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Thermodynamics of the universes admitting isotropic radiation
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The thermodynamic interpretation of the Stephani Universes is studied in detail. The general expression
of the speed of sound and of the thermodynamic schemes associated with a thermodynamic solution is
obtained. The constraints imposed on the solutions by considering some significant physical properties are
analyzed. We focus on the models where the cosmological observer measures isotropic radiation. We
consider some examples, and a solution that models an ultrarelativistic gas is analyzed in detail.
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I. INTRODUCTION

The perturbation theory of the Friedmann-Lemaitre-
Robertson-Walker (FLRW) models seems to provide a
good explanation of the observed degree of inhomogeneity
in the Universe. However, the structure and evolution of
galaxies, clusters, and voids require an analysis outside of
the perturbative regime. They are often modeled by
Newtonian N-body computations. But the nonlinear effects
of the Einstein field equations could be critical in the
structure formation, and a large number of studies have
been devoted to providing exact inhomogeneous models
for studying the formation of structures and for analyzing
the effect of nonlinear inhomogeneities on cosmic micro-
wave background radiation (see [I-3] and references
therein).

A broad review of the inhomogeneous cosmological
solutions, which contain the FLRW models as a limit, can
be found in Krasifiski’s book [1]. Among others, two
families of metrics are largely analyzed: the Szekeres-
Szafron solutions [4,5] and the Stephani-Barnes metrics
[6,7]. Krasifiski also remarks on the need to analyze if these
inhomogeneous universes model realistic physical fluids.

Since then, considerable progress has been made in this
direction. It is known that a thermodynamic Szekeres-
Szafron solution of class I admits, necessarily, a three-
dimensional group of isometries on two-dimensional
orbits [8] (see also the recent paper [9]). These metrics
are the Lemaitre-Tolman models (with pressure) and their
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plane and hyperbolic counterparts. Recently [10], we have
analyzed the thermodynamics of the subclass admitting a
flat synchronization, and we have studied in depth the ideal
gas models.

On the other hand, thermodynamic Szekeres-Szafron
solutions of class II without symmetries exist [8]. The
analysis of their thermodynamic properties and the study of
the ideal gas models require distinguishing the singular and
regular models [11,12]. When the spacetime admits spheri-
cal, plane, or hyperbolic symmetry, the solution is a T-model,
whose thermodynamic properties have been analyzed
recently [13,14].

The conformally flat solutions of the Barnes-Stephani
metrics are the Stephani universes, which were obtained by
Stephani [6], and recovered later by Barnes [7] as the
conformally flat class of irrotational and shear-free perfect
fluid spacetimes with nonzero expansion. They can also be
characterized as the spacetimes verifying a weak cosmo-
logical principle without any hypothesis on the energy
tensor [15,16].

Bona and Coll [16] also showed that the necessary and
sufficient condition for a Stephani universe to represent the
evolution of a fluid in local thermal equilibrium is to admit
a three-dimensional isometry group on two-dimensional
orbits. This result was later recovered in [8], and spherically
symmetric Stephani universes that may be interpreted either
as a classical monoatomic ideal gas or as a matter-radiation
mixture were considered in [17].

In [18] we studied the Stephani universes that can be
interpreted as a generic ideal gas in local thermal equilib-
rium, and more recently [19] we have analyzed in depth
the conditions for physical reality of the ideal models
that approach a relativistic Synge gas at low or high
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temperatures. Despite these results, there are a lot of
questions to deal with concerning the physical meaning
of the Stephani universes. In order to understand these open
problems that we analyze in this paper, we summarize below
some notions on the necessary macroscopic conditions for
physical reality and on the spacetimes admitting isotropic
radiation.

A. Macroscopic conditions for physical reality

The evolution of a relativistic perfect fluid is expressed
by an energy tensor in the form 7' = (p + p)u @ u + py,
and fulfilling the divergence-free condition V - T = 0. This
constraint consists of a first-order differential system of
four equations on five hydrodynamic quantities (unit
velocity u, energy density p, and pressure p).

Energy conditions are necessary algebraic conditions
for physical reality and, in the perfect fluid case, they
state [20]:

E: —p<p<p. (1)

If the energy tensor describes the (nonisoenergetic,
u(p) = u*ad,p # 0) evolution of a thermodynamic perfect
fluid in local thermal equilibrium, then the hydrodynamic
quantities {u,p, p} must fulfill the hydrodynamic sonic
condition [21,22]:

S: dy Adp Adp =0, ¥ =

When this condition holds, the indicatrix of the local
thermal equilibrium y is a function of state, y = y(p, p),
which physically represents the square of the speed of sound
in the fluid, y(p, p) = c2. Moreover, a set {n,s,®} of
thermodynamic quantities (matter density n, specific
entropy s, and temperature ®) exists (thermodynamic
scheme), which is constrained by the common thermo-
dynamic laws [2,23,24]. Namely, the conservation of matter

V. (nu) = u(n) +nb =0, (3)

where 6 is the expansion of the fluid flow; and the local
thermal equilibrium relation, which can be written as
p+tp
(4)

n®ds = dp — hdn, h= s
n

where h is the relativistic specific enthalpy. Then, the
specific internal energy € is determined by

p=n(l+e). (5)

When a divergence-free perfect energy tensor T =
{u,p, p} fulfills the hydrodynamic sonic condition S we
say that it defines a hydrodynamic flow.

Another basic physical condition imposed on the
thermodynamic schemes {n, s, ®} is the positivity of the
matter density, of the temperature, and of the specific
internal energy,

P: 0 >0, p>n>D0. (6)

Finally, a coherent theory of shock waves requires the
relativistic compressibility conditions [25-27]. They
impose some inequalities on the derivatives of the function
of state 7 = 7(p. s), 7 = h/n, h = h/c? being the dimen-
sionless enthalpy index (note that although we set ¢ = 1 in
the rest of the paper, we write it explicitly here to show that
h s dimensionless). In [19] we have shown that the
compressibility conditions H;, (7),), <0, (), > 0 only
restrict the hydrodynamic quantities, and that they can be
stated in terms of the function of state ¢ = y(p, p):

O<y<l,

H,:
! (0 +p) oty +25) +22(1 = x) > 0.

(7)

However, the compressibility condition H,, (7}) » >0,
imposes constraints on the thermodynamic scheme and it
can be stated as [19]

1
H2 . 2n® > - (8)

Sp

In expressions (7) and (8), and hereinafter, for a function of
state f = f(p, p) we write f}, = (9,f), and f}, = (9,[),

Note that the energy conditions E, the hydrodynamic
sonic condition S, and the compressibility conditions H;
exclusively involve the hydrodynamic quantities {u, p, p}.
They fully determine the hydrodynamic flow of the
thermodynamic fluid in local thermal equilibrium and,
consequently, restrict the admissible gravitational field as a
consequence of the Einstein equations.

