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Charging Kerr-Schild spacetimes in higher dimensions
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We study higher dimensional charged Kerr-Schild (KS) spacetimes that can be constructed by a KS
transformation of a vacuum solution with an arbitrary cosmological constant, and for which the vector
potential is aligned with the KS vector k. Focusing on the case of an expanding k, we first characterize the
presence of shear as an obstruction to non-null fields (thereby extending an early no-go result of Myers and
Perry). We next obtain the complete family of shearfree solutions. In the twistfree case, they coincide with
charged Schwarzschild-Tangherlini-like black holes. Solutions with a twisting k consist of a four-parameter
family of higher dimensional charged Taub-NUT metrics with a base space of constant holomorphic
sectional curvature. In passing, we identify the configurations for which the test-field limit gives rise to
instances of the KS double copy. Finally, it is shown that null fields define a branch of twistfree but shearing
solutions, exemplified by the product of a Vaidya-like radiating spacetime with an extra dimension.
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I. INTRODUCTION
A. Background

The celebrated vacuum black hole metric of Kerr [1] can
be written as

g=n-2Hk Qk, (1)
where the “background” metric,

7 = —du® + 2dr(du + asin? 8d¢) + (r* + a* cos® 0)d6?
+ (r* + a®) sin? 0d¢?, (2)

is flat, the covector field,
k = du + asin® 6dg, (3)

is null (with respect to both metrics 5 and g), and the scalar
function H is given by

2mr

= 2 e = o

4)

Itis remarkable that the charged Kerr-Newman solution [2]
can be described by exactly the same metric (1)—(3) provided
one takes a vector potential of the form
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er

A=————+——Fk,
2 + a%cos? 6

and simply replaces (4) in (1) by the new function'
2mr — e*

= = oo

(6)

One can also easily obtain the Kerr-Newman-(A)dS solution
from the Kerr-(A)dS metric with a similar method [where 7 is
now the (anti) de-Sitter [(A)dS)] metric, cf. appendix A and
references therein].

More generally, line element (1) with # flat and k null
(but not necessarily of the form (2), (3), and with H
a priori unspecified) defines the Kerr-Schild (KS) class of
spacetimes [5] (see also the earlier [6]), which clearly
includes both the Kerr and the Kerr-Newman metrics
as particular members. It readily follows from the results
of [7] (see also [3]) that, similarly as in the Kerr case, all
diverging vacuum KS metrics can be charged by simply
taking

A = ak, (7)

for a suitable spacetime function a, and accordingly
redefining H

'In order to match the standard four-dimensional conven-
tions [3,4], both in (6) and in Appendix A we set the
gravitational constant k = 2 [cf. (9)]. However, in the rest of
the paper we find it more convenient to leave it unspecified.

© 2024 American Physical Society
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H= Hvac - Helccv (8)

such as to keep into account the backreaction of the
electromagnetic field in the Einstein equation. The form of
the metric (1) (in particular k) is otherwise unchanged in
the charging process.

In view of such a simple relation connecting vacuum KS
solutions to their charged counterparts, it is desirable to
clarify whether and to what extent a similar method can be
used to produce electrovac solutions also in spacetime
dimensions other than four. This is particularly relevant
in the context of black holes, given that the higher-
dimensional analogues of the Kerr black hole, i.e., the
Myers-Perry spacetimes, are precisely of the KS form [11]
(see also [12] in eight dimensions),3 and that a similar
property holds also in the presence of a cosmological
constant A [16,17].4

An early attempt at obtaining charged rotating black
holes within the KS class was already performed in [11].” It
was concluded there that for metrics with precisely one
nonzero spin, the Maxwell and the Einstein equations
become incompatible if the KS ansatz is assumed.
However, one might hope that such a no-go result could
be circumvented in a more general context, e.g., by adding
spins or a cosmological constant to the seed black hole.
There are indeed several reasons why an ansatz as (1)
with (7), (8) seems a promising one in order to construct a
charged solution from a vacuum one, and which motivate
its further exploration in an arbitrary number of dimensions
n. The most important ones, which will be useful through-
out the paper, are summarized below.

(1) If g in (1) is an FEinstein spacetime, then the null
congruence defined by k must be geodesic. More
generally, geodesicity is equivalent to the much
milder condition R, k*k? = 0[15,23]. The geodesic
property holds simultaneously in any geometry (1)
(i.e., regardless of the choice of H, including the
background with H = 0). It plays a crucial role in

*This can be also understood as a particular case of a KS
transformation [8—10]. However, there also exist electrovac KS
solutions for which A is not of the form (7) [3,7].

3That this is not the case for black rings [13] has been proven
in [14,15].

“In the latter case, it is understood that in (1) i is a spacetime of
constant nonzero curvature, such that (1) defines the KS-(A)dS
class. For the sake of brevity, however, throughout this paper we
shall simply call any g of the form (1) a KS spacetime, provided i
is of constant (positive, negative or zero) curvature. In order to
disregard the trivial (vacuum) case g = #, it will also be under-
stood that H # 0.

*When the angular momentum vanishes, a static charged black
hole (with an arbitrary A) has been known for some time [18], and
it is easy to see it indeed admits a KS representation (e.g. using
Robinson-Trautman coordinates [19], cf. also Sec. IVA). Five-
dimensional charged black holes with nonzero angular momentum
exist [20-22] which do not belong to the KS class [22].

what follows and will be understood from now on.
Similarly, also the optical matrix of k (cf. Sec. II B)
does not depend on the function H, and must obey
the optical constraint [15,23] [this is defined in (28)
below, cf. [15,23-26], and becomes trivial if k is
non-expanding].

(2) For any H, the Riemann tensor of the geometry g is
of type II (or more special), aligned with k [15,23] in
the classification of [27] (cf. also [26]), which thus
also defines a multiple Weyl aligned null direction
(mWAND) [28]. Imposing the Einstein equation, this
implies, in particular, that the energy-momentum
tensor of any geometry ds®> must satisfy 7', kk" =
0=kT,pk, (e, it is also of type II or more
special). This condition is compatible, in particular,
with a Maxwell field of the form F = dA with (7),
which is automatically aligned with k (i.e., F¢ k" o
k¢ or, equivalently, k*F a[bkc] = 0; cf. also [29]).

(3) The mixed Ricci components R?,, are linear in the
function H and its derivatives [30,31]. The same
is true for the frame Ricci components [15,23]
(cf. Appendix B).

(4) One can easily see that /=g = \/=n and [with (7)]
g F ., = n*n*?F,,, therefore the Maxwell
equation for F, i.e., (,/=gF“") , = 0, is independent
of H—this means that one can solve it in the
background #, thereby obtaining a test-field solution
F valid for any H. The specific form of H will be
subsequently determined by solving the Einstein
equation (9), (11), thus arriving at a full Einstein-
Maxwell solution which keeps into account the
backreaction. In the case A =0 this was already
observed in [11].

The above results were already known for the special
case n =4 and are scattered in various papers [5,7—
9,30,32-35] (see also [3]).

It is also worth mentioning that the ansatz (1) with (7) is
further motivated from the viewpoint of the KS double
copy [36] (further comments will be given in Secs. III B 3
and IVA).

B. Summary of results

The present contribution aims at classifying all higher-
dimensional electrovac KS spacetimes that can be obtained
by charging a vacuum KS spacetime via the ansatz (1), (7)
with the redefinition (8), where k is null and expanding
(cf. Sec. IT A), and n of constant curvature. After prelimi-
narily defining certain key quantities and setting up the
field equations for the KS ansatz in Sec. II, our main results
can be summarized as follows (see also Table I).

(1) If k is twisting (Sec. III), then it must be shearfree
and F = dA is necessarily non-null. This is possible
only in even dimensions and, as it turns out, the only
such solution is given by the special charged Taub-
NUT solution (57)—(60). This is specified by four
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TABLE 1. Summary of the n >4 charged KS solutions
obtained with the ansatz (1), (7), (8), where k is assumed to
be expanding (6 # 0). The optical scalars are defined in (18).
Note that the solution (75), (76) only represents a particular five-
dimensional example for the null field branch @ = 0 # o (which
will deserve a separate study elsewhere).

