive EOMs 11
EOM for n Eliminate y C,(1) 10
EOM for m, Eliminate y C,(1) 9
EOM for 4 Eliminate m, EOM for 4, is 8

not independent

EOM for 4, Eliminate k; Cii(1) 7
EOM for m, Eliminate 1, 6
EOM for n, Eliminate C,,(z) 6
Combine EOM for v and EOM for 7, Eliminate 4, Gy, 5
Combine EOM for y and EOM for y Eliminate m,, C, 4
Fix gauge Eliminate 7, 3
Spatial flatness of g,, and f,, Set n, =0 Eliminate Cj, (1) 2
EOM for y Eliminate ng C,, (1) 1
Redefinition of time Eliminate C,, () 1
Same Minowski vacua Eliminate C,, () 1
Argument on collapse Eliminate C,(t) 0

77+ bC: /7 2
Ao = Cy, (1) +M </1’{ +—/1’]>, (68)
Coly/Tr = by/ry) r

o 2(Cocy + co)m? (/77 = b\ J7)C,, (1) + Coa®Cy (1)
: 2b(Cocy + 2)m* /(=1 + Coff) ’
(69)

while 4, is undetermined. If we consider the gravitational
collapse of spherically symmetric stars in both sectors, then
one should impose the regularity at the center and it is
expected that the function C,(z) should be fixed to a
constant value that results in a constant mass of matter in
the interior region of each sector,

C

(1) = C, o = const. (70)

Thus, the solutions for the Lagrange multipliers reduce to

V7 + bCh /7, v 2.
G377 = by/Ty) (ﬂ‘ ' ri‘>’

. (1 /rf - b1 /rg)C/lo(t)
A= by/r(=1+Cof) (70)

Because of the regularity of 1, as r — oo, no condition is
imposed on C, (). On the other hand, 4, and 4, are not
determined b;/ the equations of motion for the Z =0
perturbations.

/10 - Cﬂo(t) +

3 At higher-order the metric may depend on 4, and/or A;. If this
is the case then 4; and/or 4; may be fixed by suitable boundary
conditions for higher-order perturbations. However, this is
beyond the scope of the present paper.

The manipulations to reduce the equations of motion for the
¢ = 0 mode are summarized in Table I. In the next subsection,
we confirm that the general solution for the £ = 0 mode
corresponds to the linearized limit of the time-dependent
extension of the Schwarzschild solution in the spatially flat
coordinates in the self-accelerating branch of MTBG.

C. Time-dependent extensions of the Schwarzschild
solutions in the self-accelerating branch of MTBG

The most general spherically symmetric but time-
dependent physical and fiducial metrics are given by,
respectively,

Gudxtdx’ = —Ay(t,r)d* + Ay (t,r)(dr + N'(t, r)dt)?
+ Ay (t, r)r*(d6* + sin® 0dg?),
fuwdxtdxt = =Agp(t, r)dt* + Ay (1, r)(dr* + Ny (1, r)dr)?
+ Ay (2, r)r(d6* + sin® Odg?). (72)
Under the spherical symmetry, the most general ansatz for
the Lagrange multipliers is given by Eq. (10).
Within the general ansatz of the metrics (72), we assume

the ansatz for the time-dependent Schwarzschild metrics in
the spatially flat coordinates

1

AOI Cn(l)z, A] :AZ — 1, Nr:Cq(l) -
‘ r

1

Aoy =b>CiC,(1)?,  Ajp=Ay =G, N}:Cf'(t)\/:'
] . . ,

(73)

We also impose the condition for the self-accelerating
branch Eq. (11) and the vanishing effective cosmological
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constants (18), under which the equations of motion for 4,
A, and A" are automatically satisfied. The equations of
motion for Ay, N”, Ags, and N} are also automatically

satisfied.
The equation of motion for A; relates A~ with other
variables as

1 BGCC 1) + COC) (= 2
’ ‘f cm<> (- Cob) (‘ *r”)
1 =bC,(1Cu1) + C,1)C,(0)
f Cn G, (=T + Cof)

2 CC 1) - G
)

- ﬁCO(COCI + co)m? (=1 + Cof)C,(1)*

(74)

The equation of motion for A, yields

bCEC,()Cn(1) + Co(NCu(1) (=, 25,
C2(6C,(1)Con(1) = C,(1)Co (1)) (ﬁ A )

/1 - Cﬁ(l‘) -
(75)

The equations of motion for A;; and A,; provide a
degenerate equation, which can be integrated as

where C,, is an integration constant. Then, all the
components of the equations of motion are satisfied.

By the redefinition of the functions of time, C,,(f) =
C,(1)d,,(t) and C((t) = C,(t)d((t)d,(t), where d,,(t) and
ds(t) are functions of time, from Eq. (76) we obtain

Cy(1) = Cu(1)(Cyo
ution is given by

- Taz df(t)). The nontrivial metric sol-

mo=ct v =Y (c- S0 0)cm,

Agp = b>Cid,,,(1)2C,, (1), N} = \/gdf(t)dm(t)cn(t),
(77)

which satisfies

N’ Cla®> M’
\/;<Cn(t)+ (;9 Cm([)>:Cg.0’ (78)

corresponding to the nonlinear extension of Eq. (67). While

22
C,(1) = Co(1) ( Cha“ Cy (t))’ (76) A is undetermined by the equations of motion, the general
b C,(1) solutions for the Lagrange multipliers A and A" are given by
|

A= Cyr) - bCoCyo + dy(1) = Cirdy (1) (Z" + 5’) (79)

C(bCyo = df(t) = Coady (1)) r
= L (Cocr +ea)m*C(0)(=bCyo + dy (1) + Coad (1)) + 2Coady (1) (80)

