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Geodesic scattering of a test particle off a Schwarzschild black hole can be parametrized by the speed-at-
infinity v and the impact parameter b, with a “separatrix,” b ¼ bcðvÞ, marking the threshold between
scattering and plunge. Near the separatrix, the scattering angle diverges as ∼ logðb − bcÞ. The self-force
correction to the scattering angle (at fixed v, b) diverges even faster, like ∼A1ðvÞbc=ðb − bcÞ. Here we
numerically calculate the divergence coefficient A1ðvÞ in a scalar-charge toy model. We then use our
knowledge of A1ðvÞ to inform a resummation of the post-Minkowskian expansion for the scattering angle,
and demonstrate that the resummed series agrees remarkably well with numerical self-force results even in
the strong-field regime. We propose that a similar resummation technique, applied to a mass particle
subject to a gravitational self-force, can significantly enhance the utility and regime of validity of post-
Minkowskian calculations for black-hole scattering.
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I. INTRODUCTION

The study of the relativistic dynamics in black-hole
scattering has been subject of considerable interest in recent
years, motivated in the context of efforts to improve the
accuracy and parameter-space reach of theoretical wave-
form models for gravitational-wave astronomy. Scattering
events involving black holes (e.g. in Galactic Center
scenarios) are not themselves considered important sources
of observable gravitational waves. The idea, rather, is to use
information gleaned from scattering analysis to inform
precision models of the radiative evolution in bound
binaries of astrophysical interest. The scattering process
serves here as a probe of the strong gravitational potential,
in much the sameway that high-energy particle scattering is
used to probe nuclear interaction in particle physics. The
mapping from scattering to bound-orbit dynamics can be
achieved either in the framework of effective one body
(EOB) theory [1,2], or using certain “unbound-to-bound”
relations that have been formulated using effective-field
theory methods [3,4]. These relations directly map between
attributes of scattering and bound orbits, e.g. between the
scattering angle and the periastron advance [4], or between
radiative fluxes [5], or even between the emitted waveforms

themselves [6]. The scattering setup is fundamentally
convenient for analysis, because it admits well-defined
“in” and “out” states (with zero binding energy), circum-
venting some of the coordinate ambiguities that often
plague bound-orbit calculations and complicate their inter-
pretation. The study of gravitational scattering has also
brought with it the unusual opportunity to apply advanced
methods from modern scattering amplitudes theory of
particle physics directly to gravity [7–9].
The scattering setup is naturally amenable to a pertur-

bative treatment via the post-Minkowskian (PM) formal-
ism, which a priori restricts the validity of analysis to
weak-field scattering at large impact parameters. Much of
the progress of the past few years was indeed made in the
framework of PM theory [8,10–12], or else using PM
scattering results to refine EOBmodels (themselves valid at
arbitrary separations) [1,13]. Some access into the strong-
field regime was made possible using scattering simula-
tions in full numerical relativity, enabling important checks
on both PM and EOB calculations [14–17]. Another
approach to strong-field scattering is via the self-force
(SF) formalism, which is based on an expansion in the
mass ratio about the limit of geodesic motion, without an
expansion in G. SF calculations of scattering observables
have the potential to enable unique benchmarking of
strong-gravity features [18–20]. Thanks to mass-exchange
symmetry and the polynomiality of PM expressions in the
two masses, SF calculations can also offer a shortcut way of
deducing high-order terms in the PM expansion [21].
Unfortunately, the well-developed SF methods used for

modelling bound system of inspiraling black holes [22,23]
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cannot easily be applied to unbound systems. The technical
roadblocks and possible mitigation approaches are sur-
veyed in Refs. [24,25]. As a result, calculations of gravi-
tational scattering in SF theory are still in their infancy. So
far actual calculations have been confined to the special
example of the marginally bound trapped orbit [26], and to
studies involving a double SF-PM expansion [27–29].
In the meantime, some progress has been made using a

scalar-field toy model as a platform for test and develop-
ment of techniques in preparation for tackling the gravi-
tational problem. In this model (to be reviewed at the end of
this introduction) the lighter black hole is replaced with a
pointlike scalar charge that sources a massless Klein-
Gordon field, considered as a test field on the fixed geo-
metry of the heavier black hole. One then considers the
scattering dynamics under the SF from the scalar field,
ignoring the gravitational SF. Within this model, numerical
calculations were carried out of the scattering angle in
strong-field scenarios, accounting for all scalar-field back-
reaction effects, dissipative as well as conservative [25,30].
A detailed comparison was made with corresponding
PM calculations from amplitudes [30,31], also illustrating
how new high-order PM terms can be numerically deter-
mined from SF data [31]. The scalar-wave energy absorp-
tion by the black hole has also been calculated and shown
to agree well with corresponding PM calculations from
amplitudes [32,33].
Full SF calculations for strong-field scattering are

done numerically, since they require solutions of the
underlying (linear or linearized) field equations, which
are not known analytically in general. These calculations
can be computationally expensive, although they are not
nearly as expensive as full NR simulations, and, unlike
most NR simulations, they can return data of very high
numerical precision. It is for this reason that SF calculations
can be utilized for accurate benchmarking of strong-field
aspects of the scattering process. The idea is to use a small
set of judiciously chosen bits of SF information in order to
inform a “resummation” of PM-based analytical formulas,
thereby extending their domain of validity into the strong-
field regime. This is a computationally cheap(er) alternative
to a full SF calculation over the whole parameter space of
scattering orbits.
In this paper we use our scalar-field model to illustrate

and test this idea. The particular strong-field feature utilized
here for that purpose is the singular behavior of the
scattering angle at the threshold of transition from scatter-
ing to plunging orbits—the so called “separatrix” in the
parameter space of unbound orbits. We numerically cal-
culate the leading SF correction to that singular behavior
(beyond the geodesic-limit expression, known analyti-
cally), and use that to inform an accurate resummation
formula of the PM expression for the scattering angle. We
show how this procedure produces a simple analytical

model of the scattering angle that is uniformly accurate on
the entire parameter space of scattering orbits.
A similar resummation strategy was recently adopted by

Damour and Rettegno in Ref. [34] in order to improve the
agreement between PM and NR results. In that work use
was made of the leading-order, geodesic-limit (logarithmic)
form of the separatrix singularity, already producing an
impressive improvement. Our work here extends this to
include information about the SF term of the singular
behavior (albeit in the simpler setting of our scalar-field toy
model). This SF term diverges even more strongly than the
geodesic-limit term. Then, as we shall see, the resulting
improvement is even greater.
This work required some development of new numerical

method, involving a hybridization of our existing time-
domain [30] and frequency-domain [25] codes. The details
of this method will be presented in a forthcoming
paper [35]. We will review it here (in Sec. V) only briefly.
Time-domain and frequency-domain methods perform
differently in different areas of the parameter space, and
even along the trajectory of a single scattering orbit (for
instance, our frequency-domain scheme is extremely accu-
rate near the periapsis but degrades quickly at larger
separations). Our new method meshes together data from
the two codes to achieve an optimization of the computa-
tional performance. In addition, we extended the reach of
our code to greater initial velocities (of up to 0.8c), where
we discovered that strong radiation beaming necessitated
the computation of a very large number of multipolar
modes of the scalar field. There we took advantage of the
much superior performance of our frequency-domain
scheme at large multipole numbers.
The structure of the paper is as follows. In Sec. II we

review scattering orbits in Schwarzschild spacetime, and
the calculation of the scattering angle including the leading-
order SF effect. In Sec. III we review results concerning the
separatrix singularity in the geodesic case, and analyze the
form of the singularity when SF is accounted for. We write
down formulas that describe the singular behavior in terms
of certain integrals of the SF along critical geodesics. In
Sec. IV we introduce our PM resummation formula, which,
by design, reproduces the known PM behavior at large
values of the impact parameter, as well as the correct
singular behavior at the SF-perturbed separatrix. Section V
contains a brief review of our numerical method, and in
Sec. VI we present numerical results for the perturbed
separatrix. Section VII then tests our resummation formula
against “exact” SF data, showing a uniformly good agree-
ment at all values of the impact parameter and for all initial
velocities examined. We conclude in Sec. VIII with some
general comments and an outlook.
The rest of this introduction reviews the scalar-field

model used in this work. Throughout this work we use
geometrized units, with G ¼ c ¼ 1.
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A. Scalar-field toy model

