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It has been known that warped-product spacetimes such as spherically symmetric ones admit the
Kodama vector. This vector provides a locally conserved current made by contraction of the Einstein tensor,
even though there is no Killing vector. In addition, a quasilocal mass, Birkhoff’s theorem, and various
properties are closely related to the Kodama vector. Recently, it is shown that the notion of the Kodama
vector can be extended to three-dimensional axisymmetric spacetimes even if the spacetimes are not
warped product. This implies that warped product may not be a necessary condition for a spacetime to
admit the Kodama vector. We show properties of the Kodama vector originate from the conformal Killing-
Yano 2-form. In particular, the well-known spacetimes that admit the Kodama vector have a closed
conformal Killing-Yano 2-form. Furthermore, we show the Kodama vector provides local conserved
currents for each order of the Lovelock tensor as well as the Einstein tensor.
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I. INTRODUCTION AND SUMMARY

The Kodama vector, which was at first found in
four-dimensional spherically symmetric spacetimes [1],
provides a locally conserved current for the Einstein tensor
even in spacetimes without Killing vectors such as dynami-
cal spacetimes. Conventionally, the Kodama vector has
been defined by K¢ = —“*V,r, where r denotes the areal
radius and €,, denotes the two-dimensional volume form
on time and radial space. Since this vector K¢ satisfies
G*V K, = 0 for the Einstein tensor G, a current J¢ =
G*K, is locally conserved, ie., V,J¢9=0. If K is
timelike, this current can be interpreted as an appropriate
energy current with assuming the Einstein equation and its
associated charge yields the so-called Misner-Sharp qua-
silocal mass [2,3]. This notion has been generalized to
higher dimensions straightforwardly. It is worth noting
that spherical symmetry is not essential for a spacetime to
admit the Kodama vector but warped product with two-
dimensional base space plays an important role. Moreover,
it is known that the Kodama vector is closely related
to Birkhoff’s theorem (see [4], for example). This theorem
states that all spherically symmetric solutions of the
Einstein equation in vacuum must be static. It can be
rephrased in terms of the Kodama vector as follows. The
warped-product spacetimes, including spherically symmet-
ric spacetimes, admit the Kodama vector. If the spacetime is
Einstein manifold, then the Kodama vector becomes the
Killing vector.
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Recently, it is shown that in three-dimensional axisym-
metric spacetimes even for nonwarped-product spacetimes
such as rotating ones, the notion of the Kodama vector can
be extended [5,6]. This vector can provide a local con-
served current and quasilocal mass taking into account
angular momentum, as in the cases of warped product
spacetimes. This fact suggests that warped product does not
seem to be necessary for a spacetime to admit the Kodama
vector.

In this paper we show properties of the Kodama vector
geometrically originate from a conformal Killing-Yano
(CKY) 2-form. Various conserved currents and charges
associated with (conformal) Killing tensors and (con-
formal) Killing-Yano forms have been reported in the
literature [7-15]. What we emphasize here is that the
Kodama vector is the so-called associated vector with a
CKY 2-form, while each subject has been discussed
separately. In particular, all the well-known spacetimes
admitting the Kodama vector have closed conformal
Killing-Yano (CCKY) 2-forms, which belong to a sub-
class of CKY 2-forms.

Furthermore, we show that the associated vector of the
CKY 2-form can yield conserved currents not only for the
Einstein tensor but also for each order of the Lovelock
tensor [16,17]. This means that the Kodama vector
provides a locally conserved energy current in Lovelock
gravity, which has been partially proved and conjectured
for symmetric spacetimes such as spherically symmetric
ones in [18,19]. (In warped-product spacetimes of a two-
dimensional base and an Finstein space, the Kodama
vector and the Misner-Sharp quasilocal mass were studied
in Ref. [20].)

© 2024 American Physical Society
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This paper is organized as follows. In Sec. II we present
definitions and some basic properties of CKY 2-forms. We
reveal the relation between the Kodama vector and the
associated vector of a CKY 2-form. In Sec. III we exhibit
some explicit examples of the known Kodama vectors in
terms of CKY 2-forms. Thus, we demonstrate that the
Kodama vectors arise from the CKY 2-forms, indeed.

II. CONFORMAL KILLING-YANO 2-FORM
AND KODAMA VECTOR

In this section we will show the associated vector of a
conformal Killing-Yano 2-form yields locally conserved
currents contracted with each order of the Lovelock tensor,
including the Einstein tensor. This implies that properties
which the Kodama vectors should satisfy originate from
conformal Killing-Yano 2-forms.

