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We introduce a Hamiltonian framework tailored to degrees of freedom (DOF) of field theories that reside
in suitable 3-dimensional open regions, and then apply it to the gravitational DOF of general relativity.

Specifically, these DOF now refer to open regions % of null infinity .#*, and R of black hole (and
cosmological) horizons A representing equilibrium situations. At .# " the new Hamiltonian framework
yields the well-known BMS fluxes and charges. By contrast, all fluxes vanish identically at A just as one
would physically expect. In the companion paper [Phys. Rev. D 110, 044048 (2024).] we showed that,
somewhat surprisingly, the geometry and symmetries of .#™ and A descend from a common framework.
This paper reinforces that theme: Very different physics emerges in the two cases from a common
Hamiltonian framework because of the difference in the nature of degrees of freedom on .#* and A,
discussed in the companion paper. Finally, we compare and contrast this Hamiltonian approach with those

available in the literature.
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I. INTRODUCTION

In a companion paper [1], we showed that the notion of
weakly isolated horizons (WIHs) § provides a common
platform to discuss both black hole horizons A in equi-
librium, as well as null infinity .. In particular, the familiar
geometrical structures and the BMS group of symmetries at
# can be systematically recovered from the WIH frame-
work. This seems surprising at first since WIHs are
generally associated with the black hole horizons A that
lie in the strong curvature region and there is no flux of
gravitational radiation (or matter fields) across them.
Therefore WIHs have had the connotation of representing
geometries of boundaries that are in equilibrium. .# on the
other hand lies in the weak field, asymptotic regions of
space-time and provides the arena to analyze the physics of
gravitational waves (and zero rest mass fields). We showed
that these striking differences in the physics arises from the
fact that while A is a WIH in physical space-times (M, g,;,)
where g, satisfies Einstein’s equations, .# is a WIH in the
conformally completed space-time (M, §,,) where G,
satisfies the conformal Einstein’s equations.

The common underlying WIH description also allows
one to understand the symmetries of .# and A using a
single framework [1]. Following Noether, the boundary
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symmetries should be related to generators of canonical
transformations on the phase space. However this relation
is far more subtle in presence of leaky boundaries such as
#* and one has to carefully resolve potential ambiguities
in the definitions. There are various approaches to address
these issues, most notably the Wald-Zoupas [2] and
Barnich-Brandt prescriptions [3]. In this paper we intro-
duce a new approach in which fluxes associated with
symmetries arise as Hamiltonians generating the action of
BMS symmetries on the radiative phase space. This
procedure gives conceptual precedence to fluxes; charges
are obtained by a systematic integration of these fluxes. We
will find that very different physics arises at null infinity
#* and black hole horizons A from a common framework
for the same reason as in Ref. [1]: A is a WIH with respect
to (M, g,), while . is a WIH with respect to (M, §,,). For
definiteness we will focus on .#* since physics at .7 is
much more interesting than that at .#~ for isolated
gravitating systems of physical interest. But all our con-
siderations apply to .#~ as well. Similarly, even though we
generally refer to A as black hole horizons in equilibrium,
all our results continue to hold if A is a cosmological WIH.

In Sec. II, we introduce the new Hamiltonian framework
using a familiar example: a free scalar field in Minkowski
space-time. The strategy is to extract phase spaces I'p
adapted to 3-dimensional open regions R that represent
degrees of freedom of the field that reside in R. In Sec. [II A
we introduce phase spaces I'p associated with regions
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‘R of a Cauchy surface and, in Sec. III B, phase spaces I'j,

associated with regions R of #*. We show that this
framework yields the physically correct BMS fluxes, i.e.,
fluxes that agree with those obtained by using the stress-
energy tensor of the scalar field without, however, having to
refer to the stress-energy tensor anywhere. Therefore, the
strategy can be carried over the gravitational field of general
relativity, for which there is no stress-energy.

In Secs. I and IV we apply the strategy (rooted in [4]) to
the gravitational case. We begin with the covariant phase
space I, of vacuum' solutions to Einstein’s equations [5-7]
that admit a WIH }) as a boundary, which could be either .#*
or A. From the full I';,, one can extract the phase spaces I';,

and I', adapted to open regions Rand R of #* and A, and
use Hamiltonian methods to obtain expressions of fluxes

F¢[R] and F:[R], associated with symmetry vector fields &7,

across R and R. Although the conceptual steps are the same,
the flux expressions are dramatically different because I'j,
and I' inherit quite different symplectic currents from I, .
AsonTy,, the symplectic current on I'y is a 3-form, but now
pulled-back to . If §j is a black hole horizon, the pull-back of
the symplectic current to A simply vanishes. On the other
hand, at .#*, the terms that would have vanished are
multiplied by inverse powers of the conformal factor Q
relating g,;, to §,,, and the pull-back is nonzero. As a direct
consequence, while fluxes F:[R] vanish on any open region

R of A, F: [R] provide nontrivial observables on the phase
spaces I'j, that capture the radiative degrees of freedom at
. A notable feature of this common procedure for A
and .#7 is that one works just with the symplectic structure.
This is in contrast to other approaches in the literature (see,
e.g., [2,8-10]), where one has to introduce additional inputs
such as a linkage or a preferred symplectic potential. In
asymptotically de Sitter space-times, for example, the
preferred symplectic potential satisfying all the requirements
spelled out in [2,10] does not exist [11] but one can use the
Hamiltonian framework introduced in this paper to arrive at
physically viable fluxes [12].

Finally, as noted above, the 2-sphere charge aspects Q(fb)

at . are obtained by integrating flux aspects F (fb)c using

conformal Einstein’s equations. This step requires the
full set of field equations—not just their pull-backs to
3-surfaces R—because while fluxes at .#* refer only to the
radiative degrees of freedom, charges refer also to the
Coulombic ones. In other words, one has to step outside
the phase spaces I'; and I'g, that know only about fields

and equations intrinsic to R and ‘R, and return to the full

'As usual, the restriction to vacuum equations is made to avoid
the introduction of specific matter fields and the corresponding
phase spaces. The analysis can be extended to allow zero rest
mass fields as sources. In the discussion of .# one has to further
restrict oneself to the A = 0 case because, to qualify as a WIH,
7 has to be null.

covariant phase space I',, which accesses full Einstein’s
equations, including those that link the Coulombic and
radiative aspects.

Section V summarizes the main results and briefly
discusses some applications of this framework. In particu-
lar, we point out that the common platform that unifies the
discussion of null infinity .#* and black hole horizons A is
being used in a number of contexts both classical and
quantum gravity. We also provide a short overview of the
conceptual similarities and differences between our frame-
work and those available in the literature. Details of this
comparison—particularly with the approach pioneered by
Wald and Zoupas [2] and extended by Chandrasekharan
et al. [10] and others—are presented in the Appendix.

Our conventions are as follows. In the discussion of
black hole horizons A, the underlying physical space-times
is denoted by (M, g,,,)- The torsion-free derivative operator
compatible with g,, is denoted by V and its curvature
tensors are defined via: 2V, Vv, = R 04, Rye = Rapc”
and R = g°*R ;. The Penrose conformal completions used
in the discussion of .#* is denoted by (M, j,,) and the
corresponding derivative operator and curvature tensors
carry a hat. Null normals to A and . are assumed to be
future directed. All fields are assumed to be smooth for
simplicity but this requirement can be weakened substan-
tially (in particular to allow for the possibility that the
Newman-Penrose curvature component ‘I’l may violate
peeling). If there is a possibility of ambiguity, we will use =
to denote equality that holds only at ¥+ or A.

II. PHASE SPACES I'; ASSOCIATED
WITH FINITE REGIONS R

Our goal is to arrive at fluxes and charges associated with
symmetries of .#" and A using a Hamiltonian framework
that is tailored to degrees of freedom that reside in their
finite subregions R and R. This procedure involves several
new elements. Therefore, in this section we will make a
detour and illustrate the strategy and main constructions
using a simple and familiar example: a scalar field in
Minkowski space-time. We will then apply this procedure
to .#* in Sec. Il and to A in Sec. IV.

Recall that there is a well-known covariant phase space
framework for classical field theories in globally hyperbolic
space-times [2,5-7,13] (whose foundations can be traced
back all the way to Lagrange). It provides a natural platform
to define Hamiltonians generating canonical transforma-
tions associated with symmetries. The covariant phase
space I',, consists of suitably regular solutions of field
equations. The idea now is to extract from I',,, a phase
space I'; associated with certain 3-dimensional regions R
in the space-time under consideration. Intuitively, I'r can
be thought of as capturing the degrees of freedom of the
field that are registered on R. We will show that the
Hamiltonians on I'; have the physical interpretation of
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fluxes associated with symmetries: they agree with the
standard expressions of fluxes obtained from the stress-
energy tensor of the field and symmetry vector fields.
This section is divided into two parts. In the first we
explain the main ideas using finite regions with Cauchy
surfaces in Minkowski space and in the second we extend
them to obtain fluxes of BMS momenta across finite
regions of .#T. This approach uses some basic properties
of infinite dimensional linear topological spaces. We will
spell out the details since these structures are not commonly
used in the physics literature on systems with boundaries.
In the second part we discuss phase spaces I'j, associated

with finite regions R of .#.

A. Example: Klein Gordon field
in MinkowsKi space

Consider a scalar field ¢ in Minkowski space satisfying
the Klein-Gordon equation [J¢p — u?¢p = 0. The covariant
phase space I'.,, of this system consists of (suitably
regular) solutions ¢ to this equation [13]. Since I',, is a
vector space, a tangent vector ¢ at any ¢ €I, is also
represented by a solution to the KG equation which we will
denote by 6¢. I'.,, is naturally equipped with a (weakly
nondegenerate) symplectic structure @,a 2-form on
I'.,, whose action on tangent vectors d;, §, at any ¢ is
given by2

@|4(51,0,) :/2((51¢)va(52¢)
- (52¢)Va (51¢>)€abcddsb6d

= /2 SbcddSde’ (2-1)

where X is a Cauchy surface. The 3-form §,,., is referred to
as the symplectic current. As is well known, for any Killing
field &%, o, :== L¢p is a tangent vector at a point ¢ €',
and, given any other tangent vector 9, using the fall-off
conditions used in the definition of I, one finds that there
is a function H:(¢) on Iy, satisfying
for all ¢ €l,,. Thus, the vector field 6; on Iy, is
the infinitesimal canonical transformation generated by
H:(¢) [13]. H; is unique up to an additive constant which
one fixes by demanding that it vanish at the solution ¢ = 0.
The physical interpretation of this H: comes from the
fact that it equals the conserved flux F; across X

Recall that @ is said to be weakly nondegenerate if
®(8,,6,) =0 for all 6,, if and only if §; = 0. This property
does not imply that @ admits an inverse on I'.,,. But weak
nondegeneracy suffices to discuss Hamiltonians generating
infinitesimal canonical transformations.

constructed from the stress-energy tensor T, = V¢V ,¢p —
19.,(V V@) of the Klein-Gordon field and the given
Killing field &

Hé = Ff = /Z Tmagmeabcdd Sde. (23)

for all solutions ¢ €T, . If for example, £ is a unit time
translation, H equals the energy flux E across X and, since
2 is a Cauchy surface, E is also the total energy in the field.
Thus, the Hamiltonian H; of the phase space framework
provides us with the physically correct expressions of
fluxes even though the procedure that led us to H; has
no direct knowledge of T',;,. We will now show that this
interplay between the Hamiltonian framework of I'.,, and
stress-energy tensor can be extended to phase spaces 'y
associated with certain 3-dimensional finite regions k.
Let us then consider an open region R in £ with compact
closure. The flux F¢[R] across R—constructed from 7',,—
is simply the restriction of the integral in (2.3) to R. A
natural question is if this flux can also be obtained as a
Hamiltonian in a phase space framework that only knows
about R. We will first show that the answer is in the
affirmative and then transport these ideas to null infinity in
Sec. II B to calculate fluxes across local regions of .#.
For simplicity let us assume that X is a 3-plane (extension
to a general X is straightforward). The first step is to extract
a local phase space I'; from I',, by focusing on degrees of
freedom in ¢ that are intrinsic to R. These are encoded in
the initial data (¢ = |, 7 = | ) of ¢, restricted to the
open set R. For brevity, we will denote a point in I' by
¥ = (¢, 7). In the discussion of T, above, we did not spell
out the details of regularity conditions because there are
well-known choices (see, e.g., [13]). Since local phase
spaces are not discussed in the literature, let us spell out our
choice. I'y will consist of pairs (¢, z) on R such that

7l = /R (2 + DapDg + 12gP)dx < 0. (2.4)

That is, pairs (@,7)r that belong to I'p constitute
H'(R) ® L*(R), where H'(R) is the first Sobolev space.
Physically, the norm is simply the energy-flux of the initial
data restricted to R. However, its actual value will not play
any role for our purposes. We will only need the topology
this norm induces on I'; (see Remark 5 below).