We consider a pointlike particle carrying a scalar charge
q and mass μ in a scattering orbit around a Schwarzschild
black hole of mass M ≫ μ. The particle sources a scalar
fieldΦ, assumed to be governed by the massless, minimally
coupled Klein-Gordon equation

gμν∇μ∇νΦ ¼ −4πq
Z

δ4ðxα − xαpðτÞÞffiffiffiffiffiffi−gp dτ; ð1Þ

where gμν is the inverse Schwarzschild metric and ∇μ is the
covariant derivative compatible with it. On the right-hand
side, g is the metric determinant and xαpðτÞ describes the
particle’s worldline, parameterized in terms of proper
time τ. The field Φ is assumed to satisfy the usual retarded
boundary conditions at null infinity and on the event
horizon.
In the limit where both μ → 0 and q → 0, the particle

follows a timelike geodesic of the background
Schwarzschild metric gαβ, satisfying uβ∇βðμuαÞ ¼ 0,
where uα ≔ dxαp=dτ is the tangent four velocity. For a
finite q, the particle experiences a SF ∝ q2 due to back
reaction from Φ. This accelerates the particle’s worldline
away from geodesic motion. The magnitude of self-
acceleration is controlled by the dimensionless parameter

ϵ ≔
q2

μM
: ð2Þ

We assume ϵ ≪ 1, so that the worldline is only slightly
perturbed off the original geodesic, by an amount ∝ ϵ. The
particle’s equation of motion now reads

μuβ∇βuα ¼ qðgαβ þ uαuβÞ∇βΦR ≕Fα
self ; ð3Þ

where ΦR is the Detweiler-Whiting regular piece of Φ
(“R field”) at the position of the particle [36]. The SF term
on the right-hand side here accounts for both conservative
and dissipative effects of the scalar-field backreaction.
In this work we completely neglect the gravitational

backreaction on the particle’s motion, as well as any back-
reaction from Φ on the background spacetime itself: the
field Φ is treated here as a test field. We also ignore the
small change in μ caused by the component of ∇βΦR

tangent to uα (interpreted as an exchange of energy between
the particle and the scalar field).

II. SCATTERING GEODESICS AND THEIR
SELF-FORCE PERTURBATION

We start by reviewing relevant results from the theory
of scattering geodesics and their SF perturbation in
Schwarzschild spacetime. We use Schwarzschild coordi-
nates ðt; r; θ;φÞ attached to the black hole of mass M, and
without loss of generality take the scattering orbit to lie in

the equatorial plane, θ ¼ π=2. From symmetry, the orbit
remains in the equatorial plane even under the SF effect.
Note that the system’s center of mass is fixed at the origin
of our Schwarzschild coordinates, since we neglect the
gravitational effect of μ.

A. Geodesic limit

In the limit ϵ → 0, xpðτÞ is a timelike geodesic with
conserved energy and angular momentum given (per μ) by

E ≔ ð1 − 2M=rpÞṫp; ð4Þ

L ≔ r2pφ̇p; ð5Þ

where an overdot denotes d=dτ. We are interested in a
scattering scenario, where rp → ∞ as τ → �∞. This
requires E > 1 and L > LcðEÞ, where LcðEÞ describes
the separatrix between scattering and captured geodesics,
to be analyzed in more detail in Sec. III. The pair ðE;LÞ can
be used to parametrize the family of timelike scattering
geodesics. Alternatively, we can use the pair ðv; bÞ, where v
is the magnitude of the three velocity at infinity,

v ≔ lim
τ→−∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðṙ2p þ r2pφ̇2

pÞ=ṫ2p
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − 1

p

E
; ð6Þ

and b is the impact parameter,

b ≔ lim
τ→−∞

rpðτÞ sin jφpðτÞ − φpð−∞Þj ¼ L
vE

: ð7Þ

The orbit is then a scattering geodesic provided

b > bcðvÞ ≔
LcðEÞ
vE

; ð8Þ

where E ¼ ð1 − v2Þ−1=2.
We let φin ≔ φpðτ → −∞Þ and φout ≔ φpðτ → þ∞Þ.

The scattering angle is then defined to be

χ0SF ≔ φout − φin − π; ð9Þ

where hereafter we use the label “0SF” to denote geodesic-
limit values. The geodesic-limit scattering angle is given
explicitly by (see, e.g., [30])

χ0SF ¼ 2k
ffiffiffiffiffiffiffiffi
p=e

p
El1ðψ ;−k2Þ − π: ð10Þ

Here p and e are the (unique) solutions of

E2 ¼ ðp − 2Þ2 − 4e2

pðp − 3 − e2Þ ; L2 ¼ p2M2

p − 3 − e2
ð11Þ

satisfying e > 1 and p > 6þ 2e, and we have introduced
ψ ≔ 1

2
arccos ð−1=eÞ, k ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4e=ðp − 6 − 2eÞp

, and the
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incomplete elliptic integral of the first kind,

El1ðψ ; zÞ ¼
Z

ψ

0

dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − z sin2 θ

p : ð12Þ

The pair ðp; eÞ forms a “geometrical” parametrization of
geodesic scattering orbits, with p interpreted as semilatus
rectum (divided by M) and e as eccentricity. In the p − e
plane, the separatrix takes the very simple form pcðeÞ ¼
6þ 2e, with p > pcðeÞ for scattering orbits.

B. 1SF correction

When the SF term is included on the right-hand side of
the equation of motion (3), the solution xpðτÞ is no longer a
geodesic of the Schwarzschild background but a slightly
accelerated worldline. For fixed values of v and b, the
scattering angle picks up anOðϵÞ correction with respect to
its geodesic value. We write the perturbed angle in the form

χðv; bÞ ¼ χ0SFðv; bÞ þ ϵχ1SFðv; bÞ; ð13Þ

where the split between the 0SF (geodesic) term and the
1SF (self-force) term is defined at fixed v, b. An expression
for χ1SF in terms of an integral of the self-force along the
orbit was derived in Ref. [30]:

χ1SF ¼
Z

∞

−∞

h
GEðτÞF̃self

t ðτÞ − GLðτÞF̃self
φ ðτÞ

i
dτ; ð14Þ

where F̃self
α ≔ ðM=q2ÞFself

α , and, within our approximation,
it suffices to evaluate the SF components along the back-
ground geodesic. The functions GEðτÞ and GLðτÞ are also
evaluated along the background geodesic, and depend on
its parameters; these functions are given explicitly (in terms
of p, e) in Sec. IVA of Ref. [30].
In practice, and also in aiding comparison with PM

results, it is convenient to split the SF into its conservative
and dissipative pieces, Fself

α ¼ Fcons
α þ Fdiss

α , and corre-
spondingly write χ1SF as a sum of conservative and
dissipative contributions, χ1SF ¼ χcons þ χdiss. The separate
pieces are obtained via [30]

χcons ¼
Z

∞

0

h
Gcons
E ðτÞF̃cons

t ðτÞ − Gcons
L ðτÞF̃cons

φ ðτÞ
i
dτ; ð15Þ

and

χdiss ¼
Z

∞

0

h
βEF̃diss

t ðτÞ − βLF̃diss
φ ðτÞ

i
dτ

¼ −
1

2

�
βEErad þ βLLrad

�
; ð16Þ

where τ ¼ 0 corresponds to periastron passage. The func-
tions Gcons

E;L ðτÞ and the coefficients βE;L are given explicitly
in (respectively) Secs. IV B and V C of [30], in terms of the
orbital parameters p, e. The second line of (16) expresses
χdiss in terms of the total energy Erad and angular momen-
tum Lrad (per q2=M) radiated in scalar-field waves during
the entire scattering process.
Since a calculation of F̃self

α involves solving the field
equation (1), which can only be done numerically in
general, the value of χ1SF (and of either of its separate
pieces χcons and χdiss) can only be obtained numerically, in
general, for each specific values of v, b. In practice, v, b
need first be converted to p, e, which is readily done using
Eqs. (6), (7), and (11).