Vr bm*(Cocy + ¢3) (=1 4 Cop) '

By the rescaling of the time coordinate, we may set
C,(t) = 1. In the absence of BHs, the solution reduces
to the Minkowski solutions. In order for both the sectors to
share the same asymptotic Minkowski vacua as r — oo, we
impose d,,(¢) = 1 and then obtain

1 Cla

Ap=1.  N'= \£<ch0 L ))
1

Ay =b*C}, N, = \/:df(l‘). (81)
r

If we consider spherically symmetric stellar solutions in
both the sectors, then Eq. (81) would describe the exterior
solution outside the stars. Imposing the regularity at the
center and integrating the corresponding equation of
motion towards the exterior, the coefficient of the 1/+/r
terms in N and N’ should be determined by the total

I

masses in the interior of the stars. Thus, d;(¢) should be
fixed to a constant value, because the total mass of matter
forming the star in each sector has to be constant,

dy(1) = dyp.- (82)

We note that / is not fixed by the equations of motion, and
the general solution for A and A" is then given by

bC(z)Cg.o +dsp

- C4d »Oaz — 2 —
A=C, (1) + 0/, (A”+—/1’>,
(?) C2(=bCyo + dyo + ClePd, ) r
(83)
bC,o—dso(1 + C22
g = PCo0 = droll + Cya )cﬂ(t). (84)

b(1 = Cop)V/r
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Because of the regularity of 1, as r — oo, no condition
is imposed for C,(f). 1 and 1 are not determined by
the equations of motion in the spherically symmetric
backgrounds.4

V. THE SOLUTIONS OF THE DIPOLAR
PERTURBATIONS

In this section, we focus on the £ = 1 mode.

A. The case of the two copies of GR

In this subsection, we review the case of the two copies
of GR, to help illustrate the more complex case of MTBG.
In the perturbed metrics for the # = 1 mode, Egs. (40) and
(41), we set h, = 0 and k, = 0, and under the two copies of
the four-dimensional diffeomorphism invariance we may
choose the gauge

h, =0,
k, =0,

h, =0,
k, =0,

hl - 0,
ki = 0. (85)

Similar to the case of # = 0, we introduce the new variables
w and y to eliminate the perturbations of the radial
components of the shift vectors n; and m;

1
n=—_, JTT gy + 2rrgng — r’n,),

2rr,
1
my = T (\ /TPy + 2rrpmy — b*rPm,). (86)

Using the equations of motion for ny and m,, we can relate
no and m, with other variables as

1
ng=——_n, + 2\/r_rqy/’),
2rg :

1
my = =5 - (b2rmy + 2,/777y). (87)
f

The equations of motion for y and 64 yield, respectively,
the evolution equations of n,. Their degeneracy leads to

1
=3 \/;—f(3l/// +2ry"). (88)

g

Substituting it into the equation of motion for y or the
equivalent equation of motion for h,

2r(r—ry' +2¢/Prap+ (r+r,)y =0, (89)

with which all the other equations of motion in the g,,
sector can be satisfied. Similarly, the equations of motion

4Introducing small deviations from the spherically symmetry,
the behavior of the metric may depend on 4 and/or . If this is the
case then 1 and/or 4 may be fixed by some boundary conditions
for the small deviations from the spherically symmetry. However,
this is beyond the scope of the present paper.

for y and 6k yield, respectively, the evolution equations of
m,, whose degeneracy leads to

1
my =3\ [-37 +2r1"). (90)
't

Substituting it into the equation of motion for y or the
equivalent equation of motion for ok,

2r(b*r—rp)y + 24/ Prig+ (BPr+rp)y =0, (91)

with which all the other equations of motion in the f,,
sector can be satisfied. Since the master equations (89) and
(91) are of the first order, there is no propagating d.o.f. In
order to satisfy the regularity boundary conditions at spatial
infinity and at the horizon, we obtain the trivial solution

w=0, yx=0, (92)

as the solutions of the £ = 1 mode in the case of the two
copies of GR.

B. The case of MTBG

We then focus on the self-accelerating branch of MTBG.
In order to make the analysis of the £ = 1 mode more
explicit, we focus on the case of the effective massless case
with b =1 and r; = r,. Even with these conditions, the
constraint part of the Lagrangian (5) does not vanish and
hence the essential properties of MTBG are still retained.

After deriving the equations of motion, similar to the
case of Z = 0, we introduce the new variables y and y to
eliminate the perturbations of the radial components of the
shift vectors, n; and m;

1
n =T [2\/@1//+ r(6r— 5rg)h1 +4r(r— rg)hr +drryng
g

—=2r2ny+2r(r—r )| +24/ rsrg(éh%—hl)} ,

1
m = [2\/@—1- r(6r=>5ry)ky+4r(r—ry)k,+4rr,m,
g

—2r2m2—|—2r2(r—rg)k’1—|—2\/r5rg(6k—|—l.<1)] (93)

We also replace i, and k; by 6h and 6k, respectively, by

h, = _\/zghr + oh, k, = _\/ngr + ok. (94)
r r

In the case of the two copies of GR, with use of the
temporal gauge d.o.f., we can set 64 = 0 and 6k = 0. In the
case of MTBG, since there is no temporal gauge d.o.f., we
cannot set 64 = 0 and 6k = 0 and instead treat 5k and 5k as
independent variables. We then derive the equations of
motion for the metric perturbations ng, y, n,, 6h, mg, y, M,
Ok, k,, and k;, and also those for the perturbations of the
Lagrange multipliers Ay, 4;, 4,, and A5.
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Using the equations of motion for ny and m,, we can

relate ny and m, with the other variables as my = ny + 3 (hy — ky). (95)
1 5
o= g {4ﬁ\/§5h + (=18r 4 5r,)h The equations for 4, and 13 can be integrated as

