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We show that when the Wald-Zoupas prescription is implemented, the resulting charges realize the
Bondi-Van der Burg-Metzner-Sachs (BMS) symmetry algebra without any 2-cocycle nor central
extension, at any cut of future null infinity. We refine the covariance prescription for application to the
charge aspects, and introduce a new aspect for Geroch’s supermomentum with better covariance properties.
For the extended BMS symmetry with singular conformal Killing vectors we find that a Wald-Zoupas
symplectic potential exists, if one is willing to modify the symplectic structure by a corner term. The
resulting algebra of Noether currents between two arbitrary cuts is centerless. The charge algebra at a given
cut has a residual field-dependent 2-cocycle, but time-independent and nonradiative. More precisely,
superrotation fluxes act covariantly, but superrotation charges act covariantly only on global translations.
The take home message is that in any situation where 2-cocycles appears in the literature, covariance has
likely been lost in the charge prescription, and that the criterium of covariance is a powerful one to reduce
ambiguities in the charges, and can be used also for ambiguities in the charge aspects.
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I. INTRODUCTION

Boundaries play an important role in general relativity,
turning part of the diffeomorphism gauge redundancy into
a physically relevant symmetry. This is particularly useful
for the physics of gravitational waves, to extract observ-
ables from the full theory that can be compared with the
experiments. The boundary in this context is future null
infinity 7, and the symmetry described by the Bondi-van
der Burg-Metzner-Sachs (BMS) group. A unique set of
charges and fluxes for this symmetry were identified a
long time ago [1-3], but only much later they were given
an interpretation in terms of Noether charges and canoni-
cal generators for a spacelike hypersurface intersecting
T [4-6], see also [7-13].

A correct definition of charges should include a reali-
zation of the symmetry algebra in terms of a phase space
bracket. For the BMS charges, this property was estab-
lished in [7], but only for special asymptotic frames
corresponding to round spheres, also known as Bondi
frames. For arbitrary frames, a field-dependent 2-cocyle
appears. This is an undesired limitation, because these
frames are physically undistinguishable from the Bondi
frames, and there is nothing in the fall-off condition nor in
the universal structure that prefers round spheres to other
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frames. In this paper we show how this issue is resolved.
Following carefully the Wald-Zoupas prescription one
finds charges that coincide with those of [7] for round
spheres, but have an extra term on general frames [12,13].
This extra term guarantees that the key Wald-Zoupas
requirements of stationarity and covariance are satisfied
on arbitrary frames, and only with this extra term one
matches the charges of [1-3]. Including this extra term
removes the 2-cocycle in every asymptotic frame, and the
explicit calculation as well as a general argument show that
there is no residual central extension either.

We also take this opportunity to refine the Wald-Zoupas
covariance prescription, and show that it can be used to
discuss covariance of the charge aspects, and not only the
charges as surface integrals. In particular, we propose a new
supermomentum aspect alternative to Geroch’s, which
gives the same charges and conservation laws when
integrated on cross sections, but different transformation
properties when not integrated. Specifically, it is exactly
background-independent, as opposed to up to an exact
2-form. The analysis is based on the results of [14] on the
relation between Wald-Zoupas covariance and symmetry
algebras, of which this paper provides a longer and more
detailed version including field-dependent diffeomor-
phisms and nontrivial corner terms, and which can be
applied to any analysis of boundary symmetries.

We also show that having the Barnich-Troessaert bracket
realize the algebra without 2-cocycle means in a precise
sense background-independence of the charges. This pro-
vides a notion of covariance that is simple to implement
also in radiative spacetimes. In this interpretation and in
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much of the analysis a central role is played by the anomaly
operator [13,15-17], which we advertise as a very con-
venient tool to investigate background-independence and
covariance in any situation.

En route to these results, we clarify a number of issues
relating the covariant description of radiation at Z, and the
Bondi coordinates language. Among them, the relation
between the “connection coordinate” of [18] and the
“covariant shear” of [11]. This includes the relation
between the Ashtekar-Streubel phase space [2] and the
supertranslation field [11] (also known as supertranslation
Goldstone mode). We point out that the latter can be
endowed with the interpretation of a “bad cut,” and can be
used to enrich the radiative phase space using it as a
coordinate for the late time stationary boundary conditions.
We review old results explaining why the news tensor is in
general more complicated than the time derivative of the
shear, and why restricting to round spheres is possible but
not always convenient. We clarify the origin of the
complicated transformation laws for the shear, mass and
angular momentum in Bondi coordinates by relating them
to the choice of a Lie dragged auxiliary vector, to Geroch’s
supermomentum, and to the total divergences on the cross
sections that arise when “integrating the fluxes” to obtain
the charges. These transformation rules are apparently
sometimes misunderstood in the literature, prompting a
discussion of “covariant” modifications. We explain that
there is nothing noncovariant about the transformation
rules, and the inhomogeneous terms that appear should
not be removed but are crucial to ensure that the charges
realize the algebra covariantly and without cocycles.

We then turn attention to an extension of the BMS
symmetry to nonglobally defined conformal Killing vectors
that was also considered in [7]. This extended BMS
symmetry (henceforth e BMS) was proposed in [19,20] Its
additional symmetries are often referred to “‘superrotations,”
and plays an important role in infrared problems [21], flat
holography [22], and celestial holography [23]. The sit-
uation for the eBMS charge algebra found in [7] is much
worse, with the 2-cocycle being nonzero and field-
dependent on every frame. For example the algebra of
superrotations charges evaluated on the Kerr solution has a
2-cocycle function of the angular momentum. We identify
the problem in the fact that the generalization of Geroch’s
tensor to the e BMS symmetry transforms inhomogeneously.
Remarkably, we find that it is possible to remove this
2-cocycle also for eBMS, under the same assumptions of
[7] that the transformations preserve the background asymp-
totic metric and that one can integrate by parts on the cross-
sections neglecting boundary terms. The key mechanism is
the following: the “offending” field-dependent term in the
2-cocycle contains a triple derivative of a symmetry param-
eter that fails to vanish in two distinct situations: if the frame
is not a round sphere, or if one allows nonglobally defined
vector fields. In the first case, covariance is restored by

Geroch’s tensor. In the latter, one needs a generalization of
Geroch’s tensor that was not long ago identitified in the stress-
energy tensor of a conformal field theory [10,20,24-27].

This is not the end of story however. The generalized
Geroch tensor is enough to remove the 2-cocycle in the
charges and flux algebras, but this is a manifestation of
linearized covariance only, and finite covariance is still
broken. This is because covariance of the symplectic
potential is now satisfied only up to a total divergence on
the cross sections, as opposed to exactly. This leads to a
breaking of finite covariance because the anomaly operator
does not commute with derivatives on the cross sections. We
then show that by including the supertranslation field
of [11] it is possible to find a Wald-Zoupas symplectic
potential for eBMS, at the price of modifying the symplectic
2-form by a corner term. Our proposal is consistent with
expression for the total flux proposed in [25,28], and
generalizes it by providing a local expression for it valid
on any region of Z and not only on the whole of Z. In spite of
this remarkable situation, only the Noether current algebra is
covariant. The algebra of eBMS charges we identify still has
a residual 2-cocyle, which is however time-independent. In
particular, it contains only the supertranslation field and
generalized Geroch tensor, and no longer the shear.

We use mostly plus spacetime signature. We denote
future null infinity by Z. Greek letters are spacetime
indices, lower case latin letters a,b,... are Z indices,
and upper case latin letters A, B, ... are indices for 2d
cross sections of Z. In all cases, (,) denotes symmetriza-
tion, (,) trace-free symmetrization, and [,] antisymmetri-
zation. An arrow under a p-form means pull-back, = means

on-shell of the field equations, and Z means an equality
valid at 7 only. For the phase space, we use conventions
@ =dp Adq and {q,p} =1, and define the canonical
generator via action of the vector field on the second slot,
namely —/;@ = dF = {-,F}, so to have p = d,. With
these conventions a Lie symmetry in a standard conservative
system is realized as

11,Q = {va Q;r} =0,0: = Qley-

II. RADIATION AT 7

In this section we review some facts about the descrip-
tion of gravitational radiation at Z that would be important
in the following. There are excellent reviews in the
literature (e.g., [12,29]), however we believe that some
of the properties that we will use may not be well
appreciated, can be scattered across the literature and be
hard to find. We refer in particular to: the nontrivial relation
between the news and the time derivative of the shear, why
the Geroch tensor is relevant to compute fluxes between
arbitrary cross sections even if one starts from a round
sphere frame, the identification between the connection
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coordinate of [18] (called “relative shear” in [30]) and the
“covariant shear” of [11], and why care is needed when
studying the behavior of the shear under conformal
transformations.

We present our results first in covariant language, and
then specialized to the asymptotic expansion in Bondi
coordinates. We hope in this way to be able to communicate
to both communities familiar with each language. We also
use of the Newman-Penrose (NP) formalism, for which we
choose the conventions of [31] where all spin coefficients
have opposite signs in order to make up for the mostly plus
signature and preserve the NP equations.

The covariant language is based on Penrose’s conformal
completion, whereby Z is defined as the boundary Q = 0 of
the auxiliary manifold with conformal (or “unphysical’)
metric g, = ngﬂy. See Refs. [1,29] for details. While the
conformal factor can be chosen arbitrarily, it is very
convenient to restrict it so that Z becomes a nonexpanding
horizon in the conformal spacetime. This can be done

. .. e 7
looking at the normal n,, := 9,Q and requiring V,n, = 0.
Since by the conformal Einstein’s equation this condition is

equivalent to @ﬂn" z 0, where n* = #"¥9,Q is the tangent
null vector field at Z, this choice of conformal frames is
referred to as divergence-free. It will be assumed in the rest
of the paper, together with completeness of 7 and its
topology R x S, where the cross sections S (also known as
“cuts”) are 2-spheres. Picking a divergence-free conformal
compactification has the consequence that n is an affine
geodetic vector at Z, that n? := §*n,n, = O(Q?), and that
7 is a nonexpanding horizon." It follows that the pull-back
of the conformal spacetime connection defines a unique 3d

connection, D, := @a. This connection defines the radia-
tive phase space at 7 [2,18,29].2 It also follows that the
induced metric ¢, = g, is time-independent, £,q,, = 0,
a condition often referred to as “Bondi condition,” and
numerous manipulations simplify significantly. Since this
restriction can be done without loss of generality, all
asymptotically flat solutions in Penrose’s sense’ share
the same universal structure given by

(Qab’na)N(wZQab7w_lna>’ qabnb:O7 £na):O' (21)
In other words, there exists a coordinate system in which
every solution induces the same metric and normal vector
up to a time-independent conformal transformation.
It means that all asymptotic diffeomorphisms that preserve

'More precisely, a nonexpanding horizon endowed with a
canonical extremal weakly isolated horizon structure [32].

More precisely, the radiative phase space is defined by an
equivalence class of connections that removes the dependence on
conformal rescalings of the type Q' = (1 4+ Qu)Q which change
the connection but not the background structure (g, n%).

And also in the weaker sense in which peeling violations in
y, are allowed for [ > 1 [33].

this universal structure are symmetries, in the same way as
isometries of the background metric are symmetries for
physics in Minkowski spacetime. These are the vector
fields & such that

£y = 2000y, £en® = —aent. (22)
The Egs. (2.2) can also be understood as the requirement
that the unphysical metric and normal to Z are left invariant
by the combined action of a diffeomorphism plus a
conformal transformation with infinitesimal conformal
factor 1 — a;. The resulting symmetry group is the infin-
ite-dimensional BMS group SL(2,C) X RS of Lorentz
transformations and supertranslations. The difference is
that supertranslations can be uniquely identified, as £ = fn
with £, f = 0, whereas to identify a Lorentz transformation
we need to choose a cross section of Z, since there is no
unique projector “orthogonal” to n. This step is analogue to
choosing an origin in Minkowski space in order to extract a
Lorentz subgroup from the Poincaré group, but with the
added difficulty that there is a supertranslations’ worth of
cuts to choose from, as opposed to a translations’ worth
only. The presence of an infinite number of equivalent
Poincaré subgroups of the BMS group can be made explicit

if we pick coordinates (u, x*) on Z such that n L d,,, we can
parametrize the solutions to (2.2) as & = f0, + Y40,, with
f=T+4D,Y*, where T = T(x*) and Y4 = Y*4(x®) are
the symmetry parameters corresponding respectively to
supertranslations and conformal Killing vectors (CKV) of
the cross sections, whose covariant derivative is D,, and
which span the (double cover of the proper orthocronous)
Lorentz group SL(2,C). However while T is uniquely
defined, Y* refer explicitly to the leaves of the u-foliation.
We also recall that the group of supertranslations contains a
subgroup of global translations which is also uniquely
defined, however its orthogonal complement is not,
because there is no natural metric in this space. Hence
the notion of a “pure supertranslation,” namely a super-
translation without any global translation component,
is also not unique but foliation and frame dependent.
Supertranslations and rotations of any Lorentz subgroup
preserve the conformal frame, whereas boosts change it.
Translations and rotations preserve any given foliation,
whereas supertranslations and boosts do not.

It is common in the literature to further restrict the
conformal freedom and choose w so that the induced metric
on cross sections is a unit round sphere. These special
conformal completions are called Bondi frames (not to be
confused with the Bondi condition above). This can always
be done and would not change the symmetry group nor the
physics in any way, but it may not be very convenient in
practice, because checking conformal invariance of the
physical expressions becomes more complicated: one
cannot do arbitrary conformal transformations but has to
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take into account the nontrivial functional dependence that
conformal transformations relating round spheres must
have (namely, correspond to Lorentz boosts on the celestial
sphere).

While the symmetry group is defined uniquely in terms
of the available intrinsic structure at Z, the covariant phase
space requires an embedding of Z in the conformal
spacetime. It is always possible to choose coordinates

(u,Q, x*) of the embedding so that n £ J,. Thanks to the
Bondi conditions, these coordinates are affine, in the sense
that u is an affine parameter for the null geodesics, and x4
are Lie dragged by n. This means that the whole metric at Z
is universal, and not just its pull-back:

09, = 0. (2.3)
As a consequence, the first-order extension of the sym-
metry vector fields is fixed, and the arbitrariness of their
bulk extension starts at O(Q?) [12].

In the covariant description, the radiative content of the
gravitational field is encoded in :S’ab, the pull-back to Z of
the unphysical Schouten tensor S - However, this tensor
depends on the conformal completion chosen: changing it
via Q — wQ does not affect the physics but changes S’a,,.
To extract the information on the physical radiation one has
to get rid of this dependence. The problem was solved by
Geroch [1], who found that there exists a unique kinemati-
cal tensor p,, whose behavior under conformal trans-
formations matches exactly the one of the pull-back S’ab.
The fact that it is unique and kinematical means that it can
be subtracted off S, without affecting the physical content.
The resulting quantity is the news tensor

Nab = S‘ab ~ Pab- (24)
It is conformally invariant, traceless, and describes the
gravitational radiation in an unambiguous way.

Geroch’s tensor is defined on Z by four conditions,
pabnb =0, qabpab =R.

Plav) =0, Dipp). =0,

(2.5)

Any tensor like p,, whose contraction with n? gives zero
(the second condition) is called “transverse,” or “horizon-
tal.” In the last equation, R is the 2d Ricci scalar, and the
fact that p,, is transverse means that one can use any
“inverse” in the equivalence class g** ~ g“* 4+ n*X”. These
equations imply

1
Dbpuh = aaR’ Dbﬂ(ab) = EauR (26)
Furthermore £,p,;, = 0 from the Bondi condition. From the
behavior of R under conformal transformations (2.1), it

follows that

Py = Pap — 207 'D,Dyw + 402D 0D @

— w0 %g,,D‘wD o. (2.7)
We will denote p' —p = A,p, whose linearization for
wo=1+Wis

Awpay = —2D,D,W + O(W?). (2.8)

This conformal transformation matches precisely the one of
S, hence (2.4) is conformally invariant. To prove that a
solution to (2.5) exists, it is enough to choose a Bondi

frame, which we denote by g45 = gap With R = R =2,
because then

o

Pab = 72](117

: (2.9)

is manifestly a solution. To prove that is unique is a bit
more elaborate, and crucially relies on the spherical top-
ology of the cross sections [1]. Once this is established, the
solution in an arbitrary frame is obtained from (2.7). Since
Pap 18 uniquely determined by the background metric ¢,
and the latter is universal, it is also universal. This may look
surprising at first, because BMS boosts induce a conformal
transformation of the frame, and p,, is not conformally
invariant. However, the same uniqueness arguments based
on the topology of the sphere lead to [1]

£§pub = —ZDHDha;:. (210)
The key point is that this coincides with a linearized
conformal transformation (2.8) with a; = W. Hence com-
bining (2.10) with (2.8) so to keep ¢, invariant as by
definition of the BMS symmetry group, p,, remains also
invariant. In other words 6:p,;, = 0, consistently with being
universal.

Geroch’s tensor plays a crucial role in turning many
frame-dependent statements into conformally invariant
ones. For instance, supertranslations contain a unique
subgroup of global translations, which on a Bondi frame
can be identified as the [ = 0, 1 modes of 7', namely as the
solutions to D, DT = 0. This equation is however not
conformally invariant, and it is only valid on Bondi frames.
In arbitrary frames, it is replaced by

1
<D(an> =+ E[)<ab>> T = O (211)

Its conformal invariance can easily be checked using (2.7)
and the fact that 7" has conformal weight 1.