C. Post-Minkowskian expansion

Approximate analytical solutions for χ1SF can be
obtained order by order in a PM expansion. The expansion
takes the form

χ1SF ¼
X∞
k¼2

χ1SFk ðvÞ
�
GM
b

�
n
; ð17Þ

where we have temporarily reinstated G for clarity. A
similar expansion holds for χcons and χdiss, with expansion
coefficients to be denoted χconsk and χdissk , respectively. The
PM coefficients known so far are

χcons2 ¼ −
π

4
; ð18Þ

χcons3 ¼ −
4Eð3 − v2Þ

3v2
; ð19Þ

χcons4 ¼ π

32v5E4

�
−6ð95Eþ 82ÞvEl1

�
π

2
;
E − 1

Eþ 1

�
2

þ 6
�
Eð100Eþ 177Þ þ 79

�
vEl1

�
π

2
;
E − 1

Eþ 1

�
El2

�
π

2
;
E − 1

Eþ 1

�

− 3ðEþ 1Þð100E2 þ 79ÞvEl2
�
π

2
;
E − 1

Eþ 1

�
2

þ 9E6vð1 − 3v2Þ2arccosh2ðEÞ

þ E6ð1 − 3v2Þ
�
36v4 log

�
Ev
2

�
− 29ð2 − v2Þv2 − 16

�
arccoshðEÞ þ 48E4v5 log ðb=MÞ
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þ 2E6v3
�ð38 − 24EÞv4 þ ð24E − 58Þv2 − 16

�
log

�
Ev
2

�
− 36E6v7log2

�
1þ E
2

�

þ 6E6v3
�
ð8E − 27Þv4 þ 12v4 log

�
Ev
2

�
− 8ðE − 4Þv2 − 8

�
log

�
1þ E
2

�

− v
�
18E6 þ 252E5 − 216E3 þ 463E2 − 348Eþ E4

�
12v4 þ 8v2 − 223

�þ 110
	

; ð20Þ

and

χdiss2 ¼ 0; ð21Þ

χdiss3 ¼ 2E
3

ð1þ v2Þ2
v3

; ð22Þ

χdiss4 ¼ πE
8v

�
3Eð1 − 3v2Þð1þ 5v2Þ

2v3
arccoshðEÞ þ 3Eð1þ 5v2Þ log

�
1þ E
2

�

þ 24Eþ ð61Eþ 18Þv6 þ 2ð75 − 52EÞv4 þ ð19Eþ 84Þv2
6v4



; ð23Þ

where El2 is the incomplete elliptic integral of the second
kind:

El2ðψ ; zÞ ¼
Z

ψ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − zsin2θ

p
dθ: ð24Þ

The leading PM term χcons2 was first obtained in [37], and
the leading term χdiss3 was first obtained in [30] (using
results from [37]). The terms χcons3 , χcons4 and χdiss4 were
derived in [31] using amplitude methods, except for certain
pieces of the polynomial expression in the last line of
Eq. (20) for χcons4 , associated with undetermined Wilson
coefficients. These have more recently been determined
through two independent methods: Matching of amplitude
calculations in effective-field theory and black hole per-
turbation theory [38]; and a double PM/post-Newtonian
expansion of the self-force [39].
We will use notation whereby χ1SFnPM (n ≥ 2) represents

the truncated sum
P

n
k¼2 in Eq. (17), and we will analo-

gously have χconsnPM and χdissnPM. To denote the nth PM order
truncation of the full scattering angle, χ0SF þ ϵχ1SF, we will
use χnPM.
Figure 1 shows the sequence of PM approximations χ1SFnPM

for n ¼ 2, 3, 4 as functions of b at fixed v ¼ 0.5. For
reference, a sample of “exact” SF results is also shown,
obtained using the (time-domain) numerical method
reviewed in Sec. VA. As expected, the agreement is
increasingly better at larger b and greater n, but the PM
expressions fail to capture the true behavior at small b and
especially near the separatrix. The goal of this paper is to
demonstrate how, utilising information about the singular

form of the SF near the separatrix, one can resum the PM
series to the effect of making it a uniformly good approxi-
mation at all b.

FIG. 1. Comparison of successive PM approximations with
“exact” numerical SF values for the conservative (blue) and
dissipative (orange) contributions to the 1SF scattering angle at
v ¼ 0.5. The inset shows the relative difference between the
analytical PM approximation and the numerical SF values
(interpolated over b). The PM expressions accurately describe
the weak-field behavior, with 4PM conservative results being
within the numerical error of the data for b≳ 100M. The PM
expressions break down when approaching the separatrix, here at
b ≃ 8.807M (vertical dashed line), where χ1SF diverges. The
numerical values were generated using the time-domain code
detailed in Sec. VA. The numerical errors are too small to be
resolved on the scale of the main plot.
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III. THE SEPARATRIX SINGULARITY AND ITS
SELF-FORCE PERTURBATION

A. Geodesic limit

The separatrix is a one-dimensional curve in the two-
dimensional parameter space, which separates between
scattering and plunging geodesics. It is given by
b ¼ bcðvÞ, where

bcðvÞ ¼
Mffiffiffi
2

p
v2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8v4 þ β − 1þ 4v2ð2β þ 5Þ

q
; ð25Þ

with

β ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8v2

p
: ð26Þ

The function bcðvÞ is monotonically decreasing in v, with

lim
v→0

bcðvÞ ¼ ∞; ð27Þ

lim
v→1

bcðvÞ ¼ 3
ffiffiffi
3

p
M ≃ 5.196M: ð28Þ

The latter value bounds from below the overall range
of b values possible for scattering geodesics. We refer to
members of the 1-parameter family of geodesics that form
the separatrix, i.e., ones with b ¼ bcðvÞ, as “critical geo-
desics.” Each critical geodesic is made up of two disjoint
branches: an “inbound” branch starting at infinity and
ending with an infinite circular whirl at periastron distance,
and its time-reversed “outbound” branch.
Near the separatrix, the geodesic scattering angle χ0SF

diverges logarithmically:

χ0SF ¼ A0ðvÞ log
�

δb
bcðvÞ

�
þ constðvÞ þ � � � ; ð29Þ

where δb ≔ b − bcðvÞ, and

A0ðvÞ ¼ −
�
1 −

12M2ð1 − v2Þ
v2bcðvÞ2

�−1=4
: ð30Þ

A derivation of this asymptotic expression is described in
the Appendix.