9
= 2[=2(r = 2ry)h, + rny + 5r%h}y = 3rr i

1 1
N . s . kr:hr+_zckl(t)+_éck,(t)7
2+ ATy =28 ]}, r e

2 1
1 ki = hy +—C (1) + = Cy (1), (96)
mo = - {4r Rk + (<187 + 51k, 2 s
g
—2[=2(r = 2r,)k, + rmy + 5°2K, = 3rr K, where Cy (t) and Cy (t) are free functions of time. The
.3 ) N , equations of motion for y and 6h yield, respectively, the
+2/rrgx + 2y rgki = 2”\/61@]}- evolution equations of n, as
In the effectively massless case b =1 and r; = ry, the np,=Fy 1, ny, =Fy o, (97)
equation of motion for 1, becomes trivial. The equation of
motion for 4, yields where

7. 1 P
Fo ==§5h—ﬁy/—l—3r5h’ - \/:”/2 4 \/En/2 — 2y
h1+\/7 17[}/ \/7h’+2\/—h’—6\/7h’—_hn
VG

+2,/rr hi — —hl +3h, +2rh.,

1
Fn2=3 ( 13on = 6[ —p  16roh - \/:"z + 2\/:n2 + -y = 4r2h"
24r -5 s '
e O 20\/7‘{3% + 20\/7”1 - 5\/7”% + 4\/7h; i W] — Iy + 6, + 4rh’,> . (98)
V r'r, d "9 r Ty Vg

Similarly, the equations of motion for y and 6k yield, respectively, the other evolution equations of n, as

ny, =G, 1, iy = Gy, 0, (99)

where

1
Gy = 5575 [Zr\/_( 107 +29r,)Cy, (1) + 3/775(=9r + 19r,)C (1)
- rz\/G(—7 Prybk + /oy + 2/17gCy (1) +4,/7,C) (1) = 6 rrok' 420 = 2r7rnh + 44/ P roy
+12r%hy — 2rryh, + 34r3h’1 — 5r2rgh'1 — 47, + 12r2rgh’, + 10r4h’1'

—4rr b + rsrgh, -6 rsrghr —4 r7rgh',>],

1
G = WI’_ [—20\/;(r —2r,)Cy, (1) + (=21r + 33r,)Cy (1) — 13r4\/r—95k - 6r%rgn2 — rlm
g

- 2r2\/r_gC;(1(t) —4 r3rgC§(r( ) — 161 NG 2r2n2 + 2r2r s+ 613 NG e NG
+ 2473y = 581 hy + 2083 h, + 203K = SPr by + 4P, + 207 R — 14\ Jrgh
61T, + 4% L. (100)
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The consistency of Eq. (97), F,, | = F,, », yields
1
=3 \/Z(—IOréh — 11728h + 3y = 2r36h" + 2ry")
r
g

1
(367 = 5r, )y +2(9r)h, + 27121, = Srrght + 6rrgh, + 6°h] = 2121 hY) ). (101)
g

The consistency of Eq. (99), G,, 1 = G, ,, yields

v=r-3/30,0+ e )+ Ao =00 + 20+ 010 (102)

where Q(#) and Q,(t) are free functions of time. The compatibility of Egs. (97) and (99) then yields

Sh = 6k + % {Z(Sr —r,) \/FZCI{l (1) — \/r_ka,(t) — Zr%Ql(t) — 1205 (1) + 6r°Q5(1)
g9
+6r304(1) +22C; (1) + Zr%q{r(t)] , (103)

where Q5 (1) and Qy4(¢) are free functions of time. After imposing Egs. (101), (102), and (103), the equations of motion for
v, 6h, y, and 6k coincide, and hence we may focus on the equation of motion for .
A combination of the equations of motion for n, and m, relates 15 to 4; and 1, as

2(1+ C3) /7 2 1
3:w<gl_rﬁ_r_ﬂ/{)+_,{2
C5(1+ Co)Vr' 2 r

Coa? [ H(0a(1) + 61, ( Q5(1) + V/FQ4(1)) = 12C, (1) + 27,01 (1)) +21 /1, 05(1)|

(104)
2(1 + Cp)(Cocy + c2)(1 + Cga?)m*( [ r'r,
Substituting Eq. (104) back to the evolution equation for n,, we obtain
. 3 5r—=9 + —-r+
7=k [ = )oK + 2 rg\ﬁak— Ty, Ty
rg 2 Ty o) /r3rg NG
—8r+7 2 Cla?(-3 3r = 15rr, + 1172 -3r+
N 4(/}1 (1) + [ry + Cya* (=3r +r,)] C () + r rrgz r, Colt) + 2r ry ¢, ()
r rr,(1 + C}a?) 2rgr? Ty
11 6r r 372 37 ,
_ QZ(Z) + 2(3rgQ3(t) + 3\/;rgQ4(t) + \/F;Q/l (t) + RV rrgQ/2(t)) (105)

2,/77,(1 4 Cja?)

Substituting Eq. (105) and its derivatives with respect to r into the equations of motion for A4, k1, h,, and k,, we find that the
equations of motion for /; and k; coincide, and similarly the equations of motion for 4, and k, coincide, respectively. This
is because either /1, or k; and either £, or k, can be eliminated by the gauge d.o.f. for the # = 1 mode. The consistency of the
equations of motion for /; and 4, then requires

4C32R 7, (3 /F !
)= 2804 10u0) 1 r0s) - 5y VTR LB (106)
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where Qs(t), Qg(1), and Q4(¢) are free functions of time. We note that Q5(#) and Qg(#) describe the solutions of the Laplace
equation for # = 1, and without loss of generality we can impose that Qs(z) = 0 and Qg(z) = 0.

