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Universidade de Lisboa—UL, Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal
3Center for Gravitational Physics and Quantum Information, Yukawa Institute for Theoretical Physics,

Kyoto University, 606-8502 Kyoto, Japan
4Kavli Institute for the Physics and Mathematics of the Universe (WPI), The University of Tokyo Institutes

for Advanced Study, The University of Tokyo, Kashiwa, Chiba 277-8583, Japan
5PVsyst SA, Rte de la Maison-Carrée 30, 1242 Satigny, Switzerland

(Received 8 July 2024; accepted 29 July 2024; published 29 August 2024)

We study even-parity black hole perturbations in minimal theory of bigravity. We consider the
Schwarzschild solution written in the spatially flat coordinates in the self-accelerating branch as the
background solution. We clarify the gauge transformations for the l ¼ 0, 1, and ≥ 2 modes with l being
the angular multipole moments under the joint foliation-preserving diffeomorphism transformation.
Requiring that the asymptotic regions in the physical and fiducial sectors share the same Minkowski vacua,
the solution to the l ¼ 0 perturbations can be absorbed by a redefinition of the Schwarzschild background.
In order to analyze the l ¼ 1 and ≥ 2 modes, for simplicity we focus on the effectively massless case,
where the constant parameter measuring the ratio of the proper times between the two sectors is set to unity
and the effective mass terms in the equations of motion vanish. We also find that as a particular solution all
the l ¼ 1 perturbations vanish by imposing their regularity at spatial infinity. For each of the l ≥ 2modes,
in the effectively massless case, we highlight the existence of the expected two propagating modes and four
instantaneous modes.
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I. INTRODUCTION

Ghost-free massive gravity and bigravity theories are
promising candidates to elucidate the origin of the present
day’s cosmic acceleration. The first model of ghost-free
massive gravity was formulated within a linearized theory
by Fierz and Pauli [1]. While naive nonlinear extensions of
the Fierz-Pauli theory have not been successful because of
the appearance of the Boulware-Deser (BD) ghost [2], the
first model of massive gravity free from the BD ghost at the
fully nonlinear level was provided by de Rham, Gabadadze,
and Tolley [3]. de Rham, Gabadadze, and Tolley model was
then extended to a bigravity theory by Hassan and Rosen
(HR) [4], by promoting the second fiducial metric to be
another dynamical field.1

HR bigravity was extended to the minimal theory of
bigravity (MTBG) [8], where the four-dimensional space-
time diffeomorphism invariance is broken down to the
three-dimensional spatial diffeomorphism invariance and
time-reparametrization invariance. While the four-
dimensional diffeomorphism invariance is explicitly bro-
ken, the absence of problematic scalar and vector degrees of

freedom (d.o.f.) makes it easy for the theory to be consistent
with experimental and observational tests.MTBG shares the
same background cosmological dynamics with HR bigrav-
ity, but the number of propagating d.o.f. is down to four, two
massless tensorial d.o.f. and the other two tensorial d.o.f.
that are massive. The absence of the extra scalar and vector
d.o.f. in MTBG implies the absence of ghost or gradient
instabilities associated with them [9–11]. In the normal
branch, deviations from GR in the dynamics of both back-
ground and the scalar sector could be already observed. The
absence of extra d.o.f. also allows for a new production
scenario of spin-2 dark matter based on the transition from
an anisotropic fixed point solution to an isotropic one [12].
MTBG possesses constraints by which the unwanted

modes can be removed nonlinearly from the theory. A
consequence of the presence of these constraints is the
appearance of instantaneous (or shadowy) modes [13,14],
which are described by elliptic equations on a three-
dimensional hypersurface. Such instantaneous modes
appear not only in MTBG but also in other theories, for
instance, higher-order scalar-tensor theories where the
degeneracy conditions are met only in the unitary gauge,
known as U-DHOST theories [15,16]. They satisfy elliptic
equations for which some appropriate boundary conditions
need to be imposed.

1HR bigravity still suffers from the BD ghost if matter is
coupled to both the physical and fiducial metrics [5–7].
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Reference [17] investigated static and spherically sym-
metric solutions in the self-accelerating and normal branches
of MTBG. It was shown that a pair of Schwarzschild–
de Sitter spacetimes with different cosmological constants
and black hole (BH) masses written in the spatially flat
(Gullstrand-Painlevé) coordinates is a solution in the self-
accelerating branch of MTBG. On the other hand, in the
normal branch, while the spatially flat coordinates of the
paired Schwarzschild–de Sitter metrics cannot be solutions,
those written in the coordinates with a constant trace of
the extrinsic curvature tensors on the constant time
hypersurfaces [15,18–20] could be solutions, provided that
the two metrics are parallel.
Reference [14] investigated spherically symmetric gravi-

tational collapse of pressureless dust in the self-accelerating
branch of MTBG. While the interior region of a collapsing
solution is described by a Friedmann-Lemaître-Robertson-
Walker (FLRW) universe, the exterior region is described
by a Schwarzschild spacetime with specific time slicings.
The collapsing solution with the spatially flat slicings has
been obtained under certain tuning of the initial conditions.
In the spatially closed case corresponding to an extension
of the Oppenheimer-Snyder model [21–23], gravitational
collapse happens in the physical and fiducial sectors in the
same manner as it would in two independent copies of GR
under a certain tuning of the matter energy densities and
Schwarzschild radii between the two sectors.
Reference [14] also studied odd-parity perturbations of

the Schwarzschild–de Sitter solutions written in the spa-
tially flat coordinates in the self-accelerating branch of
MTBG. For the modes l ≥ 2, where l represents the
angular multipole moment, there are four physical modes,
where two of them are dynamical and the remaining two are
instantaneous. Beside the case in which the ratio of the
lapse functions in the physical and fiducial sectors are equal
to unity, the two dynamical modes are coupled to each other
and sourced by the two instantaneous modes. For the
dipolar mode l ¼ 1, the two copies of the slow-rotation
limit of the Kerr–de Sitter metrics, in general, cannot be a
solution in MTBG, indicating deviation from GR for
rotating black holes.
In the present paper, we will study even-parity pertur-

bations in the self-accelerating branch of MTBG. In order
to simplify the analysis of the even-parity perturbations, we
will focus on the Schwarzschild background solutions
written in the spatially flat coordinates, where the effective
cosmological constants are tuned to zero, instead of the
Schwarzschild–de Sitter solutions. By construction, for
l ≥ 2 there should be two propagating d.o.f. We also
expect the appearance of a number of instantaneous modes
which obey a set of elliptic differential equations on each
constant time hypersurface. To make the analysis of the
l ≥ 1 modes explicit, we will set the ratio of the lapse
functions between the two sectors to be unity. In this case
the effective graviton mass terms in the equations of motion

of the perturbations vanish. We will also assume that the
two gravitational radii of the Schwarzschild metrics in both
the sectors coincide. We call this case the effectively
massless case. Within these assumptions, we will be able
to reduce the set of the perturbation equations, and finally
identify the two propagating modes and four instantane-
ous modes.
For the l ¼ 0 and 1 modes, we will show that there is no

propagating d.o.f. as expected from the structure of MTBG,
and will present the exact analytic solutions for the
perturbations of the two spacetime metrics and the
Lagrange multipliers. For these modes, we will show that
under the suitable boundary conditions all the free func-
tions of time can be fixed. For l ¼ 0, the solution for the
perturbations can be absorbed by the redefinition of the two
gravitational radii of the Schwarzschild solution. We also
find that all the components of the l ¼ 1 perturbations
vanish by imposing the regularity of the physical and
fiducial metrics at spatial infinity.
The structure of this paper is as follows: In Sec. II, we

briefly review MTBG. In Sec. III, we introduce the even-
parity perturbations about the Schwarzschild solution
written in the spatially flat coordinates in the self-
accelerating branch of MTBG. In Sec. IV, we investigate
the monopolar perturbations with l ¼ 0 and relate the
solution to the nonlinear analysis of the time-dependent
spherically symmetric solutions in the spatially flat coor-
dinates. In Sec. V, we investigate the dipolar perturbations
with l ¼ 1within the effectively massless case and find the
boundary conditions to fix all the free functions of time at
the spatial infinities. In Sec. VI, we investigate the higher
multipolar perturbations with l ≥ 2 in the effectively
massless case and identify the two propagating and four
instantaneous modes. The last Sec. VII is devoted to giving
a brief summary and conclusion.

II. MINIMAL THEORY OF BIGRAVITY
AND MINKOWSKI VACUA

A. Theory

We start with the Arnowitt-Deser-Misner (ADM)
decomposition of the physical and fiducial metrics, gμν
and fμν, respectively,

gμνdxμdxν¼−N2dt2þ γijðdxiþNidtÞðdxjþNjdtÞ;
fμνdxμdxν¼−M2dt2þϕijðdxiþMidtÞðdxjþMjdtÞ; ð1Þ

where xμ ¼ ðt; xiÞ represents the coordinates of the four-
dimensional spacetime with t and xi being the temporal
coordinate and the coordinates of the three-dimensional
spaces, respectively. N, Ni, and γij represent the lapse
function, shift vector, and three-dimensional spatial metric
in the physical sector, and M, Mi, and ϕij represent the
corresponding quantities in the fiducial sector.
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In the unitary gauge, the action of MTBG [8,14,17] is
then given by

S ¼ 1

2κ2

Z
d4x

�
Lg½N;Ni; γij;M;Mi;ϕij; λ; λ̄; λi�

þ Lm½N;Ni; γij;M;Mi;ϕij;Ψ�
�
; ð2Þ

where κ2 ¼ 8πG represents the gravitational constant in the
physical sector, Lg and Lm represent the gravitational and
matter parts of the Lagrangian, respectively, λ, λ̄, and λi

describe the two scalar and one spatial-vector Lagrange
multipliers which are associated with the second-class
constraints necessary to reduce the number of propagating
d.o.f. to four in the original Hamiltonian formulation, and
Ψ represents the matter fields. The gravitational Lagrangian
Lg of MTBG is further decomposed into the “precursor”
and “constraint” parts as

Lg ¼ Lpre½N;Ni; γij;M;Mi;ϕij�
þ Lcon½N;Ni; γij;M;Mi;ϕij; λ; λ̄; λi�; ð3Þ

with

Lpre ≔
ffiffiffiffiffiffi
−g

p
R½g� þ α2

ffiffiffiffiffiffi
−f

p
R½f�

−m2ðN ffiffiffi
γ

p
H0 þM

ffiffiffiffi
ϕ

p
H̃0Þ; ð4Þ

Lcon ≔
ffiffiffi
γ

p
α1γðλþ Δγλ̄Þ þ

ffiffiffiffi
ϕ

p
α1ϕðλ − Δϕλ̄Þ

þ ffiffiffi
γ

p
α2γðλþ Δγλ̄Þ2 þ

ffiffiffiffi
ϕ

p
α2ϕðλ − Δϕλ̄Þ2

−m2½ ffiffiffi
γ

p
Ui

kDiλ
k − β

ffiffiffiffi
ϕ

p
Ũk

iD̃iλ
k�; ð5Þ

and

α1γ ≔ −m2Up
qKq

p; α1ϕ ≔ m2Ũp
qΦq

p;

α2γ ≔
m4

4N

�
Up

q −
1

2
Uk

kδ
p
q

�
Uq

p;

α2ϕ ≔
m4

4Mα2

�
Ũq

p −
1

2
Ũk

kδq
p

�
Ũp

q; ð6Þ

where the constant α represents the ratio of the gravita-
tional constants between the two sectors, m is a parameter
with mass dimension one which can be regarded as the
graviton mass, β is a constant, γ ≔ detðγijÞ and ϕ ≔
detðϕijÞ are the determinants of the two three-dimensional
spatial metrics γij and ϕij, respectively. We also note that
Kq

p ¼ γqrKrp and Φq
p ¼ ϕqrΦrp, where Kij and Φij

represent the extrinsic curvature tensors on each constant
time hypersurface in the physical and fiducial sectors,
respectively. Furthermore,H0 and H̃0 are defined byH0 ≔P

3
n¼0 c4−nenðKÞ and H̃0 ≔

P
3
n¼0 cnenðK̃Þ with

e0ðKÞ ¼ 1; e1ðKÞ ¼ ½K�;

e2ðKÞ ¼ 1

2
ð½K�2 − ½K2�Þ; e3ðKÞ ¼ detðKÞ;

e0ðK̃Þ ¼ 1; e1ðK̃Þ ¼ ½K̃�;

e2ðK̃Þ ¼ 1

2
ð½K̃�2 − ½K̃2�Þ; e3ðK̃Þ ¼ detðK̃Þ; ð7Þ

with Ki
k and K̃k

i characterized by Ki
kKk

j ¼ γikϕkj and
K̃j

kK̃k
i ¼ γjkϕ

ki. Δγ ≔ γijDiDj and Δϕ ≔ ϕijD̃iD̃j re-
present the Laplacian operators in the physical and fidu-
cial sectors, respectively, where Di and D̃i are the
covariant derivatives associated with the spatial metrics
γij and ϕij. The spatial tensors Ui

j and Ũj
i are, respec-

tively, defined by

Ui
j ≔

1

2

X3
n¼1

c4−n
�
UðnÞij þ γikγjlUðnÞlk

�
;

Ũj
i ≔

1

2

X3
n¼1

cn
�
ŨðnÞji þ ϕikϕjlŨðnÞkl

�
; ð8Þ

withUðnÞik≔
∂enðKÞ
∂Kk

i
, ŨðnÞki≔

∂enðK̃Þ
∂K̃k

i
, and cj (j ¼ 0, 1, 2, 3, 4)

being dimensionless coupling constants. In this paper, we
will focus on the vacuum case and set Lm ¼ 0 in Eq. (2).

