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Alternative theories of gravity may be put to the test by making use of gravitational wave observations.
Scalar-tensor theories provide a relatively simple framework that allows for compact object solutions with
characteristics different from those of their general relativity counterparts. In shift-symmetric theories,
black hole hair may arise when a linear coupling with the Gauss-Bonnet invariant is introduced. The effect
of this coupling on the black hole quasinormal modes (QNMs) has been shown to be small, therefore
limiting the observational interest in the theory. In general, however, one expects that additional shift-
symmetric terms in the Lagrangian may be relevant, and indeed, it has been shown that they can have a
nontrivial impact on the mass and scalar charge of the stationary solutions. In this work we explore the
effect that various such terms have on the axial and polar QNMs of the hairy black hole solutions.
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I. INTRODUCTION

The recent developments in the field of gravitational
wave astronomy [I1-5] have opened a never-accessed
before window onto the strong-field nature of gravitation.
The study of merging compact objects can potentially allow
us to experimentally confront the validity of general
relativity (GR) against other candidate theories. In GR
black holes may be fully described by their mass, spin, and
electric charge [6,7], and no additional Standard Model
parameters are expected [8,9] to be relevant. Observational
deviations from the picture predicted by GR could indicate
the presence of modifications or a breakdown of the theory.
This is why current and future gravitational wave (GW)
observations will be seminal in the search of new funda-
mental physics [10-14].

A simple way to modify GR is by introducing a scalar
field in addition to the metric tensor. The Horndeski theory
provides the most general framework that in four dimen-
sions describes gravity through a metric tensor supple-
mented by a scalar field [15-18]. In this framework, many
works have been presented over recent years, exploring
solutions of black holes (and other compact objects) that
evade no-hair theorems [19-21] and carry secondary scalar
hair [22-26,26-28]. This is achieved through a particular
combination of the arbitrary functions appearing in the
Horndeski Lagrangian, that eventually may be rewritten as
a nontrivial coupling of the scalar field with the Gauss-
Bonnet (GB) invariant. This particular coupling allows for
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the evasion no-hair theorems postulated for scalar-tensor
gravity [29].

In general, massless or almost massless scalars are
expected to be observationally favorable. Therefore,
shift-symmetric scalars are of high interest as shift sym-
metry prevents the scalar field from acquiring mass. As has
been discussed in [30], the theories derived from the
Horndeski Lagrangian can be divided into three separate
classes based on the conditions under which GR can be a
solution of the theory. The first class corresponds to
theories that admit GR in any background, the second
class to theories admitting GR only in the Minkowski limit,
while the third one contains all remaining cases. It was also
shown that all of the second class theories may be
expressed as a first class theory plus the shift-symmetric
coupling of the scalar field with the GB invariant. In [31] a
general shift-symmetric Lagrangian was studied were the
GB coupling was supplemented with other leading or next-
to-leading order shift-symmetric terms. It was shown that
despite the fact that the term directly responsible for the
existence of the scalar hair was the GB one, the additional
terms contributed to the properties and existence conditions
for the hairy black hole solutions. Specifically, the addi-
tional terms influence the existence conditions for hairy
black holes, and consequently affect the black hole mini-
mum size, which however can never be arbitrarily
decreased. The additional terms can also impact the scalar
charge that the black holes carry for a certain mass,
especially for lighter black holes.

Returning to the discussion regarding the observability
of beyond GR effects, one may stress out the importance of
the examination of the final stage of a black hole merger,
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namely the ringdown phase, through the study of the black
hole quasinormal modes (QNMs). The latter correspond to
the exponentially dumped sinusoids dominating this final
stage of the black hole binary, and their study may allow for
an observational test of GR in the strong-field gravitational
regime. QNMs have been studied in the context of theories
beyond GR involving a scalar field. The authors of [32,33]
have studied them for spherically symmetric black holes in
the Einstein-dilaton-Gauss-Bonnet (EdGB) theory, while
more recently QNMs have been explored in theories
allowing for spontaneously scalarized solutions [34,35].
In both of these general scenarios the QNMs of the hairy
solutions have been shown to be very close to those of their
GR counterparts. More recently, it was demonstrated that
other terms which are not directly associated with sourcing
the scalar hair—but are important when one considers
issues such as the viability of the solutions [36—38]—have a
strong effect on the QNMs of the hairy solutions [39].
Here we explore the effects of additional shift-symmetric
terms on the QNM spectrum of the black holes. In Sec. II
we summarize the basic formulation of Horndeski gravity,
we present the theory which we will study, and we revisit
the stationary background solutions. In Sec. III we intro-
duce the metric and scalar perturbations and we separate
our analysis into the axial and polar sector. In Sec. IV we
discuss what the astrophysical implications of the current
study could be and finally, in Sec. V we present our
conclusions and provide some future perspectives.

