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Universal gravitational self-force for a point mass orbiting around a compact star
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In this work, we study the gravitational backreaction (i.e., the “self-force”) of a point mass moving
around a nonrotating, compact star on a circular orbit. We find that the additional self-force, comparing
with the case with a point mass orbiting around a Schwarzschild black hole, can be well characterized by a
universal frequency-dependent function multiplied by the (dynamical) tidal deformability of the compact
star. This finding provides the foundation for building the waveform model for an extreme mass-ratio
inspiral system around a starlike black hole mimicker, which is relevant for testing general relativity and
exotic compact objects with space-borne gravitational-wave detectors.

DOI: 10.1103/PhysRevD.110.044066

I. INTRODUCTION

Extreme mass-ratio inspirals (EMRIs) are one of the
two primary extragalactic sources of space-borne gravi-
tational-wave detectors, such as the Laser Interferometer
Space Antenna, TianQin, and Taiji [1-3]. The dominant
formation channels include scattering process in nuclear
star clusters [4] and migration of stellar-mass black
holes in active Galactic nuclei according to the rate
calculations [5-7]. There are recent rate estimates about
accelerated EMRI formation around supermassive black
hole binaries [8], but the rate is still rather uncertain [9,10]
because of the unknown population of close supermassive
black hole binaries, the efficiency of sustaining the
Kozai-Lidov mechanism, and replenishing stellar-mass
black hole supplies in the nuclear cluster. It is also
interesting to characterize the EMRI properties (e.g., mass
and spins [11]) in various formation channels to help
distinguish them in future detection.

Because of the large number of cycles (10*~10%) in the
detection band, EMRISs are very sensitive probes of small
environmental forces [12-14], possible superradiantly
excited axion clouds [15—17], multipole moments of the
background spacetime [18-21], and the black hole nature
of the central massive object (see the review article [22] for
various classes of black hole mimickers). These are all
important science goals of space-borne gravitational-wave
missions [23-25]. In particular, in order to test the nature of
the central object it is necessary to build a more complete
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description for the dynamics and waveform of a stellar-
mass object moving around a massive black hole mimicker
in the strong-gravity regime. Because of the large number
of black hole mimicker options, it is also beneficial if the
waveform of mimickers only (approximately) depends on a
few parameters, e.g., the tidal deformability and “horizon
reflectivity” [26], similar to the problem of modeling
compact stellar-mass binaries in the post-Newtonian
regime, without using fine structure or composition details
of the mimickers. This is also one of the primary motiva-
tions of this work.

We consider a model problem with a point mass moving
along a circular trajectory around a central compact star.
The unperturbed configuration of the star is constructed
using the Tolman-Oppenheimer-Volkoff equation with a set
of equations of state. With the presence of the point mass,
the exterior metric perturbation (outside the star) is solved
using the Regge-Wheeler-Zerilli formalism and the inner
matter and metric perturbations are solved following
similar exercises in [27-31]. The metric perturbations
are matched on the star surface.

With the metric perturbations, we are able to compute
gravitational-wave flux radiated at infinity. In particular, we
are interested in comparing this flux to the one generated by a
point mass circulating around a Schwarzschild black hole
(the masses are the same) with the same orbital frequency.
The flux deviation is dominated by the £ =2, m =2
component, as expected, which is well fitted by the dynami-
cal tidal deformability of the star times a function of orbital
frequency. The higher-order mode contributes roughly below
afew percent of the tidal flux of the # = m = 2 mode, except
near the resonant frequency of some particular modes.

© 2024 American Physical Society
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We have chosen several polytropic equations of state (EOS)
for the star and find this tidal flux relation approximately
universal among different EOS. Interestingly, as we extrapo-
late the flux deviation in the limit that the tidal Love number
is zero, we find the flux from a compact star is indistinguish-
able from the infinity flux of the black hole case within the
numerical precision of our implementation. Similar obser-
vations were made in [32-34] using ad hoc reflection
conditions in a Teukolsky solver.

With the metric perturbations, we also compute the
gravitational self-force acting on the point mass.
Regularization is not necessary in this case as we are
interested in the difference of self-force between the
compact star scenario and the black hole scenario. We
find that the r component of the self-force is equal to the
flux radiated at infinity and the ¢p component of the self-
force can be obtained by using QF? = mF’, where m is
the azimuthal number and Q is the orbital frequency.
The r-component self-force satisfies a rather linear relation
with the dynamical tidal deformability, which is also
universal for the EOS we have checked. As a result, both
the conservative and dissipative part of the self-force, as
deviated from the black hole case, can be characterized by
the dynamical tidal deformability of the central body and a
function of orbital frequency that we fit through our
numerical calculations. We can then construct an EMRI
waveform model for general starlike black hole mimickers
that contains two free parameters for their finite-size effects:
the tidal deformability and the f-mode frequency. It is
actually interesting to explore other types of mimickers,
such as a boson star, to see whether the universal relation
found here still applies. Indeed, for a black hole mimicker
with size smaller than the radius of the innermost stable
orbit, we show that the tide-induced phase modulation can
reach the level of O(102)-O(10?) rad for a typical EMRI
around a 106M<D massive black hole. Therefore, such a
waveform model is crucial for the search and identification
of black hole mimickers using EMRI systems.

This article is organized as follows. In Sec. II, we present
an introduction to the equilibrium stellar model obtained by
solving the Tolman-Oppenheimer-Volkoff equations.
Section III is dedicated to deriving the exterior and interior
perturbation equations for both metric and fluid perturba-
tions. In Sec. IV, we explicitly compute the tide-induced
gravitational-wave flux and derive the universal gravita-
tional self-force for a compact star with an orbiting point
mass. Finally, we summarize in Sec. V. Throughout this
paper, except in Sec. IV D, where physical units are used to
construct stellar-mass stars, we adopt geometrical units,
G = ¢ = 1, where G denotes the gravitational constant and
¢ the speed of light, respectively.

II. EQUILIBRIUM CONFIGURATION

In this section, we briefly explain the construction of the
equilibrium stellar model. The geometry of the star can be

characterized by a static spherically symmetric metric,
which takes the form [27]

ds} = —evdt* + e*dr? + r*(d6* + sin®0d¢?), (1)

-1
et = <1—%> .
r

The function v depends solely on r, while the mass function
M(r) represents the gravitational mass enclosed within a
radius r. This mass function must vanish at the center,
M(0) = 0, and the total mass of the star is M(R) = M,
where R denotes the star’s radius. Outside the star, r > R,
the metric becomes

where

2M
e/=et=1-"—. (2)
r

The state of hydrostatic equilibrium is governed by the
Tolman-Oppenheimer-Volkoff equations [35],

dp _ (p+p)(M+4zrip)e

dr r ’ 3)
dv  2(M+4zrp)e
dr r? ' “)
d
d—/\r/l = 4xr?p, (5)

where p and p are the total energy density and pressure,
respectively. In this work, we use a set of polytropic
equations of state as follows:
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FIG. 1. The relationship between the central density p,. of a

stellar-mass compact star and the radius R_. of the star. These
explicit equations of state of the stars are selected from Fig. 3.
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p=rp'tim, (6)

where « is the adiabatic constant and n is the polytropic
index. In Fig. 1 we show a set of star configurations with
star mass in the solar-mass range (relevant for ground-
based detectors and the studies in [36]) and parameters used
for later figures except Fig. 14. For EMRI types of
problems, the mass will be orders of magnitude larger
and the central density will be much smaller (see the related
construction in Sec. IV D).