The symplectic structure @ on I'p is obtained by just
restricting the integral in (2.1) to R

wR'y(élv(sZ):Alojabcdsabc:/R(é]§052ﬂ'—52(/)517[)d3x.
(2.5)

It is again weakly nondegenerate, and also continuous in
the topology induced by the norm (2.4). Let us consider a

044049-3



ABHAY ASHTEKAR and SIMONE SPEZIALE

PHYS. REV. D 110, 044049 (2024)

Killing field £* that is tangential to X and ask if the vector
field 6, represents an infinitesimal canonical transformation
also on I'p. It suffices to evaluate wgl, () where
6: = (Le, Ler), and 6 are arbitrary constant vector fields
on the vector space I'y. The domain of definition of &; is
the dense subspace Dy of I'y on which (L:p, L:7) also
belongs to I';. On this subspace we have

|, (5:,6) = A (Log)dx — éR(n&p)gmdSu. (2.6)

Thus, if £ happens to be tangential to JR (e.g., if it is a
rotation and OJR is spherical), then, J: is indeed a
Hamiltonian vector field on Dy, generated by H:[R| =
fR(£5¢)ﬂd3x. [On any phase space, there is freedom to add
a constant C; to the Hamiltonian. As usual, it has been
eliminated by requiring that H; should vanish at the
point (¢ = 0,7 = 0).] By inspection H,[R] is continuous
on Dy and therefore admits unique continuous extension to
all of I'y,. Furthermore, it equals the flux F:[R]=
Jr Tma€™€%eqdS"?, defined by the stress-energy tensor
on I';. Finally, the infinitesimal canonical transformation it
generates can be exponentiated—the 1-parameter family of
finite canonical transformations is just the action of the
diffeomorphism group generated by £* on I'y.

What if &% is not tangential to 0R (e.g., a space-
translation)? Then we restrict ourselves to the subspace
D/, of Dy on which z|;, = 0, which is also dense in I'y.
On this subspace the surface term on the right-hand side
of (2.6) vanishes and we again have a Hamiltonian vector
field generated by H:[R|. As before, H:[R] admits a unique
continuous extension to all of I'p

H.[R] = A (Log)ndsx. 2.7)

that agrees with the flux F;[R] given by T,,: H:[R] =
F:[R] on all of I'z. Note, however, that in this case the
infinitesimal canonical transformation cannot be exponen-
tiated although the Hamiltonian admits a continuous
extension to I'p. (This is analogous to a rather common
occurrence in quantum mechanics, e.g. for a particle on half
line and the translation generator —ifid/dx.) In the next
subsection we will extend these results to subregions R
of &7 .

Remarks.

(1) Note that our considerations go through for any
smooth, divergence-free vector field £* that is
tangential to R—it need not be a Killing field. [If
D, &* # 0, the required integration by parts would
yield an additional contribution to the volume term
and @|, (¢, §) would be no longer of the form 6H.
on a dense subspace.] Its action on the (¢, ) pairs in
I', is again a well-defined infinitesimal canonical
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transformation with the Hamiltonian given by H,[R]
of Eq. (2.7), which again agrees with the flux F¢[R]
determined by the stress-energy tensor and the
vector field £“. But these integrals do not have a
simple physical interpretation since they do not
descend form observables naturally defined on the
full phase space I'y,.

There is another, more interesting class of vector
fields £ one can consider: Killing fields that are
transverse—rather than tangential—to R, such as
time-translations and boosts. One can readily extend
the strategy to include these vector fields. However
in these cases the phase space vector fields 5: on I'z
are not expressible as Lie derivatives of (¢, ) along
£%; one to first define them using the field equations
satisfied by ¢ and the relation between I';,, and I'y;.
[For example for the unit time translation vector
field £ orthogonal to R, we have J:(p,7) =
(m,(D?* — u?)@).] Then the procedure can be re-
peated and the resulting H agrees with the flux F.
We focused on symmetry vector fields £ that are
tangential to the 3-D region R because our main
motivation comes from £ and A. They are
3-dimensional and symmetry vector fields are tan-
gential to them.

The right side of (2.6) can also be written as

o), (5:.6) = =5 A (Lom)gpdix— fw(¢5ﬂ)§adsa
(2.8)

and the surface term vanishes on a dense subspace
D}, consisting of pairs (¢, z) in which  is C' and ¢
vanishes on dR. Therefore one may be tempted to
say that [ (L:m)p)d’x is also a candidate Hamil-
tonian generating the infinitesimal canonical trans-
formation 6; on I'z. However, this is incorrect
because, since this candidate Hamiltonian involves
derivatives of x, it cannot be extended continuously
to full I',. That is, since the energy norm (2.4) that
endows I'p, with its topology contains only the
Klein-Gordon field ¢ and its first derivatives—
ie., only ¢,D,p, and 7—the new candidate for
H  fails to be a continuous function on D7, whence
it cannot be extended to I'. Thus, the Hamiltonian
on I'; is unambiguous.

We want to emphasize, however, that this discussion
does not imply that all subtleties involving boundary
terms are irrelevant. For example, they cannot be
circumvented in gauge theories simply by using
topological arguments on suitable function spaces.
In particular, the symplectic structure on I, is
gauge invariant because of the boundary conditions
imposed at infinity, and would typically cease to
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have this property on I'p. The interplay between
topological arguments and subtleties associated with
gauge invariance is interesting in its own right. But it
would be a digression to discuss these issues here
because our main interest is on .# 1 and, as we will
discuss in Sec. III one can isolate the gauge invariant
degrees of freedom on .#+.

(5) Itis clear from the main discussion of this subsection
that the norm (2.4) serves only to induce the top-
ology: it implies that a sequence of points (¢,, 7,)x
in 'y converge to (¢.,x,) ife,,z, and D,p,
converge to ¢, 7, and D, ¢, in the L?-sense. The
precise value of this norm itself is not relevant; only
the topology it induces is used. This fact will be
useful in the next subsection. Finally, note that while
we introduced the phase space I'yp associated with
finite regions R to illustrate the strategy we will use
at WIHs, the idea of using phase spaces associated
with finite 3-D regions has other applications as well
since—e.g. at the future space-like infinity of
asymptotically de Sitter space-times—since they
encode the degrees of freedom just in that region.

B. Scalar field at null infinity
To extend these considerations to null infinity, let us now
consider a massless scalar field satisfying the wave equa-
tion (J¢p = 0 on Minkowski space (M, g,). Let (M, ;)
be any conformal completion in which .#" is divergence-
free, i.e., its null normal 7“ satisfies V,7*=0. Given a

¢ €T'y,,, the conformally rescaled field z?) = Q‘lffﬁ is well-
defined at .#*. By pulling back the symplectic current to
7+, the symplectic structure @ on I, can be rewritten as

0’|(/)(51,52) :/ﬂ+((5l$)§a(52a})
— (5:0)V0(81h)) 2 0gd 3>

(2.9)

Let us now consider an open region R of .#*, with
topology S” x R, bounded by any two cross sections S;
and S,. Since the phase space I';, is to consist of degrees of
freedom that reside in 7%, we are led to consider restrictions
of q;ﬁ to R and introduce a suitable topology on these fields.
The idea again is to introduce this topology by choosing a
norm which ensures that two elements of I'; are close to
one another if they and their first derivatives are close in the
L? sense. Therefore we will take the norm to be

N R . PP TN
1= [ <|n“Da¢|2+q hDa¢Dh¢+lz|¢|z>dsf+

(2.10)

where [ is a constant with dimensions of length, g%’ is an
inverse of g, (i.e., a field satisfying §°§,.qpq = §up), and
d3.#* the natural volume element on .#* in the conformal
frame (§,p,,7%). This norm depends on the auxiliary
structures—a specific conformal frame, inverse metric
@“b, and the constant /—we introduced on .#7, but the
topology it induces is insensitive to these choices. The
symplectic structure is given by restricting the integral
in (2.9) to R: 03], (61.6,) = [3 & pedSPed. Again, it is
weakly nondegenerate and continuous on I'5.

Next, recall that the BMS vector fields 2“ satisfy
Lequp = 2Bq,, and LA = —pn®. Tangent vectors J;

again correspond to the fields 659;5 = Lé(fﬁ. However, since
the scalar fields q?) have conformal weight —1, the action of
the Lie derivative has an extra term relative to its action on
functions with zero conformal weight
Lep = ED,p+ po. (2.11)
(For the supertranslation vector fields £&* = 8%, we have
Linduy =0, ie., f=0, whence L;,¢ = 31D $.) The
second term in the right side of Eq. (2.11) ensures that 554;5
is again a scalar field with conformal weight —1. Hence the
infinitesimal transformation generated by £ is well-defined
on the dense subspace Dy, of I'y on which Egrf; is again in

I'z,. Given any constant vector field 5 on ' and ¢ € Dj,a
simple calculation yields

wglg(0.0) = [ [(£ch)(*D,30)
(L) 3D,

+ ]{ _[6p(a“D,p)E"]dS,.  (2.12)
oR

Therefore on the subspace D;Az of Dy on which 24D ¢
vanishes on the boundary dR, we again have

Or

§00:0) =0 | (L)L) =3HAP). (213
R

As before, since D,fa is also dense in I' and the function H

is continuous, it admits a unique continuous extension to
the full phase space I'z. In this sense, J; is again an
infinitesimal canonical transformation generated by the
Hamiltonian H(¢) on I',. The Hamiltonian H represents

the flux of the BMS momentum across the portion R of
#*. Again, if £ happens to be tangential to the boundary,
the Hamiltonian vector field 6, generates a l-parameter
family of finite canonical transformations; for more general
vector fields we only have the infinitesimal canonical
transformations.
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Let us summarize. I', captures the degrees of freedom
$|R in the scalar field ¢ that are registered in the region R
of .#7. In the literature, &5|ﬂ+ is often referred to as the
radiation field because it is the coefficient of the 1/r-part in
the asymptotic expansion of ¢ in Bondi-type coordinates
u,r,8,¢. Thus T is the space of radiative degrees of
freedom that reside in R. The topology on I';; ensures that
a sequence g?ﬁn converges to g;ﬁo as n — oo if and only if &5,1
and their first derivatives D¢, converge to ¢, and D¢, in
the L? sense. The symplectic structure @y, on I', (obtained
by restricting @ on I', to the degrees of freedom captured
in I'p) is weakly nondegenerate and is continuous on I'.
The action of every BMS vector field & on .#* induces a
vector field 6547) on a dense subspace of I';, that preserves
@®4,. This infinitesimal canonical transformation is gener-
ated by a unique Hamiltonian H that is continuous on the

full phase space I';, and vanishes at g;ﬁ = 0. Note that the
topology on I'j is precisely such that @y and H, are
continuous on I's. And then the Hamiltonian H: agrees

with the flux F: of the BMS momentum across R,
computed using the stress-energy tensor on all of I'y,.

III. GENERAL RELATIVITY: GRAVITATIONAL
FIELD AT NULL INFINITY

Let us now turn to the gravitational field in full, nonlinear
general relativity and consider space-times that admit a
WIH boundary. In this section we will focus on the case
when the WIH is .#* and show that the Hamiltonian
methods introduced in Sec. II lead to the standard expres-

sions for fluxes of BMS momenta across regions R of .# .
In Sec. IV, we will show that the same procedure implies
that the fluxes associated with symmetries of black hole
WIHs A vanish identically.