II. FRAMEWORK AND BACKGROUND
SOLUTIONS

A. Shift-symmetric Horndeski gravity

As mentioned earlier, Horndeski’s theory is the most
general four-dimensional diffeomorphism-invariant theory
|

involving a metric tensor and a scalar field that leads to
second-order field equations upon variation [15,16]. As we
also explained, we will restrict our analysis to shift
symmetric theories. The shift-symmetric Horndeski action
is then given by

= .
S—ﬂ;/dx,/_—gﬁi—kSM, (1)

where each sub-Lagrangian £; is given in terms of the
arbitrary functions G; which depend on the kinetic term
X =-V,¢V+¢/2. Specifically,

L, = G(X), (2)
L3 = —-G5(X)0gp, (3)
Ly = Gy(X)R+ Gux[(Dp)> = (V,V, )%,  (4)

Gsx

LS =Gs (X)G;wvﬂvvqs - 6

[(B4)° (5)

_3D¢(vﬂvy¢)2 + 2(v;¢vv¢)3]7 (6)

where R is the Ricci scalar, and G, is the Einstein tensor.
We have also defined k = 87G/c* with Sy being the
matter action. Unless stated otherwise, we will be consid-
ering a notation where we set the physical constants to one,
ie., G = c = 1. Matter is assumed to only couple mini-
mally to the metric, that is, we are working in the so-called
Jordan frame. For the theory described by (1), there exists a
conserved Noether current associated with the symmetry
[25]; namely,

T = —0"¢(Gax — G3xT¢ + GuxR + Guxx[(O9)? — (V,V,0)?] + Gsx GV, V ,p — Gsxx g

6

= 30¢(V,V,p)* +2(V,V,)°]) + *X(8,Gsx — 2Guxx (08, — VFV,) — GsxG*,

1

+ EGSXX [65(D¢)2 - &f(v/)vo'qs)z - 2D¢vﬂvb¢ + 2vﬂvp¢vpvy¢]) + 2G4XR”/)VP¢

+ Gsx(=O@R! NP + R, *VPN .V 4 R OV VIV ). (7)

By varying the shift-symmetric Lagrangian with respect
to the metric tensor and the scalar field we may derive the
Einstein and scalar field equations respectively,

G,=TY, — Vgy=r (8)
For the background geometry we consider a spherically

symmetric and static spacetime described by the following
metric element:

[
ds> = —A(r)dt* + B(r)~'dr* + r?d0* + r* sin0dg?, (9)

where the metric functions A, B depend only on the radial
coordiate 7.

Our goal in this work is to examine the effect of the
various terms appearing in the general shift-symmetric
theory (1) on the black hole QNM spectrum. In general this
is not a trivial task as one may consider arbitrarily higher-
order shift-symmetric terms by appropriately choosing the
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functions G;. As emphasized earlier, beyond GR solutions
are found provided that a nontrivial coupling between the
scalar field and the GB invariant is considered. This is
ensured by the proper choice of the function Gs. For the
remaining functions G; we consider leading-order contri-
butions in addition to the Einstein-Hilbert Lagrangian. We
consider the following theory [31]:

S = d*x,/=g { + X + apG
+ G, VoV ) + oXOlp + sz] , (10)

which may be obtained from action (1) by selecting

Gy(X) = X + kX2,
G4(X) = 1/2 + ]/X,

G;(X) := —0oX,
Gs(X) == —4aln|X|. (11)

At first glance it may not be clear how these choices for the
functions G; result in (10) based on the definition of the
Horndeski Lagrangian (1). However, it has been shown that
the Gauss-Bonnet term appears in the Lagrangian under
this specific choice of the function G5 [17,25]. Moreover,
it is straightforward to see that [d*x,/=g(0¢)* =
[d*x\/=gl(V,V,0)* + R, VF§pV*$] + [ total derivative,
which justifies the choice of Gy.

Henceforth, whenever a tilde is used above a symbol it
will denote normalization with respect to the black hole
horizon radius ry,, eg. @&=a/r,6=oc/ri,k =x/r:.
Moreover, in a later section we will be using the letter {
to denote the dimensionless parameter a/M?.

B. Background solutions

The Lagrangian we introduced in (10) has been studied
in [31] under the choice for the functions given in (11),
where the nonminimal effects of the additional shift
symmetric couplings on the properties of the solutions
were studied. As has been pointed out there, regular black
hole solutions may be found provided that the following
existence conditions hold simultaneously at the black hole
horizon:

I: % —576a% — 24ar2(8a+ o) > 0, (12)

I1: \/rf — 576a% — 24a(8a + o)1}
X [24ayry, + (4a + o)ri] + 4alrS — 576a%y
—24a(8a +6)r3] # 0. (13)
The combination of the conditions above reduces to the one
presented in [25] in the limiting case {y,s} — {0,0}.

Provided that the existence conditions are satisfied,
numerical black hole solutions can be found presenting

a black hole horizon at r = r;, and being asymptotically flat
with the spacetime approaching the Minkowski one when
r — oo. Near the event horizon the metric elements assume
the following expansions:

= Za<”)(r — )" (14)
Zb
Zqﬁ

where the coefficients {a("), b, c(”)} are obtained by
inserting the above expansions into the field
equations (A1)-(A2), expanding close to the horizon
radius, and solving order by order iteratively. The couplings
a and y contribute already at order n = 1 to the boundary
conditions, but ¢ and x contribute only to higher orders. Far
from the black hole (BH) i.e., for r > r;, we have

(r—rp)", (15)

(r—ry)", (16)

2M A
Alr)=1-"- - 1
(r) AP (17)
2M B
B(r)=1-"- — 1
(r) . +n§:2 pr (18)
¢()—Q+§ o (19)
o= r n=2 r' ’

where M and Q are the Arnowitt-Deser-Misner (ADM)
mass and scalar charge respectively. The above equations
are consistent with the requirement that the BH solutions
are asymptotically flat. Once again, the coefficients
{AM B @™} can be obtained by substituting A(r),
B(r), and ¢(r) into Egs. (A1)—(A2) and solving order by
order in 1/7.

