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The multipole moments of black holes in general relativity obey certain consistency relations known as
the no hair theorems. The details of this multipolar structure are imprinted into the gravitational waves
emitted by binary black holes, particularly if the binary is precessing. If black holes do not obey the vacuum
field equations of general relativity, then the no hair theorems may be broken, and the observed
gravitational waves will be modified, thus providing an important test of the no hair theorems. Recently,
analytic solutions to the precession dynamics and inspiral waveforms were computed within the context of
binaries possessing nonaxisymmetric mass quadrupole moments, which are parametrized by a modulus qm
and phase am with m ¼ 1, 2 the azimuthal spherical harmonic number. Here, we use a Fisher analysis to
study plausible constraints one may obtain on generic, nonaxisymmetry quadrupole configurations using
current and future ground-based detectors. For nonprecessing binaries, we generically find that no
meaningful constraints can be placed with current detectors on the nonaxisymmetry parameters ðqm; amÞ
due to the presence of strong degeneracies with other waveform parameters, while with next generation
detectors, only weak constraints are possible. For precessing configurations, the exact value of the
uncertainty is strongly dependent on the sky location, system orientation relative to the line of sight,
and initial inclination angle of the orbital angular momentum. After averaging over these parameters, we
find that with GWTC-3-like events, one should be able to plausibly constraint nonaxisymmetric mass
quadrupole deviations toΔqm ∼ 10−2 for LIGO at design sensitivity, andΔqm ∼ 10−4 for the same sources
with Einstein Telescope and Cosmic Explorer.

DOI: 10.1103/PhysRevD.110.044003

I. INTRODUCTION

A fundamental prediction of black holes (BHs) as
stationary vacuum solutions to the field equations of
general relativity (GR) is the so-called no hair theo-
rems [1–4]. The theorems state that the object’s l ≥ 2
multipole moments1 are only dependent on the mass
monopole, spin dipole, and electric monopole charge,
the latter of which is not expected to be of relevance to
astrophysical BHs. The higher multipole structure of the
BHs is spin-induced, i.e., the presence of spin angular
momentum uniquely determines the higher order multipole
moments of the object. As a result, all BHs in GR are
axisymmetric, specifically, all multipole moments with
m ≠ 0 vanish.

However, the theorems are unique to BHs as described
by the Kerr-Newman metric [5], the most general stationary
vacuum solution of GR [6]. In modified theories of gravity,
it is well-known that the no hair theorems can be violated
(see, for example, [7,8]), and as a result the l ≥ 2 multipole
moments of BHs are modified from their GR values. In
many of these scenarios, the BHs can possess nontrivial
hair generated from additional scalar, vector, or tensor
fields. As a result, the multipolar structure is no longer
determined only by the BH mass and spin angular
momentum, but also additional hair.
For nonvacuum configurations, both astrophysical and

exotic, the no hair theorems generally do not hold. For
astrophysical compact objects where the higher multipole
moments are spin induced, the objects still possess a
spheroidal shape, but the precise values are equation of
state dependent [9]. Furthermore, in exotic scenarios

*Contact author: nicholas.loutrel@unimib.it
1Here, ðl; mÞ refer to the spherical harmonic degree and order.
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where the compact object is not composed of ordinary
matter [10–16], or is the result of low-energy limit of a UV
complete theory [17–22], axisymmetry can be broken,
leading to the presence of nonvanishing m ≠ 0 multipole
moments.
The multipolar structure of compact objects has a direct

impact on their observed gravitational wave (GW) emis-
sion. It is well-known that, even at the Newtonian level,
objects with rich multipolar structure will induce preces-
sion of the orbital plane when in a binary [23]. Relativistic
Lens-Thirring and spin-spin interactions further induce so-
called spin precession, which has been extensively studied
in GR (see e.g., [24–33]) and in modified theories of
gravity [34–36]. Precession necessarily induces modulation
of the GWamplitude, phase, and frequency [37], which are
encoded in additional harmonics beyond the standard
orbital harmonics of the waveform [24,38]. Each orbital
harmonic possesses a set of precessional “overtones,”
specifically m0 harmonics that encode simple precession
effects, and n harmonics which encode nutation effects [39].
The inclusion of these in waveform models has been shown
to be critical in breaking parameter degeneracies in data
analysis settings [40].
Detection, or nondetection, of nonaxisymmetric mass

quadrupole configurations in precessing binaries provides a
smoking gun test of the no hair theorems. However, most
studies of precessional effects are limited to spin-induced,
spheroidal configurations [25,26,28,29]. Recently, preces-
sion dynamics for compact objects with generic mass
quadrupole moments was considered in [41] using the
post-Newtonian (PN) approximation. At lowest PN order,
the multipolar structure of the object enters the equations of
motion at second PN (or 2PN) order through the monopole-
quadrupole interaction. The nonaxisymmetry of the com-
pact objects are then encoded through the complex mass
quadrupole coefficients Qm, where m ¼ �1;�2. Since
these coefficients are complex, they can be recast in terms
of real-valued modulus qm and argument (or phase) am
parameters. For jmj ¼ 1, these parameters are referred to
as axial parameters, due to the object possessing parity-
odd nonaxisymmetry. Similarly, for jmj ¼ 2, these para-
meters are referred to as polar, and the object will have
parity-even nonaxisymmetry. In [41], analytic solutions for
the orbital, precession, and dissipative dynamics were
found for qm < 1 and arbitrary am using a multiple scale
analysis [42]. Analytic waveforms were then computed
using the stationary phase approximation (SPA) [43] and
shifted uniform asymptotics (SUA), which were originally
used to develop PN waveforms for spin precessing binaries
in GR [24,44].
These waveforms served as a useful example for propos-

ing an extension of the parametrized post-Einsteinian (ppE)
formalism [45] for precessing binaries in [39]. While the
standard nonprecessing ppE formalism only require two
deviations, one for the waveform amplitude and one for the

