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Constraints on the black-hole charges of M87* and Sagittarius A*
by changing rates of photon spheres can be relaxed
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The Event Horizon Telescope (EHT) Collaboration observed ring images called the shadows of
MS87% and Sagittarius A* (Sgr A*), which are supermassive objects in M87 and our galaxy, respectively,
and their general relativistic magnetohydrodynamic simulations of black holes imply that the observed
rings are formed by the gravitational lensing of synchrotron radiations from a hot plasma near outside
of supermassive black holes. The EHT Collaboration gave constrains on the electrical or alternative
charges of M87* and Sgr A* under an assumption that the radius of the observed ring should be
proportional to the changing rates of photon spheres by the charges. Since the validness of this
assumption is not sure, it is worth to checking the same constraints under another assumption. In this
paper, we consider the changing rates of not only the photon spheres but also lensing rings in a simple
model and we test whether aforementioned constraint is robust. We conclude that the EHT
Collaboration’s constraints based on the changing rates of the photon spheres can be relaxed compared
to that based on the changing rate of the lensing rings while we do not claim that the observed rings are
formed by the photon spheres and the lensing rings in our simple model. We concentrate on Reissner-
Nordstrom black hole spacetimes in this paper, but our result implies the relaxation of the bound of the
charge parameters on other black hole spacetimes.
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I. INTRODUCTION

Black holes predicted in general relativity had been
considered as a hypothetical compact object for a long
time, but, recently, their astrophysical roles in universe are
seriously considered since the direct detection of gravita-
tional waves emitted from stellar-mass black holes was
reported by LIGO Scientific Collaboration and Virgo
Collaboration [1]. It is known that the black holes or
alternative compact objects with a strong gravitational
field have the unstable circular orbits of light rays which
form a so-called photon sphere [2,3]. Rays emitted by a
disk can wind around the photon sphere. We consider rays
that are emitted from the disk and cross the disk plane n
times before reaching an observer. We can classify ring
images of the rays projected on an observer plain by using
n but we should be careful for various terms used in the
literatures [4]. On this paper, we use terms a direct ring
(n = 0), alensing ring (n = 1), and photon rings (n > 2) as
following Ref. [5]. In astrophysics, the rings with n > 1 are
often called photon rings [6], or the rings with n = 1 and
n > 2 are called that n = 1 photon ring and higher-order
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photon rings [7], respectively." A lensing ring near outside
of the photon sphere can be one of the observational
evidences of the strong gravitational field around the
compact objects. The appearances of lensing rings and
photon rings were investigated often [10-30].

In 1918, Curtis found that the giant elliptical galaxy M87
has a filament [31] which was called a jet by Baade and
Minkowski [32]. The jet was observed in the radio [33-35],
optical [36,37], x-ray [38], and gamma-ray bands [39]. In
the radio bands, M87 is seen as an extended bright structure
believed to be powered by a central supermassive compact
object called M87% [35]. The synchrotron age of the radio
halo is estimated as 4 x 107 years and the jet has a kinetic
power of 10710 J/s [35,40,41]. The powerful jet might
be powered by rotating energy extracted from a central
supermassive black hole in an electromagnetic environ-
ment [42,43].

The supermassive compact objects M87* in the center of
MS87 and Sagittarius A* (Sgr A*) in the center of the
Milky Way galaxy are black hole candidates with the largest
apparent size seen from us. Recently, the Event Horizon

'In gravitational lensing in a strong gravitational field, retro-
lensing images (n = 1) [8,9] and relativistic images (n = 2) [10]
are also used.
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Telescope (EHT) Collaboration reported the ring images of
MS87* [44,45] and Sgr A* [46] by using a global very-long
baseline interferometry array observing at a wavelength of
1.3 mm. They confirmed that the ring images are consistent
with neither the photon spheres nor the photon rings but the
strong gravitational lensed images which are formed syn-
chrotron radiations from a hot plasma which is near outside
of the photon rings of the Kerr black holes in ray-traced
general-relativistic magnetohydrodynamic (GRMHD) sim-
ulations. The dominant contribution to the ring image
observed by the EHT would be direct emissions (n = 0)
from the light source while a minor contribution from the
lensing ring (n = 1) would exist and they are hardly
separable from each other. The photon rings (n > 2)
contribute little to the observed image. We might separate
the lensing ring (n = 1) from the other components and
detect it in future space observations [47,48].