The adiabatic index y, which dictates the response of
stellar material to pulsational compressions, is expressed as

p+pdp
= A4 (7)

This index will be used in Sec. IIT A.

III. GRAVITATIONAL PERTURBATION

Given the star equilibrium configuration and the back-
ground spacetime, we now discuss the gravitational per-
turbations generated by an orbiting point mass. In principle,

the calculation can be divided into two separate regimes:
the star interior and the star exterior. Within the star, we
need to account for both the fluid and gravitational
perturbations, where outside the star only gravitational
perturbations need to be considered. The basis strategy of
solving the even-parity perturbation equations is outlined in
Fig. 2, with details presented in Sec. III A (interior
perturbation) and Sec. IIIB (exterior perturbation),
respectively.

A. Perturbations inside the star

In order to determine the radiation generated by a
massive point particle orbiting around a compact star, it
is natural to consider perturbations inside and outside the
star separately. For the metric perturbations, we follow the
formalism in [27-31] in the Regge-Wheeler gauge

ds? = ds3 + ds?,y + dsZens (8)

where ds3 is given by Eq. (1), and the odd-/even-parity
parts are

_Center r =0 Midde r= R/2 Surface r = R Particle 00
. B.C. Eqs. (26), (27) B.C. X(R) =0 B.C. Eq. (64)
Variables: Variables: Variables: Variables:
{H,,K,W,X : Hy\,K,W,X}:{z, % Z, 4
i } Matching Eqs: U } z.% za

: . Q1Uy + QoUz + a3us
: Free solutions:

s, us s
Evolution Eqs: :
‘Egs. (19)-(22) = =

Evolution Eqs:
Egs. (19)-(22) :

Free solutions: :
Uy, U2, U3

Evolution Eqs:
Eq (45):

4 Equations
5 Unknowns
— 1 free variable

Matching Egs. (48), (49)
2 equations, 2 Unknowns
— no free variable

1 B.C.
2 variables

= 1 free variable

FIG. 2. An illustration plot that shows how even-parity perturbations are solved with corresponding wave equations and boundary
conditions (B.C.). Here the relevant perturbative quantities inside the star are u(r) = {H(r), K(r), W(r),X(r)}. To more efficiently
solve the system, we further divide the star interior into two domains: » < R/2 and R/2 < r < R. At the surface of a compact star, we
require that X(R) = 0 so that H,(R), K(R), and W(R) can be chosen freely. This means that there are three linearly independent
solutions u, (r), u,(r), and us(r) with coefficients to be determined in the domain R/2 < r < R. Note that inside the star the evolution
equations are Eqs. (19)—(22). At the center of a compact star, given regular boundary conditions (26) and (27) we have two independent
solutions u4 and us, which can be integrated outward using the evolution equations. On the r = R/2 surface the continuity of
perturbative variables requires aju; + ayu, + azuz = auuy + asus. These four equations may be solved for the five independent
constants «;, leave one free parameter to be determined by using the perturbations outside the star. In the star exterior there are, in
principle, two free parameters for the Zerilli variables and its derivative. However, the outgoing condition at spatial infinity eliminates
one free parameter, with the second free parameter determined by the matching conditions at the star surface.
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1 oY Y om a —iw
ds(z)dd:2h0< snd dp dtdf +sin6 30 dtd(p)(e !

1 d9Y, oY,
2h | ———""drd0 0—"drdgp | e,
+ 1( Sind g +sin 9 r (p>

9)
ds2yen = €*C'HyY pe™ @' dt? + 2iorl ' H Y 4”@ dtdr
+ Z_,’IHOYfme_i””drz
+ r*¢'KY 4,67 (d6O? + sin0dy?), (10)
with
¢ {r/R 0<r<R (1)
1 r>R,

the functions H,, H;, and K are functions of only r and
Y/, (0, @) are the spherical harmonics.
The metric perturbations give rise to the perturbation of

the Einstein tensor 6G,, according to

_25G /uz (x (fu w T fu /4) + 2Rp/1al,hpa
+ e apw (vahup + Rpﬂhw)
+ g;u/(fll;/1 - h(la;/l;i) + h;wR
- g;wha/}Raﬂa (12)
fﬂ = h/m;a’ (13)
where R, and R are the background Ricci curvature and
scalar curvature. FEinstein’s equation requires that
0G,, = 8n6T,,, where the fluid perturbations of the star

determines 67,

1. Even parity

The perturbations of the fluid variables in the stellar
model are described with the fluid dislocation vector field
&% In the appropriate gauge & =0, and the relevant
components are given by

gr — Cfr—le—/l/ZWYKme—iwt’ (14)

& ==V (0pY pm)e™, (15)
é’f —iwt

&’ = —m‘/(%Yfm)e r, (16)

where W and V are functions of only r. Given the fluid
displacement mentioned above, the fluid four-velocity can
be given by [37]

u, = (utv Uy, Ug, I/t¢)

1 A
= <—e”/2 <1 - EHOnge'"‘”> ,

x e7/? (— ’r—cf Wel/? + H1> Y e,
x iwe ™12V (0pY g ) e, iwe‘”/zV(()wa,n)e‘iw’>.

(17)

Then the energy-momentum tensor of a perfect fluid can be
written as

T, = (p+ p)u,u, + pg,,. (18)

With the stress-energy perturbations of the fluid and after
plugging the perturbed metrics of Eq. (10) into Eq. (12), the
system of equations can be obtained,

1 2Me*
Ha:—[ ﬂ(p—m}Hl
r r
1
+;e’1[H0+K—l6ﬂ(p—|—p)V], (19)
1 (¢ +1 £+1 1
K/:_HO'Fqu— + - JIK
r 2r r 2
3 /2
_Salpt pe” 20)
r
£+1 ~PX (41
W=ty e ( ;L )V+ i,k
r Yp r 2
(21)
£X 1/1 1 £(6+1)
/:__ D/Z I _ !
X'=——+(p+p)e {2<r 2u)Ho — vV
[ . ee+1) 1/3, 1
— -V N 7 H =, K
+2{rwe T AT A
1 1 eM2 \/
__|:4n-</)_|_p)el/2_'_0)261./2—1/__'.2< 5 I/’) :|W},
r 2 r
(22)

where the functions V and H, can be obtained by the
following relations as a consequence of Einstein’s equations:

p/e(y—i)/Z
X=w*p+ple?V—"--"W
r

1
+§(P+P)€”/2Ho- (23)

Here X(R) = 0 must be satisfied as the pressure must vanish
at the star surfaces. In addition, Hy, H;, X, K are related by
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1
{3M+§(f+2)(f— 1)r—|—4ﬂr3p]H0

1 2.3
=8ar3e™?X — | (6 + 1)(M + 4z p) — wp:/ H,
2 e

1
+ {5(54-2)({— 1)r—a?rie™

1
+—eMM +4nr3p)(3M — r + 47zr3p)} K. (24)
.