A. CKY 2-form and conserved current
for Einstein tensor

We consider that a D-dimensional spacetime with the
metric g,, admits a CKY 2-form, h,,. The conformal
Killing-Yano 2-form [21,22] (also, see [23] and references
therein) satisfies

vchab = gcaKb - gcha + Labw
1

K,=-
“ D-1

VPh,,,

Lupe = v[ahbc]» (1)

where the vector field K, is the so-called associated vector
of hy,. If L. =0, hy,, reduces to a CCKY 2-form. In this
case, a Hodge dual of 4, yields a Killing-Yano (D — 2)-
form f, ..., ,» which satisfies V,f}, ., . = Vi fs .p, )
Covariant derivative of the associated vector K, is

1
VaKb - - ﬁ VaV"hbc

1
R, ] (VVahpe + Ry hae + Ry hpa)
1 1
= mvaKb + mRacbdth

1 1
—R_ hy. ——VCL .. 2
+D—1 a hbc D—1 abc ( )

This can be rewritten as

1 1 1
V,Ky=——R,p.gh‘*+——R,hy, ———V°L
a™b 2(D—2) abed +D_2 a "be D—2 abce>s
3)

where we have used the first Bianchi identity R,;.; +
Racdb + Radhc =0.

It turns out that a symmetric part of Eq. (3) is given by

1
VKy) = D3 R ho)e- (4)

The trace yields

1
V,K* = ——R“h,, =
oK =55 R hee =0, (5)

implying that the vector field K, is divergence-free. For the
Einstein tensor G,;,, we obtain

1
G“hVaKb - mRabRachbc - 0 (6)

Thus, the associated vector K for a conformal Killing-
Yano 2-form h,;, provides the same properties as Kodama
vectors and G,,K” becomes a locally conserved current.'
We note that if the spacetime is an Einstein space, i.e.,
R., = Ag.,, then Eq. (4) leads to the Killing equation
V.,K,+V,K,=0 [22]. This implies a version of
Birkhoff’s theorem that the Kodama vector becomes a
Killing vector in vacuum with a cosmological constant. In
four dimensions, the relation between CKY 2-form and
Birkhoff’s theorem was discussed [24].
We can rewrite G,,K” as

GuK" = 2(D=3) VP (Rapeah® 4 4R hyje + Rhgp)
v | L W b2 Rych
- 2(D—3) abed D-2 [a bl
D
————Rh
2p-nD-2) “”}
S EE
72(D—2) abe D—-2 [a bl
D
————Rh 7

where W ., denotes the Weyl curvature tensor and the
Cotton tensor C,;,. is defined as

1 D-2
Cope = zv[cRb]a _mga[bvc]R = D—_3vdWadbc~ (8)

Since G,,K? is given by a divergence of 2-form
“potential” in Eq. (7), we can explicitly see this current
is locally conserved. It is worth noting that the expressions
in the first and second lines of (7) are valid in D > 3

"These properties have been pointed out in Refs. [10,13,14],
where G, K" is referred to as “Einstein current.”
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dimensions, because both P,y = Rupea — 2RacGap +
2Rp(cYd)a +Rga[cgd],,2 and W,,., are identically zero in
three dimensions. However, that in the last two lines is
valid even in D = 3 dimensions. We note that C,,.h"¢ is a
so-called Cotton current in Ref. [11].3

In a specific case, if h,, is a Killing-Yano tensor, then
the potential 2-form field R,p.qh“! + 4R,y + Rhyy,
itself can be conserved. This is referred to as the
Yano current [8]. It is equivalent to the fact that the

associated vector for the Killing-Yano tensor will vanish
in Eq. (7).

B. Generalization to Lovelock tensor

By using the fact that the Kodama vector is provided by a
CKY 2-form, we can prove the Kodama vector yields
conserved currents for each order of the Lovelock tensor as
well as the Einstein tensor.