In the literature the news is often presented in terms of
(the time variation of) an asymptotic shear, in order to give
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it a more intuitive geometric meaning. This relation
however requires introducing additional structure, because
while the news is a unique covariant tensor, an asymptotic
shear refers to a foliation of Z. In Bondi coordinates there is
a natural foliation given by the level sets of the coordinate
u, and we will come back to it. An alternative way to talk
about shear without fixing a specific foliation is to

introduce an auxiliary null vector / such that /- n L
(also known as “rigging” vector). We require [ to be
hypersurface orthogonal on Z, so that it is equivalent to
a choice of foliation. It then defines a projector on the
spacelike cross sections (“cuts”) of Z, which we denote
Yuw = G + 20,1, = 2m,m,). Notice that y,;, = ¢q,, and
that y* = 0 =y hence y** has the same content as y*?,
and provides a choice of “inverse” for the induced metric
that annihilates the auxiliary null form /. The shear and
expansion of this arbitrary foliation associated with [/ are

0:=yV,l,.  (2.12)

le = YZJ/Z) V/)la’

They are related to (the pull-back of) the gradient of / by

A 0
Dl =y5yiV 1y — 1,1, = 64 + 5dab gy, (2.13)
where
7, =£,1,, ten=1-1=0. (2.14)

The time-dependence of the connection can be computed
using the fact that the conformal metric’s Weyl tensor
vanishes at 7, giving

N 1. 1
(£, Do)l = Rypopn”1° = §Sab = E(Nab +pap). (2.15)

Then using the relation between the Schouten tensor and
the normal n provided by the Einstein’s equation, one can
prove that

Nap=2£,045 = 2(D (4 +7(0)Tp) = 2 (EnTp) = Plan), (2.16)

which is the general relation between the news and
the shear.

The general formula (2.16) is not very common in the
literature, because p ;) and 7, can be set to zero choosing
specific background structures, without affecting the phys-
ics nor the symmetries. It is however instructive to
appreciate the role of the various extra terms, as well as
the logic that goes behind the specific restrictions one may
choose. The key point is that the shear depends on two
background structures: the conformal factor, and the choice
of [. The freedom to change [/ is an internal Lorentz
transformation belonging to n’s little group, which we’ll
refer to as class-1I following [34]:

|—l+am+am+la*n, m—-m+an, seC. (2.17)
This is a 2-real-parameter family a priori, but we restrict it
requiring / to remain hypersurface orthogonal. Changing /
within this class we change the foliation to which o,
makes reference, so the first term in (2.16) is not class-II
invariant. But the 7z, terms in (2.16) are also not invariant
under (2.17), and their transformation compensates the
transformation of ¢, so that the whole expression is class-
IT invariant. Concerning the conformal factor, under (2.1)
we have [ — wl, so £,0,, 1is invariant. However
7, > 7, + 9, Inw, hence the 7z, terms are not invariant:
their transformation compensates the transformation of
P(ab) 80 that the whole expression is conformally invariant.

Having clarified this, let us see what happens when these
background terms are simplified. As mentioned above, one
could limit the conformal frames to be round spheres only,
namely “Bondi frames.” Then p,;,, = 0, as (2.9) shows. In
other words, if we restrict the conformal transformations to
those that preserves round spheres, §<ah> is conformally
invariant, and Geroch’s tensor is only needed to remove
the trace part. Alternatively, one could choose to work
with Lie-dragged auxiliary vectors only, then 7, = 0. To

see what this means, let us fix coordinates so that n L a,.
Then the class of hypersurface-orthogonal auxiliary vectors
Lie-dragged by this n describes all foliations that differ
from the level sets of u# by a supertranslation only. With this
choice, (2.16) reduces to [3]

Na, = 2£naab = Plab)> (218)
or in terms of NP scalars, N = —& —%b, where o :=
—mmbs,, and b := m“mPp,, is the inscrutable notation
used in [3] for the spin-2 weighted projection of Geroch’s
tensor.” To check conformal invariance of this expression,
one has to be careful, because transforming / — @/ does not
preserve 7, = 0. The solution is to add a a class-II trans-
formation with a = —w™'£,,i1, where it = ou:

1
[ - I' = wl— o iidx* + 2—6Ait6AEm. (2.19)
w

This rule for the conformal transformation preserves

7, = 0. Using it in the shear, we get

Oap = Oy = @06y, — U(D(;Dpyo — 20D, In 0Dy In ).
(2.20)

The inhomogeneous terms can be recognized as

%uwAwp<ab>, hence Geroch’s tensor in (2.18) makes the

expression conformally invariant in the subset of Lie-
dragged [I’s. Finally if one chooses both Bondi frames

*Possibly b for Bob?
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and Lie dragged [, then N, = 2£,06,,,, or in terms of NP
scalars, N = —5. Conformal invariance of this expression
requires one to transform / homogeneously, hence a non-
trivial 7, must be included if the conformal factor does not
preserve round spheres. This is for instance the set up used
in the review [12]. We prefer to use a set up in which we fix
7, =0, because it provides a simplification of many
formulas that can be done without any loss of generality,
at the small price that the news is given by (2.18) and not
just the time derivative of the shear. It is furthermore the set
up that arises naturally when working in Bondi coordinates,
as we will review in the next section.

As discussed above, restricting to 7, = 0 means con-
sidering only shears adapted to foliations related by a
supertranslation, on a fixed conformal frame. This has an
important consequence for the flux-balance laws, because
some of the charge aspects depend on the shear, and thus
require a choice of cross section in order to be defined. If
the initial and final cross section considered belong to the
same u foliation, then we can use the same Lie-dragged [ to
describe them. But if they do not, namely they differ by a
supertranslation, then the foliation linking them is
described by a non-Lie dragged /. This problem can be
dealt with in two different ways. The first is to stick with the
non-Lie dragged [, and explicitly map the symmetry
parameters and charge aspects of the final cross section
to those of the initial cross section, which can be done using
a BMS transformations. This is for example what is done
in [9,35]. But there is a more elegant alternative, which is
due to Dray [36]: One can change frame so that the two
cross sections belong now to the same u foliation. With this
trick, the symmetry parameters and charge aspects are the
same on both cross sections, but one is in general no longer
working on a round sphere. See Appendix A 1 for details.
In summary, we have seen two convenient reasons to not
limit the conformal compactifications to be only round
spheres: first, checking conformal invariance is simpler;
second, it is possible to write the flux between two arbitrary
cross sections using charges described by a Lie dragged /.

The transformation (2.19) can be easily generalized to
include an arbitrary supertranslation of the foliation that / is
orthogonal to. This is done replacing it = wu with

i=owu+T), (2.21)
where T(x%) is the supertranslation. The ensuing trans-
formation of the shear is

Oap = Oy = w0, — (u+T)(D(Dyyo

- 20)D<a In O)Db> In a)) - a)D<an> T. (222)

The same transformation rule is also studied in [10], using
the Newman-Penrose formalism. For later purposes, we
note here the linearization of (2.22), withw =1+ Wand T
assumed small and same order of W,

Oy = Oap + W6y = D oDy (T + uW). (2.23)

The formulas (2.13) and (2.15) make it clear that the

connection D, = @a describes both the news and the shear.
To elaborate further on this relation, one can use the
auxiliary rigging vector to define a Newman-Penrose basis
at Z (and there only, we do not require the vectors (1, n) to
be null everywhere). Taking [ hypersurface-orthogonal
implies that the spin coefficient p is real, the Bondi
condition implies that the real part of the spin coefficient
y vanishes and that the spin coefficient z describes the non-
Lie dragging 7,. All the NP quantities refer to the
conformal metric, but to simplify the notation we do not
mark them with hats, and furthermore we will remove the
traditional ° that stands for leading order terms at Z, with
the understanding that all NP symbols used here refer to the
leading order asymptotic quantities. In the Newman-
Penrose basis

1 .
l//3:—ﬁ’lanNab:6N, 1/14:—(_7:N

5 (2.24)

Here N = jm“m’N,, is the spin-weighted projection of
the news tensor, and 0 (“eth”) is the 2d covariant derivative
on spin-weighted NP scalars. It appears because N,,n’ = 0
hence the divergence effectively reduces to a 2d covariant
derivative on the cross sections. “d-calculus” is very
convenient for many manipulations, but can be freely
traded for a tensorial notation via

d(m i’y ) = mm"m Dy gy, (2.25)
where the 2d covariant derivative is
Doy =157iDyq= (Do + 1L Wy, wen*=0. (2.26)

This equation also shows that the 3d derivative D, acts
universally on transverse (or “horizontal”) fields, namely in
a way independent of the radiation. The two derivatives
coincide on time-independent fields, as well as when pull-
backs on cross sections are involved. This is what happens
in the first equality of (2.24), where the divergence is taken
with respect to y**.” Since there is no constant tensor on
T, (2.24) do not have zero modes and we conclude that the
news tensor is equivalent to knowing w3 and .
Concerning the shear, its two components can be split
into an “electric” and a “magnetic” part, with the latter

Sy o . . . .
This is only true for first derivatives, for instance for second
derivatives we have

D,Dyf =D.Dypf + (Dalb + 21((1Db) + lalb£n)£nf
and

DanO'ab = DanO'ab + O'abé'ab.
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supertranslation invariant. The magnetic part is related to
the news and Im(y,) via [37]

Im(y,) 2 Im(8%6 — 66) = Im < <62 + g) o+ aN)

1 1 1
== Zeab ((Dapc + Epac) Gcb + ENaCUCb> s

(2.27)

where in the second equality we used (2.18), and in the third
equality ¢®” := —2imlm"). It is customary to strengthen the
nonradiative conditions requiring Im(y,) =0 on top of
N=0f implying

eb <D4DC + %pm) ¢, =0, (2.28)

namely a “purely electric” shear. The connections associated
with nonradiative spacetimes are called vacuum solutions in
the radiative phase space. We conclude that in any given
conformal frame, the (equivalence class of the) connection
determines the news and the shear, or equivalently
Im(y»), w3, w4 and the electric part of the shear, and that
a vacuum connection depends only on the electric part of
the shear.

It is useful to make this dependence more explicit. If we

specialize (2.15) to a vacuum connection D we find
[£,, Dy)ly 2 L pgy, and since £,p,, = 0, we conclude that
for a Lie-dragged 1,

o . 1

Dialy) = Gap = 5 Up(ap) = Cab- (2.29)
To determine the time-independent field c,,, we impose
the vacuum condition (2.28). The differential operator
annihilates Geroch’s tensor (it is “purely electric”), and
the general solution is

1
Cap = <D<uDh> +§P<ab>> ug,  £,u9 =0, (2.30)

or m*mbcy, = (8% + 1 b)uy in NP language. This is the
same operator that appears in (2.11), since T is time
independent. It has a four-dimensional kernel, given on
round spheres by the / = 0, 1 spherical harmonics. Since
¢, 18 entirely determined by a free function on the sphere,
it can be always set to zero with a supertranslations. Once it
is set to zero, it remains so for the 4-parameter family of
zero modes, namely the global translations. This is the
4-parameter family of shear-free cross sections, namely
the famous “good cuts.” The solution (2.29) with c,;, given

®Nonradiative spacetimes so defined possess a unique pre-
ferred Poincaré subgroup of the BMS group [38].

by (2.30) determines any vacuum shear as a function of a
choice of origin in the radiative phase space, namely ¢ = 0
for the chosen [, and a choice of “bad cut” uy = uy(x*).

More in general, the split into electric and magnetic parts
of an arbitrary shear can be parametrized in terms of two
time-dependent functions @ and ¥ of conformal weight 1,
via

o u 1
Oab =5 Plab) = (D(an) + §P<ab>>‘1)

+ew” <Db>DC + ;pbﬂ') Y. (2.31)
This formula reduces to the standard Helmholtz decom-
position on round spheres (but which is not conformally
invariant, hence the need of Geroch’s tensor in the general
formula). For vanishing news the functions are time-
independent. Then the purely electric part @ is the one
that can be set to zero with a supertranslation, and the
purely-magnetic one W is set to zero adding Im(y,) = 0 to
the definition of nonradiative.

Given a general connection and a vacuum connection
parametrized by u,, we define the relative shear

Sab = (D<a - b(a)lb> = Oap — &ah

u 1
= Oab = 5Pab T <D<an> + Ep(ab)) up.  (2.32)
Applying (2.22) we see that it is invariant under super-
translations, and it transforms homogeneously with weight
1 under conformal transformations. Namely

Sab g S;b = G)Sab. (233)

The relative shear provides a potential for the news, since

Nab - 2£n8ab' (234)
The quantity S, is precisely the covariant shear of [11],
there obtained from a gBMS coordinate transformation of
Minkowski in Cartesian coordinates, here derived in a
coordinate independent way from the connection descrip-
tion of Z [18]. It is closely related to the connection
coordinate of [18] (denoted relative shear in [30]), where
however 6 is taken as a choice of origin fixed once and for
all, as opposed to a variable choice of vacuum.

The relative shear is convenient to encode temporal
boundary conditions on the radiation. We require statio-
narity in the far future, which we impose asking that the
connection goes to a vacuum state

1
limIm(y,)=—, &e>0. (2.35)

’
u&‘

limN,,=——
U—o0 ab l,{1+8’ U—o0
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If we now pick a specific vacuum state &, and we use it in
the definition of the relative shear, we can rewrite the
boundary conditions as
limS,, = 0. (2.36)
u—0oo
In other words, the relative shear refines the description of
the radiative phase space parametrizing the shear into a
term S, that vanishes in the far future plus the corner
datum u,, which represents all possible late times vacuum
boundary conditions. In this way, the variations &u
(equivalently 66) parametrize the directions corresponding
to the different boundary conditions. The importance of this

decomposition, and of treating u, as a dynamical quantity,
was first pointed out in [39].

A. Bondi asymptotic expansion and anomalies

Let us now specialize the above covariant formulas to the
Bondi expansion. One advantage of it is that it makes
computing the action of the BMS transformations on the
asymptotic fields completely straightforward. We denote
the Bondi coordinates (u, r, x*) with r the area radius, and
assume standard BMS fall-off conditions. We then have

R 2M
=——+"—40(r?),
Ju==5+=—=+0(r7)
28 B 1
gu,:—1—7+0(7’ 3. [}::—3—2CABCAB, (2.37a)

2 1
Gua = —Uy +§ (JA + 0up _ECABUB> +0(r ),

1

UA = —EDBCAB, (237b)

dap — I"quB + rCAB + 0(1) (2370)

We take Q = 1/r as conformal factor, then the only
nonvanishing components of the unphysical metric g,, =
Q?g,, at T are jg, = 1 and jap = gap, namely

Gudxtdx’ £2dudQ + qupdxdx®.  (2.38)
The background 2d metric g,z is universal, 6g,5 = 0, we

denote D, its covariant derivative, and R p = %q AR its
Ricci tensor. The coordinates (u, x*) on Z define a foliation

associated with retarded time, and n L d,. The volume form
is e = du A eg where ey = i,e7 is the area 2-form of the
cross sections. From the Bondi condition £,g,, = 0, hence
also £,¢7 = 0 and deg = 0. The embedding makes u an
affine parameter for Z, and we have n> = 1 RQ* + O(&).

The dynamical fields are M, J, and C4p. The first two
are related to the mass and angular momentum aspects, see
below. They are determined by the asymptotic Einstein’s

equations via

. 1. . 1 . 1
M = =2 CopC +  DyDRCY + DR, (2.39)
. 1 c. 1 us
JA = DAM + ED D[ADCCB] + ZC DBR
1 . 1.
+3 DE(CpCCac) — 7 CcDa CBC. (2.40)

The definition of J, corresponds to the choice (1,1) in the
parametrization of [40], and it is related to [7,9] respec-
tively by

1
JA :NET—OAﬂ:Nf‘N+20Aﬁ+§CABUB, (241)
or equivalently
2 pr _ 1 B
Gua = —Ux T3, Ny _ECABU
2
=—Uys+— (NN +30,8). (2.42)

3r

The field C,p is related to the shear of the u foliation by

1
Ouap = — ) CA352557 (2.43)

and in terms of (2.12) it corresponds to [ = —du, which is
manifestly hypersurface-orthogonal and Lie dragged by n.
An explicit calculation of the unphysical Schouten tensor
gives

« . R
Sap = =646 Cap + ~ dab- (2.44)

Recalling the properties of the Geroch tensor listed earlier,
the only nonvanishing components of the news tensor are

Nap=—Cpp— P(AB)> (2-45)
in agreement with the general formula (2.16).

The solutions to (2.2) in the Bondi coordinates (u,x*)
read & = fd, + Y40, where as before f =T +4D,Y*,
and T = T(x*) and Y4 = Y*(x®) are the symmetry param-
eters corresponding respectively to supertranslations and
conformal Killing vectors of the 2-sphere associated with
the u foliation. 7" and u have conformal weight 1, and Y has
conformal weight 0. Since we have fixed the coordinate
gauge freedom in the bulk, we can also fix the bulk
extension of the symmetry vector fields, asking that they
preserve the Bondi coordinates. This includes preserving
the affine embedding, hence (2.3) is satisfied. The result is
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E=f0,+ Y0, + Q(fdg — 0" f0,)

- %QZ(DZf()Q — C*ogfa,) + O(Q?). (2.46)
Notice that £ is field-dependent starting at second order. It
satisfies

2V 6 =V, &1, (2.47)
where [, := —d,u. It can be recognized as the Tamburino-
Winicour condition for the extension [41].

To write the action of the symmetries on the dynamical
fields, we use the covariant phase space. We follow the
notation of [17] where & is the exterior derivative, Iy the
internal product with a vector field V, and oy = I,d +
oly the field-space Lie derivative. Together with their
spacetime counterparts (d, i,,£,), they define a bivaria-
tional complex with [d,5] =0 (the opposite sign con-
vention is used in [6]). The field-space vector field
corresponding to a diffeomorphism is Ve = f d4x£§¢%
and we use 6y, = J; for short. We also use the anomaly
operator A; := 0y —£; — I5: [13,15-17]. It measures the
breaking of covariance, namely discrepancies between &¢
and the spacetime Lie derivative £; that can be introduced
in the presence of background structures, gauge-fixing,
and field-dependent diffeomorphisms.