We numerically integrate the background equations and
derive hairy asymptotically flat solutions. In order to
calculate the ADM mass M and scalar charge Q we find
the 1/r coeftficients in the asymptotic expansions of the g,,
metric component and scalar field respectively. In this work
we take y, o, k < 0 since these sign choices were shown in
[31] to have the most important effects on the solutions.
This can be indirectly inferred from the existence con-
ditions (12)—(13). For positive couplings y, o the parameter
space of solutions is generally suppressed. Since larger
deviations (larger scalar charges) are found toward the
edges of the allowed parameter space, i.e., when a/M? is
maximized, the cases y,0,> 0 are not expected to yield
significant deviations from GR. The term involving x was
shown in [31] to follow a similar trend, albeit not directly
entering the existence conditions.
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FIG. 1. The scalar charge of the background solutions normalized with the black hole ADM mass for various O(1) negative couplings

7,6, k. The left plot corresponds to the case ¢ = k = 0, the middle one to y = k = 0, and the right one to y = ¢ = 0. We see that the y-
term contribution has the most dominant effect, leading to larger scalar charges, and a larger parameter space of solutions which in turn
allows for same mass black holes with different charges. The x-term contribution has a very small effect on the properties of the hairy

solutions as is demonstrated by the inset in the third plot.

In order to simplify our discussion, from this point
onward when using the term ‘existence line’ we will be
referring to the continuous line running along the parameter
space [0, @ma/M?] which allows for hairy black hole
solutions under specific choices of the parameters y, o,
and k.

The results we find confirm the those of [31] and extend
them. We emphasize the following points which can be
visually confirmed by inspecting Fig. 1; first, despite not
being directly related with the sourcing of the scalar hair,
the additional shift-symmetric y, o terms, affect signifi-
cantly the minimum black hole mass and the amount of
scalar charge the solutions carry. Second, in the small mass
region of the parameter space (i.e., large a/ M?) for each y,
o, one may find same-mass black holes that carry different
scalar charges. A way to interpret the meaning of the phrase
‘same-mass black holes’ is to first consider a fixed value for
the coupling a, in which case moving along the horizontal
axis of the plots in Fig. 1 is equivalent to picking a different
value for the black hole mass. Then black holes of a certain
mass are found by considering the intersection of the
existence line with a vertical line corresponding to that
particular mass. The solutions we present are derived while
keeping the parameters 7 and & close to O(1), in accor-
dance with the analysis done in [31]. It is clear that the
effect that the y term has on the solutions is stronger in
comparison with the ¢ one, both on the minimum black
hole mass and on the maximum scalar charge.

As mentioned earlier, k does not enter the existence
conditions which are derived at the horizon. However,
positive values of x may be responsible for the appearance
of divergences at some distance r > r;,, which reduce the
parameter space of solutions. In any case, k¥ does not
significantly alter the characteristics of the black holes in
the region of the parameter space where solutions can be
found, and therefore in the context of the QNMs we do not

expect it to have a large impact. We see the very small
deviations that the x term introduces in the third panel of
Fig. 1. In the inset plot we show a zoomed version of the tip
of the curves so as to clarify the fact that « results in very
small changes of the black hole mass and scalar charge.

III. PERTURBATIONS

We now introduce linear perturbations around the back-
ground solutions presented in the previous section.
The metric and scalar perturbations at the linear level
are given by

Guv = gl(l(l)’) + 85]1/“/, (20)
¢ = P + €6, (21)

where € < 1 is a bookkeeping parameter. The quantities
with superscript (0) correspond to the numerical spherically
symmetric background solutions which depend only on the
radial coordinate r, while the perturbations are not spheri-
cally symmetric but rather functions of the spacetime
coordinates (z, 7,0, ¢). As is usually done, we decompose
the perturbations into the basis of spherical harmonics
Y70, ¢) which allows us to decouple them into the axial
and polar sectors based on their properties under parity
transformations [40,41]. For polar perturbations the
spherical harmonics transform according to PY (6, ¢) —
(=1)Y(8, ¢), while for axial ones we have PY”(6, ) —
(=D)*yy(0.9).

For the most part our analysis will be performed in the
frequency domain where we will be employing the follow-
ing decomposition of the perturbations:
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Sl (1. 7.0.) = / darhy, (Y™ (0. p)e=",  (22)

5¢(l, r, 0, qo) = / da)d)lT(r) Yr; (9, (p)e—iwt‘ (23)

Based on the preceding discussion in Sec. I, we will
only search for the effects of negative couplings y, o, k on
the QNMs of the hairy black holes, as these are expected to
have the most interesting effects on the QNM spectrum.
Since the frequency is complex, i.e., ® = @, + w;i it is
important that we check whether or not the sign of the
imaginary part @; remains the same as in GR throughout
the allowed parameter space.

A. Axial modes

If we adopt the Regge-Wheeler gauge, we may write the
axial perturbation components as follows:

0 0 0 sin6h

o | 0 0 0 sinfh|, ., (24

" 0 0 0 0 ’
sinhy sin6h; 0 0

where (h, hy) are functions of the radial coordinate r. By
eliminating one of the two functions appearing in the axial
sector, we may arrive at the following partial differential
equation which involves second derivatives with respect to
time and radial coordinates:

*h, *h
20T Oy
R v

£ 2 utm =0, (29)

For the theory described by (10), we find that apart from
the linear GB interaction, only the y coupling enters the
function g(r) directly. We may use the function g(r) to
define the tortoise coordinate r,,

dr

dr, ) = \/1 —4aB'¢ — B(Sad" + y¢?) (26)

- B(—4aBA'¢/ + AByd” +A)

However, it is important to stress that the background
solutions for A(r), B(r), and ¢(r) are not only affected by «
and y, but also by o and x, which means that all the
additional shift-symmetric terms affect the behavior of the
function g(r) indirectly. By inspecting the form of (25) we
deduce that the sign of the function g(r) determines the
hyperbolic nature of the equation. In what follows we will
be examining the hyperbolicity of the equation and the
point at which it is lost. This will serve as the upper limit for
our calculations of the QNMs.