The original set of perturbation equations was derived by
Thorne and Campolattaro in [27]. They were later obtained
by many authors [28,29,31,38] in various conventions. It is
important to note that Eqs. (19)—(22) are singular near the
center r = 0 since 1/r is not analytic in the neighborhood
of the center. As a result, we assume that the solutions are
represented by power series expansions near the center
r = 0, which are given by

1
H,(r) IYO+§Y2r2+"',

1
K(r)=ko+5kar® +-o-.

1
W(l") =Wy —|—5w2r2—|—---,

1
X(r) :x0+§x2r2+~~. (25)

If we substitute Eq. (25) into Egs. (19)—(22) and solve the
equations order by order, we can obtain the first-order
constraints O(r°) and the second-order constraints O(r?).

In particular, the first-order constraints O(r?), following
these relations, can be written as

A
X0 = (po + Po)e”"ﬂ{ [? (Po +3po)

1
—a)ze_”o/f] wo +2k0}, (26)

2

3 20

w* (¢ + 3)

1
(Po + po)ks + = [Pz + (po + Po) m

B 2l/ﬁk0 + 167’[(,0() + p())WO
Yo = A7 +1) ’

(27)

where py, pg, and v, are constants defined in the power
series as

1

P:PO‘FEPzVZ‘f'"', (28)
o,

P:PO‘FEPZV +ZP4V +o (29)
(NS

1/:1/0+§1/2r +11/4r +ee (30)

The constants p,, py, etc., are obtained from the series
expansion of Egs. (3)-(5). They are

dr
P2 = —?(P0+Po)(ﬂo+3po)» (31)
) — Palpo + Po). (32)
YoPo
8
=3 (Po +3po). (33)
2w 2
Pa=-7% (Po + po)(p2 +5p2) = ?(Pz + p2)(po +3po)
3272
- Tﬂo(ﬂo + po)(po +3po). (34)

and

2

4 64rn
v=— (P2 +5p2) + Tﬂo(ﬂo +3po).  (35)

The second-order constraints O(r*) imposed on these
functions h,, k,, w,, and x, are

1
e—v0:| Wy + 5 e—vo/2x2

1 1 1
= ZVze_”O/zxo 7 (P2 + p2)ko + 1 (po + P0) Qo + 5 @*(py + po)e™ 0,

2

A ?
- {P4 ——PoP2 +551p2 + P2 = (po + Po)’/z]e_”o}wo, (36)

N[ =

1 4 1 8
(€ +2)ky — Zf(f + 1)y, +4x(pg + po)ws = 3 (po +3po)ko + 2 Qp —4n [Pz + P2+ —polpo + po) [wo.  (37)

3
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1 1 87 1
5(5—1—3));2 —ky = 87(py+ po) 55— w2 =4n [—(2f+3)/’0 —Po} Yo+ (P2 + p2)wo =87 (py + po) Q4 +§Qo, (38)

£(C+1) 3

4

1 1 1 1
) (€+2)x;, = gf(f + 1)(po + po)e”’*ys — (po + po)e /> [4 (€ +2)v, = 27(py + po) — 26026_"”} w)

1 1 X 1 1 1 1
=5 {ﬂz + P2+ 5 (po + Po)”z} 0 —|—0p0 + (po + po)e”°/2{§y2k0 +ZQO + 50)26_"0)’0 - Zﬂf + 1,0,
1 1672 1 4r 1 87
+ [5 (€ + Dy =27(py + pa) — TPO(F’O + po) + 3 <1/4 - ?P0V2> + 50)2‘3_”0 (Vz - ?/’o)}wo}’ (39)
|
h d2Xint ) )
whnere — + (wz _ th)th — O, (44)
dr
4 87
Qo = m {875@_”0/2)50 - <?,00 + 6026_"”> ko where
2 r
- [;f(er D)(po +3po) — a)ze-%]yo}, (40) r= / e~ N2y,
0
Vit — g [i(f+ 1) B 6M(r) —anlp-p)
2 3 4 - 2 3 ‘
01 = [ 02 L 2kt (£ 4 Dpgwy | . (41) r r
£(€+1) [ropo 2 3

In summary, for the even-parity modes, we have four
equations, (19)—(22), governing the “evolution” of four
physically independent perturbative variables H;, K, W, X
in the radial direction. To obtain physically relevant
solutions, we also need to specify relevant boundary
conditions. For example, X(R) =0 must be satisfied
because the pressure must vanish on the surfaces. In
addition, we have two regular boundary conditions,
Egs. (26) and (27), to be satisfied at the center of the star.
Therefore, there are in total three boundary conditions at
the star center and the star surface. As a result, the four free
variables can be constrained leaving one free parameter,
which should be determined by using the information of
perturbations outside the star.

2. Odd parity

In the interior region of a star, the odd-parity modes are
described by a single wave equation for gravitational
perturbations. The odd-parity modes cannot couple to
the pulsation of the star [27]. The master wave variable
X is related to the functions 4, and h, by [37]

hy = etrxm, (42)

_ i —/li int
hy = el (rx™). (43)

The equation governing the wave function X is derived
from the linearized Einstein equation for odd parity,

B. Perturbations outside the star

Outside the star, only gravitational perturbations are
relevant, which are described by a second-order wave
equation and a master variable Z..,oqq¢ for the even-
and odd-parity case, respectively,

d2

2
a2 T

Veven.odd Zeven,odd = Seven.odd’ (45)

where V is an effective potential defined as

e 2n2(n+1)r* + 6n*Mr* +18nM?r + 18M?]

V - )
even r(nr+3M)>?
(46)
¢+ 1 oM
Voaa = ¢ <% - r_3> - (47)

Here, S is the source term for the wave equations. In this
work, they are obtained by using the test particle trajectory
orbiting around a massive star. The detailed expression is
given in the Appendix.

The master variable Z (for even and odd parity, respec-
tively, subscript abridged) must match with internal metric
perturbation quantities at the star surface r = R. For the
even parity, the Zerilli function Z is related to interior
perturbation functions at the surface as

rle=* r?

- H K, 48
nr+3M 1t ( )

Z(r*) =
(r) nr+3M
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* 2 2
dzZ(r") _ n(n+ 1)r* +3nMr + 6M H,
dr* (nr+3M)?
2 _ _ 2
_nr” =3nMr—3M e (49)
(nr+3M)?

which is evaluated at r = R.
For the odd parity, metric perturbations /; and h are
related to the single wave variable Z through

hy = ée*rZ, (50)

d 8ri rle~

" 2n(n+1)D(a},r), (51)
where D(w, r) is one of the source terms, as detailed in
the Appendix. This expression should also be evaluated
at r = R.