The action of a BMS transformation in the covariant
phase space then corresponds to a transformation ; where
£ is a symmetry vector field. To compute it, we have to take
into account the presence of two background fields that are
used in the asymptotic expansion: the conformal factor €,
and the foliation of Z provided by the Bondi time u, and
which is used to define the shear. If we see Q and u as part
of a coordinate system, also the remaining x* coordinates
are part of the background, but they are not needed to be
included in the list of background fields because none of
the quantities used makes reference to a specific choice for
them. Let us denote the background fields collectively with
1. They are universal, hence 6y = 0 and 6:n = 0. For the
dynamical fields, here just the metric, we have by definition
0cGu = £eg,,- It follows that for a generic scalar functional
F(g,,.n) that depends on both dynamical and background
fields, like M, J, C, g above, there is a discrepancy between
the field space and spacetime Lie derivatives:

oF
55F = F(g/w + £§g/4w ’7) - F(.g;wv ’7) = $£§gﬂv
v
where
oF

is the anomaly. It coincides with the definition in the
previous paragraph because we are only acting on field-
space scalars hence I is trivial regardless of whether 6 =
0 or not. From the definition (2.48), we see that the action
of & can be computed writing £:94p5 = rzééqAB +
r6:Cyp + O(1) etc., and using (2.37) and (2.46) one finds
(see e.g. [11,13,42])

Seqap = (f0, + £y — 2f)CIAB =0,
8:Cap = (f0, +£y —f)Cap— 2D\Dp)f
. 1
=—fNap+ £y —f)Cap—2 <D<ADB> +2P<AB>)fs

(2.50b)

(2.50a)

. 1
O:M = (fo, + £y + 3/ )M —EDANABDBf

1
+20u(CY* DDy ). (2.50¢)

p 1
65-]14 = (Tau +£Y +2f)JA + 3M0Af+§NBCCBCDAf

1
2

1 1
+ I D4 (CBDyDcf) + §D<ADB>fDCCBC

3
C{NpcDPf + 5 Dy D CpycDPf

1 1 1
+ 2 CasDPD*f + ngCCBCDAf ) CipoyDf.

(2.50d)

The second equality in (2.50a) follows from the Bondi
condition and the restriction of the Y’s to be CKVs, hence
DpYp =0 (2.51)
for any 2d metric. It shows that the symmetry can be
understood as the requirement that the unphysical metric is
left invariant by the combined action of a diffeomorphism
plus a compensating conformal transformation. Taking two
derivatives of (2.51) we find (D? + R)DY = —£,R. If g5
is a round sphere, this equation reduces to (D? + 2)DY = 0
implying that DY has / =1 modes only. This in turns
implies that
DyDpDY =0 (2.52)

on round spheres. Switching back to arbitrary frames, we
conclude that

1
<D<ADB) + §p<AB>) MDCYC =0 (253)

for a globally defined CKV. Notice that u is needed here
to make the equation conformally invariant. This is the
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operator D, in Bondi coordinates, and we have thus seen
that it annihilates both global translations and boosts. The
second line of (2.50) uses (2.45), and allows us to see that
only (nonglobal) supertranslations induce a inhomo-
geneous transformation on the shear. This also implies
that a BMS transformation cannot induce a magnetic shear,
but only an electric one.

Let us now talk about the anomalies and their meaning.
The background fields are Q and u, namely the choice of
conformal compactification and of foliation of Z. The
anomaly A:Q = — fQ measures the conformal weight 1
of Q,and A;u = -T — fu measures its conformal weight 1
as well as its “supertranslation weight” 1, namely the fact
that the foliation is not invariant under supertranslations.
Similarly for the conformal metric, the anomaly is A:g,;, =
—2f§., and picks up its conformal weight 2. The list of

anomalies for the purely background fields is

AQ=-fQ, Au=-T-fu,

A‘f}’lﬂ = —fl’lﬂ, Aé:é‘s = —2f€S, Aéé‘z = —3f€1. (254)
The minus signs in these expressions are conventional, and
follow from the definition (2.49). What we learn from this
analysis is that the symmetry group is large enough to probe
the background, making the anomaly operator an effective
tester of background independence. More precisely, boosts
change the conformal frame hence test conformal invari-
ance, and supertranslations change the foliation hence test
foliation independence. The limitation of testing back-
ground independence in this way is that the transformations
of the background are limited to those generated by a
symmetry, as opposed to arbitrary change of conformal
factor and of foliation. [The anomaly operator can be used to
compute the dependence of the fields on background
structures in a convenient way. The restriction is that this
is done not by arbitrary changes of the background, but by
those changes which are allowed by the symmetry vector
fields. It is therefore the presence of respectively boosts and
supertranslations in the symmetry that allows the anomaly
operator to be sensitive to the conformal and supertransla-
tion weights.] This difference shows up if we look at the
anomaly of the symmetry vector fields, which is not zero
even though from its definition (2.2), we see that & is
manifestly conformally invariant and foliation independent.
To compute its anomaly, we first observe that it is a purely

background field at Z, hence 5/5 L 0. Then

Ab=-£L4+0Q)=~[r.& +0(Q). (2.55)
The anomaly of the vector fields is nothing but their Lie
algebra. This fact will play an important role below, making
the anomaly operator a convenient tool to study covariance
of charges and fluxes. It is also useful for later purposes to
single out two subcases of (2.55). The general expression for

the commutator in a given affine foliation is

)= (Tefy +Yelf ] = (< x))0u+[Ye. Y 05 (2.56)
For & = &; :== T0, a pure supertranslation,

Dér=lral=¢&r. T =f,T=Y}ouT. (2.57)
which we can interpret as the conformal and supertranslation
weights of the vertical component of the symmetry vector
field (namely of 7 if seen as a vector component and not a
scalar, otherwise only the second term would be present). In
particular, two supertranslations commute. For £ = &y :=
ufd, + Y%, a (cross section-dependent) Lorentz trans-
formation,

A)(SY = [€Y’X] = gY’ + gf/’ Y/ - [Ya Y){]?

[ =YA0uf, — [T, — uY40,f. (2.58)
In particular for y = y7 a pure supertranslation
A Sy = Eyoar] = ér, T = Y40,T - fT,  (2.59)

which makes it manifest why the notion of Lorentz subgroup
of the Lorentz group is cross section dependent: acting with
a supertranslation changes the cross section and the Lorentz
symmetry vector is shifted by a supermomentum contribu-
tion. For the angular momentum piece f = 0 and the shift is
by Y40,T only.

To extract the anomaly contribution in (2.50), we first
observe that g,5 and C4p can be seen as the only nonzero
components of transverse tensors ¢,;, and C,, on Z. This
also explains why these functionals do not depend on a
specific choice of x* coordinates, and the only relevant
background fields are Q and u. For transverse tensors, the
Lie derivative reduces to £: = f0d, + £y in Bondi coor-
dinates. Therefore from the definition (2.49) we have

Asqap = —szIAB» (2.60a)

A:Cyp = —fCap — 2Dy Dy f. (2.60b)
The first is again the anomaly of the conformal metric
that we already know. More interesting is the anomaly of
the shear, which recalling that o, = — % C,p, can be
rewritten as

Asopp = —foup + DaDp)f. (2.61)
Comparing (2.61) to (2.23) we see that the anomaly of C4p
computes its behavior under supertranslations and con-
formal transformations, including both its conformal
weight and the inhomogeneous term, with the specification
that conformal transformations are to act on / as in (2.19)
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and not homogeneously. The reason for this is that C,, is
not any shear, but specifically the shear of the u-foliation,
hence its anomaly follows from the behavior of u — u’
under conformal transformations and changes of foliation,
which is such that du — du’ is still Lie-dragged. In other
words, both n and /,, are background fields, hence A7, =
—£:7, preserves a vanishing z,. We also notice for later
purposes that

A:CAB = 3fCAE — 2DADB) f,

As(CABez) = —2DADE) fer. (2.62)

Let us recover also the behavior (2.33), because it will be
instructive about the transformation properties of the
supertranslation/bad-cut field u,. The transformation of a
vacuum shear € 4z can be deduced from (2.50) setting the
news to zero,

o L 1
8:Cap = (£y — f)Cap — 2 <D<ADB) =+ EP(AB>>f‘ (2.63)

Using then (2.29), (2.30) and the universality of both g4p
and p,p, we have that

o 1
5§CA3 =2 <D<ADB> + §p<AB>) 5,:140. (264)
Comparing the two equations above we conclude that

5/;140 = £ylx£0 -T - Mof = £yl/£0 - f|u0‘ (265)
Notice that it implies Azuy = —f |u0 in agreement with its
conformal and supertranslation weights. Hence for the
relative shear (2.32) we have

8:Sap = £:Sap = [Sups A:Sup = =[Sap  (2:66)
consistently with the geometric analysis of the previous
section. The relative shear can also be written as
Cap=Cap+ (u—10)pap) = 2D Do ttg = =28,  (2.67)
to match the notation of [11].

The transformation (2.65) was posited in [11], in order to
obtain the homogeneous transformation of (2.32). Our
derivation clarifies that (2.65) does not need to be posited,
but follows from the fact that u, parametrizes a vacuum
shear, and that a vacuum shear is not a new degree of
freedom, its transformation follows from the symplectic
structure on the radiative phase space of [18]. It thus also
clarifies that the supertranslation/bad-cut field u, is not a
new degree of freedom but rather part of the initial (or final)
conditions for the gravitational field.

We insisted that the transformation rule (2.50) is the
appropriate one for a shear associated with an affine
foliation. In the covariant description recalled earlier one
can use a general shear associated with an arbitrary [ In this
case the transformation law is [18,30]

5§6ab = [£§’D<a}lb> + 2l<uDh>f (268)
It is instructive to see how it reduces to (2.50) when [ is Lie
dragged. This was shown in [12], and we report a slightly
streamlined version of the proof in Appendix A.

Finally let us look at the news tensor. First, from
[0,,8¢] = 0 and [9,, A:] = —f9,, we have

8:Cap = (fO, +£y)Cag — 2D(ADB)f,

A:Cpp = —2D 4Dy, f. (2.69)
To understand the meaning of the anomaly of C,z, observe
that it vanishes for a globally defined CKV on round
spheres but not otherwise. This means that identifying
nonradiative spacetimes as constant shear, 6 = 0, is not a
conformally invariant notion in general, but only if the
conformal transformations are restricted to preserve round
spheres. This can be confirmed looking at (2.20): the
traceless part of Geroch tensor remains zero if the con-
formal transformation preserves round spheres.

Let us see how the anomaly of C on arbitrary frames is
compensated by Geroch’s tensor. Since p,;, is transverse
and time independent, it can be obtained as pull-back of a
2d tensor on a given cross section. In particular, in Bondi
coordinates, the only nonvanishing components of p,, are
pap- and using the explicit parametrization (2.46) we obtain
a: = f and (2.10) becomes

£:pap = —2DsDpf. (2.70)
It is also wuniversal, namely 6p,, =0 and therefore
Ocpap = 0. It follows that

Therefore

A:Npg = =D:(Cap + piagy) = 0. (2.72)
The news tensor is anomaly free, which is nothing but the
statement that it is foliation independent and conformally
invariant, as we already know. Yet one should appreciate
the facility with which A allows us to deduce these
properties in a fixed coordinate system and in a fixed
conformal frame. It remains to discuss the meaning of the
anomalies of M and J,. We postpone this discussion to
Sec. III D below, after we have explained their relation to
the charges.
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To summarize, the anomalies computed by A; in this
section measure the loss of covariance caused by the
background dependence on foliations or on the conformal
factor, as induced by a diffeomorphism thanks to the fact
that we identified these background structures with coor-
dinates. Lack of foliation-independence and/or conformal
invariance can of course be studied independently of A,
but we would like to advertise the anomaly operator as a
very convenient tool to do it. First, it systematizes and
generalizes the analysis, making it an algebraic and
straightforward operation, and equally adaptable to what-
ever the background fields are, see e.g. the different (albeit
related) case of arbitrary null surfaces [43]. Second, the
analysis of whether something is foliation independent and
conformal invariant can be done in a fixed coordinate
system. This should be quite a convenient advantage for
that large part of the community that prefers to do
calculations in explicit coordinate systems, as opposed to
using only covariant and geometric quantities, and we will
see it explicit examples of it in the next sections. There is
also a third advantage. Notice that the structure of the
anomalies is the same for BMS, eBMS, gBMS and BMSW:
only the numerical value changes, given respectively by
f=1Dy with Y* a CKV globally defined, nonglobally

defined, an arbitrary vector, and finally f = W(x*) an
arbitrary function on the sphere. Therefore quantities
that anomaly-free under the BMSW group are foliation-
independent and invariant under arbitrary conformal
transformations respecting the Bondi condition. This offers
a very convenient technical tool: instead of imposing BMS
covariance only, which needs to be supplemented by an
independent test of conformal invariance if one is not
restricting attention to Bondi frames, one can get both BMS
covariance and general conformal invariance at once using
the anomaly operator for the BMSW. This does not mean
changing the symmetry group: we keep the same universal
structure, and the symmetry group is still BMS. The way
we are using BMSW transformations is not as symmetries
but as canonical transformations, in order to test covariance
and conformal invariance in one go. In other words we
study background independence under BMSW transfor-
mations. A similar approach to BMSW transformations
was considered also in [10], in the broader context of also
relaxing the Bondi condition.

B. Finite BMSW transformations
and finite covariance

To operator A; measures the linearized anomalies. The
finite version is obtained performing finite conformal trans-
formations and finite changes of foliation acting only on the
background fields and not on the physical metric, in agree-
ment with (2.49). More precisely, inverse transformations,
because of the sign convention used in (2.49). So for instance
the finite anomaly of the conformal metric is simply

.a;w = w_z.@yv‘ (273)
Because we have identified the background fields with
coordinates # = (Q = 1/r,u), changing them in a way
compatible with the universal structure can be done comput-
ing a finite symmetry transformation on the coordinates. As
explained at the end of the previous section, we can allow for
arbitrary (time-independent) conformal transformations if
we use finite BMSW transformations, instead of BMS ones
alone. The subset of BMSW transformations made of
arbitrary supertranslations and conformal transformations is

Q- Q = wQ, u—»u/:ﬁ—%@,ﬁd’“ﬁ,
= A=A —%qABdBﬁ, (2.74)
where
i=wu+T), £,0=0. (2.75)

The remaining part of the BMSW group is arbitrary Diff(S)
coordinate transformations on the cross sections, and it is not
needed since the functionals considered only depend on
specific choices of Q and u but not of x*. For more details on
finite BMSW transformations, see Refs. [44,45]. The O(Q)
in (2.74) is fixed requiring preservation of the affine
embedding, namely

2dudQ + Qqgupdx*dx? — 2du' dQ + Q7 g,pdx' dx'8
= 0*(2dudQ + q,pdx*dx?),
(2.76)

so that the full conformal metric is rescaled under a finite
anomaly transformation, and not just its induced part. The
O(Q) term is not needed to compute the anomalies of fields
on Z, but it is useful if one looks at spacetime embeddings,
like (2.76). Another example where it is useful is the
transformation of / (2.19), which can be obtained starting
from / = —du and acting with (2.74). The part proportional
to n can only be seen embedding / in spacetime (which is
done requiring it to be null), and arises from the O(Q) terms
of (2.74). It is nice to include it because it allows us to
understand (2.19) as a class-II transformation of the tetrad. It
is howeyver irrelevant to compute the finite anomaly of the
shear, which is well defined without embedding. The
transformation of the shear of the u foliation under (2.74)
reproduces (2.22), or equivalently in terms of C,,,

Clpy=o(Cop+2(u+T) (@ 'Dy,Dpw

— 2D, InwDy Inw) +2D,DyT).  (2.77)
The finite anomaly is obtained with the inverse
transformation, namely switching (w,T) — (07!, =T).
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We can go back to the linearized anomaly takingw = 1 + W
with W < 1 and T < 1, and identifying W = f we obtain

Aécab = _fcab - 2D(an)fv (278)
namely (2.60b) in arbitrary coordinates on Z. We have thus
completed the proof that the anomaly (2.60b) measures the
dependence of C,p on the background fields € and u, by
computing its change under a change of u foliation and
conformal factors as generated by a BMSW transforma-
tions, namely change of foliations by a supertranslation and
arbitrary conformal transformations. We could have
restricted this analysis to BMS transformations only, it
would have given the same class of foliation changes, but
a smaller class of conformal transformations, restricted to
preserving round spheres. With the same calculation one can
show that (2.67) has finite anomaly C,, — @C,,. It then
follows from (2.34) that the news has vanishing finite
anomaly, in agreement with being conformally invariant
and supertranslation invariant.