B. Minkowski vacua in the self-accelerating branch

Before considering the BH solutions, we briefly review
de Sitter and Minkowski solutions in the spatially flat,
homogeneous and isotropic FLRW metrics, which are,
respectively, given by

gμνdxμdxν ¼−dt2þ
�
dr− r

ȧðtÞ
aðtÞdt

�
2

þ r2ðdθ2þ sin2θdφ2Þ;

fμνdxμdxν ¼C2
0

�
−b2CmðtÞ2dt2þ

�
dr− r

ȧfðtÞ
afðtÞ

CmðtÞdt
�

2

þ r2ðdθ2þ sin2θdφ2Þ
�
; ð9Þ

where aðtÞ and afðtÞ represent the scale factors in the
physical and fiducial sectors, respectively, CmðtÞ is a
function of the time t, and b is a constant that characterizes
the relative light cone aperture in the fiducial sector. In the
presence of a nontrivial form ofCmðtÞ, the time coordinate t
cannot be the proper time in the fiducial sector. The general
ansatz for the Lagrange multipliers is given by

λ¼λðt;rÞ; λ̄¼ λ̄ðt;rÞ; λr¼λrðt;rÞ; λθ¼λφ¼0: ð10Þ

In order for the equations of motion for λ, λ̄, and λr to be
automatically satisfied, we impose the condition for the
self-accelerating branch [8,14,17] given by

EVEN-PARITY BLACK HOLE PERTURBATIONS IN MINIMAL … PHYS. REV. D 110, 044068 (2024)

044068-3



c3 þ 2C0c2 þ C2
0c1 ¼ 0: ð11Þ

From the equations of motion for the lapse functions N and
M, i.e., the Friedmann equations in both the sectors, we
obtain the solutions for the scale factors in the physical and
fiducial sectors given by

aðtÞ ¼ a0 exp

� ffiffiffiffiffiffi
Λg

3

r
t

�
;

afðtÞ ¼ af;0 exp

�
bC0

ffiffiffiffiffiffi
Λf

3

r
t

�
; ð12Þ

where a0 and a0;f are integration constants, and the
effective cosmological constants in both the sectors are
related to the parameters in the Lagrangian of MTBG (4) by

Λg ¼
m2ðc4 − 2C3

0c1 − 3C2
0c2Þ

2
;

Λf ¼ ðC2
0c0 þ 2C0c1 þ c2Þm2

2C2
0α

2
: ð13Þ

The remaining metric equations of motion provide the
general solutions for the Lagrange multipliers

λ ¼ CλðtÞ þ
1

C2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0C2

0 þ 2C0c1 þ c2
p

þ C2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2C3

0c1 − 3C2
0c2 þ c4

q
αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c0C2
0 þ 2C0c1 þ c2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2C3

0c1 − 3C2
0c2 þ c4

q
α

�
λ̄00 þ 2

r
λ̄0
�
; ð14Þ

λr ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0C2

0 þ 2C0c1 þ c2
p

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2C3

0c1 − 3C2
0c2 þ c4

q
αffiffiffi

6
p

αð−1þ C0βÞ
mrCλðtÞ; ð15Þ

while λ̄ remains undetermined. Imposing the regularity of λr as r → ∞ yields

CλðtÞ ¼ 0; ð16Þ

which leads to λr ¼ 0 and, from Eq. (14),

λ ¼ 1

C2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0C2

0 þ 2C0c1 þ c2
p

þ C2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2C3

0c1 − 3C2
0c2 þ c4

q
αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c0C2
0 þ 2C0c1 þ c2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2C3

0c1 − 3C2
0c2 þ c4

q
α

�
λ̄00 þ 2

r
λ̄0
�
: ð17Þ

Thus, λ and λ̄ are not determined by the background
equations of motion.2

In the limit of the vanishing effective cosmological
constants Λg ¼ 0 and Λf ¼ 0, which from Eq. (13) are
explicitly given by

c4−2C3
0c1−3C2

0c2¼ 0; C2
0c0þ2C0c1þc2 ¼ 0; ð18Þ

the paired de Sitter solutions (12) can smoothly reduce to
the paired Minkowski solutions

gμνdxμdxν ¼ −dt2 þ dr2 þ r2ðdθ2 þ sin2 θdφ2Þ;
fμνdxμdxν ¼ C2

0½−b2CmðtÞ2dt2 þ dr2

þ r2ðdθ2 þ sin2 θdφ2Þ�: ð19Þ

We note that the nontrivial form of CmðtÞ represents a
Minkowski vacuum in the fiducial sector which is different
from that in the physical sector. In order that the physical
and fiducial sectors share the same Minkowski vacua, we
have to set CmðtÞ ¼ 1. In the next sections, we assume that
in the two asymptotic regions of the paired Schwarzschild
solution written in the spatially-flat coordinates, the physi-
cal and fiducial sectors share the same Minkowski vacua.

III. EVEN-PARITY PERTURBATIONS
OF SCHWARZSCHILD SOLUTIONS

Under the ADM decomposition (1), the perturbed static
and spherically symmetric spacetimes written in the spa-
tially flat coordinates can be described as

2At higher-order the metric may depend on λ̄ and/or ¯̄λ. If this is
the case then λ̄ and/or ¯̄λ may be fixed by suitable boundary
conditions for higher-order perturbations. However, this is
beyond the scope of the present paper.
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gμνdxμdxν ¼ −N2dt2 þ γrrðdrþ NrdtÞ2 þ 2γraðdrþ NrdtÞðdθa þ NadtÞ þ γabðdθa þ NadtÞðdθb þ NbdtÞ;
fμνdxμdxν ¼ −b2M2dt2 þ ϕrrðdrþMrdtÞ2 þ 2ϕraðdrþMrdtÞðdθa þMadtÞ þ ϕabðdθa þMadtÞðdθb þMbdtÞ; ð20Þ

where r is the radial coordinate, θa ¼ ðθ;φÞ represents the coordinates along the unit two-sphere, and

N ¼ Nð0ÞðrÞ
�
1þ

X
l;m

n0ðt; rÞYlmðθaÞ
�
; Nr ¼ Nr

ð0ÞðrÞ
�
1þ

X
l;m

n1ðt; rÞYlmðθaÞ
�
;

γrr ¼ 1þ
X
l;m

n2ðt; rÞYlmðθaÞ; Na ¼
X
l;m

htðt; rÞθab∇̃bYlmðθaÞ; γra ¼ r
X
l;m

hrðt; rÞ∇̃aYlmðθaÞ;

γab ¼ r2
�
θab þ

X
l;m

h1ðt; rÞθabYlmðθaÞ þ
X
l;m

h2ðt; rÞ∇̃a∇̃bYlmðθaÞ
�
;

M ¼ C0Mð0ÞðrÞ
�
1þ

X
l;m

m0ðt; rÞYlmðθaÞ
�
; Mr ¼ Mr

ð0ÞðrÞ
�
1þ

X
l;m

m1ðt; rÞYlmðθaÞ
�
;

ϕrr ¼ C2
0

�
1þ

X
l;m

m2ðt; rÞYlmðθaÞ
�
; Ma ¼

X
l;m

ktðt; rÞθab∇̃bYlmðθaÞ; ϕra ¼ C2
0r
X
l;m

krðt; rÞ∇̃aYlmðθaÞ;

ϕab ¼ C2
0r

2

�
θab þ

X
l;m

k1ðt; rÞθabYlmðθaÞ þ
X
l;m

k2ðt; rÞ∇̃a∇̃bYlmðθaÞ
�
: ð21Þ

Here, C0 > 0 is a constant fixed by solving the background
equations ofmotion,YlmðθaÞ represents spherical harmonics
with the multipole and magnetic moments ðl; mÞ with
−l ≤ m ≤ l, and ∇̃a represents the covariant derivative
with respect to the metric of the unit two-sphere θab,
respectively. Because of the degeneracy between the differ-
ent m modes for the same l, without loss of generality, we
may choosem ¼ 0 so that Ylm ¼ Plðcos θÞ. The parameter
bð> 0Þ measures the difference in the time passing in the
physical and fiducial sectors, which acquires a nontrivial
physical significance in MTBG where the two copies of the
four-dimensional diffeomorphism invariance is brokendown
to the joint three-dimensional one. Nð0ÞðrÞ and Nr

ð0ÞðrÞ
represent the background lapse function and shift vector
in the physical sector, while Mð0ÞðrÞ and Mr

ð0ÞðrÞ represent
the corresponding quantities in the fiducial sector, respec-
tively. For each of the lmodes, n0, n1, n2, ht, hr, h1, and h2
represent the ðt; rÞ part of the metric perturbations in the
physical sector, and m0, m1, m2, kt, kr, k1, and k2 represent
the ðt; rÞ part of themetric perturbations in the fiducial sector.
In the self-accelerating branch of MTBG satisfying

Eq. (11), the Schwarzschild–de Sitter solution written in
the spatially flat coordinates is given by

gμνdxμdxν ¼ −Nð0ÞðrÞ2dt2 þ ðdrþ Nr
ð0ÞðrÞdtÞ2

þ r2θabdθadθb;

fμνdxμdxν ¼ C2
0

	
−b2Mð0ÞðrÞ2dt2 þ ðdrþMr

ð0ÞðrÞdtÞ2

þ r2θabdθadθb


; ð22Þ

with

Nð0ÞðrÞ ¼ Mð0ÞðrÞ ¼ 1; Nr
ð0ÞðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λgr2

3
þ rg

r

s
;

Mr
ð0ÞðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2C2

0b
2Λf

3
þ rf

r

s
; ð23Þ

where Λg and Λf are the effective cosmological constants
given by Eq. (13) [14,17].
In the rest, we focus on the Schwarzschild solution

obtained in the limit of the vanishing effective cosmological
constants Λg ¼ 0 and Λf ¼ 0, under the conditions explic-
itly given by Eq. (18). The background metric solution (23)
in this limit reduces to

Nð0ÞðrÞ¼Mð0ÞðrÞ¼1; Nr
ð0ÞðrÞ¼

ffiffiffiffi
rg
r

r
; Mr

ð0ÞðrÞ¼
ffiffiffiffiffi
rf
r

r
;

ð24Þ

where rg and rf then correspond to the gravitational radii of
the Schwarzschild spacetimes. We will assume that
C0c1 þ c2 ≠ 0. As mentioned previously, we also call
the case of b ¼ 1 (as well as rf ¼ rg) the effectively
massless case, where the effective graviton mass terms
in the equations of motion of perturbations vanish in both
the odd- and even-parity sectors [14].
Because of the spherical symmetry, the background

part of the angular components of the vector Lagrange
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multiplier trivially vanish, λθ ¼ λφ ¼ 0. We also choose
the trivial solution for the remaining components of the
background Lagrange multipliers

λ ¼ 0; λ̄ ¼ 0; λr ¼ 0; ð25Þ

which is compatible with the background equations of
motion. In general, the background solution for λ̄ may be a
solution for the Laplace equation in three-dimensional flat
space. However, since in the Lagrangian (4) the λ̄ depend-
ence appears through the spatial Laplacian operators Δγλ̄

and Δϕλ̄, i.e., in our background case the Laplacian
operator in the three-dimensional flat space acting on λ̄,
a solution of the Laplace equation in the three-dimensional

flat space does not contribute to the background dynamics.
Thus, without loss of generality, we may set λ̄ ¼ 0. On top
of the trivial solution (25), we consider the even-parity
perturbations of the Lagrange multipliers given by

λ¼
X
l;m

λ0ðt;rÞYlmðθaÞ; λ̄¼
X
l;m

λ1ðt;rÞYlmðθaÞ;

λr ¼
X
l;m

λ2ðt;rÞYlmðθaÞ; λa ¼
X
l;m

λ3ðt;rÞθab∇̃bYlmðθaÞ:

ð26Þ

A. The l ≥ 2 modes

For the l ≥ 2 modes, the perturbed physical and fiducial
metrics in the even-parity sectors are, respectively, given by

gμνdxμdxν ¼ −Nð0ÞðrÞ2dt2 þ ðdrþ Nr
ð0ÞðrÞdtÞ2 þ r2θabdθadθb

þ
X
l≥2;m

�½−2n0ðt; rÞNð0ÞðrÞ2 þ Nr
ð0ÞðrÞ2ðn2ðt; rÞ þ 2n1ðt; rÞÞ�YlmðθaÞdt2

þ 2Nr
ð0ÞðrÞðn1ðt; rÞ þ n2ðt; rÞÞYlmðθaÞdtdrþ n2ðt; rÞYlmðθaÞdr2

þ 2rðrhtðt; rÞ þ Nr
ð0ÞðrÞhrðt; rÞÞ∇̃aYlmdtdθa þ 2rhrðt; rÞ∇̃aYlmðθaÞdrdθa

þ r2ðh1ðt; rÞθabYlmðθaÞ þ h2ðt; rÞ∇̃a∇̃bYlmðθaÞÞdθadθb
�
; ð27Þ

fμνdxμdxν ¼ C2
0

h
−b2Mð0ÞðrÞ2dt2 þ ðdrþMr

ð0ÞðrÞdtÞ2 þ r2θabdθadθb

þ
X
l≥2;m

�ð−2m0b2Mð0ÞðrÞ2 þMr
ð0ÞðrÞ2ððm2ðt; rÞ þ 2m1ðt; rÞÞÞYlmðθaÞdt2

þ 2Mr
ð0ÞðrÞðm1ðt; rÞ þm2ðt; rÞÞYlmðθaÞdtdrþm2ðt; rÞYlmðθaÞdr2

þ 2rðrktðt; rÞ þMr
ð0ÞðrÞkrðt; rÞÞ∇̃aYlmðθaÞdtdθa þ 2rkrðt; rÞ∇̃aYlmðθaÞdrdθa

þ r2ðk1ðt; rÞθabYlmðθaÞ þ k2ðt; rÞ∇̃a∇̃bYlmðθaÞÞdθadθb
�i

: ð28Þ

The perturbed three-dimensional metrics in the even-parity sector are, respectively, given by

γijdyidyj ¼ dr2 þ r2θabdθadθb þ
X
l≥2;m

½n2ðt; rÞYlmðθaÞdr2 þ 2rhrðt; rÞ∇̃aYlmðθaÞdrdθa

þ r2ðh1ðt; rÞθabYlmðθaÞ þ h2ðt; rÞ∇̃a∇̃bYlmðθaÞÞdθadθb�;

ϕijdyidyj ¼ C2
0



dr2 þ r2θabdθadθb þ

X
l≥2;m

½m2ðt; rÞYlmðθaÞdr2 þ 2rkrðt; rÞ∇̃aYlmðθaÞdrdθa

þ r2ðk1ðt; rÞθabYlmðθaÞ þ k2ðt; rÞ∇̃a∇̃bYlmðθaÞÞdθadθb�
�
: ð29Þ

Under the spatial gauge transformation t → t and xi → xi þ ξiðt; xiÞ with

ξr ¼
X
l≥2;m

Ξrðt; rÞYlmðθaÞ; ξa ¼
X
l≥2;m

Ξ1ðt; rÞθab∇̃bYlmðθaÞ; ð30Þ
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the metric perturbations transform as

δ̄n0ðt; rÞ ¼ −
N0

ð0ÞðrÞ
Nð0ÞðrÞ

Ξrðt; rÞ; δ̄n1ðt; rÞ ¼ −
Nr

ð0Þ
0ðrÞ

Nr
ð0ÞðrÞ

Ξrðt; rÞ þ Ξ0
rðt; rÞ −

1

Nr
ð0ÞðrÞ

Ξ̇rðt; rÞ;

δ̄n2ðt; rÞ ¼ −2Ξ0
rðt; rÞ; δ̄htðt; rÞ ¼ Nr

ð0ÞðrÞΞ0
1ðt; rÞ − Ξ̇1ðt; rÞ; δ̄hrðt; rÞ ¼ −

Ξrðt; rÞ þ r2Ξ0
1ðt; rÞ

r
;

δ̄h1ðt; rÞ ¼ −
2Ξrðt; rÞ

r
; δ̄h2ðt; rÞ ¼ −2Ξ1ðt; rÞ; ð31Þ

and

δ̄m0ðt; rÞ ¼ −
M0

ð0Þ0ðrÞ
Mð0ÞðrÞ

Ξrðt; rÞ; δ̄m1ðt; rÞ ¼ −
Mr

ð0Þ
0ðrÞ

Mr
ð0ÞðrÞ

Ξrðt; rÞ þ Ξ0
rðt; rÞ −

1

Mr
ð0ÞðrÞ

Ξ̇rðt; rÞ;

δ̄m2ðt; rÞ ¼ −2Ξ0
rðt; rÞ; δ̄ktðt; rÞ ¼ Mr

ð0ÞðrÞΞ0
1ðt; rÞ − Ξ̇1ðt; rÞ; δ̄krðt; rÞ ¼ −

Ξrðt; rÞ þ r2Ξ0
1ðt; rÞ

r
;

δ̄k1ðt; rÞ ¼ −
2Ξrðt; rÞ

r
; δ̄k2ðt; rÞ ¼ −2Ξ1ðt; rÞ; ð32Þ

where δ̄ represents the difference between the perturbed quantities before and after the gauge transformation. For each of the
l ≥ 2 modes, among 14 metric variables for the even parity perturbations, two of them can be eliminated by choosing Ξr
and Ξ1. Later, we move to the gauge

h1ðt; rÞ ¼ h2ðt; rÞ ¼ 0; ð33Þ

which will fix the two gauge functions Ξr and Ξ1 completely.