A Reissner-Nordstrom black hole with a mass M and an
electrical charge Q, which is the static, spherically sym-
metric, asymptotically-flat, electrovacuum solution of
Einstein-Maxwell equations, is often investigated as the
second simplest black hole spacetime among black hole
spacetimes including the Schwarzschild spacetime as its
special case. It is difficult to give strict constraints on
the charge Q from observations in a weak gravitational
field, such as the time delay of lensed rays [49] and
microlensing [50], since the effects of the charge on
observables are tiny. Therefore, we should consider phe-
nomenon in the strong gravitational field to distinguish it
from the Schwarzschild black hole. The shadow image of
the Reissner-Nordstrom black hole [51-55] or its relativistic
images which appear near outside the photon sphere in the
context of the gravitational lensing in the strong gravita-
tional field [9,56-67] were investigated. The observables in
overcharged cases [68—73] were also studied.

Recently, the EHT Collaboration has constrained the
ratios of an electrical charge Q to a mass M as 0 <
|0|/M < 0.90 for M87* [74] and 0 < |Q|/M < 0.84 for
Sgr A* [75] in the 1o level by using the deviation of the
photon sphere of Reissner-Nordstrom black hole from the
Schwarzschild black hole. There remains a question how
accurate this constraint is since the observed rings are
consistent with not the photon sphere but the gravitational
lensed images by synchrotron radiations from a hot
plasma [44,45].

Gralla et al. considered the image of the Schwarzschild
black hole around an optically and geometrically thin
accretion disk [5]. They confirmed that the photon ring,
which makes the very narrow spike of intensity, is negligible
for optically thin emission and that the lensing ring, which is
larger than the photon ring by a few percent, can determine
the observed ring size. The lensing ring by the static and
spherically symmetric black hole surround by the disk
model [5] is too simple to explain the jet from M87 and
the asymmetry of the observed ring images [76] and their

polarization [77-81]. The position of the lensing rings do
not match observed images but the changing rate of the
lensing ring is useful to study whether the constraints on the
charges by the change rate of photon sphere in Refs. [74,75]
is robust.

On this paper, we show that the constraint of the charge
by using the change rate of the photon sphere can be
relaxed by comparing with constraint from the change rate
of lensing rings in the simple disk and black hole system.
For simplicity, we do not treat the angular momentum of
the black holes. The angular momentum does not contrib-
ute the ring size much and the shadow observations permit
a wide range of the angular momentum of the Kerr black
hole while nonzero angular momentum is preferable to
explain the asymmetry of the ring images and the jet
emitted from M87* [76].

We concentrate on the Reissner-Nordstrom black hole
around the geometrically thin disk with an inner edge at
the innermost stable circular orbit (ISCO) of a particle as
the simplest model. One may consider that electrical
charged black holes in nature would be neutralized soon
due to plasma around the black hole. We do not care about
the neutralization of the charged black hole and the
electromagnetic interactions between the charged black
hole and its astrophysical environment such as electrons
and magnetic fields, which are the same assumptions as
Refs. [74,75]. This is because our purpose is to construct a
method by the lensing ring to give more certain constraints
on not only the electrical charge of the black hole but also
on the parameters of alternative black hole spacetimes. In
order to omit on various electromagnetic effects caused by
the electrical charge, one can read the Reissner-Nordstrom
spacetime as nonelectrically-charged spacetimes with the
same metric [82-86].

This paper is organized as follows. We review the
Reissner-Nordstrom black hole spacetime in Sec. II and a
setup for imaging in Sec. III. In Sec. IV, we investigate the
lensing ring images of rays emitted from the ISCO. In
Sec. V, we review the observations on M87# and Sgr A* and
constrain the charges by using change rate of radius of the
lensing ring. In Sec. VI, we discuss and conclude our
results. We note the analytic expressions of radii of the
ISCO and a periastron in Appendix A and we comment on a
ring image of M87* at wavelength of 3.5 mm reported in
Ref. [87] in Appendix B. We use units in which the light
speed and Newton’s constant are unity.

II. REISSNER-NORDSTROM BLACK HOLE

A line element in a Reissner-Nordstrom spacetime,
which is the electrovacuum solution of Einstein-Maxwell
equations, is expressed by, in coordinates x* = (z,r, 9, @),

dr? 20402 1 i 2
—— + r*(d9* + sin” 9dg?),

ds* = —f(r)dt +f(r)

(2.1)
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where a function f(r) is defined by

(2.2)

where M and Q are the mass and electrical charge of a
central object, respectively. The spacetime has an event
horizon at r = ry, where

=M+ VM - Q2

for |Q] £ M and it has naked singularity for |Q| > M. The
radius of the event horizon monotonically decreases from
2M to M as the charge |Q| increases from 0O to M. There are
time-translational and axial Killing vectors

(2.3)

9, =0, and @"d, =0, (2.4)
because of the stationarity and axial symmetry of the
spacetime, respectively. We set 9 = z/2 without loss of
generality.