waveform phase, to capture the leading-order beyond-GR
effects, the analysis in [39] found that significantly more
may be necessary for a precessing extension of the ppE
framework. To cleanly answer how many ppE parameters
are needed for precessing binaries, one would need to
perform an in-depth parameter estimation study for each
beyond-GR scenario.
Here, we extend the previous studies of [39,41] to

determine what the “correct” ppE parameters are for testing
the no hair theorems with generic mass quadrupole effects,
and what are the reasonable constraints one may be able to
obtain with observations of GWs from precessing binaries
with current and future ground-based detectors. To do so,
we perform a Fisher analysis on binary BH (BBH) signals
whose masses are chosen to correspond to a subset of the
GWTC-3 events [46] that have evidence of spin precession.
While these events are consistent with spin precessing
binaries as described by GR, we use them as benchmarks
for the present study where only quadrupole-monopole
precession2 is considered.
Generically, we find that the uncertainty on the ðqm; amÞ

parameters are degenerate with many of the other wave-
form parameters, which is due in part to the fact that all
mass-quadrupole effects enter the waveform phase at 2PN
order. To address this, we perform a Bessel decomposition
of the waveform phase to include oscillatory corrections to
the precession dynamics that were originally found in [41]
but neglected in [39]. Doing so, we find that axial
nonaxisymmetric parameters ðq1; a1Þ only appear in the
n ¼ �1 waveform nutation overtones, while polar non-
axisymmetric parameters ðq2; a2Þ only appear in the
n ¼ �2 nutation overtones. As a result, there is a clean
splitting between axial and polar asymmetries, and ppE
analyses can be carried out for each case separately. We
find that, in both cases, the m0 ¼ 0 overtone of the wave-
form is most important in a ppE-style analysis, and we
identify the ppE parameters for axial and polar asymme-
tries, respectively.
Once the correct ppE parameters have been identified,

we study the constraints one can place with current and
future detectors. Generically, we find that meaningful
constraints on the argument parameters am cannot be
obtained due to the uncertainty being dominated by the
range of the prior. On the other hand, we find the modulus
parameters qm can be reasonably constrained to ∼10−4 for
BBH events with signal-to-noise ratio (SNR) one thousand,
as expected for the Einstein Telescope (ET) [47–52] and
Cosmic Explorer (CE) [51,53–55], while to ∼10−2 for
events with SNR one hundred, as expected in LIGO [56] at
design sensitivity. We repeat the analysis with the same
signals, but in nonprecessing configurations. For sources in

2Precession induced by the 2PN monopole-quadrupole inter-
action, where the orbital angular momentum and body axis are
misaligned.
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LIGO, the uncertainty on qm spans the range of the prior
(qm < 1), and no meaningful constraints can be obtained
with nonprecessing signal. For the same signals in CE and
ET, the same uncertainties are typically 0.55–1.0 due to the
increased in SNR from next-generation detectors, but still
three orders of magnitude weaker than those obtained from
precessing configurations. This highlights the importance
of precession dynamics for future tests of GR.
The remainder of this paper is organized as follows.

Section II provides the details of precessing ppE waveform
model, our method for including oscillatory effects in the
precession dynamics, and the details of our Fisher analysis.
In Sec. III, we provide the results of the Fisher analysis,
with Sec. III A giving a detailed discussion of parameter
degeneracies, Sec. III B providing the details of our
investigation into the proper ppE parameters for non-
axisymmetric mass quadrupoles, and Sec. III C finally
studying constraints on axisymmetry in BBH events.
The new ppE parameters for this scenario are given in
Eqs. (24)–(28), while the projected constraints on violation
of the no hair theorems with GWTC-3-like events are
given in Tables II–IV. In Sec. IV, we conclude with
future directions. Throughout this work, we use units
where G ¼ c ¼ 1.

II. THEORY AND METHODOLOGY

Here, we introduce the waveforms used in our analysis,
and provide a broad overview of the Fisher matrix method
for obtaining uncertainties on the waveform parameters.

A. Precessing ppE waveforms for nonaxisymmetric
quadrupoles

Consider a binary comprised of two compact objects
with masses m1;2 and mass quadrupole moments Qhiji

1;2 .
The dynamics of the perturbed two-body problem reduce to
an effective one-body description with an effective mass
quadrupole moment [41],

Qhiji
eff ¼ η1Q

hiji
2 þ η2Q

hiji
1 ; ð1Þ

where ηA ¼ mA=M with M ¼ m1 þm2 the total mass of
the binary. Note that Eq. (1) corrects a typo in the
expression of Qeff below Eq. (8) of [41]. The effective
quadrupole tensor admits a decomposition into l ¼ 2
spherical harmonics, with complex coefficients Qm. The
coefficients with m ¼ 0 corresponds to spheroidal defor-
mations, while m ¼ �1 and m ¼ �2 correspond to axial
and polar quadrupole deformations, respectively. The
coefficients with m ≠ 0 break the axisymmetry of the
compact objects. From these, one can define the reduced
parameters χQ ¼ Q0=M3η and

qjmjeimajmj ¼
ffiffiffi
2

3

r
Qm

Q0

; ð2Þ

with qjmj the modulus and ajmj the argument of the non-
axisymmetric deformations.3