B. The l= 0 mode

For the l ¼ 0 mode, using Ylm ¼ P0ðcos θÞ ¼ 1, the metric perturbations can be written as

gμνdxμdxν ¼ −Nð0ÞðrÞ2dt2 þ ðdrþ Nr
ð0ÞðrÞdtÞ2 þ r2θabdθadθb

þ ½−2n0ðt; rÞNð0ÞðrÞ2 þ Nr
ð0ÞðrÞ2ðn2ðt; rÞ þ 2n1ðt; rÞÞ�dt2 þ 2Nr

ð0ÞðrÞðn1ðr; rÞ þ n2ðt; rÞÞdtdr
þ n2ðt; rÞdr2 þ r2h1ðt; rÞθabdθadθb; ð34Þ

fμνdxμdxν ¼ C2
0

n
−b2Mð0ÞðrÞ2dt2 þ ðdrþMr

ð0ÞðrÞdtÞ2 þ r2θabdθadθb

þ ½−2m0ðt; rÞb2Mð0ÞðrÞ2 þMr
ð0ÞðrÞ2ðm2ðt; rÞ þ 2m1ðt; rÞÞ�dt2 þ 2Mr

ð0ÞðrÞðm1ðt; rÞ þm2ðt; rÞÞdtdr
þm2ðt; rÞdr2 þ r2k1ðt; rÞθabdθadθb

o
: ð35Þ

Under the spatial gauge transformation for l ¼ 0, t → t, and xi → xi þ ξiðt; xiÞ with ξr ¼ Ξrðt; rÞ and ξa ¼ 0, the metric
perturbations transform as

δ̄n0ðt; rÞ ¼ −
N0

ð0ÞðrÞ
Nð0ÞðrÞ

Ξrðt; rÞ; δ̄n1ðt; rÞ ¼ −
Nr

ð0Þ
0ðrÞ

Nr
ð0ÞðrÞ

Ξrðt; rÞ þ Ξ0
rðt; rÞ −

1

Nr
ð0ÞðrÞ

Ξ̇rðt; rÞ;

δ̄n2ðt; rÞ ¼ −2Ξ0
rðt; rÞ; δ̄h1ðt; rÞ ¼ −

2Ξrðt; rÞ
r

; ð36Þ
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and

δ̄m0ðt; rÞ ¼ −
ðMð0ÞÞ0
Mð0Þ

Ξrðt; rÞ; δ̄m1ðt; rÞ ¼ −
Mr

ð0Þ
0ðrÞ

Mr
ð0ÞðrÞ

Ξrðt; rÞ þ Ξ0
rðt; rÞ −

1

Mr
ð0ÞðrÞ

Ξ̇rðt; rÞ;

δ̄m2ðt; rÞ ¼ −2Ξ0
rðt; rÞ; δ̄k1ðt; rÞ ¼ −

2Ξrðt; rÞ
r

: ð37Þ

We will move to the gauge

h1ðt; rÞ ¼ 0; ð38Þ

which completely fixes Ξr. The even-parity perturbation of the Lagrange multipliers for l ¼ 0 is given by

λ ¼ λ0ðt; rÞ; λ̄ ¼ λ1ðt; rÞ; λr ¼ λ2ðt; rÞ; λa ¼ 0: ð39Þ

C. The l= 1 mode

For the l ¼ 1 mode, using Ylm ¼ P1ðcos θÞ ¼ cos θ, the two perturbed metrics can be expanded as

gμνdxμdxν ¼ −Nð0ÞðrÞ2dt2 þ ðdrþ Nr
ð0ÞðrÞdtÞ2 þ r2θabdθadθb

þ 	
−2n0ðt; rÞNð0ÞðrÞ2 þ Nr

ð0ÞðrÞ2ðn2ðt; rÞ þ 2n1ðt; rÞÞ


cos θdt2 þ 2Nr

ð0ÞðrÞðn1ðt; rÞ þ n2ðt; rÞÞ cos θdtdr
þ n2ðt; rÞ cos θdr2 − 2rðrhtðt; rÞ þ Nr

ð0ÞðrÞhrðt; rÞÞ sin θdtdθ
− 2rhrðt; rÞ sin θdrdθ þ r2ðh1ðt; rÞ − h2ðt; rÞÞ cos θ · θabdθadθb; ð40Þ

fμνdxμdxν ¼ C2
0

n
−b2Mð0ÞðrÞ2dt2 þ ðdrþMr

ð0ÞðrÞdtÞ2 þ r2θabdθadθb

þ 	
−2m0ðt; rÞb2Mð0ÞðrÞ2 þMr

ð0ÞðrÞ2ðm2 þ 2m1Þ


cos θdt2 þ 2Mr

ð0ÞðrÞðm1ðt; rÞ þm2ðt; rÞÞ cos θdtdr
þm2ðt; rÞ cos θdr2 − 2rðrktðt; rÞ þMr

ð0ÞðrÞkrðt; rÞÞ sin θdtdθ
− 2rkrðt; rÞ sin θdrdθ þ r2ðk1ðt; rÞ − k2ðt; rÞÞ cos θ · θabdθadθb

o
: ð41Þ

Under the spatial gauge transformation t → t and xi → xi þ ξiðt; xiÞ for l ¼ 1 with ξr ¼ Ξrðt; rÞ cos θ and
ξθ ¼ −Ξ1ðt; rÞ sin θ, the metric perturbations transform as

δ̄n0ðt; rÞ ¼ −
N0

ð0ÞðrÞ
Nð0ÞðrÞ

Ξrðt; rÞ; δ̄n1ðt; rÞ ¼ −
Nr

ð0Þ
0ðrÞ

Nr
ð0ÞðrÞ

Ξrðt; rÞ þ Ξ0
rðt; rÞ −

1

Nr
ð0ÞðrÞ

Ξ̇rðt; rÞ;

δ̄n2ðt; rÞ ¼ −2Ξ0
rðt; rÞ; δ̄htðt; rÞ ¼ Nr

ð0ÞΞ
0
1 − Ξ̇1;

δ̄hrðt; rÞ ¼ −
Ξrðt; rÞ þ r2Ξ0

1ðt; rÞ
r

; δ̄ðh1ðt; rÞ − h2ðt; rÞÞ ¼ 2Ξ1ðt; rÞ −
2Ξrðt; rÞ

r
; ð42Þ

and

δ̄m0ðt; rÞ ¼ −
M0

ð0ÞðrÞ
Mð0Þ

Ξrðt; rÞ; δ̄m1ðt; rÞ ¼ −
Mr

ð0Þ
0ðrÞ

Mr
ð0ÞðrÞ

Ξrðt; rÞ þ Ξ0
rðt; rÞ −

1

Mr
ð0ÞðrÞ

Ξ̇rðt; rÞ;

δ̄m2ðt; rÞ ¼ −2Ξ0
rðt; rÞ; δ̄ktðt; rÞ ¼ Mr

ð0ÞðrÞΞ0
1ðt; rÞ − Ξ̇1ðt; rÞ;

δ̄krðt; rÞ ¼ −
Ξrðt; rÞ þ r2Ξ0

1ðt; rÞ
r

; δ̄ðk1ðt; rÞ − k2ðt; rÞÞ ¼ 2Ξ1ðt; rÞ −
2Ξrðt; rÞ

r
: ð43Þ
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Since h2ðt; rÞ and k2ðt; rÞ always appear as the combina-
tions of h1ðt; rÞ − h2ðt; rÞ and k1ðt; rÞ − k2ðt; rÞ in
Eqs. (40) and (41), respectively, we may set

h2ðt; rÞ ¼ 0; k2ðt; rÞ ¼ 0: ð44Þ
By fixing Ξr and Ξ1 appropriately, for instance, we may
choose the gauge

h1ðt; rÞ ¼ 0; hrðt; rÞ ¼ 0: ð45Þ

The even-parity perturbation of the Lagrange multipliers
for l ¼ 1 is given by

λ¼ λ0ðt;rÞcosθ; λ̄¼ λ1ðt;rÞcosθ; λr¼ λ2ðt;rÞcosθ;
λθ ¼−λ3ðt;rÞsinθ; λφ ¼ 0: ð46Þ

IV. THE SOLUTIONS FOR THE
MONOPOLAR PERTURBATIONS

In this section, we focus on the l ¼ 0 mode.

A. The case of the two copies of GR

First, we focus on the case of the two copies of GR. This
will help illustrate the case ofMTBG, whose Lagrangian can
beunderstood as a particular couplingbetween the two copies
of GR. In the case of the two copies of GR, after deriving all
the equations ofmotion,with use of the twocopies of the four-
dimensional diffeomorphism invariance, for the perturbed
metrics (34) and (35) we may choose the gauge

h1 ¼ 0; k1 ¼ 0; n2 ¼ 0; m2 ¼ 0: ð47Þ
For convenience, we introduce the new variables ψ and χ

n1 ¼ n0 þ
1

4
ffiffiffiffirgp ψ ; m1 ¼ m0 þ

1

4
ffiffiffiffiffirfp χ: ð48Þ

Integrating the equations ofmotion for n0 andm0, we find the
solutions

ψ ¼ Cψ ðtÞ; χ ¼ CχðtÞ; ð49Þ
whereCψ ðtÞ andCχðtÞ are functions of time.The equations of
motion for n2 and m2 then, respectively, lead to

CψðtÞ ¼ Cψ ;0; CχðtÞ ¼ Cχ;0; ð50Þ

whereCψ ;0 andCχ;0 are integration constants. The equations
of motion for ψ and χ, respectively, give rise to

n0 ¼ Cn0ðtÞ; m0 ¼ Cm0
ðtÞ; ð51Þ

where Cn0ðtÞ and Cm0
ðtÞ are free functions of time. We note

that the constants Cψ ;0 and Cχ;0 can be absorbed into the
redefinition of gravitational radii rg and rf, and the functions
Cn0ðtÞ andCm0

ðtÞ can be set to zero by the redefinition of the
time coordinates in each sector. Thus, the l ¼ 0 mode in
the case of the two copies of GR can be absorbed by the
redefinition of the Schwarzschild backgrounds.

B. The case of MTBG

We then focus on the l ¼ 0mode in the self-accelerating
branch of MTBG. For convenience, we also introduce the
new variables ψ and χ

n1 ¼ n0 þ
1

4rg

h
ð6r − 5rgÞh1 − 2rn2 þ 2rðr − rgÞh01

þ 2

ffiffiffiffiffiffiffiffi
r3rg

q
ḣ1 þ ffiffiffiffi

rg
p

ψ
i
; ð52Þ

m1 ¼ m0 þ
1

4rf

h
ð6b2r − 5rfÞk1 − 2b2rm2 þ 2b2r2k01

− 2rrfk01 þ 2

ffiffiffiffiffiffiffiffiffi
r3rf

q
k̇1 þ ffiffiffiffiffi

rf
p

χ
i
: ð53Þ

Integrating the equations of motion for n0 and m0,
respectively, we find the solutions

ψ ¼ CψðtÞ þ
2ðrg − 2rÞffiffiffiffirgp h1;

χ ¼ CχðtÞ þ
2ðrf − 2b2rÞffiffiffiffiffirfp k1; ð54Þ

where Cψ ðtÞ and CχðtÞ are functions of time. The equations
of motion for λ0 and λ1 yield

m2 ¼
1

2
ðh1 − k1Þ þ n2: ð55Þ

The equation of motion for λ2 can then be integrated as

k1 ¼ h1 þ
ChkðtÞ
r
3
2

; ð56Þ

where ChkðtÞ is a function of time. The equation of motion
for m2 leads to

λ2 ¼
1

2bC2
0ðC0c1 þ c2Þð−1þ C0βÞm2r

3
2

h
−ðb − 1ÞbC3

0ðC0c1 þ c2Þm2rChkðtÞ þ 2C2
0ðC0c1 þ c2Þm2rð ffiffiffiffiffi

rf
p − b

ffiffiffiffi
rg

p Þλ0

þ C3
0rα

2C0
χðtÞ − 4C0c1m2 ffiffiffiffiffi

rf
p

λ01 − 4c2m2 ffiffiffiffiffi
rf

p
λ01 − 4bC3

0c1m
2 ffiffiffiffi

rg
p

λ01 − 4bC2
0c2m

2 ffiffiffiffi
rg

p
λ01

− 2C0c1m2r
ffiffiffiffiffi
rf

p
λ001 − 2c2m2r

ffiffiffiffiffi
rf

p
λ001 − 2bC3

0c1m
2r

ffiffiffiffi
rg

p
λ001 − 2bC2

0c2m
2r

ffiffiffiffi
rg

p
λ001
i
: ð57Þ
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Similarly, the equation of motion for n2 leads to

CψðtÞ ¼ Cψ ;0 −
C2
0α

2

b
CχðtÞ; ð58Þ

where Cψ ;0 is an integration constant.
The equation of motion for ψ reduces to the equation