After performing the decomposition (22)—(23), we may
define the following vectors in terms of the functions

appearing in the perturbations, along with the appropriate
boundary conditions for the QNMs:

W = (hy, hy) T, lim W¢ o etier: (27)

r,ﬁ—)riﬁ

The boundary conditions for QNMs correspond to purely
outgoing waves at infinity and purely ingoing waves at the
horizon, where r, is the ‘tortoise’ coordinate. The equations
for h; and h( can then be written in a compact matrix
form as

d a a a

E\Pi + CZ¥) =0, (28)
where W¢ = (hgy, h;)T, and the coefficients Cy; depend on
@ and on the numerical background. We solve Eq. (28)
through the so-called matrix method. We first impose
suitable boundary conditions,

Yi(r, - —) = Z cl(n)e_’m* (r—ry)", (29)

Mmin

nmax - (n>

W(r, > 4o0) = » el (30)

n

Nin

For the numerical integration we properly fix the expansion
order at the horizon n.,;, and at asymptotic infinity 7.,
making sure that our numerical results do not improve
significantly for n > n,,,,. We then create the 2 x 2 matrix
given by two independent solutions of Eq. (28),

X = (¥, ¥i) = N : (31)
I

The first solution denoted with an (k) superscript is
obtained by integrating the differential equations (28) from
the horizon outward with boundary condition (29), while
the second one denoted with (c0) is determined by
integrating from infinity inward using as boundary con-
ditions Egs. (30). QNM frequencies correspond to poles of
the determinant of the fundamental matrix, i.e., they are
given by solving,

det X(w)|, =0, (32)
While performing the shooting method we are checking
that our results are independent of the choice for the
intermediate matching point radius r,,.

1. Frequency domain analysis

We want to examine the effect of each one of the three
additional shift-symmetric terms, and therefore we will
consider their contributions to the QNMs separately.
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FIG. 2. Left: Real and imaginary parts of the axial QNM frequencies for angular number £ = 2 whena # 0,y < 0 and 6 = k = 0. The
maximum value for @, increases while increasing y while the range of w;, even though significantly different from the case y = 0,
remains relative constant for y < 0. The frequencies are normalized with respect to their GR counterparts. Right: Same as the left plot but

for £ = 3.

For the most part we examine the results for angular
number £ = 2, as we are interested in the dominant modes.
In GR the mode for # =2 corresponds to MR~
0.3737 — 0.08896i, while for £ = 3 the value of the mode
is MwSR ~0.5994 — 0.09270.

First, in Fig. 2 we show the axial mode QNM frequencies
normalized with respect to the GR modes, in the scenario
where y < 0 and 6 = k = 0. The solid line in the figures
corresponds to the QNMs when only the GB coupling is
considered, and it clearly leads to very small differences with
respect to the GR case. Specifically, for £ = 2, the difference
in the real part of the frequency is ~3% at most, towards the
edge of the existence line. The imaginary part can differ by as
much as ~10% in the respective limit of the curve. Things
change significantly however, when y < 0 is introduced. In
Fig. 2 we take 7 to be as negative as —2.5, in which case @,
becomes as large as ~1.21 x a)rGR, a result which is consid-
erably larger in comparison with the mere 3% increase in its
absence. One more thing of particular importance relates to
the fact that now, in order to observe significant deviations
from GR, one needs not to look toward the edge of the
existence curve. In fact, the maximum deviations of the
oscillation frequencies are observed around the middle of
the allowed parameter space. Let us also note that the overall
effect that the negative y term has on w, is to increase it, while
on w; is the opposite. The results for £ = 3 are similar, with
the only obvious difference being that w; changes more
moderately as one moves along the existence line.

We then proceed with the same analysis examining now
the o contribution instead of the y one. The results are
presented in the left panel of Fig. 3 for £ = 2. The main
difference we observe with regards to the y contribution, is
that significant deviations from GR are only exhibited very
close to the edge of the existence line, i.e., in the small mass
limit of each branch. In particular, we notice that for 6 > —1
the oscillation frequency becomes larger than that of GR in
the small mass limit, while the opposite occurs when
6 < —1.25. As for the imaginary part, we notice a trend
for all choices of &, according to which for larger and
intermediate masses, w;/ a)iGR increases, and it starts decreas-
ing in the small mass limit towards the edge of the existence
line. Like in the y case, we deduce that in contrast with the
sole a coupling scenario, the ¢ contribution results in
significant deviations from GR (even though, as already
mentioned, the large effects are now limited to small masses).

From Fig. 1 which demonstrates that the x term has a
small effect on the background solutions, we expect that it
will not to be as influential on the QNMs as the y and o
terms. Indeed, the right panel of Fig. 3 shows that x leads to
only slightly faster oscillating solutions for the most part of
the parameter space. The decay rate is also almost unaf-
fected for the most part and only slightly smaller in the
small mass limit.

A common trait between all different scenarios is that
despite the imaginary part of the frequency decreasing for
most couplings, especially toward the ends of the existence
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Left: Real and imaginary parts of the axial QNM frequencies for angular number £ = 2 when o # 0,6 < Oand y = k = 0. The

most prominent deviations occur toward the edge of the existence lines which corresponds to the small mass limit. Right: Same as the
left plot but for a # 0, k < 0 and y = ¢ = 0. In this case, similarly to what happens with the characteristics of the stationary solutions,

the results are only slightly affected from the value of k.

lines, it never reaches zero. Overall the axial mode results
suggest that linear stability is a generic characteristic of the
solutions.