We begin in Sec. III A with asymptotically flat space-
times with a complete .. We first recall from
Refs. [4,5,14,15] how degrees of freedom can be isolated
at 1 to obtain a radiative phase-space T,y and then

restrict these degrees of freedom to finite subregions R of
7 to obtain I',. In Sec. Il B we show that the BMS
vector fields &% induce infinitesimal canonical transforma-

tions, providing us with Hamiltonians H[R] on ', that

represent fluxes F;[R] of the BMS momenta across 7.
Following Refs. [4,16,17], in Sec. IIIC we obtain the
expressions of BMS charges by integrating the fluxes. The
passage from fluxes to charges requires one to step out of
the radiative phase space and use full Einstein equations
and Bianchi identities at .#" that relate fields carrying
Coulombic and radiative information at .# . However, in
contrast to other approaches to charges and fluxes [2,8-10],
the entire analysis can be carried out at .#* without the
need of extending symmetries or physical fields to the
space-time interior.

A. Radiative phase spaces at .7/ *

To discuss charges and fluxes associated with sym-
metries, we have to work with the phase space consisting of
all space-times that admit .#" as a boundary in their
conformal completion. Let us then begin with the phase
space I, of all vacuum solutions (M, g,,) of Einstein’s
equations that are asymptotically flat at null infinity (in the
sense of Definition 2 of [1]), and work with their conformal
completions (M, §,,) in which .#* is divergence-free.
Then .7 is equipped with a kinematical structure that it
is shared by all space-times in I, : Pairs (g, 1) where
any two are conformally related via (¢, = UG, A'* =
u2a®) with p satisfying Lu = 0. The role of this
kinematic structure is analogous to that played by the
Minkowski metric in Sec. IL

As discussed in [1], the dynamical information in the
gravitational field at .#* is encoded in the intrinsic
connection D, induced by the space-time connection V.
D is compatible with the kinematic structure—i.e., satisfies
D,4,.=0 and D,#?=0—but varies from one space-time to
another. It captures the radiative information in the physical
metric g,;, that is locally registered at .#* and is thus
analogous to the radiation field g?ﬁ of Sec. II. The phase
space I,y adapted to .#* consists of these degrees of
freedom.

More precisely, we have the following structure [14,15].
The curvature of D on .#* encodes the Bondi news N,
and the part *K := lim ,+ (Q~"*C**71.71,) of the asymp-
totic Weyl curvature of §,,. The five components of *Keb
encode the radiative modes corresponding to the Newman-
Penrose components ¥, %5, Im¥,, all of which vanish in
any stationary space-time. Because every D annihilates
both §,, and /2%, any 2 of our derivative operators D and D’
on .1 are related by

for arbitrary 1-forms f, on.#,
(3.1)

(Da_bil).fb :ncjrciab

and some symmetric tensor field iab that is transverse to
¢ ie., satisfies 3,,7%=0. This property brings out an
important fact: the action of all derivative operators is
the same on horizontal 1-forms h, satisfying h,n¢=0.
Therefore, (as discussed in [1]) D is characterized by its
action on any one 1-form ?a on # satisfying ﬁ“?a =-1
This fact plays an important role in phase space
considerations.

But there is gauge freedom in D: If we change the
conformal factor by Q - Q' =uQ=(1+Qf)Q in a
neighborhood of .#7, then clearly §,, and 7#“ do not
change, but D — D' with £,,=f§,,. Thus the pure-trace
part of ﬁub is gauge and we are led to consider two
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connection as equivalent if they differ just by this gauge
freedom

D, D' e{D} iff (D,—D,)fy (n°fe)qay.  (3.2)

Therefore, the difference between any two equivalence
classes is characterized by the trace-free part f,;, :=

2 —1G°% 44, where g°¢ is any inverse of §,,. Note
that this transverse traceless f,;, has precisely two compo-
nents; they represent the two radiative modes of the
gravitational field. It is remarkable that they can be isolated
locally in a simple way in spite of the nonlinearities of full
general relativity; this is why the .#-framework is so well-
adapted to the study of radiation fields. Note however that
for this very reason the connections {D} have no knowl-
edge of the Coulombic aspects of the gravitational field that
are encoded, e.g., in Re‘PO2 that enters the expression of the
Bondi-Sachs 4-momentum and ¥; that enters the expres-
sion of the angular momentum charge. In terms of the
discussion of Sec. Il of [1], the degrees of freedom captured
by {D} are freely specifiable fields on 3-dimensional .# .
The Coulombic information can be specified on a 2-sphere
(say in the distant past), and is then determined everywhere
on . by the radiative modes. It does not have dynamical
content that freely specifiable fields have; it constitutes the
corner data.

The phase space that captures the degrees of freedom in
gup that are relevant to .#* is thus the space Ty of
connections {D} at .#* (subject to appropriate regularity
conditions specified in [4]). Therefore it has the structure of
an affine space. For intermediate calculations, it is con-
venient to endow it a vector space-structure by choosing an
origin. Fortunately, there is a natural class of connections

that can serve as origins: {®} that have trivial curvature,
ie., for which *k =0 (which implies that N, also
vanishes [18]). These points {D} €,y are referred to as
classical vacua. Each classical vacuum {®} is left invari-
ant by the translation subgroup 7 of the BMS group 3B, and
the quotient S/7 of the supertranslation group by its
translation subgroup acts freely and transitively on the
space of classical vacua; thus there are as many classical
vacua ® as there are supertranslations modulo translations.
Let us fix a {D} and choose it as the origin in I,y Then,
the difference between an arbitrary element {D} and {D}
is completely characterized by a transverse, traceless,
symmetric tensor field 7,, [14]

Pap = ({D}, = {D})E, = TR(D, - D,)E,.  (3.3)

Here TF stands for “trace-free part of,” D is any element of
{D} and D of {D}, and, as before, Z, is any 1-form on .7+
satisfying ﬁ”?b = —1. The fields 7,, serve as convenient
coordinates in the infinite dimensional affine space I',,4. We

will refer to 7,, as relative shear because it represents the
difference between (generalized) shears assigned to £, by
the phase space variable {D} and the vacuum {D}.

(Generalized shears because ?a does not have to be
orthogonal to a cross section). Note that the relative shear
is independent of the choice of the 1-form % on J*
satisfying ﬁ“?d = —1. It is easy to verify that 7, has
conformal weight 1 —i.e., under §,, — u>g,, we have
Vap = MYap—wWhich will ensure that the final results are
conformally invariant. Our results will be insensitive to the
choice of {@} that serves as the origin. Finally, one can
easily show that the relative shear is a natural potential for
the news tensor defined by {D} [4,14]:

Nab =2L:Pap- (34)
The dependence to the origin {®} in the definition of 7,
drops out when we take its £;.

Remarks.

(1) There is a useful analogy with Minkowski space,
which is also an affine space: choice of {D} is the
analog of the choice of an origin in Minkowski space
that is generally made to introduce Cartesian coor-
dinates x?, and 7, are the analogs of these Cartesian
coordinates. Under the change of the origin, the
Cartesian coordinates x® in Minkowski space
undergo a constant shift x* - x'* = x* + ¢?. Sim-
ilarly, under D - ', the coordinate 7 undergoes
a constant shift, 7,, — 7,, + ¢;,. The tensor field
¢, on . has the form ¢2, = TF(D,Dy8 +2p,;)
where & denotes the supertranslation relating the two
vacua {D} and {D'}, and p,, is the Geroch tensor
field constructed from the kinematical structure [19].
¢, satisfies £, ¢7, = 0; it has no dynamical content.
It vanishes if and only of 87 is a translation.

(2) Although the relative shear 7,, is symmetric and
trace-free, conceptually it is quite different from the
more familiar shear 6, of cross sections of .# ™. The
former does not refer to any cross section but
requires a choice of classical vacuum {D}, while
the latter does not refer to any vacuum {D} but
requires a choice of cross section. Choosing an ?a
orthogonal to a cross section, one can relate the two
using the identity

A

~ T e T . 1., ~
Doty =39 Del g =ty =6up +§9‘hb =,
(3.5)
where ¢,° is projector on the tangent space of
the chosen cross section, 7, := £;¢, and 0 is the

expansion of #,. Then the difference ({D,} —
{D,})¢, defining $,, corresponds to subtracting
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from 6,, shear with respect to a vacuum connec-
tion {D}.

(3) Definition of the relative shear brings out the fact that
I'.,q can be regarded as a (trivial) fibre bundle in which
the base space is spanned by nondynamical classical
vacua {®} and the fibers are coordinatized by the
curvature *K“? of {D}. Given a conformal comple-
tion, a change {®,} — {®'} in the choice of the
origin can be regarded as a Goldstone mode, a la [20].
7.5 18 also related to the covariant shear of [21].

The symplectic structure @ on I'.,, [6,7] induces a

natural @,q on Ty [5]. Given any point {D} €T,
tangent vectors & at {D} are represented by fields 87,
on % that are by definition symmetric, transverse and
trace-free. The action of @4 is given by [4,5]

1 N N
®raal 9y (61.62) = %/ﬁ [(617a5) (Lab27 ca)

— (627ap) (Lab17ca) | 4478 I+ (3.6)

where ¢ is any inverse of §,,. Because 67,,, 1%, §*°, and
the volume element d*>.#* have conformal weights
1,—1,-2, and 3 respectively, it follows that the integral
on the right side is conformally invariant. It is also invariant
under the change of origin in the affine space I',,4 because
each tangent vector 07,, is itself invariant under this
displacement.

We can now introduce the phase space I'j associated

with open regions R in .#*, bounded by two 2-sphere cross
sections. As before, one begins by restricting the phase

space variable { D} to R and introducing a suitable norm on
it to specify topology

||77||% = \/7Az|:|ﬁai)u77hc|2 + qabqaqunba?cmi)b?dn

1
to |}7ab|2:| & (3.7)
where the conventions are the same as in Eq. (2.10). Again,
we will only use the topology induced on I';; by this norm,
and the topology is insensitive to the choices of auxiliary
structures used Eq. (3.7). The symplectic structure @ on
I';; is obtained by restricting the integral on the right side
of (3.6) to R. It is again weakly nondegenerate and
continuous on I';,.

Note that there are two interesting contrasts with the
phase space I, . First, while ', is a genuinely nonlinear
space, I,y and I';; have a natural affine space structure.
Second, while @ on TI',, has degenerate directions that
correspond to pure-gauge linearized fields—it is only a
presymplectic structure—w,,q and @ are both nondegen-
erate; there is no gauge freedom because { D} contains only
the two physical, radiative degrees of freedom of full

general relativity. These key simplifications will be
exploited in out approach to obtaining fluxes and charges.

B. BMS fluxes

Next, let us consider the action of the BMS vector fields
&% on elements {D} of T',. For simplicity of presentation
let us first consider the BMS symmetries which preserve
the given conformal frame, i.., satisfy £:g,,=0 and
L:1“=0 (these are linear combinations of supertranslations
and rotational Killing fields of g,,), and discuss general
BMS symmetries (i.e., those that also contain a boost) at
the end.