Analytic, inspiral-only, frequency domain waveforms for
binaries precessing due to generic quadrupole-monopole
effects were derived in [41], but simplified into the ppE
formalism in [39]. For the analysis carried out herein,
we use the latter, where the waveform polarizations take
the form,

h̃þ − ih̃× ¼
X
K

h̃GRK ðfÞeib
ppE
=K

×½UppEðfÞ�
bppE
=K

×

�
1þappE

=K × ½uGRk ðfÞ�a
ppE
=K

�
: ð3Þ

In the above expression, ũ ¼ ðπMfÞ1=3 is the PN expansion
parameter, K ¼ lmm0nk is a hyperindex,4 and h̃GRK is
given by

h̃GRK ðfÞ ¼ AGR
K ðfÞeiΨGR

m ðfÞþiΦP;GR
mm0nðfÞ−2Ylm0ðθN;ϕNÞ ð4Þ

with −2Ylmðθ;ϕÞ spin-weight s ¼ −2 spherical harmonics,
AGR

K given in Eq. (101) in [39], and ΨGR
m the Fourier phase

given in Eq. (2) therein. The precession phase ΦP;GR
mm0n ¼

mϵðfÞ þm0αðfÞ þ nψðfÞ is given by Eq. (10) therein, with
replacement u → uGRk ðfÞ, where ukðfÞ is the SUA function
given by Eq. (6) therein. The frequency-dependent behav-
ior of the precession angles ½ϵ; α;ψ � are provided in
Sec. II C (also see Fig. 1 in [39]). The function UppEðfÞ
is determined by which part of the phase (orbital or
precessing) gives the lowest PN order deviation from
GR, and is given explicitly in Eq. (91) in [39].
The precessing ppE waveform in Eq. (3) is polyphonic,

meaning that it contains multiple harmonics (or “voices”),
as opposed to the original nonprecessing ppE formalism for
quasicircular binaries [39,45]. Each harmonic index con-
tained in the hyperindex K corresponds to physical effects,
specifically:

(i) l: Polar harmonic number corresponding to the order
of radiation reaction effects in PN theory (i.e., l ¼ 2
quadrupole radiation, l ¼ 3 octopole radiation, etc.);

(ii) m: Azimuthal harmonic number corresponding to
harmonics of the carrier phase ϕC, which includes
contributions from the orbital phase ϕorb and

3The ðqm; amÞ are derived from both Qm and Q−m coef-
ficients, since Q−jmj ¼ ð−1ÞmQ†

m, where † corresponds to
complex conjugation. As a result, the m index on ðqm; amÞ
only takes positive values, resulting in the absolute values in
Eq. (2). For the remainder of the paper, we drop the absolute
value on m in these parameters.

4Note that here m should not be confused with the harmonic
number m that appears in Eq. (2), since they correspond to
spherical harmonic decompositions of two separate quantities.
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Thomas phase ϵ. The azimuthal number is bounded
by jmj ≤ l;

(iii) m0: Precession “overtones” of each carrier harmonic
m due to the azimuthal motion of the orbital angular
momentum, and characterized by the precession
angle α. The precession number is bounded by
jm0j ≤ l; and

(iv) n: Nutation “overtones” of each azimuthal harmonic
m due to the polar motion of the orbital angular
momentum, and characterized by the nutation phase
ψ of the inclination angle β ¼ βðψÞ. Generically,
there is no bound on the nutation number n, which
varies based on the specific precessing scenario.

The index k, on the other hand, does not correspond to new
harmonic information, but arises as a result of the SUA
resummation procedure [24,25,44], and is bounded by kmax,
which is determined by waveform accuracy and computa-
tional efficiency considerations. For the analysis carried out
in our previous work and herein, l ¼ 2 since we work at
leading PN order in the waveform amplitude, and m ¼ −2
due to the intricacies of the SPAþ SUA scheme used to
derive Eq. (3). For more generic scenarios where higher
waveforms harmonics are important, one does not need to
be as restrictive, and can sum over multiple ðl; mÞ modes.
For the non-GR sector of the waveform in Eq. (3), =K is a

subset ofK, ½bppE
=K ;appE

=K � are ppE amplitude parameters, and

½bppE=K ; appE=K � are ppE exponent parameters. Since =K is a

subset of the hyperindex K, only a subset of the total
harmonics of the waveform contain ppE deformations. For
the waveforms considered in [41], l ¼ 2 and m ¼ −2, and
thus the sum over K reduces to a sum over the precession
and nutation harmonics numbers ðm0; nÞ. By considering
a simplified likelihood analysis, [39] proposed that five
harmonics may need ppE deformations, with the ppE
parameters specifically given in Eqs. (118)–(123) and
(142)–(143) therein, and in the Appendix herein for
completeness. As part of this study, we determine whether
all of these ppE corrections are needed to place constraints
on the nonaxisymmetry parameters ½qm; am�, as well as
whether these are the “correct” ppE parameters.
With the waveform polarizations in Eq. (3), the detector

response is given by

h ¼ FþðθS;ϕS;ψpolÞhþ þ F×ðθS;ϕS;ψpolÞh×; ð5Þ
where Fþ=× are the detector beam pattern functions given
by [37,57]

Fþ ¼ 1

2
ð1þ cos2 θSÞ cosð2ϕSÞ cosð2ψpolÞ

− cos θS sinð2ϕSÞ sinð2ψpolÞ; ð6Þ

F× ¼ 1

2
ð1þ cos2 θSÞ cosð2ϕSÞ sinð2ψpolÞ

þ cos θS sinð2ϕSÞ cosð2ψpolÞ; ð7Þ

with ðθS;ϕSÞ the sky location of the source and ψpol the
time-dependent polarization angle,

ψpol ¼ tan−1
�ðL̂ · ẑÞ − ðL̂ · N̂Þðẑ · N̂Þ

N̂ · ðL̂ × ẑÞ

�
: ð8Þ

In the above equation, N̂ is the line of sight to the source/
detector, ẑ is the z-axis of the detector, and L̂ is the orbital
angular momentum, which evolves on the precession
timescale according to Eq. (28) in [41]. When computing
the detector response in the Fourier domain, the beam
pattern functions must be pulled into the sum over the index
k, since the polarization angle becomes dependent on the
SUA function, i.e., ψpol → ψpol½uGRk ðfÞ�.
The completed waveform (or rather detector response) is

parametrized by eighteen parameters, specifically:
(i) M ¼ m1 þm2: total mass of the binary;
(ii) η ¼ m1m2=M2: symmetric mass ratio;
(iii) χQ: dimensionless spheroidal quadrupole parameter;
(iv) q1;2: axial and polar nonaxisymmetry modulus

parameters;
(v) a1;2: axial and polar nonaxisymmetry argument

parameters;
(vi) DL: luminosity distance to the source;
(vii) ðtc;ϕcÞ: time and orbital phase of coalescence;
(viii) ðβ0;ω0Þ: inclination angle and longitude of peri-

center, parametrizing the initial orientation of the
orbital angular momentum vector, relative to the
fixed axis of precession;