0] c F Solution n

#0 0 Non-null (57)—(60) Even
0 0 Non-null (72), (73) Any
0 #0 Null (75), (76) Any

independent parameters u, £, @, and S, (roughly
corresponding to mass, NUT, electric charge and
asymptotic magnetic field strength), in addition to an
arbitrary cosmological constant.® The base space
metric # must be Kihler-Einstein and of constant
holomorphic sectional curvature [cf. (C32)]. We
observe that the no-go result of [11] was obtained
for a KS ansatz based on a shearing k, which
explains why there is no contradiction with the
KS solutions found here.

(ii) If k is twistfree (Sec. IV) there are two possibilities.
(1) For zero shear, one is left with a subclass of
the Robinson-Trautman electrovac solutions [42],
for which F is again non-null. It eventually reduces
to the solution (72), (73), which describes electri-
cally charged Schwarzschild-Tangherlini black
holes [18,43] (see also [44]), characterized by mass
and charge parameters y and o, and with a base
space of constant curvature. (ii) For nonzero shear, F
is instead null. Solutions in this branch, which
include products of a Vaidya-like radiating space-
time with flat extra dimensions, will be studied in
more detail elsewhere.

The appendices contain several auxiliary results.
Appendix A reviews the KS form of the four-dimensional
Kerr-Newman-(A)dS solution and its “topological” coun-
terparts [45,46]. Appendix B presents the connection
(Ricci rotation coefficients) and the Riemann and
Ricci tensors [15,23] in an arbitrary adapted frame for
KS spacetimes with a geodesic k in n dimensions.
Appendix C summarizes basic properties of the higher-
dimensional Taub-NUT metrics of [47-49], and reviews
the integration of the corresponding Einstein equation in
vacuum. A few new observations are also added, in
particular concerning the overlap with the KS class.
Finally, Appendix D contains the details of the integration

SVacuum spacetimes with multiple NUT parameters [37]
cannot be charged with the procedure employed in this paper
precisely because they are (twisting and) shearing [25,38—40]
(although some of them belong to the KS class [38]). For the
same reason, the charged version of the odd-dimensional sol-
utions of [37] is also ruled out (cf. [41]).

of the FEinstein-Maxwell equations for the case of a
shearfree twisting KS vector field k, relevant to the
branch of solutions of Sec. III B 3.

II. PRELIMINARIES AND FIELD EQUATIONS
A. Notation

We will consider the Einstein-Maxwell equations in n
spacetime dimensions in the form

Gap + Ngap = KT 4p, )
V,F =0, (10)
where G, is the Einstein tensor and
Tup = FucFy* —Zl‘gahchFCd- (11)
It will be also convenient to define a rescaled cosmological

constant as

2A

P Dn-2)

(12)

We will use a frame adapted to the KS ansatz (1), i.e., a
set of n vectors m,, which consists of two null vectors
k=mg), n =m and n — 2 orthonormal spacelike vec-
tors my;), with a,b...=0,...,n—1 while i,j...=
2,...,n—1 [26,28]).7 The Ricci rotation coefficients

1
L,,, N, and M, are defined by (the following quantities
are meant as projections onto the basis vectors) [50]

i

Lab = ka;bv Nab =Ngp, Mab = mle;)b’ (13)

i
and satisfy the identities Ly, =N, =No,+ L1, =My, +

i 4 J
Lia:M1a+Nia :Mja+Mia:0'

Since by construction k is geodesic (cf. point 1.1 in
Sec. I A), with no loss of generality we will also assume
it is affinely parametrized, and define an affine parameter r
such that

k49, = o,. (14)

By also using a frame parallelly transported along k [41],
one thus has

i

LiO:LlO:Mj :Nl'OZO. (15)

"With a slight abuse of notation, we will use the symbol k to
denote both the vector field k“0, and the corresponding covector
k,dx® (where k, = g,,k). In all cases, it will be clear from the
context what is the object under consideration.

044035-3
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Furthermore, it also follows that the rank of the optical
matrix

Lij = ka;bml(l)m? (16)

i) ()
is a frame-independent property (cf. Sec. 2.2 of [41]).
The symmetric and antisymmetric parts of the optical
matrix
Sij=L(ij=0ij+08;, Aj=Ly, (17)
where ¢;; = 0, can be used to define the expansion, shear
and twist scalars, namely [41,50]

1
0=—-;Si,

n—2 (L)ZEAZJAU (18)

2
0~ =0;;Cij,

Covariant derivatives along the frame vectors are
denoted as

D=kV,, A=n'V, 5=m"V,. (19)

()

Throughout the paper we will consider only solutions for
which k is expanding, i.e., from now on we assume 6 # 0.
In addition, k£ will define a null direction doubly aligned
with the Riemann tensor (see point 1.1 in Sec. [ A), i.e.,

Ryi0; = 0, Ryijrt = 0 = Ry10;- (20)

Upon using (15) and (20), a subset of the components of
the Ricci identity [41] take the form

DLli:_Llejh DLI'] :_Liij]’ (21)

DLl] - _Likij7 (22)

[ l
SijLig = LujjLiy + L Ly + LaMyy + LMy, (23)

while the commutators of the derivative operators [51]
reduce to

AD—-DA=L, D+L;85, (24)
51D—D51 :L11D+Lj,5j, (25)
Jj
6;A—=AS;=NyD+(Ljy—L;))A+(N;;+M;)s;,  (26)
k
8i0j) = NpijiD + Lijji A + My 6. (27)

B. Optical matrix

Throughout the paper a frame as described in Sec. II A
will be employed. The optical matrix (16) of a vacuum KS

seed must obey the optical constraint [15,23]

Ly Ly
Liijk = (n — Z)GSU (28)

Together with the Sachs equation (22), this implies that one
can always choose a parallelly transported frame such that
L;; takes the block diagonal form [15,23-26]

Ly

ij—

Y

where the first p blocks are 2 x 2 and the last block L is an
(n—2-2p) x (n—2 —2p)-dimensional diagonal matrix.
They read

Su)  Aduoust )
L :< (u=1,....p),
W —A2M,2y+1 S(2u)

r Ay
S =555 Aoy = " . (30)
(2u) r2+(a?2”))2 . 2p+ r2+(a‘()2”>)2
|
L = —diag(1,...,1,0,...,0), 31
~diag( ) (31)
(m=2p) (n—2-m)

where 0 <2p <m <n-—2, ris defined in (14), and the
functions a(()zﬂ) are independent of r. The integer m denotes
the rank of L;; (which must be nonzero since k is
expanding), so that L;; is nondegenerate when m = n — 2.

Using the above expression for L;;, one obtains for the

optical scalars (18)

ij>

P
)
n-20=2% — T+ (32)
=2 4 <a° >2 r
H= (2u)
- iy 2
=2 | — (33)
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Clearly k is twistfree (w = 0 < A;; = 0) if and only if
p = 0, so that nonzero twist requires p > 1 and thus m > 2,
n>4 (cf. also [52]). It is shearfree (6 =0 0;; =0)
when m = n — 2 and additionally either: (i) p = 0 (i.e., for
Robinson-Trautman spacetimes [19]) or (ii) (cz‘<)2))2 =
(a?4))2 =..= (a(()zp))2 and 2p =m =n—2, which is
clearly possible only when 7 is even (cf. [15,24] for more
details).

C. Maxwell equation

Thanks to (7), the nonzero components of F read

FOl :Da, Fl-j:—2aAi F],-=—2aL[1i] —51'0. (35)

s
We observe that F' is (nonzero and) null (cf.,e.g., [51,53,54])
if and only if Da =0 = A;;.