B. 1SF correction

We have assumed that the SF perturbed the orbit by only
a small amount, such that its leading-order correction to the
scattering angle can be obtained by integrating along the
background geodesic. This assumption must ultimately fail
as we get near enough the separatrix, where the background
geodesic gets trapped in an eternal whirl at periastron
distance. Due to radiative losses, the actual SF-perturbed
orbit does not exercise an infinite whirl, but instead it either

falls into the black hole or scatters off back to infinity after a
finite amount of whirl time.
However, we can still have a well-defined notion of SF

correction to the scattering angle even near the separatrix,
by continuing to integrate along the background geodesic.
The so-defined SF correction χ1SF need not be “small”
compared to χ0SF near the separatrix. In fact, the numerical
results of Ref. [30] (cf. Fig. 9 therein) suggest a stronger
divergence at 1SF order, of the form

χ1SF ∼ A1ðvÞ
�
bcðvÞ
δb

�
: ð31Þ

In principle, if desired, we can still ensure ϵχ1SF ≪ χ0SF

simply by taking ϵ → 0 sufficiently fast as we take δb → 0.
We now derive the asymptotic relation (31) analytically,

and obtain an expression for A1ðvÞ in terms of SF integrals
along critical geodesics.
Considering first the dissipative piece, our starting point

is the general formula for χdiss in the first line of Eq. (16).
Our goal is to approximate this expression at small δb ¼
b − bcðvÞ for an arbitrary v. To this end, we substitute
p ¼ pcðeÞ þ δp ¼ 6þ 2eþ δp in βE;L, expand to leading
order in δp (at fixed e), and then substitute for δp in terms
of δb using the leading-order expression (A5) from the
Appendix. This procedure gives, at leading order in δb,

χdiss ∼
1

δb

Z
∞

−∞

�
cEF̃diss

t þ cLF̃diss
φ

�
dτ; ð32Þ

with

cE ¼ −
2ð3 − eÞ1=2ð3þ eÞ5=2M
ðeþ 1Þ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eðe − 1Þp ; ð33Þ

cL ¼ −
ð3þ eÞð3 − eÞ1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2eðe2 − 1Þ
p : ð34Þ

Here the integrand is evaluated along the outbound branch
of the critical geodesic with b ¼ bcðvÞ, whose periastron is
at τ → −∞. We have thus reproduced Eq. (31), with

Adiss
1 ðvÞ ¼ 1

bcðvÞ
Z

∞

−∞

�
cEF̃diss

t þ cLF̃diss
φ

�
dτ: ð35Þ

Note that for critical orbits we have 1 < e < 3, so expres-
sions like those in (33) and (34) make sense. One should
resist temptation to write the integral here as −cEErad þ
cLLrad [recalling Eq. (16)], since both Erad and Lrad diverge
for a critical geodesic, due to the infinite whirl. The
integral in Eq. (35), however, is well defined and finite.
We discuss the convergence of this integral further below,
in Sec. III B 1.
A similar procedure is applied to the conservative piece.

Starting with Eq. (15), we expand the functions Gcons
E ðτÞ
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and Gcons
L ðτÞ (given explicitly in [30] in terms of p, e) in δp

about pcðeÞ þ δp ¼ 6þ 2e at fixed e and τ, and then
substitute for δp in terms of δb using the leading-order
expression (A5) from the Appendix. We find that the
leading-order term in δb is τ independent. In fact, the
calculation yields an expression of a very similar form to
that for χdiss:

χcons ∼ −
1

δb

Z
∞

−∞

�
cEF̃cons

t þ cLF̃cons
φ

�
dτ; ð36Þ

with the same coefficients cE and cL as in Eq. (32). Thus

Acons
1 ðvÞ ¼ −

1

bcðvÞ
Z

∞

−∞

�
cEF̃cons

t þ cLF̃cons
φ

�
dτ: ð37Þ

Again, the integration is done along the outbound branch of
the critical geodesic with velocity v. Its convergence is
discussed in Sec. III B 1.
The complete coefficient A1ðvÞ ¼ Adiss

1 ðvÞ þ Acons
1 ðvÞ

can be written in terms of the full SF F̃self
α , by recalling

that, if we think of the SF as a function of r and ṙ on the
critical geodesic, then we have the symmetries F̃diss

t ðr; ṙÞ ¼
F̃diss
t ðr;−ṙÞ and F̃cons

t ðr; ṙÞ ¼ −F̃cons
t ðr;−ṙÞ [cf. Eq. (42)

of [30]]. This means that the value of F̃diss
t − F̃cons

t at a
given point on the outbound branch is equal to F̃diss

t þ
F̃cons
t ¼ F̃self

t at a conjugate point with the same r value on
the inbound branch, and similarly for the φ components.
Thus we obtain

A1ðvÞ ¼
1

bcðvÞ
Z

∞

−∞

�
cEF̃self

t þ cLF̃self
φ

�
dτ; ð38Þ

where the integration is now performed along the inbound
leg of the orbit, starting at infinity (τ → −∞) and ending at
the whirl radius (τ → þ∞). In Eq. (38), as in (35), the
individual integrals over the cE and cL terms do not exist,
but the integral of their sum does. This we explain in what
follows.

1. Convergence of integrals

At large radius, Ft and Fφ=rp decay as r−3p [30], so the
integrals in Eqs. (35) and (37) converge well at their upper
limits, and the one in (38) converges well at its lower limit.
As mentioned, the convergence in the opposite limit, where
the critical geodesic executes an infinite whirl, is more
subtle and requires some analysis.
Start with the conservative case. For a nearly circular

orbit we have Fcons
α ∝ ṙp for α ¼ t;φ [40], so (37) can be

written as

Acons
1 ðvÞ ¼ −

1

bcðvÞ
Z

∞

rmin

�
cEF̂

cons
t þ cLF̂

cons
φ

�
dr; ð39Þ

where rmin is the whirl (periastron) radius, and F̂cons
α ≔

F̃cons
α =ṙp has a finite r → rmin limit. In fact, each of the

components are bounded everywhere in the integration
domain, and fall off as F̂cons

t ∼ 1=r3 and F̂cons
φ ∼ 1=r2 at

large r, so the integral in (39) exists.
The dissipative case is more delicate. The components

Fdiss
t and Fdiss

φ do not vanish on the whirl radius, so the
integrals of the corresponding terms in Eq. (35) do not
separately converge, and the same holds true also for the
two separate full SF integrals in Eq. (38) (since the integrals
of the conservative pieces do converge). However, the
integral of the sum of cE and cL terms does converge, in
both (35) and (38). To see this, note

cL
cE

¼ 1

M

�
1þ e
6þ 2e

�
3=2

¼
ffiffiffiffiffiffiffiffi
M
r3min

s
¼ Ω; ð40Þ

the angular frequency (¼ uφ=ut) of the whirl. Near the
whirl radius we have uφ=ut ¼ ΩþOðṙpÞ, so, using
uαF̃self

α ¼ 0, it follows that, during the whirl,

cEF̃self
t þ cLF̃self

φ ¼ cE
�
F̃self
t þ ΩF̃self

φ

�
;

¼ −cEðṙp=ṫpÞF̃self
r þOðṙpÞ: ð41Þ

Thus the integrand in Eq. (38) is bounded everywhere
(falling off as r−3p at infinity), and we conclude that the
integral converges. Since the integral of the conservative
piece converges, we can conclude that, in Eq. (35), the
integral of the dissipative piece alone also converges.
Nonetheless, care must be taken when numerically

evaluating the integrands in Eqs. (35) and (38) near the
whirl radius, due the large degree of cancellation expected
between the cE and cL terms.