2. Time domain analysis

For the axial sector it is relatively simple to work in the
time domain instead of the frequency one, and solve
directly the partial differential equation (25). To that
extend, it is easier to work in a set of light cone coordinates
42,431l u=t—r, and v =1+ r,. The first step is to
rewrite the perturbation equation (25) in terms of the
tortoise coordinate,

(33)

which after substituting the light cone coordinates
becomes,

2

4
ouov +

Vi (u,v)| Z(u,v) =0. (34)

Solving the above equation with appropriate boundary
conditions allows us to extract the QNM frequency by

'Applying the frequency decomposition to this equation
results in a Schrodinger-type equation with the potential being
the one of axial perturbations.

appropriately fitting the resulting signal. This process is
obviously less effective than the frequency domain inte-
gration if we want to span the whole parameter space of
solutions, but may serve as a confirmation of the results
extracted from the analysis in the previous subsection.

Here we will examine an example by considering as
initial condition a static Gaussian pulse, i.e.,

Z(0, v):Aexp[—M], Z(u,0)=0. (35)

2u?

For the numerical calculations the width of the Gaussian
pulse is set to be w = 5SM while vy = 25M, where M is the
mass of the hairy black hole. Of course the results should be
independent of these choices. For convenience we also set
the amplitude to A = 1. The results of the example are
shown in Fig. 4, where we present the signal obtained at a
distance of r = 25M for three separate black hole solutions
(ie., different values of a/M?) in the scenario with
7=250,6 =k=0, and £ =2. The results for the
QNMs obtained by appropriately fitting the signal are
consistent with the results acquired by the frequency
domain integration which were presented in Fig. 2.
Notice that the signal in the top panel for a/M? ~ 0.342
corresponds to the black hole solution with the larger scalar
charge (as we explained earlier going beyond a certain
value of a/ M? for each 7 allows for two differently charged
solutions).
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-4f  a/M? ~0.342
6f w,/wh~1.193 (=2
-8} wi/wft 0752 y/ri =125 0=Kk=0

a/M? ~ 0.392
-6F w,/wCR = 1.150

logy |Z|

b a/M?~0.000
-6F w,/wCR = 1.000
-8F w;/wlh ~1.000
Gb Sb 160 120 140 160 180 200

t/M

FIG. 4. Time domain profile of the axial gravitational pertur-
bation signal Z(v,u) in the scenario with 7 =2.50,6 =k =0
and Z = 2 for a/M?* ~0.342, 0.392, 0. As initial condition we
assume a static Gaussian pulse with parameters A = 1,w = SM
and vy = 25M, where M is the hairy black hole’s mass. The real
and imaginary parts of the mode are retrieved by fitting the signal
profiles with damped sinusoids.

B. Polar modes

We may now move on to study the polar perturbations.
The metric perturbations in the polar sector may be
expressed as

AH, H, 0 0
H, H,/B 0 0
hh, = yim, 36
. 0 0 rK 0 (36)
0 0 0  rsin®0K

where (H,,H,,H,K,) are spherically symmetric func-
tions. In analogy with the axial modes analysis, for the
study of the polar QNMs we take,

Y = (K,Hy,¢1,¢))", lim W7 o erior  (37)

Fe—=T

In the polar scenario we may in principle recover two
types of QNMs, namely the gravitational-led modes and the
scalar-led ones, since now the scalar field perturbations do
not decouple as in the axial scenario. By properly handling
the equations we may write the polar perturbation problem
in a compact matrix form,

d
W O =0, (38)

where W = (K,Hy, ;. ¢,)" and the coefficients CJ,
depend on @ and the numerical background. Once again

we consider appropriate expansions for the perturbations at
the horizon and infinity,

> dleors (=), (39)

Nmin

W (r, = —00) =

nmax 3 (n)

‘Pf(”* - +00) = Zl—

n

eiors. (40)

Mmin

Once again we ensure that we have considered a suffi-
ciently high order, so that the results of the integration
remain unchanged if we further increase the order of the
expansions.

We now create the following 4 x 4 matrix:

Xp = (¥ ¥ ¥y ¥lan)
K1) g2 gled)  g(e02)
h,1 h,1 0,1 00,2
gty gy gl gl

= h S ) ’ (41)
¢gh,1) ¢§1,1) ¢(1 1) ¢5 2)
¢/] (h,1) ¢/] (h,1) ¢/] (o0,1) ¢/1 (00,2)

which is made of independent solutions of (38), derived by
integrations from the horizon outward and from infinity
inward. Solving the system of differential equations is now
far more computationally demanding than in the axial case.
This relates both to the larger number of differential
equations (four instead of two), and also to the far more
complicated expressions characterizing the boundary con-
ditions, which now correspond to three functions
(H,,K, ¢,) instead of two (hg, h;). Perhaps most impor-
tantly for computations, increased accuracy is required
particularly in the small-mass regime where the scalar field
contribution becomes especially important, as opposed to
the axial case where the scalar and gravitational perturba-
tions decouple.