III. BMS FLUX AND CHARGE ALGEBRA

We start by recalling the results of [4—7]. The covariant
phase space is constructed equipping the solution space of a
field theory at given boundary conditions with a symplectic
2-form current w = 66, where the symplectic potential
current 6 is read from the on-shell variation of the
Lagrangian 4-form, via 6L £ df. By Noether theorem, Je =
1:0 —i.L & dq; is on-shell exact in a general covariant
theory, for any diffeomorphism £. As a consequence, the
Hamiltonian 1-form is also exact,

We restrict attention to vacuum general relativity in metric
variables. We can take for 6 the standard Einstein-Hilbert
symplectic potential, in which case g; is the Komar 2-form,

1 1

0= 50" Cuupods” A X A", O = ggp[“él“ﬁl,,

1
q: = —EGWMV”& dx? A dx°, (3.2)
in units G = ¢ = 1. We then have

1

_Ifw 2 - Eemz/m[(5 In V _g)V/)é:a + 590ava§0

+ & (V,69% +2V°81In /=g)

= &, NVPSgP*dxH A dxP. (3.3)

For the application of this formula to BMS symmetries, we
consider a hyperbolic spacelike hypersurface ¥ with a
single boundary at future null infinity 7, denoted S, with the
sphere topology. Integrating Qy := fz w endows X with a

phase space of partial Cauchy data, which include radiation
as well as the Coulombic data, like M and J, in Bondi
coordinates. Integrating Q== [\, @ on a region N of 7
between two partial Cauchy slices endows A with the
radiative phase space of connections (namely news and
shear) that we reviewed in the previous section, and does
not contain Coulombic data. The result of [7] in Bondi
coordinates is

—1:Q5 2 508" - FET, (3.4)
where’
1
BT _ A
Q; = g}i(sz‘F YA4J 4 )es,
1 .
BT _ AB
.7:5 == _E%;fCAB(SC €g, (35)
and we used
iéé‘z = fes. (36)

The notation follows the previous Sec. II A, and coincides
with [7] except for the Lorentz aspect (which includes
angular momentum and center of mass), which is related to
the NET used in [7] by J4 = N§T + 350,(C5CCpc). The
reason for the change becomes clear once we express
the aspect in the Newman-Penrose notation described in the
previous section (see also [44]). We have in fact

1
mAJ, = — (1//1 + 606 + 56(05)) , (3.7)

which coincides with the integrand of the Dray-Streubel
formula [3]. We also point out that

1 1
mANY = m! (JA T2 CapDcCPC + EaA(CBCCBC)>

=Y, (38)
which is the angular momentum aspect denoted N4 in [9]
and used in [46]. The Newman-Penrose expression for M is

.1 .
M=- (1//2 +65+§(625'— cc)) =—Re(y,+05), (3.9)

and coincides with the integrand of Geroch’s supermo-
mentum [1] (see expression in [3]), but only on round
spheres. This discrepancy will be crucial below to under-
stand the origin of the 2-cocycle. We remark that it

"The calculation [7] is done using the expression of [6] for the
Hamiltonian 1-form, which differs from (3.1) and (3.3) by a term
eﬂyﬂ(,g/’“égaﬂW"éﬁ), but this extra term vanishes in the limit.
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concerns only the mass aspect, whereas (3.7) matches [3]
on any frame. For completeness we also report the non-
integrable term in coordinate-independent form,

1 1
#o1 = f ftoustes=— - f fRelosles
8 Js 4z Js

(3.10)

The right-hand side of (3.4) contains a field-space exact
(“integrable”) piece, and a nonexact (‘“nonintegrable”)
piece. This split is clearly arbitrary, as integrable terms
can be freely moved to the nonintegrable piece. Once a split
—1:Q5 4 0Q; — F ¢ is chosen, the integrable piece provides
a surface charge Q; that acts as canonical generator on the
subset of the phase space where the nonintegrable piece F -
vanishes. The split also determines the flux-balance law
dq: LF ¢ satisfied by the charges. This makes it clear that a
useful requirement for the split is that both F, and F,
vanish around solutions satisfying some notion of statio-
narity, otherwise it would be hard to relate the generator to
physical observables. For the charges (3.5) one finds the
following flux,

0I5, - QFTs] & T
1 $2

= Ca0:C' + 'R0
27 ) (Capd:CA® + 0" Roaf

+ CABD,DgDY e, (3.11)
with 55CAB given in (2.50b). Accordingly, the charges are
conserved if the time derivative of the shear vanishes and if
we restrict attention to Bondi frames, since then R is
constant and (2.52) holds for globally defined CKVs. These
conditions are met by all nonradiative asymptotically flat
spacetimes in Bondi frames [1]. They are however not met
by nonradiative spacetimes in arbitrary frames in which ¢,z
is not a round sphere. In this case none of the three terms
vanishes: the news is not the time derivative of the shear,
d,R # 0, and (2.52) does not hold. We thus have a failure
of the stationarity condition, namely a nonzero flux in spite
of the absence of radiation.

Another important requirement for the split is that the
prescribed charges should realize the symmetry algebra.
This is a nontrivial property, because dw 20 guarantees
that the symplectic two-form is independent of X only in
the absence of radiation, and the symmetries moving the
corners of £ do not correspond to Hamiltonian vector
fields. In general, two symmetries £ and y give
It was then proposed in [7] to define a bracket with the
nonintegrable term subtracted off,

{060y} = 6,0 = 1Ty = 1L, Qy + [, Fe = I:F.
(3.13)
The second equality shows that {, }, reduces to a Poisson

bracket for the subspace with vanishing nonintegrable term
F. Applying this definition to (3.5) one finds [7]

{Q?T’ Q)]?T}* £ l[?g)(l] + Kl(ggx)’ (3'14)
where
BT _ BT
K(é)() - ﬁ k(:m’
1
](3§T)() - E [ff(CABDADBDCY)? + 6Af16AR)
= (& < x)les, (3.15)

and [, ]| = [£.x] = gx + 6,£ is the modified Lie bracket
needed to describe the algebra of field-dependent diffeo-
morphisms [7], here due to the choice of Tamborino-
Winicour extension (2.46) (the standard bracket is enough
if one restricts attention to the vector fields on Z only). The
algebra is thus realized, but only up to the 2-cocycle KBT. It
is field-dependent, hence not a central extension. This is
problematic, because it hinders the interpretation of the
charges as canonical generators even when F vanishes,
and also makes it hard to find representations for quantiza-
tion. It motivates the search for a different split, whose
charge prescription gives an algebra free of field-dependent
cocycles. A partial answer to this question was given in [47]
in the more general context of the generalized BMS
symmetry [11,48], where a split was found so that the
cocycle vanishes at least in the limit # — —oo, but not for
arbitrary cross sections of Z. We now show that it is
possible to remove the cocycle for arbitrary cross sections
of 7.

As shown in [16,17,42,49], a 2-cocycle signals the
presence of noncovariant terms in the charge prescription.
To understand the origin of this loss of covariance, we
begin by observing that the cocycle (3.15) vanishes on
Bondi frames, since then R is constant and (2.52) holds.
These are the same conditions that give a vanishing flux in
nonradiative spacetimes, hence the presence of the cocycle
is related to the failure of the stationarity condition. The fact
that the cocycle vanishes on Bondi frames but not otherwise
is a first hint that it is unphysical, because there is nothing
that distinguishes these frames in the BMS fall-off con-
ditions (one should not confuse the fact that BMS trans-
formations preserve round spheres with preferring them).
A second hint comes from the results of [17], where it was
shown that the lack of covariance, or anomaly, in the choice
of symplectic potential contributes to the cocycle of
Noether charges, and of [42], where (3.15) was indeed
reproduced as a purely anomaly contribution. We are now
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going to show that this cocycle is in fact a consequence of
having selected a symplectic potential which satisfies the
Wald-Zoupas requirements of covariance and stationarity
only on round spheres. In other words, the split is not
invariant under arbitrary (time-independent) conformal
transformations. Replacing it with the correct potential that
satisfies these requirements on arbitrary frames produces a
modification of the charges whose algebra has no cocycle.

The split (3.5) can be associated to a specific choice of
symplectic potential. To see which one, we take the limit to
7T of (3.2). This gives for the pull-back

0 = 68T — 5bBT, (3.16)

where

1 .
GBT = - E CA35CAB€I,

1 1 1.
bBT = E <2M - EIDAIDBCAB - gCABCAB> €I' (317)

Using (3.6), we see that

F?T - ‘%S‘ iﬁﬁBT.

The calculation of the charges is slightly more subtle,
because of the term gz [13,30]. This was absent in the
original derivation [5], where it was assumed that 6 = 0.
This assumption is supported by the fact that the BMS
algebra is a universal property of asymptotically flat metrics.
And indeed, the vector fields on Z are field-independent.
The problem though is that the limit to Z of the Komar
2-form depends on the second and even third order of the
extension, as remarked already in [50]. This brings in the
field-dependence of the Tamburino-Winicour extension
(2.46), which thanks to its property of preserving bulk
Bondi coordinates is the customary choice in a large part of
the literature, e.g. [9,11,25,28,39,40,42,48,49,51,52]. The
term g 18 thus crucial to remove the spurious contribution
to 6¢, introduced by the field dependence of the extension.
Explicitly, the pull-back at Z of the Komar 2-form gives

(3.18)

1 1 1,
ge=———|f| 2M +—DDpC*® +—-C,5C*% | +-2Y4J, | €5,
167 4 8

(3.19)

up to a total divergence that vanishes upon integration on the
cross section. The latter includes divergent terms that while
not contributing to the charges,8 make the limit sensitive to

The divergent terms are no longer total divergences for the
weaker fall-off conditions relevant for the gBMS [11,25,49],
BMSW [42] and RBS [53] extensions of the asymptotic symmetries,
and make renormalization of the symplectic potential necessary.

the subleading terms of &. Indeed, g5 is nonzero in spite of
8¢ = 0(Q?), and given by [13]

1
qdse = 0S¢, s¢ = ———C**D, Dy e,

2
64r (3.20)

up to a total divergence. Adding up according to (3.1) we
recover the result (3.4), and in the process we learn that

0= § "

. 1
q?T =q;+i:b®T —5; (2fM + YAJ ,)es,

T

(3.21)

up to a total divergence. The spurious contribution (3.20) has
the structure of a soft term, hence missing it would change
the behavior of the charges, for instance spoiling basic
properties such as vanishing in Minkowski for any sym-
metry parameter. The care required in dealing with the extra
term g5 is of course not needed if one starts directly from the
expression (3.3), where it is already subtracted out.’
However (3.3) hides the role of the symplectic potential,
and it is important to our considerations below to have
identified that the BT charges are associated to the choice of
symplectic potential (3.17).

Furthermore, (3.21) allows us to derive the flux of the
charges using Noether’s theorem. That requires though the
extra step of identifying (3.21) as an improved Noether
charge. This can be done observing that

1
= A.c, = —— feq, 3.22
s¢ = AgC ¢ =g Pes (3.22)
from which it follows that
q2" = q: + i®" — I8¢, (3.23)

up to a closed 2-form. Here #8T = BT + dc and s; =
igdc — I:0c [13]. Then the Noether current formula [17,49]
dg8T 21,657 — AP leads to (3.11).

A. Wald-Zoupas prescription
and covariance of the current algebras

In this section we review some aspects of the Wald-
Zoupas prescription that we will need below: first, how
ambiguities in the charges are dealt with, and its extension
to nontrivial corner shifts. We then present the new results
of [14] relating the Wald-Zoupas covariance and the
cocycle, and finally propose a refinement of the Wald-
Zoupas procedure to fix residual ambiguities.

°It is also not needed if one constructs the charges integrating
the fluxes as opposed to bootstrapping them from the Komar
formula, see discussion in [30].
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Changes in the split can be controlled by shifts of the
symplectic potential @ — 0 = 6 4 6 — d9. The Wald-
Zoupas prescription aims at selecting a possibly unique,
preferred @ imposing basically two physical require-
ments.'® The first is stationarity, namely 6 = 0 on special
solutions. One could take this to mean existence of a
translational timelike Killing vector, but general relativity
admits solutions without it and with gravitational waves, so
this is too restrictive. While it is not known how to identify
gravitational radiation in general (meaning in a background
independent and gauge invariant way), the situation sim-
plifies in the presence of physical boundary, where one can
posit boundary conditions that allow an unambiguous
identification of gravitational radiation. In the context of
this paper the boundary is Z. The chosen boundary
conditions are those that define the universal structure
associated with the BMS group, and these allow one to
identify nonradiative asymptotically flat spacetimes as
solutions with vanishing news, as discussed in the previous
section.'’ In the following we will often refer to these
nonradiative spacetimes as the “stationary” solutions,
meant in this general sense and not in the sense of admitting
a time translation Killing vector. As a consequence, one
looks for the preferred @ only for the pull-back at the
physical boundary,

0 =0 —6¢+ do. (3.24)

Choosing the split after pull-back may introduce a depend-
ence on the background structures used to define the
boundary conditions, and this would spoil the physical
applications. To avoid this, the second crucial requirement is
covariance, namely @ should be independent of any back-
ground structure. This can be stated as @*0V%[p, 5¢;n] =
OV(p*p, 5(¢*p);n) for a diffeomorphism ¢ that corre-
sponds to an asymptotic symmetry, and reduces to

5:0 = £:0 (3.25)
at the linearized level. This property can be equivalently
interpreted as stating that the symplectic potential should be
invariant when the transformation acts on the background
fields only. In the case of the BMS group this property
includes limited conformal transformations that preserve
round spheres. If one wants to allow for arbitrary (time-
independent) conformal transformations, it should be added

°0n top of more technical requirements such as local and
analytical behavior on the fields, which we take for granted.

"Other examples of boundaries at which one can successfully
apply the Wald-Zoupas prescription include arbitrary null hyper-
surfaces [43,54,55] and nonexpanding horizons [56], Z of
asymptotically De Sitter spacetimes [57] and some extensions
of the BMS symmetry [53]. See Ref. [13] for a study of the most
general circumstances under which the prescription is applicable.

as an additional requirement on top of (3.25) (see, e.g., [12]).
However as we have explained in the previous section,
arbitrary conformal invariance can be studied computing the
anomalies associated with the BMSW group. In doing so we
are not changing the universal structure, and the symmetry
group remains the BMS group. We are merely using
BMSW as an auxiliary group to test arbitrary conformal
transformations.

The original Wald-Zoupas prescription made the addi-
tional requirement that no corner term 9 was needed, so that
we can actually write

0 =0 —5b. (3.26)
This guarantees that the symplectic 2-form current defined
on 7 by 0 is the same as the one defined by @ given by (3.2).
It was listed as condition O in [13] (with covariance and
stationarity being conditions 1 and 2). The inclusion of
9 is compatible with the field equations and with the
Wald-Zoupas prescription, but introduces various additional
subtleties, especially in the way ambiguities are dealt
with. Let us first discuss the consequences of covariance
assuming (3.26). If a @ satisfying (3.25) is found in the
class (3.26), one can define charge aspects g via

From this it follows that
dg: = J: =10, (3.28)

up to a field-space constant. This can be removed requiring
that the Noether current j vanishes on a reference solution
among the stationary ones, for instance Minkowski space-
time. The idea is that this be enough for it to vanish on every
stationary solution. Otherwise, the stationary condition
satisfied by the symplectic potential would not guarantee
charge conservation. Then, integrating (3.28) on a region
AT delimited by two cross sections S; and S,, we obtain the
flux-balance laws

O¢[Sy] — O[S & Fe = / 1:0. (3.29)

AT

Given the right-hand side of (3.29), the charges can be
explicitly computed integrating the fluxes using the
Einstein’s equations. This is the procedure used for BMS
charges in [2,30,36]. The charges so defined are not unique,
but ambiguous up to a constant in time,

This ambiguity was resolved in [2,30,36] first arguing that
the only time-independent and background-independent
quantities that can be constructed out of the radiative phase
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space are also universal, and then requiring that all charges
vanish on the reference solution. The Wald-Zoupas paper
used a different way to fix the same ambiguity. If condition 0
holds, replacing (3.26) in (3.1) gives

Here we assumed that all field dependence in £ comes from
the extension of the symmetry vectors fields, as is the case
for BMS, so that iszb = 0 and gz = Js¢, see Eq. (3.20).

Then dw £ 0 implies
- _ s, .
ch[SZ] - ch[Sl] = é Q§ + lgb - Sé:, (332)
1

up to a field-space constant. The idea is then to fix (3.30)
requiring

0, :éqﬁifb—sé, (3.33)

and the field space constant as before via the reference
solution. If all background fields are time independent,
(3.33) fixes both ambiguities at once. The relation (3.33) can
be understood as an instance of the improved Noether charge
formula [58,59]

N N

where the boundary Lagrangian is # = b + dc and s; =
igdc — I:6c¢ [13]. In other words, one can use a corner
improvement of the type allowed by condition 0 to get rid of
the extension dependence of the Komar 2-form. From this
perspective, satisfying (3.28) requires Az = 0.

This procedure shows via (3.31) that the charges can be
also interpreted as canonical generators for the phase space
on X, albeit in the following weak sense: They are proper
canonical generators for a symmetry & € T'S, whereas for a
symmetry £ that moves the corner it is a canonical generator
only (for arbitrary perturbations) around the nonradiative
solutions. On the other hand, the fluxes (3.29) provide
canonical generators for all symmetries on the radiative
phase space on AZ [30]. For BMS, this procedure gives the
same unique set of charges that are found with the
“integrating the fluxes” procedure. A practical convenience
of the Wald-Zoupas procedure is that one can determine the
charges starting from knowledge of the Komar 2-form and
its limit to Z.

We have discussed the charge ambiguity (3.30) and how
it can be fixed. There is a considerably larger ambiguity in
the charge aspects. As we see from (3.28), the aspects g,
are defined up to the addition of a closed 2-form on Z,

(3.34)

4= @ +x;  dx; =0. (3.35)
o

Since the cohomology is not trivial, x; needs not be exact,
and this is what gives rise to the charge ambiguity (3.30),
with X, = fs Xg. More precisely, since the charges are
integrals on the cross sections, is only the nonexact part of
X¢ after pull-back on the cross sections that is relevant to the
charge ambiguity. Its time independence follows from'?
£,x: = di,x; =

£nX§ = DAX?eS' (336)
<«

The larger ambiguity in the aspects includes a nontrivial
time dependence, provided it reduces to a total divergence
on the cross sections. Since the charges are defined as
integrals on cross sections, it is tempting to assume that
their aspect 2-forms does not have time components,
namely that we can write

q: = qies, (3.37)

for some scalar quantity q‘g. In this case the ambiguity
reduces to £,x; =0, since £,e5=£,e; =0. Not all
aspects are of this type, however. It is also important to
add that the aspect ambiguity cannot be fixed a la Wald-
Zoupas using the symplectic structure on Z and the “Komar
bootstrap.” The reason for this is that one needs to integrate
dw 2 0 in order to obtain a relation between the charges. In
other words, removing the integral in (3.33) gives an
equivalence only up to an arbitrary total divergence on
the cross sections. It follows that even if the charges are
uniquely fixed at the end of the procedure, there is still
freedom to add time-dependent closed 2-forms to the
aspects, provided their time variation is an exact 2-form.
At the end of the day, stationarity and covariance of the
symplectic potential have secured two important properties
for the charges: they are conserved on nonradiative space-
times, and are related to canonical generators (in the weak
sense for the phase space on X, and their fluxes in the
general sense for the phase space on AZ). Notice also that
this prescription for the charges corresponds to a “split” in
which the same quantity # determines both the nonintegr-
able term and the charge flux, a property which is not true
for a generic split. A comparison of properties for a generic
split and a Wald-Zoupas one is summarized in Table 1.
A new result relevant for us is that the covariance (3.25)
of the preferred symplectic potential also guarantees that
the Noether currents (3.28) realize the symmetry algebra
free of any field-dependent 2-cocycle [14]. We now review
it, providing more details than it was possible in the letter.
The first step to prove this is to use the commutator

And we assume £, §;x: = §;£,x; which should be guar-
anteed by smoothness of the fields and S.
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TABLE 1. Comparing an arbitrary split with a Wald-Zoupas
split, defined both by (3.24) where 6 is the standard EH potential,
but the second additionally satisfies (3.25) and the stationary
condition. The 2-cocycles refer to the brackets (3.39) and (3.13).