IV. PM RESUMMATION FORMULA

We now suggest a way of using knowledge of the SF
singularity coefficient A1ðvÞ to inform a PM resummation
with an improved performance at small b.
Consider the function

Δχðb; vÞ ¼ A0ðvÞ
"
log

�
1 −

bcðvÞ½1 − ϵA1ðvÞ=A0ðvÞ�
b

�

þ
X4
k¼1

1

k

�
bcðvÞ½1 − ϵA1ðvÞ=A0ðvÞ�

b

�
k
#
: ð42Þ

It has the following properties. (i) It is of 5PM order: Δχ ¼
Oðb−5Þ at b ≫ bcðvÞ; the term in the second line is
designed to cancel out all lower-order PM terms of the
expression in the first line. (ii) In the geodesic limit,
ϵ → 0, Δχ has the same logarithmic divergence as χ0SF

near the separatrix [compare with Eq. (29)], so that
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limb→bcðvÞ ðχ0SF − Δχ0SFÞ is finite. Here we have intro-
duced the expansion Δχ ¼ Δχ0SF þ ϵΔχ1SF þOðϵ2Þ, as
always defined with fixed v, b. (iii) At 1SF order [OðϵÞ],
Δχ exhibits the same ∼1=δb divergence as χ1SF, with the
same coefficient A1ðvÞ:

Δχ1SF ∼ A1ðvÞ
�
bcðvÞ
δb

�
: ð43Þ

Note that the quantity −ϵbcðA1=A0Þ in Eq. (42) may be
interpreted as the self-force correction to the critical impact
parameter bcðvÞ (at fixed v).
We then introduce the resummed scattering angle

χ̃ðb; vÞ ≔ χ4PMðb; vÞ þ Δχðb; vÞ: ð44Þ

It has the following properties. (1) By virtue of above
property (i), the 4PM truncation of χ̃ is identical to χ4PM,
i.e., χ̃4PM ¼ χ4PM. (2) By virtue of above property (ii),
combined with the fact that χ4PM is regular at the separatrix,
we have that, in the geodesic limit, χ̃ has the same
logarithmic divergence as χ0SF near the separatrix.
(3) By virtue of above property (iii), χ̃1SF has the same
∼bc=δb divergence as χ1SF near the separatrix, with the
same coefficient A1ðvÞ. Thus χ̃ reproduces the asymptotic
behavior of χ at b → ∞ through 4PM order, and its
asymptotic behavior at b → bcðvÞ through 1SF order.
We can immediately test the utility of our χ̃ in the

geodesic limit, without any SF calculation. An illustration
is presented in Fig. 2 for v ¼ 0.5. The plot compares the

full χ0SF expression [Eq. (10)] with its 4PM truncation
χ0SF4PM, and with the resummed version χ̃0PM of its 4PM
truncation. Evidently, by forcing the PM expression to
emulate the correct logarithmic divergence at the separatrix,
we dramatically improve its faithfulness at all b. A striking
feature is that the resummation appears to improve the
faithfulness of the PM expression even in the PM domain at
large b.
Of course, there is hardly a need to introduce resumma-

tion in the geodesic case, where a simple exact expression
for χ is at hand. The method becomes advantageous at 1SF,
where no analytical expression exists and numerical cal-
culations are expensive. The only numerical input neces-
sary for χ̃ is the value of the singularity coefficient A1ðvÞ.
In principle, this requires evaluation of the SF only for the
1-parameter family of critical geodesics, which should be
much cheaper than a full coverage of the two-dimensional
parameter space.
In what follows we describe our numerical method for

calculating A1ðvÞ, present the values obtained (with an
analytical fit over v), and use those to test the resummation
idea at 1SF.

V. NUMERICAL METHOD

Our numerical method is a hybrid scheme that combines
frequency-domain (FD) data produced using the code
of [25] with time-domain (TD) data produced using the
code of [30], to the effect of optimising the scattering angle
calculation for speed and accuracy. Full details and per-
formance analysis of the hybridization technique will be
provided in a forthcoming paper [35]. Here we will briefly
review our TD and FD codes and the method of
hybridization.

A. Time-domain code

Our TD method, developed in [30], is based on char-
acteristic evolution of Eq. (1) in 1þ 1 dimensions. The
scalar field Φ is first decomposed into angular spherical-
harmonic modes, Φ ¼ P

lm ϕlmðt; rÞYlmðθ;φÞ. Each of
the time-radial modal fields ϕlmðt; rÞ obeys a simple wave
equation in 1þ 1 dimensions, sourced by a delta function
supported on the geodesic path of the particle, which we
choose in advance with fixed values of ðv; bÞ. The initial-
value evolution problem for each of the modal fields is
solved numerically on a fixed grid based on null
Eddington-Finkelstein coordinates using a second-order
finite-difference scheme (detailed in Appendix B of
Ref. [30]). The evolution starts with characteristic initial
data set to zero, and the data is recorded after the spurious
(“junk”) initial radiation has died away. The values of the
modal fields and their time and radial derivatives are
extracted along the geodesic worldline, and from them
we compute the total l-mode derivatives ∇αΦl ¼P

l
m¼−l ∇αϕlmðt; rÞYlmðθ;φÞ (evaluated along the

FIG. 2. Comparison of plain and resummed 4PM expressions
for the geodesic scattering angle at v ¼ 0.5. The exact geodesic
expression χ0SF from Eq. (10) is shown for reference in black
dashed line. The plain 4PM expression (blue) fails to capture the
logarithmic divergence near the separatrix. In the resummed
version (orange) we force the correct singular behavior, and this
dramatically improves the performance of the PM model every-
where. The inset shows the relative difference between the full
expression and the plain 4PM expression (blue) and between it
and the resummed one (orange).
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worldline). The derivatives of the Detweiler-Whiting regu-
lar field are then constructed using standard mode-sum
regularization [41]:

∇αΦR ¼
X∞
l¼0

�
∇αΦl − Aα

�
lþ 1

2

�
− Bα



: ð45Þ

Here Aα and Bα are the “regularization parameters,” given
analytically as functions along the worldline [42]. In
practice we, of course, truncate the sum at a finite value,
typically lmax ¼ 15 in our TD code. The partial sum then
has an error of Oð1=lmaxÞ. To improve the convergence of
the mode sum, and thereby reduce this truncation error, we
incorporate so-called high-order regularization parameters,
which successively remove higher-order terms in the 1=l
expansion of ∇αΦl [43,44]. We use this technique to
reduce the partial-sum truncation error to mere Oðl−7

maxÞ.
Finally, given the derivatives of the regular field, we
construct the SF along the scattering geodesic using Eq. (3).
A typical TD run uses a numerical grid split up into cells

of size M=128 ×M=128, and produces clean SF data for
rmin ≤ rp ≤ rfin (on both legs of the orbits), where rmin is
the periastron distance, and in our implementation rfin
ranges between 450M and 1250M. The performance of the
code degrades rapidly with increasing l (due to resolution
demands), and it is computationally prohibitive to go much
beyond lmax ¼ 15. Even so, we find that l-mode trunca-
tion error is usually subdominant in our code for v values
that are not too high, v≲ 0.5. At higher velocities, l-mode
truncation becomes a limiting factor, as discussed below.
Since the runtime scales like r2fin, it is also prohibitive to

increase rfin much beyond the values stated above. As data
is required for all r ≥ rmin, we fit the available SF data to a
large-r model of the form Fself

α ¼ c3=r3p þ c4=r4p þ…, and
use that to extrapolate the numerical results to rp → ∞. We
fix the ci coefficients by fitting to the outermost 10%–20%
of the large-rp data. Varying the polynomial order and
range of the fitting allows us to estimate the error of the fit.
This is typically our dominant source of error in the
scattering angle at small and medium v.
To calculate the scattering angle we use the integral in

Eq. (14), recast as an integral in r on the ingoing and
outgoing legs. For the integrand we use the numerical data
for rmin ≤ r ≤ rfin and the analytic fit for rfin < r < ∞,
and perform the integration using Mathematica’s default
NIntegrate function, which suffices for our purposes.