The Maxwell equation (10) can thus be written as (cf.,
e.g., [55,56])

D?a+ (n—2)0Da + 2aw* = 0, (36)

[D6; + (3Aj; — ;)8 + (n = 3)05; + (L,; — 2L;;)D]e

k k
+MjAy+M i/Ajk} =0, (37)

k

k
+ Za(ZL[lj]L[lj] +6;Lyj+ MLy + Nijjk) =0,
(38)

where in (37) we have used (21) to get rid of a term
proportional to DL ;. Using (B1)—~(B4) and (BS), it is easy
to see that the components (36)—(38) of the Maxwell
equation do not contain H (although some of the individual
terms appearing above do) and thus reduce to equations in
the background space 7, as expected from the comments in
point 1.1 in Sec. [ A.

For later use, let us note that (36) can be alternatively
rewritten as D’Ilna + (DIna)[DIna + (n — 2)0] +
2w% = 0, from which it follows

(DIna)’[(DIna)’ + 20°?

2

(39)

1. Twisting case (p > 1)

Equation (36) can be used to fix the r dependence of a.
After some manipulations one arrives at

(40)

a = ,
rm—2p—l ot r2 + (a(z)ﬂ)Z

where the auxiliary function f is defined for even and odd
m as, respectively,

p 0

p=ag +ﬁ02¢

m—1—2/4rm_1_2” (m>2even), (41)
u=0

P AO
B=ay+ P (ASZI Inr+ Z mrm—l_zﬂ>

7—0
(2u#m—1)

(m >3 odd), (42)

with

4= ¥

V) <1y <...<U,

(o)) (alas,))? - (alr,))* (H=1.0p),
(43)

and ag and f, are two r-independent integration functions.

2. Twistfree case (p=0)

When there is no twist (p = 0) a solution to (36) can be
written simply as

Po

Lo ), @)

a=ayr'™" +

a=ay+polnr (m=1). (45)

D. Einstein equation

Using (35), one finds F,F°/ = —2(Da)? + 4a’®” and
thus the nonzero components of the energy-momentum
tensor (11) take the form

1
TO] = —E(Da)z - aza)z,

1
Ti;= 4a2AikAjk ) [_(D“)z + 20’2“)2]5 (46)

ijs
Tli = —(ZaL[ll-] + 5ia)Da + ZaAU(ZaL[l]] + 5](1), (47)
Ty, = (2aLp, + 6;a)(2aly; + d;a). (48)

Using (B14) with (28) and (46), the (spatial) trace and

the tracefree part of the (ij) component of the Einstein
equation (9) read, respectively,

044035-5
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Lanmn
(n—2)0
K

== 2a’w? + (Da)?], (49)

2DH +2H(n —2)0 — 2H

(Da)? +20*w?

8ij
i n=2)0 =4?A;Aj +—L[(Da)* —2d%?),

n—2
(50)

while the (01) component is satisfied identically as a
consequence of the Bianchi identity, and can thus from
now on be omitted.

Owing to the block structure (29)—(31) of the matrix L;;,
Eq. (50) contains only diagonal terms, which give rise to
different conditions depending on what component one is
looking at. If p > 1, from the block L ;) one obtains

r (Da)? + 20 w?

2+ (a(()z))z (n—2)0
0 2
Y () +—L(Da)-2aa?] (p21)
r*+ (afy)? n—2 -7

(51)

with (32) and (33), and similarly for the remaining blocks
Ly up to L.

Nonzero and zero entries of £ are present, respectively,
when m > 2p and m < n — 2, and give rise to

(Da)? —2220* = % (Da) +2220?] (m>2p), (52)

(Da)? =20°0* =0 (m<n-2). (53)

For the time being, we do not need to display the
remaining components [i.e., the (1) and (11) ones] of the
Einstein equation.

III. TWISTING SOLUTIONS (n >4,p > 1)

As mentioned in Sec. II B, twist is nonzero if and only if
p > 1, which will thus be assumed throughout the present
section. Equations (52) and (53) are clearly incompatible
when a?w” # 0, therefore we have only to consider here the
following possible cases [cf. 31)]: (1) m =n—-2> 2p,
ie., L =r"'diag(1,....1); (i) m=n—-2=2p, ie., the
block £ is absent in (29) (n even); (iii) m =2p < n -2,
ie., L= diag(0, ...,0) (m even). These are analyzed in
what follows. Note that necessarily n > 4 in cases (i) and
(iii), and recall that L;; is nondegenerate if and only if
m=n-—2, ie., in cases (i) and (ii). The fact that the
standard case n = 4 [7] is possible only in branch (ii) is a
consequence of the Goldberg-Sachs theorem [3,57-59].

A. Nondegenerate L; with 2p < n-2
Combining (51) and (52) one obtains

(Da)? + 22%0* = —4a? %, (54)
r*+ (a<2))

which is clearly inconsistent since the lhs and the rhs have

opposite signs [notice that here (32) gives Or > 0].

Therefore this case cannot occur. We observe that we

arrived at this conclusion without using the Maxwell

equation.

B. Nondegenerate L; with 2p=n—2 (n even)

Here one has p =1 m =2 < n =4, and since the
four-dimensional case has been already elucidated [7],8 we
can focus hereafter on the case p > 2. Along with (51) we
thus have a similar equation with a(()2> replaced by a?4). If

‘1?2) # a?4>, a linear combination of those equations gives

HaP — 20? — — 4(n-2)r? _
P ) )
(if a?z) # a?4)). (55)

Further analysis requires us to consider three possible
subcases separately, depending on the multiplicity of the

: 0 \2
functions (a(Qﬂ)) .

1. Case with at least three distinct (a?zﬂ))2 (n>38)

Let us assume p > 3 and that there exist at least three
distinct (a?zM)Z, say (up to a relabeling of the frame
vectors) a(()z), a‘()4) and a?é). Since the lhs of (55) is
independent of the choice of the block, considering the
remaining two equations obtained by performing the
substitutions of indices (24) — (46) — (62) in (553),
one concludes that (r?+ (a?z))z)(r2 + (a(()4))2) =(rr+
(a2)) (P + (a%)?) = (~ + (a%y) ) + (a))2). This
is possible only if (a‘(’z))2 = (a(()4))2 = (a‘(]@)z, thus contra-
dicting our assumption. We have thus proven that this case
cannot occur, i.e., there can be at most two distinct (a?zw )2

2. Case with two distinct (a?zﬂ))2 (n>6)

Let us assume p > 2 and that there exist precisely two
distinct (af,,))?, say afy, # a,), with respective multiplic-
ities p; and p, (such that 2(p; + p,) =2p =n—2).
Equations (32) and (33) thus give

¥To be precise, only the case A = 0 was studied in [7].

044035-6
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(n—2)9—2r< b P2 )
Pt (aly)? P+ (aly)?

a) ’ ajy ’
=2 ( >+2 ( )
PR (a)?) T ()

(56)

Substituting (55) with (56) into (39) leads to an incon-
sistency, therefore this case can also be ruled out.

3. Shearfree case [all the (a'()zﬂ))2 coincide]

The last nondegenerate case to consider arises when
2p = m = n — 2 and all the functions (a(()zﬂ))2 coincide. As
mentioned in Sec. II B, the null vector field k becomes then
shearfree, while still expanding and twisting. In this case,
no inconsistencies as the one found above arise, which
means one can proceed with the full integration of the
Einstein-Maxwell equations. According to the charging
ansatz (1), (7), (8), one thus needs to start from a vacuum
KS solution with a shearfree twisting k, which is neces-
sarily an mWAND (recall points 1.1 and 1.1 in Sec. [ A).

For n > 4, the first example of a Ricci-flat spacetime
admitting a shearfree twisting mWAND was identified
for n =6 in [25] (cf. also [26]) among the Taub-NUT
vacua [47-49] (see also [37,60—63]). Subsequently, all
A =0 vacua possessing a twisting shearfree mWAND
were obtained in six dimensions in [38], and in n > 6 (even)
dimensions (including A) in [39] (see also [40] for related
1resu1ts).9 Asitturns out [39], they coincide with the Taub-NUT
metrics of [47-49]. These are reviewed in Appendix C, from
which it follows that the only KS vacua possessing a shearfree,
twisting KS vector field k are given by the special Taub-NUT
metrics (C33) with (C32). Then, using those metrics as
vacuum seeds, the integration of the Einstein-Maxwell equa-
tions resulting from (1), (7), (8) is straightforward but lengthy,
and we relegate technicalities to Appendix D.