Quantity Generic split Wald-Zoupas split
Symplectic flux 0 =0+ —-dy 0=0+560—dd
Nonintegrable term F. = §i.0/ + A0 + 150  Fr= §i.0
Noether current je=1:0 — A je=1:0
Charge flux Fe=[j: Fee=[7;
Current 2-cocycle Arbitrary Absent
Charge 2-cocycle Arbitrary Time-independent

[51 — £;(’I§] = Iy¢,)» Which together with (3.25) immedi-
ately implies

(6, =£,)Je = Jiea- (3.38)
This equation is interesting in its own right: It means that
the only background-dependent part of the current comes
from the symmetry vector fields, see Eq. (2.55), hence it
has an intuitive meaning of covariance.

The second step is to define a current bracket similar to
the Barnich-Troessaert bracket (3.13),

{jéﬁjx}* =11, 0+ d<iélx‘9 - izls”é) £ (51 _£x)75 =JleA-
(3.39)

The last equality follows from (3.38), and shows that the
algebra is realized covariantly and without any field-
dependent 2-cocycle. There is no central extension either,
but this is (obviously) not a consequence of covariance, but
rather of the fact that we assumed that the Noether currents
satisfy the stationarity condition. If this is violated, namely
we admit a nonvanishing field-independent term —a. on the
right-hand side of (3.28), it would result in a central
extension —aj, g on the right-hand side of (3.39). It follows
from (3.39) that the algebra of fluxes between any two cross
sections is also covariant, namely free of 2-cocycles, and
furthermore centerless,

S R
(FoF,}, = 6,Fs - 7£ PJe=Fry.  (3.40)

1

This equation also shows that the flux algebra is sensitive to
the dissipation at the initial and final cuts.

There are also strong implications for the charge algebra.
Integrating (3.39) on AZ we obtain the difference of two
Barnich-Troessaert brackets (3.13) associated with the two
cuts, and from the right-hand side we learn that this
difference gives a centerless realization of the algebra. It
follows that the only 2-cocycle allowed by the Wald-
Zoupas split is time-independent:

{Qf’ Qz}* = 5;(@5 - Iéj:)( = IEI)(QE + I)(j:é
—1:F, 2 Qe + Kig)s

£,K¢,) =0. (3.41)
In this result we assumed that the charge ambiguity (3.30)
has been fixed a la Wald-Zoupas matching the canonical
generators on X, so to match the definition of the Barnich-
Troessaert bracket. While this result still allows in principle
for a field-dependent 2-cocycle, it is severely constrained. It
cannot for instance depend on the shear, unlike (3.15).

Whether the residual 2-cocycle can also be removed
is not controlled by the covariance of the symplectic
potential, but may be granted by the boundary conditions.
For instance, if all time-independent and background-
independent admissible terms are also universal, then the
cocycle is reduced to a central extension. And if there are
none, it vanishes. This is what will see below happens for
the BMS charges. For the sake of a general discussion, let
us suppose that a cocycle is present, and ask whether there
are ambiguities left that can be used to try to remove it.
Being time-independent, it can be directly affected by the
charge ambiguity (3.30). If this ambiguity has been fixed as
above and the Wald-Zoupas potential is unique, this
possibility is ruled out. The only option left in this case
would be to relax condition 0 and allow corner improve-
ments in the symplectic 2-form. The bottom line is that
Wald-Zoupas covariance guarantees a covariant realization
of the current algebra, and reduces the allowed cocycle in
the charge algebra to be time-independent. Additional
conditions are needed to remove the residual charge
cocycle.

We remark that the matching of flux and nonintegrable
term is crucial for the correct interpretation of the Barnich-
Troessaert bracket, because it is only in this case that it
correctly reproduces the standard action on nonradiative
spacetimes, namely

The Barnich-Troessaert bracket can also be interpreted as a
precise definition of charge anomaly, since

A}(QS = jé A,g: = {Qg, Q;{}* (3.43)

This allows us to say that covariance of the charge algebra,
namely 6K ;) = 0, really means that the only background
dependence of the charges is through the symmetry vector
fields. Our analysis shows that this is a meaningful and
unambiguous statement also for radiative solutions, hence
it generalizes (3.42) to the full phase space.

In the BMS case, the background fields are &, € and the
foliation u, or equivalently the Lie-dragged [. These fields
are affected by a BMS transformation, and the anomaly
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operator computes this action without touching the physical
fields. This is why we can use it to test background-
independence. On the other hand, notice that in (3.43) we
are not changing the cross section: £, acts on the integrand
only. Accordingly, the choice of cross section is taken to be
a physical input, and not part of the background whose
dependence is measured by the anomaly operator. It should
be indeed clear that two different cross sections S and §'
contain different information about the physics, since there
can be radiation between S and §’. The distinction can be
made clearer if we write the full functional dependency of
the charges as Q[S;g.Q.1]. Then the meaning of the
covariance (3.43) is (linearized) independence from Q and
[, but not from S or &:

0s(S:9. Q. 1] = Q:[S; 9. Q. 1] + A, Q;[S: 9, Q. 1]

= Q¢[8: 9. Q1 + Q1 )[S5 9. Q. 1. (3.44)
Since a decomposition of & into supertranslations and
Lorentz makes necessarily reference to a choice of cross
section, this formula (and more precisely its finite version)
allows one to map the charges on a given cross section to
the charge expression one would use for a different cross
section.

A second important remark is that knowledge of the
charges is not enough in order to compute the bracket and
check their covariance: one needs to know the Noether
current je £ dq: as a 3-form. In fact, terms in the Noether
currents which are total divergences on the cross sections
drop out of the charges (and the fluxes), but contribute to
their transformation laws because in general

[£:.Da] # 0, (3.45)
even if it is true that [£;,d] =0. This is because the
pullback operator does not commute with £; if £ is not
tangent to the cross section. We find that such terms
typically vanish in the nonradiative case, hence this subtlety
is not present in the simpler notion of nonradiative
covariance (3.42).

A related implication is that in general also

[A:, Dy # 0. (3.46)
This means that it is crucial to require covariance of the
symplectic potential as a 3-form as in (3.25), and not only
up to total divergences on cross sections. Otherwise
linearized covariance would not imply full covariance,
since the successive action of A; needed to study finite
covariance would produce anomalies which are not total
divergences.

Finally, let us discuss the covariance of the charge
aspects. Covariance of the currents (3.38) implies that

(5)( - £)()qcf = ey T Cen) dc =0. (347)

)

If we integrate over a cross section we recover the Barnich-
Troessart bracket (3.41), and identify the time-independent
cocycle with Kz ) = §¢(¢,). Notice though that ¢ is
not necessarily antisymmetric: We are only guaranteed that
its integral is, thanks to the relation between the bracket and
the symplectic 2-form. From this perspective, the necessary
condition for covariant charges is that the pull-back of ¢ ¢ )
on the cross sections is a total divergence, up to a field-
space constant,

c :,DAE‘AGS-FC(&I), oC(

=0.
(&) )

(3.48)

Ex

One can then ask whether it is possible to obtain an even
stronger property, namely covariance of the charge aspects.
It is natural to define covariance of the aspects as the
requirement that 6¢ ¢ ) = 0, or the even stronger

(6, —£,)8: = Qjeyn- (3.49)
In situations in which there is a residual ambiguity of
adding closed 2-forms to the charge aspects, requiring their
covariance offers a finer way to fix it. In the notation used
above, one can use any residual freedom in 9¢ to attempt
setting (¢, to zero, up to a field-space constant (Assuming
that it is already a total divergences on the cross sections so
that covariance of the charges is obtained, otherwise this
would be a pointless exercise). This goes a step beyond
what can be achieved with the standard Ashtekar-Streubel
or Wald-Zoupas prescriptions, that only deal with the
charges and not the aspects. This is a very strong require-
ment, and there is little guarantee that it can be achieved.
Already achieving (3.43) with vanishing cocycle or field-
space constant is to be considered a nontrivial success. A
word of caution is also due. While (3.47) is a natural
definition since it captures the intuitive notion of covari-
ance as background-independence, it does not translate to a
realization of the algebra in terms of a bracket a la Barnich-
Troessaert, because it is not antisymmetric.

B. Corner improvements

Let us see what happens if we relax condition 0, and
allow a nonfield-space exact corner term 9 as in (3.24). This
is motivated for instance by systems in which a @ satisfying
stationarity and covariance, or even finiteness, cannot be
found otherwise [13,25,28,49,58,60,61]. The main techni-
cal difference in dealing with this case is that we cannot

13Therefore, as for the current, we allow the existence
of central charges, thus we want a charge satisfying
8(6, —£,)Q: = 6Q ¢, - By doing this, the covariance condition
is set on one form in the field space, similarly to the condition

(8 — £5)9 necessary for ensuring the covariance of the currents.
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work with the original symplectic 2-form, since now
@ =060 = w—é@. The symplectic current @ is only

defined at Z, but we can define a symplectic 2-form
associated with @ on any spacelike X as long as it has a
single boundary at Z. To do so, we need first to fix the
ambiguity in 9, which follows from its definition (3.24) and
is given by

9 - 949,

49 =0. (3.50)
4%

We fix this ambiguity prescribing 9¢. It amounts to define
the preferred symplectic potential via

0L0 -0+ ds. (3.51)
That is, (3.24) without the pull-back. Once we have done
this, we take an arbitrary extension of & in the bulk, and

define

Qy = /(a) —ds9) = Q5 — j{ 09. (3.52)
) s
This expression is independent of the choice of extension of
3. On the other hand, it is affected by the ambiguity (3.50):
Changing 9¢ changes Qy by a constant in time.
Having a new symplectic 2-form affects the Wald-
Zoupas procedure as follows. The charge definition is now

The Noether currents (3.28) and flux-balance laws (3.29)
are still the same, but the relation to the canonical
generators at X is changed to

S

(3.54)

The corner anomaly that appears here is restricted by the
covariance and stationarity to be constant in time. To prove
this, we use first do 2 0 and (3.53) to deduce that

Sz .
f 5<q(§ + l&lxp - Sgt - I§8> + (55 - £§>19
S

S, _
= 6% g: = 6/ 1:0.
S, AT

Then (3.28) and the improved Noether charge for-
mula (3.34) (applied with £/ = ¢ + dc and & = 9 + 5¢)
imply that

(3.55)

for some Cf.

Even if time-independent, such a corner anomaly is
problematic. It cannot be field-space exact, otherwise we
would still satisfy condition 0. Therefore it cannot be
reabsorbed in the charge. We can still fix the charge
ambiguity requiring as before

S

but now the relation of the charges to the canonical
generators is spoiled, since

—1,Q5 £ f 5G: — i0 + (6; —£:)9.  (3.58)
N

This problem can be avoided if the covariant @ corresponds
to a J that is also covariant, at least up to a total divergence.
This is where the ambiguity 9¢ can turn out to be
useful. The discrepancy is in fact guaranteed to be time-
independent, see Eq. (3.56), therefore it may be possible to
remove it using the ambiguity in the charges, or equiv-
alently in adding 9. Once this is done (if it can be done),
the only residual ambiguity is that the final covariant 9¢
may not be unique. If this happens, it cannot be fixed using
(3.58), and an independent prescription would be required.
One way to do so is to look at the cocycle, which may still
be present even if (3.56) holds. If this is the case, then we
have the additional freedom to play with §¢ ambiguity
within the anomaly free class to try to remove it. *If there is
no cocycle, it may be possible to restrict this remaining
ambiguity requiring covariance of the aspects, and not only
of the charges.

The relation (3.43) between the charge anomalies and the
Barnich-Troessaert bracket requires (3.58). If there is an
anomalous corner term as in (3.1), then the bracket has to
be modified (in order to be antisymmetric) to

{QE’Q;(}* = IéleE"'Ixj:é_If]—:x :5)(@5

_Ifj'—x + ji I;{Aé'g £ QI]&)(H +I_<(§,)r)’ (3-59)

with a cocycle that is still time-independent thanks to the
covariance of the symplectic potential. We thus see that an
anomalous 9 is responsible for both spoiling the relation to
the canonical generators and introducing a cocycle.

“One could also do this within condition 0, namely if the
charges related to /;Qy are not covariant, one can consider
modifications adding a 9¢ satisfying dﬁe = 0, which would only

act on the ambiguity (3.30) while preserving the matching to the
canonical generators.

044050-20



CENTERLESS BMS CHARGE ALGEBRA

PHYS. REV. D 110, 044050 (2024)

We remark that all results of this section are valid also for
field-dependent diffeomorphisms. One should however
distinguish two very different situations in which these
can arise. First, as field-dependence of the arbitrary bulk
extension of a boundary symmetry. This is for instance the
case of the BMS and eBMS symmetries, see Eq. (2.46). In
this context /- matters for the bulk €, but has trivial action on
quantities defined intrinsically at Z such as 6. It may still be
useful to keep [, ¥]] so to be able to use 4d Lie brackets, but
field-dependence can be forgotten altogether if one restricts
attention to the boundary, and writes only the 3d boundary
Lie bracket. This is what was done in [14], to keep the
presentation as focused as possible. A very different sit-
uation occurs if there is an actual field-dependence of the
symmetry parameters, for instance if the boundary con-
ditions are not universal but field-dependent. The technical
difference is that 6¢ is not a symmetry vector field in the first
situation, whereas it is in the second. One may then consider
two inequivalent definitions of covariance: (8; — £:)0 = 0
as before, or A0 = (5:—£;—I5)0 =0. This second
option is weaker, and does not guarantee that (3.53) is
exact: that has to be an additional requirement, and
its minimal form is /5:0 £ dZ for some Z, see discussion
in [43]. Then covariance of the symmetry algebra can also be
obtained, but one has to define the bracket subtracting two
additional terms,

{7e. 3} = 1y + d(icl 0 — i,1.0) + 1515@

- 15;)(9 £ (6, —£,)Je — Jsg = Jiga- (3.60)
This definition is however less satisfactory in our opinion,
because there is no guarantee that the fluxes are canonical
generators in the dense subset of the radiative phase space
with vanishing news at the initial and final cross sections.
For these reasons it seems to us that even in the case of field-
dependent symmetries (which is not relevant for the rest of
this paper), one should insist on (3.25) as the definition of
covariance, and not A,:é =0.

The fact that anomalies produce cocycles in the charge
algebra was pointed out already in [16,17,42]. We have
sharpened those results identifying the precise meaning of
the cocycle as a background-dependence on the conformal
factor and foliation, and more importantly showing the
implications of the Wald-Zoupas requirements for the flux
and charge brackets.

If (3.43) is satisfied the resulting charges satisfy all the
properties that one may look for: they are conserved on
solutions satisfying the stationarity condition, coincide with
canonical generators for arbitrary perturbation around the
stationary solutions, and provide an anomaly-free realiza-
tion of the symmetry algebra, namely no cocycle in the
Barnich-Troessaert bracket. If furthermore one proves that
the prescription is unique, then the problem of associating
charges to a given spacetime symmetry is completely

solved. This turns out to be the case for the BMS charges,
for which a unique prescription satisfying all these proper-
ties exists. We now show how this viewpoint improves on
the split (3.5) and leads to a prescription in which both
current algebra and charge algebra are free of cocycles. We
then discuss how one can go one step beyond and select
charge aspects with covariant properties.

C. Covariant BMS charges

Let us now go back to the Barnich-Troessaert split (3.4).
As we have seen, it corresponds to a symplectic potential
@PT that is covariant and stationary on round spheres.
Hence the Barnich-Troessaert charges (3.4) are valid Wald-
Zoupas charges, provided one restricts attention to Bondi
frames. It follows that if we want to remove the cocycle in
general, all we need is to do is to pick a symplectic potential
that is covariant and stationary on arbitrary frames, and not
only on round spheres. As pointed out in [13], this is

1

achieved adding and subtracting the term 53-5(p4pC*%)

in (3.16), so that C,z is replaced with N,z as in (2.45).
Namely, we write

0 — 0BT _ 5LBT — gBMS _ 5pBMS. (3.61)
where now
1
OBMS .= gBT 4 570 = ENAstCAB%,
1
pBMS .= BT 4 /G (0 = ——p,pC48¢, (3.62)
32r

and

q?MS =T+ it¢ (3.63)

up to a closed 2-form. The new symplectic potential is
manifestly stationary for nonradiative spacetimes on arbi-
trary frames, and its covariance and conformal invariance
follow from (2.72) and (2.62), so that (8; — £;)6®™M5 = 0.1t
is also easy to check that it matches the one given by Wald
and Zoupas [5], here specialized to Bondi coordinates and
for a shear associated with the u-foliation. To see that, recall
that in their expression, Wald and Zoupas use Ashtekar’s
connection coordinate [18], which as explained in the
previous section is a relative shear with the vacuum fixed
once and for all; in other words, with 66 = 0. Therefore
6C,p = 8Cyp, and the equivalence follows.
The associated charge split is

1
Q?MS = §£(2fMp + YA4J, es,

1
f?MS = %\%9 fNAB5CAB€S, (364)
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where now

1
M/} = M — gpABCAB = —Re(l//2 - UN) (365)

coincides with (the pull-back of) Geroch’s supermomentum
(3.65) on arbitrary frames and not only on round spheres.
The Lorentz charge (3.7) picks up a similar shift through
the boost dependence in f. The charges (3.64) are defined
up to a field-space constant, which is fixed uniquely to zero
by the requirement that all charges vanish in Minkowski
spacetime." The expression in NP language is useful in the
sense that it does not make reference to explicit coordinates
for Z, and we can also rewrite in the same way the
nonintegrable piece,

1 1
].‘?MS _ _Efngab&yabeS = EﬁfRe(Né‘G)GS-
(3.66)

The flux of the charges can be computed from (3.28),
giving

1
Q?MS [S>] - Q.fBMS [S1] £ F?MS = _E/Nab‘ifaabez-

(3.67)

FBMS ]:‘BMS

The charge flux and the nonintegrable term
have the same functional dependence in any frame, in
agreement with the Wald-Zoupas prescription described
earlier, and unlike for the split (3.5). Furthermore F ?MS
with §;6%° given by (2.50) matches the Ashtekar-Streubel
flux [2] with 6?? the shear of the u-foliation. We conclude
that imposing covariance and stationarity on every frame
modifies the split used in [7] and leads to the result of [5],
namely charges given by Geroch and Dray-Streubel’s
expressions, with flux given by the Ashtekar-Streubel
expression.