B. Frequency-domain code

Our FD code was developed in Ref. [25]. The modal
fields ϕlmðt; rÞ are additionally decomposed into Fourier
time harmonics ∝ e−iωt, reducing the distributionally
sourced partial differential equation to an ordinary differ-
ential equation with a function source. Reconstructing
ϕlmðt; rÞ using solutions to this inhomogeneous equation

is a priori problematic, due to Gibbs ringing caused by the
δ-function source in the TD equation. A remedy is provided
by applying the so-called method of extended homo-
geneous solutions, first introduced in Ref. [45]. In this
method, the TD fields ϕlmðt; rÞ and their derivatives are
constructed along the particle’s orbit from a sum of certain
nonphysical homogeneous frequency modes ϕlmωðrÞ,
which is spectrally convergent. In the scattering problem,
the method can be used to efficiently construct ϕlmðt; rÞ
and its derivatives in the region r ≤ rpðtÞ, sufficient for a
SF calculation via mode-sum regularization.
The calculation of ϕlmωðrÞ entails the evaluation of

certain normalization factors Clmω, which are expressed
as integrals over the (infinite) radial extent of the orbit.
In our FD code these integrals are truncated at a radius
rmax ¼ 2000M, and the truncation error is reduced by using
four successive integration by parts to increase the decay
rate of the integrand to Oðr−5Þ as r → ∞. For v ≥ 0.3,
we additionally add an analytic approximation to the
neglected r > rmax portion of the integral. The values of
the normalization integrals are stored at discrete frequen-
cies with spacing MΔω ¼ 1.25 × 10−3, and intermediate
frequencies are calculated as needed using interpolation.
The inverse Fourier integrals are numerically evaluated
to reconstruct the derivatives of ϕlmðt; rÞ along the orbit,
and the SF is then calculated using the mode-sum
formula (45) and Eq. (3).
Comparisons with TD results suggest that the FD code is

highly accurate in the strong-field, near-periapsis portion of
the orbit, significantly outperforming the TD code in this
region (see, e.g., Fig. 9 of [25]). A particular advantage of
the FD code is its ability to access high l modes. For this
project we have reliably reached l ¼ 25, at least at radii not
too large.
As the particle moves outwards along its orbit, however,

the large-l modes calculated using the FD code begin to
rapidly lose accuracy, with progressively smaller values of
l becoming affected with increasing radius. As discussed
in Sec. IX of Ref. [25], this is a numerical issue resulting
from increasing cancellation between low-frequency
modes of the extended homogeneous solution with increas-
ing r, a phenomenon that was first reported in studies of the
gravitational SF along bound geodesics in the Kerr space-
time [23]. In mitigation, we dynamically truncate the
l-mode sum where cancellation-induced error is deemed
too great. The original algorithm to achieve this is outlined
in Sec. VII C of Ref. [25]. According to this procedure, at a
given orbital location, we first calculate all l modes with
l ≤ lmin, where lmin is some minimum number of modes
to be included, taken as 5 in the present work. Successive l
modes are then calculated one by one, and added to the
mode sum so long as the absolute value of the regularized
contribution to the SF is decreasing. Additional clauses
exist to identify and include l modes where a transient
increase in magnitude follows a legitimate change of sign.
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The mode sum is truncated when the algorithm excludes
an l mode for the first time, or when it reaches l ¼ 25.
The progressively early truncation of the mode sum at
larger radii evades the cancellation problem, but causes
growing errors in the SF calculation with increasing r,
eventually causing the accuracy to fall below that of the
TD code.
In standard SF calculations for bound orbits (or for

scattering orbits at low velocity), the l-mode contributions
to the SF fall off with a power law l−k, where k > 0
depends on details of the regularization procedure applied.
In this work we achieve k ¼ 8 by subtracting all analyti-
cally known regularization parameters in Eq. (45), as
mentioned above. Fundamentally, the power-law distribu-
tion reflects the structure of the field singularity at the
particle. In producing FD data for this project, we have
found an interesting new structure at large l, only manifest
at high velocity, which may be attributed to a beaming
effect. The new feature, which we now briefly discuss,
requires extra care in handling large-l contributions at high
velocity.
Figure 3 provides an illustration. It shows the value of the

mode-sum summand as a function of l, in the example of
α ¼ t at a certain point along a certain near-separatrix
scattering orbit with v ¼ 0.8. For comparison, the same is
shown for a lower-velocity orbit with v ¼ 0.2. For the
purposes of this illustration we have subtracted fewer of the
higher order regularization parameters, such that the terms
in the mode sum are expected to fall only as l−6. Doing so
enables us to use the unsubtracted regularization term as an

analytical prediction for the asymptotic behavior of the
terms in the mode sum. From the figure we can see that in
the v ¼ 0.2 case the contributions approach the asymptotic
prediction closely after l ≈ 15. For v ¼ 0.8, however, the
magnitude of modal contributions picks up again at around
l ¼ 14 to form a broad “bump” in the angular spectrum.
The ultimate l−6 tail presumably develops only at greater
values of l, beyond the range accessible to us here.
The potential occurrence of such late “bumps” in the

angular spectrum somewhat complicates our automatic
l-mode truncation algorithm. We have inserted a set of
clauses that legitimize the inclusion of l-modes associated
with these bumps. The ability to include the contributions
from larger values of l gives the FD code a significant
advantage over the TD code at large v.

C. Hybridization of TD and FD results

The broadness of the l-mode power distribution at large
velocity, illustrated in Fig. 3, has important practical
implications. When truncating the mode sum at lmax ¼
15 (the practical limit of the TD code), the error compared
to lmax ¼ 25 is observed to be on the order of several
percent in some instances. This is significantly larger than
other estimated numerical errors in our SF calculations.
Fortunately, the problem is greatest in the immediate
vicinity of the periastron, precisely where the FD method
has high-precision access to large-lmodes. Conversely, the
problem becomes less significant at large radii, where the
TD code outperforms the FD code. This naturally suggests
an optimization approach that uses the appropriate sets of
data in each regime.
For a given geodesic orbit, the TD-FD data hybridization

is performed in the following way. First, the TD and FD
codes are run separately. The SF is extracted from the TD
code at radii rmin ≤ rp ≤ rfin, and it is also calculated at a
grid of radii in rmin ≤ rp ≤ 50M using the FD code. The
output of the FD code includes the truncation value lmax
used at each position, and from this we identify the largest
radius rswitch such that lmax ≥ 15 for all components of the
force at all radii rp ≤ rswitch. For the orbits tested in this
article, we always find rswitch < 50M, justifying the appro-
priateness of our FD radial truncation. The scatter angle is
then calculated by recasting Eq. (14) as an integral over
radius r, and performing the sections over rmin ≤ r ≤ rswitch
and rswitch < r < rfin separately using SF data from the FD
and TD codes, respectively. The r > rfin portion is again
approximated by fitting the SF to the final 10–20% of the
TD data.
Figure 4 illustrates the hybridization of TD and FD data

for a sample scattering orbit with v ¼ 0.7. The agreement is
visibly not good near the periastron, where the TD data fails
to account for large-l beamed power. Indicated in the
figure is the radius rswitch where we switch from FD data
(r < rswitch) to TD data (r > rswitch).