Instead, the positivity conditions P and the compress-
ibility condition H, restrict the thermodynamic schemes
{n,s,0} associated with a hydrodynamic flow {u,p, p}.
Consequently, they do not restrict the gravitational field
and the admissible thermodynamics offer different physical
interpretations for a given hydrodynamic perfect fluid flow.

B. Isotropic radiation

The high level of isotropy of the cosmic microwave
background radiation is usually considered as proof that a
good cosmological model must be close to a FLRW
universe. This conception rests on the Ehlers-Geren-
Sachs (EGS) theorem that states [28]: if the cosmological
observer of a dust solution measures isotropic radiation,
then the spacetime is a FLRW model. This result follows
from a previous one by Tauber and Weinberg [29] on the
isotropic solutions of the Liouville equation, which was
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later generalized for the case when an isotropic collision
term exists [30].

The general form of the Einstein equations for space-
times with isotropic radiation measured by an irrotational
observer has been obtained in [31]. This study shows that
the geodesic character of the cosmological observer is a
necessary requirement in generalizing the EGS result. In
fact, Clarkson and Barrett [32] proved that the perfect fluid
solutions with a comoving irrotational observer measuring
isotropic radiation are a subclass of the thermodynamic
Stephani universes, which only have a geodesic flow in the
FLRW limit.

An essential property that generates all the results in the
above references is the following: a unit vector u defines an
observer measuring isotropic radiation if and only if it
fulfills

1
c =0, d{a—gﬁu] =0, 9)

where o, a, and 6 are, respectively, the shear, the
acceleration, and the expansion of u#. Conditions (9) state
that u is proportional to a a conformal Killing vector.
Consequently, the spacetime is conformally stationary. On
the other hand, the energy density, the pressure, and the
temperature of the radiation fluid are given by [31]

1
p,=3p,=ag®*, 0,=0,5", dlnﬂ:a—gé’u. (10)

C. About this paper

Although many properties on the thermodynamics of
the Stephani universes are known [8,15-19], there are
significant features that are yet to be analyzed. In Sec. Il we
obtain the speed of sound, c¢? = y(p, p), for a generic
thermodynamic Stephani universe, and we outline several
approaches to undertake the field equations. We also
determine the corresponding associated thermodynamic
schemes {n, s, ©}.

In order to better understand the physical meaning of the
thermodynamic Stephani universes we must demand com-
plementary significant physical qualities. In Sec. III we
analyze how some of these constraints restrict the models.
First, we impose the ideal sonic condition, y = y(n) # x =
p/p, which leads to the ideal gas Stephani universes. These
models have already been studied [18,19] and here we
summarize some results that we will use later. Second, we
analyze the compatibility of the solutions with a fluid with
nonvanishing thermal conductivity coefficient, and we
show that only the FLRW models are possible. Third,
we study the constraints on the models approaching a
classical ideal gas at low temperatures. And finally, we
determine the restrictions when we demand a good behav-
ior at high temperatures.

Section 1V is devoted to studying the perfect fluids with
an irrotational unit velocity measuring isotropic radiation.
Starting from the result by Clarkson and Barrett [32], we
obtain the constraints on the metric line element and we
write it for the spherically symmetric case. We show that
the Dabrowski metric [33], which was considered in [32] as
a cosmological model with isotropic radiation, is a solution
that does not fulfill the macroscopic constraint for physical
reality as a fluid in local thermal equilibrium. We also
give some general properties of the ideal gas models with
isotropic radiation.

In Sec. V we study the Stephani universes modeling an
ultrarelativistic gas with the comoving observer measuring
isotropic radiation. They approximate a Synge gas at high
temperatures and fulfill the compressibility conditions. The
so-called singular model is analyzed in detail by obtaining
the spacetime regions where the energy conditions hold,
getting the time evolution and radial profile of the thermo-
dynamic quantities, and studying the generalized Friedmann
equation.

Finally, in Sec. VI we comment on the conceptual and
practical interest of our results and we discuss possible
future work.

II. THERMODYNAMIC STEPHANI UNIVERSES

In [16], Bona and Coll showed that the Stephani
universes that model the evolution of a fluid in local
thermal equilibrium are those admitting a three-
dimensional isometry group on two-dimensional orbits.
They also showed that the metric line element of the
thermodynamic Stephani universes may be written as

ds? = —a2dP? + Q2(dx® + dy? + dz?); (11a)
w R(t)
=RoglnL, Q=L L=——7— (llb
a RN 2z l—l—b(t)w ( )
2z
WEI—l-%rZ, rr=x’+y 42 (11¢)

R(r) and b(r) being two arbitrary functions of time. Its
symmetry group is spherical, plane, or hyperbolical
depending on whether ¢ is 1, 0, or —1.

Furthermore, the fluid unit velocity is u = (1/a)0,, and
the energy density, the pressure, the expansion, and the
three-space curvature are given by

3 .
p= (o re—ap?).  p=—p-TT (12)

3R 1
ezf;éo, KZP(8—4b2), (13)

where, for a function f depending on the coordinate ¢, a dot
denotes the derivative with respect to ¢. Also, if g is another
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function of ¢, we may write f = f(g) and f' = f’(g). Note
that the metric and the invariant quantities depend on two
arbitrary functions of time {R(¢), b(¢)}.

The FLRW limit occurs when one of the following three
equivalent conditions holds: (i) b(r) = constant, (ii) the
fluid flow is geodesic (a = 1), (iii) the pressure is homo-
geneous, p = p(1).

A. Speed of sound: Indicatrix function y(p.p)

Due to the symmetries of the metric line element (11), all
scalar invariants depend on two functions (¢, w) at most.
Then, the hydrodynamic sonic condition S given in (2) is
automatically fulfilled. Now, we study the general expres-
sion of y(p,p), which collects all the thermodynamic
information that can be expressed using exclusively hydro-
dynamic quantities.

From the second equation in (12), a direct calculation
leads to

and, from the definition of a in (11b), it follows

1+ (b—Rb")w
=aRw)=——-—2—. 16
a=a(Rw)=—"— (16)
Then, from these expressions, we obtain
a(l + bw)
= x(R =~ 1 17
7 =n(Rw) 1+ (b—Rb)w (17)

y=x(,R) = ﬂ+%+%(ﬁ'+ D[(z + 1)A;(R) + Ay (R)],
(18)

RbY" RV dR 1
A(R) = ~
Thus, p being an effective function of R, the functions A,
and A, can be considered as depending on p, and we arrive
at the following proposition:
Proposition 1. The speed of sound, ¢ = y(p, p), of a
thermodynamic Stephani universe (11) is given by:

tp.p) =t 55 (et D[+ D) +420)], (20

where 7= p/p, and A;(p) and A,(p) are two real
functions.

Every choice of these two functions determines the
indicatrix function, which fixes the hydrodynamic proper-
ties of a specific thermodynamic Stephani universe.