Away from the star surface, in order to solve Eq. (45)
with boundary conditions (48) and (49), we apply the
Green’s function approach. We first consider the homo-
geneous solution of Eq. (45),

d2
[—d =+’ - v} zhom = 0, (52)
;

with the same boundary conditions. There are two inde-
pendent solutions ZI9M™ and ZM™ that correspond to out-
going and incoming waves at infinity, respectively,

zigr — e (53)

Z?nom _)e—iwr*’ (54)

as r — oo. Therefore, the exact solution of Eq. (52) can be
expressed as

Z0m = aZhgp + pZI™, (55)
where a and f should be compatible with the boundary
conditions (48) and (49).

With the homogeneous solutions and the boundary
conditions (48) and (49), the solution of the wave equa-
tion (45) is given by [39]

2(r) = a2l () + pZenr) + [

*

G(r*,s*)S(s*)ds
(56)

where G(r*, s*) is Green’s function

Glr.5") = |20 255
1 zhom )z >]@<r*—s*>. (57)

Here W is the Wronskian and ©(x) is the Heaviside
function. This Green’s function corresponds to the inho-
mogeneous equation (45) with a § function source and the
boundary conditions

Z(R) = 0, (58)
dz
Z®=o. (59)

At spatial infinity, the solution Z(r*) is

Z(rr > o) = (a+ 1) + (B+0o)e” ", (60)
where
1 h
=gy [ 2 (s (61)
- / Zhom (%) (%) s, (62)

Since the wave at infinity must be outgoing, we have
p+o=0. (63)

Therefore, at infinity, the asymptotic behavior of Z(r*) is
given by

Z(r) = Ae®,  for r — oo, (64)

where the amplitude A;,, is

A:a+rz—;(—ﬁr+a(;)

11
:_EW i (auggin_i_ﬂuhom) ( *)ds*

11 o

N Zhom () §(¢*)dg*
b [ 7St
1

_ 0 Zhom Zhom S(s*)ds*. 65
i [ Gz v zim)seas. o9

Notice that the ratio a/f is fully determined by requiring

Zhom to satisfy the boundary conditions (48) and (49).

IV. GRAVITATIONAL SELF-FORCE

In order to determine the long-term evolution of a
particle moving around a central body, it is necessary to
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understand the radiation reaction, i.e., the gravitational self-
force. The force includes both the conservative part and the
dissipative part, where the conservative part is relevant for
the self-force modified energy and angular momentum, and
the dissipative part is related to the gravitational-wave flux.
In this work, we only consider circular orbits, so that the
dissipative effect only affects F’, F?, and the conservative
part is characterized by F” [40]. To address the finite-size
effect of the central body, we use various star models to
evaluate the self-force. One interesting observation we have
made is that there are universal relations for the self-force
quantities, which to the leading order only depend on the
dynamical tidal deformability. This is convenient as we can
use only two numbers to summarize the finite-size effect:
the equilibrium tidal Love deformability and the f-mode
frequency. We start with tide-induced gravitational-wave
flux for £ = 2, including both m = 4+2 modes, and then
discuss gravitational self-force F' and F" for £ =2
perturbations, including the demonstration of universal
relations. In Sec. IV C we also discuss higher-order con-
tributions with Z > 3 to the gravitational self-force.

A. Tide-induced gravitational-wave flux

In this section, we consider the tide-induced gravita-
tional-wave flux P9, We are interested in computing the
difference between the energy flux generated by a point
mass circulating around a compact star and the one
generated by a point mass circulating around a
Schwarzschild black hole (the masses are the same) at
infinity with the same orbital frequency, which is defined as
the tidal-induced gravitational-wave flux.

As the central compact star can vary in size, internal
structure, and equation of state, it is important to efficiently
characterize the tidal-induced flux for various compact
stars, especially for the waveform model construction
purpose. Intuitively, the deformed star produces additional
radiative moments in the radiative zone, which superposes
on the radiative moments due to the moving point mass and
affects the total flux. It is also reasonable to expect that the
star deformation and the resulting radiative moments are
related to the dynamical tidal deformability of the star. At
the quadrupole order, the star deformation (in the static
limit) can be described as

Qij = _Zzgij’ (66)

where Q;; is the quadrupole moment of the star, and &;; is
the external quadrupole tidal field. The # =2 static
dimensionless Love number is given by

35 3 M\>
g R_S = — J—
ko 2/12 > A <R> , (67)

where 1, = 2,M~3 is the dimensionless tidal deformability.

Therefore, for weak perturbations of any compact star,
we first propose an ansatz for the tide-induced flux as

Pi%(w) = 15" Py (), (68)

where Py(w) is a function of the frequency @ = mQ. On
the other hand, the dynamic (dimensionless) tidal deform-
ability is given by [41,42]

@

2 2°

A" =4,
a)f —

(69)

where 1, = 2k,R>/M° is the dimensionless equilibrium
tidal deformability and w/ is the f-mode frequency of the
compact star. By examining the flux for different star
configurations, we find that the finite-size effect of the
star is nicely encoded in A", leaving an approximately
universal Py(w) for various stars. This property is very
important for constructing an efficient waveform model for
various kinds of black hole mimickers, as they may be quite
different in nature. Another interesting fact we find is that
the linear dependence in /Igy“ may not be fully accurate (i.e.,
see Fig. 3) when w increases relative to intrinsic frequencies
of the star, possibly due to the breakdown of the single-
mode approximation in characterizing the star deformation.
Nevertheless, we find a power-law expansion in 29" gives
rise to a decent universal description as well.

In order to determine the f-mode frequency of a neutron
star, we apply the approximate relationship between the
f-mode frequency and the tidal deformability as provided
in [43,44]. The explicit relationship is given by

Ma)f = Ziai(lz)i, (70)
where

ap = 1.442 x 1071,
a, = —1.607 x 1072,
a, = —9.247 x 1073,

a; = 3.005 x 102,
az = 2.092 x 1073,

It is worth noting that the f-mode frequency calculated
using Eq. (70) typically has an error of approximately
1% [43,44]. This error becomes significantly amplified
when it is applied in Eq. (69) near resonance. As a result,
we numerically refine the values obtained from Eq. (70) by
numerically searching for the resonant frequency, using
Eq. (69) to compute the initial values of the searching
algorithm.