As it turns out, the only n > 4 charged KS solution
admitting an expanding, twisting and shearfree KS vector
field is given by [cf. (D1), (D2), (D11), (D16), (D17), (D21)]

g=drk+k®dr+ (r*+2)(h+k Qk)

PPk pok k= du-2z. (57)
(rr+¢%)7
F=ddr ANk =2a(r)F, F=dz, (58)

°To be precise, a further condition on the asymptotic behavior
of the Weyl tensor was imposed in [38], which however is
irrelevant from the viewpoint of the present discussion, for it is
obeyed by all shearfree KS vacua [15]. Such a condition was not
assumed in [39], where the assumptions are, in fact, slightly
milder than the existence of an mWAND. It is also worth noticing
that the solutions of [49] contain also some (non-KS) vacua for
which the shearfree, twisting congruence is not an mWAND
(Appendix C 2 a) or not even a WAND (Appendix C 2 b).

where h = h,5(x)dx*dx? is a Kihler-Einstein metric of
constant holomorphic sectional curvature [64-66],
cf. (C32) (parametrized by the coordinates x* with
a=1,...,.n—2, denoted collectively as x), Z=
Z,(x)dx* is a 1-form which lives in the base space, with
Kéhler 2-form F, and « = da/dr [while A was defined
in (12)]. The functions a and f are given by

r
&= """
(P + 27

ao-i—ﬂoZ( >mrn_—ﬂ )

u=0 H

(59)

= _r—z(rz + fZ)% |:2a2f2 _|_n_i2(r2 + £2)2(a/)2:| .
(60)

and pg, @, Py are integration constants [see also (D22),
(D23)]. The above spacetime is of Weyl type D. From (B6)—
(B12) it follows that for r — oo all the components of the
Weyl tensor fall off as 7' " or faster, which implies that these
metrics are locally asymptotically (A)dS [67] (or locally
asymptotically flat if 2 = 0).

Starting form a stationary Taub-NUT ansatz, for n > 4
such kind of solutions (but generically not in the KS class)
were constructed in [68] in the special case f; = 0, and in
full generality in [69] (see also [70]). In the limit n = 4
one recovers solutions obtained in [71-73]. While we refer
to [68-70,74] for a thorough discussion of the above
solutions as well as their Euclidean counterparts, let us just
mention that, for » — oo, the asymptotic behavior of g and
F is determined by

I
2H——Kmp+...,

o Po n—2 ﬂofz
a_n—3+(n—3)(n—5) 2 +... (n>4), (61)

2H:—’§+..., a:ﬁ0+a—:+... (n=4). (62)

Elementary dimensional analysis reveals that u, and a(z)
enter H at the orders 7>~ and 23~ respectively [while
ag enters a at the “Coulombian” order 7", cf. (59)], and
thus both give rise to subleading terms when n > 4 (and
Po # 0). From (58) and (61) one finds that the quadratic
electromagnetic invariant behaves as

4n—-2)RB 1

F,Fb = =+
ab (n=3)2 r*

(n>4), (63)
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while for n = 4 both 83 and @3 contribute at order r~*. The
constants g, @y and f; can thus be related to mass,
electric charge and asymptotic magnetic field strength
(cf. [74] for related comments), respectively.

Let us further note that, in the weak-field limit, the
spacetime metric is given by (57) with x =0 [which
corresponds to the vacuum geometry (C33)], and (7)
with (59) thus describes a test electromagnetic field solving
the Maxwell equation in that background. For 1 = 0 = f,
the same test-field solution can be obtained by using the
Killing vector field 9, as a vector potential [75,76]. In this
case H and a have the same functional form, which
provides an example of the KS double copy [36], whereas
this does not hold when £, # 0.

Solution for n = 6. For definiteness, let us present the
explicit form of the above solution in the case n = 6. As
discussed in Appendix C2a, if n = 6 and if we assume
A > 0, then the base space must be CP? with the Fubini-
Study metric [64-66], namely (cf. also the real coordinates
used, e.g., in [77])
|

2
h= P‘z{dp2 + % [(dy + cos Od¢)?

2
+ P(d6? + sin23d¢2)]}, P=1+ %pz, (64)

where «a is a real constant related to the four-dimensional
Ricci scalar by R = 4a? Indeed metric (64) satisfies (C32)
with 4 > 0 if and only if

a? = 6172, (65)

which corresponds to the second of (C31).
The 1-form Z can be taken to be

2
Z=¢p) % (dy + cos 0d¢p), (66)

and the full six-dimensional KS solution is then given
by (7), (57) with [from (59), (60)]

rt a 1 202
L S L3+ﬂ0<3+r2—4>}’ (67)

B 9a3(3r% + £2) 4 96aofo*r* + 8B5L*(—r0 + 15621 + 964 + 9¢9)

f

(A further additive constant in f has been omitted since it
simply amounts to a redefinition of y.) In the limit A = 0
the base space becomes flat [thanks to (65)] and the above
spacetime becomes a KS metric with a Minkowski back-
ground. The negative curvature version of the above
solution (i.e., with base space D? and A < 0) is obtained
by replacing a +> ia. A similar example with CP? base
and A < 0 (thus not a KS metric) was presented in [69] (see
also [68,70]).

C. Degenerate L; (2p =m)

First, by plugging (53) into (51) and into the correspond-
ing equations for y = 2, ..., p (i.e., with a?z) replaced by
0 0

a(()zﬂ)) one concludes that afy =af, =...= a3, Then (53)
with (33) gives

a°

2
@)
(DIna)? = 20* = 4p< > , (69)
r? + (a?z))2

which is incompatible with (39) [to see this one should
also note that, thanks to (32), here (n—2)8 =2pr/
(r* + (a(()2>)2)]. Therefore this case cannot occur.

36r(r? + £%)?

. (68)

[
IV. TWISTFREE SOLUTIONS (p =0)

We now move to solutions for which k is twistfree. In
this case Eq. (51) is absent, while (52) and (53) (with
o = 0) imply that either m = n -2 (i.e., L;; = S;; = 05;;
is nondegenerate, with & = 1/r) or Da = 0. In the former
case k is shearfree and the spacetime thus belongs to the
Robinson-Trautman class, while in the latter case we can
assume, without loss of generality, that k is shearing (or else
we would be again in the Robinson-Trautman branch). Let
us study these two possibilities separately.

A. Robinson-Trautman solutions (m=n-2)

Since m = n — 2, eqs. (44), (45) give
(n>4), (70)

a=ay+pylnr (n=3). (71)

The case n =3 has been fully explored in [78] (cf.
also [79] and references therein), while for n = 4 we refer
again the reader to [7]. For n > 5, the complete family of
Robinson-Trautman electrovac solutions has been obtained
in [42] under the assumption that F is aligned with the
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Robinson-Trautman null vector field. In the case consid-
ered here, the Robinson-Trautman vector field coincides
with the KS one, i.e. k, which is indeed aligned with F by
construction [Eq. (35)]. It follows that charged KS sol-
utions of the Robinson-Trautman class must be a subset of
the solutions of [42]. Among those, the only ones that are
also KS reduce to the electrically charged Schwarzschild-
Tangherlini metric [18] and its extensions with hyperbolic
or planar symmetry [43] (this was noted in [15] in the
vacuum case).'” Without the need of any further calcu-
lations we thus arrive at

g = 2dudr + r*h — <K — Lo
.
(n—3)ag 1 2
R — S du®, (72)
-3
F—-"3% 0, (73)

r

where A, y and @, are constants proportional, respectively,
to A [cf. (12)], mass and electric charge, and h =
hgp(x)dx®dx” is an (n — 2)-dimensional Riemannian metric
of constant curvature, whose Ricci scalar is normalized as
R =K(D—-2)(D -3)withK = £1,0[f,in (70) becomes
also a constant in this case and thus a purely gauge term].