2h01 − 2n00 − n02 þ rh001 þ
ffiffiffiffi
r
rg

r
ð−ḣ1 þ ṅ2 − rḣ01Þ ¼ 0; ð59Þ

and the equation of motion for χ reduces to the equation

2h01−2m0
0−n02þ rh001þ

ffiffiffiffiffi
r
rf

r
ð−ḣ1þ ṅ2− rḣ01Þ¼ 0: ð60Þ

The compatibility of the equations of motion for ψ and h1
leads to the solution

λ0 ¼ Cλ0ðtÞ þ
ffiffiffiffiffirfp þ bC2

0

ffiffiffiffirgp
C2
0ð ffiffiffiffiffirfp − b ffiffiffiffirgp Þ

�
λ001 þ

2

r
λ01

�
; ð61Þ

where Cλ0ðtÞ is a free function of time. The compatibility of
the equations of motion for χ and k1 leads to the same
solution as Eq. (61). The combination of Eqs. (59) and (60)
can be integrated as

m0 ¼Cm0
ðtÞþ

ffiffiffiffiffi
rg
rf

r
n0þ

ffiffiffiffiffirfp − ffiffiffiffirgp
2

ffiffiffiffiffirfp ðh1þ rh01−n2Þ; ð62Þ

where Cm0
ðtÞ is a free function of time. Then, Eq. (60)

reduces to Eq. (59).
So far, we have not fixed the gauge. From now on, we fix

the gauge as Eq. (38) and then Eq. (59) reduces to

−2n00 − n02 þ
ffiffiffiffi
r
rg

r
ṅ2 ¼ 0: ð63Þ

Under the condition (63), the general solution is given by

n1 ¼
Cψ0

4
ffiffiffiffirgp −

C2
0α

2

4b ffiffiffiffirgp CχðtÞ þ n0 −
r
2rg

n2;

m0 ¼ Cm0
ðtÞ þ

ffiffiffiffiffi
rg
rf

r
n0 −

ffiffiffiffiffirfp − ffiffiffiffirgp
2

ffiffiffiffiffirfp n2;

m1 ¼ Cm0
ðtÞ þ 1

4
ffiffiffiffiffirfp CχðtÞ þ

1

2
ffiffiffiffiffirfp C0

hkðtÞ

þ 1

2rf

h
2

ffiffiffiffiffiffiffiffiffi
rfrg

p
n0 þ ð−b2r − rf þ ffiffiffiffiffiffiffiffiffi

rfrg
p Þn2

i
;

m2 ¼ n2 −
1

2r
3
2

ChkðtÞ; k1 ¼
1

r
3
2

ChkðtÞ: ð64Þ

Imposing for simplicity the flatness of the spatial three-
dimensional part of the gμν metric, we have n2 ¼ 0 and then
the integration of Eq. (63) is given by n0 ¼ Cn0ðtÞ, where
Cn0ðtÞ is a free function of time. Imposing for simplicity the
flatness of the spatial three-dimensional part of the fμν
metric, we have m2 ¼ k1 ¼ 0, and hence ChkðtÞ ¼ 0. In
general, imposing spatial flatness in the two sectors restricts
the solution space for the l ¼ 0 perturbations. However,
we nonetheless choose to impose this condition to be
compatible with the discussion in Sec. IV C. By the
reparametrization,

Cm0
ðtÞ ¼ dm0

ðtÞ þ
�
1 −

ffiffiffiffiffi
rg
rf

r �
Cn0ðtÞ; ð65Þ

where dm0
ðtÞ is a function of time, the metric solution

with the flatness of the three-dimensional spatial metrics is
given by

n0 ¼ Cn0ðtÞ; n1 ¼ Cn0ðtÞ þ
1

4
ffiffiffiffirgp
�
Cψ0

−
C2
0α

2

b
CχðtÞ

�
; n2 ¼ 0;

m0 ¼ Cn0ðtÞ þ dm0
ðtÞ; m1 ¼ Cn0ðtÞ þ dm0

ðtÞ þ 1

4
ffiffiffiffiffirfp CχðtÞ; m2 ¼ k1 ¼ 0; ð66Þ

which satisfies the constraint

ffiffiffiffi
rg

p ðn1 − n0Þ þ
C2
0α

2 ffiffiffiffiffirfp
b

ðm1 −m0Þ ¼
Cψ0

4
: ð67Þ

Cn0ðtÞ corresponds to the d.o.f. of the redefinition of the
time coordinate t. In other words, we may set Cn0ðtÞ ¼ 0 by
a suitable redefinition of the time coordinate. Although

the metric solution satisfies the flatness of the spatial
three-dimensional metrics and the asymptotic flatness of the
two spacetimes, there are still the two functions of time,
CχðtÞ and dm0

ðtÞ. We also impose that the two sec-
tors share the same asymptotic Minkowski vacua, and
set dm0

ðtÞ ¼ 0.
The general solution for the Lagrange multipliers which

do not affect the metric solutions is explicitly given by
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λ0 ¼ Cλ0ðtÞ þ
ffiffiffiffiffirfp þ bC2

0

ffiffiffiffirgp
C2
0ð ffiffiffiffiffirfp − b ffiffiffiffirgp Þ

�
λ001 þ

2

r
λ01

�
; ð68Þ

λ2 ¼
2ðC0c1 þ c2Þm2ð ffiffiffiffiffirfp − b ffiffiffiffirgp ÞCλ0ðtÞ þ C0α

2C0
χðtÞ

2bðC0c1 þ c2Þm2
ffiffiffi
r

p ð−1þ C0βÞ
;

ð69Þ

while λ1 is undetermined. If we consider the gravitational
collapse of spherically symmetric stars in both sectors, then
one should impose the regularity at the center and it is
expected that the function CχðtÞ should be fixed to a
constant value that results in a constant mass of matter in
the interior region of each sector,

CχðtÞ ¼ Cχ;0 ¼ const: ð70Þ

Thus, the solutions for the Lagrange multipliers reduce to

λ0 ¼ Cλ0ðtÞ þ
ffiffiffiffiffirfp þ bC2

0

ffiffiffiffirgp
C2
0ð ffiffiffiffiffirfp − b ffiffiffiffirgp Þ

�
λ001 þ

2

r
λ01

�
;

λ2 ¼
ð ffiffiffiffiffirfp − b ffiffiffiffirgp ÞCλ0ðtÞ
b

ffiffiffi
r

p ð−1þ C0βÞ
: ð71Þ

Because of the regularity of λ2 as r → ∞, no condition is
imposed on Cλ0ðtÞ. On the other hand, λ0 and λ1 are not
determined by the equations of motion for the l ¼ 0
perturbations.3

Themanipulations to reduce the equations ofmotion for the
l ¼ 0mode are summarized inTable I. In thenext subsection,
we confirm that the general solution for the l ¼ 0 mode
corresponds to the linearized limit of the time-dependent
extension of the Schwarzschild solution in the spatially flat
coordinates in the self-accelerating branch of MTBG.

C. Time-dependent extensions of the Schwarzschild
solutions in the self-accelerating branch of MTBG

The most general spherically symmetric but time-
dependent physical and fiducial metrics are given by,
respectively,

gμνdxμdxν ¼ −A0ðt; rÞdt2 þ A1ðt; rÞðdrþ Nrðt; rÞdtÞ2
þ A2ðt; rÞr2ðdθ2 þ sin2 θdφ2Þ;

fμνdxμdxν ¼ −A0fðt; rÞdt2 þ A1fðt; rÞðdr2 þ Nr
fðt; rÞdtÞ2

þ A2fðt; rÞr2ðdθ2 þ sin2 θdφ2Þ: ð72Þ

Under the spherical symmetry, the most general ansatz for
the Lagrange multipliers is given by Eq. (10).
Within the general ansatz of the metrics (72), we assume

the ansatz for the time-dependent Schwarzschild metrics in
the spatially flat coordinates

A0¼CnðtÞ2; A1¼A2¼ 1; Nr ¼CgðtÞ
ffiffiffi
1

r

r
;

A0f ¼ b2C2
0CmðtÞ2; A1f ¼A2f ¼C2

0; Nr
f ¼CfðtÞ

ffiffiffi
1

r

r
:

ð73Þ

We also impose the condition for the self-accelerating
branch Eq. (11) and the vanishing effective cosmological

TABLE I. Themanipulations to reduce the equations ofmotion for thel ¼ 0mode. EOMmeans equation ofmotion.

Manipulation Output Remark
# of independent

variables

Derive EOMs 11
EOM for n0 Eliminate ψ Cψ ðtÞ 10
EOM for m0 Eliminate χ CχðtÞ 9
EOM for λ0 Eliminate m2 EOM for λ1 is

not independent
8

EOM for λ2 Eliminate k1 ChkðtÞ 7
EOM for m2 Eliminate λ2 6
EOM for n2 Eliminate Cψ ðtÞ 6
Combine EOM for ψ and EOM for h1 Eliminate λ0 Cλ0 5
Combine EOM for ψ and EOM for χ Eliminate m0 Cm0

4
Fix gauge Eliminate h1 3
Spatial flatness of gμν and fμν Set n2 ¼ 0 Eliminate ChkðtÞ 2
EOM for ψ Eliminate n0 Cn0ðtÞ 1
Redefinition of time Eliminate Cn0ðtÞ 1
Same Minowski vacua Eliminate Cm0

ðtÞ 1
Argument on collapse Eliminate CχðtÞ 0

3At higher-order the metric may depend on λ0 and/or λ1. If this
is the case then λ0 and/or λ1 may be fixed by suitable boundary
conditions for higher-order perturbations. However, this is
beyond the scope of the present paper.
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constants (18), under which the equations of motion for λ,
λ̄, and λr are automatically satisfied. The equations of
motion for A0, Nr, A0f, and Nr

f are also automatically
satisfied.
The equation of motion for A1 relates λr with other

variables as

λr ¼ 1ffiffiffi
r

p bC2
0CgðtÞCmðtÞ þ CfðtÞCnðtÞ
bC2

0CmðtÞCnðtÞð1 − C0βÞ
�
λ̄00 þ 2

r
λ̄0
�

þ 1ffiffiffi
r

p −bCgðtÞCmðtÞ þ CfðtÞCnðtÞ
bCmðtÞCnðtÞð−1þ C0βÞ

λ

−
2ffiffiffi
r

p CnðtÞC0
gðtÞ − CgðtÞC0

nðtÞ
C0ðC0c1 þ c2Þm2ð−1þ C0βÞCnðtÞ2

: ð74Þ

The equation of motion for A2 yields

λ ¼ CλðtÞ −
bC2

0CgðtÞCmðtÞ þ CfðtÞCnðtÞ
C2
0ðbCgðtÞCmðtÞ − CfðtÞCnðtÞÞ

�
λ̄00 þ 2

r
λ̄0
�
:

ð75Þ

The equations of motion for A1f and A2f provide a
degenerate equation, which can be integrated as

CgðtÞ ¼ CnðtÞ
�
Cg;0 −

C2
0α

2

b

CfðtÞ
CmðtÞ

�
; ð76Þ

where Cg;0 is an integration constant. Then, all the
components of the equations of motion are satisfied.
By the redefinition of the functions of time, CmðtÞ ¼

CnðtÞdmðtÞ and CfðtÞ ¼ CnðtÞdfðtÞdmðtÞ, where dmðtÞ and
dfðtÞ are functions of time, from Eq. (76) we obtain

CgðtÞ ¼ CnðtÞðCg;0 −
C2
0
α2

b dfðtÞÞ. The nontrivial metric sol-
ution is given by

A0 ¼ CnðtÞ2; Nr ¼
ffiffiffi
1

r

r �
Cg;0 −

C2
0α

2

b
dfðtÞ

�
CnðtÞ;

A0f ¼ b2C2
0dmðtÞ2CnðtÞ2; Nr

f ¼
ffiffiffi
1

r

r
dfðtÞdmðtÞCnðtÞ;

ð77Þ

which satisfies

ffiffiffi
r

p �
Nr

CnðtÞ
þ C2

0α
2

b
Mr

CmðtÞ
�

¼ Cg;0; ð78Þ

corresponding to the nonlinear extension of Eq. (67). While
λ̄ is undetermined by the equations of motion, the general
solutions for the Lagrange multipliers λ and λr are given by

λ ¼ CλðtÞ −
bC2

0Cg;0 þ dfðtÞ − C4
0α

2dfðtÞ
C2
0ðbCg;0 − dfðtÞ − C2

0α
2dfðtÞÞ

�
λ̄00 þ 2

r
λ̄0
�
; ð79Þ

λr ¼ 1ffiffiffi
r

p ðC0c1 þ c2Þm2CλðtÞð−bCg;0 þ dfðtÞ þ C2
0α

2dfðtÞÞ þ 2C0α
2d0fðtÞ

bm2ðC0c1 þ c2Þð−1þ C0βÞ
: ð80Þ

By the rescaling of the time coordinate, we may set
CnðtÞ ¼ 1. In the absence of BHs, the solution reduces
to the Minkowski solutions. In order for both the sectors to
share the same asymptotic Minkowski vacua as r → ∞, we
impose dmðtÞ ¼ 1 and then obtain

A0 ¼ 1; Nr ¼
ffiffiffi
1

r

r �
Cg;0 −

C2
0α

2

b
dfðtÞ

�
;

A0f ¼ b2C2
0; Nr

f ¼
ffiffiffi
1

r

r
dfðtÞ: ð81Þ

If we consider spherically symmetric stellar solutions in
both the sectors, then Eq. (81) would describe the exterior
solution outside the stars. Imposing the regularity at the
center and integrating the corresponding equation of
motion towards the exterior, the coefficient of the 1=

ffiffiffi
r

p
terms in Nr and Nr

f should be determined by the total

masses in the interior of the stars. Thus, dfðtÞ should be
fixed to a constant value, because the total mass of matter
forming the star in each sector has to be constant,

dfðtÞ ¼ df;0: ð82Þ

We note that λ̄ is not fixed by the equations of motion, and
the general solution for λ and λr is then given by

λ ¼ CλðtÞ þ
bC2

0Cg;0 þ df;0 − C4
0df;0α

2

C2
0ð−bCg;0 þ df;0 þ C2

0α
2df;0Þ

�
λ̄00 þ 2

r
λ̄0
�
;

ð83Þ

λr ¼ bCg;0 − df;0ð1þ C2
0α

2Þ
bð1 − C0βÞ

ffiffiffi
r

p CλðtÞ: ð84Þ
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Because of the regularity of λr as r → ∞, no condition
is imposed for CλðtÞ. λ and λ̄ are not determined by
the equations of motion in the spherically symmetric
backgrounds.4

V. THE SOLUTIONS OF THE DIPOLAR
PERTURBATIONS

In this section, we focus on the l ¼ 1 mode.