B. On the generalized Friedmann equations

When studying these physical properties of the solutions
we can adopt different approaches. On the one hand, we
can give the functions of time R(r) and b(r), which
determine a solution, and from (12) and (19), calculate
the functions p(R), A;(R), and A,(R). Then, we can obtain
R(p), and (20) gives the indicatrix function y(p, p), which
would have to be analyzed to know the thermodynamic
meaning of this specific solution.

On the other hand, we can prescribe the functions A (p)
and A,(p) so that the indicatrix function y(p, p) has
specific physical properties. This choice defines a differ-
ential system for the metric functions R(#) and b(¢) that
must be solved.

This second standpoint is the one we take when studying
the ideal gas Stephani universes [18]. The ideal gas
equation of state imposes the indicatrix function to be of
the form y = y(x), # = p/p [22]. Then, A,(p) and A,(p)
are, necessarily, constant functions, and the study of
the subsequent equations (19) leads us to distinguish the
regular and singular models, and to obtain five possible
classes of ideal gas Stephani models [18,19] (see
Sec. IIT A below).

In studying the field equations for a given choice of the
functions A;(p), it could be suitable to consider all the
functions of ¢ as depending on the variable p. Then,
Eq. (19) are equivalent to

ar(p)R> = R"(p)R = R'(p)[az(p)R = 2R (p)] = 0,  (21)
bip) = [ R = ap, (22)

A =R )

a(p) =

Thus, we obtain the second-order differential equation (21)
for R(p). Once solved, expression (22) determines b(p).
Finally, we must solve the generalized Friedmann equation
for p(r) that follows from (12):

PR*(p) =3[R (p)*p* + e —4b(p)*]. (24)

C. Thermodynamic schemes: Entropy,
matter density, and temperature

Each of the solutions considered above can be furnished
with a family of thermodynamic schemes {n, s, ®} which
offer different thermodynamic interpretations of this sol-
ution. In [22] we have shown that the specific entropies s
and the matter densities n associated with T are of the form
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s =s(5) and n=n/N(5), where s(5) and N(5) are
arbitrary real functions of a particular solution 5 =
5(p, p) to the equation u(s) =0, and 72 =7n(p, p) is a
particular solution to Eq. (3). The metric function w given
in (11c) is a function of state that plays an important role in
obtaining these thermodynamic schemes. From expression
(17) we obtain

z+1-a(R)

W:(n+1)[Rb'(R)_b(R>}+a(R)b(R)EW(/J,p>- (25)

Note that w=w(p,p) is a function of state whose
dependence on p is explicit, while its dependence on p
is partially implicit through the function of time R(p).
Moreover, we have that w fulfills u(w) = 0. Consequently,
the specific entropy is an arbitrary real function depending
onw, s = s(w) [22].

On the other hand, from the expression (13) of the
expansion it follows that 7 = L™ is a particular solution of
the matter conservation equation (3). Then, taking into
account the expression (11c) of L, we obtain the following
proposition:

Proposition 2. The thermodynamic schemes associated
with a thermodynamic Stephani universe (11) are deter-
mined by a specific entropy s and a matter density n of the
form

n(p. p) = (14 bw)’[N(w)]™! . (26)

R3

s(p, p) = s(w);

where s(w) and N (w) are two arbitrary real functions of the
function w = w(p, p) givenin (25), and b(R) and R depend
on p through the function R = R(p).

The temperature of the thermodynamic scheme defined
by each pair {s,n} given in the proposition above can be
obtained from the thermodynamic relation (4) as

@:

nz | os

_ptpion)
p— ow

e @

Then, taking into account expressions (14), (16), and (26),
we obtain the following proposition:

Proposition 3. For a thermodynamic Stephani universe
(11), the temperature ® of the thermodynamic schemes
given in Proposition 2 takes the expression

(p+p)R3[N'(w)(1+bw)—3N(w)b]

0= s'(w)(1+bw)?

O(p.p). (28)

where w = w(p, p) is given in (25), and b(R) and R depend
on p through the function R = R(p).

D. Constraints for physical reality

In studying a specific Stephani universe defined by the
functions {R(¢),b(z)}, we must determine the spacetime

domain (set of values of the coordinates {7, w}) where the
functions {p(t), p(¢,w)} fulfill the energy conditions E
given in (1). And we must impose the compressibility
conditions H; given in (7) on the indicatrix function (20)
within this domain. This means that the functions A;(p) and
their derivatives will be constrained by some inequalities.

On the other hand, the functions {s(w), N(w)} defining
a thermodynamic scheme will be constrained by the
positivity conditions P given in (6) and the compressibility
condition H, given in (8).

The study of all these constraints for a generic Stephani
universe results too formal and useless. We delay this study
for specific solutions that can be obtained under the
demand of meaningful physical qualities. In this paper
we study some of them.

II1. IMPOSING SOME SIGNIFICANT
PHYSICAL QUALITIES

The general expressions of the hydrodynamic and
thermodynamic quantities obtained above can be useful
when we particularize them in looking for thermodynamic
Stephani universes that model a perfect fluid with specific
physical properties. We analyze in this section some of
these requirements.

A. Ideal gas Stephani universes

A notable physical property that can be required for a
perfect fluid solution is that it represents the evolution of a
generic ideal gas, which is defined by the equation of state
p= kn®. In [22] we have showed that this fact is
characterized by the ideal sonic condition:

S 2(p.p) = x(z) £ 7, nzg. (29)

Moreover, the associated ideal thermodynamic scheme
{n,s,0} is given by [22]

I S C) T
n—e(”), =kln > ®—]~< (x), (30a)
r@)=soexo{ [plaia} ai= 5. o)
e(”)_eoexp{ / w(n)dn}, wix) ="l (300

For the Stephani universes, the ideal condition (29)
implies A;(p) = ¢; = constant, and the indicatrix function
(20) becomes

1

x(z) = gt‘lﬂ'z +ym+ 6, (31a)
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(I+c¢;+c). (31b)

W[ =

1
y51+§(201+c2), o=

The study of the ideal gas Stephani universes was
accomplished in [18]. Depending on the principal constants
¢; five classes exist: (C1) ¢y = ¢, = 0,(C2)c; =0, ¢, #0,
(C3)A=c5—4¢;,=0,¢;#0, (C4) A>0, ¢c; #0, and
(C5) A < 0. For every class, we determined the associated
ideal thermodynamic scheme (30) by explicitly obtaining
the generating functions f(x) and e(x).

On the other hand, the study of equations (19), with
Ai(p) = ¢;, leads to distinguish the singular models,
[a'(R) = 0], compatible with classes (C2), (C3), and
(C4), and regular models [d'(R) # 0], compatible with
the five classes (C,,) [18].