The vector §; at a point {D} of T represents the
infinitesimal change in that {D} under the diffeomorphism
generated by &% Recall that {D} is completely determined
by its action {D,#},} on a 1-form 2 satisfying Lyitt = —1.
Therefore, the change 8:{D} in {D} is faithfully encoded
in TF(EélA)a - f)aﬁg)?b. Under this infinitesimal motion
on I',,4, the coordinate labels 7, shift by

8eFap = TE(L:D, — D, L;)2), (3.8)

providing us the components of the vector field J; at the
point {D} €T . [Since (L',EZA)G —Daﬁf)gb is automati-
cally symmetric and transverse to 7¢, the operation of
removing trace is well-defined.] Note that the origin ® is
kept fixed since it not the dynamical variable: we are
computing the components of ; in fixed coordinates 7,
on I' 4.
Next, we note that

A

Leda = TFL | (Dy = D,)7) |

In the first step we have set ﬁu(ﬁg?h) = ﬁ)a(ﬁg?h) using
the fact that all derivative operators have the same action
on £§?a because ﬁ”(ﬁg?a) =0. We conclude that
O ap # [,éf/ab.s Next, the action of the BMS group maps
a connection D to another connection D’ and the curvature
*K% of D is therefore sent to that of D'. Since vacuum
connections are characterized by vanishing of *K* = 0, it
follows that ® is mapped to another vacuum connection
%', (In terms of the analogy discussed in Remark 1 at the

3Such mismatches are sometimes referred to as anomalies in
the literature; see, e.g., [22-25]. The inequality &:7,, # Lefap
simply encodes the fact that 7, is a functional of both dynamical
and background fields and J; acts only on dynamical fields while
L, acts on all fields.
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end of Sec. Il A, this is the analog of a constant shift of
origin in Minkowski space-time.) Since all vacua are
related by a BMS supertranslation 37¢ it follows that
TF(L:D, - ﬁ)aﬁg)?b = TF(D,D,3 +18p,,) for some 3
satisfying £;8 = 0. Next, because ®,8 is a horizontal
I-form, L£;(9,D,8) = D,(L£;D,8) =0 and, by its
definition, the Geroch tensor satisfies L;p,, = 0.
Therefore L£;((L:D, — ig)aﬁ,s)?b) = 0. Hence, although
Ot ap # Lef ap» We do have

[’ﬁ (éfj}ab - [’f},;ub) =0. (310)
We also have that for any vector field 6 on 'y,
5((8: = Le)iap) =0, (3.11)

because ﬁ)aﬁbbg + % éﬁab does not depend on the dynami-
cal variable D on I';, . [More precisely, the Lie-derivative of
functions fR feb (6 — L¢)74p along any vector field 6 on
Iz, vanishes for all (field independent) test fields £ on
R.] These properties will be useful below.

To determine if the infinitesimal motion J:7,, on 'z is
Hamiltonian, we need to evaluate @4 (5, 5) and check if
there exists a function H; on I';, such that @, (8, §) = 6H
for all vector fields 8. As in Sec. II, to carry out this check it
suffices to let 6 be an arbitrary constant vector field 6, on
the affine space I';, because constant vector fields span the
tangent space at every point of I';,. A vector field 6, on I'z
is said to be constant if:

(i) It shifts every phase space point {D} by the same
amount: §,({D},Z,) = 72, a fixed tensor field 7,
on 7A2; or, equivalently.

(i1) The action of &, on the phase space coordinates is
given by 6,7,, =¥, so that the infinitesimal
constant shift is 7,, = 7., + €7;,, for all 7,,.

Here the tensor field 77, on I'j is subject only to
the condition that the norm ||7¢,|| given by (3.7) is
finite.

With these preliminaries out of the way, let us return to
the question of whether the vector field 6; is Hamiltonian.
As in the case of a scalar field ¢ of Sec. II, the vector field
0 is well defined on the dense subspace Dy of I'; on

which 67, = TF(E,:DH - Daﬁf)z?b has a finite norm (3.7),
and at any point {D} in Dj we have:

1 o A
o5 (0:.0.) =5 = A [(8e700) (L4 (6.7ca))
= (87a) (La(LeFea)) |45 577,
(3.12)

where we have used (3.10) in the second term on the right
side. Next we use the property L£:7* = 0 of the BMS vector

field £ under consideration and integrate this term by parts
to obtain

1 N .
@2l py(0g.0.) = %A [(8c7an) (La(8:7ca))

+ (ﬁﬁ(éo}?ab)) (‘Cﬁ?cd)] Zlacabdd3f+

! 5 5 \pac pabd gm] 42 Q
872G m[(fso}’ah)(ﬁﬁ}’cd)q ghiEm] s,
(3.13)

As in Sec. II, the surface term vanishes if £&* happens to be
tangential to oR. If not, as before we further restrict Dy, to
the dense subspace D;Az of I', on which L7, vanishes on

oR [i.e., the news tensor Nab vanishes there; see Eq. (3.4)].
On this D;é only the volume term on the right-hand side

of (3.13) survives.

Next we note two properties of constant vector fields ..
Using the fact that the action of J, on phase space
coordinates 7,, commutes with the action of Lie derivatives
with respect to vector fields that do not depend on phase
space variables, we have

() Li(0eFca) = 6-(LaFea); and

(1) Le(0:7ap) = 0o(LeVap) = 0.(0e7ap), Where in the

last step we have used (3.11). Therefore on the
dense subspace D;Az the right side of (3.13) can be

rewritten as

1 2 A~

= %A [(5§7ah) (60 (ﬁﬁycd))
+(8.(8ehap)) (LaFea)| g g d® 7+

:%504(557”)(5;&}’”1)

X f]acé\]bdd3j+-

w3 (py(0e.6.)

(3.14)

Therefore we conclude that on the dense subspace D/fz of
I';;, the Hamiltonian H is given by

H.({D}) = - / (6 ) (Lafea) ™4 57+, (3.15)

- 872G Ji

where we have eliminated the freedom to add a constant by
requiring that H: should vanish on any classical vacuum.
[Recall that £;7., = 2N, vanishes if {D} is a classical
vacuum. |

By inspection, the expression of the function H; on the
dense space D;“z is continuous and therefore it admits a
continuous extension to all of I';. This is the Hamiltonian
that generates the infinitesimal canonical transformation J;.
As in Sec. 111, the Hamiltonian is defined on the full phase
space I'; but the Hamiltonian vector field it generates is
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defined only on a dense subspace. This is a common
occurrence on infinite dimensional phase spaces. Also, as
in Sec. III, if &% is tangential to the boundary OR, the
1-parameter family of diffeomorphisms generated by £ on
R induces a 1-parameter family of canonical transforma-
tions on full I';. If not, we only have an infinitesimal
canonical transformation d;, again a common occurrence in
infinite dimensions.

Finally, using the expression (3.8) of 6;7,,, and the
relation (3.4) between y,;, and the News tensor N, of {D},
we can rewrite the Hamiltonian directly in terms of the
phase space variable {D} without reference to the phase-
space coordinate 7,,. We have

1
162G

H.({D})= A (LD Dale)2y] Mgyl 5+,

(3.16)

where we could drop the qualifier TF in front of the term in
the square bracket because the News tensor is already trace-

free. Note that the term (E,fDa - ﬁaﬁg)?b is precisely the
action on ¢, of the infinitesimal change in D under the
action of the diffeomorphism generated by the BMS vector
field &.

So far we restricted ourselves to BMS vector fields &4
that preserve the conformal frame (§,;, 7%). These include
supertranslations &% = 3¢, For these vector fields, the
expression of the Hamiltonian can be simplified and one
has [4]

Hi(1DY) = gy [ [0+ 20,01+ 8,]

X ch@acf]bdd3j+.

(3.17)

The term quadratic in their news tensor is often called the
hard contribution to the supermomentum flux, and the term
linear in news, the soft contribution. For BMS translations
tn®, the coefficient t satisfies TF(2D,D,t + tp,,) = 0,
whence the soft contribution vanishes and the flux of the
Bondi-Sachs 4-momentum across 7 is given by

Hy({D}) = /R W N gt s+ (3.18)

322G

Finally, let us consider a general BMS vector field &,
L:qup = 2Bq,, and L = —pn®. Recall that 7,, has
conformal weight 1 and, as we noted above, if f =0,
then 67, = TF(ﬁéf)a - ﬁa[f)?b again has conformal
weight 1. If § # 0, then TF(E,:ﬁa - Daﬁg)?b no longer
has conformal weight 1 because the diffeomorphism
generated by £“ changes the conformal frame. Therefore,
as in the case of the scalar field ¢ of Sec. IIIB, the
expression of J; acquires an extra term

8¥ap = TF[(L:D, = D, L)), + 26 (,DyyBl.  (3.19)
The extra term ensures that 5:7,, is again of conformal
weight 1 (and symmetric, transverse and traceless), and
therefore qualifies as a tangent vector to Fﬁ.4 With this
expression of &, at hand, one can repeat, step by step, the
above procedure to arrive at Hamiltonians H, for general
BMS vector fields &%. However, now the intermediate
expressions are much longer because the diffeomorphisms
generated by £% change the conformal frame. In particular,
several terms that vanished for BMS vector fields whose
action preserves the conformal frame no longer do. For
example, now (D, —@a)[f?b # 0 because 5521, is no
longer a horizontal 1-form (.e., ﬁbﬁ(f?b = L:p #0).
However, the final expression of the Hamiltonian H, is
rather simple and transparent

1
162G
% ch@“‘ﬁhdd3f+-

H:({D}) /ﬁ[([’fi)a - ﬁa[’g)?b + 22(abb)ﬂ]

(3.20)

As before, we made three choices to obtain this expres-
sion of H;({D}): a conformal frame (5. 2*), a 1-form 2,

o~

satisfying #,A* = —1, and an inverse metric §°°. One can
directly check that the integral on the right side of (3.20) is
independent of all these choices. As usual there is freedom
to add a constant to H; and, as in Sec. IlI B, we have
eliminated it by asking that H; should vanish at vacuum

configuration {®} € I';,. Motivated by our findings for the
scalar field g?) in Sec. Il B, we are led to interpret H as the

Sflux F:[f(’] across R of the component of the BMS
momentum defined by &°.
Remarks.
(1) In the literature, the expression of the Hamiltonian
H; is often written using shear 6,, (in place of

the derivative operator D) and equating N,, with
2 TFL;6,4,, where TF stands for trace-free part of,
trace being taken using the intrinsic 2-metric on
cross sections. This equality does not hold without
further qualifications since N, is defined intrinsi-
cally on .#* [19], while 6,, generally refers to a

foliation. Given a foliation to which ¢}, is orthogo-

nal, the relation between &, and N, can be derived
starting from (3.5) and properties of the Schouten

“Thus, the situation is completely analogous to that we
encountered in Sec. IIB. The additional term can again be
systematically arrived at by examining the transformation prop-
erty of the phase space variable under conformal rescalings.
On I';, now under consideration, under a (finite) conformal
rescaling §,, — 4., = #*q, and A% — A" = p~'a% we have

{D;}}‘b = {ﬁa}fb - Zﬂ_l(D(aﬂ)JAcb)-
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@)

3

tensor of §,,. We have

Ny =2Ly7. = TF [2£ﬁ5ab - 2(D(a + %(0) )
~ 200 Lith) = Pap)- (3.21)

This general expression can be simplified by making
special choices of the conformal frame (g, 7%) on
7+ and the 1-form 7, satisfying 797, = —1. In
particular, if g, is chosen to be a unit, round 2-
sphere metric, and ?a is chosen so that Eﬁ?b =0,
then 7, =0 and p,, = g, then we would have
N, =2L;6,,. In a general conformal frame
(@, = @*Qup. A'* = @~'7%) we would also obtain
Ny, = 2L;6,p,, provided we restrict 2’& to be tied to
the ?a used in the Bondi frame via 2; = w?a.
However, these simplifications do not occur for
generic choices. For example, if in a non-Bondi
frame g/, one were to choose ¢, satisfying #, = 0,
we would have N, = TF[2L;6, —p.,] and p/,
would not be pure trace.

The fluxes associated with every BMS vector field &
vanish identically on any region R if the Bondi news
N, vanishes there; the 2-spheres bounding 7R are not
tied to any specific (e.g., Bondi-type) foliation. While
this is clearly a desired physical property, it is not
shared by all flux expressions available in the
literature. In particular, the flux resulting from link-
ages does not have this property [9,26]. [Note also
that if, contrary to Eq. (3.9), one were to set
0¥ ab = Lefp—as was done in some of the early
work—then the supermomentum flux would not
have the soft term.] Finally, there is some recent
discussion on whether there can be radiation of
angular momentum without radiation of energy
in the context of the post-Minkowskian approxima-
tion [27-30]. It follows immediately from Egs. (3.18)
and (3.20) that in our framework the answer to this
question is in the negative for full nonlinear general
relativity. Furthermore, as we will see in Sec. III C,
the angular momentum charge that descends from
this flux is the only one among current candidates that
has all the physically viable properties. .
In this section we focused on finite subregions R
bounded by two 2-sphere cross sections of .#*. To
incorporate full .#*, one has to impose suitable
boundary conditions on the connections {D} in the
far future and past (i.e., as we move to i* and i°
along .#7). A natural strategy is to consider C*®
fields and incorporate the appropriate fall-off con-
ditions by endowing the phase space I',,q4 with the
topology of a Fréchet space [4]. Then, the infini-
tesimal canonical transformations J: can be defined
on the full phase space since the space of C* fields

on . is preserved by the operation of taking Lie
derivatives. Also, the finite canonical transforma-
tions generated by the BMS vector fields are also
well-defined on entire I',,4. We could avoid the use
of rather complicated Fréchet spaces because fall-off
conditions are not needed on finite regions R.
Reciprocally, since the surface terms that result from
integration by parts do not vanish for finite regions
(since there are no fall-off conditions at the boundary
of R), results would not have been stronger had we
used Fréchet spaces.

