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In this paper, we establish that a four-dimensional static vacuum asymptotically flat spacetime
containing a massive particle sphere is isometric to the Schwarzschild spacetime. Our results expand
upon existing uniqueness theorems for static vacuum asymptotically flat spacetimes, which focus on
scenarios featuring event horizons or photon spheres. Similarly to the uniqueness theorems concerning
photon spheres or event horizons, only a single massive particle sphere is sufficient to obtain a unique
solution. However, in contrast to previous theorems, our result leads to the existence of an entire spacetime
foliation sliced by a set of massive particle spheres spanning various energies.
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I. INTRODUCTION

Black hole shadows offer a direct means to observe the
optical characteristics of immensely strong gravitational
fields. The theoretical comprehension of these shadows is
closely intertwined with the photon and massive particle
surfaces [1-7].

Since the inception of general relativity, it has been widely
recognized that the spherically symmetric Schwarzschild
solution contains a series of circular null orbits, collectively
constituting a complete photon sphere due to its inherent
symmetry. The profound implications of these surfaces
began to crystallize in the late 1990s. The seminal work
by Virbhadra and Ellis [8] delineated the correlation between
the properties of photon spheres and the intricacies of strong
gravitational lensing, leading to the formal characterization
of the photon sphere as a timelike hypersurface in spacetime,
where the light beam’s deflection angle at the closest
approach distance tends towards infinity. Subsequently,
Claudel et al. [9] introduced a comprehensive definition
of the general photon surface as a timelike surface wherein
any null geodesic, touching it tangentially, remains entirely
within it, and established a theorem linking this definition to
the hypersurface’s geometry. The equivalence of these
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definitions was demonstrated in Ref. [10] for general static
spherically symmetric metrics.

Notably, it was revealed that the intimate connection
between photon spheres and strong lensing persists even in
the context of naked singularities, thereby suggesting their
categorization into weak and strong variants [10,11].
Recently, in close correlation with photon surfaces, several
significant relationships have been unveiled regarding the
geometric attributes of relativistic images [12,13], the
compactness of supermassive dark objects at galactic cores
[14], and the impact of the cosmological constant on the
photon sphere [15].

An important property of the photon surfaces is estab-
lished by the theorem asserting that these are timelike
totally umbilic hypersurfaces in spacetime [16] exhibiting
proportionality of their first and second fundamental forms.
This purely geometric approach serves as a constructive
definition for analyzing photon surfaces instead of solving
geodesic equations and plays a decisive role in the analysis
of the black hole uniqueness.

The first black hole uniqueness theorem was estab-
lished by Israel in Ref. [17]. It states that the
Schwarzschild solution is the only static asymptotically
flat vacuum spacetime which has a nonsingular closed
simply connected event horizon. Then, similar unique-
ness theorems were suggested to generalize the result,
e.g., the Kerr solution was shown to be the only rotating
vacuum black hole by Robinson in Ref. [18]. The focus
on the event horizon in the uniqueness proofs was then
moved to photon surfaces in work by Cederbaum [19],
where the Schwarzschild spacetime was shown to be the
only static vacuum asymptotically flat spacetime that
possesses a suitably defined photon sphere. Later, the
uniqueness theorems for photon spheres were established
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for Einstein-scalar [20], Einstein-Maxwell [21-23],
Einstein-Maxwell-dilaton [24,25], and Einstein-multiple-
scalar [26] models, for wormholes [27,28], and in higher
dimensions [29,30]. The condition of constancy of the
lapse function that was used in the first papers was
weakened to constancy of the lapse function in each spatial
slice in Ref. [31]. An alternative perturbative approach to
considering the uniqueness of photon spheres was sug-
gested in Refs. [32,33]. Gibbons and Warnick [34] dis-
covered that photon surfaces may exist in less symmetric
spacetimes. This was extended in Ref. [35], where the
photon surfaces were demonstrated to be possible if the
spacetime admits a nontrivial Killing tensor. This might
suggest the potential challenge of formulating a uniqueness
theorem solely relying on the umbilicity without constancy
of the lapse function. Similar connections in stationary
spacetimes were established in Refs. [36,37].