Note that the ideal thermodynamic scheme (30) for a
Stephani ideal model must correspond to a specific choice of
the functions s(w) and N(w) in Proposition 2 where the
schemes associated with a thermodynamic Stephani uni-
verse are given. According to (30), in the ideal thermo-
dynamic schemes, p/n and pexp[s/k| are functions of .
Checking the compatibility of this with the results of
Proposition 2, and using some expressions in [18] for
a(R) and b(R) particular to each model, we obtain that
the functions s(w) and N(w) must fulfill the differential
conditions:

1
"(w) = . 32
g (W) 6y + oW+ 02w2 ( a)

N'(w) __ Mot mw
N(W) IZ0) + I/1W + I/2W2 ’

(32b)

where the constants o1, y;, and v; depend on the parameters
of the specific Stephani ideal model.

Note that, for an ideal gas, the positivity conditions P
given in (6) imply that the energy conditions E become
(here we shall consider nonshift perfect fluids, p # p)

EC: 0<rz<l. (33)

On the other hand, we know [19] that, for the ideal gas
solutions, the compressibility conditions H; and H, state that
the indicatrix function y(7) in the domain [0, 1] must fulfill

HE: B O<)(,<1’ (34)
(=(1+a)(y—m)y'+2x¢(1=x) >0,

HS: =2+ )y(r)—n > 0. (35)
In [19] we have analyzed when an ideal gas Stephani model

fulfills the above compressibility conditions and when it has a
physically reasonable behavior at low or high temperature.

B. Schemes compatible with thermal conductivity

According to the theory of thermodynamics of irrevers-
ible processes [23,24], the transport coefficients of thermal
conductivity, of shear viscosity, and of bulk viscosity
appear in the constitutive equations linking dissipative
fluxes (anisotropic pressures, bulk viscous pressure, and
energy flux) with the kinematic coefficients of fluid flow
(shear, expansion, and acceleration).

A nonperfect fluid is a fluid with at least a nonzero
transport coefficient. For this fluid, the energetic evolution
is, generically, described by an energy tensor with energy
flux and anisotropic pressures. However, when a nonperfect
fluid admits particular evolutions in which the dissipative
fluxes vanish, these evolutions are well described by a
perfect energy tensor, and are usually called equilibrium
states [24]. Moreover, all the thermodynamic relations of
the perfect fluid hydrodynamics remain valid. Furthermore,
the shear, the expansion, and the acceleration of the fluid
undergo strong restrictions as a consequence of the con-
stitutive equations. For such equilibrium states [24]: (i) If
the shear viscosity coefficient does not vanish, then the
fluid shear vanishes; (ii) if the bulk viscosity coefficient
does not vanish, then the fluid expansion vanishes; (iii) if
the thermal conductivity coefficient does not vanish, then
the fluid acceleration is constrained by the relation

a=-1dIn®, (36)

where | denotes the orthogonal projection to the fluid
velocity.

Then, under some kinematic constraints of the fluid flow,
a nonperfect fluid can evolve as a perfect fluid because the
dissipative fluxes can vanish, even if the transport coef-
ficients are nonzero.

For example, the FLRW universes can model a thermo-
dynamic perfect fluid in isentropic evolution. Nevertheless,
they could also model the evolution of a fluid with
nonvanishing thermal conductivity and shear-viscosity
coefficients. Indeed, in this case we have a geodesic and
shear-free flow, and any homogeneous temperature is
compatible with (36).

In [11,12] we have shown that the ideal Szekeres-
Szafron models can be interpreted as inviscid fluids with
a nonvanishing thermal conductivity coefficient. The
thermodynamic Stephani universes studied here have a
shear-free flow and, consequently, are compatible with a
nonvanishing shear-viscosity coefficient. Now, we study if
thermodynamic schemes, which are compatible with a
nonvanishing thermal conductivity coefficient, exist.

A strict Stephani universe has a nonvanishing acceler-
ation a = 1ldIna, where a is given in (11b). Then, the
constraint (36) states 0,,(a®) =0. If we impose this
condition on the temperature (28) we obtain that no
solution exists for a nonconstant b(¢). Consequently, we
arrive at the following proposition:
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Proposition 4. A thermodynamic Stephani universe (11)
can model a fluid with nonvanishing shear viscosity. It also
models a fluid with a nonvanishing thermal conductivity
coefficient if and only if it is a FLRW universe.

C. Good behavior at low temperatures: y(p,0)=0

A classical ideal gas is an ideal gas, p = kn®, with the
internal energy proportional to the temperature, € = ¢, 0.
The indicatrix function of a classical ideal gas is of the
form [34]

ym_rp
l+z p+p’

where y = 1 + k/c, is the adiabatic index.

The expression (31) for the indicatrix function of the
ideal gas Stephani solutions shows that no strict Stephani
universe exists modeling the evolution of a classical ideal
gas. Only the FLRW limit enables a barotropic solution
modeling a classical ideal gas in isentropic evolution
(see [34] for more details).

Anyway, we can analyze the thermodynamic Stephani
models that approach a classical ideal gas in the vicinity of
p = 0, which is the region where the classical ideal gas
equation of state is a good model.

For the indicatrix function (37) of a classical ideal gas,
Xc(m) = Jc(p, p), we have

XC(O) :)?c(p70) =0,

2:(0) =7, (38)

- 4 -
ap)(c(p’o) :;’ ap)(c(/)’o) =0. (39)

And for the indicatrix y(p, p) of a generic thermodynamic
Stephani universe (20) we have

£.0) = 511+ A1(p) + Aa(p), (402)
. 0) =+ {14 30M0) 4 Aol a0
(9. 0) = 3141 (p) + AY(p)]. (40

3

Consequently, we obtain

(1) A thermodynamic Stephani universe approaches a
classical ideal gas up to zero order at p = O if and
only if the functions A;(p) are constrained by the

condition
1+ A(p) +As(p) = 0. (41)
(ii) A thermodynamic Stephani universe approaches a
classical ideal gas (with adiabatic index y) up to first
order at p = 0 if and only if it models a generic ideal

gas [A;(p) = ¢;] with an indicatrix function of the
form

x(z) =y +(r=2/3)z". (42)
As already pointed out in [19], if y > 1 the indicatrix
function (42) fulfills the compressibility conditions H{ and
HY in an interval [0, 7).

D. Good behavior at high temperatures: x(p,p/3)=1/3

The macroscopic equation of state of a relativistic
nondegenerate monoatomic gas (Synge gas) can be
expressed by means of second kind modified Bessel
functions [24,35], and several simpler analytical
approaches have been proposed [36]. The Taub-Mathews
equation of state [24,37] approximates the Synge gas one at
first order at both low and high temperatures, and its
indicatrix function is given by [36]

7(5—3x)

o = p(5p=3p)
™ 3(

L+x)  3plp+p) “3)

At first order in p = 0 the Synge gas coincides with a
classical ideal gas with adiabatic index 5/3. Thus, the
behavior at low temperatures of the Synge gas has been
analyzed in the above subsection. Now, we analyze the
thermodynamic Stephani models that approach a Synge gas
at high temperatures.