In order to test the universal relations between tidal-
induced flux and the dynamic tidal Love number, we need
to explore different star EOS. For simplicity, we pick the
polytropic equation of state
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The tide-induced gravitational-wave flux for / = 2, including both m = +2 modes, denoted as Ptide are jllustrated for various

dynamical Love numbers across four distinct panels. Each panel corresponds to a specific orbital frequency MQ, namely, 0.0516,
0.0413, 0.032, and 0.0237. The range of dynamical deformability for the plots is chosen to show a certain level of nonlinearity. The
results indicate that, for a given orbital frequency, the tide-induced gravitational-wave flux can be universally characterized by the
(dynamical) tidal Love number of the compact star. For these plots, we have chosen EOS with four different polytropic indexes, n = 1.0,
n=0.6,n=0.9, and n = 1.2. These stars have the same mass 1.4M.

p= Kpl+l/", (71)
where « is the polytropic constant and 7 is the polytropic
index. In this work we have chosen four different poly-
tropic indexes: n = 1.0, n = 0.6, n = 0.9, and n = 1.2. For
each n, we vary the values of x and central density p,. of the
neutron star to obtain different values of 45",

Now we are ready to explore the tide-induced flux for
various types of central stars and at different orbit frequen-
cies of the point mass. We first fix the orbital frequency €,
and compute the tide-induced gravitational-wave flux
PUde [ — 2 including both m = 42 modes at infinity as
shown in Fig. 3. We pick different polytropic parameters n,
k but vary the central density to make sure star mass
remains constant. For all the frequencies we have explored,
the tide-induced gravitational flux Pi% varies on a single
curve as a function of the dynamic tide deformability. This
is nontrivial, as different points lying on the curve may
belong to different star EOS, as shown explicitly in Fig. 3

for four representative frequencies. The curve may deviate

from linearity for large lgy". We suspect that this nonlinear
behavior may come from the additional contribution from
higher-order p modes, which generally have higher reso-
nant frequency that the f-mode. As the ratio between the
orbital frequency Q and the f-mode frequency w/ increases,
the higher-order modes may also be increasingly excited.

Therefore, for the same Q but larger ﬂgyn (so that the star
size is larger and w; is smaller), the nonlinear effect
becomes larger. On the other hand, in a recent work by
Pitre and Poisson [45], the time-domain tidal response of a
star is compared to a mode decomposition picture. Their
results show that the dynamical tides approximately match
that of the f-mode description in the mode representation.
The relative error is about 5%. In Fig. 4, we show the
relationship between the dynamical tidal deformability and
frequency w = mQ for four different equations of state.
The dynamical tidal deformability increases as the orbital
frequency approaches the f-mode resonance.
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FIG. 4. The relationship (69) between dynamical tidal deform-
ability and frequency @ = mQ for four different equations of
state, but with the same mass 1.4M . The closer to the f-mode
frequency, the greater the dynamical tidal deformability.

With the observation of universality shown in Fig. 3, it is
natural to expect that tide-induced gravitational-wave flux
is well characterized by the dynamic tidal deformability of
the compact star and orbital frequency. Therefore, the next
step is to obtain a mathematical description for the
universal relation between tide-induced gravitational-wave
flux and tidal deformability, regardless of equation of state.
Based on the discussion of nonlinearity, we further assume
the following fitting formula:

pride — ﬂgyn)Za(MQ) + ,lgy“b(MQ), (72)

with the functions a(MQ), b(MQ) to be determined by the
numerical data with different 23" and Q.

For simplicity, we choose a n = 0.6 type of star with
various central density and fixed orbital frequency, similar
to Fig. 3. After applying to linear + quadratic fit for 23",
we can obtain a(MQ), b(MQ) for that particular frequency.
After that, we vary the orbital frequency to compute
frequency-dependent data points for a(MQ) and b(MQ),
which are shown in Fig. 5. We can fit these data points

using rather simple fitting formulas as

32

a(MQ) === (MQ)3/3(3.648e4048(MY) 1 6.737),  (73)
32 20/3 30.63(MQ

b(MQ) = 5 (MQ)?/3(1.405¢3003MQ) 4 4.614).  (74)

In order to assess the accuracy of these fitting formulas,
we pick a star with a different EOS, e.g., n = 1.5, that has
not been previously considered in this study. The detailed
parameter of the star and the tide-induced energy flux
produced by an orbiting point mass with various frequen-
cies are shown in Fig. 6. These data points are also
compared with the fitting formula in Eq. (73). It is evident
that, throughout most of the inspiral process, the relative
error is bounded below 3%, even up to an angular
frequency of Mw = 0.1267 that is close to the f-mode
frequency (Mw; = 0.1271). We have tested several star
configurations with various polytropic EOS and the per-
formance of the fitting formula is similar. In the future it
may be worthwhile to further test this with more general
star EOS and different kinds of central objects, such as
boson stars.

There is another intriguing observation associated with
the mathematical form of Eq. (72), that we have not

10-6 m  Data values b m  Data values a
0 —— Fittting function b(MSQ) 10-10] Fittting function a(MQ)
1077_
10712 1
1078_
1079 El 10—14 i
10710_
10—16 4
10711 4
10718 1
10712_
0.0l 002 003 004 005 006  0.07 001 002 003 004 005 006 007
M M
FIG. 5. Data values a, b and the corresponding fitting functions a(MQ), b(MS) are shown. We use several stars with polytropic
p g g polytrop

equations of state n = 0.6. For different values of angular frequency €, the associated values of a, b can be similarly obtained.
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FIG. 6. Comparison between the fitting formula (72) of tide-
induced energy flux P! at infinity and that produced by a point
particle orbiting around a compact star with polytropic equation
of state n = 1.5, p, = 5 x 10 g/cm?, and k = 12.445425 km?.
In the most range of inspiral process, the error is less than 3%.

included a term that does not depend on A3"". The physical
meaning of this term would be the tide-induced flux in the
limit that the dynamical tidal deformability approaches
zero. Numerically, in such limit the data points suggest that
the tide-induced flux actually decreases to zero within the
numerical precision of our implementation. Consequently,
in this extreme scenario, the energy flux radiated to infinity
is the same for the case with a point particle orbiting around

a compact star (with /Igyn approaching zero) and that with a
point particle orbiting a black hole. This point is rather
surprising as intuitively the compact star does not have a
horizon, so the ingoing gravitational wave should even-
tually come out and superpose on the original outgoing
gravitational waves, modifying the total outgoing flux.
Indeed, this point should be further tested in the future with
higher numerical precision.

This finding is actually consistent with the result
presented in [32], where a Teukolsky equation is solved
with modified boundary condition near the horizon. It is
demonstrated that the energy flux at infinity remains
unchanged irrespective of the value of R, which includes
the black hole case (R = 0). Here R denotes the ad hoc
reflection coefficient defined on the inner surface.

B. Gravitational self-force for £ =2 perturbations

We have shown that the tide-induced modification of the
gravitational-wave flux radiated to infinity satisfies a
universal relation with the dynamic (dimensionless) tidal
deformability of the central object. In this section, we
switch the focus from the field at infinity to the field near
the orbiting point mass, although they are related by the
wave equation, and show that a similar universal relation
also holds for the tide-induced gravitational self-force.