At this stage, the equations of motion #,, k,, i, and k; coincide. Without loss of generality, we focus on the equation of
motion for £,, which yields

10(1 + C3) /77,
d = Qg(t) ———— Y20t
n Coa*(Qa(1) + 6r,05(1) 4+ 6:/rr,04(1) + 2,/ 01 (1) + 2, /77 05(t) — 12C} (1)) (107)
6(1 + Co)(Coey + ¢2)(1 + CRa®)m?r3 /7, '
Requiring that 4; — 0 in the limit of » — oo, from Eq. (106), we impose that Q;(7) = 0 and Q,(t) = — 1= 05(¢). Then, we

37y
obtain 4; = 0. Requiring that 4, — 0 in the limit of » — oo, from Eq. (107), we impose that Qg(z) = 0, and then obtain

Coa®(Qa(1) + 6r,Q5(1) = 12} (1) +2,/7,0/ (1)) 2
/12 - 3 5 13 - ——/12. (108)
6(1 + Cp)(Cocy + ¢2)(1 + Cia®)m*r2, /1, r
By introducing the new variable ¢ to eliminate ok by
X
ok = P + ¢, (109)

and substituting Eq. (109) into Eq. (105), y is related to ¢ as

1 3 2 2 2

. r(r-r, r<(5r —9r —8r+7r 3rc—15rr, 4+ 11r, =3r+r
X=5 ¢+ ( ")¢’+ ( -")¢+ . ’ LC (1) + 9C) (1)

NG 3r, 6r, 3. /3,

3 , k
2.3 3\/rr r
4 6r°ry \/_g

~ rQs(t) + 6rr,05(t) — 4r,C; (1) + 12C(%1"(12C§(1 (1) — 4C(%rg052C;(l (1) 4 2r /7,04 (1)
6r,(1+ Cja?)

Cy, (1) +

+ =2

1 3. .
i <r7(—12r + 11r ) hy + 687, (=r + 1,)h, — 671y + 8r8r Wy — 217 P21 + 21515k — 6 r17rgh1). (110)
r2ry

Since we have already employed all the equations of motion, in general ¢ is undetermined. However, since n, and m, are
given by

3

3G, (1) N (r=4r))C (1) r

= 2 - 10 11rg + 2r2¢"
n2 r2 ﬂrg 3\/§< ¢ + r¢ r ¢ )
1
—+ o ((36r = 5ry)hy + 18r;h, 4 2r((27r = 5ry) Wy + 61 h; 4 2r(3r — rg)h’l’)), (111)
g
4C, (1) (2r=9r,)C (1
my = — k;(>+( r ’;g) k,()_ r2 (10¢+11r¢/+2r2¢//)
r 2r§rg 3%
1
+o ((36r = 51,y + 187,h, +27((27r = 51,1, + 61, + 2r(3r — rg)h’l’)). (112)
g9
|
we find that the gauge invariant [see Eqgs. (31) and (32)] ¢ =0, (113)

combination n, — m, does not depend on ¢, h,, and h;.
Because of the presence of the gauge degrees of freedom,  which avoids the growing terms in n, and m, as r — oo.

E, and E; we may choose the gauge h; = 0 and s, = 0 as Below, we focus on the leading behavior of the perturbed
Eq. (45). Furthermore, as a particular solution we may  metric components in the large distance limit » — oo and
choose impose their regularity. The imposition of a sufficient
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number of boundary conditions in the limit of » — oo will
fix the remaining free functions of time, Q;(z), Q,(1),
Q5(t), Cy (1), and Cy (r). We will clarify the boundary
conditions which are necessary to eliminate these free
functions of time.

The leading terms in the (7, #) components of the metric
perturbations, which are obtained from linear combinations
of ny, r—jnl, r—jnz, my, r—fml, and r—r”mz are proportional to
Q) (1)r. In order to satisfy the regularity of both the sectors
in the large distance r — oo, we require that the O(r) terms
in the (z,7) components of the perturbed metrics vanish,
and hence impose

02(1) = g2 (114)
where ¢, is an integration constant.

The leading terms in the (7, r) components of the metric
perturbations which are obtained from the linear combi-

. r_q i”_( rg rg .
nations of \/;nl, \/;nz, \/;m 1, and \/;mz are given by

the O(r°) terms, which lead to the divergence of the ADM
masses in both the sectors in the large distance limit
r — oo. The regularity of the ADM masses requires

0s(t) =0,
0,(t) =q, -

(g2t + 12C3*Cy, (1)), (115)

1
2,/7,
where ¢, is an integration constant. The leading terms in
the (r, r) components of the metric perturbations which are

obtained from n, and m, are given by the O(4), where the
r2

coefficients are proportional to Cy (t).
The leading and subleading terms in the (¢,6) compo-
nents of the metric perturbations which are obtained from

. . . r, r,
the linear combinations of r2h,, r*/"h,, r*k,, and r*y "k,

are given by the O(r2) and O(r°) terms, respectively. For
the asymptotic flatness of the spacetimes in both the
sectors, to eliminate O(r2) term requires

Cy (1) = ¢, (116)
where ¢ is an integration constant. Similarly, eliminating

the O(r°) terms in the (¢,0) components of the metric
perturbations requires that

2 3
Ce)=Li4¢,. o = ~Sarn. (117)

2
where ¢, is an integration constant. The (r, #) components
of the metric perturbations obtained from rh, and rk,
automatically vanish and need not to be considered in the
rest. The leading terms in the angular components of the
perturbed metric are proportional to O(r°), which are

suppressed by the factor % compared to the background
metrics.