C. BMS charges

In nongravitational field theories on given space-times—
such as the scalar field theory of Sec. Il—one only has
3-dimensional flux integrals, F, associated with Killing
and BMS symmetries £“. For the gravitational field, on the
other hand, one can also define charges Q: that are 2-sphere
integrals. Now, in Sec. III B we obtained expressions of
fluxes using phase spaces I';, of radiative degrees of
freedom of the gravitational field. The radiative modes
can be encoded in connections {D} defined intrinsically on
the 3-manifold .# equipped with pairs (g,,, 7¢), without
reference to 4-dimensional space-times. To discuss asso-
ciated charges, on the other hand, we need to return to
conformal completions (M ,Gap) of asymptotically flat
space-times (M, g,,) and use fields that capture the
Coulombic information that is not registered in I';.

We will assume that the completions are smooth (say C*)
so that the asymptotic Weyl curvature K ., = Q" C‘abcd is
C' and we can use the Bianchi identities it satisfies.” Given
Einstein’s equations, these identities link the radiative
degrees of freedom, used so far, with the Coulombic
degrees that enter the expression of charges. Thus, to
discuss charges, we need to widen our arena by switching
from .# 7T as an abstract 3-manifold, to boundaries .#+ of
asymptotically flat space-times. The Hamiltonians
H:({D}) on I';, will now be regarded as providing fluxes

across finite regions R of these boundaries.
In this framework, charges arise as follows. Recall from

Sec. III B that the fluxes F:[R] across regions R of .#*
arise as Hamiltonians H, and since the expression (3.20) of

H  holds for any open region R, for each BMS vector field

&% we have a 3-form F Efz,p on .#*, representing the local

flux of the £“-component of the BMS momentum:

>This requirement can be weakened so that peeling holds only
for the Newman-Penrose Weyl components ‘PZ, ‘P; and ‘1‘2 and
for the | Y, ,, part of W|. Bieri [31] has shown that this weaker
peeling holds for a large class of initial data for vacuum solutions
that are more general than those considered in [32,33] in that the
mass aspect is now allowed to be anisotropic. The BMS charges
discussed in this subsection are well defined under this weaker
peeling.
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so that the total flux across any region R is given by

H:[R] = F:[R] = /R FE dsme.(3.23)
[Here é,,,, is the volume 3-form on .% * in the conformal
frame (§,,,7") [19].] Note that although .#* is now a

boundary in (M, §,,), all fields on the right side of (3.22)
are 3-dimensional, defined intrinsically on it, using the

kinematical pairs (§,,,7“), and D that carries radiative
information. The question is whether this flux 3-form is

exact. That is, given any region R bounded by two cross

sections S; and S, of .#, can one write the flux across R
as a difference

riRl = (f - f Jofas

between charges associated with S| and S,, using a charge

(3.24)

aspect QS,)? This question has been answered in the
affirmative [4,17]. However, as explained above, these
charge 2-forms involve Coulombic fields while the flux
3-forms involve only radiative degrees of freedom.

To see this interplay between the radiative and
Coulombic fields, let us begin with supertranslations
&% = 37“. Consider solutions g, €', and corresponding
(divergence-free) conformal metrics §,,. The metric §,,
carries both the radiative and Coulombic information and
the two are intertwined via Einstein’s equations. Using
them (and differential geometric identities) one can sys-

tematically integrate the flux 3-form F f,), p» step by step and
display it as the exterior derivative of a locally defined

2-form Qgi) on .1 [4]

f(g)mnp = (dQ(§>)mnp’ where (325)
Q) = ~32G [8K*°2), + (8DyZ, + £,D.3)
X Ndeqcefld[aﬁb]] é\ﬂanp (326)

and K% = Q'K%}_j, is the electric part of the asymp-
totic Weyl curvature. The component K¢,7, that

contributes to the integral is denoted by Re‘P; in the
Newman-Penrose framework. It is Coulombic; the con-

nections {D} €T’ have no knowledge of it. This is why

the integration procedure requires access to full g,, and its
derivatives at .#*, and not just D and its curvature.

Since F® = dQ(g), the desired balance law (3.24) is
satisfied for supertranslations. The 2-sphere charge integral

058 = 7{ QF)dsr (3.27)
S

is the component of the supermomentum charge corre-
sponding to & = 37, It is conformally invariant, and does
not depend on the choice of the inverse metric §*°. Two
features of the charge aspect are noteworthy. First, although

o~

?, appears in the expression of fo},), as in (3.22) it can be
any 1-form satisfying ﬁ“?a = —1; it is not tied to the cross
section on which the charge integral is evaluated. The
charge Q;[S] is independent of the choice of ?a. Thus, for
any choice of ?d satisfying ﬁ“?a = -1, Q,(,ép) is a local
2-form on .#*. Second, while Qf},) contains Coulombic
information through k“b?a?b, this information disappears

once we take the exterior derivative of Qf;,); the resulting
flux 3-form contains purely radiative information.

Next, let us address the question of uniqueness of the
supermomentum charge Q;[S]. By inspection, the charge

aspect Q,(f},) of (3.26) satisfies the following viability
criteria:
(1) it is a 2-form whose exterior derivative is the flux
3-form;
(ii) it is locally constructed from fields at .# 7, is linear
in 8, and has zero conformal weight; and
(iii) in Minkowski space, it leads to zero supermomenta
on any cross section S of &,
Is there another candidate Qﬁ) that also satisfies them?

Suppose there is. Then the difference (AQ),,®) = Qgg; -
Q(j;) also satisfies (ii) and (iii), and (i) implies that it is a
closed 2-form on .# " of every asymptotically flat solution.
In particular, then, in any given space-time, the value of the
difference between two charges, AQ; := ¢ AQEfb)dS“b ,
does not depend on the cross section S. Let us introduce
a foliation of .#" by u = const cuts. Since any 2-form can
be expanded in a coordinate basis, we can expand (A Q)(a’?
as (AQ){(I? =3(f1em +f21j[af),,]u) for some 1-form wv,.
Let us evaluate the charge on a u = u, 2-sphere S,. Since
the pull-back of D,u to S, vanishes, we have AQ; =

fSn 3f €., where, by condition (ii), f, is a locally defined

field at S,. Since (AQ)f) is time independent for all

supertranslations 8, it follows that £;f, = O for all space-
times in I'.,,. Therefore f; cannot depend on local
dynamical variables; it must be constructed from the
universally available kinematical fields. It follows that

044049-12
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the value of AQ; is the same for all space-times under
consideration, including Minkowski space-time. Finally,
condition (iii) implies that this value is zero in Minkowski
space-time, hence AQ; = 0. We conclude that the super-
momentum charges defined by Qf},) are the same as those
defined by our ngp).

Let us now consider a general BMS vector field £¢. The
charge aspect Qs,f,z can also be obtained by integrating the
flux F, [7%} [17] but, as we discuss below, there is a
conceptual difference. Let us fix a cross section S of
#*. Then any BMS vector field &% can be decomposed as
&4 = 3n + ¢, where 87 is a supertranslation and (¢ is
tangential to S, and is thus a generator of a Lorentz
transformation. (Note that this split refers to a single cross
section, not to a foliation of .#*.) Since we already have the
expression of the charge aspect for supertranslations, let us
focus on ¢“. It turns out that, in contrast to QS,Q;), the
definition of QS,Cp) requires us to tie the choice of the 1-form
?a to the surface S on which the charge is to be computed.
Given a cross section S, let us choose ?a to be the normal to
that cross section satisfying ﬁ“?a = —1 as before. Then, the
shear of S is given by 6, = TF@acflbdD<C?d>, where ¢g,° is
the projection operator on the 2-sphere S. Finally, let us
introduce the 1-form IACd = k“bcd?uﬁb?C using the asymp-
totic Weyl tensor. These fields are used to define the charge
aspect satisfying the balance law (3.24) [16,17]:

~ . ~ 1,4 o
Q¢S] = I [/Ca + 62D 8% + ZzDa(O'bCO'bC)

872G Js

X &,,dS"”

1 ©
=—— i dS™P
8ﬂG]§ Oni

where indices are raised and lowered using the intrinsic

(3.28)

metric on S and 2D is the 2-sphere derivative operator
compatible with this metric. Combining Eqgs. (3.26) and
(3.28), we now have the expression of the charge Q[S]
associated with a general BMS vector field £ at any
2-sphere cross section S of .#+,

Qc[S] = Q3[S] + O([S]. (3.29)

which satisfies the balance law (3.24) with the flux given
by (3.22) and (3.23). Note, however, that, in contrast to the

supermomentum charge aspect QS,Q;,), the angular momen-

tum charge aspect ng,} cannot be specified once and for all,
but only once the cross section has been specified.
Therefore verification of the balance law (3.24) is a bit
more involved (see Remark 1 below).
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Remarks.

ey

2

The expression of the supermomentum charge as-
pect (3.26) was first postulated by Geroch in [19],
motivated by its properties. Subsequently, fluxes
(3.20) for all BMS vector fields were derived using
the phase space of radiative modes and the super-
momentum charge was obtained by a step by step
integration of the flux expression in [4]. The angular
momentum charge was first was postulated by Dray
and Streubel in [16] using considerations from
twistor theory. Dray [17] then showed that it arises
from the flux expression (3.20) (that was already
available in the literature [4]) using the following
procedure. The boundary cross sections S; and S,
bounding any R are related by a supertranslation.
The generator of this supertranslation was used to

foliate the given R. The charge aspect Q,(f,z was

introduced on R using the normal ?d to the leaves of
this foliation, and the balance law (3.24) was verified
using the Newman-Penrose formalism. More recent
treatments [25,34-37] also introduce a foliation and
the associated null normal Z,,, but do not require the
extra structure of the Newman-Penrose formalism.
We presented a self-contained summary of these
results that is conceptually more complete in that
it brings out the distinction between fluxes and
charges, as well as the subtle difference between
the nature of charge 2-forms for supermomenta
versus angular momenta. Fluxes require only radi-
ative degrees of freedom that are encoded intrinsi-
cally in R. For them, the 4-metric and the full field
equations are excess baggage. Charges on the other
hand refer to Coulombic aspects that are intertwined
with the radiative aspects through field equations;
one needs to step out of I'; and use information
from full I',. Similarly, while the supermomentum
charge aspect can be specified once and for all on all
of 1, the angular momentum charge aspect is tied
to the cross sections under consideration. This
difference has not been emphasized in the literature.
Finally, we also took this opportunity to correct
minor errors in some of the older literature.
All contemporary literature uses the expression (3.26)
of supermomentum. For angular momentum, on the
other hand, alternate candidates have also been
proposed. Proposals in which the charges constitute
BMS momentum—i.e. is linear in the BMS gener-
ators &%, asin (3.29)—are summarized in [38,39]. The
alternate expressions have two types of drawbacks.
First, in general axisymmetric space-times with non-
vanishing N, they lead to nonzero angular momen-
tum fluxes around the symmetry axis. Second, they do
not admit a local flux, whence their angular momen-
tum charge does not change continuously with con-
tinuous deformations of the cross section S [40].
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There is also a more recent candidate angular mo-
mentum charge that stemmed from a well-developed
quasilocal charges framework [41]. However, this
strategy does not provide a linear map from all BMS
generators to reals.’ Rather, on any given cross section
S of #7, the procedure selects a rotation subgroup of
the BMS group using physical fields at that cross
section and associates angular momentum charges
with them. But in axisymmetric space-times, this
procedure generically excludes the rotations gener-
ated by the exact Killing field from its rotation
subgroup, whence these angular momentum charges
do not include the generally accepted notion physical
angular momentum. Among expressions of fluxes and
charges available in the literature, (3.29) is the only
one that is free from all these limitations.