Similarly to the axial case, we study the polar QNMs by
focusing on the contributions of the y, o, and « terms
separately. We group the results in Figs. 5 and 6, one for the
gravitational-led modes and one for the scalar-led ones.
Once again we focus on angular number # = 2. The first
and second rows of plots in each figure depict the
normalized real and imaginary parts of the frequency,
respectively. Each one of the three columns in the figures
examines the effects of y, o, and « separately. Let us also
note that we chose the same vertical and horizontal range
for each one of the three different scenarios so as to allow
for direct visual comparison of the effects the different
terms cause. For the plots in these subsection, we normalize
with respect to the GR value for gravitational perturbations
with angular number # =2 which was given in the
subsection about the axial modes, and for scalar perturba-
tions with #Z = 2, which is MR ~ 0.4836 — 0.09676.
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Polar gravitational-led modes for £ = 2
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FIG. 5. Here we present the normalized real and imaginary parts of the QNM frequencies for the polar gravitational-led modes. The

left column corresponds to y # 0, the middle one to ¢ # 0, and the right column to k # 0. The vertical and horizontal scales have been
kept consistent between the different scenarios in order to allow for a direct visual comparison. For better legibility we also include some

zoomed plots.

Let us first consider the effects of the additional terms on
the gravitational-led polar perturbations. From the first
column of Fig. 5 we observe that unlike in the simpler
model where only a # 0, introducing a nonzero negative y
leads to considerably large deviations from GR. In par-
ticular for intermediate values of a/M? in the according
allowed range, the frequency of oscillations decreases and
the damping rate increases with respect to GR. Moving into
the higher a/ M? region of the parameter space, same-mass
black holes with different charges exist. For the black holes
with the smaller charge the aforementioned trend continu-
ous, but for the black holes with the larger charges the
behavior can be reversed, i.e., w, > "R and w; < w®R.
When ¢ < 0 it turns out that the numerical integration
requires higher accuracy and smaller integration steps,
making the computations much more time consuming than
in the y < 0 case. Based on our earlier results concerning
the background and axial mode solutions, we do not expect
the ¢ term to have more prominent effects on the modes
compared with y, especially in the intermediate mass range.
Indeed, from the second column of Fig. 5, we deduce that

the effects of the ¢ term are limited to the edge of the
allowed parameter space and are far more prevalent in the
decay rate which can be significantly reduced (by as much
as ~60% for 6 < —0.5). Regarding the contributions of the
Kk interaction, we see that the effects are very small.

Let us now move on to the study of the scalar-led polar
perturbations, while once again focusing on the case with
angular number # = 2. The additional terms have a far
more pronounced effect on the scalar-led modes as can be
easily seen by inspecting Fig. 6. Out of the three different
terms, the y one produces the most dominant contributions.
For y < —0.5 the frequency of oscillations may even double
for large values of a/M?, while the imaginary part of the
frequency may triple or even quadruple with respect to GR.
Overall, negative values of y lead to an increase on both the
real and imaginary part of the frequencies. As for the o
contribution, we discern that negative couplings lead to an
increase—albeit smaller than the one in the case of the y
term—of the oscillation frequency. The effects on the decay
rate however, is not consistent for all couplings ¢ and the
behavior of the ratio @;/w®® is nonmonotonic. Finally, in
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Polar scalar-led modes for ¢ = 2
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FIG. 6. The normalized real and imaginary parts of the QNM frequencies for the polar scalar-led modes. The left column corresponds
to y # 0, the middle one to ¢ # 0, and the right column to « # 0, where once again the vertical and horizontal scales have been kept
consistent between the different scenarios in order to allow for a direct visual comparison. We also include some zoomed plots to make

some of the results easier to read.

the case of the x-term, the effect on the modes is yet again
limited, in alignment with the respective results for the axial
and gravitational-led polar modes.

Like in the axial modes, the imaginary part of the
frequency remains negative irrespective of the case we
consider. This time however and in contrast to the axial
scenario, there are cases when w; reduces significantly,
especially in the end of the existence lines. By comparing
the decay rate of axial and polar modes we can see that
overall, axial modes may be longer lived than the polar
ones, which is in contrast to what happens in the simpler
theory where y =0 =k = 0.

Before closing this section, let us comment on
differences on the QNMs arising in the various scenarios
for same-mass black holes in different scenarios. A
reasonable question to ask is the following. Among the
three additional shift-symmetric terms we considered in
this work, is there any one in particular that is expected to
yield more important contributions than the rest? As it
became clear from the analysis of both the axial and polar
spectrum, the x-term has very limited effects on the QNMs

in comparison with y and ¢. This result was expected based
on the effect that same term has on the scalar charge of the
stationary solutions. Between y and o the effects were
comparable towards the edge of the existence lines, but y
seemed to exert a stronger effect on the QNMs for heavier
black holes (i.e., for smaller a/M?). Since larger mass
black holes are particularly interesting from an observation
point of view (see Sec. IV), the contribution of the y term is
expected to be the most interesting in comparison with ¢
and k. In Tables I and II we present the results for the
QNMs in four different models characterized by the
parameters (7, 5, &), with # = 2 and a/M? = 0.2. The four
different cases are supplemented with the simplest case
where all the additional shift-symmetric couplings are
ignored, which is shown in the first row of the tables.
The fourth case we considered corresponds to an O(1)
combination of all three terms. Notice that in order to be
able to compare same-mass black holes between the
different models we have to resort to a value for a/M?
which yields hairy solutions for all models simultaneously.
We have fixed that value to be 0.2. From the table we see that
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TABLE I.  In this table we show the axial QNM frequencies for
hairy black holes with a/M? ~0.2 for various O(1) combina-
tions (7, 6, K). The most prominent effects of the additional shift-
symmetric terms appear towards the end of the existence lines,
and therefore despite these values being interesting in the context
of comparing same-mass black holes existing, they do not yield
very large deviations from GR.