After imposing Eq. (116), the O(r°) terms of the (, )
components of the metric perturbations automatically
vanish. Similarly, after imposing Eq. (116), the O(l%) terms
of the (z,r) components of the metric perturrbations
automatically vanish. Then, the O(i%) terms in the (1)

components of the metric perturbations are proportional to
%. Requiring that these terms vanish as well imposes

7 =0, (118)

and from Eq. (117) we obtain that ¢, = 0. The O(2) terms
in the (¢, ) components of the metric perturbations vanish.
With Eq. (118), the O(%) and O(l%) terms in the (7,1)
components of the metric pertur{)ations automatically
vanish.

The next-order terms in the (z,6) components of
the metric perturbations are given by the 0(%) terms.

Requiring that these terms vanish imposes

q1 :0, Ckl =0. (119)

After imposing Eq. (119), the (’)(r%) terms in the (¢, r)
components of the metric perturbations automatically
vanish. As a consequence, all the components of the
¢ = 1 perturbations vanish.

The manipulations to reduce the equations of motion for
the £ = 1 mode are summarized in Table II.

VI. THE SOLUTIONS OF THE HIGHER
MULTIPOLAR PERTURBATIONS

In this section, we focus on the Z > 2 modes.

A. The case of the two copies of GR

Again, as a point of comparison, we first review the case
of the two copies of GR, i.e., the case of m = 0. For the
modes 7 > 2, after deriving the equations of motion for
m =0, under the two copies of the four-dimensional
diffeomorphism invariance, for the perturbed metrics
(27) and (28) we fix the gauge as

Ty

ht = - —'3hr7 hl = 0, h2 = O,
r

k, = — _rgk,, ki =0, k=0 (120)
r

We then introduce the master variables y and y as
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TABLE II. The manipulations to reduce the equations of motion for the # = 1 mode. EOM means equation of

motion.
# of independent
Manipulation Output Remark variables
Derive EOMs 18
Symmetry h, =0and k, =0 16
Gauge fixing hi=0and h, =0 14
EOM for ny Eliminate n, 13
EOM for m, Eliminate m,, 12
EOM for 1, Eliminate m, 11
EOM for 1, and /5 Eliminate k, and k, Cy, (1), Gy, (1) 9
Combine EOM for y and EOM for 6h Eliminate n, 8
Combine EOM for y and EOM for 6k Eliminate y 0,(1), 0s(1) 7
Combine EOM for y and EOM for y Eliminate 5h 05(1), Q4(1) 6
Combine EOM for n, and EOM for m, Eliminate A3 5
Combine EOM for /#; and EOM for £, Eliminate 4, 05(1) 4
EOM for &, Eliminate 4, 0s(t) 3
Regularity of A; at r — oo Set 4, =0 0,(1) =0, fix Q4(1) 3
Regularity of 4, at r — oo Os(t) =0 3
EOM for n, 2
Introduce ¢ [Eq. (109)] Eliminate y 1
Gauge invariance of n, — m;, ¢=0 1
Set /10 ﬂo =0 0
Eliminating O(r) in the (7, ¢) components Eq. (114) Fix 0, (1) 0
Eliminating O(r°) in the (¢, r) components Eq. (115) Fix Q;(t) and Q,(r) 0
Eliminating O(y/r) and O(r°) in the (,6)  Eqs. (116) and (117) Fix Cy, (1) and Cy, () 0
components
Eliminating O(%) in the (7, 1) components Eq. (118) Fix ¢, 0
Eliminating O() in the (z,6) components Eq. (119) Fix ¢, and ¢, 0
4+ C=2)r+3r
nlzz—rq{f(f—l—1)(r—rg)h,—|—2rgn0—rn2+1<2 f(f—i—l)( + )r+ gy/],
2 2 2
m :%[f(f—f—1)(b2r—rf)k,+2rfm0—b2rm2 +%\/f(f+l) (+e i)b r+3rf)(]. (121)
f

The equations of motion for ny and m, relate n, and m to other variables, respectively. The combination of the equations of
motion for i; and h, is used to eliminate n,. Similarly, the combination of the equations of motion for k; and k, is used to
eliminate m,. Then, the combination of the equations of motion for y and h; yields

B r, . T 1 jr,. 1,
w—2\/%1//—(1—7">w”+§ r—‘;’w—r—ﬁw’

O+ 1)+ =227 +3(P+ =2 r,+ 9+ ¢ = 2)rrg + 9,
_|_
P +¢-2)r+ 3rg)2

y =0. (122)
Similarly, the combination of the equations of motion for y and k; yields

. re. r 1 [re. 1
x—2\/7fx’—<b2—7f>;("+§ Tgx—r—ﬁx’

6+ 1)+ =220 +3b* (> + £ = 2)*r*ry + 9% (6% + £ = 2)rr + 97}
B rP(b*(* 4+ ¢ = 2)r +3rp)?

7 =0. (123)

With Egs. (122) or (123), we confirm that the rest of the equations of motion in the physical and fiducial sectors are satisfied,
respectively. Thus, y and y play the role of the master variables in the physical and fiducial sectors, respectively.
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B. The case of MTBG

We then focus on the # > 2 modes in the self-accelerating branch of MTBG. In order to eliminate the dependence on /4,
and k,, we introduce the new variables 6 and ok as Eq. (94). We also introduce the new variables y and y to replace n; and
m; by

n = —rg [2f(f—|— 1)\/Pry6h +2(6r —5r,)hy — £(€ + 1)(6r = 5r))hy +42(€ + 1)(r — r,)h,
+4r(r—rg)hy =26(¢ + )r(r —ry)hy +4 r3rgh, =20(¢+1) r3rgh2
+ 8ryng — 4rn, —|—$ VEE+D) (2 +¢-2)r + 3rg)y/},

my = 8% 262+ 1)\ [P rydk + 2607 = Srp)ky = £(6 + 1)(66%r = 1y )ks + 422 + 1) (BPr = 1)k,

+4r(b?r = rp)ky = 20(€ + 1)r(B*r — rp)k + 44/ Priky = 26(€ + 1)\/ rPrik,
4 2
+ 8rpmg — Ab2rmy + —s—JE(€ + 1) (€2 + € = 2)b?r + 3rf);(]. (124)
. g .