A. The case of the two copies of GR

In this subsection, we review the case of the two copies
of GR, to help illustrate the more complex case of MTBG.
In the perturbed metrics for the l ¼ 1 mode, Eqs. (40) and
(41), we set h2 ¼ 0 and k2 ¼ 0, and under the two copies of
the four-dimensional diffeomorphism invariance we may
choose the gauge

ht ¼ 0; hr ¼ 0; h1 ¼ 0;

kt ¼ 0; kr ¼ 0; k1 ¼ 0: ð85Þ
Similar to the case of l ¼ 0, we introduce the new variables
ψ and χ to eliminate the perturbations of the radial
components of the shift vectors n1 and m1

n1 ¼
1

2rrg
ð ffiffiffiffiffiffiffi

rrg
p

ψ þ 2rrgn0 − r2n2Þ;

m1 ¼
1

2rrf
ð ffiffiffiffiffiffiffi

rrf
p

χ þ 2rrfm0 − b2r2m2Þ: ð86Þ

Using the equations of motion for n0 and m0, we can relate
n0 and m0 with other variables as

n0 ¼ −
1

2rg
ðrn2 þ 2

ffiffiffiffiffiffiffi
rrg

p
ψ 0Þ;

m0 ¼ −
1

2rf
ðb2rm2 þ 2

ffiffiffiffiffiffiffi
rrf

p
χ0Þ: ð87Þ

The equations of motion for ψ and δh yield, respectively,
the evolution equations of n2. Their degeneracy leads to

n2 ¼
1

3

ffiffiffiffi
r
rg

r
ð3ψ 0 þ 2rψ 00Þ: ð88Þ

Substituting it into the equation of motion for ψ or the
equivalent equation of motion for δh,

2rðr − rgÞψ 0 þ 2

ffiffiffiffiffiffiffiffi
r3rg

q
ψ̇ þ ðrþ rgÞψ ¼ 0; ð89Þ

with which all the other equations of motion in the gμν
sector can be satisfied. Similarly, the equations of motion

for χ and δk yield, respectively, the evolution equations of
m2, whose degeneracy leads to

m2 ¼
1

3

ffiffiffiffiffi
r
rf

r
ð3χ0 þ 2rχ00Þ: ð90Þ

Substituting it into the equation of motion for ψ or the
equivalent equation of motion for δk,

2rðb2r − rfÞχ0 þ 2

ffiffiffiffiffiffiffiffiffi
r3rf

q
χ̇ þ ðb2rþ rfÞχ ¼ 0; ð91Þ

with which all the other equations of motion in the fμν
sector can be satisfied. Since the master equations (89) and
(91) are of the first order, there is no propagating d.o.f. In
order to satisfy the regularity boundary conditions at spatial
infinity and at the horizon, we obtain the trivial solution

ψ ¼ 0; χ ¼ 0; ð92Þ
as the solutions of the l ¼ 1 mode in the case of the two
copies of GR.

B. The case of MTBG

We then focus on the self-accelerating branch of MTBG.
In order to make the analysis of the l ¼ 1 mode more
explicit, we focus on the case of the effective massless case
with b ¼ 1 and rf ¼ rg. Even with these conditions, the
constraint part of the Lagrangian (5) does not vanish and
hence the essential properties of MTBG are still retained.
After deriving the equations of motion, similar to the

case of l ¼ 0, we introduce the new variables ψ and χ to
eliminate the perturbations of the radial components of the
shift vectors, n1 and m1

n1¼
1

4rrg

h
2

ffiffiffiffiffiffiffi
rrg

p
ψþrð6r−5rgÞh1þ4rðr−rgÞhrþ4rrgn0

−2r2n2þ2r2ðr−rgÞh01þ2

ffiffiffiffiffiffiffiffi
r5rg

q
ðδhþ ḣ1Þ

i
;

m1¼
1

4rrg

h
2

ffiffiffiffiffiffiffi
rrg

p
χþrð6r−5rgÞk1þ4rðr−rgÞkrþ4rrgm0

−2r2m2þ2r2ðr−rgÞk01þ2

ffiffiffiffiffiffiffiffi
r5rg

q
ðδkþ k̇1Þ

i
: ð93Þ

We also replace ht and kt by δh and δk, respectively, by

ht ¼ −
ffiffiffiffiffi
rg
r3

r
hr þ δh; kt ¼ −

ffiffiffiffiffi
rg
r3

r
kr þ δk: ð94Þ

In the case of the two copies of GR, with use of the
temporal gauge d.o.f., we can set δh ¼ 0 and δk ¼ 0. In the
case of MTBG, since there is no temporal gauge d.o.f., we
cannot set δh ¼ 0 and δk ¼ 0 and instead treat δh and δk as
independent variables. We then derive the equations of
motion for the metric perturbations n0, ψ , n2, δh,m0, χ,m2,
δk, kr, and k1, and also those for the perturbations of the
Lagrange multipliers λ0, λ1, λ2, and λ3.

4Introducing small deviations from the spherically symmetry,
the behavior of the metric may depend on λ and/or λ̄. If this is the
case then λ and/or λ̄ may be fixed by some boundary conditions
for the small deviations from the spherically symmetry. However,
this is beyond the scope of the present paper.
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Using the equations of motion for n0 and m0, we can
relate n0 and m0 with the other variables as

n0 ¼
1

4rg

n
4r

3
2

ffiffiffiffi
rg

p
δhþ ð−18rþ 5rgÞh1

− 2½−2ðr − 2rgÞhr þ rn2 þ 5r2h01 − 3rrgh01

þ 2
ffiffiffiffiffiffiffi
rrg

p
ψ 0 þ r

3
2

ffiffiffiffi
rg

p
ḣ1 − 2r

3
2

ffiffiffiffi
rg

p
ḣr�

o
;

m0 ¼
1

4rg

n
4r

3
2

ffiffiffiffi
rg

p
δkþ ð−18rþ 5rgÞk1

− 2½−2ðr − 2rgÞkr þ rm2 þ 5r2k01 − 3rrgk01

þ 2
ffiffiffiffiffiffiffi
rrg

p
χ0 þ r

3
2

ffiffiffiffi
rg

p
k̇1 − 2r

3
2

ffiffiffiffi
rg

p
k̇r�

o
:

In the effectively massless case b ¼ 1 and rf ¼ rg, the
equation of motion for λ0 becomes trivial. The equation of
motion for λ1 yields

m2 ¼ n2 þ
1

2
ðh1 − k1Þ: ð95Þ

The equations for λ2 and λ3 can be integrated as

kr ¼ hr þ
1

r2
Ck1ðtÞ þ

1

r
5
2

CkrðtÞ;

k1 ¼ h1 þ
2

r2
Ck1ðtÞ þ

1

r
5
2

CkrðtÞ; ð96Þ

where Ck1ðtÞ and CkrðtÞ are free functions of time. The
equations of motion for ψ and δh yield, respectively, the
evolution equations of n2 as

ṅ2 ¼ Fn2;1; ṅ2 ¼ Fn2;2; ð97Þ

where

Fn2;1 ≔
7

2
δh −

1

2r2
ψ þ 3rδh0 −

ffiffiffiffi
r
rg

r
n02 þ

ffiffiffiffi
rg
r

r
n02 − 2ψ 00

−
6ffiffiffiffiffiffiffirrg

p h1 þ
ffiffiffiffiffi
rg
r3

r
hr − 17

ffiffiffiffi
r
rg

r
h01 þ

5

2

ffiffiffiffi
rg
r

r
h01 þ 2

ffiffiffiffi
r
rg

r
h0r − 6

ffiffiffiffi
rg
r

r
h0r −

5r
3
2ffiffiffiffirgp h001

þ 2
ffiffiffiffiffiffiffi
rrg

p
h001 −

1

2
ḣ1 þ 3ḣr þ 2rḣ0r;

Fn2;2 ≔
1

2

�
−13δh − 6

ffiffiffiffiffi
rg
r3

r
n2 −

ψ

r2
− 16rδh0 − 2

ffiffiffiffi
r
rg

r
n02 þ 2

ffiffiffiffi
rg
r

r
n02 þ

6

r
ψ 0 − 4r2δh00

þ ð24r − 5rgÞffiffiffiffiffiffiffiffi
r3rg

q h1 þ 20

ffiffiffiffiffi
rg
r3

r
hr þ 20

ffiffiffiffi
r
rg

r
h01 − 5

ffiffiffiffi
rg
r

r
h01 þ 4

ffiffiffiffi
r
rg

r
h0r þ

2r
3
2ffiffiffiffirgp h001 − ḣ1 þ 6ḣr þ 4rḣ0r

�
: ð98Þ

Similarly, the equations of motion for χ and δk yield, respectively, the other evolution equations of n2 as

ṅ2 ¼ Gn2;1; ṅ2 ¼ Gn2;2; ð99Þ
where

Gn2;1 ≔
1

2r9=2rg

h
2r

ffiffiffiffi
rg

p ð−10rþ 29rgÞCk1ðtÞ þ 3
ffiffiffiffiffiffiffi
rrg

p ð−9rþ 19rgÞCkrðtÞ

− r2
ffiffiffiffi
rg

p �
−7

ffiffiffiffiffiffiffiffi
r5rg

q
δkþ ffiffiffiffiffiffiffi

rrg
p

χ þ 2
ffiffiffiffiffiffiffi
rrg

p
C0
k1
ðtÞ þ 4

ffiffiffiffi
rg

p
C0
kr
ðtÞ − 6

ffiffiffiffiffiffiffiffi
r7rg

q
δk0 þ 2r3n02 − 2r2rgn02 þ 4

ffiffiffiffiffiffiffiffi
r5rg

q
χ00

þ 12r2h1 − 2rrghr þ 34r3h01 − 5r2rgh01 − 4r3h0r þ 12r2rgh0r þ 10r4h001

− 4r3rgh001 þ
ffiffiffiffiffiffiffiffi
r5rg

q
ḣ1 − 6

ffiffiffiffiffiffiffiffi
r5rg

q
ḣr − 4

ffiffiffiffiffiffiffiffi
r7rg

q
ḣ0r
�i

;

Gn2;2 ≔
1

2r4 ffiffiffiffirgp
h
−20

ffiffiffi
r

p ðr − 2rgÞCk1ðtÞ þ ð−21rþ 33rgÞCkrðtÞ − 13r4
ffiffiffiffi
rg

p
δk − 6r

5
2rgn2 − r2

ffiffiffiffi
rg

p
χ

− 2r2
ffiffiffiffi
rg

p
C0
k1
ðtÞ − 4

ffiffiffiffiffiffiffiffi
r3rg

q
C0
kr
ðtÞ − 16r5

ffiffiffiffi
rg

p
δk0 − 2r

9
2n02 þ 2r

7
2rgn02 þ 6r3

ffiffiffiffi
rg

p
χ0 − 4r6

ffiffiffiffi
rg

p
δk00

þ 24r
7
2h1 − 5r

5
2rgh1 þ 20r

5
2rghr þ 20r

9
2h01 − 5r

7
2rgh01 þ 4r

9
2h0r þ 2r

11
2 h001 − r4

ffiffiffiffi
rg

p
ḣ1

þ 6r4
ffiffiffiffi
rg

p
ḣr þ 4r5

ffiffiffiffi
rg

p
ḣ0r
i
: ð100Þ
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The consistency of Eq. (97), Fn2;1 ¼ Fn2;2, yields

n2 ¼
1

3

ffiffiffiffi
r
rg

r
ð−10rδh − 11r2δh0 þ 3ψ 0 − 2r3δh00 þ 2rψ 00Þ

þ 1

6rg

�
ð36r − 5rgÞh1 þ 2ð9rghr þ 27r2h01 − 5rrgh01 þ 6rrgh0r þ 6r3h001 − 2r2rgh001Þ

�
: ð101Þ

The consistency of Eq. (99), Gn2;1 ¼ Gn2;2, yields

ψ ¼ χ − 3

ffiffiffiffiffi
rg
r3

r
Ck1ðtÞ þ

3r − 2rg
r2 ffiffiffiffirgp CkrðtÞ þ r2ðδh − δkÞ þQ1ðtÞffiffiffi

r
p þQ2ðtÞ; ð102Þ

where Q1ðtÞ and Q2ðtÞ are free functions of time. The compatibility of Eqs. (97) and (99) then yields

δh ¼ δkþ 1

6r4

�
2ð5r − rgÞ

ffiffiffiffi
r
rg

r
Ck1ðtÞ −

ffiffiffiffi
rg

p
CkrðtÞ − 2r

3
2Q1ðtÞ − r2Q2ðtÞ þ 6r3Q3ðtÞ

þ 6r
7
2Q4ðtÞ þ 2r2C0

k1
ðtÞ þ 2r

3
2C0

kr
ðtÞ

�
; ð103Þ

where Q3ðtÞ and Q4ðtÞ are free functions of time. After imposing Eqs. (101), (102), and (103), the equations of motion for
ψ , δh, χ, and δk coincide, and hence we may focus on the equation of motion for ψ.
A combination of the equations of motion for n2 and m2 relates λ3 to λ1 and λ2 as

λ3 ¼
2ð1þ C2

0Þ ffiffiffiffirgp

C2
0ð1þ C0Þ

ffiffiffiffiffi
r7

p
�
λ1 − rλ01 −

r2

2
λ001

�
þ 1

r
λ2

−
C0α

2
h
rðQ2ðtÞ þ 6rg

�
Q3ðtÞ þ

ffiffiffi
r

p
Q4ðtÞÞ − 12C0

k1
ðtÞ þ 2

ffiffiffiffirgp Q0
1ðtÞ

�
þ 2

ffiffiffiffiffiffiffiffi
r3rg

q
Q0

2ðtÞ
i

2ð1þ C0ÞðC0c1 þ c2Þð1þ C2
0α

2Þm2
ffiffiffiffiffiffiffiffi
r7rg

q : ð104Þ

Substituting Eq. (104) back to the evolution equation for n2, we obtain

χ̇ ¼ r2δ̇kþ
ffiffiffiffiffi
r3

rg

s
ðr − rgÞδk0 þ

5r − 9rg
2

ffiffiffiffi
r
rg

r
δk −

rþ rg

2
ffiffiffiffiffiffiffiffi
r3rg

q χ −
−rþ rgffiffiffiffiffiffiffirrg
p χ0

þ −8rþ 7rg
r3

Ck1ðtÞ þ
2½rg þ C2

0α
2ð−3rþ rgÞ�ffiffiffiffiffiffiffiffi

r3rg
q

ð1þ C2
0α

2Þ
C0
k1
ðtÞ þ 3r2 − 15rrg þ 11r2g

2rgr
7
2

CkrðtÞ þ
−3rþ rg
r2 ffiffiffiffirgp C0

kr
ðtÞ

þ
�
11

2
−
6r
rg

�
h1 − 3

�
1 −

rg
r

�
hr þ

�
4r −

3r2

rg
− rg

�
h01 þ

�
−

3r
3
2ffiffiffiffirgp þ ffiffiffiffiffiffiffi

rrg
p �

ḣ1;