The nth order Lovelock tensor (0 <n < D/2) in D
dimensions [16,17] (also, see [27] and references therein) is
given by
|

va(n)ab _ 5cda]n.t;2,, vthdR(llalebz . R

abb---by, Ap—1dop

dayay,
- 52”[}1’]1"'77; (gbCKd - gbch + Lbcd)Ralazhlbz ---R

n
byn-1b cdayay } : byb
=102 | 5abb1--~b2:h6d Ralaz 102 ...
k=1

| " biby

(ma — __ "~
G b= 2n+1 bbby, a1a;

byu_1bay , (9)

Azp—142n

which reduces to the Einstein tensor for n = 1. Note that
symbol &' }* is the generalized Kronecker § symbol,

defined by

apeap gy oar
(Sbl"'bk B k'g[bl Iv)
1 o pn
=Nk gy

(D-k)! (10)

“bCri1-cp?

where €, ..,, denotes

dimensional volume form.
We introduce the following 2-form field consisting of a

CKY 2-form #h,;, and n powers of the Riemann tensors:

the totally antisymmetric D-

Ap—142n

= =2(D = 2n = 1)85 " KRy 0,17 - R
=2"2(D - 2n - 1)G" 4K,

The second equality follows from the second Bianchi
identity, V|,Rj4. = 0, and the third equality does from
the first Bianchi identity. Since F,, is antisymmetric,
G ,K? is divergence-free. Hence, we have also a local
conserved current for the nth order Lovelock tensor as

1
](n)a = G(n)abe _

= V,Fmab (13
22(D-2n-1) " (13)

Note that, for n = 1, the previous result for the Einstein
tensor is obviously reproduced. On arbitrary spacelike
hypersurfaces £ with a common boundary 0%, by using
the Stokes theorem, we have a conserved charge written in
the boundary integral. An nth order quasilocal charge
becomes

“This rank-4 tensor is divergence-free and its indices have the
same symm%glieas of tl}}eh Riemann‘dtensor, 'Which can be glso
written as ;. Ry 0, = 4Py, by using the generalized
Kronecker 6 symbol. This type of tensor has been used in
Ref. [25], for example.

A conserved current for the Cotton tensor was discussed in
Ref. [26], also.

A2p—142p

ban_1byy

(n) — scday-am, bib, . .. bay_1b
™ _5abb|~--b2,,thRa|az 2 Razlyflaz,x B (11)
It turns out that
b bajrby . .. bap-1b
v Rau—l”zk Aop—192n " "
h2n—]h2n
(12)

1
() o0 —/J(")"dz ——f F(n)ade )
Q [ ] s a 2n+2(D_2n_1) s ab

(14)

We note that the potential 2-form field (11) seems
to be very similar to a part of the Killing-Lovelock
potential [28,29] to define improved Komar integrals in
Lovelock theory. The nth Killing-Lovelock potential for
the nth order Lovelock term, however, consists of (n — 1)
powers of the Riemann tensor. On the other hand, in
Ref. [15], the authors introduced a 2-form field with the
same powers of the Riemann tensor as (11) for Killing-
Yano 2-forms but not for conformal Killing-Yano 2-forms.
In that case, the 2-form field itself is conserved.

III. APPLICATIONS TO KNOWN EXAMPLES

In this section, we will demonstrate that, for the conven-
tional Kodama vectors, which were heuristically obtained
in specific spacetimes, various properties can be repro-
duced in terms of CKY 2-forms admitted by those space-
times. In particular, such spacetimes admit closed CKY
2-forms, that is, a subclass of CKY 2-forms.
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A. Warped-product spacetime

It is known that warped-product spacetimes with two-
dimensional base possess the Kodama vector field. We
revisit the known results for the Kodama vector in terms of
CKY 2-forms (also see Appendix D in [30]).

We consider that the metric of a D-dimensional warped-
product spacetime, B x, F, is given by

Japdxdx® =y, (y)dy*dy* + r(y)*w;,(o)de'de’,  (15)

where y,, and @;; denote metrics on the two-dimensional
base space B and the (D — 2)-dimensional fiber F, respec-
tively. The positive function r(y) is a warp factor depending
only on the coordinates on the base space, {y#}. On F the
metric w;; itself becomes a rank-2 Killing tensor and the
associated (D — 2)-dimensional volume form is a Killing-
Yano (D — 2)-form. It follows from the lifting theorem
in [31] that we can lift it to a Killing-Yano (D — 2)-form on
the whole spacetime. As a result, we find that this spacetime
admits a CCKY 2-form given by

1
Ehabdx” A dxP Eg(”eabdx” Adxb =r/=ydy° A dy",
(16)

where ()¢, is the two-dimensional volume form associated
with the metric y,, . Note that this is equivalent to the Hodge
dual f = xh being the Killing-Yano (D — 2)-form.