The radius of the ISCO of a particle with a mass is given

by the largest positive root r = rigco of an equation

4 4
r3—6Mr2+9Q2r—£:0,

= (2.5)

which is shown as Eq. (100) on page 223 in Ref. [88]. Its
analytic form is shown in Appendix A. The ISCO radius
risco monotonically decreases from 6M to 4M as the
charge |Q| increases from 0 to M.
The trajectory of a ray is given by
(r)2 P 2.2
—f(nNt-+—=+r¢e- =0,
f(r)

where the dots denote a differentiation with respect to an
affine parameter along the ray. We define the impact
parameter of the light ray as b = L/E, where

(2.6)

E=—g, " = f(r)i>0 (2.7)

and

L= g, ¢"x" =g, (2.8)
are the conserved energy and angular momentum of the ray
associated with the Killing vectors # and ¢* given in
Eq. (2.4), respectively. At the periastron r = P of the ray,
from Eq. (2.6), we get a relation
fol} = P23, (2.9)
where the values at the periastron are denoted by the
subscript P, since ip should vanish. We note that the
periastron is often called the closest distance of the ray in

gravitational lensing. By using Eq. (2.9), we can express
the impact parameter as

Ly P2 P
e (/’P:i

b=bp=—=— —
? Ep  fpip

NI (2.10)

where the sign £ should be chosen to be equal with the
sign of b, L, and ¢.
The trajectory of the ray (2.6) can be expressed by

2+ V(r,b) =0, (2.11)
where V(r, b) is an effective potential defined by
bZ
V(r,b) = E? (f(r)z— 1>. (2.12)
r

The ray can be in a place for V(r,b) <0. From
V(co,b) = —E? <0, the ray can be at a spatial infinity.
Rays, which fall to a black hole from the spatial infinity,
reach to the event horizon if their impact parameter
is |b| < by, where by, is a critical impact parameter
defined by

(2.13)

where ryp, is the radius of a unstable circular light orbit
given by

r (2.14)

_3M + \/9M* =8>
— 2 s

ph

otherwise they are scattered at their periastrons and return
to the spatial infinity. We can confirm

0

V(rph, bph) = EV(}’ph, bph) =0 (215)
and
02
mV(l’ph,bPh) <0 (216)

in a straightforward calculation. The radius of the unstable
circular light orbit r,, monotonically decreases from 3M
to 2M as the charge |Q| increases from 0 to M. Figure 1
shows the specific radii ry /M, ry, /M, and rigco/M as the
functions of Q/M.

We can rewrite the trajectory of the ray (2.6) in

() -+(G-r0)

(2.17)
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FIG. 1. The specific radii ry /M, rigco/M, and ry, /M given by

Egs. (2.3), (2.5), and (2.14), respectively, against the specific
charge |Q|/M are shown. Thick-Dashed (green), thin-solid
(blue), and thick-solid (red) curves denote rigco/M, rpn/M,
and ry/M, respectively.

By taking the square root of Eq. (2.17) and integrating it
from an initial radius r, at which the ray is emitted to a
final radius r,(> r.) at which it is observed, the deflection
angle y of the ray, which sweeps during its travel, is
expressed by

(2.18)

1 ro dr
S AN TG

where we should choose the sign of =+ to be the same as the
sign of dr/d¢, and where the deflection angle of the ray is
defined by

Po
J/E/ dp = @, — @e. (2.19)

Hereinafter, we set the azimuthal angle coordinate ¢ to be a
final azimuthal angle ¢, = 7/2. An initial azimuthal angle
@. and the deflection angle y take values in ranges —oco <
@ < o0 and —oo < y < o0, respectively. Note that dr/dg
changes its sign only when the ray passes the periastron at
r = P = P(b). If it passes the periastron during the travel,
we calculate the deflection angle by

/P(b) bdr L /ro bdr
]/ - - - I =
re 1t —=f(r)b*  Jew)r\/r* — f(r)b?

(2.20)

and, if else, by

(2.21)

_/ru bdr
N N T T

The analytic form of the periastron P(b) is shown in
Appendix A.

III. SETUP FOR IMAGING

In the left panel of Fig. 2, we set up coordinates for an
image of a ray emitted by an inner edge of an optically and
geometrically thin accretion disk at E’ seen by an observer
at O’ with an angle i as well as Hioki and Miyamoto [89]
which is similar to Luminet [16]. We introduce a unit
sphere with a center O which is also the centers of a black
hole and coordinates (X, Y, Z). We assume that the disk is
on a plane OXY, its inner edge is the ISCO orbit, i.e.,
r. = I'sco, and a distance between the observer O’ and the
center O is 00" = r, = 10°M. We choose the coordinate Z
to be 0 <i= /700" < /2. We have set the azimuthal
angle coordinate ¢ so that the azimuthal angle at O’ has the
value of /2, i.e., ¢, = n/2. Let E be a point at the inner
edge of the disk and E be the intersection point of a line OF’
and the unit sphere. The azimuthal angle at E’ is given by
@. = /2 —y, where y = ZO'OF/ is the deflection angle.
We introduce (X', Y’,Z') on the unit sphere so that a plane
OX'Y' is equal to a plane OO'E’. We define an angle £ =
ZYEY' on the unit sphere and angles y = ZEOY and
a = /X'OW, where W is the intersection of a line Z’O and
the unit sphere.