(3) Finally, note that in the passage from fluxes to
charges, we used the fact that ', is sufficiently
rich. For example, if we had restricted ourselves to
its nonradiative sector I, consisting only of sol-
utions g, €I, for which *k** vanishes on .7,

all flux 3-forms F ﬁ,le,, would have vanished
although, as is clear from their expressions (3.26)
and (3.28), charges do not vanish on I';,. If we had
restricted ourselves to I, from the start, our
procedure would have yielded the correct—namely
zero—fluxes. However, the uniqueness argument for
charges, given above, would not have sufficed
because, while the only fields at .#" that are time
independent on the full phase space I',, are kin-
ematical, there are physical fields (such as Re‘}’;)
that are time-independent on entire I.,,. They
provide nontrivial candidate charges on I, that
are compatible with zero fluxes. More physical
inputs would have been necessary to arrive the
correct charge expressions. While this is a rather
trivial observation, it is of direct relevance to our
discussion of charges on A in the next section since
all fields on A are nonradiative.

IV. BLACK HOLE (AND COSMOLOGICAL)
HORIZONS A

Structure of black hole and cosmological horizons A was
discussed in detail in the companion paper [1]. We will now

®Any definition of angular momentum that is free of super-
translation ambiguity cannot be a linear map from all BMS
generators to the reals. It is sometimes argued that such a
definition of angular momentum is needed in order to obtain
the standard transformation law of special relativity for a boosted
stationary solution. This expectation is incorrect: Our BMS
charge (3.29) does have the correct transformation property.
Indeed, if the boost is implemented in a (coordinate) invariant
manner (3.29) has this property in any stationary space-time [42].

apply the Hamiltonian framework introduced in Sec. II to
these horizons A, drawing heavily on [1].

Since these horizons A are null 3-manifolds in physical
space-times, no conformal completion is involved. In this
case, I',, consists of solutions g, to Einstein’s equations
that admit a WIH A as internal boundary. The detailed
construction of this I'.,,, spelled out in [43], can be
abbreviated as follows. Let M be a 4-manifold with an
internal boundary A with topology S? x R. Equip A with
the universal structure of a WIH: a 3-parameter family

of pairs of fields (. [£"]), where §,, is a unit, round,
2-sphere metric, and [f”] is an equivalence class of vector

fields (along the R direction, where 7~ c#” for any
positive constant ¢), such that any two pairs are related
by (&, [7]) = (&3Gap, [&7'¢%)). [& is constrained to
ensure that g,, and ¢/, are both unit round metrics; see
Eq. (3.2) of [1].] These fields will provide the kinematical
structure on A. The phase space I'.,, now consist of
solutions g,, on M in which’:

(i) A is a WIH and, given an 7 from the canonical
equivalence class [£“] induced by g,, on A, the
1-form Z, = g,,¢* is the same for all g, €T, ; and

(ii) the metric ¢g,, and the canonical null normal [£“]
induced on A by any g,, €I, are conformally
related to any given pair (§,5. [#]) in the kinemati-
cal structure: q,, = W >§,, and [£9] = [1,7/2””], for
some positive function yr satisfying L = 0.

Our next task is to extract from I, the phase space I'
tailored to degrees of freedom that reside on A. Recall that
the metric g,;, induces on A a triplet of fields, g, [¢“], and
D, that constitute the WIH geometry (see Sec. II A of [1]).
As at £, they capture the information in g, that resides
on A. Recall that at .# the fields (§,,,, 1) are part of the
kinematical structure, and D carries the physical informa-
tion that varies from one space-time to another. By contrast,
since A is a submanifold of the physical space-time, rather
than of a conformal completion thereof, now there is
physical information in ¢,, as well; the kinematical
structure is confined to the fields (¢, [7°]). As at .+,
it is convenient to isolate the freely specifiable data on A by
fixing fiducial fields. Let us fix a kinematical pair (¢, ).
Then the fields (g,,, £*) induced by the physical metric g,
are completely determined by the positive function . As
discussed in Sec. II of [1], D is completely determined by
the 1-form @, and a symmetric tensor field ¢,, that is
transverse to 7°.% Thus, a point of I', can be conveniently
labeled by the triplet (i, @,, ¢,,) of fields on A that are all

"The second condition in (i) can always be imposed by a gauge
transformation on g, i.e., using a diffeomorphism on M that is
identity on A [10]. It simplifies the subsequent analysis [43].

S&, is defined by D/’ = &,7", and &, is obtained by
replacing n, in Eq. (2.9) of [1] by n, = yn,.
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Lie-dragged by 7 and, in addition, @, and ¢, are
transverse to #°. Thus, I'y, admits a single global chart.
While I, is a highly nonlinear space, the phase space I'y
of degrees of freedom that reside on A is essentially linear,
just as [p,q is at £,

However, as noted in Sec. II of [1], in striking contrast to
fields y,, labeling points {D} of T, the triplet of fields
(r, @y, ¢4 ) labeling points of Iy are nondynamical: they are
time independent and therefore carry 2-dimensional—rather
than 3-dimensional—degrees of freedom. Mathematically
they constitute the corner data and physically they carry
Coulombic rather than radiative information. This fact has a
key consequence on the phase space structure. Recall that the
symplectic current 33,,,, of I,y is evaluated at any g, and
depends linearly on two tangent vectors &y, A, at this g,.
As usual, the symplectic current on I'y is obtained by pulling
back 3,,,, of I'c,, to the 3-manifold A. Let us restrict
ourselves to g,;, €' and to tangent vectors that preserve the
properties that these g,;, have to satisfy. Then, one finds that
the pull-back of §,,,,,|r, to A vanishes identically [10,44].
This is in striking contrast to the situation at .#* but just
what one would physically expect, given that I'y does not
have any fields that carry 3-dimensional (radiative) degrees
of freedom.

Finally, as at .#", we can introduce candidate phase
spaces I'gj) associated with regions R of A. They are
obtained by restricting the triplet (y,®,,¢,,) to R.
Obviously, the restriction gJ,,, p|FR[A; of the symplectic

current vanishes identically. It then immediately follows
that fluxes F; associated with all symmetry vector fields &
also vanish. Therefore, it is no longer necessary to take the
additional step of equipping I'y with a topology. To
summarize, the strategy of using the Hamiltonian frame-
work associated with finite regions R of A again yields the

flux 3-forms F Sf,l p»» but they all vanish. This is exactly what
one would expect from physical properties of A.
Our next task is to find expressions of charges. At .

we could just begin with the flux 3-forms F ,(,fz,,, and use
field equations and Bianchi identities to express them as

exterior derivatives of the charge aspects Q,(f,z As remarked
at the end of Sec. Il C, this is possible at .#* because the
phase space was sufficiently rich; had we restricted
ourselves to the nonradiative subspace I, of T, from

the beginning, F Efz,p would have been identically zero and
a priori there would be many distinct candidates for the

charge aspect Q,(f,g. As in any other approach, one would
have needed additional inputs to find the physically
appropriate charges.

At A we face the same situation. Our task is to find Qﬁ,é,,)
that depend locally on fields induced on A by g,,, and are
closed for all g,, €X', (so that all fluxes vanish, as
desired). It is clear that the fields that enter the expression

of Q,(fp) have to be time-independent on full T',,, associated
with A. At #", such fields have to be kinematical. By
contrast now every g¢,, €l.,, provides us with time-
independent fields—such as ¢,, and w,—that carry physi-
cal information. In fact they carry precisely the Coulombic
information that is needed to introduce charges. And, since
the fields are time independent, the charges they define
would be automatically conserved, leading to zero fluxes as
desired. One would have to impose additional physical

criteria in order to single out charge aspects Qﬁf’;}
Instead, we will use another strategy that also serves to
make contact with the Wald-Zoupas one: we will use the
phase spaces I's associated with partial Cauchy surfaces X
that join cross sections S of A to i°. This strategy is
suggested by the fact that while the cross sections S of A
are boundaries of X—just as they are of regions R within
A—the flux of the symplectic current does not vanish
across 2. Let X“ be a vector field on M that is tangential to
A and generates diffeomorphisms that map each g, €Iy
to a g, €. In order to avoid specifying boundary
conditions at i°, let us also assume that X“ vanishes outside
a spatially compact world-tube in M. Then, as discussed in

Sec. I of [1], in any conformal frame (§,,, ) from the
universal structure on A, the restriction £ of X“ to A has
the form

§'=V¢ + H (4.1)
where the vertical and horizontal components of £ are
given by

o

Vi=((t+p)5+4))7", and HE=éPDyg— gD, p.
(4.2)

Here: (i) # is an affine parameter of #* and &%, §% are the
inverses of the area 2-form and the metric on the ¥ = const
cross sections, respectively; (ii) %(19, @) is a general
function on the 2-sphere of null generators of A and

a7 represents a supertranslation; (iii) (6,¢) and

)

B(9, @) are both linear combinations of first three spherical
harmonics defined by §,, and &*D,y and (f7° —
E]“”f)bﬁ) are generators of rotations and boosts; and, (iv) @

is a constant and &7° is a generator of dilations (a
symmetry of A that has no counterpart at .#*).

Using the fact that g,;, satisfies Einstein’s equations on
M, one can show that for any g, €I, and tangent vectors
0 and oy [44],

1
ws),(6x,8) = o~ 7{ (& + Hiw,)e,,dS™

87G

1
5 % o)asm. (4.3)
S

= 82G

044049-15



ABHAY ASHTEKAR and SIMONE SPEZIALE

PHYS. REV. D 110, 044049 (2024)

Note that: (i) the right side depends only on the restriction
&% of X? to A, and (ii) all other fields in the integrand are
also evaluated on A, and are furthermore time-independent.

Therefore, it follows that the 2-form integrand Q,(f,z =
(@ + Hiw,)e,, is closed, whence we (trivially) have

dOf = F¢. Note also that Q,(fp) is built from fields that
are intrinsically defined and locally constructed from g,
and linear in the symmetry generator. Therefore we are led
to define charges on A as

1

Q:[S] = 32C

fé (& + Hiw,)e,,dS"?  (4.4)

for all A-symmetry generators £°. A priori, the Eq. (4.3)
determines the Q[S] only up to the addition of a constant.
We have eliminated this freedom by demanding that, along
the 1-parameter family of Schwarzschild WIHs, all charges
should vanish in the limit in which area of the WIH
vanishes, following [10].

Note that the supertranslation descriptor 8 does not
appear on the right side, whence all supermomentum
charges vanish on A. This may seem surprising at first
because one might expect that the static Killing field in the
Schwarzschild space-time, for example, would be a super-
translation on A. However, that is not correct; as we pointed
out in Sec. III A of [1], it is a dilation field on A and the
dilation descriptor @ does appear, whence the dilation
charge is nonzero. Similarly, in nonextremal Kerr space-
times, the linear combination of the two Killing fields that
is normal to the horizon is a dilation. In the extremal case, it
is a supertranslation, but the linear combination of the
asymptotic time translation and the rotational Killing field
that is null at the horizon is such that the corresponding
charge Q; is the linear combination of the mass and angular
momentum that vanishes, in agreement with our finding
that all supermomentum charges vanish on A. More
generally, this definition of charges passes a number of
nontrivial physical criteria discussed in [44]. It also agrees
with the charges obtained by the extension of the Wald-
Zoupas procedure given in [10] when restricted to a WIH.
However, our procedure does not need a preferred sym-
plectic potential: the detailed examination shows that it
bypasses this step by taking advantage of the fact that
fluxes across A vanish.

Remarks.