FIG. 3. Regularized l-mode contributions to ∇tΦR at positions
rp ¼ 4.7M and rp ¼ 4.2M along the outbound legs of the orbits
with parameters ðv; bÞ ¼ ð0.8; 6.07387MÞ and ð0.2; 20.3825MÞ,
respectively (both orbits have δb ≈ 0.0005M). Also plotted are
the analytical predictions for the large-l asymptotics of these
contributions. The dips near l ¼ 13 correspond to a sign change
in both datasets. At high velocity, the l-mode contributions take
longer to settle down to the predicted asymptotic l−6 decay, with
distinct large-l peaks visible at intermediate radii. Such large-l
spectral “bumps,”which may be a signature of radiation beaming,
complicate computations at large v.
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VI. NUMERICAL CALCULATION OF A1ðvÞ
Equations (35) and (37) prescribe the direct calculation

of Adiss
1 ðvÞ and Acons

1 ðvÞ, requiring as input only the SF
along the critical orbit b ¼ bcðvÞ. Unfortunately, the
existing TD and FD codes are currently configured to
handle only noncritical orbits, with b > bcðvÞ. Extending
to the critical orbit requires nontrivial modifications to
both codes. Instead, we opted here to calculate the values
of A1ðvÞ indirectly by extrapolating from a sequence of
geodesics b → bcðvÞþ with fixed v. We will return to the
question of directly calculating the SF along critical orbits
in Sec. VIII.
We fixed a grid of velocities in the range 0.15 ≤ v ≤ 0.7

with spacing Δv ¼ 0.05. At lower velocities, the transi-
tion to the asymptotic behavior χ ∼ 1=δb is delayed until
smaller values of δb, complicating the extrapolation. At
higher velocities, it takes longer for the initial junk
radiation to separate from the particle in the TD simulation,
forcing us to start at a larger initial radius and hence
increasing computational cost. For each velocity included
in our sample, we ran the TD and FD codes to calculate the
SF along each of the orbits with b ¼ bcðvÞ þ δb, where δb
takes values in f0.0005; 0.001; 0.0022; 0.005; 0.01; 0.022;
0.05; 0.1; 0.22; 0.5; 1g. The values of χcons and χdiss were
then calculated separately for each orbit using the hybrid
method outlined in Sec. V C.

Figure 5 displays χ1SF, χdiss and χcons, plotted as func-
tions of δb at fixed v ¼ 0.5, illustrating the 1=δb diver-
gence. For each value of v in our sample we fit the
numerical dataset to the expression on the right-hand side
of Eq. (31), to obtain an estimate of A1ðvÞ. For this purpose
we use Mathematica’s NonlinearModelFit function,
weighting each data point by 1=ϵ2tail, where ϵtail is the
estimated error in the scattering angle due to the analytic fit
to the SF at large radius. This routine returns an estimate for
the value of A1ðvÞ, together with an estimate of the fitting
error in this value. We perform the fit for the conservative
and dissipative pieces separately, and then calculate
A1ðvÞ ¼ Adiss

1 ðvÞ þ Acons
1 ðvÞ. This approach is potentially

more accurate, because, as illustrated in Fig. 5, the opposite
signs of the conservative and dissipative contributions
cause the total scattering angle to approach the asymptotic
1=δb behavior somewhat more slowly than for χdiss and
χcons individually.
Our fitting procedure is as follows. For each velocity,

values of Adiss
1 and Acons

1 are obtained by fitting to the N
smallest values of δb in our sample, for N ¼ 3;…; Nmax.
We took Nmax ¼ 8 for v ≥ 0.3, and Nmax ¼ 6 for v < 0.3
where the ∼1=δb trend is observed to break down at lowers
values of δb. A best estimate for each velocity was obtained
by fitting a constant value to these individual fits, again
using NonlinearModelFit, weighting the individual
fits by the inverse squares of their estimated errors. The
final error bar on A1 (for each v) was conservatively
estimated as the range between the largest and smallest
values in our sample of individual fits, including their
individual error bars.

FIG. 4. The time component of the SF for the orbit ðv; bÞ ¼
ð0.7; 6.71307MÞ (with δb ≈ 0.001M), as calculated with the FD
(blue) and TD (orange) codes. The visible difference between the
two codes near periastron is due to the omission in the TD
calculation of beaming features at l > 15, beyond the reach of
our TD code. The hybrid model is shown in the black dashed line,
with rswitch ≈ 5.28M marked by the vertical black lines. The
model uses the TD data for r > rswitch and the FD data for
r < rswitch. The noisy features visible in the FD data are artifacts
of our dynamical mode-sum truncation algorithm; they occur
mostly at r > rswitch where they do not impact our hybrid model.

FIG. 5. Strong-field numerical results for the dissipative
(orange), conservative (blue) and total (green) pieces of the
scattering angle for an initial velocity v ¼ 0.5. The values were
generated with the hybrid model, with error bars too small to be
discerned on the scale of this plot. The solid lines are the
extracted divergences of the form ∼A1ðbc=δbÞ. The fitted values
of A1 are given in Table I.
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The resulting values of A1ðvÞ, with error bars, are
displayed in Fig. 6 and tabulated in Table I. Also included
in Fig. 6 are the best-fit curves

A1ðvÞ ≈ 0.0222 − 0.0398vþ 0.0199v2; ð46Þ

Acons
1 ðvÞ ≈ −0.0175þ 0.0060vþ 0.0072v2; ð47Þ

Adiss
1 ðvÞ ≈ 0.0406 − 0.0488vþ 0.0154v2; ð48Þ

obtained by fitting functions of the form aþ bvþ cv2 to
the numerical data, weighting each point by the inverse
square of the size of its error bar.

VII. RESUMMATION RESULTS

We now test the performance of our resummation
formula (44), with the A1 values obtained above, using
the numerical SF scattering angle data as benchmark.
Figure 7 shows numerical χcons and χdiss values as

functions of b at fixed v ¼ 0.5, along with the plain and
resummed PM expressions. As previously demonstrated,
the plain PM formula matches the “exact” numerical values
to within a few percent in the weak field, but the accuracy
quickly degrades when moving towards the strong field.
However, the resummed PM expressions are uniformly
accurate across the entire domain. Notably, the resumma-
tion generally appears to improve the performance of the
PM formulas even in the weak-field regime. Similar results
are obtained for all other values of v sampled in our work.
As a final illustration, let us add together the geodesic

and 1SF contributions, to show the combined effect of
resumming both the logarithmic (geodesic) and power-law
(SF-induced) divergences. Figure 8 shows the total angle
χ ¼ χ0SF þ ϵχ1SF for fixed ϵ ¼ 0.1 and v ¼ 0.5, along with
the analytic results with no resummation (orange), only
geodesic resummation (green) and the full 1SF resumma-
tion (red). Both resummations appear to increase the

FIG. 6. Values of the 1SF divergence parameter A1ðvÞ for the
conservative (blue), dissipative (orange) and total (green) pieces
as a function of initial velocity v. The error bars on the values are
shown but are barely visible on this scale. Shown in solid lines are
the best-fit curves given in Eqs. (46)–(48).

FIG. 7. Comparisons of plain (dashed) and resummed (solid)
4PM expressions for the conservative (blue) and dissipative
(orange) contributions to the scalar-field SF correction to the
scattering angle at v ¼ 0.5. The inset shows the relative differ-
ence between the PM results and the “exact” numerical values.
The resummation formula, given in Eq. (44), is used with the
values of the SF singularity coefficients Acons

1 and Adiss
1 given in

Table I. The numerical values are calculated using the hybrid
model for δb=M ≤ 1 and the TD model for larger impact
parameters. Numerical errors are too small to be resolved on
the scale of the main plot.