The indicatrix function (43), ytm(7) = Frm(ps P)s
approximates a Synge gas in the interval [0, 1/3]. When
the temperature increases and tends to infinity 7 approaches
1/3 (p = 3p) and p tends to infinity. We have
xmv(1/3) = Jmm(p.p/3)=1/3,

xma(1/3)=1/2,  (44)

_ 1 . 1
opim(p.p/3) = 7 o,7mm(p.p/3) = & (45)
And for the indicatrix, y(p, p), of a generic thermodynamic
Stephani universe (20) we have

too) =3 {143 i) a0 b s
oo = {145 fa0) + 40| f o

Out(p.013) = =30,/ + § [341(0) + 00)

(46c¢)
Consequently, we obtain

(1) A thermodynamic Stephani universe approaches a
Synge gas up to zero order at p = 3p if and only if
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the functions A;(p) are constrained by the condition
9+ 164, (p) + 124,(p) = 0. (47)

(ii) A thermodynamic Stephani universe approaches a
Synge gas up to first order at p = 3p if and only if it
models a generic ideal gas [A;(p) = ¢;] with an
indicatrix function of the form

2(x) = % 7/3+ 107322, (48)

As already pointed out in [19], the indicatrix function (48)
fulfills the compressibility conditions HY and HY in an
interval [r,,, 1/3].

IV. UNIVERSES WITH ISOTROPIC RADIATION

It is known [32] that any perfect fluid solution with a
comoving irrotational observer measuring isotropic radia-
tion is a thermodynamic Stephani universe. In order to
determine the subclass with this property we must impose
equations (9) on the cosmological observer. The first
condition, ¢ = 0, is fulfilled for any Stephani universe,
and now we impose the second one.

From expression (16) of a, and taking into account that
a=0,(Ina)dw, u = -3 adInR, a straightforward cal-
culation shows that the second condition in (9) is equivalent
to b"(R) = 0. Moreover, the function = Ra fulfills
Eq. (10). Consequently, we can :

Proposition 5. The perfect fluid solutions with an
irrotational comoving observer measuring isotropic radia-
tion are the thermodynamic Stephani universes (11), with

b(R) = b, + byR. (49)

where b; are arbitrary constants. The (test) radiation
fluid has an energy density, a pressure, and a temperature
given by

Ry

bywR
pr=3p,=az0?, ®r—®o<—> {1+ 2

1+b1W

R } . (50)
Moreover, the indicatrix function takes the expression
given in (18) and (19), with A;(R) = 0.

Note that this isotropic radiation defines a test fluid that is
comoving with the flow of the source of the field equations:
a perfect fluid with energy density and pressure given
in (12).

A. Spherical symmetry

So far, all the results apply for spherical, plane, and
hyperbolic symmetries. From now on, we consider some
specific models that could be developed for any symmetry,
but that we only analyze for the spherically symmetric case.

The metric line element of a Stephani universe with
spherical symmetry can be written as (see the Appendix)

ds? = —a?ds® + Q*(dr? + r2dQ?); (51a)
R(t
o= R0 i_Rama.  (51v)
1 +Zk(t)r

with R(#) and k() being two arbitrary functions of time and
dQ? the metric of the unitary sphere. The energy density,
the pressure, the expansion, and the three-space curvature
are given by

3 .

R

0=3 R #0, K= (53)

Note that expressions in Secs. Il A, II B, and II C also
apply for this case by changing b — k/4 and @ — r>. Only
in the generalized Friedmann equation (24) the change
must be € —4b — k. As a consequence, the condition for
the cosmological observer to measure isotropic radiation in
these coordinates is k”(R) = 0, namely, k(R) = k; + k,R,
accordingly with the result in [32]. It is worth remarking
that, using the definitions given in the Appendix, it can be
seen that this condition is coherent with (49). Then,
Proposition 5 applies by changing b; — k;/4 and @ — 2.

B. Analysis of the Dabrowski solution

As explained in Sec. II B, a possible approach to study
the physical properties of a solution is to start by prescrib-
ing the functions of time R(¢) and k(z). Now, we consider
one of the solutions considered by Dabrowski [33] in
studying the general properties of the local isometric
embedding of the Stephani universes (hereinafter, the
Dabrowski solution):
R(t) = D,t* + Dy, k(t) = —=4D,R + (1 - D?), (54)
where D; are two real parameters.

For the Dabrowski solution (54) we can obtain p(?),
p(t,r), and z(¢,r) from (52), and then study the energy
conditions (33). This study was done by Barrett and
Clarkson in [38], and they concluded that the energy
conditions are fulfilled for a certain range of values of
the parameters D;.

Note that the Dabrowski solution (54) can represent a
universe with a cosmological observer measuring isotropic
radiation. This fact was already pointed out in [38], where
the physical, geometrical, and observational characteristics
of these inhomogeneous models were analyzed in detail.

In the conclusions of [38] the authors claim that
the Dabrowski solutions (54) “admit a thermodynamic
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interpretation” although “there is no equation of state.”
We want to point out and to clarify these assertions. As
explained in Sec. I A, the existence of a formal thermo-
dynamic scheme (subject to equations of state) can be
characterized in terms of the hydrodynamic quantities by
the sonic condition (2). In fact, the Dabrowski solution
fulfills the ideal sonic condition (29). Indeed, if we use (54)
to compute A, (p), A,(p), and y(p, p), we get that A; = 0,
A, = =3/2 (it is an ideal gas solution), and (31) becomes

x(p.p) =x(x) = (Bz—-1)/6. (55)

Consequently, the Dabrowski solution fulfills the ideal gas
equation of state p = kn®. But, a question arises: do these
models represent the evolution of a realistic perfect fluid?

The indicatrix function (55) only fulfills the causal
compressibility conditions, 0 <y < 1, in the interval
m€[1/3,1]. Moreover, {(r) = =+ 7 —3 7% and &(n) =
—%—%ﬂ' + 7% are negative in the whole domain [0, 1].
Therefore, the indicatrix function (55) does not fulfill the
compressibility conditions Hf and HY given in (34)
and (35).

Consequently, the Dabrowski solution fulfills the energy
conditions and can be taken into account as a cosmological
model, but it cannot be interpreted as a physically admis-
sible thermodynamic perfect fluid.

C. Isotropic radiation with an ideal gas source

In order to obtain solutions that can be interpreted as an
ideal gas source with the comoving observer measuring
isotropic radiation, instead of prescribing the functions R(¢)
and k(¢), we will impose these physical properties to our
solution and then we will study how they restrict the metric
functions.