(ix) ðψc; ϵcÞ: precession phases of coalescence;
(x) ðθN;ϕNÞ: orientation of the direction of propagation

N̂ in the binary’s frame; and
(xi) ðθS;ϕSÞ: sky location of the source in the detec-

tor frame.
Only four of these parameters, specifically ðqm; amÞ,
qualify as “beyond-GR” (more specifically, beyond-
vacuum-GR) parameters since they are zero for GR BHs.
Before continuing, we note that precession in our analysis

only refers to quadrupole-monopole precession of the orbital
plane, and thus orbital angular momentum. Following [41],
we neglect all effects induced by spin angular momentum
of the component objects of the binary as a simplifying
assumptions. We will only consider spin effects when
determining reasonable values of χQ for BBHs in Sec. II C.

B. Oscillatory contributions and nutation harmonics

The ppE waveform of Eq. (3) was derived in [39], where
it was proposed that the beyond-GR correction to the
waveform phase takes the form

δΨðfÞ ¼ bũ−1 þ cðm0;nÞ ×
�
uGRk ðfÞ�−1; ð9Þ

where ðb;cÞ are given in the Appendix and depend on the
nonaxisymmetry parameters ðqm; amÞ, angles ðβ0;ω0Þ,
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and spheroidal quadrupole parameter χQ. The first term
comes from the SPA, while the second term arises due to
the SUA resummation, which is why it depends on the SUA
function uGRk ðfÞ. Both of these terms enter at 2PN order, the
latter in an effective sense since uGRk ðfÞ ∼ ũþOðũ7=2Þ. As
a result, the nonaxisymmetry parameters ðqm; amÞ are all
degenerate with one another, as well as being degenerate
with the angles ðβ0;ω0Þ, and the parameter χQ. Further,
[39] showed that there is a strong correlation between
nonaxisymmetry effects and both the sky location ðθS;ϕSÞ
and direction of propagation ðθN;ϕNÞ. These issues, the
degeneracies and strong correlations, pose a challenge
when performing parameter estimation, even in the sim-
plified analysis carried out herein. This is especially true
given that one of our goals is to identify the most important
ppE effects in the waveform of Eq. (3), which is difficult to
do when these issues are present. In this work we focus on
the relevance of correlations among the intrinsic parameters
of Eq. (9), averaging with respect to both sets of angles, the
details of which are provided in Sec. II D. Thus, we are left
with how to deal with the degeneracies present in Eq. (9).
The problem of the degeneracies in the nonaxisymmetry

parameters reduces to a more fundamental question. When
performing null hypothesis tests of the no hair theorems,
how does one distinguish between axial and polar non-
axisymmetry breaking from Eq. (9)? The answer is that one
cannot in a data analysis scenario corresponding to how
tests of GR are performed with current observations. Under
the current methods, a bound would be placed upon the
deviations to the 2PN coefficient of the waveform phase in
GR. This is equivalent to a bound on the combination
ũ × δΨðfÞ, and one cannot disentangle the axial and polar
nonaxisymmetry effects from Eq. (9). However, the reason
why this happens is that the proposed ppE waveform in
[39] for the nonaxisymmetry scenario only considered
secular corrections to the precession dynamics, i.e., secular
effects within ðϵ; α; βÞ. A more thorough analysis of the
precession dynamics in [41] reveals that these quantities
possess oscillatory corrections that couple to the non-
axisymmetry parameters. In the course of our investigation
herein, we discovered that these oscillatory effects are
crucial for breaking the degeneracies among the non-
axisymmetry parameters.
To understand how to incorporate these oscillatory

effects into the ppE waveform in Eq. (3), consider, for
example, the oscillatory corrections to α. In the limit
qm ≪ 1, the full expression for the precession angle α
takes the form,

α ¼ −ψ þ
X2
j¼−2

CðjÞ
α eijψ þOðq2mÞ; ð10Þ

where we provide the complex coefficients CðjÞ
α in the

Appendix. It is important to note that, to leading order in

qm, the j ¼ �1 terms in the above sum only depend on the
axial parameters ðq1; a1Þ, while the j ¼ �2 terms only
depend on the polar parameters ðq2; a2Þ. The time domain
waveform contains overtones in α of the form eim

0α which,
when combined with Eq. (10), can be written as

eim
0α ¼ eim

0α0 ×
X∞

j1¼−∞

 
−
iCð1Þ

α

jCð1Þ
α j

!
j1

Jj1ð2ijCð1Þ
α jÞeij1ψ

×
X∞

j2¼−∞

 
−
iCð2Þ

α

jCð2Þ
α j

!
j2

Jj2ð2ijCð2Þ
α jÞe2ij2ψ

¼ eim
0α0
�
1þ Cð1Þ

α eiψ þ Cð2Þ
α e2iψ þ c:c:þOðq2mÞ�;

ð11Þ

where α0 ¼ −ψ þ Cð0Þ
α , JnðxÞ is the Bessel function of the

first kind, and c.c. is shorthand for complex conjugation of
the preceding terms. The first equality above is provided
for completeness and is obtained by using the generating
functions of JnðxÞ, while the second equality is obtained by
linearizing in qm. Thus, in the limit qm ≪ 1 which is most
relevant to null tests of the no hair theorems, the axial non-
axisymmetry effects only create nutation overtones with
harmonic number n ¼ �1, while the polar nonaxisym-
metry effects only create nutation overtones with n ¼ �2.
It is important to note that the analysis of [39], which

only included secular effects in the precession dynamics,
concluded that only the n ¼ 0 harmonics were relevant to
the ppE waveforms in Eq. (3), due to the fact that when
qm ¼ 0, there are no nutation harmonics arising from
quadrupole-monopole couplings. The ppE waveform still
takes the form of Eq. (3) when including the nutation
harmonics generated from oscillatory effects in the pre-
cession dynamics, but one must now consider harmonics
with n ≠ 0. We, thus, propose a modification to the
previous analysis of [39]. For tests of axial nonaxisym-
metric violations of the no hair theorems, one should
consider ðm0; n ¼ 0;�1Þ harmonics (three in total). On the
other hand, for tests of polar nonaxisymmetry violations of
the no hair theorems, one should consider ðm0; n ¼ 0;�2Þ
harmonics. One still has to identify which m0 harmonic is
most relevant for null tests of the no hair theorems, and
consequently, which will possess ppE parameters.
However, this modification provides a clear distinction
between the nonaxisymmetry effects that the previous
formalism lacks.