(1) Equation (4.3) implies that Q[S] is the Hamiltonian
generating the canonical transformation oy, induced
by the vector field X¢ on I's. As discussed in the
Appendix, charges defined at .# " by contrast, do not
admit the analogous interpretation on full phase
spaces I'j,. This difference arises because while the

fluxes F ﬁ,",?z » are generically nonzero across .# ", the
fluxes F Sf,),p vanish identically on A.

(2) Note that while the left side of Eq. (4.3) features the
vector field X¢ in M, the right side is sensitive only
to its restriction £ to A. In the calculation, to begin
with the right side does feature a directional deriva-
tive of X that is transversal to A. However, because
X“ has to preserve property (i) in the definition of
I.,,, this term is constrained: it is determined by the
restriction £ of X to A. That is, X“ can be any
space-time vector field that preserves the universal
structure on A that is common to all g,, €I, . This
is why, the charge Q[S] is insensitive to the
extension X of £ away from A; it depends only
on £ just as one would physically expect. For details
on this subtlety, see Appendix B of [44] and [10,45].

(3) The WZ strategy was applied in [10] to an arbitrary
null hypersurface, identifying a unique symplectic
potential which is covariant and vanishes on NEHs in
vacuum. One can apply the new strategy described in
Secs. II-1V to this case as well. Remarkably, the
analog of the norm (3.7) in this case identifies again
the unique WZ symplectic potential, as one can easily
check. Therefore the new strategy and the WZ one
give consistent results in different physical settings
such as .#* and arbitrary null hypersurfaces.

V. DISCUSSION

The fact that null infinity is a WIH seems very surprising
at first because WIHs are commonly associated with black
hole (and cosmological) horizons A in equilibrium. Indeed,
#* and A have almost the opposite connotations. . lies
in the asymptotic, weak field region, while A lies in a
strong curvature region. .#* is the arena for discussing
gravitational waves, while A is generally used to discuss
the Coulombic properties of black holes in equilibrium.
The companion paper [1] showed that, in spite of these
striking contrasts, they share a number of geometrical
properties. In particular, one can systematically arrive at
the BMS group 8B at .#™ starting from the symmetry group
® of WIHs. In this paper we continued our exploration of
unity that underlies apparent diversity. We showed that,
while fluxes associated with the BMS group B of .#* have
a rich structure and those associated with & at A simply
vanish, these diverse conclusions arise from the same
conceptual setting.

To this end, we introduced a new Hamiltonian frame-
work that could be useful also in other contexts. (For
example, as pointed out in the Introduction, it is well-suited
to future space-like infinity .#" in asymptotically de Sitter
space-times.) It has three novel features:

(1) It introduces Hamiltonian methods for degrees of
freedom that reside in finite subregions of suitably
chosen 3-dimensional surfaces.

(2) Since .#T and A are null surfaces, it is possible to
extract the unconstrained degrees of freedom of

general relativity that lie in their subregions R and
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‘R. Consequently, while the covariant phase space
I'.,y is highly nonlinear, the local phase spaces I'j
and I'p are essentially linear.

(3) Fluxes F;[R] associated with the BMS symmetries
£* emerge as Hamiltonians generating canonical
transformations on I'j, induced by the action of
Eon ST,

Most discussions of charges and fluxes associated with
the BMS symmetries of general relativity is based on the
covariant phase space I'.,,. However one typically works
only formally with this infinite dimensional nonlinear
space; its underlying manifold structure is rarely made
precise. In the case of I'; on the other hand it is relatively
straightforward to spell out their manifold structure and
topology. It is instructive to compare and contrast I, with
the phase space of I'j, of local degrees of freedom. While
the covariant phase space I, of general relativity carries
only a (formally defined) pre-symplectic structure, I'j is
endowed with a continuous, weakly nondegenerate sym-
plectic structure . Non-degeneracy is a consequence of
the fact that, in contrast to the covariant phase space I',,
there are no gauge degrees of freedom in I', . Topology on
I';;, and continuity of @ provide a degree of mathematical
control in the following sense. The action of any BMS
vector field £ naturally leads to a Hamiltonian vector field
8 on a dense subspace D, of I'y: it satisfies w (6;.6) =
0H;: on D’k.g [As usual, there is freedom to add a constant
to H: which is eliminateAd by requiring that H gg({lA)})
should vanish at points {D} of I'z, for which N,, =0.]
Since the symplectic structure on I',, has infinitely many
degenerate directions, there is a corresponding gauge
ambiguity in the infinitesimal canonical transformation
generated by any given Hamiltonian on I',,,. By contrast,
thanks to the nondegeneracy of wy this ambiguity dis-
appears and J; is the unique Hamiltonian vector field
generated by H. Finally, H: is continuous on D'j.
Therefore, it can be uniquely extended function all of I'.

Since continuity is determined by the choice of topology,
it is natural to ask whether our choice is natural. As
explained in Sec. II, the choice is initially motivated by
examining zero rest-mass scalar fields in asymptotically flat
space-times. In that case, the choice of topology is such that

a sequence (;ﬁn of radiation fields in I'; converges to a field

°If the symmetry vector field & is tangential to the boundary of
R, the action can be integrated to finite symplectic transforma-
tions; if not, we only have a densely defined Hamiltonian vector
field. There is an analog situation in quantum theory: generators
of space-time symmetries are represented by densely defined
operators on the Hilbert space of quantum states. If the operator is
self-adjoint, the action can be integrated to unitary transforma-
tions. Sometimes—as in the case of the infinitesimal action of
translations on the Hilbert space of a particle on the half line—the
operator is only symmetric and not self-adjoint, and we only have
infinitesimal motions.

(}5 if and only if c}ﬁn and their first derivatives converge to (}5
and its first derivative in an L? sense on R. (This topology
is insensitive to the additional structures needed to define
the L>-sense; it depends only those structures that are
naturally available at .#".) This choice of topology leads
one to a unique Hamiltonian H; on I'j, that agrees with the
physically correct flux F [R] that is defined by the stress-
energy tensor: F:[R] = [ T,,£%dS? for all BMS vector
fields &“. Thus, the strategy leads to the physically correct
fluxes using Hamiltonian methods, without having to
assume the existence of the stress-energy tensor. It is thus
extremely well suited to general relativity where there is no
stress-energy tensor for the gravitational field. But topo-
logical considerations go through and provide a strategy to
define fluxes: since I';, again consists of radiative modes

that reside in R, we can equip I, with the same topology
and calculate Hamiltonians H, and interpret them as fluxes

F:[R] of BMS momenta across R. The fact that these
fluxes agree with those in the literature reenforces the
motivation for choosing this topology. Note that this
procedure to arrive at fluxes F[R] uses (fields and)
symmetry vector fields & that are intrinsically defined
on .#7"; one does not need to extend them into the space-
time interior.

The BMS fluxes F;[R] can be obtained as Hamiltonians
generating canonical transformations induced by BMS
vector fields on I';, because the expressions of F; [R] refer
only to radiative modes that are captured in I';,. Charges,
on the other hand, are 2-sphere integrals that refer also to
the Coulombic information in I',, that is filtered out in the
passage to I'p. Therefore, to recover charges from fluxes,
one needs to return to I'.,, and use field equations and
Bianchi identities at .#". One then obtains the charge
2-forms legp) by integrating the flux 3-forms F E,lep. As
discussed in Sec. III C, this was in fact the procedure used
to arrive at the Dray-Streubel charges [4,17]. Thus, in the
present approach one first obtains fluxes F; [7%] using
radiative phase spaces I', and Hamiltonian considerations,
and then arrives at charges Q[S] in a second step. However,
this step is also carried out at .# ", without having to extend
fields or symmetry generators to the space-time interior.
This concludes our summary of the underlying strategy and
main results.

Next, let us briefly compare and contrast this framework
with other frameworks that also discuss null infinity (for
details, see the Appendix).

(1) Expressions of fluxes and charges satisfy a variety of
physical requirements both on .#* and A. In
particular, all fluxes across A vanish, just as one
would physically expect. At #, the fluxes vanish if
the News N, vanishes, and, even when N, is
nonzero, if the symmetry vector field arises from a
Killing field in space-time. All charges vanish in
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Minkowski space-time, and, the angular momentum
charges agree with the Dray-Streubel charges on
general space-times. These requirements are not
always met in other approaches (see, e.g., [9,38—41]).
(i) In the discussion of null infinity, the procedure
does not need auxiliary structures such preferred
symplectic potentials that have to be selected in
the Wald-Zoupas (WZ) procedure and its exten-
sions [2,25,37]. One works with just the symplectic
2-form. The physical fields that feature in the
discussion are all intrinsically defined on ., using
only the region R for fluxes F:[R] and 2-spheres §
for charges Q[S]. Additional structures that are
often used—such as tetrads or coordinates on .#+
(and sometimes also in its neighborhood)—are not
needed. Similarly, one only uses symmetry vector
fields & at .#* alone. In contrast to other ap-
proaches, one does not need prescriptions to extend
them to a neighborhood in the space-time interior.

(iii) Reciprocally, our approach requires an ingredient

that is not needed in other approaches: local phase
spaces I, with appropriate topology. Thanks to the
characteristic initial value problem in general rela-
tivity [46], one can extract the degrees of freedom
that reside in open regions of null hypersurface and
construct local phase spaces with the required top-
ology. The resulting fluxes agree with those obtained
using the preferred symplectic 1-form required in the
WZ procedure. Thus, there is considerably synergy.
However, there are also differences. As remarked
above, our procedure can also be used at future
space-like infinity .#* for asymptotically de Sitter
space-times, where the preferred symplectic poten-
tial satisfying all requirements does not exist [11].
Reciprocally, while the procedure discussed in this
paper is well-developed only for general relativity,
the WZ procedure offers an avenue to incorporate
higher derivative gravity theories as well. The open
issue for our procedure is whether one can introduce
the required local phase spaces. This could be
difficult because, while in general relativity we
relied on results from the characteristic initial value
problem, typically this problem has not been studied
in higher derivative theories. In the WZ framework
the open issue is whether there is a unique sym-
plectic potential with desired properties.

Finally, this unified treatment of black hole (and cos-
mological) horizons A and null infinity .#" opens new
directions for further research both in classical general
relativity and quantum gravity. We will conclude with a few
illustrations. For binary black hole mergers, our framework
provides an avenue to correlate horizon dynamics in the
strong field regime with waveforms at infinity, paving the
way to gravitational tomography [47,48]. For example, in
the late time, quasi-normal mode regime, the time evolution

of mass multipole moments of the horizon appears to be
strongly correlated with the flux of supermomentum across
#*. This intertwining of observables associated with
horizons with those associated with .#" has the potential
for providing fresh insights. In the analysis of isolated
gravitating systems in presence of a positive cosmological
constant one can use certain cosmological horizons as local
7+ [49,50]. The present unified treatment suggests concrete
avenues to develop a framework to analyze gravitational
waves emitted by these systems and registered at these local
#*.In quantum gravity, this framework is likely to be useful
to sharpen the analysis of the black hole evaporation process.
It takes some 10%7 years for a solar mass black hole to shrink
to lunar mass. During this very long phase of the evaporation
process, the time-evolution of the dynamical horizon should
be well-approximated by a perturbed WIH [51]. For this
regime, the unified framework developed in this paper opens
avenues to correlate dynamics of quantum observables
defined at the perturbed horizon with those associated with
the quantum radiation at .#". Availability of these two
algebras of time-dependent Heisenberg observables will
likely deepen our understanding of entanglement (at least) in
this semiclassical phase [52]. In particular, it would help
clarify whether anything dramatic happens to entanglement
in the physical space-time at the Page time.
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APPENDIX: COMPARISON