After deriving the totally 18 components of the equations of motion for the 18 variables, we fix 4 and A, to 0 by the gauge
conditions (33). The equation of motion for 4, fixes m, as

1 2+ 1

The equation of motion for 4; is not independent of that for 4,. The equation of motion for 4, fixes k, as

1
k _—h
r r+2

2z 1) ok Ak A 1)k + 27k (126)

The equations of motion for ny and m, fix n, and m,, respectively. The compatibility of the equations of motion for /; and
h, fixes n,. Similarly, the compatibility of the equations of motion for k; and k, fixes 45. The equation of motion for 45
provides the constraint relation

22 + €+ 18)ky + 44rk| + (€ + 1)[(€? + € — 22)ky — 22rKy] + 872k]
42(¢ + 1)r? '

/—
ky =

(127)

The combination of the equations of motion for /4, and %, "— g (130)
. . . X - X
provides the evolution equation for k,

where H, includes at most first-order time and radial
derivative terms of the perturbation variables. The equation
of motion for n, fixes 4,. The compatibility of the equations
of motion for m, and n, provides a constraint relation
denoted by

ky = Gy, (128)

where Gy, represents at most first-order time derivative
terms of the perturbation variables. The compatibility of the
equations of motion for 64 and 5k provides the constraint
relation ¢, =0, (131)
k" = Hygy, 129 L . . o

ok (129) which includes at most first-order time derivative terms of

the perturbation variables. The compatibility of the equa-

where H 5, includes at most first-order time derivative terms 3 . .
tions of motion for %; and k; provides

of the perturbation variables. The compatibility of the

equations of motion for y and y provides the constraint B
relation ki = Hy,. (132)
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TABLE III.
motion.

The manipulations to reduce the equations of motion for the £ > 2 modes. EOM means equation of

# of independent

Manipulation Output Remark variables
Derive EOMs 18
Fix the gauge h; =0 and 16
hz — O
EOM for 4, Eliminate m, EOM for 4, is not independent 15
EOM for 4, Eliminate &, 14
EOM for ny Eliminate n, 13
EOM for m, Eliminate m 12
Combine EOM for #; and EOM for #,  Eliminate n, 11
Combine EOM for k; and EOM for k,  Eliminate A5 10
EOM for 45 Eq. (127) First constraint 9
Combine EOM for &, and EOM for k, Eq. (128) First evolution equation 8
Combine EOM for 64 and EOM for 6k Eq. (129) Second constraint 7
Combine EOM for y and EOM for y Eq. (130) Third constraint 6
Combine EOM for n, and EOM for m, C, = Fourth constraint 5
EOM for n, (or EOM for m,) Eliminate 1, 4
Combine EOM for 4, and EOM for k; Eq. (132) Fifth constraint 3
EOM for h; (or EOM for k) £ =0 Second evolution equation 2
EOM for h, (or EOM for k,) C, =0 Sixth constraint 1
EOM for 6h (or EOM for 6k) E =0 Degenerate to £ =0 1
EOM for y (or EOM for y) & =0 Degenerate to £, =0 and & =0 1
Take the difference between Eq. (136) Seventh constraint 0
£ =0and & =0
Take the difference between ;=0 Not an independent constraint 0

52:0and53:0

where H) contains at most first-order time derivative terms
including v, 7", 6h", Sk”, K", SK", w", h!, A", and A}.

With use of the constraint (131), the equations of motion
for hy, oh, and y lead to the evolution equations

51 = O, (‘:2 - 0, 53 - 0, (133)

which include at most second-order time derivative terms.
We find that the evolution equations in Eq. (133) are
degenerate with respect to the second-order derivatives of ¢
and can be rewritten as the evolution equation of

T:=2K2\/;((f2+f—2)r+3rg)(y/+Cg;()
g
4(5h + C3a*5k)
f2 f 4
,/ e, [(EREA L,
(134)

The equation of motion for 4, leads to the constraint
relation

C, =0, (135)

which includes at most first-order time derivative terms of
the perturbation variables. In the case of two copies of GR
with m = 0, y and y play the role of the master variables in
each sector. Instead, in the case of MTBG with m # 0, the
evolution of the perturbations in the two sectors are coupled
to each other.

The degeneracy between £, = 0 and £, = 0in Eq. (133)
leads to the constraint relation

l//// = Hn//’ (136)

where H,, represents at most the first-order time derivative
terms of the perturbation variables. Similarly, the degen-
eracy between £, = 0 and &3 = 0 in Eq. (133) reduces to
the constraint relation Eq. (131) and does not produce any
more constraint. The manipulations to reduce the equations
of motion for the Z > 2 modes are summarized in Table III.
In the effectively massless case with b = 1 and r; = r,, 4
does not appear and hence without loss of generality we
may set

o = 0. (137)

5/10 may appear in higher-order perturbations even in the
effectively massless case. In such a case, imposing the regularity
of higher-order perturbations may fix 4, uniquely, although this is
beyond the scope of the present paper.
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Each of the degenerate evolution equations £, =0 (£, =0
or £ = 0) still contains the terms with two time and one
radial derivatives as y’. However, by combining &3 =0
with C{ =0, all the two time and one radial derivative
terms cancel and the resultant evolution equation
& =0, (138)
is purely a second-order derivative equation with respect
to time.
We then replace 6k with T using Eq. (134). We also

relate s, to other variables through Eq. (131). Then,
Eq. (138) reduces to

(139)

which has the structure

. r
ky + (—1 +7"> Ky

2r2 r\: [z r
50— (=) |T+ [ -1+2)Y"| =R:,
e ) [T+ ()]

(140)

where the remaining terms Rz, do not contain second-order
derivative terms with respect to time. We note that the
evolution equation (128) is not independent of Eq. (139).
After eliminating A, with Eq. (131), the constraint
Eq. (135) now turns into an evolution equation, because
the &, term in the original (135) turns into second-order
derivative terms with respect to time.