We only consider the £ = 2 piece of the perturbation here
because it is the dominant part of the flux, and that we only
use k, to describe the dynamic tide.

Gravitational self-force is the necessary ingredient to
build the waveform of EMRIs. Before showing the calcu-
lation details, we first briefly review the basic strategy of
evaluating the gravitational self-force for a point particle u
in a circular orbit around Schwarzschild black hole M, with
u/M < 1. The spacetime metric with a moving point mass
can be written as

Gab = 92;, + hab’ (75)

where 92;; is the Schwarzschild metric, and 4, is a metric
perturbation. Based on the formalism in [46], we can write
down the general gravitational self-force as

1
Ft = —Eﬂ(g(a)b + aa”)(2V ghye = Vipheg)ind,  (76)
where i1 is a smooth extension of the four-velocity off of
the particle’s worldline. As the gravitational self-force
formally diverges near the point mass, the metric pertur-
bation into a singular piece and a regular piece [47]

hap = B3y + hYy, (77)
where
—25Gab[,’ls] - _167[Tab7 —25Gab[hR} =0.

In the above equation, hgb is singular at the location of
particle, but does not contribute to the gravitational self-
force. On the other hand, hlsb is regular on the worldline and
can be used to compute the self-force

1
Figg = =5 (gi) + ) OV, =V Jucud. (78)

The equation of motion of a particle u is given by

D*x* ~ Du® Fa (79)
# D72 K Dr
where the covariant derivatives are taken with respect to the
background Schwarzschild spacetime. Then we define &
and L as follows:
E=—u, L=u,. (80)
If we only consider a circular orbit, by combining Eq. (79)
and the normalized condition u,u* = —1, we have through

O(u) [40]
5:50{1— <;—2>F] (81)
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L=r, [1 - <%> F’] , (82)

where &£, and L, are the energy and angular momentum of
circular geodesic, which are given by

. 1- 2M/r0
50 - m’ (83)
Lo=—YMro (84)

O T=3M/ry

In addition, in the circular-orbit case, F“u, = 0 implies that

_&

F?
Lo

F. (85)

Therefore, F"-? are related, so that in this section we focus on
the tide-induced gravitational self-force F"d® and Frtde,

As mentioned above, the gravitational self-force of a
point particle orbiting around a Schwarzschild black hole
needs to be regularized to remove the formula divergence.
This often requires the computation of the singular field /5.
However, in our work we only consider the difference of
the self-force between a compact star (CS) scenario and a
black hole (BH) scenario, for a point mass moving with the
same orbital frequency. As we are only interested in the
leading-order contribution in the mass ratio, the point mass
can be assumed to follow a geodesic of the background
spacetime. That means the singular field in both cases can
be chosen to be the same, so that

hls — higy = (hés + hés) — (higy + hijy)
== hCS - hBH' (86)

We can just use the hgy, hcg obtained from the solver
described in Sec. III and evaluate the difference at each
mode, which should be the mode decomposition of the
difference in the regular field AR at the location of the
point mass.

We can now compute the gravitational-wave self-force as
contributed by the tidal deformation of the star using the
local field near the point mass. The “t” component is
dissipative, in the sense that it will flip sign with the time
reversal operation. In addition, based on the energy balance
equation, the rate of change of the (specific) energy
parameter & is

d€ 1
e 87

It also is balanced by the flux of gravitational-wave energy
radiated to infinity and through the horizon (if it exists),
averaged over the orbital timescale. Then we have the

following energy-balance relation ((E£.) and (Egy) are
both positive, where the angular bracket stands for the
averaging procedure over multiple wavelengths):

Euna) = (Eo) + {Eppt) = —p = 5 (88)

for a black hole and

~

<Et0tal> = <Eoo> = M_6 (89)

for a compact star.

Notice that the energy flux can be computed using the
field at infinity and horizon and the self-force can be
computed using the local field near the point mass. We can
then subtract Egs. (88) and (89) to obtain the tide-induced
flux difference and the tide-induced self-force difference.
Their values should equal each other according to the
energy balance law, which can serve as a test of our
calculation. The values obtained for the total tide-induced
energy flux EU% and tide-induced self-force F19 for the
[ = 2, including both m = 42 modes, are listed in Table L.
In this particular case, the equation of state of the central
compact star is p = kp', with ' = 2, x = 107.32848 km?
and mass 1.4M . We can find that the fractional differences
between the values for various orbital frequencies are less
than 2 x 107>, providing a confirmation of our numerical
results.

TABLE 1. The difference between tide-induced total energy
flux and tidal-induced gravitational self-force F"/¢¢ as a function
of the orbital frequency. The first column represents the orbital
frequency of a point particle orbiting around a compact star or a
black hole. The second and third columns show the comparison
between the tide-induced self-force F"% and the total tide-
induced energy flux EU% times Ay = —(1 —2M/ry)~ ul. We
find that the fractional difference is less than 10~ in all cases,
providing a quantitative check of our results.

MO (M/ﬂ)th‘tide
0.008

(M/p)* Do Eie

total

—1.33889763 x 10712 —1.33888687 x 10712

0.010 —7.68532994 x 10712 —7.68523929 x 1012
0.015 —1.68805373 x 10710 —1.68804446 x 10710
0.020 —1.50618037 x 107° —1.50618782 x 10~°
0.025 —8.44664208 x 107° —8.44672287 x 107°
0.030 —3.57858966 x 1078 —3.57854450 x 108
0.035 —1.26088661 x 1077 —1.26088515 x 1077
0.040 —3.91539506 x 1077 —3.91539645 x 1077
0.045 —1.11445651 x 1076 —1.11445725 x 107°
0.050 —2.99573226 x 107° —2.99573072 x 10-°
0.055 —7.81094805 x 1076 —7.81094974 x 10°°
0.060 —2.03461381 x 1073 —2.03461419 x 1075
0.065 —5.53372737 x 107° —5.53372615 x 1075
0.070 —1.73091728 x 10~* —1.73091727 x 10~*
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The radial component of the gravitational self-force is  linear relation to the dynamic tidal deformability for the
conservative for a point mass following a circular motion =~ dynamical range considered. On the other hand, there is a
we are considering. Similar to the evaluation of F*i% we  visible nonlinear trend for F"U which shows up for
can similarly compute F"1% using the local fields. The  sufficiently large A5"". As discussed in the flux section, this
numerical values for the / =2, including both m = +£2 s probably due to the excitation of other modes of the star.
modes are shown in Figs. 7 and 8. We can find that tide- Nevertheless, both F'ide and Fride show rather decent
induced gravitational self-force F™“® follows a rather  universal behavior with the dynamic tidal deformability.
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FIG. 7. Tide-induced gravitational self-force F"% for | = 2, including both m = 42 modes. This is the difference between the
gravitational self-force produced by a point particle in a circular orbit around a compact star and a black hole with the same orbital

frequency MQ = 0.0516. We can find that Fi is proportional to dynamic tidal deformability 25" when 45" is small, but with a small
deviation toward nonlinearity can be seen as ﬂgy“ increases. Nevertheless, the data points from different EOS all approximately lie on the
same line. On the other hand, the universal relation is broken if we switch from lgy“ to 4,, the equilibrium tidal deformability.

x 1072
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FIG. 8. Tide-induced gravitational self-force F™14 for | =2, including both m = £2 modes. This is the difference between
gravitational self-force produced by a point particle in a circular orbit around a compact star and a black hole with the same orbital
frequency MQ = 0.0516. For the dynamical range considered, we find that F™1¢® is proportional to the dynamic tidal deformability. The

. . . . . d
universal relation is also broken if we switch from 45" to 4,.
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Notice that, if we use the equilibrium tidal deformability
instead of the dynamic tidal deformability, the universal
relations are clearly broken as shown in the right panels of
Figs. 7 and 8.