The framework of photon spheres has been extended to
encompass massive particle surfaces, which share analo-
gous properties for timelike geodesics associated with
massive particles interacting with black holes or other
ultra-compact gravitating objects [38—40]. Although the
flow of massive particles is not directly observable from
distant points (except perhaps for neutrinos, whose detec-
tion remains a considerable challenge), these surfaces can
be indirectly observed through their proper radiation, which
may become visible under certain conditions. Moreover,
the significance of massive particle surfaces lies in their
relevance to photons traversing through plasma environ-
ments that may surround black holes [6]. In environments
with inhomogeneous plasma, besides the gravitational
deflection of light, electromagnetic refraction also plays
arole [41-44], which can be integrated into a unified lensing
theory.

In this paper, we adapt proofs from Refs. [20,21,24,26]
suggested by Yazadjiev et al. Within the framework of the
same assumptions (there is only one connected photon
sphere and the lapse function regularly foliates spacetime),
we prove the uniqueness theorem for massive particle
spheres in static vacuum asymptotically flat spacetimes.
In contrast to previous uniqueness theorems, our result
leads to the existence of an entire spacetime foliation
sliced by a set of massive particle spheres spanning various
energies.

II. MASSIVE PARTICLE SPHERE

We start with considering a four-dimensional static
vacuum asymptotically flat spacetime M with given
Arnowitt-Deser-Misner (ADM) mass M > 0 and Levi-
Civita connection V,. In a static spacetime, there is a
timelike Killing vector field k% = am®, where a > 0 is a
lapse function and m“ is a future-directed timelike unit
vector (k%, = —a?). One can define spatial slices X
orthogonal to k. The induced metric on X is gop = gop +
mgmg  which defines the corresponding Levi-Civita

connection V,. Here and further bars denote quantities
associated with the slice £. Vacuum Einstein equations
R,s = 0 after dimensional reduction along k* read [19,20]

Ry = a_lvavﬁa, V. Ve = 0. (1)
Since we are interested in asymptotically flat spacetimes,

the lapse function and the metric have the following
asymptotics for r — oo [19,20]:

a=1-"100).  gy=nyt0l). @
where r is a suitable radial coordinate and 7,4 is a flat
Minkowski four-dimensional metric. For vacuum space-
time with a time-like Killing vector k%, there is an
alternative in determination of the ADM mass of the
solution through the Komar integral [45]

1 —
M= _§/§ ViR dSap. dSap = niampdS. (3)

where § is an arbitrary closed two-dimensional surface in £
with an outer normal vector n* (the vector n* lies in the
tangent space of slice X), antisymmetrization is defined
with unit weight as nmg = n,msz — ngm, and ds is a
volume form associated with the induced metric on S.

The definition of a massive particle surface for static
vacuum spacetimes can be formulated as follows [38]:

Definition 2.1. A massive particle surface is a timelike
hypersurface S of M such that, for every point p € S and
every vector v%,€T,S such that v%k,|, = —& and
V0, | = —m?, there exists a geodesic y of M for a particle
with mass m and energy & such that 7*(0) = v%|, andy C S.

We omit the charge from the definition in Ref. [38] since
the solution is vacuum and there is no electromagnetic force
acting on particles. Here, we focus on static massive
particle surfaces, which are additionally tangent to the
timelike Killing vector k*.