We introduce a unit celestial sphere, coordinates (x, v, z),
and celestial coordinates (a, ) for the observer at O’ as
shown in the right panel of Fig. 2. Here, we set (x,y, z) so
that x and y axes are parallel to lines OX' and OZ/,
respectively, and that z axis overlaps with a line OO’. The
celestial coordinate f is given by an angle between the z
axis and a line O'Q, where Q is the intersection of the
tangent line of the ray at O’ and the unit celestial sphere.

From the law of sine on the spherical triangles EXX’ and
EYY’ we obtain,

sin% siné
= 3.1
sin(f—y) sin(f-a) (3.1)
and
siné sin?
= (3.2)

sin(2-i) siny’

respectively, and then we eliminate ¢ from Eqgs. (3.1)
and (3.2) to obtain

COS  Cos i
cosq = ———.

33
siny (3:3)
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FIG.2. (Leftfigure): A unit sphere with a center O which is also the center of a black hole and a ray emitted at a point E’ which is at the
inner edge of a disk. We introduce coordinates (X, Y, Z) so that the disk is on a plane OXY. We assume that an observer is at O’ with an
angle i = ZZ0OO'. The domain of i is 0 < i < z/2. We also introduce (X', Y’,Z’) so that a plane OX'Y’ is overlap to a plane OO'E/,
where E is an intersection point of a line OE’ and the unit sphere. Angles a, y, v, and ¢ are defined as a = ZX'OW, y = ZO'OF/,
v = ZEOQY, and £ = ZYEY/, respectively, and where W is an intersection point of a line Z'O and the unit sphere. The angle & is defined
on the unit sphere. (Right figure): A unit celestial sphere with a center O’ and celestial coordinates (a,f5) for the observer at O'.
Coordinates (x, y, z) are set so that x and y axes are parallel to lines OX’ and OZ/, respectively, and that z axis overlaps with a line OO'.
Note the celestial coordinate a is given by & = ZX’OW and f is defined for a domain 0 < § < 7/2 as an angle between the z axis and the
tangent line of the ray at O’. We define a point Q by an intersection point of the tangent line of the ray at O’ and the unit celestial sphere
and we define a point P, which is identified by (e, #/2), on a xy plane (z = 1 plane).

Let H be the foot of a perpendicular from Y’ to a line OE to tan f = Po ro/f (3.9)
obtain OH = OY’ cosy = cosy and let K be the foot of a iy VI '
perpendicular from Y’ to a line OY to get OK = OY’sini =

sini and OH = OK cosy = sin i cos y. Therefore, from the At O/, from Egs. (2.11) and (2.12), we obtain

length of OH, we find

b2
o = Ey[1=fo— 3.10
COsy = sinicos . (3.4) To fo 2 (3.10)

From Egs. (3.3) and (3.4), we get and, from Eq. (2.8),

. L
cosa = coticoty. (3.5) Po="73" (3.11)
The equation of the trajectory (2.6) at the position of the  From Egs. (3.9)-(3.11), we get
observer O/, ie., r =r, = 10°M, becomes
b
tan ff = vfo (3.12)

2 2.0 -
polo o (3.6) V= o’

o fo
By the inscribed angle theorem on the angle S, we
where 1., i, @, and f, denote #, #, ¢, and f(r) at O/,  project the point Q, which is determined by (a, /), onto
respectively. From the angle 8 and Eq. (3.6), i, and ¢, can ~ a point P, which is specified (x(a,f),y(a.p)), on a
be written in plane z = 1 [90]. From a simple calculation, we obtain

(x(a, p), y(a, p)) as

iy = tofoCcOSf, (3.7) 5
x= —25inatan§, (3.13)
Py = i(,@sinﬂ, (3.8)
rO
y = —2c0satan§. (3.14)

and, hence, we obtain
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FIG. 3. Direct and lensing rings seen from i = 0° are plotted by dashed (green) and solid (red) circles, respectively. We set r, = risco

and r, = 10°M. The black hole with a charge Q =0, 0.5M, and 0.9M, are shown in left, middle, and right panels, respectively.