−
Q2ðtÞ þ 2ð3rgQ3ðtÞ þ 3

ffiffiffi
r

p
rgQ4ðtÞ þ ffiffiffiffirgp Q0

1ðtÞ þ ffiffiffiffiffiffiffirrg
p Q0

2ðtÞÞ
2

ffiffiffiffiffiffiffirrg
p ð1þ C2

0α
2Þ : ð105Þ

Substituting Eq. (105) and its derivatives with respect to r into the equations of motion for h1, k1, hr, and kr, we find that the
equations of motion for h1 and k1 coincide, and similarly the equations of motion for hr and kr coincide, respectively. This
is because either h1 or k1 and either hr or kr can be eliminated by the gauge d.o.f. for the l ¼ 1mode. The consistency of the
equations of motion for h1 and hr then requires

λ1ðtÞ ¼
Q5ðtÞ
r2

þ rQ6ðtÞ þ r3Q7ðtÞ −
4C3

0α
2r

3
2

ffiffiffiffirgp ð3 ffiffiffiffirgp Q4ðtÞ þQ0
2ðtÞÞ

21ð1þ C2
0Þm2rgð1þ C2

0α
2ÞðC0c1 þ c2Þ

; ð106Þ
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whereQ5ðtÞ,Q6ðtÞ, andQ7ðtÞ are free functions of time. We note thatQ5ðtÞ andQ6ðtÞ describe the solutions of the Laplace
equation for l ¼ 1, and without loss of generality we can impose that Q5ðtÞ ¼ 0 and Q6ðtÞ ¼ 0.
At this stage, the equations of motion hr, kr, h1, and k1 coincide. Without loss of generality, we focus on the equation of

motion for hr, which yields

λ2 ¼ Q8ðtÞ −
10ð1þ C2

0Þ ffiffiffiffiffiffiffirrg
p

C2
0ð1þ C0Þ

Q7ðtÞ

þ C0α
2ðQ2ðtÞ þ 6rgQ3ðtÞ þ 6

ffiffiffi
r

p
rgQ4ðtÞ þ 2

ffiffiffiffirgp Q0
1ðtÞ þ 2

ffiffiffiffiffiffiffirrg
p Q0

2ðtÞ − 12C0
k1
ðtÞÞ

6ð1þ C0ÞðC0c1 þ c2Þð1þ C2
0α

2Þm2r
3
2

ffiffiffiffirgp : ð107Þ

Requiring that λ1 → 0 in the limit of r → ∞, from Eq. (106), we impose thatQ7ðtÞ ¼ 0 andQ4ðtÞ ¼ − 1
3
ffiffiffi
rg

p Q0
2ðtÞ. Then, we

obtain λ1 ¼ 0. Requiring that λ2 → 0 in the limit of r → ∞, from Eq. (107), we impose that Q8ðtÞ ¼ 0, and then obtain

λ2 ¼
C0α

2ðQ2ðtÞ þ 6rgQ3ðtÞ − 12C0
k1
ðtÞ þ 2

ffiffiffiffirgp Q0
1ðtÞÞ

6ð1þ C0ÞðC0c1 þ c2Þð1þ C2
0α

2Þm2r
3
2

ffiffiffiffirgp ; λ3 ¼ −
2

r
λ2: ð108Þ

By introducing the new variable ϕ to eliminate δk by

δk ¼ χ

r2
þ ϕ; ð109Þ

and substituting Eq. (109) into Eq. (105), χ is related to ϕ as

χ ¼ r
7
2

3
ffiffiffiffirgp ϕ̇þ r3ðr − rgÞ

3rg
ϕ0 þ r2ð5r − 9rgÞ

6rg
ϕþ −8rþ 7rg

3
ffiffiffiffiffiffiffiffi
r3rg

q Ck1ðtÞ þ
3r2 − 15rrg þ 11r2g

6r2r
3
2
g

CkrðtÞ þ
−3rþ rg
3

ffiffiffi
r

p
rg

C0
kr
ðtÞ

−
rQ2ðtÞ þ 6rrgQ3ðtÞ − 4rgC0

k1
ðtÞ þ 12C2

0rα
2C0

k1
ðtÞ − 4C2

0rgα
2C0

k1
ðtÞ þ 2r ffiffiffiffirgp Q0

1ðtÞ
6rgð1þ C2

0α
2Þ

þ 1

6r
11
2 r

3
2
g

�
r7ð−12rþ 11rgÞh1 þ 6r6rgð−rþ rgÞhr − 6r9h01 þ 8r8rgh01 − 2r7r2gh01 þ 2r

15
2 r

3
2
gḣ1 − 6

ffiffiffiffiffiffiffiffiffiffi
r17rg

q
ḣ1

�
: ð110Þ

Since we have already employed all the equations of motion, in general ϕ is undetermined. However, since n2 and m2 are
given by

n2 ¼ −
3Ck1ðtÞ

r2
þ ðr − 4rgÞCkrðtÞ

r
5
2rg

−
r
3
2

3
ffiffiffiffirgp ð10ϕþ 11rϕ0 þ 2r2ϕ00Þ

þ 1

6rg

�
ð36r − 5rgÞh1 þ 18rghr þ 2rðð27r − 5rgÞh01 þ 6rgh0r þ 2rð3r − rgÞh001Þ

�
; ð111Þ

m2 ¼ −
4Ck1ðtÞ

r2
þ ð2r − 9rgÞCkrðtÞ

2r
5
2rg

−
r
3
2

3
ffiffiffiffirgp ð10ϕþ 11rϕ0 þ 2r2ϕ00Þ

þ 1

6rg

�
ð36r − 5rgÞh1 þ 18rghr þ 2rðð27r − 5rgÞh01 þ 6rgh0r þ 2rð3r − rgÞh001Þ

�
: ð112Þ

we find that the gauge invariant [see Eqs. (31) and (32)]
combination n2 −m2 does not depend on ϕ, hr, and h1.
Because of the presence of the gauge degrees of freedom,
Ξr and Ξ1 we may choose the gauge h1 ¼ 0 and hr ¼ 0 as
Eq. (45). Furthermore, as a particular solution we may
choose

ϕ ¼ 0; ð113Þ

which avoids the growing terms in n2 and m2 as r → ∞.
Below, we focus on the leading behavior of the perturbed

metric components in the large distance limit r → ∞ and
impose their regularity. The imposition of a sufficient
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number of boundary conditions in the limit of r → ∞ will
fix the remaining free functions of time, Q1ðtÞ, Q2ðtÞ,
Q3ðtÞ, CkrðtÞ, and Ck1ðtÞ. We will clarify the boundary
conditions which are necessary to eliminate these free
functions of time.
The leading terms in the ðt; tÞ components of the metric

perturbations, which are obtained from linear combinations
of n0,

rg
r n1,

rg
r n2, m0,

rg
r m1, and

rg
r m2 are proportional to

Q0
2ðtÞr. In order to satisfy the regularity of both the sectors

in the large distance r → ∞, we require that theOðrÞ terms
in the ðt; tÞ components of the perturbed metrics vanish,
and hence impose

Q2ðtÞ ¼ q2; ð114Þ

where q2 is an integration constant.
The leading terms in the ðt; rÞ components of the metric

perturbations which are obtained from the linear combi-

nations of
ffiffiffi
rg
r

q
n1,

ffiffiffi
rg
r

q
n2,

ffiffiffi
rg
r

q
m1, and

ffiffiffi
rg
r

q
m2 are given by

the Oðr0Þ terms, which lead to the divergence of the ADM
masses in both the sectors in the large distance limit
r → ∞. The regularity of the ADM masses requires

Q3ðtÞ ¼ 0;

Q1ðtÞ ¼ q1 −
1

2
ffiffiffiffirgp
�
q2tþ 12C2

0α
2Ck1ðtÞ

�
; ð115Þ

where q1 is an integration constant. The leading terms in
the ðr; rÞ components of the metric perturbations which are
obtained from n2 and m2 are given by the Oð 1

r
3
2

Þ, where the
coefficients are proportional to CkrðtÞ.
The leading and subleading terms in the ðt; θÞ compo-

nents of the metric perturbations which are obtained from

the linear combinations of r2ht, r2
ffiffiffi
rg
r

q
hr, r2kt, and r2

ffiffiffi
rg
r

q
kr

are given by the Oðr12Þ and Oðr0Þ terms, respectively. For
the asymptotic flatness of the spacetimes in both the
sectors, to eliminate Oðr12Þ term requires

CkrðtÞ ¼ ckr ; ð116Þ

where ckr is an integration constant. Similarly, eliminating
the Oðr0Þ terms in the ðt; θÞ components of the metric
perturbations requires that

Ck1ðtÞ ¼
q2
2
tþ ck1 ; ckr ¼ −

2

3
q2r

3
2
g; ð117Þ

where ck1 is an integration constant. The ðr; θÞ components
of the metric perturbations obtained from rhr and rkr
automatically vanish and need not to be considered in the
rest. The leading terms in the angular components of the
perturbed metric are proportional to Oðr0Þ, which are

suppressed by the factor 1
r2 compared to the background

metrics.
After imposing Eq. (116), the Oðr0Þ terms of the ðt; tÞ

components of the metric perturbations automatically
vanish. Similarly, after imposing Eq. (116), the Oð 1

r
1
2

Þ terms

of the ðt; rÞ components of the metric perturbations
automatically vanish. Then, the Oð 1

r
1
2

Þ terms in the ðt; tÞ
components of the metric perturbations are proportional to
q2ffiffi
r

p . Requiring that these terms vanish as well imposes

q2 ¼ 0; ð118Þ

and from Eq. (117) we obtain that ckr ¼ 0. The Oð1rÞ terms
in the ðt; rÞ components of the metric perturbations vanish.
With Eq. (118), the Oð1rÞ and Oð 1

r
3
2

Þ terms in the ðt; tÞ
components of the metric perturbations automatically
vanish.
The next-order terms in the ðt; θÞ components of

the metric perturbations are given by the Oð 1
r
1
2

Þ terms.

Requiring that these terms vanish imposes

q1 ¼ 0; ck1 ¼ 0: ð119Þ

After imposing Eq. (119), the Oð 1
r3=2

Þ terms in the ðt; rÞ
components of the metric perturbations automatically
vanish. As a consequence, all the components of the
l ¼ 1 perturbations vanish.
The manipulations to reduce the equations of motion for

the l ¼ 1 mode are summarized in Table II.

VI. THE SOLUTIONS OF THE HIGHER
MULTIPOLAR PERTURBATIONS

In this section, we focus on the l ≥ 2 modes.

A. The case of the two copies of GR

Again, as a point of comparison, we first review the case
of the two copies of GR, i.e., the case of m ¼ 0. For the
modes l ≥ 2, after deriving the equations of motion for
m ¼ 0, under the two copies of the four-dimensional
diffeomorphism invariance, for the perturbed metrics
(27) and (28) we fix the gauge as

ht ¼ −
ffiffiffiffiffi
rg
r3

r
hr; h1 ¼ 0; h2 ¼ 0;

kt ¼ −
ffiffiffiffiffi
rf
r3

r
kr; k1 ¼ 0; k2 ¼ 0: ð120Þ

We then introduce the master variables ψ and χ as
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n1 ¼
1

2rg

�
lðlþ 1Þðr − rgÞhr þ 2rgn0 − rn2 þ κ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p ðl2 þ l − 2Þrþ 3rg
r

ψ

�
;

m1 ¼
1

2rf

�
lðlþ 1Þðb2r − rfÞkr þ 2rfm0 − b2rm2 þ

κ2

α2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p ðl2 þ l − 2Þb2rþ 3rf
r

χ

�
: ð121Þ

The equations of motion for n0 andm0 relate n0 andm0 to other variables, respectively. The combination of the equations of
motion for h1 and h2 is used to eliminate n2. Similarly, the combination of the equations of motion for k1 and k2 is used to
eliminate m2. Then, the combination of the equations of motion for ψ and h1 yields

ψ̈ − 2

ffiffiffiffi
rg
r

r
ψ̇ 0 −

�
1 −

rg
r

�
ψ 00 þ 1

2

ffiffiffiffiffi
rg
r3

r
ψ̇ −

rg
r2

ψ 0

þ lðlþ 1Þðl2 þ l − 2Þ2r3 þ 3ðl2 þ l − 2Þ2r2rg þ 9ðl2 þ l − 2Þrr2g þ 9r3g
r3ððl2 þ l − 2Þrþ 3rgÞ2

ψ ¼ 0: ð122Þ

Similarly, the combination of the equations of motion for χ and k1 yields

χ̈ − 2

ffiffiffiffiffi
rf
r

r
χ̇0 −

�
b2 −

rf
r

�
χ00 þ 1

2

ffiffiffiffiffi
rf
r3

r
χ̇ −

rf
r2

χ0

−
lðlþ 1Þðl2 þ l − 2Þ2b6r3 þ 3b4ðl2 þ l − 2Þ2r2rf þ 9b2ðl2 þ l − 2Þrr2f þ 9r3f

r3ðb2ðl2 þ l − 2Þrþ 3rfÞ2
χ ¼ 0: ð123Þ

With Eqs. (122) or (123), we confirm that the rest of the equations of motion in the physical and fiducial sectors are satisfied,
respectively. Thus, ψ and χ play the role of the master variables in the physical and fiducial sectors, respectively.

TABLE II. The manipulations to reduce the equations of motion for the l ¼ 1 mode. EOM means equation of
motion.