In other words, the definition states that any geodesic of a
particle with mass m and energy & initially tangent to the
corresponding massive particle surface S will remain tangent
to S. For a static massive particle surface S with normal n* the
first and second fundamental forms read as [38]

2

m
h(lﬂ = g(l/)’ - nan/)” ){(1/)’ =H <h(1[)’ + gzkak/)’> ’ (4)

where H is some scalar function on S and D,, is a Levi-Civita
connection in S. Since the Killing vector field k% is tangent to
the hypersurface S everywhere (k“n, = 0), the following Lie
derivatives are equal to zero (see Appendix A):

[,kl’la:O, [’khaﬁzov

[’k)(a/}:O’ £kH:O (5)
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If S is a spatial section of a surface S sliced by ¥, from general
geometric considerations we have [46]

Yap =Xap—Map-n"Vona,  hep= l_laﬂ —mgmyg. (6)

Comparing (4) and (6), we find

- a?m?
)_(aﬁ = Hha/; + a_zkak/} |:nava 1na - H <1 — 7>:| R (7)
and since j,; is tangent to the spatial section and k, is
orthogonal to it, we find the following expressions:

- a*m?

}?aﬂ = Hhaﬂv I’lava Ina = H(l - 7) . (8)
The spatial section of a static massive particle hypersurface is
a totally umbilical surface with a spatial mean curvature
H = % ¥.”- However, unlike the photon sphere [9], the
principal curvature in the time direction is different from
the spatial ones. In what follows we also assume that the
spatial section is connected, compact and closed.

Equations (5) and (8) and Refs. [19-22,24,26,28] inspire
us to introduce two important definitions: a massive particle
sphere and a nonextremal massive particle surface.

Definition 2.2. The massive particle surface § is a
massive particle sphere if and only if D,a = 0 on S.

Definition 2.3. The massive particle surface S is a
nonextremal massive particle surface if and only if
m?>a?/E> <1 on S.

Further we are interested in nonextreme massive particle
spheres only. The latter has a number of important geo-
metric properties. First, it has a constant spatial mean
curvature, i.e. D,H = 0. Indeed, consider the Codazzi
equation [16] in spacetime

0=n"h",R, =Dy, —Dys’

m? Hm? m2a?
:?kaﬁkH‘i‘?Dﬂ(kakﬂ) +DaH— <3 —7> DaH
2.2
:_(2_"15_3)%1{_ ©)

Here, we used Eq. (4) to rewrite the second fundamental
form y,4. Then, we used Eq. (5) and

1
Dy(kak?) =5 Dy + ky - Dok’ =0, (10)

to get rid of the first two terms in the second line. Also, we
used the condition D,a =0 and Killing equations
D(4kg = 0. Since we consider a nonextremal sphere
m*a?/E? < 1, the term in brackets (2 — m?a?/£?) is non-
zero, and we get D,H = 0.

Since we have proven that H is constant at the sphere,
this allows us to obtain useful geometric identities. First,
consider the Komar integral (3) over the spatial sections S
of a massive particle sphere:

1 1 <
M = _gé \V; kﬂdSa,; = _Qé \Y kﬁn[amﬂ]dS

1 - 1
=— *V, adS = — H(1-
4ﬂ£n ol 4ﬂ£a <

Since the integrand expression is constant, there is an
algebraic relation between the mass M and the spatial
section area of the massive particle sphere Ajg:

m2

“252 >d5‘. (11)

2.2
47zM:aH<1—agT>AS, AS:/§dS. (12)

In particular, sphere S has a positive constant mean
curvature H > 0 if a physical assumption of positive mass
M is taken into consideration. By virtue of Eq. (8), this
means that on the sphere n*V, & > 0, i.e., the norm of the
spatial gradient V,a does not vanish anywhere on S.

Consider an outer space region X, outside the massive
particle sphere S or equivalently a spacetime region
My outside S. In this case, the massive particle sphere
is an inner boundary dM,,,. Similarly to Ref. [20], we
introduce an additional assumption that @ = const regularly
foliates the manifold M. It is worth noting that the
condition for the existence of a regular foliation is technical
and, in principle, open to relaxation, as discussed in
Ref. [22].

By definition, the function a is constant at the massive
particle sphere. As we will show, the massive particle
sphere S has the topology of a sphere. Given the regularity
of the foliation, any slice in the outer region X, is a
topological sphere as well. The equations of motion (1)
necessitate a to be a harmonic function, while the boundary
conditions at asymptotics dictate that @ must approach 1 as
it tends to infinity. Following the maximum principle for
the harmonic functions, ¢ monotonically increases to 1
moving from the sphere S to infinity along the flow of
slices, i.e., 0 <a < 1.