C. Fisher analysis

The goal of this study is to provide a projection of the
upper bounds one can obtain on nonaxisymmetric defor-
mations of compact objects from GW observations with
future detectors. A simplified method of doing this is
provided by a Fisher analysis [58–60], which posits that the
posterior on the waveform parameters θa is approximately a
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Gaussian distribution centered at the injected value of the
parameters. The covariance matrix Σab is then approxi-
mated by the inverse of the Fisher matrix,

Γθ
ab ¼

	
∂h̃
∂θa





 ∂h̃
∂θb

�
; ð12Þ

where h̃ is the Fourier transform of the detector response,
ðAjBÞ is the noise-weighted inner product,

ðAjBÞ ¼ 4Re
Z

fhigh

flow

df
SnðfÞ

AðfÞB†ðfÞ; ð13Þ

with † corresponding to complex conjugation, and SnðfÞ
the noise power density of the relevant detector. The limits
of integration ½flow; fhigh� are determined by the sensitivity
of the detector. For the analysis carried out here, we
consider the constraints one can obtain from ET, CE,
and LIGO, with the details of each detector given in
Table I. For SnðfÞ of each detector, we use the data
provided in [61–63] (using ET-D for ET) and generate
an interpolating function to sample at our desired frequency
resolution. Since the waveform in Eq. (3) only include the
inspiral part of the coalescence, we cut the waveforms at
fISCO ¼ 1=ðπM63=2Þ, which fixes the upper limit of the
integral in Eq. (13).
The uncertainty in the waveforms parametersΔθa is then

given by the diagonal elements of the covariance matrix,
specifically,

Δθa ¼
ffiffiffiffiffiffiffi
Σaa

p
: ð14Þ

The inversion of the Fisher matrix is performed through a
singular value decomposition (SVD), and we check the
ratio of the minimum and maximum eigenvalues of Γab is
larger than the limit of double precision accuracy. If this
condition is violated, then the matrix inversion is ill-
conditioned. With the Fisher matrix defined by Eq. (12),
this is typically the case. To avoid this, we include the prior
probability on each parameter in the following manner.
Defining

Γ0
ab ¼ diag½ðδθaÞ−2� ð15Þ

with δθa the prior range on the parameter θa, the covariance
matrix is then

Σab ¼
�
Γθ
ab þ Γ0

ab


−1: ð16Þ

Many of the waveform parameters are bounded, specifi-
cally η∈ ½0; 0.25�, ðθN; θS; β0Þ∈ ½0; π�, ðϕN;ϕS;ω0;ϕc;
ψc; ϵc; a1;2Þ∈ ½−π; π�, χQ ∈ ½−1; 1�, and q1;2 ∈ ½0; 1�. The
priors on these parameters are then

δη ¼ 0.25;

δθN ¼ δθS ¼ 1;

δβ0 ¼ δϕN ¼ δϕS ¼ δω0 ¼ δϕc ¼ δψc ¼ δϵc ¼ δam ¼ π;

δχQ ¼ 1; δqm ¼ 1; ð17Þ

while we do not place priors on ðM;DL; tcÞ.
The range of values for q1;2 are determined by the

approximations used to derive the waveform in Eq. (3),
while the range on χQ comes from the following consid-
erations. Up to a normalization factor, the mass quadrupole
of a BH is Q0 ¼ −χ2m3, with ðm; χÞ the BH’s mass and
dimensionless spin. As a result, for GR BHs,

χQ ¼ −η22χ22 − η21χ
2
1: ð18Þ

Since χA ∈ ½0; 1� and ηA ∈ ½0; 1=2�, the maximum value χQ
can take is −1, which occurs in the limit of one of the
masses become negligibly small. For equal mass BBHs, the
maximum value is −1=4 due to limits on the mass ratio. In
our analysis, we do not include spin contributions to the
phase of the waveform. The above considerations from
spinning BHs is merely to provide a reasonable injection
value for χQ in our analysis in Sec. III.5 For astrophysical/
exotic compact objects, χQ is equation-of-state dependent,
and can be larger than the values for BHs [9,65]. However,
we have found that the absolute errors on the wave-
form parameters depend only mildly on the injected value
of χQ, with their relative values changing by ∼10%,
provided it is restricted to the range of relevance of
BBHs, i.e., χQ ∈ ½−1; 0�.

D. Averaging

In [39], the results of the likelihood analysis were
dependent on the various angles parametrizing the orienta-
tion of the binary. The Fisher analysis carried out in the
following section also exhibit this behavior, in addition to a
strong dependence on the sky location. A formal example
of how this impacts the results of our Fisher analysis is
provided in Sec. III A. One could study plausible con-
straints on nonaxisymmetry on a system-by-system basis,
but when studying the impact of ppE deformations, it is
better to study the constraints from an ensemble of systems.

TABLE I. Details of GW detectors used in this analysis.