The associated vector with this CCKY 2-form yields the
Kodama vector as follows:

V,ht =——9, (\/—_gr(}’)e”b)

N

1
72 e eIV e)
= (D - 1)"e®V,,r, (17)

where the conventional Kodama vector is given by

K* = -V, r. In fact, the warp factor r is given
by a “norm” of the CCKY 2-form 4 [or the KY
(D —2)-form f] as

1
}’2 = _Ehabhab' (18)

For the Einstein tensor, the components on the two-
dimensional base space are

D -2
r

—— (D-2)(D-3)
G, = V,V,r+ {T

Vﬁrvir
r

D-2=5 5 L,
+TV,1V I’—?( )R:|}’”w (19)

where V, denotes the covariant derivative associated

Y
with y,, and (@R is the scalar curvature of the (D — 2)-
dimensional metric @, ;. For a conserved current G, K?, we
have

rD—3
(Y)é'abvh |:(D - 2) TV"rvcr

b — _
GabK - rD_z

I"D_3

1 b
_m I habv m, (20)

@g| = 1
-~

where a mass function can be defined by

(@)

(D-2)(D-3)]

D-2
m="2"r% [K“Ka +

(21)

Since K* is divergence-free, the Kodama vector itself
becomes a conserved current for the metric tensor g,,. By
definition, a charge associated with this current is given by

1
ChaVErPTL(22)

1
K =—h,Vor=————
« = TN =T D )b

If we consider the Einstein equation with a cosmological
constant term, G, + Ag,, = T, the Misner-Sharp qua-
silocal mass

r* + KK,

D-2 , . 2A
= T —_——
iMs =T (D—1)(D-2)
()R
—_—— 23
SeE] >
is obtained by combining two conserved charges, including
only the contribution of matter without a cosmological
constant. It is built from the CCKY 2-form and the Ricci
scalar on the fiber F.

B. Three-dimensional spacetime

In three dimensions one can consider that spacetimes are
not warped product but axisymmetric, such as a rotating
spacetime with angular momentum. In this case the
Kodama vector can be defined and it provides conserved
current and charge [5,6].

Let us suppose vy, is a Killing vector satisfying

vall/b + vbl//a =0. (24)
The Hodge dual of it provides a CCKY 2-form given by
hab = eabcwc- (25)

Note that we can directly confirm
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vchab = eabdvcwd

= 9acKp = gpcKa, (26)
where the associated vector is given by
1 b 1 b,,C
KaE_Ev hab:_zeabcv v (27)

This is the extended Kodama vector, which has been
introduced in [5,6]. Note that V,y, = €,,.K°. We have

1
vuKb = - 5 €b6dvuvcl//d

1 cd e
= Eeb Rcda Ve

= _eachbdl//C = hacth’ (28)

which yields G**V K, = 0. A straightforward calculation
shows

V.(K*K,) = 2K"V K,

= _2€achCGdeh = 2hachbe’ (29)
Va'w,) = 29"V,
= 2€uc W’ K¢ = =2h,, K", (30)
and
va(l//be) = vaaKb + Kbval//b
= _each/CdeV/b = hachbwb' (31)

This implies that the above scalar quantities K*K ,, wy,,
and y“K , are conserved charges associated with conserved
currents GY,K?, K, and G%,y”, respectively.

If we assume that y? is an axial Killing vector and the
Einstein equation G, + Ag,, = T, 1s satisfied, the fol-
lowing scalar functions

m= (_AWaWa + KaKa)’

| =

j = _l//aKm (32)
can be interpreted as a Misner-Sharp quasilocal mass and
Komar angular momentum in three-dimensional axisym-
metric spacetimes.

C. Generalized Misner-Sharp mass
in Lovelock gravity

In this subsection we consider D-dimensional warped-
product spacetime (15) again. For simplicity, we focus
on the cases in which the metric w;; on the (D — 2)-
dimensional subspace JF is maximally symmetric, i.e.,

(@R = (D —2)(D — 3)k. The real constant k denotes a
curvature scale on the (D — 2)-dimensional subspace.