Manipulation Output Remark
# of independent

variables

Derive EOMs 18
Symmetry h2 ¼ 0 and k2 ¼ 0 16
Gauge fixing h1 ¼ 0 and hr ¼ 0 14
EOM for n0 Eliminate n0 13
EOM for m0 Eliminate m0 12
EOM for λ1 Eliminate m2 11
EOM for λ2 and λ3 Eliminate kr and k1 Ck1ðtÞ, CkrðtÞ 9
Combine EOM for ψ and EOM for δh Eliminate n2 8
Combine EOM for χ and EOM for δk Eliminate ψ Q1ðtÞ, Q2ðtÞ 7
Combine EOM for ψ and EOM for χ Eliminate δh Q3ðtÞ, Q4ðtÞ 6
Combine EOM for n2 and EOM for m2 Eliminate λ3 5
Combine EOM for h1 and EOM for hr Eliminate λ1 Q7ðtÞ 4
EOM for hr Eliminate λ2 Q8ðtÞ 3
Regularity of λ1 at r → ∞ Set λ1 ¼ 0 Q7ðtÞ ¼ 0, fix Q4ðtÞ 3
Regularity of λ2 at r → ∞ Q8ðtÞ ¼ 0 3
EOM for n2 2
Introduce ϕ [Eq. (109)] Eliminate χ 1
Gauge invariance of n2 −m2 ϕ ¼ 0 1
Set λ0 λ0 ¼ 0 0
Eliminating OðrÞ in the ðt; tÞ components Eq. (114) Fix Q2ðtÞ 0
Eliminating Oðr0Þ in the ðt; rÞ components Eq. (115) Fix Q3ðtÞ and Q1ðtÞ 0
Eliminating Oð ffiffiffi

r
p Þ and Oðr0Þ in the ðt; θÞ

components
Eqs. (116) and (117) Fix Ck1ðtÞ and Ck1ðtÞ 0

Eliminating Oð 1ffiffi
r

p Þ in the ðt; tÞ components Eq. (118) Fix q2 0

Eliminating Oð 1ffiffi
r

p Þ in the ðt; θÞ components Eq. (119) Fix q1 and ck1 0
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B. The case of MTBG

We then focus on the l ≥ 2 modes in the self-accelerating branch of MTBG. In order to eliminate the dependence on ht
and kt, we introduce the new variables δh and δk as Eq. (94). We also introduce the new variables ψ and χ to replace n1 and
m1 by

n1 ¼
1

8rg

h
2lðlþ 1Þ

ffiffiffiffiffiffiffiffi
r3rg

q
δhþ 2ð6r − 5rgÞh1 − lðlþ 1Þð6r − 5rgÞh2 þ 4lðlþ 1Þðr − rgÞhr

þ 4rðr − rgÞh01 − 2lðlþ 1Þrðr − rgÞh02 þ 4

ffiffiffiffiffiffiffiffi
r3rg

q
ḣ1 − 2lðlþ 1Þ

ffiffiffiffiffiffiffiffi
r3rg

q
ḣ2

þ 8rgn0 − 4rn2 þ
4κ2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p �ðl2 þ l − 2Þrþ 3rg
�
ψ
i
;

m1 ¼
1

8rf

h
2lðlþ 1Þ

ffiffiffiffiffiffiffiffiffi
r3rf

q
δkþ 2ð6b2r − 5rfÞk1 − lðlþ 1Þð6b2r − 5rfÞk2 þ 4lðlþ 1Þðb2r − rfÞkr

þ 4rðb2r − rfÞk01 − 2lðlþ 1Þrðb2r − rfÞk02 þ 4

ffiffiffiffiffiffiffiffiffi
r3rf

q
k̇1 − 2lðlþ 1Þ

ffiffiffiffiffiffiffiffiffi
r3rf

q
k̇2

þ 8rfm0 − 4b2rm2 þ
4κ2

α2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p �ðl2 þ l − 2Þb2rþ 3rf
�
χ
i
: ð124Þ

After deriving the totally 18 components of the equations of motion for the 18 variables, we fix h1 and h2 to 0 by the gauge
conditions (33). The equation of motion for λ0 fixes m2 as

m2 ¼ −
1

2
k1 þ

lðlþ 1Þ
4

k2 þ n2: ð125Þ

The equation of motion for λ1 is not independent of that for λ0. The equation of motion for λ2 fixes kr as

kr ¼ hr þ
1

2lðlþ 1Þ ½−6k1 − 4rk01 þ lðlþ 1Þð3k2 þ 2rk02Þ�: ð126Þ

The equations of motion for n0 and m0 fix n0 and m0, respectively. The compatibility of the equations of motion for h1 and
h2 fixes n2. Similarly, the compatibility of the equations of motion for k1 and k2 fixes λ3. The equation of motion for λ3
provides the constraint relation

k002 ¼
2ðl2 þ lþ 18Þk1 þ 44rk01 þ lðlþ 1Þ½ðl2 þ l − 22Þk2 − 22rk02� þ 8r2k001

4lðlþ 1Þr2 : ð127Þ

The combination of the equations of motion for hr and kr
provides the evolution equation for k2

k̈2 ¼ Gk2 ; ð128Þ

where Gk2 represents at most first-order time derivative
terms of the perturbation variables. The compatibility of the
equations of motion for δh and δk provides the constraint
relation

δk00 ¼ Hδk; ð129Þ

whereHδk includes at most first-order time derivative terms
of the perturbation variables. The compatibility of the
equations of motion for ψ and χ provides the constraint
relation

χ00 ¼ Hχ ; ð130Þ

where Hχ includes at most first-order time and radial
derivative terms of the perturbation variables. The equation
of motion for n2 fixes λ2. The compatibility of the equations
of motion for m2 and n2 provides a constraint relation
denoted by

C1 ¼ 0; ð131Þ

which includes at most first-order time derivative terms of
the perturbation variables. The compatibility of the equa-
tions of motion for h1 and k1 provides

k001 ¼ Hk1 ; ð132Þ
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whereHk1 contains at most first-order time derivative terms
including ψ̇ 00, χ̇00, δ̇h00, δ̇k00, δh00, δk00, ψ 00, h00r , λ0001 , and λ001 .
With use of the constraint (131), the equations of motion

for h1, δh, and ψ lead to the evolution equations

E1 ¼ 0; E2 ¼ 0; E3 ¼ 0; ð133Þ

which include at most second-order time derivative terms.
We find that the evolution equations in Eq. (133) are
degenerate with respect to the second-order derivatives of t
and can be rewritten as the evolution equation of

ϒ ≔ 2κ2
ffiffiffiffi
r
rg

r �ðl2 þ l − 2Þrþ 3rg
�ðψ þ C2

0χÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
r4ðδhþ C2

0α
2δkÞ

þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

lðlþ 1Þ

s
C2
0α

2r2
ffiffiffiffi
r
rg

r �
l2 þ lþ 4

2
r − rg

�
k1:

ð134Þ

The equation of motion for hr leads to the constraint
relation

C2 ¼ 0; ð135Þ

which includes at most first-order time derivative terms of
the perturbation variables. In the case of two copies of GR
withm ¼ 0, ψ and χ play the role of the master variables in
each sector. Instead, in the case of MTBG with m ≠ 0, the
evolution of the perturbations in the two sectors are coupled
to each other.
The degeneracy between E1 ¼ 0 and E2 ¼ 0 in Eq. (133)

leads to the constraint relation

ψ 00 ¼ Hψ ; ð136Þ
where Hψ represents at most the first-order time derivative
terms of the perturbation variables. Similarly, the degen-
eracy between E2 ¼ 0 and E3 ¼ 0 in Eq. (133) reduces to
the constraint relation Eq. (131) and does not produce any
more constraint. The manipulations to reduce the equations
of motion for the l ≥ 2modes are summarized in Table III.
In the effectively massless case with b ¼ 1 and rf ¼ rg, λ0
does not appear and hence without loss of generality we
may set5

λ0 ¼ 0: ð137Þ

TABLE III. The manipulations to reduce the equations of motion for the l ≥ 2 modes. EOM means equation of
motion.

Manipulation Output Remark
# of independent

variables

Derive EOMs 18
Fix the gauge h1 ¼ 0 and

h2 ¼ 0
16

EOM for λ0 Eliminate m2 EOM for λ1 is not independent 15
EOM for λ2 Eliminate kr 14
EOM for n0 Eliminate n0 13
EOM for m0 Eliminate m0 12
Combine EOM for h1 and EOM for h2 Eliminate n2 11
Combine EOM for k1 and EOM for k2 Eliminate λ3 10
EOM for λ3 Eq. (127) First constraint 9
Combine EOM for hr and EOM for kr Eq. (128) First evolution equation 8
Combine EOM for δh and EOM for δk Eq. (129) Second constraint 7
Combine EOM for ψ and EOM for χ Eq. (130) Third constraint 6
Combine EOM for n2 and EOM for m2 C1 ¼ 0 Fourth constraint 5
EOM for n2 (or EOM for m2) Eliminate λ2 4
Combine EOM for h1 and EOM for k1 Eq. (132) Fifth constraint 3
EOM for h1 (or EOM for k1) E1 ¼ 0 Second evolution equation 2
EOM for hr (or EOM for kr) C2 ¼ 0 Sixth constraint 1
EOM for δh (or EOM for δk) E2 ¼ 0 Degenerate to E1 ¼ 0 1
EOM for ψ (or EOM for χ) E3 ¼ 0 Degenerate to E1 ¼ 0 and E2 ¼ 0 1
Take the difference between
E1 ¼ 0 and E2 ¼ 0

Eq. (136) Seventh constraint 0

Take the difference between
E2 ¼ 0 and E3 ¼ 0

C1 ¼ 0 Not an independent constraint 0

5λ0 may appear in higher-order perturbations even in the
effectively massless case. In such a case, imposing the regularity
of higher-order perturbations may fix λ0 uniquely, although this is
beyond the scope of the present paper.
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Each of the degenerate evolution equations E1 ¼ 0 (E2 ¼ 0
or E3 ¼ 0) still contains the terms with two time and one
radial derivatives as ψ̈ 0. However, by combining E3 ¼ 0

with Ċ01 ¼ 0, all the two time and one radial derivative
terms cancel and the resultant evolution equation

Ẽ3 ¼ 0; ð138Þ

is purely a second-order derivative equation with respect
to time.
We then replace δh with ϒ using Eq. (134). We also

relate hr to other variables through Eq. (131). Then,
Eq. (138) reduces to

Ē3 ¼ 0; ð139Þ

which has the structure

k̈2 þ
�
−1þ rg

r

�
k002

þ 2r2g
C2
0α

2ð5rg − 6rÞ
�
r
rg

�3
2

�
ϔþ

�
−1þ rg

r

�
ϒ00

�
¼ RĒ3 ;

ð140Þ

where the remaining terms RĒ3
do not contain second-order

derivative terms with respect to time. We note that the
evolution equation (128) is not independent of Eq. (139).
After eliminating hr with Eq. (131), the constraint
Eq. (135) now turns into an evolution equation, because
the ḣr term in the original (135) turns into second-order
derivative terms with respect to time.
After eliminating hr with Eq. (131), the Eqs. (129),

(130), and (136) finally reduce to the elliptic equations

ψ 00 ¼ Kψ ; ð141Þ

χ00 ¼ Kχ ; ð142Þ

k001 ¼ −
2ðl2 þ lþ 18Þk1 þ 44rk01 þ lðlþ 1Þ½ðl2 þ l − 22Þk2 − 22rk02� − 4lðlþ 1Þr2k002

8r2
; ð143Þ

where the last equation coincides with Eq. (127), andKψ and
Kχ in Eqs. (141) and (142) do not contain second-order
derivative terms with respect to r besides k002 and ϒ00. The
constraint relation (135) now turns to the evolution equation

C̄2 ¼ 0; ð144Þ

which has the structure

k̈2 þ
�
−1þ rg

r

�
k002 þ

r2g
C2
0α

2ðrg − l2þlþ4
2

rÞ

�
r
rg

�3
2

×

�
ϔþ

�
−1þ rg

r

�
ϒ00

�
¼ RC̄2 ; ð145Þ

where the remaining terms RC̄2 do not contain second-order
derivative terms with respect to time. The combination of
(140) and (145) leads to the individual evolution equations
for ϒ and k2, which are schematically given by

ϔþ
�
−1þ rg

r

�
ϒ00 ¼ Rϒ; ð146Þ

k̈2 þ
�
−1þ rg

r

�
k002 ¼ Rk2 ; ð147Þ

whereRk2 andRϒ are given by the linear combinations ofRĒ3

andRC̄2 . These equations tell that in the case of the effectively

massless case with b ¼ 1 and rf ¼ rg the two modes ϒ and
k2 propagate with the speed of light in the radial directions.
Equation (132) reduces to the constraint

C̄3 ¼ 0; ð148Þ

which includes λ00001 and k̈2. After eliminating k̈2 by
Eq. (147), Eq. (148) can be written solely as the fourth-
order differential equation with respect to r for λ1

2r4λ00001 þ5r3λ1000−
12þ5lðlþ1Þ

2
r2λ100 þ6ðl2þlþ1Þrλ01

þ1

2
ðl−4Þlðlþ1Þðlþ5Þλ1¼ 0; ð149Þ

whose general solution is given by

λ1 ¼ Cλ1;1ðtÞr−
l−4
2 þ Cλ1;2ðtÞr

lþ5
2 þ Cλ1;3ðtÞr−l−1

þ Cλ1;4ðtÞrl; ð150Þ

where Cλ1;1ðtÞ, Cλ1;2ðtÞ, Cλ1;3ðtÞ, and Cλ1;4ðtÞ are functions
of t. Depending on the boundary conditions, these free
functions should be chosen appropriately. The fact that in
the even-parity sector the equation for the instantaneous
mode from the Lagrange multipliers is independent of the
other modes is reminiscent of the case of the odd-parity
perturbations in the effectively massless case where the
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equation for the instantaneous mode Λ associated with the
Lagrange multiplier is independent of the other variables
and can be solved analytically [see Eq. (117) in Ref. [14]].
We note that the solutions of Cλ1;3ðtÞ and Cλ1;4ðtÞ are those
of the Laplace equation in the three-dimensional Euclid
space for the l mode. Plugging Eq. (150) into the
other independent equations, Cλ1;3ðtÞ and Cλ1;4ðtÞ do not

contribute to the remaining equation of motion. Thus, λ1
contains only one physical instantaneous mode, in spite
of the fact that it follows the fourth-order differential
equation (149).
In Eqs. (127), (141), and (142), the right-hand sides still

contain ϒ00, k002 , and δk
00. We introduce the new variables ψ̄ ,

χ̄, and k̄1 by

ψ ¼ ψ̄ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3ðl − 1Þ þ ðl − 1Þ2

p
2ð1þ C2

0α
2Þ½3rg þ ðl2 þ l − 2Þr�κ2 r

7
2r

1
2
g½ð1þ C2

0α
2Þδkþϒ�

þ C2
0α

2

8ð1þ C2
0α

2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3ðl − 1Þ þ ðl − 1Þ2

p
f4rg − 2½6þ 3ðl − 1Þ þ ðl − 1Þ2�rg

½3rg þ ðl2 þ l − 2Þr�κ2 r2k2; ð151Þ

χ ¼ χ̄ þ α2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3ðl − 1Þ þ ðl − 1Þ2

p
2ð1þ C2

0α
2Þ½3rg þ ðl2 þ l − 2Þr�κ2 r

7
2r

1
2
g½ð1þ C2

0α
2Þδkþϒ�

þ C2
0α

4

8ð1þ C2
0α

2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3ðl − 1Þ þ ðl − 1Þ2

p
f4rg − 2½6þ 3ðl − 1Þ þ ðl − 1Þ2�rg

½3rg þ ðl2 þ l − 2Þr�κ2 r2k2; ð152Þ

k1 ¼ k̄1 þ
lðlþ 1Þ

2
k2; ð153Þ

and eliminate ψ , χ, and k1, so that Eqs. (127), (141), and
(142) become purely the second-order spatial equations for
ψ̄ , χ̄, and k̄1. We note that after introducing ψ̄ , χ̄, and k̄1, the
dependence on δk never shows up in the equations of
motion, and turns out to be a gauge mode.
By introducing ψ̄ , χ̄, and k̄1, the master equations for the