The second key identity can be obtained from the Gauss-
Bonnet theorem. The trace of the Gauss equations gives the
following expression for the scalar curvature R of the
spatial section S [see Eq. (C13) in Ref. [46], keeping in
mind that R,3 = 0, D,a = 0, and (8)]:

P32 2 af | 95 faa 3_a’m?\
R=j"=Xapk™ +2'n°V,Ina=4 T H?. (13)

Therefore, the nonextremal (m>a®/E> < 1) sphere S has a
constant and positive scalar curvature ‘R > 0, representing
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a round sphere [20]. Then, integrating (13) over S and
applying the Gauss-Bonnet theorem [ RdS = 8z, we find
the second useful identity:

2.2
m:(lﬂm>HM& (14)

Dividing the Eq. (14) by (12), the following algebraic
connection between the mean curvature H and the lapse
function a on S can be found:

1 —a?m?/ &

a
H=— —— "1
M 3- 20°m? />

(15)

III. UNIQUENESS THEOREM

Having completed all the preparations, we are ready to
formulate and prove the main result of this article.

Theorem 3.1. Let M, be a four-dimensional static and
asymptotically flat spacetime with given ADM mass M > 0,
satisfying the vacuum Einstein equations R,; =0 and
possessing a nonextremal massive particle sphere as an inner
boundary of M_,,. Assume that the lapse function a regularly
foliates M..,;. Then, M.y, is isometric to the Schwarzschild
spacetime with mass M, and the area radius of the massive

particle sphere r¢ = \/Ag/4n satisfies the equation
E/m* = (rg —2M)*/(r: — 3Mry).

Proof. The proof is based on a modification of the proof
presented in Refs. [20,21,24,26] for the case of photon
spheres. The main problem is to prove the spherical
symmetry of the spacetime M., First, let us perform a
Weyl transformation g, = o? Gap- In this case, Eq. (1) turns
into

Ry =2V,Ina-Vylna, V,V¥lna=0, (16)
where V and Raﬁ are the Levi-Civita connection and the
Riceci tensor for g,s. Our goal is to show that the metric g
is conformally flat. For this purpose, one can use the Cotton

tensor [47] over a three-dimensional Riemannian manifold
which is defined by

le -
Rapy = ViaRgy, = ViR, (17)
Using Eq. (16), the following divergences can be obtained

[20]:

- ~ 1 . -
Va (Q_l Vaa)) = ]_6 C()_7Q3Ra/}yRaﬂy, (1 83.)

~ - 1 - -
V, [Q‘l (UV”a) —wV* Uﬂ =1 U™ QR R,

(18b)

where

. 1-a? 4a?
=(V,UV OV, U=—", Q=55 (19
Ve ) 14 (1+a?)? (19)
Since we have shown that 0 < a < 1, it follows that
0 < U < 1. After integration over the entire spatial slice
2, this leads to the following two inequalities (equality if

and only if R(,ﬂy =0)
/ v, <Q—1?“w> ds
p
> / 7, [g—l (uvaw - wvau>
z

where dZ is the volume form associated with the metric Jap-
Let us now apply Stokes’ theorem to them using the
massive particle sphere S and asymptotic sphere S,
boundary surfaces:

[ i aQ ™'V wdS
Su—3

2/ aQ ! (UnV,0 — wn®V,U)dS 20, (21)
3-8

d€>0, (20)

where we used dS = 2dS and 7i* = a~'n®, and —S means
that the orientation of the normal to the inner boundary is
opposite to the foliation. Given the asymptotics (2), each
surface term reads (see Appendix B for some details)

/_ aQ~'n"V,wdS = -4z M, (22a)
Seo
/ aQ " (Un*V 0 — on®V,U)dS =0, (22b)
SOO
e e As [HP a?m?
/;S(XQ ll’l Vaa)dS=7 7(1—7
2 42,2
x [(1 +3a?) — ag;" } (22¢)