Under the assumptions of r, > M and r, > |b|, we get
the relations,

xry ~—bsina, (3.15)

yro ~—=bcosa. (3.16)

IV. DIRECT AND LENSING RINGS

Due to the photon sphere, infinite numbers of rays
emitted at a point on the disk can reach to the observer.
The rays cross the disk plane the n times after the emissions
from the disk. We call ring images formed by the rays
which cross the disk plane no time, once, and more than
once as a direct ring (n = 0), a lensing ring (n = 1), and a
photon ring (n > 1), respectively. The size of the photon
rings is almost the same as the photon sphere and the
former is equal to the latter in an infinite crossing limit
n — oo. Given the angle i, we can make the appearance of
the every ring image by finding the impact parameter b
which satisfies Eq. (3.5) with deflection angle y shown as
Eq. (2.20) or (2.21).

A. Rings seen from i=0°

First, we consider ring images seen from the angle
i =0° In this case, the ring images have completely
circular shapes as shown in Fig. 3 and we confirm that
their dimensionless radii are given by ~|b|/r,. Due to the
lensing configuration of the black hole, the observer, and
the disk, the deflection angle of the observed ray is
ly| = (1/2 + n)x. Thus, the direct ring (n = 0) and the
lensing ring (n = 1) have the deflection angles |y| = /2
and 37 /2, respectively. For each crossing number n, we can
find the impact parameter » to plot the ring image. We
numerically solve Eq. (2.21) for a given value of Q to find
the value of b satisfying |y| = z/2 which corresponds to the
direct ring. In doing so, we find that its absolute value |b|

for the direct image monotonically decreases from 6.93M
to 4.81M as the charge |Q| increases from O to M. The
impact parameter for the lensing ring can be determined by
numerically solving Eq. (2.20) with |y| = 3z/2 for a given
value of Q. We find that the value of |b| monotonically
decreases from 5.48M to 4.37M as the charge |Q| increases
from O to M.

As a reference, we comment on a photon ring with
n — oo which corresponds to the image of the photon
sphere at r = rp, given in Eq. (2.14). For the photon ring,
P = ry, should hold. Thus, we obtain |b| = by, where by,
is given by Eq. (2.13). The impact parameter |»| mono-
tonically decreases from 3vV3M ~5.196M to 4M as the
charge |Q| increases from 0 to M.

B. Rings seen from i # 0°

Second, we consider the direct ring (n = 0) and the
lensing ring (n = 1) seen from the angle i # 0° as shown in
Fig. 4. If i ~ 90°, the lensing ring has a shape that is close to
a circle but not completely circular while the direct ring
has a half circular one. Hereinafter, we concentrate on the
lensing ring since we are interested in the constraint of
the charge Q by using the lensing ring. Given the fact that
the lensing ring is not completely circular for the angle
i #0° Egs. (3.15)—(3.16) show that there is a range in the
value of b even within the same ring image. This is in
contrast to the case for the angle i = 0° where the ring image
is exactly circular, and hence, b can be uniquely determined
for a given value of Q. Indeed, in drawing the lensing ring in
Fig. 4, we numerically solve Eq. (2.20) for a given value of i
to find the value of b satisfying = < |y| < 2x. This process
leads to a set of numbers (y, b) which determines x and y
given in Egs. (3.13)—(3.14), respectively, in the use of
Egs. (3.5) and (3.12). The direct ring can also be obtained in
the similar way but by numerically solving Eq. (2.21),
instead of (2.20), to find the value of b satisfying
0 < |y| £ #. Thus, we define the average of the specific
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—6—4—2024 6 N

“—2‘“0“‘2‘“4 6

X ro/M X ro/M

FIG. 4. The direct and lensing rings of the black hole with O = 0.5M are denoted by dashed (green) and solid (red) circles,
respectively. We assume r, = rigco and r, = 10°M. The rings with i = 0°, 30°, and 80° are shown in left, middle, and right panels,

respectively.

impact parameter |b|/M for the lensing ring by

5]

Axry + Ayr,
M b

4M

(4.1)

where Axr,/M and Ayr,/M are the height and the width of
the lensing ring, respectively, as shown in Fig. 5.