Axial modes Z =2,a/M?* ~ 0.2

(77 6-’ k) Mo

(0, 0, 0) 0.3779 — 0.09087i
(-1,0,0) 0.3795 — 0.08753i
(0,-1,0) 0.3786 — 0.08909i
(0,0,-1) 0.3785 — 0.09123i
(-1,-1,-1) 0.3791 — 0.08829i
TABLEII. Same as Table I but showing the polar gravitational-

led and axial-led modes.

Polar modes # = 2, a/M?* ~ 0.2

(7,6,K) Gravitational-led Mw Scalar-led Mw

0, 0, 0) 0.3652 — 0.09395i 0.5437 — 0.08619i
(-1,0,0) 0.3520 — 0.1008i 0.5626 — 0.1419i
0,-1,0) 0.3628 — 0.09162i 0.5494 — 0.1112i

0.3647 — 0.09482i
0.3619 — 0.09288i

0.5453 — 0.09302i

(
(0.0.-1)
( 0.5443 — 0.1173i

—1,-1,-1)

y < 0 appears to be the most influential among the four
scenarios, even considering the mixed one with (7, 5,k) =
(=1, —1,—1). This further strengthens the conclusion that y
is the most dominant of the terms we considered.

IV. ASTROPHYSICAL IMPLICATIONS

Finally, we should mention that there have been various
works constraining the value of @ in models such as
dilatonic GB gravity or GR supplemented simply by the
linear scalar-GB interaction [44-51]. With our chosen
notation these analyses yield constraints which for light
black holes translate to O(a/M?) being one.” To be
consistent with the majority of the bibliography we should
convert our notation to the following:

S=/d4x\/:g'[%+}_(—l—5{(p§4

:%/détx _g[§+k5(+(x/%a)(\/§(p)g], (42)

so that the relation between the two notations is expressed
through ¢ = \/Ep and a= ﬁ&. Then considering the
stringest type of constraints for which v/a < /a, ~ 1 km,

’In principle, one would need to see how the constraints are
modified by the inclusion of the additional terms.

we see that in our notation the constraint value corresponds
to f R \/% km. Then, the constraint is satisfied for
¢ < a:M™2. In this context, { = a/M? is the usual param-
eter we used in the horizontal axes of most of the plots
throughout this work. This condition yields a constraint
value for ¢ which after reintroducing the physical constants
is given by ¢, ~2.3(My/M)?. Therefore, for light black
holes of a few solar masses the deviations in the QNMs we
observed due to the additional shift-symmetric terms can
appear within the observational bounds. If for example we
take the lighter mass object of GW190814 [52] with mass
2.6M, to be a black hole, we would be looking at a value
¢ =~ 0.34, which in our analysis corresponds to a region of
the parameter space where very large deviations from GR
can occur when the additional shift-symmetric terms are
considered. Of course this example only serves as an

extreme one, but for \/& < \/§ km even more massive
black holes can lead to values of £ which are consistent with
relatively large deviations. As we can see from the various
plots in the previous sections differences of the order
of 1-10% may even occur for { < 0.1 and couplings
7.6 ~O(1), with the largest deviations noticed for the
scalar-led perturbations.

By comparing the GR QNM spectrum to the one presented
in this work, one could potentially derive additional con-
straints on the value of a as well as on the other parameters of
the theory, namely y, o, and . Deriving such constraints
would be meaningful if one considers light black holes
characterized by relatively large values of {. Recently, it was
demonstrated that in the small scalar charge approximation
(which in our analysis corresponds to a small a/ M? ratio),
corrections to the QNMs are suppressed for very massive
black holes relevant for LISA, since black holes at those mass
scales are not expected to carry significant charges [53]. This
result is in agreement with the results derived in this work. In
either case, using the results for the QNM spectrum to place
constraints on the parameters of the theory or test it against
GR predictions is beyond the scope of the current work.

V. CONCLUSIONS

We have studied axial and polar perturbations of hairy
black holes in shift-symmetric Horndeski gravity. The main
goal of this work was to study how QNMs are impacted by
shift-symmetric terms that appear in the theory as an
addition to the hair-sourcing scalar-GB interaction. This
was partly motivated by the study of such terms and their
nontrivial impact on the stationary hairy background
solutions [31]. To study the modes we divided our analysis
into axial and polar perturbations.

For the axial modes we concluded that the y and ¢ terms
influence significantly both the oscillation frequency and
the damping rate, while the effects of the « interaction are
very limited. Despite working almost exclusively in the
frequency domain, we examined an example of axial
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modes in the time domain and found that our results are in
good agreement between the two methods.

For the polar modes the analysis presents extra complex-
ity since now two types of modes can be found, namely
gravitational-led and scalar-led ones. The isospectrality
between axial and polar modes was broken. Similarly to the
axial case we found the y and o terms to be the ones that
predominantly affect the modes. Especially in the scalar-led
modes the effects were very important both in the real and
imaginary part of the frequency. One interesting character-
istic that we observed relates to the fact that by including
the ¢ and y contributions, the imaginary part of the
frequency was in general larger in the polar modes and
not in the axial ones, which is in contrast to the case when
we only consider the ¢¢ interaction.