/_ aQ ' (Un*V 0 — wn®V,U)dS
-5

Ag am? 5 2a*m?
A (o s 2]

Then, the right inequality in (21) immediately results in

2 4.2
am <o (23)

3a2—1-— o <

The left inequality in (21) gives

2,2 2 212
4ﬂ\/A_4—AS\/a3H3<1 e > (3— -

) <0, (24)
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which can be transformed using Eqgs. (14) and (15) into the
following expression:

20 m? >0

302_1_ 52 = ’

(25)

where we took into account nonextremality m*a®/E* < 1.
The inequalities (23) and (25) are compatible if and only if
they degenerate into equalities

2a*m?

On the other hand, inequalities can degenerate into
equalities if and only if the Cotton tensor vanishes
I?,,/;], = 0. For a three-dimensional Riemannian manifold,
this is a necessary and sufficient condition for the metric g
to be conformally flat [47]. Hence, the metric g,z is also
conformally flat and I_?aﬂy = 0. In particular, we have the

identity [20]
8 as a)—( ay, a-aff a)—( apq
—a4(p4 [( )((1/5—3' ha/i) < X / 5 he?

1 -
+ T(pzah“ﬂaa(paﬂgo] > (27)

0= R(t/}ykaﬁy =

where “Y o5, *hsand ¢~' = n?V,a are the induced metric,
the second fundamental forms and the lapse function of
slices @ = const respectively, and the trace is denoted as
Y =%," Since the induced metric possesses the
Euclidean signature, each square in the brackets is equal
to zero, yielding the following expressions:

a=

'y X 27,
()(a/} = ? (haﬁs

Dy = 0. (28)

Thus, all slices are totally umbilic and the lapse function is
constant on them. As in the case of photon spheres [20], this
implies that all slices of the foliation @ = const have constant
mean and scalar curvatures, i.e. slices are round spheres. As a
result, the entire spacetime M, is spherically symmetric
and therefore isometric to the Schwarzschild vacuum asymp-
totically flat spacetime (due to Birkhoff’s theorem). In
particular, resolving Egs. (12), (14), and (26) and introducing
the area radius

As

5= Vg

(29)

we get standard expressions for the radius of the massive
particles sphere [38] and lapse functions in the
Schwarzschild spacetime (m # 0)

&2 —2M)? 2M 1 2M

_2: (rS ) , (12:1__, H2:_2 1———).

m rs(rs—?)M) rg I‘S rg
(30)

This completes the proof of the theorem.

On the one hand, substitution of Eq. (30) into the
condition of nonextremality m?a?/E* <1 results in
M/(r¢—2M) > 0, i.e., the condition holds outside the
horizon. On the other hand, massive particle spheres exist
for r¢ > 3M; otherwise, £2/m? is negative. There is a
photon sphere at rg = 3M, so massive particle spheres are
located outside the photon sphere, which is physically
reasonable.

We also emphasize the need to have only one massive
particle sphere to prove the theorem. However, the result of
the theorem suggests that the entire spacetime M., is
sliced by the massive particle spheres, each with distinct
energy. Indeed, by virtue of (28) all spatial slices @ = const
are totally umbilic and have a constant mean curvature and
lapse function ¢~! = n®V, a. These slices represent a
massive particle sphere when we additionally demand only
that Eq. (8) admits a real solution for &, as it will
automatically remain constant on the slice. From our
previous discussion, it is clear that such a solution will
exist for all slices at r¢ > 3M. Future inquiries may find it
intriguing to explore the flows of massive particle surfaces,
parametrized by particle energy, rather than adhering to a
regular foliation a = const. Such a shift could potentially
weaken several technical assumptions of the theorem.