Now, all the results in Sec. III A apply with the additional
constraint A; = ¢; = 0 imposed by the isotropic radiation
condition (see Proposition 5).

With the condition ¢; = 0, the indicatrix function (31) of
the ideal models becomes

2 1
)((ﬂ'):]/ﬂ'-i-}/—g, yzl—l—gcz. (56)
If 1/3 <y <5/3, this indicatrix function verifies
the causal condition, 0 < y < 1, for x € [x,,, 7y], where
an=3-1 and my =5 -1 If 2/3<y<5/6, these
conditions are fulfilled in the whole domain z € [0, 1].

In order to study the rest of the compressibility con-
ditions, we need to analyze the domains in which {(z) and
&(r), defined in (34) and (35), are positive. Using (56), we
get {(n) = —y(y + 1)7* +y(3 = 2y)n —y(y —4) —= % and
Em) =21+ By -Dr+7r-3

If 16/29 <y < 10/3, there exists an
n€lr_,m.], in which {(z) is

interval,
positive; and if

2/3 <y <5/6, {(x) is positive in the whole domain
nel0,1].

If y > 1/2, there exists an interval z € [z, 1] in which
&() is positive, and if y > 2/3, it is also positive in
an interval z€[0,7_]; and if y > (13-21/30)/3 =
e~ 0.682, &(x) is positive in the whole domain 7 € [0, 1].

Taking all this analysis into account, we get the follow-
ing proposition:

Proposition 6. The indicatrix function of the ideal gas
models with the comoving observer measuring isotropic
radiation takes the expression (56), and it fulfills all the
compressibility conditions H{ and HY in the whole domain
me(0,1] for y; <y <5/6, ye = (13 —21/30)/3.

In [18] we explained how to integrate Eq. (19) for ideal
gas models. The isotropic radiation condition ¢; =0 is
only compatible with regular models of class (C1) (¢, = 0)
and both singular and regular models of class (C2) (¢, # 0)
(see Sec. IIT A). Then, a direct application of the results
in [18] leads to the following proposition:

Proposition 7. The generalized Friedmann equation of
the ideal gas models with the comoving observer measuring
isotropic radiation takes the expression

p(R) = % (R + K, + koR), (57)

where p(R) depends on three different models:
. . a1
(i) (C2) singular (y # 1): p(R) = po(20)=.
(ii) (C2) regular (7 # 1): p(R) = po(1 + R0y,

(iii) (C1) regular (v = 1): p(R) = py exp(%0).

Now, we could analyze the energy conditions (33) for
these three cases separately, but we will leave that study for
particular cases with extra physical restrictions.

V. ULTRARELATIVISTIC GAS
WITH ISOTROPIC RADIATION

Another possible situation of physical interest is that in
which the source of the gravitational field is an ultra-
relativistic fluid and the cosmological observer measures
isotropic radiation. The conditions for a thermodynamic
Stephani universe to behave as an ultrarelativistic fluid up
to first order are studied in Sec. III D. However, if we also
want it to be compatible with isotropic radiation, we can
only impose the good behavior at high temperatures up to
zero order.

By imposing (47) and the isotropic radiation condition
k(R) = ky + kR, we get that A;(R)=c¢; =0 and
A>(R) = ¢, = —3/4. Thus, this situation is a particular
case of the one studied in the last subsection (Sec. IV C),
with ¢, = =3/4. Now, y = 3/4 €[y, 5/6], and the indica-
trix function fulfills the compressibility conditions as a
consequence of Proposition 6.
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Moreover, we can determine the ideal thermodynamic
scheme {n,s,®} by using (30). Now, the generating
functions (30b) and (30c) take the expression

fo
(1=3z)%

€o

1= =Sl 1)

e(7) (58)

If we also take into account Proposition 6 we can:

Proposition 8. The indicatrix function of the models
approximating the Synge gas at high temperatures and with
the comoving observer measuring isotropic radiation is

x(p.p) =x(z) = (97 +1)/12. (59)
This indicatrix function fulfills all the compressibility
conditions Hf and HS on the spacetime domain where
the energy conditions, 0 < z < 1, hold.

The associated ideal thermodynamic scheme {n, s, ®} is
defined by (30a), where the generating functions f(z) and
e(r) are given in (58).

On the other hand, if we make y = 3/4, Proposition 7
becomes the following proposition:

Proposition 9. The generalized Friedmann equation of
the models approximating the Synge gas at high temper-
atures and with the comoving observer measuring isotropic
radiation takes the expression (57), where p(R) depends on
two different models:

R\ 4
(i) Singular models : p(R) = p, (%) , (60)
Ry\*
(ii) Regular models : p(R) = p, (1 +f) . (61)

Remarks.

(i) The hydrodynamic properties of the thermodynamics
are given by the indicatrix function (59), which takes
the same expression for both the singular and regular
models, and which fulfills the compressibility

: T
13 1

FIG. 1.

(i)

(iif)

@iv)

)

(vi)

conditions in [0, 1]. Nevertheless, this indicatrix
function can only approximate the Synge one,
Xsynge» in the interval [0, 1/3] where this last one is
defined (see the left panel of Fig. 1). Note that this
approximation gets worse the closer we getto 7 = 0.
Similarly, the ideal thermodynamic scheme deter-
mined by functions (58) is defined in the interval
[0, 1], but it only approximates the Synge thermo-
dynamic quantities in [0, 1/3]. The right panel of
Fig. 1 shows the behavior of the temperatures.

In any case, the indicatrix function (59) could
be furnished with another (nonideal) thermo-
dynamic scheme, determined by a pair of functions
{s(r?),n(r*)} (see Sec. I1C), different from (32),
which can be defined in the interval [0, 1]. In this
case, we could be modeling a physically realistic
fluid but that does not satisfy the ideal gas equation
of state.

The energy density p,(R, r), the pressure p,(R, ),
and the temperature ©,(R, r) of the (test) radiation
fluid take expressions (50) (with the change
b; = k;/4) for both the singular and the regular
models. Of course, the coordinate function R(r) does
depend on the model.

The ideal thermodynamic scheme defined by the
functions (58) depends on three parameters, f, e,
and k. The first one, f,, fixes the origin of entropy,
and we can consider that the different values
correspond to a sole ideal gas. The second para-
meter, ey, modifies the specific energy in a constant
factor and, consequently, the temperature and the
specific volume 1/n change in the same factor. Be
aware that e settles the origin of internal energy. If
we impose € = (0 at zero pressure, we must take
eo = 1. Finally, the third one, k= kg/m, determines
the mass of the gas particles.

Singular models depend on four parameters
{ki,ky,po, Ro}. The k; determine the function
k(R); Ry is an initial condition for the generalized

13 1

The left panel shows the behavior of the indicatrix function y () of our model defined in the whole interval [0, 1] (orange solid

line), and the indicatrix function ygy,e.(77) of the Synge gas defined in the interval [0, 1/3] (green dashed line). The right panel shows a

similar situation for the associated temperatures.
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Friedmann equation (57), R(#y) = Ry; and py is the
energy density at this initial time, py = p(t).
However, regular models also depend on a fifth
parameter R,. The constant p, takes the expres-
sion p, = po(1 + Ry/Ry)~*.