Detector ðflow; fhighÞ [Hz] SnðfÞ
ET-D (3, fISCO) [61]
CE 40 km (3, fISCO) [62,64]
LIGO (10, fISCO) [63]

5Note that, for this waveform model that only includes
quadrupole-monopole precession, the individual spins are ac-
tually degenerate with each other, and only enter the waveform
through χQ in Eq. (18). Thus, it is not possible to get reasonable
results on the uncertainty of the individual spins in a Fisher
analysis using our waveform.
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This could be done by repeating the Fisher analysis for a
large number of systems, varying only the relevant para-
meters. However, this approach is inefficient since the
number of required systems is typically large, and thus
requires a nontrivial amount of computation time. To avoid
this, we average over the relevant angle parameters, and
describe here the averaging procedures used.

1. Line of sight angles θN; ϕN

The waveforms described in Sec. II A depend on the
angles parametrizing the line of sight in the binary’s
reference frame via

h̃ðfÞ ¼
X
lm0

h̃lm0 ðfÞ−2Ylm0ðθN;ϕNÞ: ð19Þ

As a result, the inner product in Eq. (13) averaged over the
2-sphere spanned by ðθN;ϕNÞ becomes

hAjBiN ¼
X
lm0

ðAlm0 jBlm0 Þ; ð20Þ

where ðA; BÞ are decomposed via Eq. (19), and we have
used the orthogonality properties of the spin-weighted
spherical harmonics. While the sum in Eq. (20) only
spans over ðl; m0Þ, there are additional summations within
ðAlm0 ; Blm0 Þ on the nutation index n and the SUA index k.
There is no orthogonality property for these harmonics, and
as a result, the averaged inner product will mix different
ðn; kÞ numbers.

2. Sky location angles θS; ϕS

GW detectors are well known to not have equal
sensitivity across the celestial sphere. As we are primarily
concerned with reasonable order of magnitude estimates on
the uncertainties of the nonaxisymmetry parameters, we
sky average the inner product in Eq. (13). For precessing
signals, the sky averaging is complicated by the fact that
the polarization angle in Eq. (8) is parametrized by the sky
location through N⃗ or ẑ, depending on whether one
computes this quantity in the rest frame of the binary or the
detector. However, the TT gauge that specifies the observ-
able waveform polarizations hþ;× is only known up to an
arbitrary rotation of the polarization basis, corresponding
to the residual gauge freedom associated with the trans-
verse subspace [66]. As a result, ψpol in Eq. (8) can be
generalized by introducing a constant shift ψ0. We perform
the sky averaging with respect to ψ0, and thus

hF2þiS ¼ 1=5 ¼ hF2
×iS; hFþF×iS ¼ 0; ð21Þ

where

hFiS ¼
1

8π2

Z
π

0

dθS sin θS

Z
2π

0

dϕS

Z
2π

0

dψ0FðθS;ϕS;ψ0Þ;

ð22Þ

for an arbitrary function of the sky location F. Combining
this procedure with the average over the line of sight, the
Fisher matrix is now defined in terms of the double
averaged inner product hAjBiNS.

III. CONSTRAINTS ON VIOLATIONS OF THE
BLACK HOLE NO HAIR THEOREMS

In this section, we consider the plausibility of con-
straining the no hair theorems with GWs emitted during the
inspiral of BBH coalescences. Since BHs are spheroidal
by the no hair theorems, qm ¼ 0 for BHs in GR.6 More
specifically, it is the components of the mass quadrupole
Qm≠0 that vanish. As a result, the nonaxisymmetry argu-
ment parameters am are technically not well-defined in the
BH limit, due to the mapping in Eq. (2). For BBH events in
ET and CE, we normalize the luminosity distance such that
the SNR ρ ¼ ffiffiffiffiffiffiffiffiffiffiffiðhjhÞp

is equal to one thousand, while for
LIGO events we normalize such that ρ ¼ 100. Note that the
loudest BBH events in ET are expected to have SNRs of
order Oð103Þ, see for example Fig. 5 in [52]. Therefore,
the normalization choice SNR ¼ 1000 serves as a good
indicator for the upper bounds one can obtain with “golden
events.”

A. Degeneracies in nonaxisymmetry parameters q1;2
As a formal display of the impact of the degeneracies

among the nonaxisymmetry parameters in Eq. (9), we
perform a Fisher analysis on a ð10; 10ÞM⊙ binary. For this
example, we do not average over the sky location and
direction of propagation, and we do not include the nutation
effects proposed in Sec. II D. This is merely to provide
an example of the pitfalls of the ppE analysis that only
use secular effects in the precession dynamics, as was
proposed in [39].
Figure 1 provides the uncertainty in the axial q1 (top) and

polar q2 (bottom) parameters for two values of the direction
of propagation ðθN ¼ π=20;ϕN ¼ 0Þ (left) and ðθN ¼ π=4;
ϕN ¼ 0Þ (right). The uncertainties are plotted as a function
of the initial inclination angle, which is achieved by samp-
ling β0 over three hundred values, and repeating the Fisher
analysis for each value. Each line corresponds to which m0
harmonic contains the ppE parameters, which are given in
the Appendix. The solid black line is the case when all five
m0 harmonics possess ppE parameters.
There are a few things to note here. First, the degeneracy

between q1 and q2 arising from Eq. (9) is readily apparent.