The averaged specific impact parameters |b|/M for the
lensing ring with the angle i = 30° and 80° are plotted in
Fig. 6. On this paper, the averaged specific impact
parameters |b|/M are denoted by |b|/M as a shorthand.
We also plot the impact parameters for the direct ring and

T T T T T T T T T T T T T T T T

g L
S 0r
> b
-5+

1 i 1 1 i 1 i
-5 0 5 10
X ro/M
FIG. 5. From the plot of the lensing ring, we read its width

Axry,/M and its height Ayr,/M.

the photon sphere with the angle i = 0°. The latter is given
by Eq. (2.13) with (2.14). Let us define the changing rate of
impact parameter with respect to the charge Q as

P = (4.2)
where b is the value of b in the absence of charge, i.e.,
Q = 0. Figure 6 shows that p is the decreasing function
with respect to Q without relation to the angle i nor number
of times rays cross the disk plane. However, the behavior of
p around Q/M ~ 1 differs between the lensing ring and
photon sphere. Figure 6 shows that the changing rate for the
lensing rings with i = 0°, 30°, and 80° is much milder than
that for the photon sphere. As we will see in the next
section, this property of the lensing ring can alleviate the
relatively stringent constraints on the value of charge Q
obtained in Refs. [74,75].

V. CONSTRAINTS OF THE CHARGE
BY OBSERVATIONS

In this section, we summarize the observations on M87*
and Sgr A* used in Refs. [46,51,74,91] and then, we give
constrains on their charges by the change rate of the
lensing ring.

A. M87*

Gebhardt et al. [92] adopted a distance to M87* of
D =179 Mpc and estimated the mass of M = (6.6 £
0.4) x 10°M, where M is the solar mass, by stellar
dynamics observations with laser adaptive optics to
feed the Gemini telescope integral-field spectrograph
and near-infrared integral field spectrograph while
Walsh et al. [93] estimated the mass of M = (3.553) x
10°M, by gas-dynamical mass measurements from
Hubble Space Telescope data acquired with the Space
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4.0

00 01 02 03 04 05 06 07 08 09 1.0

IQl/M

FIG. 6. Specific impact parameters |b|/M against the specific
charge |Q|/M are shown. Each curve corresponds to the direct
ring with i = 0° (thick-dashed green line), the lensing ring with
i = 80° (thin-chained magenta line), i = 30° (thin-dashed brown
line), i = 0° (thin-solid red line), and the photon sphere (thick-
solid blue line). See Sec. IV B for the specific impact parameters
with i = 80° and 30°.

Telescope Imaging Spectrograph under the
assumption of the distance D = 17.9 Mpc.

The EHT Collaboration [44,45] observed the ring
image of M87* with a diameter of 42 43 pas at a
wavelength of 1.3 mm and they concluded that the
observed ring image is consistent with the Kerr
black hole with M = (6.5 +0.7) x 10°M, in ray-traced
GRMHD simulations under the assumption of a distance
D =16.8 £0.8 Mpc in the lo level.? In Ref. [76], they
confirmed that the observed asymmetric ring is consistent
with the gravitational lensing of synchrotron radiations
from a hot plasma near the black holes as had been
expected [95]. In Ref. [45], they obtained a ratio of the
mass M to the distance D as 0, = M/D = 3.8 £ 0.4 pas
from the EHT observations, crescent model fitting,
GRMHD model fitting, and image domain feature extrac-

tion. They calculated a ratio 8 = M/D of 3.621’8.'362 pas
from stellar dynamics observations [92] and € of 2.057)/
pas from gas dynamics observations [93]. They compared

between the ratios by

same

2Very recently, the EHT Collaboration reported a ring image of
M87* with a diameter of 43.37}7 pas at a wavelength of 1.3 mm
[94]. We do not use the observations to constrain the charge on
this paper since they do not perform a new mass estimation which
needs a dedicated calibration using GRMHD simulations.

T T T T T T T T T
0=0£0.17
10— = — = = — — e — — 1
6=-0.0110.17
0.95 b
a
0.90 - i
\\
0.85 | \ -
\\
_____________________________________ _‘.\\_
0-80 1 1 1 1 1 1 1 1 1 \
00 01 02 03 04 05 06 07 08 09 1.0
Ql/M
FIG. 7. The constraint of the charge by the observations of

MS87* in the 1o level with § = —0.01 4 0.17 which is denoted by
thin-dashed (black) lines. As a reference, § = 0.00 4= 0.17 used in
Ref. [74] is also denoted by thick-dashed (green) lines. The
curves represent the changing rate of the specific impact
parameters, i.e., p defined in Eq. (4.2), with respect to the charge
Q. Each curve corresponds to the lensing ring with i = 80° (thin-
chained magenta line), i = 30° (thin-dashed brown line), i = 0°
(thin-solid red line), and the photon sphere (thick-solid blue line).
Notice that the curves for lensing rings with i = 80°, 30°, and 0°
are overlapped. We find the bound of the charge |Q|/M < 0.96
by the lensing rings. We recover the constraint |Q|/M < 0.90 by
the photon sphere in Ref. [74].