Now, because the whole spacetime is warped product,
components of 2-form potential only on the two-dimen-
sional base should contribute to the conserved charge by
integrating the conserved current for the nth Lovelock
tensor. The CCKY 2-form of Eq. (16), A, is proportional
to the volume form of the two-dimensional base space.
We have

(n) pab _ seday-—az, pab byb bap_1ba
Fab h*” = 5abb|---b2,,h ht'dRulaz RS Razn-|azn et
_ 2611, I J Jon_1Jon
= —4r 5111»-4122,1R1112 R Rlzn-1]2n o2
D —2)12n+2
= - ( ) (k+ K*K,)", (33)

(D —2n —2)!r?n=2

where (D — 2)-dimensional components of the Riemann
curvature tensor are given by

k+ KK
2

R[JKL — a 551' (34)

r

Note that 65F denotes the generalized Kronecker &
symbol on the (D —2) dimensions, and we have used
the formulas €., h"" = —2rP"'@e. . and
[\ Lyl Ly 1) .

Sty amilin S gletfn — on(D _2)1/(D = 20 = 2)1,

IZn—l’Zn
As the result, a conserved current and a quasilocal charge

for the nth Lovelock tensor are

m®
G, K =V, <—,,D_1 h"”), (35)
where
D —-2)!
(n) = ( rD—2n—1 KK .
"= 2D -2 - 1) (k+KK,)".(36)

Since, for each order of the Lovelock tensor, each current
and each charge are conserved, linear combinations of these
quantities should be conserved. Hence, according to the
field equations, they can reproduce the generalized Misner-
Sharp quasilocal mass in Lovelock gravity, which has been
proposed in Refs. [18,19].

We note that, when the (D — 2)-dimensional subspace is
described by Einstein spaces as well as maximally sym-
metric spaces, the Misner-Sharp quasilocal mass was
provided in Ref. [20]. In that case, the quasilocal mass
contains the Weyl curvature of the (D — 2)-dimensional
Einstein space. [More generally, it comprises the sum of
every order of Lovelock terms for the (D — 2)-dimensional
subspace, as shown in Appendix A.]
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IV. DISCUSSION

In this paper, we have shown that the associated vector of
a conformal Killing-Yano 2-form is the origin of the
Kodama vector. In spacetimes admitting a CKY 2-form,
each order of the Lovelock tensors as well as the Einstein
tensor contracted with the Kodama vector yields a locally
conserved current. This fact results from purely geometrical
properties of CKY forms without the field equations in
gravitational theories. Physical interpretations of the con-
served current such as an energy current should be provided
through the field equations. The Kodama vectors that
have been known in the literature arise from closed
CKY 2-forms. This means that in order to obtain character-
istic properties of the Kodama vectors only weaker con-
ditions need to be imposed on spacetimes because closed
CKY 2-forms are contained within CKY 2-forms. We
expect that various arguments based on the Kodama vector
can be extended to spacetimes admitting CKY 2-forms as
well as closed ones. Unfortunately, little is known about
general ansatz of nontrivial spacetimes admitting a CKY
2-form such that its associated vector is not Killing vector.
If a spacetime admits a CCKY 2-form, we can obtain the
spacetime admitting the CKY 2-form by conformal trans-
formation. Thus, it turns out that conformally warped-
product spacetimes have the Kodama vectors.

For each order of the Lovelock tensor, including the
Einstein tensor and metric tensor (i.e., cosmological con-
stant term), each current provided by the Kodama vector
can be individually conserved. This means there are
individual, conserved charges associated with each current.
It is expected that in terms of these charges we can obtain
thermodynamic relations such as the Smarr formula and the
first law [19,32]. In particular, this nature may play a
significant role in extracting the contribution of a cosmo-
logical constant from a definition of energy [25,33].

The conserved currents associated with Killing vectors
and Kodama vectors have a similar structure [28,29] built

s 11 . (n) cd p— Cdal"'”z;:
from the following quantities: PV ¢ = 5abb1'“bzn X
Rya,"17 Ry, 4 P17, which are crucial to the

Euler-Lagrange equations in Lovelock gravity [27,34,35].
Because a Killing vector £ is divergence-free, we obtain a
2-form potential w,;, such that & = V0. A part of a

Komar-type potential is given by Pirll,)cda)"d. On the other
hand, a Kodama vector is provided by a CKY 2-form 4, as
K*=-V,h®*/(D—1) and the potential is given by
Pgr;)cdh“i . It is fascinating to explore the relation between
these conserved currents.

A primitive proof of Birkhoff’s theorem based on the
CKY 2-form can apply to only vacuum with a cosmological
constant not but electrovac spacetimes, because it relies on
the fact that the spacetime is described by the Einstein
metric. However, the condition that the spacetime is
described by the Einstein metric is only a sufficient
condition for the Kodama vector to be a Killing vector.