6We only consider BHs as they are described by GR, and with
no electric charge, i.e., Kerr BHs.
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In Fig. 1, when Δq1 is large (near unity), Δq2 is small, and
vice versa. This is due to the fact that, practically, this
analysis only places a bound upon the 2PN deviation in
Eq. (9), and the uncertainties in the underlying parameters,
namely q1;2, are then defined by an error ellipse generated
from this bound. The one exception to this occurs near
cos β0 ∼ 0.22, which is a result of the correlations reaching
a minimum with respect to β0. However, the impact of this
maximum is also dependent on which harmonic(s) possess
ppE parameters.
Second, which harmonic gives the best constraint on the

nonaxisymmetry parameters q1;2 varies depending on the
values of θN and β0. Repeating this analysis while varying
ðϕN; θS;ϕSÞ reveals similar dependence on these quantities.
This is not unexpected since a similar behavior was found
in the simplified likelihood analysis of [39]. However, that
analysis found a clear dependence on β0 as can be seen in
Fig. 3 therein, which we do not find here. The reason for
this appears to be that the dependence found therein was
dominated by the amplitudes’ dependence on β0, where
here the uncertainties are primarily dominated by the phase,
which has a complicated dependence on β0, creating strong
covariances with the nonaxisymmetry parameters.
Lastly, including ppE parameters in multiple m0 har-

monics does not necessarily improve bounds on the non-
axisymmetry parameters. Thus, one needs to identify
which m0 harmonic places the strongest bounds. Due to

the dependence on sky location and direction of propaga-
tion, we perform the averaging described in Sec. II D for the
remainder of this work. Naively, this seems to also contra-
dict the proposal in Sec. II B. However, this conclusion is
drawn from the secular analysis of [39] and thus only
applies to the m0 harmonics. One still needs to include the
nutation harmonics in order to disentangle the axial and
polar nonaxisymmetry effects.

B. Analysis of ppE corrections

We now use the results of our Fisher analysis to identify
which m0 harmonic is most relevant for constraining,
separately, the axial and polar nonaxisymmetry effects.
For the axial case, we vary which m0 harmonic has the
proposed ppE parameters in the Appendix and only allow
the chosenm0 harmonic to have the n ¼ �1 overtones with
the appropriate ppE parameters. The polar case follows the
same procedure, but with only the n ¼ �2 overtones.
Rather than selecting the other parameters of BBH systems
at random, we choose parameters corresponding to a few of
the events in the GWTC-3 catalog [46]. We do not perform
our analysis for all of the GWTC-3 events, but choose a
subset of events whose marginalized posteriors on χp peak
away from zero (see Fig. 7 of [46]). It is important to note
that these events plausibly correspond to the coalescence of
spinning BBH systems, and thus, any precession within the
observed LIGO signals would be due to spin precession,

FIG. 1. Uncertainty on the nonaxisymmetry modulus parameters q1 (top panel) and q2 (bottom panel) as a function of cos β0, for line
of sight angles θN ¼ π=20 (left) and π=4 (right). The uncertainty is computed from the ppE waveform in Eq. (3) and varying the
ðm0; n ¼ 0Þ harmonic which have ppE deformations, and neglecting the nutation overtones. The black lines provide the uncertainty with
all ðm0; n ¼ 0Þ harmonics having ppE deformations, as was proposed in [39], while the colored lines limit the ppE deformations to only
the specific m0-harmonic (n ¼ 0). Which harmonic produces the lowest Δqm, and thus strongest constraints on nonaxisymmetry, will
generally depend on the line of sight angles ðθN;ϕNÞ, the sky location ðθS;ϕSÞ, and orientation angles ðβ0;ω0Þ.
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not the quadrupole precession being considered here. We
simply pick these systems as useful benchmarks for our
analysis. The parameters of the selected events are displayed
in Table II. For all of the cases, we choose χQ ¼ 0.25. Note
that one of these systems, namely GW200115, is plausibly a
neutron star-black hole (NSBH) binary. However, we
include it in our analysis to cover systems with a broader
range of total masses, and consider it as another BBH signal.
Similar to the analysis of Sec. III A, we compute the

uncertainties for each event as a function of β0. For all of
the events, the uncertainties on the argument parameters
a1;2 are dominated by the priors, i.e., Δa1;2 ∼ π. This is
not a problem from the standpoint of null tests of the no
hair theorems. The argument parameters am determine the

orientation of the body’s nonaxisymmetric deformations,
while the modulus parameters qm describe how large the
deformations are. The uncertainties on the modulus param-
eters q1;2 are strongly dependent on β0. An example of this
is shown in Fig. 2 for the system GW200316. Since we are
now including the nutation overtones and are considering
the constraints on q1;2 separately, we plot the uncertainties
separately.
Figure 2 shows that the degeneracies between q1;2 and β0

are still present, but the inclusion of the nutation overtones
has allowed greater qualitative delineation in the uncer-
tainties due to each harmonic. Note that, unlike the case
in Fig. 1, including ppE corrections in all precession
overtones eliminates the sharp features arising from the

TABLE II. Projected ET upper bounds on the nonaxisymmetry modulus parameters q1;2 for selected GWTC-3 events. All sources are
normalized such that ρ ¼ 1000. The fourth and sixth columns provide the upper bounds for precessing systems, which are averaged over
the initial inclination angle β0, while the fifth and seventh columns provide the upper bounds for nonprecessing systems ðβ0 ¼ 0Þ.
Event M½M⊙� η Δq1 (Prec) Δq1 (No-prec) Δq2 (Prec) Δq2 (No-prec)

GW191113 34.5 0.143 3.51 × 10−4 1.00 4.51 × 10−4 0.990
GW191129 17.5 0.234 3.28 × 10−4 1.00 3.39 × 10−4 0.566
GW191216 19.8 0.238 3.33 × 10−4 1.00 3.54 × 10−4 0.609
GW200115 7.40 0.155 3.02 × 10−4 1.00 2.69 × 10−4 0.797
GW200210 24.1 0.0936 3.39 × 10−4 1.00 4.21 × 10−4 0.978
GW200316 21.2 0.229 3.35 × 10−4 1.00 3.65 × 10−4 0.669