Let us now see how the modification in the split also

removes the cocycle. To that end, we insert the relations
(3.62) and (3.63) in the Barnich-Troessaert bracket (3.13),

{Q?MS’ Q;]?MS}* = 5){Q?MS _ Iff)]?MS
= O + K, + j{ A, 0 — i, A:LC,
(3.68)

where we used the fact that i5:¢“ = 0. The anomaly of £¢
is given by [13]

"This is not manifest for the Lorentz part. It relies on
integration by parts, and the properties (2.28) of a vacuum shear
and (2.51) of the symmetry vector fields.

NG = — CYDyDgDY§ + 2p** Dy Dy fe)ex.

355
(3.69)

It can be computed with the formulas in Sec. I A, and relies
crucially on (2.10). The term with CA? cancels the one
coming from the cocycle (3.15). The second term in (3.69)
can be integrated by parts, and using 2D3p<A B) = 0AR we
see that it cancels the second term of the cocycle. In other
words, the contribution from the anomaly of #¢ in (3.68)
matches precisely the cocycle (3.15) up to an integration by
parts, and therefore

A, QPMS — {QBMS, BN} — OBMS (3.70)
It implies from the definition of the Barnich-Troessaert
bracket that in nonradiative spacetimes we recover that

i . BMS _ HBMS
standard coadjoint orbits §,Q;™ = leal”

We conclude that adding the boundary Lagrangian
#° makes the symplectic potential covariant and sta-
tionary on arbitrary frames, and removes the 2-cocycle.
Furthermore, the calculation shows that there is no central
extension either, since every term of the original cocycle
(3.15) is removed, including the field-independent ones.
The absence of central extensions can also be argued for
on more general grounds. In fact the only allowed central
extension by the covariance requirement would be a
universal quantity that must furthermore be foliation
independent and conformal invariant, a linear and anti-
symmetric function of £ and y, and not a total divergence.
Inspection of the quantities at disposal should convince
the reader that there is not any such term. It also follows
that the Ashtekar-Streubel flux provides a covariant
realization of the algebra between any two cross sections
of Z, in agreement with the general results of the previous
section

S

BMS _ BMS . BMS

5)(Ff = Fﬂfqﬂ(ﬂ + é 11159
I

o {F?MS, F)}?MS}* — FBMS

e (3.71)

In the above calculation we used the anomaly operator
A;, which is a very convenient tool for the covariant phase
space. But the removal of the cocycle is just a consequence
of covariance, and can be proved without any reference to
the anomaly operator. For completeness, we do so in
Appendix B with a calculation along the lines of [7]. In
the same Appendix we also explain the cocyle’s removal
from the perspective of the improved Noether charge
construction and anomalies of its boundary Lagrangian,
along the lines of [42].

The charges and fluxes can be conveniently split in super-
momentum and Lorentz using the (foliation-dependent)
parametrization (2.46) of the symmetry vector fields.
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Specializing ¢ = &7 = T'd,, with obtain the supermomentum
charge

1 1
Q%MS :E%g\TMPES:—EﬁTRC(Wz—UN)Es, (372)
with flux
OFMS[S,] — OFMS (5]
1 1
& _ TNABN 45 +2NAB( D ,Dp+=pap | T |7,
32r 2
(3.73)

and whose transformation under a BMS symmetry y can be
read from (3.70) to be

{Q?MS’ Q}](BMS}* — ()BMS _ »HBMS

ey = Qs T'=fT=YAT]

(3.74)

For & = &y :==5DY0, + Y40, we have the Lorentz charge

1
Q;%MS 8z fYA(JA uoaM )GS
1
:_—%Re< ( 1+066+§6(05)> +u6Mﬂ)€S
(3.75)
with flux
OyV[S,] - 0PMO[S]

1
é 64 (MDYNABNAB +NAB(DYCAB—2£YCAB))€I,
T

(3.76)

and transformation law
{Oy™5,09M°), = ‘ff?j]—QEMstQBMS, Y'=[1,7,],
f=Y[f,]- DYT EY;([DY]~ (3.77)

In writing the Newman-Penrose version of (3.75) we defined
Y :=m Y and used X,Y* = 2Re(XY). The Newman-
Penrose expressions require a choice of auxiliary vector /,

|

1
P = 3y Nadr Cer = =

_ b
- 32

1 .
= E (TMp - DAV‘?N‘T))ez =

—— (CA8 + pUB))(TC yp
[T(—CABCAB +2D,DsCap + DzR)

1
—0,(TM, +D va
4 u( + A

(CHup, T)) I

whichis here [ = —du. The fluxes splitinto “hard” and “soft”
contributions, defined respectively as the part quadratic and
linear in the news. The supermomentum flux (3.73) has the
additional property of being purely hard for global trans-
lations, and in particular strictly negative for the energy
(T = 1)inthe presence of radiation, which is Bondi’s famous
result. Notice the role played by Geroch’s tensor in order to
make the last two statements valid in arbitrary frames.

The covariance property guarantees that the charges
inherit the specific properties of the BMS algebra consis-
tently. For instance, a generic BMS transformation acts
homogeneously on the supermomentum as in (3.74), but
inhomogeneously on the Lorentz charges, with a shift by a
supermomentum term determined by the parameter 7': of
the transformation, as in (3.77). This is the well-known
supertranslation ambiguity of angular momentum. It is a
direct consequence of the BMS algebra, specifically the
fact that there is no preferred Lorentz subgroup of the
BMS group in radiative spacetimes, and the Dray-Streubel
charge (3.75) correctly captures this feature. Another
feature that stands out is that any two supertranslation
charges commute. This brings to the forefront that the
[-dependence of the charges leads to different behavior
under supertranslations: invariance for the supermomentum,
and a shift by a supermomentum for the Lorentz charge.

In concluding this section, we remark that integrating by
parts was crucial to remove the cocycle. This suggests that
even though the Wald-Zoupas split (3.64) has achieved
covariance of both Noether currents and charges, the
question is still open for the aspects. This is what we
would like to address next. To do so, let us first review
some properties of the charges, which will also be useful to
understand the role of total divergences and to explain the
anomalies of M and J 4.

D. Understanding the anomalies of M and J,

We have identified a covariant Noether current for the
BMS symmetries, given by

BMS__LN

7
Je 167 (3.78)

A
abéédabéj = dQ?MS .

Let us analyze separately its 7 and Y components. Using
(2.45) and (2.50) for a pure supertranslation we can rewrite
the T-current as

- ZDADBT)GI

, . . 1
- TPABCAB ‘l‘ ZDA (CABOBT - TDBCAB —I" p<AB>DBT - E TDAR)] €1

(3.79)
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In the second equality we integrated by parts, and in the
third we used the Einstein equation (2.40) and the short-
hand notation

1
Vi = (FABIDRf — fDRFAB)),

=g (3.80)

This calculation shows explicitly how one can obtaining the
charges “integrating the fluxes” as advocated in [2], there
performed in arbitrary coordinates and here specialized to
Bondi coordinates. That is, we are able to rewrite the
current as an exact 3-form using the Einstein’s equations,
and in the process we introduce Coulombic degrees of
freedom such as M that are not present in the flux. The
result can be written as

ovisa 1 b
jBvs 2 EDdPTez— = EdPT, (3.81)
where
1
Pé = <TM/,,Z(TDBNAB - NABDBT)>. (3.82)

This quantity coincides with Geroch’s supermomentum [1],
in Bondi coordinates and with [ = —du. Its Hodge dual
defines the 2-form Py := %P%ezabcdxb A dx¢, whose pull-
back on the cross sections gives Preg = TM ,eg, confirm-
ing what previously stated for (3.9) and (3.65).
Accordingly,

¢S = Pr + xg, (3.83)
where the integration constant X7 leads to the ambiguities
(3.30) and (3.35), and if we restrict it to be a total
divergence it will affect only the aspects. Let us fix
xr = 0 for now, which is consistent with the BMS charges
(3.72), and come back to this point and the uniqueness of
charges and aspects later.

This analysis shows that M is a component of a vector,
and this observation allows us to understand the reason for
the complicated inhomogeneous terms in its transformation
law (2.50c). These terms have a structure similar to the
angular components of Pr, therefore they capture the
mixing of u and A components of this vector when we
change reference system by a BMS transformation. The
statement can be made precise if we compute the anomaly
of Py. For the time component we find

A, Pr= (5){ —£I)P% =T6,M, —x“@a(TMp) + P%o "
. . 1
= 3f)(TMp + (Tf)( - Y?@AT)Mp —ZDA(TNABDB_]CX).
(3.84)

The first term will compensate the anomaly of the
volume form, see Eq. (2.54), and the second term can

be recognized as the covariant transformation law Pﬁfr,x]’
see Eq. (2.57).
For the angular components, which we remark match

P} = =V{y ), we find

1
A)(P'Y4w — Z (5)( - £I)(TDBNAB - NABDBT>

. 1
=3f,Pr+ P+ Zau(TNABDB 1) (3.85)
Adding up gives
1
A)(PT:P[fTJ(] +dl.1/.65, U:=§TNABDBfZaA. (386)

If we integrate on the cross sections we find the covariant
transformation law (3.74). Since Py provides a good
aspects for the BMS charges, this is a consistency check
of the charge algebra. It further shows that there is nothing
“noncovariant” with the transformation law of M, it is
precisely what one needs in order for M to be the time
component of a covariant BMS supermomentum vector.
Hence there is no need to change the definition of mass
aspect, as sometimes considered in the literature.'®

Geroch’s supermomentum satisfies a covariance prop-
erty that is actually stronger than (3.74). It transforms
covariantly not only when integrated on cross sections,
but on every two-dimensional compact region of ZT,
thanks to the fact that the anomaly of its aspect is an exact
form. Covariance of Geroch’s supermomentum means that
its background dependence comes only from the sym-
metry vector field, and it is conformally invariant and
[-independent, precisely as proved in [1]. Conformal invari-
ance is actually easy to show simply counting conformal
weights, but /-independence (namely foliation independence
when [ is restricted to be hypersurface orthogonal) is not. Our
calculation based on the anomaly operator provides an
independent proof of it, albeit in the restricted setting in
which [ is changed not arbitrarily but as the effect of a
BMS(W) transformation, namely within the hypersurface-
orthogonal and Lie-dragged class. The exact 2-form anomaly
in (3.86) means that only the charge is /-independent, and not
the aspect, again in agreement with [1].

The formula (3.86) allows us to comment also on the
covariance properties of Py as an aspect. First, we see that
the anomaly is not antisymmetric, hence we cannot
interpret the aspect anomaly as a bracket. Second, it is
field-dependent, and vanishes on nonradiative spacetimes.
Hence Geroch’s aspect satisfies our definition of aspect
covariance (3.49) on nonradiative spacetimes. In general
spacetimes it is covariant only under rotations, and not

"For instance the alternative charge prescription of taking
Re(y,) alone as mass aspect will fail to be covariant beyond
nonradiative spacetimes.

044050-24



CENTERLESS BMS CHARGE ALGEBRA

PHYS. REV. D 110, 044050 (2024)

under supertranslations and boosts. This is because these
two transformations change the foliation, hence the Lie
dragged [ changes as well.

The fact that the supermomentum is independent of / has
an important consequence. It makes it possible to capture its
covariance without making explicit reference to its angular
components. The key for this trick is the last equality
of (3.79). The angular components are total time derivatives,
hence they can be reabsorbed in the time component. This
allows us to define the supermomentum charge aspect

1
BMS ,_
Ir =y

_7'[ (TM/) + DAV(AC+M/),T) + XT)G'S, GMXT =0.

(3.87)

It gives the same supermomentum charges as Py. As aspects,
they are related by the ambiguity (3.35) with X = 0 and

VA = Vi

— 3 A
Xr = lg,ver — DyV7es, (CHup,T)?

APy = 4ndgBMS. (3.88)

The formula (3.87) is given for constant u cross sections,
but since any cross section of Z can be written as constant u
in some BMS coordinate system, it leads to covariant
charges. As an aspect though, it has different covariance
properties than Pr. Let us compute its anomaly explicitly,
since it will also offer a complementary understanding of
the anomaly of M. First, from (2.50c) we have

. 1 1
A)(MP :3f)(Mp _EDANABDBf)(_ZNABDADBf)(' (389)

The eye-catching factor of 3 occurs simply because the area
2-form and the symmetry parameter 7 also have nontrivial
conformal weights, see Egs. (2.54) and (2.57). Including
them to obtain (a piece of) the actual aspect, we find

. 1
A}((TM,,eS) = (AIT)M/,QS + T(fXM,, — E’DANABDBfX
1
- ZNAB’DA’DB‘]CX) €g
1
= [fT,)(]”Mpes - T<§DANABDBf;(

+ %NABIDADBfX) €g. (390)
These steps are quite straightforward, but we believe it is
instructive to see how the pieces add up together toward the
expected covariant transformation law. The remaining step
concerns the inhomogeneous terms. Comparing (3.89) to
(2.50c) we see that the shift from M to M, eliminates the
inhomogeneous terms that would not vanish for non-
radiative spacetimes in arbitrary frames. What remains is
still not a total divergence. This may look surprising since
the other terms in (3.87) are total divergences. The answer

is in the noncommutativity (3.45) and (3.46), which means
that we need nontotal divergences in order to be able to
remove the anomaly contribution of the total divergences
in (3.87).

Explicitly, we have

[A,. D4V = VD4 f,, (3.91)
[A,. Dy|VA = VAD,f, — 2VAD,f,. (3.92)
[A,, D,VAB = VABD, f, — 4VABD,f,. (3.93)

The rest of the calculation confirms this mechanism, and
we obtain

AG™S = qis) + e (3.94)
Here
1
and we used the shorthand notation
1
D, := Db 4~ plab), (3.96)

r 2

Since it is a total divergence, it vanishes upon integration
on the cross sections and we recover (3.74): The charges
satisfy a covariant symmetry algebra, without central
extension. As an aspect, on the other hand, it is still
noncovariant, but with a different anomaly than Pr. It is
field-independent, and vanishes for global translations.

Coming back to 6:M, its inhomogeneous terms guaran-
tee (3.43), which requires computing i,dg; and terms that
are total divergences are no longer so after the interior
product. In the nonradiative case the Noether current
vanishes, hence this issue is no longer relevant. Indeed
the transformation of the mass boils down to the simple
oM, = £Y1M ,+3 f M ,, or equivalently the manifestly
covariant 8,(TMes) = £y (TM e5) + [&1, x]" M €.

Conversely, (3.87) provides a definition of supertrans-
lation-covariant mass aspect, in the sense of (3.94), and as
opposed to M or M, alone.'” Notice that the required total

7 As a side comment, notice that if we restrict to round spheres
and to global translations,

1 1
q];-MS = E T <M - ZDADBCAB) €g.

It was suggested in [62,63] to take this expression as super-
momentum aspect for any 7, because it has the interesting feature
of a ‘purely hard’ flux. This option would however violate
covariance, which as we see from (3.87) requires additional
terms. Remarkably, it turns out that if one improves the Ashtekar-
Streubel symplectic form by a corner term, then there exists a
related expression that is covariant, and maintains its “hard-flux”
property [64].
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divergences can only be deduced using the procedure of
integrating the fluxes, and not through the Komar boot-
strap. This is because as explained in Sec. III A, there is no
relation between the total divergence found in (3.87) and
the one that is obtained keeping track of total divergences in
the Komar 2-form and the shifts i:2 and s,.

Any hope that the two match through some unforeseen
mechanism appears to be ruled out by an explicit calcu-
lation, which we do not report here.

The complicated transformation law (2.50d) of J4 can be
explained in a similar manner. The Y part of the Noether
current is

: 1
™S = @NAB@CAB%

1 . .. y
=35, + ) (ufCap + (£y +37)Cap

—2uD,Dgf)er. (3.97)
The procedure to obtain the charge integrating the flux is
considerably more complicated than the one for the super-
momentum. One has to first integrate by parts to turn the
C45C® term into the Einstein equation (2.39) for M, just
like we did above. Then, one has to integrate by parts a
large number of times in order to reconstruct the Einstein
equation (2.40) for J 4, and in the process take into account
the CKV identity (2.51) and related identities for higher
order derivatives. The result will be of the form

. 1 Y 1
JEMS é gDaJYeI = gd]y, (398)
where
J4 =YA(Jy —uDsM,). (3.99)

The angular components of this covariant vector are the
raison d’etre for the inhomogeneous terms in the trans-
formation law of J,. We did not attempt to compute them,
and we content ourselves with the indirect proof obtained
from the removal of the Barnich-Troessaert cocycle in
(3.77). The long calculation proving (3.98) was success-
fully completed in [36], using the Newmann-Penrose
formalism. Unfortunately total divergences were discarded,
and therefore only (3.99) was obtained. This is sufficient to
prove that the fluxes integrated to the Dray-Streubel’s
charges. To know also the angular components J4, one
has to redo the calculation of [36] keeping track of all total
divergences (As explained above, it is not possible to
shortcut this calculation by deducing the total divergences
from the limit of the Komar 2-form). For the (brave!) reader
interested in determining them, let us point out that one
should not expect them to be total time derivatives. This
special property made sense for the supermomentum
because it is related to its covariant transformation law

(3.74), and to the [l-independence of Geroch’s supermo-
mentum. But any Lorentz charge necessarily refers to a
cross section since the notion of Lorentz subgroup does.
Consistently, the covariant transformation law (3.77) means
that when we change cross section, a supermomentum shift
is required. The shift would be unnecessary if it were
possible to capture the covariant transformation law simply
adding a total divergence to the u component.