0
g_L

5=-2
0

(5.1)

and they got the values of 6 = —0.01 +0.17 and 0.78 +
0.3 from the stellar and gas dynamics mass measurements,
respectively, and they pointed out that the EHT observa-
tion is consistent with the stellar dynamics observation but
it is not with the gas dynamics. In Ref. [74], the EHT
Collaboration assumed that 6 = 0.00 = 0.17 corresponds
with the permissible difference of the size of the photon
sphere of the Reissner-Nordstrom black hole from the
Schwarzschild black hole to get the constraint on the
charge |Q|/M < 0.90 in the 1o level.

On the other hand, by using § = —0.01 £ 0.17 and the
change rate of the radius of the lensing ring, we get a bound
|Q|/M <0.96 in the 1o level as shown in Fig. 7. As a
reference, in Fig. 7, we also show the charge bound
|Q|/M < 0.90 by the EHT Collaboration [74].

B. Sgr A*

The distance and mass of Sgr A* were estimated by D =
827749433 pc and M = (4297 £0.013) x 10°M,
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FIG. 8.

1.00
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0.90 R
averaged VLTI-Keck bound (1-c level)
0.85
averaged VLTI-Keck bound (2-c level)
B
00 01 02 03 04 05 06 07

IQl/M

The constraints of the charge by the observations of Sgr A*. Thin-chained (magenta), thin-dashed (brown), thin-solid (red),

and thick-solid (blue) curves denote the change rate of the specific impact parameters |b|/M for the lensing rings with i = 80°, 30°, and
0°, which are overlapped, and the photon sphere, respectively. Left panel: Deviations from the Keck observations § = —0.04f8:?3 and
from the VLTI observations § = —0.08 £ 0.09 in 1o level are denoted by the thin-dashed (black) and thick-dashed (green) lines,
respectively. From Keck observations, we find the constraint 0 < |Q|/M < 0.87 by the lensing rings and we recover the constraint
|Q|/M < 0.84 in Ref. [75] by the photon sphere. Right panel: The average values of § from VLTI and Keck observations § =
—0.06 + 0.065 in the 1o level and 6 = —0.06 4= 0.13 in the 20 level [91] are denoted by the thick-solid (black) and the thick-dashed
(green) lines, respectively. We get the averaged VLTI-Keck bounds on the charge 0 < |Q|/M < 0.83in lo level and 0 < |Q|/M < 0.97
in the 20 level by the lensing rings and we recover 0 < |Q|/M < 0.8 in the 1o level [91] and 0 < |Q|/M < 0.939 in the 20 level [51] by

the photon sphere.

by Very Large Telescope Interferometer (VLTI) observa-
tion [96,97] and D =7935+50+32pc and M =
(3.951 4 0.047) x 10°M, by the Keck observation [98].
The EHT Collaboration [46] reported a ring image with the
diameter of 51.8 +2.3 pas observed at the wavelength
of 1.3 mm in lo level, and they estimated the mass of
M = 4.0%}¢ x 10°M, under an assumption of the distance
D = 8.15 £ 0.15 kpc [99] and the deviations of the EHT
observation from the VLTI observations as 6 = —0.08 &+
0.09 and from the Keck observations as § = —0.040%.
The EHT Collaboration [75] obtained a bound 0 <
|Q|/M < 0.84 from the Keck observations, which is stricter
than the one from the VLTI observations, by using the
change rate of the radius of the photon sphere of the
Reissner-Nordstrom black hole in the same way as
Ref. [74]. Vagnozzi et al. considered the average values
of § from VLTI and Keck observations as 6 = —0.06 &
0.065 in the 1o level and 6 = —0.06 £ 0.13 in the 206 level,
to get the constraints bound of the charge 0 < |Q|/M < 0.8
in the 1o level and 0 < |Q|/M < 0.95 in the 20 level [91].
The bound in the 20 level was recalculated as 0 < |Q|/M <
0.939 by Da Silva et al. [51].

From the change rate of the lensing ring, we get a Keck
bound 0 < |Q|/M < 0.87 and a VLTI bound 0 < |Q|/M <

0.93 in the 1o level and averaged VLTI-Keck bounds 0 <
|Q|/M <0.83 and 0 < |Q|/M <0.97 in the 1o and 20
levels, respectively, shown in Fig. 8. From Fig. 8, we also
confirm the constraints by the change rate of the photon
sphere in Refs. [51,75,91].

VI. CONCLUSION AND DISCUSSION

In this paper, we have investigated how to put bounds to
the electrical or alternative charges of the black holes by the
EHT observations and the other observations. One may
consider that GRMHD simulations should be used to get
reliable constraints on the charges but the simulations need
dedicated calibrations and it is not easy to perform in every
spacetime and gravitational theory.