IV. CONCLUSIONS

In this paper, we have established (under some technical
assumptions) that a four-dimensional static vacuum asymp-
totically flat spacetime admitting a massive particle sphere
is isometric to the Schwarzschild spacetime. This broadens
the scope of uniqueness theorems applicable to static
vacuum asymptotically flat spacetimes containing regular
event horizons or photon spheres, now encompassing a
more general case of massive particles. Moreover, this
result allows further generalization to other theories like
Einstein-scalar, Einstein-Maxwell, and Einstein-Maxwell-
dilaton-axion theories and others.

It is worth noting that the new theorem offers the
possibility of extending the uniqueness theorem to encom-
pass strongly naked singularities [10], wherein neither a
photon sphere nor a horizon exists, but a massive particle
sphere is present. For instance, in a superextreme electro-
vacuum spacetime, the massive particle sphere exists in a
broader range of parameters compared to the photon sphere
and, in particular, can be detected in close proximity to a
strongly naked singularity [38].

While the assumption of a regular foliation is just
technical [20,22], the constancy of the lapse function
and the static nature of the sphere plays a key role in
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the proof of the uniqueness theorem. Recent work has
explored the notion of equipotential surfaces as a potential
dynamic alternative to a static sphere [31]. However,
whether solely relying on the concept of a massive particle
surface is sufficient for the uniqueness theorems, remains
uncertain. In contrast to unique photon surfaces, massive
particle surfaces form entire flows, that extend to infinity
and asymptotic spheres as energy varies. The analysis of
such surface flows can provide additional information and
advances in this area of research.

In addition, there is considerable interest in the prospect
of extending the result to stationary spacetime, where there
is a suitable geometric definition of the surfaces of massive
particles [39]. Such generalizations could expand under-
standing of the role of massive particle surfaces and hidden
symmetries in the discussion of uniqueness.
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APPENDIX A: PROPOSITION

Proposition 1.1. Let the Killing vector field k* be
everywhere tangent (k“n, = 0) to the hypersurface S; then

,Ckna = 0, Ekhaﬂ = 0, ‘Ck)((xﬁ =0. (Al)

Proof. Calculate the Lie derivative of the normal
covector
,Ckl’la = kﬂVﬂna + nﬂvakﬂ. (AZ)

The projection of this equation onto the normal n* reads

1
nLyng = n*k’Ngn, + n"ngV kP = Ekﬂvﬁ(n”na)
+ n*nV ks = 0, (A3)

by virtue of the Killing equations V ,k4 = 0 and normali-
zation of the normal vector on the surface n%n, = 1.
The tangent projection reads

/’l;,l[,kl’la = k/}h;fV/}na + l’l/}/’l?vak/} = kﬁh;’vﬂna — kﬁh;fv(,n/;
=~k hZ WGV (g =0, (A4)

where we used the relation
0 = h;,lva(kﬁnﬁ) = nﬂhfvakﬁ + k/}h?val’lﬂ, (AS)

and the involutive property h‘;hgv[anﬂ] = 0. Thus, the
expression L;n, = 0 is proved. We also derive the follow-
ing straightforward yet valuable corollaries:

Ekn“ = g”ﬂﬁkn/; = 0, (A6a)

Lihag = Li(Gop — Naltp) = —nLing =0, (A6D)

1 1 1

Calculating the Lie derivative of Eq. (4) we immediately
find that H is also static:

APPENDIX B: CALCULATIONS

Here, we give explicit expressions for @ and its deriva-
tive along n®. First, from D,a = 0 follows the expression

w = (—a‘ln“vaU)lﬂ — [7(1 e

where the relations V,U = V,U = n,n’ vﬁU and g% =

a 25 are used. Then, the remaining derivatives read
nﬂvﬁU = —Lnﬁvﬁa, (B2a)
(1+a?)?
- 1, e n| 16a(n®V,a)?
e
SH

e m— 1 v/ , B2b
@ ] (520

where we used the identity nV,(n’V4a) = —2Hn'V,a.
Using Egs. (B1), (B2a), and (B2b) and the identity (8),
some algebraic calculations lead us to the result (22).
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