After eliminating 4, with Eq. (131), the Eqgs. (129),
(130), and (136) finally reduce to the elliptic equations

"=K,. (141)

7'=K,, (142)

o AP A4 18)k, 4 drki + C(C + 1)+ £ =220k, = 22rky] — 4£(4 + D)PKS (143)
1 — - )

where the last equation coincides with Eq. (127), and K v and
K, in Egs. (141) and (142) do not contain second-order
derivative terms with respect to r besides k5 and Y”. The
constraint relation (135) now turns to the evolution equation

C, =0, (144)
which has the structure
ey + <—1 +@)kg+ i <L>%
r Cia*(r, — =4 ) \ry
x <T+ <—1 +%>T”) —Re,. (145)

where the remaining terms Rz do not contain second-order

derivative terms with respect to time. The combination of
(140) and (145) leads to the individual evolution equations
for Y and k,, which are schematically given by

T+ <—1 +r—}f’)T”:RT, (146)

iy + <—1+rrg>k’2’:Rk2, (147)

where Ry, and Ry are given by the linear combinations of Rz,
and R, . These equations tell that in the case of the effectively

812

[
massless case with b = 1 and rp=r, the two modes Y and

k, propagate with the speed of light in the radial directions.
Equation (132) reduces to the constraint

Cy =0, (148)

which includes A]” and k,. After eliminating k, by
Eq. (147), Eq. (148) can be written solely as the fourth-
order differential equation with respect to r for 4,

12454(£+1)
2

+%(/—4)f(f+1)(f+5)/11:0’

2K 2" 4572, — Py +6(2+ ¢+ 1)rk

(149)
whose general solution is given by

A= C/ll,l(t)r_% + C,M(t)r% + Cy, 5(t)r !

+ Cp ()1, (150)
where C;, (), C,2(1), Cy, 3(t), and C) 4(t) are functions
of t. Depending on the boundary conditions, these free
functions should be chosen appropriately. The fact that in
the even-parity sector the equation for the instantaneous
mode from the Lagrange multipliers is independent of the
other modes is reminiscent of the case of the odd-parity
perturbations in the effectively massless case where the
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equation for the instantaneous mode A associated with the
Lagrange multiplier is independent of the other variables
and can be solved analytically [see Eq. (117) in Ref. [14]].
We note that the solutions of C; ;(7) and C;, 4(¢) are those
of the Laplace equation in the three-dimensional Euclid
space for the 7 mode. Plugging Eq. (150) into the
other independent equations, C; 5(¢) and C; 4(¢) do not

|

contribute to the remaining equation of motion. Thus, 4,
contains only one physical instantaneous mode, in spite
of the fact that it follows the fourth-order differential
equation (149).

In Egs. (127), (141), and (142), the right-hand sides still
contain Y”, k, and 5k”. We introduce the new variables i,
7, and k, by

T f c%g;i[(si; (;2 f; —1)22)r]1<2 Arl(1 -+ Che)ok + ]

S S e TR
¥=xteay fcz . ?[3r_+1)(;_2(+f )22) e (1 + Cha?)ok+ 1]

N - ig?%az) V2+30-1)+ (T - J)r «({;2r+—f2[62—; ?(f 1)+ (£ -1)2r} . (152)
k, =k +@k% (153)

and eliminate v, y, and k;, so that Egs. (127), (141), and
(142) become purely the second-order spatial equations for
W, 7, and k;. We note that after introducing , 7, and &, the
dependence on 6k never shows up in the equations of
motion, and turns out to be a gauge mode.

By introducing i, 7, and k,, the master equations for the
two dynamical modes (146) and (147) turn to be

Y—z\/ET’ + (—1 +@)T” =Ry
r r

(154)

_ 2APHLH18)ky 44K, +2(£+2) (£ +1)E (£ = 1)k,

. o
i — 2\/;182 4 (—

where Ry and Ry, contain at most first-order derivatives
with respect to the time and radial coordinates. We note that
the left-hand sides of (154) and (155) correspond to the GR
operators in the even-parity perturbations. Equations (127),
(141), (142), and (150) now reduce to three elliplitic
equations and the physical solution for 4,

1+ %) K/ =R, (155

k! o (156)
W' = I_{l//’ (157)
7 =K, (158)

_t4 445
M =Ca()r™= +C ()=, (159)

where K,, and K, include the at most the first-order radial
derivatives. Thus, in the effectively massless case, there are
two dynamical modes Y and k,, while there are four
instantaneous modes from I_q ,W, ¥, and ;. As in the case of
the odd-parity sector [14], in the effectively massless case
the two modes in the even-parity sector propagate with the
speeds of light at least in the radial direction. Combined
with the analysis of the odd-parity sector [14], in the

[
effectively massless case there are four propagating d.o.f.
and six instantaneous d.o.f. for each of the # > 2 modes.
If the effectively massless condition is relaxed, there may
be more instantaneous modes, while the number of propa-
gating modes should remain the same because of the
structure of MTBG. Also as in the case of the odd-parity
sector [14], we expect that if the condition is relaxed the
speeds of the two propagating modes would differ from
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each other. We also confirm that the squared angular
propagation speeds of the two evolution modes T and &,
read from Eqgs. (146) and (147) are positive, indicating that at
least in the effectively massless case there is no instability in
the angular directions in the large distance limits.