Here k =du, 2H = —puor’™" + K% P23 and the
constant curvature background metric 5 is obtained by
setting py =0 =ay. For an appropriate parameter
range, these solutions describe electrically charged black
holes [44]. These spacetimes are of Weyl type D.

Similarly as in Sec. III B 3, the weak-field limit corre-
sponds to setting k = 0 in (72), in which case (73) (i.e.,
A = ayr’~"k) represents a test electric field living in an
Einstein spacetime. For 4 = 0, it can be produced with the
method of [75,76] owing to the presence of a Killing vector
field o0,. It was discussed in the context of the KS double
copy in [36] (see also [81,82] for the case A # 0, and [83]
for related comments).

Let us further note that the Robinson-Trautman solutions
of [15] contain an additional magnetic branch (in even
dimensions), which does not belong to the charged KS
class because it has F;; # 0 and yet A;; =0, which is
clearly incompatible with (35) (in other words, in that case
A must contain also a spatial component and cannot thus be
simply proportional to k, as we have assumed). Indeed
F;j=0in (73).

"“This follows from the fact that for Robinson-Trautman
charged metrics which are also KS, the frame spatial components
C;ji of the Weyl tensor fall as 1= or faster as r — oo [as follows
from (B9) with (49)], thus forcing the base space to be of constant
curvature [19,26,80].

B. Shearing solutions with Da=0 (n > 5)

For n = 3 all null geodesic congruences are shearfree [52],
while for n = 4 the same is true for KS congruences, as a
consequence of the Goldberg-Sachs theorem [3,57-59]
(cf. also [7]). Therefore here we can assume n > 5.

For this class of solutions one simply has

b
a=_" (74)

which is compatible with (44), (45). Since this is the only
case corresponding to a null Maxwell field (cf. Sec. 11 C),
this branch will be studied in detail elsewhere. Here we
only point out that it is not empty by presenting an explicit
five-dimensional example in what follows.

An example for n =5 (A = 0). A simple solution with
A = 01n five-dimension (and m = 2) can be constructed by
taking a direct product of a Vaidya-like spacetime obtained
in [84] (see also related comments in [85]) with a flat extra
dimension, which gives rise to

h
g = 2dudr + r*(dx* + dy?) + dz? + Mduz

’

h =«(a} + a3), (75)
F = [a,(u)dx + ay(u)dy] A du, (76)

where p is a constant, a;, a, are arbitrary functions of
the advanced time u, and & = di/du. The radiative (null)
field (76) [or (7) with @ = a; (u)x + a,(u)y] is responsible
for the time dependence of line element and corresponds to
a pure radiation energy-momentum tensor given by

2 2
T = %du? (77)

This can be interpreted as an energy flux along k9, = d,,
which produces (loosely speaking) a mass gain due to
incoming radiation as u evolves.' We have checked that
the above spacetime does not admit any mWAND distinct
from k and is therefore of Weyl type II. However, in regions
where r(h+ uy) < 0 there exists a unique Weyl aligned

null direction (WAND) of multiplicity 1 [26,28] defined by
9, = 3(&% +12H)9, + 0. with (2 = — 5. Metric (75)
is flat iff a; = 0 = a, and uy = 0.
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1]Alternatively, after the replacement u# — —u, one can inter-
pret the solution as describing emission of radiation (and mass
loss) as the retarded time u evolves (cf., e.g., [85]).
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APPENDIX A: THE KERR-NEWMAN-(A)DS
SOLUTION IN KS FORM (n=4)

1. Spherical solution

Similarly as described in Sec. I in the Kerr-Newman
case, the four-dimensional Kerr-Newman-(A)dS solution in
KS coordinates can be obtained with the same method by
“charging” the Kerr-(A)dS metric. Starting from the vac-
uum line element in KS coordinates given in [17], one
easily arrives at the Einstein-Maxwell solution

g=n+t— kQk, (A1)
where'?
Aa P’
=——2(1-A)de* + dr?
n=-g (-4 I
2
P4 1 T G2 0dg2, (A2)
Ag =
Ay=1+2d*cos’0, p*=r>+a*cos®0,
A
E=1+aat A=3. (A3)
is a suitable form of the (A)dS metric, and
Ay p? asin®@
k=—dt dr— do, A4
Rl Ty )yl - e S G

represents an affinely parametrized geodesic null vector
field. The vector potential corresponding to metric (A1) is
given by13

er
A=—-—k.
PZ

(AS)

For 4 =0 the above solution reduces to (1)—(5) upon
redefining the coordinates as df — du — dr, d¢p — —d¢p —
adr/(r* + a?).

The Kerr-Newman-(A)dS solution (A1)—-(AS5) is usually
presented in Boyer-Lindquist-type coordinates. These are
defined by (cf. [17] in the vacuum case)

dr  2mr—é?
dt = — + —————dr,
=t a=2a Y
dr 2mr — e2
dp =dp —adl—+a——————dr, A6
¢ $-a E+a(r2+a2)A, d (A6)
A, = (a®+ ) (1 = %) = 2mr + €2, (A7)

¢t [16] for the special case E = 0 (for 4 < 0).

3We observe that, in the test-field limit, the KS form of the
solution provides a natural rephrasing of the Killing 1-form
“background subtraction” of [83].

resulting in

A,
g=-23 (dz — asin®0dg)?
p

Aysin’6
O lade = (7 + a?)dg?
Ep
e e
d de?, A8
A P+ A, (A8)
with (A3), (AS), and (A4) taking the form
d 2 in? @
k=" 2 g -Gy, (A9)

After observing that the term proportional to dr in (A9)
gives rise to a removable gauge term in (AS), this is the
form of the solution given in [72,86] (cf. also [4]).

2. Hyperbolic solution

In addition to the Kerr-Newman-(A)dS solutions consid-
ered above, the family of metrics obtained by Carter [72,87]
and Plebanski [88] (see also [86,89]) also contains certain
“topological” extensions, as described in [45,46,90]. The
hyperbolic counterpart of (A1)-(A5) can be obtained
straightforwardly by the following analytic continuation
of coordinates and parameters [45,46]:

t—1it, r—ir, 010,

mwe——im, aw>ia. (A10)

The resulting solution is given again by (A1) and (AS), but
now with (after redefining p — ip, k — —ik)

2

l>

O (=1 =2r?)de + dr?

]1:

= (=1 = Ar2)(r* + a?)
2 242
Z d6® + 9 Ginn2 ad g, (A1)
Ayg=1-2da*cosh’0, p?>=r’+a’cosh’0, E=1-1a>,
(A12)
Ay p? asinh?@
k= At e (A

The solutions of [45,46] were not given in the above KS
form, but in Boyer-Lindquist-type coordinates—these can
be obtained by an obvious modification of (A6).
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3. Planar solution

The KS form of the planar solution of [45,46] is given by
(A1) and (A5) with

N p? P’ 2aS
=—d dr? +-—dP? — —-drd
g p? +a2—ﬂr4 " +Ap P’ ¢
+ (r* = a®P?)d¢?, (A14)
2
k= (1-2a*P?)dr + — 2dr + aP*d, (A15)
a* — Ar
where
Ap =1 —Ja*P*, p?=r*+a’P?,
N =a*(1 4+ Aar?)?Ap — (a®> = 2r*)(1 = 2a*P?)?,
S =P a®> = ar*)(1 = 2a*P?) + (1 + Ar*)Ap.  (A16)

As in the hyperbolic case, the solutions of [45,46] were
presented in Boyer-Lindquist-type coordinates, which can
be obtained by defining

(2mr — e?)r?
dr=d -————dr,
o (a* = A, g
2mr — &2
d¢ :d(p—i—a/ldt—i—amdr, (A17)
A, =a*—r* =2mr + e%. (A18)

APPENDIX B: CONNECTION
AND CURVATURE OF KS
SPACETIMES (k¢ GEODESIC)

The Ricci rotation coefficients (13) for the geometry (1)
in a null frame {k,n,m(,»)} adapted to k (as defined in
section IT A) read