two dynamical modes (146) and (147) turn to be

ϔ − 2

ffiffiffiffi
rg
r

r
ϒ̇0 þ

�
−1þ rg

r

�
ϒ00 ¼ R̄ϒ: ð154Þ

k̈2 − 2

ffiffiffiffi
rg
r

r
k̇02 þ

�
−1þ rg

r

�
k002 ¼ R̄k2 ; ð155Þ

where R̄ϒ and R̄k2 contain at most first-order derivatives
with respect to the time and radial coordinates. We note that
the left-hand sides of (154) and (155) correspond to the GR
operators in the even-parity perturbations. Equations (127),
(141), (142), and (150) now reduce to three elliplitic
equations and the physical solution for λ1,

k̄001¼−2ðl2þlþ18Þk̄1þ44rk̄01þ2ðlþ2Þðlþ1Þlðl−1Þk2
8r2

ð156Þ

ψ̄ 00 ¼ K̄ψ ; ð157Þ

χ̄00 ¼ K̄χ ; ð158Þ

λ1 ¼ Cλ1;1ðtÞr−
l−4
2 þ Cλ1;2ðtÞr

lþ5
2 ; ð159Þ

where K̄ψ and K̄χ include the at most the first-order radial
derivatives. Thus, in the effectively massless case, there are
two dynamical modes ϒ and k2, while there are four
instantaneous modes from k̄1, ψ̄ , χ̄, and λ1. As in the case of
the odd-parity sector [14], in the effectively massless case
the two modes in the even-parity sector propagate with the
speeds of light at least in the radial direction. Combined
with the analysis of the odd-parity sector [14], in the

effectively massless case there are four propagating d.o.f.
and six instantaneous d.o.f. for each of the l ≥ 2 modes.
If the effectively massless condition is relaxed, there may

be more instantaneous modes, while the number of propa-
gating modes should remain the same because of the
structure of MTBG. Also as in the case of the odd-parity
sector [14], we expect that if the condition is relaxed the
speeds of the two propagating modes would differ from
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each other. We also confirm that the squared angular
propagation speeds of the two evolution modes ϒ and k2
read fromEqs. (146) and (147) are positive, indicating that at
least in the effectively massless case there is no instability in
the angular directions in the large distance limits.

VII. CONCLUSIONS

As a continuation of the previous works [14,17], we
have studied even-parity perturbations about static and
spherically symmetric Schwarzschild solutions in the self-
accelerating branch of MTBG. Before performing the
analysis of even-parity perturbations, in Sec. II we have
reviewed the Minkowski solutions in the self-accelerating
branch of MTBG as the limit of the vanishing effective
cosmological constants of the de Sitter solutions written in
the spatially-flat FLRW coordinates. We have shown that in
general the physical and fiducial sectors do not share the
same Minkowski vacuum because under the joint foliation-
preserving diffeomorphism invariance the time coordinate
cannot describe the proper time in both the physical and
fiducial sectors. In order to share the same Minkowski
vacuum in both the sectors, the free function which
measures the difference in the proper times between the
two sectors has to be constant. In Sec. III, we have reviewed
the even-parity perturbations on the Schwarzschild solu-
tions in the spatially flat coordinates in the self-accelerating
branch of MTBG. For each of the l ¼ 0, 1, and ≥2 modes,
we have clarified the gauge transformations under the joint
three-dimensional diffeomorphism transformation.
In Sec. IV, we have investigated the solution for the

l ¼ 0 mode. As expected from the structure of MTBG, we
confirmed that there is no propagating d.o.f. for l ¼ 0. The
general solution to the l ¼ 0 mode allows that the mass of
a BH in each sector varies with time, while the summation
of masses in both the sectors remains constant. However,
by requiring that the total mass of matter in each sector
inside a star is constant before gravitational collapse, the
mass of the BH in each sector has to be constant, which
fixes one of the free functions of time to be a constant.
Moreover, the requirement that the asymptotic regions
of the spacetimes in both the sectors share the same
Minkowski vacuum completely fixed the free functions
of time. As a consequence, as in the two copies of GR, the
general solution to the l ¼ 0 mode can be absorbed by a
redefinition of the parameters in the Schwarzschild back-
ground, namely the two gravitational radii. We also con-
firmed that the consequences of the linearized analysis for
the l ¼ 0 mode can be naturally extended to the nonlinear
case as the spherically symmetric but time-dependent
vacuum solutions written in the spatially flat coordinates
in the self-accelerating branch of MTBG.
In Secs. V and VI, we have analyzed the even-parity

perturbations for the l ¼ 1 and l ≥ 2 modes, respectively.
Since the equations of motion for these modes have become
quite involved, we have focused on the effectively massless

case. First, we have set the constant parameter b which
measures the ratio of the proper times between the two
sectors to be unity. By imposing that b ¼ 1, as in the case of
the odd-parity perturbations [14], the effective mass term in
the equations of motion for the perturbations vanishes.
However, even in the case of b ¼ 1, the terms depending on
the Lagrange multipliers associated with the second-class
constraints still remain nontrivial, and the essential struc-
ture of MTBG is maintained. Second, we have also
assumed that the background gravitational radii in the
physical and fiducial sectors coincide. With these assump-
tions, the system of the perturbed equations of motion in the
even-parity sector has become somewhat tractable, while
the essential features of the even-parity perturbations
remain nontrivial.
In Sec. V, we have analyzed the even-parity perturbations

for the l ¼ 1 mode in the effectively massless case. In the
effectively massless case we have exactly solved the set of
equations of motion for the l ¼ 1 mode. However, the
general solution for the l ¼ 1 mode contains several free
functions of time. Under the choice of the gauge (45), as a
particular solution obtained by setting ϕ ¼ 0 where the
mode ϕ does not appear in the gauge-invariant combina-
tion n2 −m2, these functions of time could be fixed by
imposing the suitable boundary conditions at the spatial
infinity, requiring that the leading order corrections to
each component of the metrics are suppressed by a factor of
r−2 compared to the background quantities. The gauge-
invariant parts of the resultant solutions to the l ¼ 1 mode
vanish, leaving no observable effect.
In Sec. VI, we have analyzed the even-parity perturba-

tions for the l ≥ 2 modes. In the effectively massless case,
in contrast to the cases of the l ¼ 0 and l ¼ 1 modes, we
have found that there are two dynamical modes and four
instantaneous modes. We have also found the equations
for the two dynamical modes ϒ and k2, and the elliptic
equations for the four instantaneous modes, ψ̄ , χ̄, k̄1, and
λ1. The equation for λ1 is independent of other modes, and
can be solved analytically. We have shown that among the
four solutions of λ1, two of them are the solutions of the
Laplace equation in the three-dimensional Euclid space and
do not physically contribute to the dynamics of the other
modes. Since the number of the physically independent
solutions of λ1 is two, there is one instantaneous mode
arising from λ1. Combined with the analysis of the odd-
parity sector, in the effectively massless case there are four
propagating d.o.f. and six instantaneous modes for each of
the l ≥ 2 modes in the self-accelerating branch of MTBG.
There are still many remaining issues. The analysis of the

even-parity perturbations should be extended by relaxing
the assumptions of the effectively massless case. The odd-
and even-parity perturbations should be analyzed in the
normal branch. As an application of the even-party and
odd-parity perturbations, BH quasinormal modes should be
analyzed to distinguish BHs in MTBG from the case of
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the two copies of GR. Finally, numerical simulation
techniques for gravitational collapse in the self-accelerating
and normal branch of MTBG should be developed. These
subjects would be definitively interesting but are left for
future studies.

ACKNOWLEDGMENTS

M.M. was supported by the Portuguese national fund
through the Fundação para a Ciência e a Tecnologia in the
scope of the framework of the Decree-Law 57/2016 of

August 29, changed by Law 57/2017 of July 19, and the
Centro de Astrofísica e Gravitação through the Project
No. UIDB/00099/2020. M.M. also would like to acknowl-
edge the Yukawa Institute for Theoretical Physics at
Kyoto University for their hospitality, where a part of
the present work has been performed during the long-term
workshop “Gravity and Cosmology 2024.” The work of
S. M. was supported in part by Japan Society for the
Promotion of Science Grants-in-Aid for Scientific Research
No. 24K07017 and the World Premier International
Research Center Initiative (WPI), MEXT, Japan.

[1] M. Fierz and W. Pauli, On relativistic wave equations for
particles of arbitrary spin in an electromagnetic field, Proc.
R. Soc. A 173, 211 (1939).

[2] D. G. Boulware and S. Deser, Can gravitation have a finite
range?, Phys. Rev. D 6, 3368 (1972).

[3] C. de Rham, G. Gabadadze, and A. J. Tolley, Resummation
of massive gravity, Phys. Rev. Lett. 106, 231101 (2011).

[4] S. Hassan and R. Rosen, Bimetric gravity from ghost-free
massive gravity, J. High Energy Phys. 02 (2012) 126.

[5] Y. Yamashita, A. De Felice, and T. Tanaka, Appearance of
Boulware–Deser ghost in bigravity with doubly coupled
matter, Int. J. Mod. Phys. D 23, 1443003 (2014).

[6] C. de Rham, L. Heisenberg, and R. H. Ribeiro, Ghosts and
matter couplings in massive gravity, bigravity and multi-
gravity, Phys. Rev. D 90, 124042 (2014).

[7] A. E. Gumrukcuoglu, L. Heisenberg, S. Mukohyama, and
N. Tanahashi, Cosmology in bimetric theory with an
effective composite coupling to matter, J. Cosmol. Astro-
part. Phys. 04 (2015) 008.

[8] A. De Felice, F. Larrouturou, S. Mukohyama, andM. Oliosi,
Minimal theory of bigravity: Construction and cosmology,
J. Cosmol. Astropart. Phys. 04 (2021) 015.

[9] S. Garcia-Saenz, A. Held, and J. Zhang, Destabilization of
black holes and stars by generalized Proca fields, Phys. Rev.
Lett. 127, 131104 (2021).

[10] H. O. Silva, A. Coates, F. M. Ramazanoğlu, and T. P.
Sotiriou, Ghost of vector fields in compact stars, Phys.
Rev. D 105, 024046 (2022).

[11] E. S. Demirboğa, A. Coates, and F. M. Ramazanoğlu, Insta-
bility of vectorized stars, Phys. Rev. D 105, 024057 (2022).

[12] Y. Manita, K. Aoki, T. Fujita, and S. Mukohyama, Spin-2
dark matter from anisotropic Universe in bigravity, Phys.
Rev. D 107, 104007 (2023).

[13] A. De Felice, D. Langlois, S. Mukohyama, K. Noui, and A.
Wang, Generalized instantaneous modes in higher-order
scalar-tensor theories, Phys. Rev. D 98, 084024 (2018).

[14] M. Minamitsuji, A. De Felice, S. Mukohyama, and M.
Oliosi, Gravitational collapse and odd-parity black hole
perturbations in minimal theory of bigravity, Phys. Rev. D
107, 064070 (2023).

[15] A. De Felice, A. Doll, and S. Mukohyama, A theory of
Type-II minimally modified gravity, J. Cosmol. Astropart.
Phys. 09 (2020) 034.

[16] A. De Felice, S. Mukohyama, and K. Takahashi, Nonlinear
definition of the shadowy mode in higher-order scalar-
tensor theories, J. Cosmol. Astropart. Phys. 12 (2021)
020.

[17] M. Minamitsuji, A. De Felice, S. Mukohyama, and M.
Oliosi, Static and spherically symmetric general relativity
solutions in minimal theory of bigravity, Phys. Rev. D 105,
123026 (2022).

[18] A. De Felice, S. Mukohyama, and M. C. Pookkillath,
Addressing H0 tension by means of VCDM, Phys. Lett.
B 816, 136201 (2021).

[19] A. De Felice, A. Doll, F. Larrouturou, and S. Mukohyama,
Black holes in a type-II minimally modified gravity,
J. Cosmol. Astropart. Phys. 03 (2021) 004.

[20] A. De Felice, K.-i. Maeda, S. Mukohyama, and M. C.
Pookkillath, Comparison of two theories of Type-IIa min-
imally modified gravity, Phys. Rev. D 106, 024028 (2022).

[21] J. R. Oppenheimer and H. Snyder, On Continued gravita-
tional contraction, Phys. Rev. 56, 455 (1939).

[22] Y. Kanai, M. Siino, and A. Hosoya, Gravitational collapse in
Painleve-Gullstrand coordinates, Prog. Theor. Phys. 125,
1053 (2011).

[23] M. Blau, Lecture notes on general relativity (2017).

MINAMITSUJI, MUKOHYAMA, and OLIOSI PHYS. REV. D 110, 044068 (2024)

044068-24

https://doi.org/10.1098/rspa.1939.0140
https://doi.org/10.1098/rspa.1939.0140
https://doi.org/10.1103/PhysRevD.6.3368
https://doi.org/10.1103/PhysRevLett.106.231101
https://doi.org/10.1007/JHEP02(2012)126
https://doi.org/10.1142/S0218271814430032
https://doi.org/10.1103/PhysRevD.90.124042
https://doi.org/10.1088/1475-7516/2015/04/008
https://doi.org/10.1088/1475-7516/2015/04/008
https://doi.org/10.1088/1475-7516/2021/04/015
https://doi.org/10.1103/PhysRevLett.127.131104
https://doi.org/10.1103/PhysRevLett.127.131104
https://doi.org/10.1103/PhysRevD.105.024046
https://doi.org/10.1103/PhysRevD.105.024046
https://doi.org/10.1103/PhysRevD.105.024057
https://doi.org/10.1103/PhysRevD.107.104007
https://doi.org/10.1103/PhysRevD.107.104007
https://doi.org/10.1103/PhysRevD.98.084024
https://doi.org/10.1103/PhysRevD.107.064070
https://doi.org/10.1103/PhysRevD.107.064070
https://doi.org/10.1088/1475-7516/2020/09/034
https://doi.org/10.1088/1475-7516/2020/09/034
https://doi.org/10.1088/1475-7516/2021/12/020
https://doi.org/10.1088/1475-7516/2021/12/020
https://doi.org/10.1103/PhysRevD.105.123026
https://doi.org/10.1103/PhysRevD.105.123026
https://doi.org/10.1016/j.physletb.2021.136201
https://doi.org/10.1016/j.physletb.2021.136201
https://doi.org/10.1088/1475-7516/2021/03/004
https://doi.org/10.1103/PhysRevD.106.024028
https://doi.org/10.1103/PhysRev.56.455
https://doi.org/10.1143/PTP.125.1053
https://doi.org/10.1143/PTP.125.1053