VII. CONCLUSIONS

As a continuation of the previous works [14,17], we
have studied even-parity perturbations about static and
spherically symmetric Schwarzschild solutions in the self-
accelerating branch of MTBG. Before performing the
analysis of even-parity perturbations, in Sec. Il we have
reviewed the Minkowski solutions in the self-accelerating
branch of MTBG as the limit of the vanishing effective
cosmological constants of the de Sitter solutions written in
the spatially-flat FLRW coordinates. We have shown that in
general the physical and fiducial sectors do not share the
same Minkowski vacuum because under the joint foliation-
preserving diffeomorphism invariance the time coordinate
cannot describe the proper time in both the physical and
fiducial sectors. In order to share the same Minkowski
vacuum in both the sectors, the free function which
measures the difference in the proper times between the
two sectors has to be constant. In Sec. III, we have reviewed
the even-parity perturbations on the Schwarzschild solu-
tions in the spatially flat coordinates in the self-accelerating
branch of MTBG. For each of the # = 0, 1, and >2 modes,
we have clarified the gauge transformations under the joint
three-dimensional diffeomorphism transformation.

In Sec. IV, we have investigated the solution for the
¢ = 0 mode. As expected from the structure of MTBG, we
confirmed that there is no propagating d.o.f. for £ = 0. The
general solution to the £ = 0 mode allows that the mass of
a BH in each sector varies with time, while the summation
of masses in both the sectors remains constant. However,
by requiring that the total mass of matter in each sector
inside a star is constant before gravitational collapse, the
mass of the BH in each sector has to be constant, which
fixes one of the free functions of time to be a constant.
Moreover, the requirement that the asymptotic regions
of the spacetimes in both the sectors share the same
Minkowski vacuum completely fixed the free functions
of time. As a consequence, as in the two copies of GR, the
general solution to the £ = 0 mode can be absorbed by a
redefinition of the parameters in the Schwarzschild back-
ground, namely the two gravitational radii. We also con-
firmed that the consequences of the linearized analysis for
the £ = 0 mode can be naturally extended to the nonlinear
case as the spherically symmetric but time-dependent
vacuum solutions written in the spatially flat coordinates
in the self-accelerating branch of MTBG.

In Secs. V and VI, we have analyzed the even-parity
perturbations for the £ = 1 and # > 2 modes, respectively.
Since the equations of motion for these modes have become
quite involved, we have focused on the effectively massless

case. First, we have set the constant parameter b which
measures the ratio of the proper times between the two
sectors to be unity. By imposing that b = 1, as in the case of
the odd-parity perturbations [14], the effective mass term in
the equations of motion for the perturbations vanishes.
However, even in the case of b = 1, the terms depending on
the Lagrange multipliers associated with the second-class
constraints still remain nontrivial, and the essential struc-
ture of MTBG is maintained. Second, we have also
assumed that the background gravitational radii in the
physical and fiducial sectors coincide. With these assump-
tions, the system of the perturbed equations of motion in the
even-parity sector has become somewhat tractable, while
the essential features of the even-parity perturbations
remain nontrivial.

In Sec. V, we have analyzed the even-parity perturbations
for the £ = 1 mode in the effectively massless case. In the
effectively massless case we have exactly solved the set of
equations of motion for the # = 1 mode. However, the
general solution for the # = 1 mode contains several free
functions of time. Under the choice of the gauge (45), as a
particular solution obtained by setting ¢ = 0 where the
mode ¢ does not appear in the gauge-invariant combina-
tion n, — m,, these functions of time could be fixed by
imposing the suitable boundary conditions at the spatial
infinity, requiring that the leading order corrections to
each component of the metrics are suppressed by a factor of
r~2 compared to the background quantities. The gauge-
invariant parts of the resultant solutions to the £ = 1 mode
vanish, leaving no observable effect.

In Sec. VI, we have analyzed the even-parity perturba-
tions for the £ > 2 modes. In the effectively massless case,
in contrast to the cases of the £ = 0 and £ = 1 modes, we
have found that there are two dynamical modes and four
instantaneous modes. We have also found the equations
for the two dynamical modes Y and k,, and the elliptic
equations for the four instantaneous modes, 7, 7, k;, and
A1. The equation for 4; is independent of other modes, and
can be solved analytically. We have shown that among the
four solutions of 4;, two of them are the solutions of the
Laplace equation in the three-dimensional Euclid space and
do not physically contribute to the dynamics of the other
modes. Since the number of the physically independent
solutions of A; is two, there is one instantaneous mode
arising from 4;. Combined with the analysis of the odd-
parity sector, in the effectively massless case there are four
propagating d.o.f. and six instantaneous modes for each of
the # > 2 modes in the self-accelerating branch of MTBG.

There are still many remaining issues. The analysis of the
even-parity perturbations should be extended by relaxing
the assumptions of the effectively massless case. The odd-
and even-parity perturbations should be analyzed in the
normal branch. As an application of the even-party and
odd-parity perturbations, BH quasinormal modes should be
analyzed to distinguish BHs in MTBG from the case of
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the two copies of GR. Finally, numerical simulation
techniques for gravitational collapse in the self-accelerating
and normal branch of MTBG should be developed. These
subjects would be definitively interesting but are left for
future studies.
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