E. A new covariant supermomentum aspect

Let us come back to the question of uniqueness of the
charges and their aspects, starting with the former. The
Wald-Zoupas procedure of matching the Q5 calculation
gave us directly (3.64) up to a field-space constant which is
removing by the requirement that all charges vanish in
Minkowski. Therefore the charges are unique (but not the
aspects). With the procedure of integrating the fluxes, one
can use the fact that all time-independent quantities in the
radiative phase space are also universal. Therefore the
ambiguity (3.30) can be removed by the same requirement
that the charges all vanish in Minkowski, and this singles
out (3.64) again. Notice that the property is only valid for
the charges and not for the aspects, see footnote 15, which
are therefore left ambiguous at this stage. If one does not
want to use the reference solution, or if there is not any
obvious one standing out, then it is possible to address the
ambiguity requiring covariance of the charges. In the BMS
case at hand this argument gives the same answer (3.64). In
fact, the only quantities that can be added to it without
spoiling covariance are conformal invariant and foliation-
independent, and in order to be time independent they can
only be built out of the universal fields (q,;, n%, pap,) (plus
& which can enter via I, since [£,, I;] = 0), e.g. § DY Res.
A moment of reflection shows that this is not possible,
hence the charges are unique.

A separate discussion is necessary for the vacuum shear,
and more precisely for the bad cut mode u,. This is not well
defined in the whole phase space, but only in the non-
radiative subset of vacua. Therefore it does not change the
above argument about universality in the radiative phase
space. On the other hand, we have introduced in Sec. II an
enlarged radiative phase space, adding precisely u, as
corner datum, representing the (late) time boundary con-
dition. The enlarged phase space contains a nonuniversal
and time-independent quantity, hence the above argument
no longer applies, and u, can be used to construct new
charges. We can now distinguish two different situations,
depending on whether we impose condition 0 or not. If we
allow for nontrivial corner terms it is indeed possible to find
alternative covariant charges. This investigation will be
reported elsewhere [64]. For this paper we maintain the
original Wald-Zoupas prescription at least for BMS, hence
condition 0. Then the only allowed ambiguity comes from a
9 with 5119 = 0, hence x; = Feg with ' = 0, meaning that
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F = F(qup,n%, pap, Ug). But ug here is the only quantity
which is not supertranslation invariant, hence it necessarily
breaks covariance. The only way to use this ambiguity and
preserve covariance of the charges is thus to restrict F' to be
a total divergence. It follows that the charges are untouched,
and their uniqueness is preserved also in the enlarged phase
space with the Ashtekar-Streubel symplectic structure. On
the other hand, we can use the ambiguity in F to change the
aspects. Since the aspects were not covariant to begin with,
it is interesting to ask whether there exists a J that improves
their covariance. The answer is affirmative for the super-
momentum aspect.

To that end, we consider the following corner
improvement:

1
9= __DA [(DBDéBuo)éuo — D;?BMOIDB(SM()]G‘&

d9=0.
8 —

(3.100)

with

1
(55 - £§)19 = @DA [5M0DBD}?BT§ — D}?BT{:DBéuo]ES.

(3.101)

It satisfies condition 0, and does not change the charges
nor the Noether currents, so their covariance is preserved.
It only changes the aspects, which now read

_ 1 1
™ = g™ + 17576 = 12 (T™, + IDAVI[AC,T])eS’

Xr = _ZDAVI[QA/)MO.T]es = —471'1(:7_19 (3102)

In other words, the role of the corner improvement is to
fix the integration constant in the potential of the news to
be given by the bad cut boundary condition, hence
turning the shear appearing in the aspect (3.87) into
the relative (or covariant) shear (2.67). Computing the
algebra we find

-BMS _ -BMS
D™ = ey

(3.103)
for any BMS symmetry & We find it quite remarkable that
this is possible. We refer to this new aspect as Goldstone-
improved supermomentum aspect.

Of course, [’appetito vien mangiando and one may
wonder whether it is possible to similarly improve the
Lorentz aspect. We did not succeed in doing so, and we
believe it is not possible because of the usual argument that
cross section dependence of any Lorentz subgroup is an
unavoidable property of any covariant charge, hence its
aspect needs to carry this background-dependence.

IV. EXTENDED BMS FLUX
AND CHARGE ALGEBRA

We turn now to examine whether it is possible to satisfy
the Wald-Zoupas conditions on charges and fluxes for the
extended BMS (eBMS) symmetry. The fall-off conditions
on the metric are the same as in the BMS case, but one
allows nonglobally defined CKVs. The nonglobally
defined CKVs are referred to collectively as ‘“‘superrota-
tions,” even though they include both “rotationlike” and
“boostlike” components. The presence of singularities in
the vector fields changes the topology of the cross sections,
allowing punctures on the sphere. This in turns allows one
to pick a conformal frame corresponding to cross sections
with a flat metric, and R =0 (everywhere except at
isolated points corresponding to the punctures). Being of
constant curvature, this frame can be thought of as a special
case of “Bondi frame.” Since the symmetry vector fields are
still CKVs, (2.51) is valid, and we can still assume that
0q ., = 0 namely that the background metric is universal.
However, (2.52) does not hold for nonglobally defined
conformal vector fields. Therefore the charge prescription
(3.17) fails to satisfy the stationarity and covariance
conditions in every frame, whether of constant curvature
or not, and this manifests itself in the field-dependent
2-cocyle (3.15).

To address these issues, we can still follow Geroch’s lead
and observe that the Schouten tensor, or equivalently the
(time derivative of the) shear of a Lie-dragged [, are not
conformally invariant, hence we should improve the
symplectic potential introducing the news tensor (2.4).
But recall that the sphere topology is crucial to prove that
pap 18 unique. If the topology is not that of a sphere, it is
easy to see that for each given conformal completion there
are infinitely many solutions to Geroch’s conditions. This is
the main novelty of eBMS, see Appendix C for details. The
new degrees of freedom in Geroch’s tensor can be inter-
preted in terms of a conformal field theory for which p,,
is the stress-energy tensor [10,1 1,20,24,25,27,28].]8 As
pPap 18 now neither unique nor universal, its behavior
under diffeomorphisms and conformal transformations is
decoupled, leading to a nontrivial transformation rule under
the eBMS symmetry group,

5§pAB = £§,0AB + 2DADBf $é 0. (41)
This is the expression in Bondi coordinates, for an arbitrary
qap- If we specialize to the flat metric, whose components
can be taken to be ¢, =0 and g =1 in complex
coordinates, then Y* is meromorphic and Y* antimeromor-
phic, and (4.1) reads ;p,, = £¢p_, + 02Y*. The right-hand
side vanishes for supertranslations, but not for superrotations.

®In these references, this generalization of Geroch’s tensor is
sometimes denoted still p,;, as in here, sometimes N}°, some-
times T, in reference to the conformal field theory.
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If the latter are restricted to be globally defined CKVs, then
we expect it to vanish as well as to recover the BMS result. To
see this, we distinguish two cases. If we make the restriction
to globally defined CKVs assuming the sphere topology,
then p,p is unique and the result follows from the original
Geroch’s analysis. If we do it with the punctured sphere
topology, then p, 5 is no longer unique, but there is a choice
that guarantees that the right-hand side vanishes in every
frame, and this is given by the special solution p, = O on the
flat frame, see Appendix C 1 for a proof. In other words, there
is always a preferred p,p for globally defined CKVs, given
by Gerch’s tensor on the sphere topology, and by a conformal
transformation of the trivial tensor on the punctured sphere.

Concerning the transformation rules of the background
and dynamical fields, we can still use (2.50), with the
proviso that we allow for nonglobally defined CKVs.
Remarkably, the anomaly of the nonuniversal version of
Geroch tensor p,p is still the same expression (2.71) that
we had for BMS." As a consequence, (2.72) still holds: the
news tensor is conformally invariant in eBMS just as it was
in BMS, in spite of different transformation rules for d:p,
and 6;N,,. One may also think that superrotations create
magnetic shear, since (2.52) does not hold. However this is
not the case thanks to Geroch’s tensor, which makes the
decomposition of the shear in electric and magnetic parts
conformally invariant and also superrotation invariant [25],
as can be seen using (2.31).

This observation suggests to look for a Wald-Zoupas
charge prescription following the same idea we used in the
BMS case, namely we add and subtract the term
72-8(papC*®) to (3.16) in order to turn Cyp into Np.
This leads to he same charges (3.64), but there is a catch:
The symplectic potential picks up an additional contribu-
tion due to the nonuniversality of p,,,

1
QBMS - (NAB(sCAB - CAB(spAB)E'I.

o (4.2)

The new contribution can also be read from the Noether

current associated with the same charges. In fact dgf™®

contains a term £:p,5, which goes into reconstructing the
flux Ny 35§CAB . Except that in the eBMS case in order to do
so we have to use (4.1) and this leads precisely to the extra
piece CABﬁgpAB, in agreement with (4.2).

The first term of (4.2) is perfectly covariant, but the
second one only up to a total divergence on the cross
sections

1
(0 = £§)9BMS = EDA (60" Dpf ez (4.3)

“There is an analogy to what happens to g4 in going from
BMS to more general symmetries such as gBMS or BMSW: the
rule o:q4p changes, but the background dependence is still the
same, and S0 is Asq4p.

This follows from (2.71) and

DEsppp = 6DyR = 0, (4.4)
which still holds in spite of the nonuniversality of p,;,. The
linearized noncovariance (4.3) vanishes upon integration
(One may question the validity of this statement in a
context in which singularities in the vector fields are
allowed, but it is the assumption taken in [7] and which
we follow here). Therefore the flux satisfies the linearized
covariance condition, but the symplectic potential 3-form
and the Noether current do not. and this is enough to have a
cocycle-free flux algebra: (4.2) satisfies (3.71). In fact, even
the charge algebra is centerless: on can follow the same
steps of (3.68), and even though (4.2) has an extra piece and
Ocpap # 0, the fact that the anomaly is still given by (2.71)
is enough to achieve (3.70). In other words, the BMS
charges satisfy a covariant algebra even if p, is not
universal.

We are now in a position to clarify the origin of the
2-cocycle found in [7] for the eBMS symmetry. It comes
from having neglected the contribution of Geroch’s tensor,
which as in the BMS case, it removes both terms of (3.15).
One may have thought that choosing a flat metric and
assuming an initial p,, = 0, Geroch’s contribution would
be irrelevant to the charge algebra, similarly to what
happens in the BMS case if we stick to Bondi frames.
The reason why this is not the case is that eBMS trans-
formation (4.1) is not homogeneous. Hence keeping
Pap = 0 is not consistent when computing the algebra,
and this is why a breaking of covariance appears, in the
form of the 2-cocycle of [7]. Having clarified this and
exhibited an eBMS charge algebra free of cocycles, it may
come as a disappointment the fact that (4.2) is actually not a
valid Wald-Zoupas potential for eBMS. The reason is that
we have a nontrivial commutator (3.46), hence the property
(4.3) is not sufficient to have covariance under finite
conformal transformations. This can be explicitly checked
using the finite transformation rules (2.77) and (C4) for the
shear and Geroch tensors.

The noncovariant term CA28p, also spoils the statio-
narity condition. However, since it depends on time only
through the shear, stationarity can be restored up to a corner
term:

1 1
——=—C"%8pper = ———(u—ug)Napbp*Ber +d9, (4.5)
321 32r
where

9= ((”_MO)CAB+g(”_2u0)P<AB>>5ﬂAB€s, (4.6)

32z

and uy = uy(x*) is a constant of integration. We are
thus led to relax condition O and consider the new
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symplectic potential

1
@°BMS .— gBMS _ 19 — 39 (NABécAB

— (u— MO)NAB5PAB)€I- (4.7)

It is manifestly stationary. How about its covariance? A
term like uN,z6p"*? depends on the foliation, hence it
cannot be covariant. This is where the integration constant
uy plays a key role. We take it to be charged under
conformal transformations and supertranslations like u,
hence A:uy = —f |u0. This means that it transforms pre-
cisely like (2.65), hence we can identify it as the super-
translation field (also known as supertranslation Goldstone
aka bad-cut field) corresponding to the boundary condition
defined by the relative shear (2.32), and A:(u —uy) =

—f(u = ug). One can then easily verify that (4.7) is fully
covariant, at both linearized and finite level. In other words,
allowing for an integration constant in (4.5) and endowing
it with the interpretation of a vacuum connection at late
times, we have made the expression independent of the
foliation. We have thus been able to identify a Wald-Zoupas
potential for eBMS. Before discussing its uniqueness, let us
add a few remarks.

Finding a Wald-Zoupas potential for eBMS has required
two new ingredients with respect to the BMS case: (i) enrich
the radiative phase space to include a vacuum connection as
corner data representing late time boundary conditions, and
(i1) relax what we referred to as condition O of the Wald-
Zoupas paper and allow a change of symplectic structure by
a corner term. The new symplectic current is

1
3
— 6[(u — MO)NAB]5PAB)€I-

o BMS — o — 469 = SN ,p6CAB

(4.8)

It is not defined in the spacetime bulk but only at 7, since it
depends on the “edge modes” p,;, and u. Its integral over
is however well defined. Therefore while the symplectic
current is not defined on the phase space X, the symplectic
2-form is. The fact that covariance may be restored using
fields defined only at the boundary is consistent with the
Wald-Zoupas philosophy, and very much at the root of the
edge modes approach to gauge symmetries in the presence
of boundaries [65].
The corresponding Noether currents are

jCBMS _ J.GeBMS _

1
Jé ) (NAB5§CAB

327
—(u— MO)NAB5§PAB)€I 2 dquMS’ (4.9)

with

BMS __ _BMS __ . BMS
e

u
t32, ((M —up)C? T3 (u— 2“0)P<AB>> OcPABES:

(4.10)

up to a closed 2-form. This gives the same supertranslation
charges and fluxes (3.72), the only modification occurs for
superrotations. It follows from the results of [14] recalled
above that these Noether currents provide a centerless
realization of the eBMS symmetry algebra via (3.39). It can
be verified explicitly with a calculation similar to the one
of (3.68).

In order to integrate the current over all of Z, one needs
the fall-off conditions

uli_)n;loNab :F, (411)
which are stronger than the Ashtekar-Streubel ones (2.35).
In other words, the e BMS symmetry can be made covariant
locally or over all of Z, but in the latter case only with respect
to a smaller set of solutions than the BMS symmetry.
Integrating (4.9) over all of Z and assuming (4.11) gives
a result consistent with [25,28]. Our analysis thus strength-
ens the proposal of these papers, by showing that their total
flux satisfies the Wald-Zoupas conditions, and furthermore
that it can be obtained from a local 3-form which also
satisfies the Wald-Zoupas conditions. As a consequence not
only the total flux on Z, but also the flux between two
arbitrary cuts of Z provides a centerless realization of the
eBMS algebra.

Finally, let us talk about the uniqueness of (4.7). The
question is whether there exist exact forms in field space or
in (the boundary of) spacetime that can be added without
spoiling covariance and stationarity requirements. These
requirements eliminate most terms that one can write down.
Some options remain, for instance 8[(u — uy)N ,zN8¢,] or
d[(u — uy)N456C*Beg]. These however contain second
derivatives in time, hence they are ruled out for the same
reason they are ruled out in the standard BMS analysis,
namely the analyticity requirement that the equivalence
class of symplectic potentials should be compatible with
the second-order nature of the field equations. The only
allowed second-order derivatives on a null boundary are
then purely spatial or mixed time-space, but not purely
temporal. This argument eliminates the examples above,
and barring unforeseen terms, we believe that the eBMS
Wald-Zoupas symplectic potential we have found is
unique.

A. Uniqueness of the eBMS charges

Let us now look at the charges (4.10). Since they
come from a covariant flux, the only possible cocyle
in their Barnich-Troessaert bracket is time-independent.
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An explicit calculation (using integration by parts and
neglecting boundary terms following [7]) gives

1 1
eBMS _ _ (ADB) 4 — (AB)
K(m) = 167:7{ <u05§pAB <D D> + 2p >

xT,es— (& <—>)()>€s- (4.12)

It is time-independent and furthermore nonradiative,
depending only on the background metric and on the edge
modes. Since the edge modes are not universal however, it
is not a simple central extension, hence it signals a lack of
covariance of the charges. If we look more closely, we see
that the cocyle vanishes for globally defined CKYV, but also
for superrotations if we consider global translations. We
thus have a covariant charge algebra of superrotations with
global translations, but not between arbitrary eBMS
transformations.