TABLE I. Calculated values of A1ðvÞ, Acons
1 ðvÞ and Adiss

1 ðvÞ,
with estimated error bars on the last displayed decimals (e.g.
0.01642þ80

−22 means 0.01642þ0.00080
−0.00022 ). The error bars for A1ðvÞ are

obtained by adding the error bars of the conservative and
dissipative pieces in quadrature.

v A1 Acons
1 Adiss

1

0.15 0.01642þ80
−22 −0.01637þ04

−14 0.03280þ80
−17

0.20 0.01522þ60
−35 −0.01600þ4

−6 0.03122þ60
−34

0.25 0.01373þ31
−11 −0.01568þ24

−05 0.02941þ19
−10

0.30 0.01234þ40
−31 −0.01507þ16

−29 0.02741þ33
−10

0.35 0.01062þ12
−07 −0.01477þ8

−4 0.02539þ9
−5

0.40 0.0096þ4
−5 −0.01393þ17

−50 0.02357þ32
−19

0.45 0.00839þ70
−32 −0.01345þ29

−21 0.02184þ70
−25

0.50 0.00731þ5
−4 −0.012670þ26

−27 0.019978þ50
−35

0.55 0.00639þ21
−25 −0.01190þ14

−20 0.01829þ16
−15

0.60 0.00570þ15
−40 −0.01119þ03

−35 0.01689þ15
−20

0.65 0.004761þ26
−26 −0.010585þ18

−18 0.015345þ19
−20

0.70 0.00407þ15
−15 −0.00972þ11

−11 0.01379þ11
−10
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accuracy in the weak field by approximately an order of
magnitude relative to the base PM expressions. Differences
between the resummations become manifest in the strong-
field regime where the 1=δb divergence starts to dominate.
The full resummation captures the scattering angle with at
least ∼1% precision, including in regions where the plain
PM expansion completely breaks down.

VIII. CONCLUSION

We have presented and tested here a technique for
improving the faithfulness of PM expressions for the
scattering angle in the strong-field regime. The dramatic
improvement achieved can be appreciated from a compari-
son of Fig. 1 (raw PM expansion) with Figs. 7 and 8
(resummed PM expansion). Notably, in the examples
considered we have found that our resummation procedure
improves the faithfulness of the PM expressions (at given
PM order) uniformly across the parameter space and even
in the weak-field regime. The procedure should offer a
computationally cheap way of producing a highly accurate
semianalytical model of black hole scattering dynamics, at
least in the small mass-ratio regime. As an aside, our work
provides further illustration of the utility of SF calculations
in benchmarking strong-field aspects of the two-body
dynamics.
The particular strong-field aspect utilized here is the

leading SF correction to the divergent behavior of the
scattering angle at the capture threshold, encapsulated in
the coefficient A1ðvÞ. This function can be obtained as
prescribed in Eq. (38), by integrating a certain combination

of SF components along critical geodesics. In our numeri-
cal demonstration we have not directly integrated along
critical orbits but instead chose to approach the critical limit
along a sequence of scattering geodesics (for each fixed
value of v in our sample). We did so in order to be able to
use our existing TD and FD codes with minimal adaptation,
at the expense of having to produce ∼10 times the amount
of SF data that would be required integrating directly along
critical geodesics. A direct implementation of Eq. (38)
would be more economical as well as more precise, and
should be considered for future work (e.g. when ultimately
implementing the resummation idea with the gravitational
SF for a black hole binary). This would require the
development of customized versions of our codes that
can deal with the special nature of critical geodesics, each
consisting of two disjointed segments that asymptote to an
unstable circular orbit. In the TD framework, the evolution
code would need to be run twice for each critical geodesic,
with an appropriate truncation as the geodesic settles into
(emerges from) the asymptotic circular motion. This can be
based on the method of Ref. [26], where a similar scenario
was dealt with in the gravitational problem with v ¼ 0.
Critical orbits have not yet been considered in FD self-force
calculations. Here the task would be to correctly account
for the special spectral features of the perturbation field,
which involve a superposed delta-function component from
the asymptotic circular whirl. This is yet to be formulated
and attempted computationally.
Our numerical method in this work does incorporate

several new developments, primarily the introduction of
our hybrid TD-FD scheme. The idea is to combine TD
and FD self-force data along each individual scattering
orbit to the effect of optimizing the calculation for accuracy,
through a judicious consideration of each method’s differ-
ent performance profile as a function of radius and mode
number. Hybridization enabled us to achieve a greater
precision over a greater portion of the parameter space than
would be achievable with either the TD or FD codes alone.
The hybridization method should have a merit beyond just
the scope of this project, and we intend to continue its
development. A forthcoming paper [35] will provide a
detailed analysis of the method and its performance across
the scattering parameter space.
Ultimately, of course, the goal is to apply our methods to

the binary black hole problem. We are examining several
alternative avenues. One is based on an extension of the
(Lorenz-gauge) TD code of Ref. [26] from the special case
of the critical orbit with v ¼ 0 to general scattering orbits.
Another may involve an FD variant of the same code,
which should allow improved computational precision.
An alternative approach is based on metric reconstruction
from curvature scalars [24], which, in principle, may be
implemented in either the time or frequency domains.
Work is in progress to develop an efficient, modern
framework for scattering-orbit calculations based on a

FIG. 8. The total scattering angle (geodesicþ SF correction)
for ϵ ¼ 0.1 and v ¼ 0.5. We compare here numerical values
obtained using our SF calculation (blue dots) to corresponding
PM expressions with no resummation (orange), geodesic resum-
mation only (green) and the full 1SF resummation (red). The
relative difference between the results from each PM expression
and the numerical values are shown in the inset, interpolated. The
hybrid model was used to calculate the angles with δb=M ≤ 1
and the TD model was used for all other values. Numerical errors
are too small to be resolved in the main plot.
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TD Teukolsky solver with hyperboloidal slicing and
compactification [46].
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APPENDIX: LOGARITHMIC
DIVERGENCE OF χ 0SF

In this appendix we show the derivation of Eq. (29) for
the logarithmic divergence of the scattering angle near the
separatrix in the geodesic limit.
Starting with the expression (10) for χ0SF in terms of an

elliptic function, we expand in p about pcðeÞ ¼ 6þ 2e (at
fixed e), to find

χ0SF ≃ −
�
6þ 2e

e

�
1=2

log ðδp=pcÞ þ const; ðA1Þ

where δp ≔ p − pcðeÞ. We need now to (i) express the
e-dependent coefficient in terms of v on the separatrix, and
(ii) express δp=pc (fixed e) in terms of δb=bc (fixed v)
inside the logarithm. For (i), we use Eq. (11) to write

LcðeÞ=M ¼ pcðeÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pcðeÞ − 3 − e2

p ¼ 6þ 2effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3 − eÞð1þ eÞp ; ðA2Þ

then invert to obtain e in terms of Lc on the separatrix. This
yields

−
�
6þ 2e

e

�
1=2

¼ −2
�
1 −

12M2

L2
c

�−1=4
;

¼ −2
�
1 −

12M2ð1 − v2Þ
v2b2c

�−1=4
; ðA3Þ

where in the second equality we have used Eqs. (6) and (7).
Recall that 1 < e < 3 for scattering geodesics, so expres-
sions like those in (A2) make sense.
To achieve goal (ii) above, we write

δb ¼ b − bcðvÞ ¼
Lffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − 1
p − bcðvðEÞÞ; ðA4Þ

again using Eqs. (6) and (7), then substitute for bcðvðEÞÞ
from Eq. (25), and finally for E and L in terms of p and e
from Eq. (11). The resulting function of p and e we expand
in p about pcðeÞ ¼ 6þ 2e at fixed e. We find

δb ¼ eð3þ eÞ3=2M
16ð1þ eÞ3ðe − 1Þ1=2 ðδpÞ

2 þOðδp3Þ; ðA5Þ

noting the linear term vanishes. Hence

logðδp=pcÞ ¼
1

2
logðδb=bcÞ þ const; ðA6Þ

and Eq. (A1) produces (29), with the coefficient A0ðvÞ
given in Eq. (30).
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