The fact that Birkhoff’s theorem holds for a wider class of
spacetimes even in Lovelock gravity [36-38] implies the
proof can be improved. For example, extending the argu-
ment to generalized CKYs or CCKYs with torsion [39,40]
may be interesting.
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APPENDIX A: CURVATURE TENSORS ON
WARPED-PRODUCT SPACETIMES

In this Appendix, we summarize useful relations in terms
of the curvature tensor on the D-dimensional warped-
product spacetimes, B x, F, described by the metric (15).

The nonvanishing components of the Riemann tensor are
given by

Rm/a/i = (Y)R}/ﬂ[aY/}]w
RMII./J = —a)”rvﬂvyr,

Ryykr = r*[“'Ryyxr + 2KK oyxop)], (A1)
where (®JR;,x; denotes the Riemann tensor with respect to
the metric w;; on the fiber F, and ()R and v,, denote,
respectively, the Ricci scalar and the covariant derivative
with respect to the metric y,, on the base B.

The nonvanishing components of the Ricci tensor are

)R D-2_- -
R/ﬂ/ g T]/My - Tvﬂvbl",
Ry =Ry +[(D—-3)KK, — rvﬂvur]wlﬁ (A2)
and the Ricci scalar is
2(D-2)= =
R=W0R— !Vﬂvﬂr
r
1
+ [(wm +(D-2)(D - 3)K“Ka} . (A3)
,

The contraction of n powers of the Riemann tensor with
the generalized Kronecker 6 on (D — 2)-space is given by

UReH JiJy oo Jon-1J2
5-]1“'-]an1112 Ly,

1
_ 511 Iy, [(w)Rlllzlllz + KaKa5§111122i| .

- ﬁ Jl'“‘]2n

2 I (D=2—2n+2I)! )
_ﬁ;ncl (D—2—2n)‘ (KaKa) Ra) ’ (A4)
where
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'R,((f) _iall Lo (o) p

2K Oyl a2 ORy g T (AS)
Note that we have used
O io 01 SR,
Up—-2-— !
- (D(D = 2 : ';;S !21)' S (2. (A6)

If w;; on the fiber F is a (D — 2)-dimensional Einstein
metric, i.e, “R,; = k(D — 3)w,,, then we have (“R, Kl =
@w,, KL + k5KF, where (W, is the Weyl tensor with
respect to w;;. Equation (A4) reduces to

5?1 122n R, 11 RS 'sznfllznjzniljzn
on Kz (D—2—2I’l+2l)' (n—1)
= k+ KK W ,
(A7)

where W((,f() has been obtained by replacing the Riemann
tensor (“)R,, XL with the Weyl tensor (“)W, ;XL in Eq. (A5).

APPENDIX B: FORMULAS
FOR CURVATURE POLYNOMIALS

In this appendix, we summarize basic properties of
curvature polynomials in D dimensions (see, for example,
Refs. [27,34,35]).

The nth order Lovelock scalar and Lovelock-Ricci
tensor, which are respectively analogous to the Ricci scalar
and the Ricci tensor for n = 1, are

1
(n) — Ay dy Ay, b\by . .. bay_1byy
R 2;1 byby---by, taras e Razn—lazn e, <B1)
n
(n)a — = sa1axdy, ab bay_1boy
R, = on Cbbyerby, taia; : Aypyay, <B2)

The nth order Lovelock tensor, which is the analog of the
Einstein tensor, is given by

ada ay--d, biby . ..

i R boy-1b2y
2n+1 bbby---by, " taa;

Ap—1d2n

G(n)ab = _
= RO, — SR, (B3)

where the last equality is easily verified by using the
following formula:

i don
Dby -beby,

a 01112 “Aan

ad ay-dy,
5 950, \byeeeby,

bbyby---by

Zghk

An nth order rank-4 tensor that consists of n powers of
the Riemann tensor is given by

(B4)

P(")abfd = §flaaaup bbby R bap-1bay

abbyby--b,, taas (BS)

Aop—102p
Its indices have the same properties as those of the Riemann
tensor,

P(n)abcd = _P(n)bacd = _,Pw)abdc’

7D(n)abcd = P(n)cdabv P(n) labcld = 0, (B6)

and, in addition, it is divergence-free for each index,
vepn)

abcd — 0. (B7)

This tensor has various useful properties as follows. The
contraction yields

fP(n)aCbc _ _2n+l (D —2n — 1>G(")ab (BS)

Furthermore, we have

1 . n - acae
ROD = PO RV, RNy = 2Pl R,

(B9)
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