In this appendix we compare our method to compute
Hamiltonian fluxes and charges at .#* to some of the other
approaches in the literature, in particular those based on
the Wald-Zoupas (WZ) strategy [2,25,37,45,53,54]. (See
also [21,34,35]). The main differences can be summarized
as follow. The WZ prescription makes reference not only to
the symplectic 2-form, but also to a choice of symplectic
potential for it, and its associated Noether charges.
Consequently, in contrast to the strategy discussed in
Sec. III for #*, the WZ procedure requires extensions
of the BMS vector fields on .#™ to the space-time interior.
On the other hand, while the WZ procedure can be
potentially applied systematically to general covariant
theories, it is not clear whether this is possible within
our framework. For, the simplifications in this framework
can be traced back to the fact that one can isolate the
radiative degrees of freedom at .#" in general relativity,
and this may not be possible for more general gravitational
theories.
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Given a Lagrangian density 4-form L in space-time, its
variation 5L = d(©(5)) provides us with ®-a 1-form in the
field space and a 3-form in space-time. ® serves as a
potential for the symplectic current §—a 2-form in field
space and a 3-form in space-time. Here 6 denotes a vector
field on the field space as in the main text, and = stands for
“equals on-shell,” i.e., when the field equations are sat-
isfied. We know from the seminal paper of Emmy Noether
that, given a space-time vector field £%, and a covariant
Lagrangian L, there is a current j, that is exact on-shell. In
the contemporary language, the 3-form j; is given by

Je=0(8) —iL = dQ) (A1)
(see, e.g. [55]). For the Einstein-Hilbert Lagrangian L, the
standard choice for © is

1
Opeq = i@a%bcd’ where @ (5) = %ga[cgb]dvbfsgcd-
(A2)
With this choice, Q) = Q%) is the Komar 2-form
1
3 a
Q§<) cd = _@eabcdv fb- (A3)

Let us now focus on .#* and restrict £ to be the BMS
vector fields (which are tangential to .# ™). The pull-back to
I+ of (Al) gives

Qi) = 0(s;). (A4)

If one interprets the 2-forms Qf) as charge aspects, then
©(d;) can be interpreted as the flux 3-form: Eq. (A4)

provides flux-balance laws relating the difference between
charges evaluated on two different 2-sphere cuts of the
hypersurface and the integral of ®(J;) over the 3-D region
bounded by them. The problem with this construction is
that 9(55) does not vanish at nonradiative solutions §,, of

Einstein’s equations for all £’s (namely solutions with
vanishing news). Therefore, one cannot interpret ©(J;)

as the physical flux associated with a BMS vector field &%,

whence Qf) cannot be interpreted as the physical charge
aspect either. However, there is an inherent ambiguity in the
choice of symplectic potential ®, and the WZ strategy
exploits this freedom to find another one whose charges
have better properties. The key idea is to seek another
symplectic potential ©, a 3-form defined intrinsically
at S

0(8)= O(5) + b,

«—

(AS)

where b is a 3-form intrinsic to .#* and chosen so that ©
satisfies locality, analyticity, and covariance, and vanishes
at nonradiative solutions. The last condition is sometimes
referred to as the stationarity condition, but intended in a
looser sense than requiring the existence of a time-trans-
lation Killing vector. The importance of these requirements
can be understood by looking at the Hamiltonian one-form
associated with a diffeomorphism, given by10

3(6¢.6) = 60(5;) — 6:0(5) — O([6. 5])

= d(6Q) - Q¢ - i:0(9)). (A6)
The symplectic current (g, 6) is independent of the
choice of symplectic potential. If we pull it back to #™
we can replace ® with ©, and field-independence of the

BMS vector fields at .#* guarantees O([8, 5:]) = 0. Then
covariance of © guarantees that J(5:. ) + di:®(5) =

5@(55) is exact in both spacetime and field-space. It follows
that we can define
dQyy: =0(5;) (A7)
up to a field-space constant that can be fixed looking at a
reference solution. The flux-balance law is obtained inte-
grating (A7) over a region of .#*. The stationarity con-
dition guarantees that the charges are conserved on
nonradiative solutions. The covariance requirement is also
crucial to ensure that both the fluxes and the charges
reproduce the symmetry algebra [57], removing for in-
stance field-dependent 2-cocyles as the one found in [34].
In general, there is no guarantee that the required ©
exists in all situations of physical interest, and even if it
does, that it is unique. However at .# " of asymptotically
flat space-times, ® has been shown to exist and is uniquely
determined by the conditions above [2]. Furthermore its
action ©(5;) is precisely the flux 3-form obtained in
Sec. III B using Hamiltonian considerations on radiative
phase spaces [see Eq. (3.22)]:

[0(8:)]ape = Fo)

abc* (AS)
Note that (A8) does not hold for any other symplectic
potential. Thus, there is unforeseen synergy between our
approach and that of WZ. The origin of this synergy is the
fact that dig(:) vanishes precisely on the dense subspace of
I';; defined in Sec. III B, and this vanishing occurs only if
one uses the preferred WZ potential. As a consequence,

"The term Q(,fé) was absent in [2,55], where the identity
first appeared. It was included indirectly in [56] and explicitly
in [3,34]. The latter references use a symplectic 2-form that
differs by a corner term, but the difference vanishes in the limit

to Z.
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01l (52.5) = 6F¢[R) (A9)
on that dense subspace, hence we can identify the flux as
the Hamiltonian generator of the symmetry &;. We see that
the topological argument we used to construct Hamiltonian
fluxes in Sec. III B serves two purposes: it naturally selects
the preferred WZ flux, and enables us to define a
Hamiltonian on the full radiative phase space I'j as the
continuous extension from the dense subspace. This
provides a precise sense in which the flux F 5[7%] is the
generator of the BMS symmetry & on the radiative
phase space.

It follows from (AS8) that one could just proceed
integrating the fluxes as done in the main text to obtain

Q) of (3.29), and identify Qif,)z = Q. The WZ paper
offered an alternative procedure to determine the charges,
based on the introduction of an hyperbolic space-like
manifold X intersecting .# " at some cross section S, and
without internal boundaries. If we pull-back (A6) to X and
use (A5), we find

w5 (5:,8) = }é [5(Q) +i:b) — Q) —i.0(5)].  (A10)

Let us suppose that

Q9)[s] = ss:. (A1)
for some s, to be determined. It then follows from dF = 0
that we can identify

QW = Q' +ish = sz, (A12)

up to a field-space constant fixed by the reference solution.
Notice that (A12) fixes the ambiguity of adding closed

2-forms to Qif)z something that one has to do independ-
ently in the integrating the fluxes procedure. The

formula (A12) has the nice feature of determining Q&f,)z
in terms of the Komar 2-form and b, which is arguably
simpler than the procedure of integrating the fluxes.
However the detailed implementation of this strategy
requires some care. If the left-hand side of (A12) is to
be identified with the charges obtained integrating the
fluxes as in the main text, it has to be independent of the
extension of the symmetry vector fields in the bulk. On the
right-hand side, we have i:b which is manifestly extension-
independent. On the other hand, the integral on cross
sections of .1 of the Komar 2-form,

% = e (VI 2070 (AL3)
depends on the O(Q?) and O(Q?) extension of &% to the
bulk, as was already observed in [9]. Now, one can prove

that 5Q§§) - Qgg‘:) depends only on the first-order exten-
sion, which is canonical and field-independent thanks to the
universal structure and its embedding in the covariant

phase space.'' Therefore the term Qﬁ?é) compensates the
extension dependence of the Komar 2-form. We can thus

obtain the charges Q@Z using (Al12) provided the
assumption (A11) holds, a property which is not guaran-
teed a priori. If it does, the resulting charges are indepen-
dent of the symmetry vector field extension, in agreement
with the fact that they match the one derived in the main
body of the paper where no extension was required to
begin with.

As an example of implementation of this procedure, let
us fix the bulk extension of & using the Tamborino-
Winicour condition [8]. This extension preserves Bondi
coordinates in the bulk, and it is the most common choice
in the literature (see, e.g., [21,30,34,35,38,39,58—64] and
references therein). In this case 8¢ = O(Q?), and an
explicit calculation shows that (A11) holds with [25]

1
5= T 300G

(EC)*D D5 e (A14)

(up to a closed 2-form irrelevant for the charges), where ¢°
and its shear 6% are adapted to the cross section. One can
then evaluate the integral of (A12) and verify that it
reproduces exactly the BMS charges of the main text.
Including the contribution of (A14) is crucial to obtain this
result.

The bottom line is that once the physical flux is
identified, nontrivial work is still required to obtain the
charges. One can use the integration procedure of the main
text that requires a careful use of Einstein’s equations and
Bianchi identities, or one can bootstrap the Komar expres-
sion following the WZ procedure, in which case one must
deal with the subtlety of its extension dependence by
including the Q(,?a.

Remarks.

(1) Looking at the right-hand side of (A10), we learn
that the surface charges for vector fields tangent to
the corner S are Hamiltonian generators, whereas
those for the remaining vector fields tangent to .# "
but not to S can only be interpreted as generalized
Hamiltonians in the weaker sense that they generate
symmetry transformations at nonradiative solutions
where the obstruction i:0(5) vanishes. The situation
is therefore that charges generate all symmetries on
the phase space associated to X only on nonradiative

Ha proof when 6 = 0, i.e., when the extension of £ to space-
time interior is field independent, is given in [37], Lemma 5.2. It
is straightforward to generalize to 6¢ # 0 if Q') is replaced by
506 — Q) Alternatively, with the caveat that £ is always a
c-number for J, as proposed in [56].
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cuts, and the fluxes only on dense subspaces of the
radiative phase space I';, which however can be

continuously extended to full R. These caveats are
due to the fact that . is a leaky boundary. In both
case the covariant phase space needs to be equipped
with information in addition to the symplectic
2-form: a prescription for a preferred symplectic
potential, or a topology.

(2) It follows from Eq. (A14) that the contribution s; to
the charges has the structure of a soft term. Its
contribution is nontrivial in that it ensures that the
super-translation charges vanish in Minkowski
space-time and that the boost charges have vanishing
flux in the absence of radiation in divergent-free
frames that are not round spheres.

(3) Itisnaturalto askif (A7) can be understood in terms of

Noether’s theorem, in other words, if Qi,'?z can be
derived as an improved Noether charge. The answer is
in the affirmative, but the extension dependence of the
Komar integral affects also this derivation, making it
nontrivial [25] (see also [57,62]). The extension
dependence of the Komar integral makes the
pull-back at .# of ® anomalous, in the sense
that 55@ # £5g), and as a consequence b is also

anomalous, meaning that 5:b # dizb. It is however
possible to identify a corner improvement ¢ such that
b':=b+dc and b’ transforms covariantly under

BMS symmetries. Then ng)z is the improved Noether
charge determined by © and &'

(4) There are situations in which there is no symplectic
potential ® on I, satisfying all the requirements of
the WZ procedure. An example is provided by
asymptotically de Sitter space-times mentioned ear-
lier. In this case, one can also carry out a conformal

requirements of locality, analyticity and covariance
but it does not vanish at nonradiative backgrounds;
© does not vanish already at the Schwartzschild-
deSitter space-time [11].

(5) There are other instances in which the stationarity

condition required in the WZ procedure is not
satisfied by any symplectic potential for the initial
symplectic 2-form. This happens for conservative
boundary conditions at timelike boundaries with
nonorthogonal corners [65,66], and for weaker
fall-off conditions at .# associated with larger
symmetry groups [21,57,60,61,67,68]. In these ex-
amples it is possible to satisfy the stationarity
condition by allowing in the selection process a
larger class of symplectic potentials, in which a
corner term dd is added. This changes the symplec-
tic 2-form, but in a way compatible with the field
equations and part of the covariant phase space
ambiguities [69,70]. Of this type are for instance the
differences between the Einstein-Hilbert symplectic
2-form and the ADM one [71] or the tetrad one [72].

(6) Another situation to consider is when the stationarity

condition is too restrictive for some physical appli-
cations. For instance the WZ prescription applied to
arbitrary null hypersurfaces in [ 10] treats as stationary
only shear and expansion-free null surfaces [53]. As
pointed out in [73], it excludes situations that are
manifestly nonradiative, such as a null cone in
Minkowski. This shortcoming can be dealt with by
weakening the stationarity requirement to be the
vanishing of the Noether flux ©(5;), as opposed to
the vanishing of the full symplectic flux, and this leads
to select a different and again unique symplectic
potential whose charges are conserved on both non-
expanding horizons and null light cones [45,74].

completion to obtain &+ which is now space-like.  For other approaches to charges at .#* see also [59-
At #7, there is a unique O that is selected by the  64,75-82].
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