Lig=Lylo. Lio=Liolo» Lij=Lijlos

Al/[j :AldjOOv Al’lj :Al/[jk|0 (Bl)
Nig=Nulo. Li=Lalo. Lii=Lilo—HLilo
N;j=Nijlo+HLjlo, (B2)
Aldjl:Aldjl‘0+H(Al4j0‘0+2L[ij]|0)’

Lyy =Ly lo—HLg|o—DloH. (B3)

Ny =Nilo+H(Nylo+2Ly;lo—HLjlg—Li o) +6i]oH.
(B4)

where a subscript |, denotes quantities pertaining to the
background geometry 7 (defined by H = 0). We note that

the frames of g and y are related by k* = k|, m{;) = mf; |,
and n® = n, + Hk"|, (and thus n, = n,|, — Hk,|,), so
that for the derivative operators (19), when acting on scalar
functions, we have
D=Dly, 6&=06lp. A=A|p+HD|,. (BS5)
When k is geodesic (& L;, = 0, which is necessarily the
case, e.g., in vacuum or with aligned matter [15,23]) and an
affine parametrization is employed (& Ly = 0), andgisa
spacetime of constant curvature, the curvature tensor of
metric (1) takes the form (with (12) [15,23]]4

Roioj =0,  Ro10:=0, Rp;jx =0, (B6)
R0101 = D2H—/1, ROlij - _2Al]DH+4HSk[]Al]k’ (B7)
ROilj - —LUDH + 2HAikij + A(S,’j, (BS)
Ry = 4H (A;jAy + A e + SipS i) + 248,36, (BY)
Ro11i=(=0;D+2LyD+Lj;6;)H+2H(Ly;Lj; —LjSj;),
(B10)
Ryjje = 2(Lyjji0 + Ajd))H
- 2H (51Ak] + 2L1[]Lk]l - ZLL]‘]A‘k]l
!
+ 2Ly A + 2A1UMk],»), (B11)

Ry = [50% + M+ 20L 1 = L)y + NoyD
— SiyA| H 4+ 2H (8 Ly, = ASy; = 2L Ly
+2LyiLyj = Ly Nigjy + Lyt (i)

— 28,y — 2HS A j)k). (B12)

It follows that the nonvanishing components of the Ricci
tensor are [15,23]

Ry =—[D*H+ (n—2)0DH +2Hw*|+ (n—1)4, (B13)
R;j=2HL;L;—2[DH+ (n—2)0H|S,;+ (n—1)A5;;,
(B14)
Ry; = (=8;D + 2Ly D +2L;;6; — L;;6,)H
+2H(5A;; —i—AUAjlkk - Aijij —Lj;Ly,
+3L;Lyj + LjiLij). (B15)

Mwe emphasize that the following expressions hold in any null
frame adapted to k, i.e., not necessarily a parallelly transported one.
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R]l == [516,+(N”—2HL”)D+ (4L1]—2L]1 —M]l>5j

—L,lA]H+2H [25,L[1l] +4LUL[“] +L,’1Li1 —LUL“-

2Ly My — 24N —2Ho? + (n-2)].  (B16)
[The Ricci identity [41] has also been used in (B16).] We
observe that the Ricci tensor is linear in H [this is
manifest for the components (B13)—(B15), while in
(B16) one has to use (B2) and (B5)]. A similar property
of the mixed coordinate components Rj, was pointed out
in [30,31].

For later purposes, it is useful to observe that, when k is
shearfree, the second component in (B7) reduces to
This implies that if A;; # 0, then necessarily Ry,;; # 0 for
vacuum solutions [as can be seen easily using (32) and the
form of H in vacuum obtained in [15,23] ], except in the
trivial case H = 0. This observation will be used in
Sec. C2.

For n = 4, equivalent results were obtained in [8,33].

APPENDIX C: TAUB-NUT SPACETIMES
IN HIGHER DIMENSIONS

The Taub-NUT spacetime is a well-known vacuum
solution of FEinstein gravity in four dimensions [73,91,92]
(cf. also [3,4] and references therein). Extensions to arbitrary
even dimensions have been known for some time [37,47—
49,60-63]. More recently, those have been characterized
by the presence of two twisting shearfree congruences of
null geodesics and have thus attracted attention in the
context of higher-dimensional formulations of the
Goldberg-Sachs theorem [25,26,38,39]. In this appendix
we review the basic properties of such spacetimes, first “off
shell” and subsequently in the FEinstein (vacuum) case
(relevant to Sec. III B 3). We also present a few new
observations regarding the Weyl type and the overlap with
the KS class, and further point out that Taub-NUT Einstein
spacetimes (and thus shearfree congruences of null geo-
desics) also exist in odd dimensions in the special branch of
Sec. C 2 b. In this appendix, we will denote by ds? those line
elements that are not necessarily KS (as opposed to the
symbol g used for KS metrics throughout the paper).

1. Metric ansatz and off-shell properties
a. Line element in stationary (NUT) coordinates

We consider the n-dimensional stationary line element
[48,49]

ds? = —A%(r)(dt = 2Z)> + B*(r)dr* + C*(r)h, (C1)

where the coordinates x* (a =1, ...,n — 2, also denoted
collectively simply as x) parametrize a Riemannian
base space of dimension n —2 which carries a metric
h = hg(x)dx*dxP, Z = Z,,(x)dx* is a 1-form which lives
in the base space, and A, B and C are functions of r.

For later purposes, it is useful to define the (purely
spatial) 2-form

F =dZ, (C2)

which we assume to be nonzero, as well as its positive
definite quadratic invariant

F2 = hT WO F yF 5. (C3)

Both the above quantities are r independent.

b. Line element in null coordinates and twisting,
shearfree null congruences

The two 1-forms

¢, =dt—2Z + BA 'dr, (C4)
define two congruences of shearfree null geodesics [25,38—
40] with expansion and twist given by, respectively [cf.
also (C11) below; hereafter a prime denotes differentiation
with respect to r]

0=+C'(ABC)™", &> =C*F>. (C3)
Note that the “reflection” ¢+ —t, Z — —Z leaves the
metric  invariant while sending ¢, +— —¢_ and
¢_+— —¢,. This means these two null directions have
identical geometric properties (up to certain signs) [93].

The change of coordinates

B
dt =du — Zdr, (Co)
puts metric (C1) in the form ds? = —A2(du —2Z)* +
2AB(du —2Z)dr + C*(r)h, and gives ¢, =du—2Z,

¢_ = ¢, —2BA~'dr. Without losing generality, a redefi-
nition of r enables one to set

AB =1, (C7)
which we shall assume hereafter. After relabeling
2H = A2, (C8)

we thus arrive at

ds’ =dr® ¢, + ¢, @dr+ C*(r)h —2H(r)f, @ ¢,
£, =du-22, (C9)
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where the function H can now have any sign or vanish (thus

describing also possible time-dependent Taub regions).
Let us introduce the following null coframe:

o’ =-H?_, ®0'=Cd (i=2,...n

o' =7, -1),

(C10)

where {@'} is an orthonormal coframe of the metric A, such
thath—6~~a)wf and ds* = 0’0’ + 0'0’ + 5;0'®’. In

the frame dual to (C10) (for which, in partlcular ey =
£40, = d,), the nonzero Ricci rotation coefficients (13) read

= C/C_15 +C~ 2.7'-;}, M;, = —C—z}';},
My =-C™'T%, (C11)
Ny=HL;y, My=HC2Fg, Ly=-H, (CI2)

where hereafter indices with a tilde denote components in
the tilded frame and Fi ; are the connection coefficients of

the geometry h. In partlcular the twist matrix of £ is
thus given by

i
We note that, since M 0 # 0, the above frame is not

parallelly transported along the null congruence generated
by 7..