From now on, we focus on the singular models (SM).

A. SM: Spacetime domains and energy conditions

For the singular model the energy density is given in (60)
and the pressure takes the expression

p(R.7) :%p0<%>4[1 4

Consequently, the hydrodynamic quantity 7 = p/p is

kyRr?
%] (62)
1 +Zk1r

1 szrz
Rr)y==|1+4———].
w(r.n) =3 |1+ 63

Note that the full line element of the three-spaces
t = constant vanishes at R = 0, and we have a big bang
singularity, where both energy density and pressure
diverge. However, 7 takes the value 1/3. On the other
hand, when k; < 0 we have another curvature singularity at
Feo = 24/—1/k;, where the pressure (and 7) diverges.

Then, when k; > 0 we have a single coordinate domain:

Dy ={(R,r),R>0,r >0}, (64)

and when k; < 0 we have two coordinate domains:

Dy ={(R.r),R>0,0<r<rg} (65a)

Dy ={(R,r),R>0,r>ry}. (65b)

Now, expression (63) enables us to analyze the regions
of the different domains where the energy conditions
(0 <z <1) hold, and the regions where the model
approximates a Synge gas (0 < 7 < 1/3). We represent
all these regions in a {r?, R} diagram (see Fig. 2).

Note that # = 1/3 if r = 0. The spacetime events where
7 = 0 or 7z = 1 are defined, respectively, by the hyperbolas

1 [k 1 20k 1
R=——|"4—|, R=Z|24+-1]. (66
A kegfirR e

Each of the domains (64) and (65) contains one of these
hyperbolas that divides it into two regions, and the energy
conditions only meet in the region next to the coordinate
axes (see Fig. 2):

(i) Case k, < 0: domains D§ and Dy contain a region
Ry where the model approximates a Synge gas,
0 <7z < 1/3; and a region R where 7 < 0. And
domain D7 contains a region R} where the model
meets the energy conditions but it does not approxi-
mate a Synge gas, 1/3 < 7 < 1; and a region R
where 7z > 1 (see the left panels of Fig. 2).

(ii) Case k, > 0: domains D] and D contain a region
Ry where the model meets the energy conditions
but it does not approximate a Synge gas,
1/3 <z <1; and a region R where 7> I.

R ko <0 R ko >0
Rs Ry
(t<0) (m>1)
ki1 >0
RS Ry
O<7m<1/3) (13<m<1)
. P
R R
goo®
R< (m>1) (n<0)
) !
(m>1) ‘
k1 <0
? R?
R§ Rf Ry : !
0<n<13) W3<n<) (B<n<l) O<m<1/3)
2 r2
Voo )

FIG. 2. The spacetime coordinate domains and their physically realistic regions depending on the values of the parameters k;. Upper
panels: the case k; > 0 has a single coordinate domain D . Lower panels: the case k; < 0 has two coordinate domains, Dy and Dy,
separated by the straight line r = r,. The dark blue lines are the hyperbolas 7 = 0, and the light brown lines are the hyperbolas 7 = 1.
In the shaded regions the energy conditions hold, and in the dark blue regions the model approximates a Synge gas.
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And domain Dy contains a region R{ where the
model approximates a Synge gas, 0 <z < 1/3;

and a region 7~31> where 7 < 0 (see the right panels
of Fig. 2).

B. SM: R-dependence and radial profiles

From now on we only consider the regions where the
singular models approach a Synge gas (dark blue regions in
Fig. 2). We have then three cases: (I) R (k, < 0) with
ky >0, D) Ry (ky < 0) with k; < 0, and (III) Ry (k, > 0
and k; < 0).

In any case, for a suitable fixed value of the radial
coordinate r;, the hyperbola 7z =0 contains a point
(2,R)). In fact, the real function 7(R)=z(r},R)
decreases in the interval [0,R,] between 1/3 and zero
[see Fig. 3(a)]. Consequently the pressure p;(R)
p(r3, R) is a decreasing function that vanishes at R, [see
Fig. 3(b)].

In the Stephani universes the three-space curvature
depends on time, x = x(R), and expression (53) implies
that its sign depends on the sign of the function
k(R) = k; + k,R. When k k, <0, the curvature vanishes
at R, = —k; /k,. In case (I), k, < 0, k; > 0, the curvature is
a decreasing function and R, < R, (region Rg) for r such
that 7> < 4/(3k,). In case (Il), k, < 0, k; < 0, the curva-
ture k is always negative. And in case (IIl), k, > 0, k; < O,

the curvature is an increasing function and R, > Rj;
consequently it is negative on the physical region Ry
[see Fig. 3(c)].

Given a fixed value R; of the function R, the radial
profiles of the thermodynamic quantities also depend on the
three different considered cases (see Fig. 4). In case (I)
(region Ry with k; > 0), if Ry < —k;/(4k,), the hydro-
dynamic functions 7 and y are decreasing functions which
take values between 1/3 and a non-negative real number
[Fig. 4(a)]. In case (II) (region R with k; < 0), orin case I
with R| > —k,/(4k,), = and y are also decreasing func-
tions which take the value 1/3 at r =0 and vanish at a
finite r = 7y and r = 7| [Fig. 4(b)]. Finally, in case (III)
(region R7), 7 and y are increasing functions which are
positive for r > 7 and r > 7; [Fig. 4(c)].

On the other hand, Fig. 5 shows, also for a fixed R, the
radial profile of the energy density p (constant), pressure p,
and matter density n. Again, the behavior is different for the
three aforementioned cases. Figure 5(a): for r > 0, p is
decreasing and 7 increasing, both positive. Figure 5(b): for
r < 7y, p and n have the same behavior, and p(#;) = 0 and
n = p atr = 7. Figure 5(c): in this case p is increasing and
n decreasing for r > 7.

Figure 6 describes the behavior of both the temperature
O of the source ideal gas and the temperature ®, of the test
radiation fluid. For a fixed r;, both temperatures decrease

with R, and © can vanish at R | [see Fig. 6(a)]. For a fixed

R ——— =
; - k1> 0, k2<0

k1< 0, k2< 0

1 |
3| s ——e T i
S X |
S |
N, i
N
S \
N \
N, \
N
N \
AT - R \
Rl\'\ R 5
N
(2)
FIG. 3.

W=
/
/)
i
N
W | =

(b)

k1< 0, k2> 0

©

The behavior of the models for a fixed r;. (a) Evolution of the hydrodynamic quantities 7 and y. (b) Evolution of the energy
density and pressure. (c) Evolution of the three-space curvature.