The cocycle is proportional to ug, so it vanishes for the
boundary condition u, = 0. But there is nothing physical
nor covariant about this value, which depends on an
arbitrary choice of origin in the vacuum sector of the
radiative phase space. Since the initial charges had no
cocycle, (4.12) comes entirely from the corner improve-
ment, which is in fact anomalous,

1 1 .
(55 - £§)19 = E l:MD<ADB> TgépAB + §u2D<ADB>f§§pAB

1
— Uy <D<ADB> +§p<AB)> T55,OA31| €g. (413)

Integration on the cross section removes the time depend-
ence, in agreement with the general argument (3.56). The
anomaly spoils the relation to the canonical generator, as
discussed in III B. Therefore to obtain the cocycle we have
to use (3.59) and we obtain

Kﬁ(:g%s = ﬁ 15(5)( - £;()19 - I;{<5§ - £§)19' (4'14)

Next, we ask if the charges are unique, and if not, whether
there is an alternative free of cocycle. The ambiguity in the
charges is the usual freedom of adding a time-independent
function, which can be parametrized by the freedom of
adding a time-independent corner term,

I9->9+39¢, dI° =0, Qzeﬁz—éj{&e. (4.15)
— N

If it were possible to remove the anomaly in this way, the
new charge would be consistent with the canonical gen-
erator on 2. For instance, one could try to remove the
relative factor 1/2 in (4.10) which prevents replacing the
shear C, 5 with the covariant shear C, 5. However this factor
is necessary for the integration by parts in time (4.5).

A simple example would be adding

9¢ = upB)dppes, (4.16)

~64n

leading to the new corner potential

1
191 :8_'—196:_%(”_”0)

1
X <CAB + E(u - uo)p<AB>)5pAB€S. (4.17)

It gives rise to the same Wald-Zoupas symplectic potential
(4.7), and the new charges

1
quMS — qlgMS _ 1519 — q?MS + @ (M _ MO)
1
X (CAB + E(M - Mo)pAB)égﬂABG'S. (418)

They may appeal aesthetically more than (4.10). But the
extra shift actually worsen the covariance. The cocycle
becomes

1
eBMS1 __ ATB
KW =1 fé U (@:AB <D< DET,

+%D<ADB> fx> - (< )())65 (4.19)

and we have lost the property that global translations act
covariantly on superrotations in every frame. We were not
able to find a choice of d¢ that removes the cocycle, and
the attempts we made suggest that (4.6) is uniquely
selected in that it minimizes the noncovariance of the
charges. In spite of its limited success, this example is
useful to show explicitly the importance of requiring
covariance in order to restrict the charge ambiguity, in
situations like this where the reference solution is not
enough or not relevant.

As a closing remark, we point out that despite not
being able to construct a covariant local corner charge
algebra, a covariant charge algebra can on the other hand
be achieved if one defines the surface charges only as
relative quantities with respect to a given reference
solution in the distance future. For instance if we assume
that spacetime settles down to Minkowski spacetime at
u — +oo, then we can define the charge at a cross section
S of Z* as the integral of the current between Z7 and S.
By doing this, the charge vanishes automatically at any
cross section S in Minkowski spacetime, since the current
vanishes in this case, and the charge algebra is free of
cocycles.

The values we found for the cocycle of the charges rest
on the assumption of [7] that one can discard boundary
terms when integrating by parts. If boundary terms do
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contribute, then the value of the cocycle will be affected.”
The covariance of the symplectic potential and of the
Noether currents, hence the lack of cocycles in their
algebra, is on the other hand independent of the
assumption, because no integration by parts is needed.

V. CONCLUSIONS

We wrote this paper with two goals in mind. First, to bring
to the forefront some aspects of the physics and geometry of 7
that although well explained in the existing reviews, may not
have received the attention they deserve in order to explain
and relate different results in the literature. Notably the fact
that the covariant shear constructed in [11] can be derived in a
coordinate-independent way from the radiative phase space
of [2,66], hence explaining that the supertranslation field aka
supertranslation Goldstone field is not a new degree of
freedom, and it is present in Ashtekar-Streubel phase space.
It can be thought of as a bad cut (final) temporal condition
acquire a status like an edge mode when it is used as a
temporal boundary condition to enlarge the radiative phase
space with a temporal boundary condition. We also explained
that the seemingly contradictory statements that the time
derivative of the shear is not conformally invariant [3,10,11],
and that it is [12], are due to the alternative options of
preserving or not a shear associated to a Lie-dragged auxiliary
vector field. The first option results in simpler transforma-
tions laws and simpler flux formulas, and that are actually the
ones used by the community working in Bondi coordinates.
We provided a general formula for the news tensor that is not
often found, and resurfaced Dray’s argument explaining why
it is convenient not to restrict attention to only Bondi frames
when studying flux-balance laws between arbitrary cross
sections. By presenting all results both in covariant language
as well as in Bondi coordinates, we hope to have contributed
in helping communication between the two communities. A
further technical result of our paper is to show that covariance
and conformal invariance can be studied in a practical and
economical way using finite BMSW transformations, sim-
ilarly to what done in [10], seen as an auxiliary trans-
formations and not as an extension of the symmetry. We
also hope to have convinced the reader that the anomaly
operator is a very convenient tool, that makes checking
covariance as well as conformal invariance straightforward
and simultaneous, and most practically, doable in a fixed
coordinate system.

The second goal of the paper was to present the details of
the results announced in [14]. We have shown that the

2t seems however difficult to imagine that such terms could
alter the cocycle to the point of removing it. If the boundary terms
are contact terms localized at the poles of the symmetry vector
fields, one could consider doing a conformal transformation that
trivializes in the vicinity of all poles. The cocycle we found would
change since it is not conformally invariant, but the contribution
from the boundary terms would not.

2-cocycle found in [7] is a result of a noncovariant split in
the definition of the charges, and that it is possible to find a
Wald-Zoupas potential that removes it. For BMS the right
potential was already known, and we have checked that both
currents and charges realize the algebra under the Barnich-
Troessaert bracket without central extensions. For eBMS it
is a new result, and generalizes previous formulas appeared
in [25,28]. There is an interesting similarity between the two
constructions, in the sense that in both cases the key role is
played by Geroch tensor, with the crucial difference that it is
universal in the first case, nonuniversal and rather an edge
mode in the second. The similarities however stop here. In
the eBMS case, covariance requires to modify the symplec-
tic 2-form by a corner term, and can only be achieved for the
fluxes and a subset of the charges. The full charge algebra
presents a time-independent cocycle determined by the
boundary fields u, and p,, and independent of radiative
degrees of freedom such as the shear.

Having found a covariant symplectic potential for e BMS
was quite a surprise to us. It follows from (i) the subtle role
that the generalization of Geroch’s tensor plays in restoring
covariance even if it is no longer universal, in fact precisely
because it is no longer universal and it transforms inho-
mogeneously, and (ii) using an appropriate symplectic
2-form with the corner improvement &(uyNz5)5p*8er.
Our results suggest that case studies in which field-dependent
cocycles appear in the literature (see, e.g., [44,47,67-71]) are
probably afflicted by loss of covariance in their construction,
at one level or another.

The fact that the charge covariance requires additional
input than flux covariance is in line with the results
of [2,30,72] showing that the fluxes have also a more
consistent interpretation as canonical generators on the
radiative phase space, than the charges on the partial
Cauchy slice phase space.

Applications of our method to the generalizations of
the BMS symmetry to larger groups will appear else-
where [53]. Our results are likely to be relevant also relevant
for the current ongoing research on wy., [73-77]. For
other recent work on asymptotic gravitational symmetries,
see e.g. [57,78-84].
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APPENDIX A: SHEAR TRANSFORMATION

In this Appendix we review how (2.68) reduces to (2.50)
for a Lie dragged /. We start from the identity
[£e.D()lyy = I°(E"R ypapye — D(uDpyée).  (Al)
For the vertical part of the symmetry vector field, & = fn,
we have

1.

lcndkd(abﬂ' = §S<ab> (AZ)

because the conformal Weyl tensor vanishes at Z, and

—1°D(, Dy (fn.) =D Dy f =D Dy f + 60 f + 21Dy f

(A3)

where we used the divergence-free frame condition and the
first identity in footnote 5. For the horizontal part, we have

I Yde(ab)c =Ye [Dc D(a]lb) =YD.oy— YCD(bO-a)C (A4)
where we already set 7, = 0, and
—chanYc = £Y0ab - YCDCUab + YCD<aGb)C. (AS)
Adding up and using (2.44), we recover
. 1
8:6a, = (fOu, +E£y = [)0u + DDy f = —§5§Cab- (A6)

1. On the flux-balance laws

In this appendix we investigate two different methods for
computing the flux of the BMS charges between two
arbitrary cross sections of Z* using the covariance proper-
ties that we studied in the main text. Imagine for example
that we want to compute the flux between the cross section
S, defined at u; = 0 and S, defined at u, = a(x*). The two
cross sections are related to a supertranslation u, = u; + a,
and so the coordinates u' = u—a,x* = x* define a
Noether-Bondi coordinate system where S, is located at
u' = 0. If we adapt the background structure to the first
coordinate system (u,x*) by using an auxiliary vector
| = —du tangent to the foliation induced by the first Bondi
coordinate system, we can compute the charges at u =0
which are given by

1
0BS[S,] = o 7{ (4M,T +2YA ] )es (A7)
where M and J4 are computed using / = —du. However, on

the cross section S5, the charge is not given in general by

QBMS[s,] = ]{(4M T+2Y44)es  (A8)

1
167
since M and J# are not adapted to the foliation to which S,
belongs to. However, we can compute the BMS charge on

S, by adapting the background structure made of / and & to
the cross section S,, such that

0BV (5] = — 7{ 4MT +2YAT,)es  (A9)

Tor

where the coordinate system A’ labels the cross section S5,
M, and J); are computed by transforming / = —du into
I' = —d(u — ) adapted to the foliations of supertranslated
Bondi coordinate system, which corresponds to the appli-
cation of the (finite) anomaly operator associated to the
supertranslation «@. Furthermore, we have to adapt the
vector field £ to the new coordinate system, such that

E=To,+ Y49, =To, + Y9, (A10)
and 0/, being tangent to S,, and which components (77, Y'4)
are obtained by computing the bracket [a, &]. It is how the
charges have been computed in [9,35] for instance, without
referring to the anomaly operator. Furthermore, we know
that the relation between (A8) and (A9) is given by the
integration of the infinitesimal relation (3.77) to a finite
supertranslation parameter . Indeed, this relation tells us
that at linearized order the anomaly of the charge is
equivalent to computing the anomaly of the vector fields,
i.e. their bracket. In particular, for any supertranslation 7',
since [, T] =0, (3.77) can easily be integrated and we
have that

1
Qé[S} 4”:/(TM +DAV(C+MPT))€S

1
4ﬂ/(TM’ + D, Viep)es (A11)

which outlines the invariance of the supermomentum with
respect to the choice of /. Nevertheless, the supermomen-
tum can be written as the integral of TM, on § only if [ is
adapted to the cross section S, since D, depends on the
choice of /. However, the angular momentum does not
commute with an arbitrary supertranslation a, and so the
angular momentum is dependent on the choice of /, butin a
covariant manner, since (A8) and (A9) are related by (3.77).
Therefore, if we want to compute the angular momentum
charge using an auxiliary vector / which is not adapted to
the cross section, we have to integrate (3.77) to a finite
supertranslation parameter a.

However, translating between two different Bondi coor-
dinate systems can be painful and so we outline here
another elegant way of computing the flux of angular
momentum which has been worked out by Dray [36].
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The Dray-Straubel angular momentum charge is computed
using an auxiliary vector / that is tangent to the cross
section § on which we evaluate the angular momentum
charge. However in the example above we do not have an
auxiliary vector / that is tangent to both cross sections at the
same time, for the same reason as the vector £ cannot be
tangent to both cross sections, since for a general a it will
have a vertical component on S, if it does not have one on
S1. Nevertheless, the Ashtekar-Streubel flux is conformally
invariant, so we can compute the flux and the charges in any
conformal frame. Under conformal transformations (fol-
lowed by a supertranslation 7)), we remind that the affine
coordinate u transforms into

u—-u=o0u+T)+0(Q) (A12)

which is another affine coordinate. If we choose now
and

@=L

Uy—u
S, belong the same foliation, and are located respectively at
u' =0 and ' = 1. In other words, for any pair of cross
sections (S, S,) there exists a privileged conformal frame
in which the auxiliary field // = —du’ adapted to S, is also
adapted to S,. Therefore in this conformal frame the two
cross sections belong to the same foliation and we can
compute the flux and the charges by neglecting the
contribution of the total divergences D), X%4e7 all along
(where the two dimensional derivative operator T, is
associated with I’ = —du').

APPENDIX B: EXPLICIT CALCULATION
OF THE 2-COCYCLE’S REMOVAL

In this Appendix we prove that the Wald-Zoupas charges
satisfy the algebra without 2-cocycle with an explicit
calculation and without reference to the anomaly operator.
The cocycle is removed if

5:(qBT — gBMS) — i1, (6BT — gBMS)
_ BT BMS
—K{2y — (aiy — ai)- (B1)
where
G 1 AB
7 = _EPABC €71,
1
OPT — OPMS = —5¢C = 37/)A85C €1, (B2)
. f )
AT — oM =—i, £0 ==L p,pCPBes,  ier=fres. (B3)
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From the latter we have

fie
BT _ BMs _J[64] AB
Yew) " iea) ~ 304 PapCles

_E(fgf;ﬂr Yelf, | = (£ x))papC*Pes.

(B4)
hence the right-hand side of (B1) is equal to
1 .
— 3557 ([e(9"f,04R + 2C* Dy Dy f)
+ (fefy + Yel £ ))papCr® = (€ < x))es, (BS)

where we used (3.15). On the left-hand side we have

S (q)( qBMS) I/y (HBT _ QBMS)
3]; pA35§C es— (<)
Ef;{pAB ((Ey, +3f:)C*E —2DADPI f)es— (£ x),
(B6)

where we used (2.62). In the first term we integrate by parts

fuPasty, CYPeg = —CAB£Y5 (fypapes)
= —C%(pspYelf, | + f Av.pap

+ ZfXPABfi)eS’ (B7)

= DY:e5 = 2f§€S. The crucial
ingredient at this point is the transformation law (2.10) of
Geroch’s tensor, which allows us to rewrite (B6) as

using deg = 0 and d(iy,es)

1 . .
= 355 (CYPYelfy] = £rpanf:CHF + 2£,(Cas DD f

+pun DD fe))es = (& < ). (BS)

The first three terms match the first three terms of (B5),
including the antisymmetrization. The last term we inte-
grate by parts, finding

1
—f i DDEf: = Ef;(aARaAfg + panyPaf D8 f.

(B9)

The second term vanishes from the antisymmetrization, and
the derivation of (B1) is complete.

This derivation can be applied to the eBMS case if we
replace (2.10) by (4.1). In this case we also have an extra
contribution —33-Cypéep*Besf, — (£ < y) to 5;g5M5 —
iel 0™ and thus we understand that it is in fact the
combination £:p4p — 0:pap = —Agpap that appears in the
more general derivation. However this quantity is the same
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for both BMS and eBMS symmetries, and the rest of the
proof follows the same steps.

APPENDIX C: CONFORMAL STRESS-ENERGY
TENSOR AND SUPERROTATIONS

The equivalent of Geroch’s tensor in the context or
eBMS is still defined by (2.5), but one can now look for a
reference solution on a flat conformal frame, with R = 0.
This means that it is traceless and divergence-free, like the
stress energy tensor of a conformal field theory. If we use
complex coordinates (z, Z), the only nonvanishing compo-
nent of the flat metric is g,- = 1, and the trace-free and
divergence-free conditions read

Pz =0, 0:p,; =0 0.pz: = 0. (C1)
The solution to these equations is p,. = p..(z) an arbitrary
meromorphic function while p-- = p--(Z) is an arbitrary
antimeromorphic function. We thus have an infinite number
of solutions, parametrizable in terms of conformal field
theories.”' Therefore the generalization of Geroch’s tensor
is not unique nor universal, which was to be expected since
the sphere’s topology was crucial to establish those proper-
ties. Let us now look at its transformation rules. Under a
(meromorphic) coordinate transformation, both the induced
metric and p,, transform as a tensor, hence in complex

coordinates,
2 9z \ 2
c= () @

0z

9z = a_zl

The first equation coincides with a conformal transforma-
tion of the metric. Therefore just like for BMS vector fields,
preservation of the background metric is achieved if we
perform simultaneously an asymptotic diffeomorphism and
a conformal transformation with factor o = | %",

2| 9z1]-2
Z = |30 0_z’ iz — Y9z (C3)

! aZ
07’

*'One can in fact show that being divergence-free and traceless
implies the third condition in (2.5).

This establishes invariance of the background metric for finite
eBMS transformations, namely 6;¢,;, = 0 at the infinitesimal
level. On the other hand, the behavior of p,;, under conformal
transformation is still given by (2.7), consistently with the
defining conditions. As a consequence, the combined action
of cross-section meromorphism plus (inverse) conformal
rescaling defining a eBMS symmetry gives

0z

e = (—) puld) +Sehw(z),  (CH)

o7’
where Schw(f) := fT/:/ -3 (fT/,/)2 is the Schwarzian derivative.
The infinitesimal version of this combined transformation is

Ospap = £epap + 2D,Dgf. (Cs)
The remarkable property (2.10) is now lost, because it was
due to the topological properties of the sphere, and it is
replaced by (C5). The inhomogeneous term means that an
eBMS transformation can introduce a nontrivial p,;, even if

one initially has p,;, = 0, and this plays a key role in the study
of eBMS covariance.

1. Recovering the universality of Geroch’s tensor

In this Appendix we prove that without assuming sphere
topology for the cross sections, it is still possible to show
that there is a choice of Geroch tensor such that ;045 = 0
for globally defined CKVs, in any frame. To do so, we
consider first the flat metric. There 04 0p) f =0, which in
complex coordinates is the statement that 02Y* =0 for
the Mobius transformations Y?(z) = a + bz + cz>. Then
0:pap = £epap = 0 1s solved trivially by psp = 0. Starting
from this special solution on the plane, the correspondent
one in an arbitrary frame g5 = @?0,5 is

ﬁAB = —Zw_lDADBa) + 4a)_2DAa)DBa)

— 0 29,3 D 0D . (Co)
The right-hand side is manifestly universal, hence this
solution satisfies d:p45 = 0 in any frame. Conversely, had
we started from a different solution than the trivial one, the
resulting transformation law 6;p,5 may not be zero for
globally defined CKVs.
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