¢. Curvature

The nonzero frame components of the Riemann tensor
can be computed straightforwardly and take the form
(cf. also [39,49])

ROin:C_4( C3C”5 +flk‘7: ), ROijk_ C 3ka]]l,
(C14)
Ro;j = —(2HC?) Fs3. Ryj01 = H", (C15)

Roij = =(HC™?) Fi3 = CH(HC')'6;; — CHF 3. F 51
(C16)

Riju = CRyj37 + 4HC*[=(CC') 6,6

+FiFu = FuFl, (C17)
Riij=HRow;. Riijx=—HRoijr. (C18)

where V and R; 7747 are, respectively, the covariant deriva-

tive and the Riemann tensor associated to k. In passing, let
us observe that, by the first of (C14), £ are WAND:s if and

only if (n—2)F;;F;; = F>6;; (which is an identity
for n = 4).
The Ricci components then follow (cf. also [39,47-49])
Ry =C*[~(n=2)C3C"+F?),  Ryi=C Vi Fp,
(C19)
—H" = (n=2)C Y (HC') = C*HF::F5;,  (C20)
R;; = C2(Ry; + 4HC 2 Fy1 F5z) — 26;,C*[C(HC)
+ (n=3)H(C')%, (C21)
Ry =H’Ry. R;;=—HRy,. (C22)

2. Vacuum solutions

For the purposes of this paper, we are interested in Taub-
NUT metrics that solve the A-vacuum Einstein equation

R

Rab = —Yab» (C23)
n
which gives [cf. (9) with T, = 0 and (12)]
R=n(n-1)A (C24)

Imposing Ry, = 0 gives (n—2)C3C" = F?. Since C
depends only on r, this means that F2 = const. The
solution of this ODE can be written (up to a linear
redefinition of r and suitable rescalings of u# and Z, such
as to preserve (C7) as [48,49]

2
C* =r*+ 2, = (= const). (C25)
n —_—
From R(y; = 0 one obtains
ViFii =0, (C26)

so that F is also co-closed [in addition to being
closed, cf. (C2)].

In order to solve R;; 255,»‘,» one needs to consider
two possibilities separately, depending on whether or not
HC2 is a constant."

a. Generic case HC~2 # const (n even)

In this case, requiring R;; 5, ;j gives rise to three
separate equations. Two of those are tensorial and read

FaFs = %5, (C27)

l]?
~ R

R~.~. = —5

=50 (C28)

"This was noticed already in [49], but the special case
HC2 = const (Sec. C2b) was not studied there.
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where R;; = R;53and R = Ry ;. This means that the spatial
geometry must be (almost-)Kihler-Einstein [39,49] and n is
necessarily even. We further observe that (C27) ensures that
the two null directions defined by (C4) are WANDs
(cf. Sec. C 1¢). They are mWAND:s (i.e., the Weyl type is
D)if, and only if, v,;}" = 0,1i.e.,if the base space is Kéhler-
Einstein (cf. also [39]).

The remaining (scalar) equation determines H(r) up to
an arbitrary integration constant, and can be conveniently
written as [49]

’,.2

(rz 4 fZ)n/Z

1 R
2N———— ] =0.
+n—2< r2—|—f2>

Note that 2H(r> + £?)("=2)/2 is a polynomial of degree n
in r [40,49,61]. For large values of r this gives the
asymptotic behavior

[I”_l (’,2 4 fZ)(n—Z)/zzH]/

(C29)

—A*(2n - 3) + £

2H = —r? +
n-—3

... (C30)

with an integration constant y, appearing at the order 37"

Upon using the Bianchi identity, one can then verify
that all components of the Einstein equation are now
satisfied. The resulting vacuum metric is thus given
by (C9) with (C2) and (C25)—(C29). In the limit £ — 0,
the 1-form Z can be gauged away in (C9) and one obtains
static Schwarzschild-Tangherlini-like metrics [18,43,94] of
the Robinson-Trautman class [19], for which the base space
can carry any Einstein metric.

Intersection with KS metrics. Let us now discuss under
what conditions the Einstein spacetimes determined above
belong to the KS class, with ¢, being a (shearfree,
twisting) KS vector field. First, since £ is now necessarily
an mWAND [15,23], the base space must be Kéhler-
Einstein (as remarked above). Next, by comparing the
Riemann component Ry;;; of (C15) with the corresponding
result for KS spacetimes (B17) and using (C29) one obtains

Hor

M R=nir,
(P 4227

2H=Ar+¢*)+ (C31)

where po is an integration constant. Furthermore, by
comparing the component R;j; of (C17) with the KS
one (B9) one arrives at a constraint on the curvature of the
base space (in addition to the already mentioned Kihler-
Einstein condition), namely

Risz1 = 2M(%6udy; + Fr3F i — FpFrg)- - (C32)
This means that the base manifold is a space of constant
holomorphic sectional curvature [64—66], and therefore it

is uniquely given by (assuming it to be simply connected
and complete; cf. Theorems 7.8 and 7.9 of [66]): (i) the
complex projective space CP'T if A > 0; (ii) the open unit
ball D'T" in C'T" if 4 < 0; (iii) C'T" (flat space) if A = 0. This
also implies that for 1 # 0 and n > 4 it is not a space of
constant curvature.

To summarize, after relabeling €, = k, the only n > 4
Taub-NUT vacuum metrics which are also KS are given by
the line element'®

g=dr®@k+kQ@dr+ (r*+¢*)(h+ 2k k)

k=du-2Z,
(r? + %)

(C33)

where the base space metric £ must be Kihler-Einstein and
of constant holomorphic sectional curvature, with Kéhler 2-
form F = dZ [recall (C3), (C13), (C25), (C27), (C28),
(C32)]. Metric (C33) is indeed of the KS form (1) with
2H = —puor(r2 + £2)3". For pg # 0 the Weyl type is D
(cf. [25,38,39]), while uy = 0 corresponds to a spacetime of
constant curvature. For example, for the n = 6 KS-Taub-
NUT metric with 4 > 0, the base space is given by CP?
with the Fubini-Study metric, cf. (64), (65).

The case n =4 is special in that (C32) becomes
equivalent to the second of (C31), which means that the
(two-dimensional) base space has constant curvature for
any value of A. Four-dimensional Taub-NUT metrics of the
KS class can thus be written as

g=dr®?¢, +¢. @dr+ (r* + ¢*)(2P2d¢d¢
HoT
+ﬂ£+ ® t’+) +mt’+ ® £+,
£, =du—itP~'({d¢ - £dD),

P=1+4+27C (n=4). (C34)
Upon using (C6), metric (C34) corresponds to a fine tuned
version of (12.19,[4]). For uy = 0 it reduces to a spacetime
of constant curvature.

b. Special case HC~? = const

Let us set here 2H = —c,C?, where ¢ is a constant.'’
The condition Ry; = & with (C25) reveals that ¢ is fixed by
the cosmological constant [recall (12)]

"“To be precise, at this stage we have proven this only in the
case HC~2 # const. However, in Sec. C 2 b we will prove that the
case HC™2 = const does not contain any KS-Taub-NUT vacua
(except for spacetimes of constant curvature), therefore the
general statement about the uniqueness of metric (C33) is indeed
true.