The EHT Collaboration gave the constraints on their
electrical or alternative charges of M87* and Sgr A¥*,
by using the change rate of the radius of the photon
sphere [74,75,91]. This method is simple and straightfor-
ward but we should keep in mind a fact that the observed
ring is consistent with neither the photon sphere nor the
photon ring. It is consistent with strong lensing images
formed by synchrotron radiations from a hot plasma
near the black holes according to their GRMHD simu-
lations [44,45]. Their constraints by the change rate of the
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radius of the photon sphere would be more severe than
other estimations by using the change rate of a radius
which is larger than the photon sphere since the effect of
the charge on observables would get weaker as the radius
is larger.

We have showed that the constraint of the charges
by the change rate of the photon sphere obtained in
Refs. [74,75,91] can be relaxed by comparing the change
rate of size of the lensing ring formed by emissions from
ISCO particles at the inner edge of geometrically thin disks
around the black holes. We admit that the geometrically
thin disk with the inner edge at the ISCO of the particles is
too simple to explain the asymmetry of observed ring
images [76] and their polarization [77-81] and we do not
claim that the observed ring images are explained by the
lensing rings. Our point is that the black hole and disk
system will be enough useful to check the constraint on the
charges estimated by the photon sphere [74,75,91] and to
show that the constraint can be relaxed.

We have investigated the bound on the charge by the
change rate of lensing ring formed by emissions from
the ISCO in the Reissner-Nordstrom black hole spacetime.
The inner edge of an accretion disk around black hole may
not match the ISCO [100,101], but a number of observa-
tional aspects of the ring images may be explained by the
properties of accretion flow across the ISCO [102]. We do
not discuss the effect of the ISCO on the ring images in the
accretion flow since it is beyond the scope of this paper.
Even if light sources with the largest contribution to the
observed ring are not on the ISCO, if the reflectional points
of their rays are outside the photon sphere, then, the bounds
of the charge would be relaxed [74,75,91]. This is because
the effects of the electrical or alternative charge decreases
as the reflectional points of the rays is far from the
black hole.
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APPENDIX A: risco AND P

The analytical forms of rigco and P can be expressed as

AM? — 302
risco =2M + pg+——— (A1)
Po
and
1 [2p? 1 |4b2 4b*M
PeNm ety 5 p— (A2
il 2}

respectively, and where pg, p;, p,, and p3 are given by

320 —90°M? + Q%p, + 8M*
po= \/ =hT (A3)
p1 = V40" —90°M? + 5M*, (A4)
by/—b® + 54bM? — 36bQ* — ps
P2 = 3
b(b* - 120?
( %) (A5)

+ 9
33/=b3 + 54bM?* — 36b0Q* — p;

py = \[bA(B? — 5AM? +3602)2 — (b — 120%)%.  (A6)
If the charge vanishes Q = 0, we get rigco = 6M and

3/_3b2 _ (_1)2/3(9b2M + 81b* M2 — 3b6)2/3

P= :
32/3 3/9p2M + V/81H*M2 — 3b°
(A7)
ET T T T T T T
gk ______________________________ .
8k -
s Ml ]
§ [ " ...
6 .
g L3
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FIG. 9. Comparison sizes between the observed ring of M87*
at 3.5 mm and the impact parameter of direct ring of ISCO seen
the angle i = 0°. A thick-dashed (green) curve and thin-dashed
(black) lines denote the specific impact parameters |b|/M of the
direct ring and of the observed ring image |b|/M = 8.337):,
respectively.
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APPENDIX B: A RING IMAGE OF M87*
AT WAVELENGTH OF 3.5 MM

We comment on a ring image of M87* by very-long-
baseline interferometry (VLBI) observations with the
Global Millimetre VLBI Array complemented by the
phased Atacama Large Millimetre/submillimetre Array
and the Greenland Telescope at wavelength of 3.5 mm
reported in Ref. [87]. The ring has a diameter of 64f§ pas
and they assumed a distance of D = 16.8 Mpc and a mass
of M =6.5x 10°M. They claimed that it is natural to
assume that the black hole is at the center of the ring. They
assumed that the nonthermal synchrotron model from the jet

and the thermal synchrotron model from the accretion flow.
In the both models, plasma surround the black hole is
optically thin at 1.3 mm and optically thick at 3.5 mm due to
the synchrotron self-absorption of the plasma. They found
that the thermal model can match the observed ring size but
the nonthermal model makes smaller (> 30%) than the
observed ring. We note that the observed ring size can be
read as |b|/M = 8.3317 and it is larger than the impact
parameter of the direct ring of ISCO seen from the angle
i = 0° as shown Fig. 9. Thus, we realize that the observed
ring size is too large to constrain the charge of the Reissner-
Nordstrom black hole.
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