(a)

(b)

. - \-\,\ — 3
N, B - T
N X N, X
N\ N, X
N N -
N \ i
N . -
S \ e
T~ . \. /./
r . r : r
i i/
| /

©)

FIG. 4. The radial profile of the hydrodynamic quantities 7z and y depending on the values of the parameters k; for a fixed R;. (a) Case |
with R; < —k,/(4k,). (b) Case II and case I with R; > —k;/(4k,). (c) Case IIL
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(a)

A A

| "E)/' 7

(b) (©

FIG. 5. The radial profile of the energy density p, the pressure p, and the matter density n depending on the values of the parameters k;
for a fixed R;. (a) Case I with R; < —k;/(4k,). (b) Case II and case I with R; > —k;/(4k,). (c) Case IIL

- 0

O,

(a)

FIG. 6.

(b) ©

(a) The R-dependence of the temperatures O, of the source ideal gas, and 0, of the test radiation fluid for a fixed r;. The radial

profile of these temperatures for a fixed R, are plotted in (b) [case (I) with Ry > —k,/(4k,) and case (II)] and (c) [case (II)].

R the radial profile depends on the model. In Fig. 6(b) we
have plotted the cases (I) with R; > —k;/(4k,) and (II),
where both temperatures decrease and © vanishes at
r = 7. And Fig. 6(c) shows case (IIT), where both temper-
atures increase and O is positive for r > 7.

C. SM: The generalized Friedmann equation

For the singular models (60), the generalized Friedmann
equation (57) can be written as

k= /%~ VIE)

where py = $poR$. Then, we can study the qualitative
behavior of the function R(7) by drawing the effective
potential V(R) and analyzing the trajectories in the phase
plane {R, R} (see Fig. 7).

Depending on the sign of k,, we have two qualitatively
different effective potentials. Now, we analyze the three
cases (I), (I), and (IIT) considered in the subsection above.

In case (I) (region Ry with k; < 0), we have k, <0
(left panels in Fig. 7). Moreover, —k; > V,,, and the
solution is valid for r < r,,. Then, we obtain an accelerated
expanding model for values of R larger than a critic value
R., and for any r; < ry, the pressure vanishes at a finite
time h [R<t1)> = Rl]

In case (I) (region Ry with k; > 0), we have k, < 0 (left
panels in Fig. 7), and three different models can occur.

P
V(R) = k,R — R—‘;, (67)

If —k, > V,;, we obtain a model similar to that of case (II)
but now valid for any r > 0. If —k; = V,;, we obtain an
asymptotic expanding model with R — R_; for small values
of r, the pressure never becomes zero, but for large values
of r, the pressure vanishes at R; < R,.. Finally, if
—k; < V,;, we have closed models, with a maximum value
of R, Ry, < R,; generically, a 7 exists such that R,; < R, if
r<7and Ry > R, if r > 7; 7 = oo for large values of k;.

In case (II) (region R; with k; < 0), we have k, > 0
(right panels in Fig. 7), and we also obtain closed models,
but the pressure vanishes before the contracting era,
IAQI < R;;. Moreover, IAQI < R,.

D. SM: Physical interpretation and further prospects

To sum up, the solutions considered in this section model
a spherically symmetric spacetime inhomogeneity caused
by an ultrarelativistic gas with homogeneous energy
density, and inhomogeneous pressure, matter density,
and temperature. This inhomogeneity is compatible with
a decoupled test inhomogeneous radiation fluid, which is
isotropic as measured by the observer comoving with the
matter fluid.

Wide ranges of parameters lead to physically realistic
models. All of them start with a hot ultrarelativistic fluid
that cools down with time, in most cases even becoming
dust. Their radial profiles, however, depend on the con-
sidered model. Most of them are only physically admissible
up to or from a certain value of the radial coordinate, where
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FIG. 7. The trajectories in the phase space {R, R}, which determine the behavior of the metric function R(7). When k, < 0 (left
panels), we could have closed, asymptotic, and open models; when k, > O (right panels), there are only closed models.

the pressure vanishes. In some cases we have a void of hot
matter [cases (I) and (II)], and in other cases the matter
density decreases, and the temperature increases, with r
[case (IID)].

Thus, the models are useful to describe local inhomo-
geneities. Nevertheless, in order to be useful globally, they
must be matched with other dust models beyond the
hypersurface p = 0.

VI. DISCUSSION

In this paper we have studied general properties of the
thermodynamic Stephani universes, and we have analyzed
the constraints that some specific physical requirements
impose on the models.

We have focused on the solutions where the observer
comoving with the fluid flow can measure a state of
isotropic radiation. The models that we consider highlight
a long-known fact (see [31,32] and references therein):
an inhomogeneous perfect fluid solution can be compatible
with an observed inhomogeneous and isotropic radiation.

Although our purpose here has not been to look for
cosmological models compatible with the observational
data, our study shows that some of our models, or other
similar ones that could be obtained with an analogous
approach, could model local nonlinear inhomogeneities of
the real Universe.

The results that we have obtained suggest many open
problems whose study goes beyond the scope of this work.
Regarding the specific models studied here, we can quote
the following further work: (i) for the singular models
considered in Sec. V, to match our solutions with a dust
model through the junction surface z(R,r) =0; (ii) to
make an accurate analysis of the parameters of the models
to achieve the more suitable values for physically realistic
models; (iii) to investigate the regular model in detail as we
have done with the singular one.

In the inhomogeneities observed in the real Universe,
matter moves with respect to the cosmological observer
who observes an almost isotropic background radiation. To
study the radial profiles and the evolution of such nonlinear
inhomogeneities we are interested in obtaining solutions
with test isotropic radiation for a cosmological observer
and a perfect fluid source with a noncomoving flow.

A further study to be made consists in analyzing in depth
the flow of the thermodynamic Stephani universes taking
into account the kinematic approaches presented in [39,40].
This study will enable us to determine other test fluids which
are comoving with the Stephani cosmological observer.
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APPENDIX

The metric of the thermodynamic Stephani universes
with spherical symmetry is given by (10-12) with e = 1. If
we perform the following change of spatial coordinates:

and perform the change of temporal coordinate from # to 7
such that

(A4)

the metric of the thermodynamic Stephani universes with
spherical symmetry can be written as

ds? = —a2dr? + Q2(dx'2 +dy”? + dz?), (AS)

Q=7 _ (A6)

With that, the hydrodynamic quantities p and p and the
curvature of the spatial synchronizations take the following
expressions:

p=ﬁ(1§2+k), p==p—5— k(t)=%;.

x/ y/ Z/ -1 + % r/2

= —, = —, =, Al

“m Tm ° H (A1)
1
r/2 — x/2 +y/2 + Z/Z’ H=1 + Z/ +Zr/2; (AZ)
and we define
- 2R 14+ 2b

R=—, k=4—+—; A3
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