Therefore, similar to the previous section, we can estab-
lish universal relations between the tide-induced gravita-
tional self-force F"ide, Fride and the dynamic tidal
deformability A3"". The fitting formula for F"i% can be
derived straightforwardly from the formula for the tide-
induced energy flux at infinity as discussed in the previous
section. Consequently, we only need to find a fitting formula
for F"i9 for the [ = 2, including both m = 42 modes.

We assume the following form for the fitting formula of
Fr,tide by

Fride — 39 (MQ), (90)

where by fitting with numerical data c¢(MQ) is well
approximated by (see Fig. 9)

c(MQ) = (MQ)'/3(~7.6023 —3.6672% (MQ)>
+1.10715(MQ)* - 1.1531 x 107 (MQ)%).  (91)

Similar to the comparison of tide-induced gravitational flux
P4 in the last section, we compare the tide-induced self-
force F™14¢ obtained by our fitting formula (90) and that
produced by a point particle orbiting around a neutron star
with polytropic equation of state n = 1.5. The detailed
parameter of the star and comparison results are shown in
Fig. 10. Our analysis reveals that, across the majority of the
inspiral process, the discrepancy remains below 5%, except
in regions very close to the f-mode frequency.

1041
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Fitting function -c¢(MQ)
0.00 0.02 0.04 0.06 0.08
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FIG. 9. Data values —c and the corresponding fitting functions
—c(MQ) are shown. We use several compact stars with poly-
tropic equations of state n = 0.6 to generate the numerical data.
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FIG. 10. Comparison between our fitting formula (90) of tide-
induced self-force and that produced by a point particle orbiting
around a neutron star with polytropic equation of state n = 1.5,
pe =5x105 g/ecm?, and x = 12.445425 km?. In the most
range of inspiral process, the error is less than 5% unless very
near the f-mode frequency, which we do not show in this figure.

C. Higher-order contributions

At this point, it is also instructive to also check high-
order contributions in the spherical modes decomposition.
Just like k, describes the tidal response of the star to the
quadrupole tidal field, k, (with £ > 3) is needed to describe
the response to higher-order tidal fields, which is necessary
to obtain a complete understanding of the star’s deforma-
tion. On the other hand, in the waveform construction
perspective, it is advantageous to include fewer modes to
reduce the number of parameters. In this section, we first
numerically check how well the £ = 2 component repre-
sents the total flux, i.e., the F* component of the self-force.
In other words, we compare the total flux with only Z = 2
modes included and all £ < 6 modes included. Notice that
the orbital frequency that resonantly excites the £ > 3 f
mode is lower than that needed to excite the £ = 2 f mode.
Therefore, for a certain orbital frequency, the tide-induced
energy flux PU% at infinity for # = 2 is positive, while Pt
at infinity for £ > 3 may be either positive or negative. The
higher-order contributions do not always increase the tide-
induced energy flux.

In Figs. 11 and 12, we show higher-order contributions
of tide-induced gravitational flux at infinity at two different
orbital frequencies MQ = 0.0516 and MQ = 0.0392. We
choose a series of star configurations as in the last section.
In the case of MQ = 0.0392, it is clear that higher-order
contributions with # > 3 have a negligible impact on the
value of the energy flux compared with the flux for # = 2,
resulting in a variation of less than 3%. Furthermore, it is
noteworthy that f modes with £ = 2, 3, 4 are not resonantly
excited in this case, while for certain star configurations,
f modes with £ = 5, 6 are resonantly excited but the impact
on the flux is small.
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FIG. 11. Higher-order contributions of tide-induced gravita-

tional flux P at infinity at orbital frequency MQ = 0.0516. In
the majority of cases regarding dynamical tidal deformability, it is
evident that higher-order # >3 contributions have minimal
impact on the value of the £ =2 energy flux, resulting in a
variation of less than 3%. However, for certain values of the
dynamical tidal deformability ﬂgy", notable contributions are
observed for £ >3. In the plots, there are several peaks
corresponding to the excitation of the f mode for ¢ = 3-6,
respectively, although we cannot distinguish them accurately.

On the other hand, for MQ = 0.0516, we still find that in
most ranges of the dynamical tidal deformability, higher-
order contributions have negligible effects on the value of
the total energy flux compared with the £ =2 flux,
contributing to less than about 3% variation. However, it
is also observed that, for some certain values of lgyn,
significant flux variations are present due to the £ =3
resonance. Therefore, the universal relation may only be a
reasonable approximation away from the resonances and
the resonance crossing may also be a necessary ingredient
in constructing the waveform for a point mass moving
around a compact star, in addition to the self-force
resonance [48] and/or the tidal resonance [12].

In fact, for modes with different #, the impact of
resonance is quite different. Pons et al. [49] have shown
that the peaks corresponding to higher # modes display
narrower widths relative to the orbital frequency, but have
higher values. Indeed, we also find that the resonance peaks
for £ > 4 are numerically difficult to locate. Nevertheless,
transient crossing through resonances associated with
higher-order modes should matter less than that with
lower-order modes.

For the radial component of the self-force F”, the higher
¢ component is not necessarily negligible. In this case, one
may need to extend the universal description to include
higher-order tidal deformations
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FIG. 12. Higher-order contributions of tide-induced gravita-
tional flux at infinity at orbital frequency MQ = 0.0392. In this
case, it is evident that higher-order # > 3 contributions have
minimal impact on the value of the £ = 2 energy flux, resulting in
a variation of less than 3%. Here # = 2—4 f-mode resonances are
not excited, while £ = 5, 6 are resonantly excited.

Fride =3 17" (Q) (92)

22

. R . dyn .
if nonlinearity in 4,”" remains small. Here 2;"" is defined as

2

dyn Wy ¢
A" = /lfm’ (93)
‘.f

where w, ; is the f-mode frequency of the £ mode, which
can be approximately obtained in [43]. The dimensionless
tidal deformability 4, is related to the tidal deformability as
Ay = A,M~, which relates the #-order multiple moment
Qa,.....a,) and tidal tensor E(,

(94)

where (...) is the symmetric and trace-free operation for the
indices.