"This special case can also be characterized by C2(r)€,
becoming conformal Killing vector fields [39] [this is true
also off-shell, i.e., for any metric (Cl) or (C9) with
A%(r) = 2H(r) = —c, C*(r)].
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co = A (C35)
Next, imposing R;; = §6i ; results in
R;}- = /1(2.7:;7(.7:}-7( + .7'—25;;»), (C36)

such that R = nAF?. All components of the Einstein
equation are now satisfied.
The final form of the metric is thus given by

ds? =dr® ¢, +2,. Qdr+ (rr+¢*)(h+ ¢, @ ¢,),
(C37)

where #., and #? are defined in (C9) and (C25), respec-
tively, and the base space metric & must obey (C36). It is
easy to see (e.g. using (C6) backwards) that metric (C37)
belongs to the class of Brinkmann warps [95] (cf. also,
e.g., [96,97] and references therein)lg—except when 4 = 0.
Let us emphasize that, by (C36), the base metric & is not
restricted to be Einstein when A # 0, since, generically,
F33F 5% 1s not proportional to &;; (in particular, it cannot
be so for an odd n). For the same reason, the two null
directions defined by (C4) are not WANDs, in general
(cf. section C 1 ¢). They are iff  is even and & is (almost-)
Kihler-Einstein, which is the case of the ‘“Fefferman-
Einstein” metrics studied in [39]. As in Sec. C 2 a, they are
mWANDs if and only if, in addition, V;F;; = 0. The limit
¢ — 0 gives rise to “massless” Schwarzschild-Tangherlini-
like metrics with a Ricci-flat base space [18,19,43,94].
Noticing the similarity of (C36) to the Einstein equation
sourced by a Maxwell field F = dZ (in n — 2 dimensions),
itis not difficult to find suitable spatial geometries & and thus
construct explicit examples of vacuum solutions (C37). For
instance, in seven spacetime dimensions with a positive
cosmological constant one can take (C37) with

h = < (462 + sin20(dg? + sinpde2)]
+dy? + sinydy?] (n=7,12>0), (C38)
Z= #cos d (C39)
T Vi A

which is clearly a (non-Einstein) direct product 3 x S2.
Similar solutions can be constructed in other dimensions.
Intersection with KS metrics. The first of (C15) gives

ROlij — 0 (C40)

'8These are the unique Einstein spaces which are properly
conformal to other Einstein spaces. The case n = 4 is special,
for such Einstein spacetimes are necessarily of constant
curvature [95-97].

Since this contradicts the result (B17) for KS spacetimes
in vacuum, it follows that the two shearfree null direc-
tions (C4) cannot be KS vector fields of the spacetime
(C37) (except in the trivial case H = 0, i.e., for space-
times of constant curvature, which is equivalent to (C33)
with py = 0).

APPENDIX D: INTEGRATION OF THE
EINSTEIN-MAXWELL EQUATIONS FOR
SHEARFREE TWISTING KS SOLUTIONS

In this appendix we present the details of the integration
of the Einstein-Maxwell equations for the case of a shear-
free twisting KS vector field k, corresponding to the branch
of solutions described in Sec. IIIB3. As proven in
Appendix C, it follows from the results of [39] that the
only n > 4 KS vacua possessing a shearfree, twisting KS
vector field k are given by the Taub-NUT metrics (C33)
with (C32). In order to charge those spacetimes according
to (1), (7), (8), we can thus focus on KS line elements of
the form

g=dr®k+kQ@dr+ (r*+¢*)(h+k k)

—2H(u,r,x)k @ k, k=du-2Z, (D1)
where 7 is a constant. The coordinates x* (a =1, ...,n — 2,
also denoted collectively simply as x) parametrize a
Riemannian base space of dimension n — 2 which carries
a Kihler-Einstein metric i = h,z(x)dx“dx” of constant
holomorphic sectional curvature [cf. (C32)], and Z =
Z,(x)dx* is a 1-form which lives in the base space, with
Kiéhler 2-form given by [cf. (C2), (C3), (C25), (C27), (C28)]
F =dZ. (D2)
The latter is related to the twist matrix of k and to the
parameter £ by (C13), (C27).
An adapted parallelly transported null frame for
metric (D1) is given by

[NSRERNY

k=o,, n=0,+ |—-=(r*+¢*)+H|k,

my = (r* + £2) 72X (i) + 2259, (D3)
where the vectors ;) define an orthonormal frame of the
base space metric h, the orthogonal matrix X,/ reads (cf.,
e.g., Appendix A.5 of [38])

X! = (P + )35+ re 2 F), (D4)
and indices with a tilde denote components of base space

quantities in the tilded frame. In the frame (D3), one finds
that the Ricci rotation coefficients needed in the following
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[along with (15)] are given by19

Lj=(r +52)_1(”5ij+]:ij>7 Ly=0=Ly, (D5)
A
Nlj:|:_§(r2+f2)+H:|le7 L“:/IV—DH (D6)

We observe that (D5) gives

O=r(P+2)7", Ay=(+2)"F; (D7)
which, with (33), reveals that the (a(()zﬂ))2 become con-
stants, i.e.,

(@) = (@ = .. = (a0, P = 2. (D8)

Further, Eq. (23) gives
k k
OjAji + M Ak + MyAj =0, (D9)

while (25) becomes 6,0 — Dé; = 65; + Aji6;. The
Maxwell component (37) thus reduces to

[6:D +2A,6; 4+ (n—4)05;)a = 0. (D10)
Thanks to (DS8), Eq. (40) with (41), (43) takes the form

n—3—2u
a0+ﬁoz<ﬂ>n—3—2ﬂr '

u=0

.
g——
(P42

(D11)

Using (D7) and (D11), Eq. (D10) can be written as

n=2

(2= r?)8:a0+ 8o 22: <";52>

u=0
X(n—4—2,u)r2+(n—2—2,u)f2f2”rn_3_2ﬂ
n—3-2u
2F 6 =22 | =),
+ 27 ok rao+ﬁ0;(ﬂ)n_3_2ﬂr

(D12)

It is easy to see that the highest power of r in the above
equation gives (n—4)5;8y) =0, and then (hereafter we

“This can be seen by first obtaining the Ricci rotation
coefficients in a simpler but nonparallelly transported frame
given by k=0, n=0,+ [-4(r* +¢*) + Hk, m; = (r* +
L”Z)_%(ﬁz(i) +2Z:9,), which follow readily from (B1)—(B3),
where the background quantities now refer to spacetime (C33)
with pig =0 [cf. (C11), (C12) with —2H = A(r* + £?) and (C25)].
Using the known transformation rules under spins [41] one then
arrives at (D5), (D6).

assume n > 4) the subleading terms imply also d,aq = 0,
so that from now on
5iﬁ0 = 0, 5,'(10 = 0 (D13)
Next, using (D3), (D5), (D6), (D9) and (36), the
Maxwell component (38) becomes simply
Ay = 0, (D14)
which means [with (D11), (D13) and (D3)] that o and f,
are constants, i.e., @ is only a function of r.
Let us now consider the Einstein equation. Equation (50)
is already satisfied thanks to (D5), while (49) can be
written as

I‘2

ml)[f‘_l(’”z + fZ)L;ZZH]

1
= —k|22°¢* + —2(r2 + £%)?(Da)?|.

n—

(D15)
Since the rhs is a function of r only, this means that

MO_Kf(’n:z’ (Dl6)

2H = —p Lo " )
(rP+)7

with D/l() = O,
Df =—r2(r* + z,”z)nT_4

1
X 2a2f2+—2(r2+f2)2(Da)2 . (D17)
n_

Now, thanks to (D5) and (D13) we have [cf. (47), (48)]

T, =0. (D18)
With (B15) and (D16), the component (1) of the Einstein
equation thus reduces to [(r* —¢%)8; + 2rF;36,ug = 0,

which clearly implies
Oiptg = 0. (D19)

Finally, with (B16) and (D19), the component (11) of the
Einstein equation becomes simply

Hou = 0, (D20)
i.e., Hg 1 a constant.

To summarize, the only charged KS solution admitting
an expanding, twisting and shearfree KS vector field
is given by metric (D1) with the vector potential (7),
where a and f are functions of r determined by (D11) and
(D17), gy, ay, Py are integration constants, and A is the
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cosmological constant [cf. (12)]. Using (35), it follows that
the electromagnetic field strength reads
F = (Da)dr A k —2aF, (D21)

with (D2) and (D11). Recall that the Kéhler-Einstein base
space metric & must also obey the additional constraint
(C32), ie., it is of constant holomorphic sectional
curvature.

If desired, one can obtain the explicit form of the
function f(r) in (D16) by integrating (D17), upon noticing
that [using (D11) and the binomial theorem]

—(n=3)r? +¢* bo

Da = r(r2 n fz) a+ — (D22)
and therefore
24 p2 n=4
Df = _7(2: 2)142 {az[(n —3)rt + 20717 4 1]
n—23)r2—=¢2
—ﬁ0(72+fz)2[2a( r2—)|—f2 —ﬂo]}v (D23)

with a as in (D11).
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