Overall, our analysis suggests that the y and ¢ terms have
the potential to significantly alter the QNM spectrum both
in the axial and polar sector. In all scenarios the effects are
larger the further away from GR one goes (i.e., for larger
a/M?). Another point worth emphasizing relates to pos-
sible degeneracies arising in the different scenarios. Based
on the results of this work, it is reasonable to deduce that
degeneracies may in principle exist between same-mass
black holes which either belong in different models (e.g., in
y<0,6=k=0 and 6 <0,y =06 =0), or are allowed
within the same model. The latter is possible due to the
existence of same-mass black holes carrying different
scalar charges as we explained in Sec. II

Our results showed that the frequencies and decay rates of
the modes may vary considerably depending on the exact
model. It would, therefore, be important to examine in detail
the ability of future interferometers to access these effects. At
the same time, a thorough analysis of potential new con-
straints on the parameters of the theory should be performed.
Finally, there is a need for an extensive analysis of the exact
region of the parameter space where a perturbative approach
in accordance with [53] is possible. This will allow us to
conclusively determine whether or not results such as the
ones presented in the current work will be relevant for LISA.
These tasks go beyond the purpose of this paper and are left
for future work. Finally, a potential continuation of the
current work could examine the gray-body factors in generic
frameworks such as the shift-symmetric one studied here.
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APPENDIX A: BACKGROUND EQUATIONS

Here we present the background and perturbation equa-
tions. The background equations are derived upon varying
the action with respect to the metric tensor and scalar field.
The gravitational equations are given in index notation by

1 a
G/w - vﬂ¢vll¢ - Egpw(vqb)z + ;gﬂ(pga)ueklmﬂeo—thﬂraﬂvyvk¢ - y[zvyvy¢m¢ - Rvﬂ¢vy¢ - 2Gupvu¢vﬂ¢

- 2G;4pvu¢vp¢ + Rﬂb(vﬂ¢)2 - vavu¢v/)vu¢ - gﬂu(DQ’))z + Gpagyvvp¢v6¢ + guuRpav/)¢v6¢ - 2Rupyavp¢v6¢
+ g/ll/(vo'v[)¢)2] - a[vu¢vzx¢|:|¢ - zvf)v(y¢vv)¢v/)¢ + g”,,V/’d;VJV/,qbV"qb]

+ K[gﬂu(v¢)2(v¢)2/4 - (v¢)zvu¢vy¢] =0,

while the scalar one is given by

(A1)

D¢ + a9 + 27GMDVVVM¢ - K[(V¢)2D¢ + 2vﬂ¢vy¢v/4vu¢} - G[VM¢DV;4¢ + (vyvu¢)2 - VMD¢VM¢ - (D¢)2] =0.

(A2)

For the metric introduced in (9) the relevant gravitational and scalar background equations are the following:

(tt): 2B(=2(8a¢p" + 1)+ B'¢ 24a+ r’od’> —6yrd’) — ((2y + r*)(¢')?)) — 4B’ (4ad’ +r)

+ B2(32a¢" —4¢"*(y — r*od”) + kr*¢'* — 16yrd/ ") +4 =0,

(rr): 2A'B(r*6B¢” +8a(3B — 1)@ —6yrB¢™> —2r) + A(B*¢*(—12y = 3kr’ ") + 8rod) +2B((2y + r*) "> —2) +4) =0,

(¢): 2A(¢(4Br(—ByA” +2ABo¢" + A) + AB' (—6By + 2y + r*)) + B¢ (B(r’cA” — 6Akr* ¢’ + 4Ac) + 6ArcB’)
+2B(4a(B—1)A" +A¢"(=2By +2y +r*)) —ABxr¢*(3rB' +4B)) + AA'(B'(8a(3B — 1) + 3Br’c¢/* — 12Byr¢’)
+2B(¢'(=6By +2Br’cd” + 2y + r*) — Bkr*¢> —4Byr” + 4Bro¢?)) + BA?(—8a(B — 1) — Br’ ¢ + 4Byr¢') =0,

(A3)

where a prime denotes differentiation with respect to the radial coordinate r.
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APPENDIX B: PERTURBATION EQUATIONS

Here, we present the form of the perturbation equations
in the frequency domain. These are the equations that we
integrate in our search for the QNMs. In the following
equations the functions F; depend on the background
solutions and on the frequency w. They are rather com-
plicated so we avoid providing their exact form here, but we
denote the parameters of the theory upon which they
depend.

For the axial QNMs we make use of two independent
first-order differential equations for the functions hg, h;.
The equations have the following form:

2h
(r): hy —TO—I—J:I((Z,)/,O',K‘)hl =0, (B1)

(Op): Wy + Fala,y)hy + Fs(a.y)hg =0, (B2)

It is straightforward to transform the system of the two
independent first order axial differential equations to a
single second-order one and define the axial potential
accordingly. For our numerical integrations it is preferable
to work with the system of the two first-order differential
equations.

For the polar modes, the four independent equations which we use are the following:

(tr): K/+‘7:4<a’y’ G)HO + (r_l _A/A_I)K—'_FS((X?}/’G’K)HO +f6(a’y96”<)¢1 —|—]:7(C¥,7/,6)¢/1 :Ov
(10): H\ + Fs(a.y)H, + Fo(a.y)Hy + Fola,y, )K + Fio(a. 7)) =0,

(r): Hy —wA™'Hy + Fy(a.y.06)Hy + Fa(a. 7)K' + Fis(a.y.0.), + Frala.y,0)d) =0,

(B3)

(#1): ¢ + Fisla,y,0,0)H, + Fig(a,v,0,K)Hy + Fi7(a. 7, 0,x)Hy + Fig(a, 7, 0,)K’

+f]9(av %G,K)K+‘7:20(a,y,o-,;<)¢’1 =0.
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