Indeed, we compute F"U for higher multipoles and
show its dependence on l‘;yn for various equations of state
in Fig. 13. For the case of # = 3, 4 and the parameter range
investigated here, linearity in 12" remains a decent
approximation and we find that the universal relation still
holds, i.e., points from different equations of state still lie
on the same line. It is also interesting to check the relation
with additional star equations of state and higher 7.
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Higher-order contributions of the tide-induced gravitational self-force F"14 for the # = 3 and # = 4 modes. Left: all modes

with |m| < 3 are included, with an orbital frequency being MQ = 0.0468. Right: all modes with |m| < 4 are included, with an orbital
frequency of MQ = 0.0206. Notably, for both £ = 3 and £ = 4 modes, a linear universal relationship reasonably holds with respect to

the /-mode dynamic tidal deformability.

D. Tidal correction to the orbital phase

We are now ready to compute the tidal correction to the
orbital phase, which is directly related to the waveform
phase. The orbital phase, as a function of the orbital
frequency, is given by

de QdE /dQ
aQ P

(95)

As we are interested in the tidal correction, we perturb the
right-hand side of the above equation to the linear order in
the tidal perturbation in energy EU and tidal perturbation
to the flux Ptide,

d(ptide - Q(dEtide/dQ B

1 AEP™/dQ
a9

(P2

Here EP™, PP™ correspond to the limit that the tidal Love
number is zero, i.e., the limit that is satisfied by a black
hole. However, since the compact star considered here is
not dissipative and it does not have a horizon, the horizon
flux component is not included in PP™.

In the mass-ratio expansion perspective, the first term on
the right-hand side is proportional to AQ(M/u)? and the
second term is proportional to AO(M /u)". Therefore, in the
extreme mass-ratio limit, the second term dominates over
the first term in the orbital and gravitational phase.
Therefore, we only consider the second term as the leading
order tidal correction to the phase. It is also noteworthy
that, if this result is extended to the comparable mass-ratio
binaries for characterizing the tidal effects in the strong-
gravity regime, the subleading terms in the mass ratio may

also be important to compute, including the subleading
order term in PUde,

To illustrate the tidal correction to the phase, we consider
a system corresponding to the 4-yr inspiral evolution of
an EMRI, plunging into the central object at the end
of the observation. The system has component masses
(M, ) = (10°,10)My. The EMRI starts from a certain
orbital frequency and ends at the location of innermost stable
circular orbits (ISCOs), assuming a 4-yr observation time.
The initial orbital frequency is about MQ = 0.0239. The
central object is chosen as supermassive compact with a

x 103

0.

_1-
g -2
-

73-

_4-

003 004 005 006 007
MQ

FIG. 14. Tidal phase correction to the waveform of the EMRI
system which has masses (M,u) = (10°,10)M,. This range of
orbital frequency corresponds to the 4-yr inspiral evolution of an
EMRI stopping at the frequency of the innermost stable orbit
(6M). The central object is a supermassive compact object, which
can be considered as a black hole mimicker.
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central density p, = 1.4 x 10% g/cm?, k = 1.608 x 10° km?,
and n = 1.5. This set of parameters gives rise to a star mass
atabout 10°M  and the radius at about 8 x 10° km, which is
smaller than the radius of the ISCO. We plot the tidal orbital
phase correction as a function in Fig. 14, using Eq. (96).
Notice that, at the end of the evolution, the tide-induced
phase shift has already reached the level of ~4.5 x 103 rad.
Although this phase shift is a function of all the system
parameters assumed, it already illustrates the importance of
including the tide-induced phase shift in the construction of
waveforms for black hole mimickers. Fortunately, with the
universal relation between the flux and the dynamic tidal
deformability, this effect can be efficiently characterized
by the equilibrium tidal deformability and the f-mode
frequency.

V. CONCLUSION

It is known that, for a static vacuum spacetime, the
asymptotic multipole moments defined at spatial infinity
uniquely determine the spacetime metric in the vacuum
regime [50]. Given the moments, the explicit reconstruction
procedure for the metric is discussed in [51], which has
been used to compute the corresponding EMRI waveform
in [20]. In the dynamic setting, it is also possible that a
similar uniqueness theorem also exists for the radiative
moments, which indicates that the particle experiences the
same dissipative and conservative self-force given the same
radiative moments, regardless of the nature of the central
engine. In the case that the radiative moments and the
deformation of the central object are mainly contributed by a
single mode, which is true for the particle + star scenario
studied in this work, the gravitational self-force exerted on
the particle can be efficiently described by a few parameters
related to the tidal deformability of the star, without the need
for specifying the structure of the central object. It will be
interesting to extend the analysis presented in this work to
other types of compact objects, i.e., boson stars [22,52-54],
wormholes [55-58], gravastars/AdS bubbles [59-62], etc.,
and check the validity of the universal description of the
gravitational self-force (away from mode resonances). It will
also be important to extend the parameter regime of the orbit,
e.g., including eccentric orbits.

We have shown the tidal deformation of the central
object may greatly impact the EMRI waveform through the
modification of the gravitational-wave flux. Therefore, it is
necessary to incorporate the finite-size effect in searching
waveform models for black hole mimickers using EMRI
observation. On the other hand, if a universal description
holds for most of the compact black hole mimickers, the
corresponding search waveform will be generally appli-
cable and computationally efficient, as only a few more
parameters are required to characterize the finite-size
effects. The treatment of resonant mode crossing will be
similar to those for the transient self-force resonance [48]

and tidal resonance [12,63], where a finite “jump” of
conserved quantities are expected across the resonances.

In [36] we have used a black hole perturbation perspec-
tive to study the tidal effect of comparable mass-ratio
binaries containing neutron stars. The advantage of this
approach is that it naturally captures the tidal effects in the
strong-gravity regime without performing post-Newtonian
expansions, but it requires a separate expansion in the mass
ratio. In [36] we have argued that two model problems are
useful for building the tidal waveform using black hole
perturbation theory. The first model problem is to consider
a compact star moving in a black hole spacetime, as already
studied in [36]. The second model problem is to consider a
point mass orbiting around a star, as considered in this
work. In a future work we will discuss how to utilize these
two calculations to build a better tidal waveform for double
neutron star and black hole-neutron star binaries, with
comparisons to numerical simulations.
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APPENDIX: SOURCE TERMS

We consider the perturbing matter to be a particle of
mass u(< M) moving on a geodesic [64],
-2 -2

re d(e™*D)
\/ﬂ+1Q+\/2n(n+1) dr } (AD)

Sodd = 877.'{

d rre™* AL B
S e )
dr lw(nr+3M)\\2 Vn+1
nrre AW N rre™* < B )
V2w(nr +3M)*  nr+3M n+1
n(n+1)r* +3nMr + 6M*>
n+ lo(nr+3M)>?

(A2)

2r
} m”}’

1 dY;, d®
sin® dg dt

- sr-r) G |

(A3)
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