FIG. 2. Left: uncertainty for a GW200316-like binary on the polar argument parameter q2 as a function of the initial inclination angle
β0. In this case the ppE waveforms have been modified to include the n ¼ 0;�2 harmonics, corresponding to nutation overtones due to
polar asymmetries. Each line corresponds to scenarios with different m0 harmonics containing ppE parameters, specifically m0 ¼ 0
(gray), m0 ¼ �1 (green solid/dashed), and m0 ¼ �2 (purple dot-dashed/dotted). The black solid line corresponds to the scenario where
all five m0 harmonics contain the nonaxisymmetry deformations. The arrows on the y-axis show the value of the uncertainty for each
scenario averaged over β0. Right: the same analysis, but for the axial argument parameter q1. The ppE waveforms are modified to contain
the n ¼ 0;�1 nutation overtones, corresponding to axial asymmetries.
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covariance between the qm’s and β0. This results from the
Fisher matrix now containing cross terms between har-
monics of different n number when computing the inner
product, which smear out these features. Further, because
we have averaged over sky location and line of sight
orientation, it is much easier to identify which harmonic is
most relevant for a ppE-style analysis. For completeness,
we average each case over β0, specifically

hΔθaiβ0 ¼
R π=2
0 dβ0 sin β0ΔθaR π=2

0 dβ0 sin β0
: ð23Þ

The averages are indicated by the arrows on the y-axis in
Fig. 2. For a GW200316-like binary, the m0 ¼ 0 harmonic
provides the strongest constraints for axial asymmetries,
while the m0 ¼ þ1 harmonic is dominant for polar asym-
metries. We repeat this analysis for the remaining systems
selected from the GWTC-3 catalog in Table II, and find that
this result is consistent.
Before continuing, we note a practical point about the

upper limit of integration in Eq. (23). When performing
the Fisher analysis for q2, the matrix inversion generally
becomes ill-conditioned for β0 ≳ 1.4 due to the waveform
derivatives diverging as β0 → π=2. This is due to a known
breakdown of the solutions of the precession dynamics,
which was pointed out in Eq. (35) of [39]. Thus, when
performing the average of our results for q2, we replace the
upper limit of integration with β0 ¼ 1.4. This same issue
does not happen in our Fisher analysis for q1, due to the

divergences not being present in this case. As a result, we
have tested how much replacing the upper limit of
integration in Eq. (23) with β0 ¼ 1.4 in our analysis of
ppE corrections and upper bounds for q1. We find that the
uncertainties are larger when replacing the upper limit of
integration by about ∼10%, indicating that using β0 ¼ 1.4
does not impact our analysis of the ppE harmonic, and that
the upper bounds (which are discussed in Sec. III C) listed
in Tables II–IV are conservative values.
To further narrow down the proper structure of the wave-

form’s phase, we test whether the SUA function uGRk ðfÞ in
Eq. (9) is needed, or can be replaced with its leading PN
order expansion, i.e., uGRk ðfÞ ∼ ũþOðũ7=2Þ. Note that,
because the SUA summation index k enters in the Oðũ7=2Þ
terms, this test can be achieved by setting kmax ¼ 0. The
upper bounds that we discuss in Sec. III C and report in
Table II are all achieved with kmax ¼ 1. When comparing to
the scenario with SUA correction turned off, we find that
the upper bounds on the asymmetry parameters qm only
change negligibly, specifically beyond the third decimal
point for the results in Table II. As a result, one can replace
uGRk ðfÞ → ũ in Eq. (9) without loss of accuracy, and the
ppE phase corrections will now take the standard form of
the original ppE formalism. This should not be surprising
since it has already been found that constraints on modified
theories of gravity with the ppE formalism are robust to
higher PN order effects within GR [67].
From this analysis, we may identify the correct ppE

parameters for nonaxisymmetric mass quadrupole effects.

TABLE IV. Projected LIGO upper bounds on the nonaxisymmetry modulus parameters q1;2 for selected GWTC-3 events. All sources
are normalized such that ρ ¼ 100. The fourth and sixth columns provide the upper bounds for precessing system, which are averaged
over the initial inclination angle β0, while the fifth and seventh columns provide the upper bounds for nonprecessing systems ðβ0 ¼ 0Þ.
Event M½M⊙� η Δq1 (Prec) Δq1 (No-prec) Δq2 (Prec) Δq2 (No-prec)

GW191113 34.5 0.143 5.26 × 10−2 1.00 3.05 × 10−2 1.00
GW191129 17.5 0.234 4.70 × 10−2 1.00 2.52 × 10−2 1.00
GW191216 19.8 0.238 4.78 × 10−2 1.00 2.60 × 10−2 1.00
GW200115 7.40 0.155 4.26 × 10−2 1.00 2.05 × 10−2 1.00
GW200210 24.1 0.0936 4.93 × 10−2 1.00 2.86 × 10−2 1.00
GW200316 21.2 0.229 4.83 × 10−2 1.00 2.64 × 10−2 1.00

TABLE III. Projected CE upper bounds on the nonaxisymmetry modulus parameters q1;2 for selected GWTC-3 events. All sources are
normalized such that ρ ¼ 1000. The fourth and sixth columns provide the upper bounds for precessing system, which are averaged over
the initial inclination angle β0, while the fifth and seventh columns provide the upper bounds for nonprecessing systems ðβ0 ¼ 0Þ.
Event M½M⊙� η Δq1 (Prec) Δq1 (No-prec) Δq2 (Prec) Δq2 (No-prec)

GW191113 34.5 0.143 1.57 × 10−4 1.00 3.10 × 10−4 0.992
GW191129 17.5 0.234 1.51 × 10−4 1.00 2.24 × 10−4 0.600
GW191216 19.8 0.238 1.53 × 10−4 1.00 2.34 × 10−4 0.655
GW200115 7.40 0.155 1.38 × 10−4 1.00 1.86 × 10−4 0.830
GW200210 24.1 0.0936 1.55 × 10−4 1.00 3.17 × 10−4 0.986
GW200316 21.2 0.229 1.53 × 10−4 1.00 2.41 × 10−4 0.719
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For axial asymmetries, the correct ppE amplitude para-
meters are

baxial
0;n ¼

ffiffiffiffiffiffi
5π

p

4
q1χQ

�
U10 −

3

4
cos β0ΔΩ

ð1Þ
ϵ

þ 3

8

�
n − 2Ωð0Þ

ϵ



sinΔa tan β0

�
; ð24Þ

aaxial
0;0 ¼ 2q1 cot β0 sinΔa; ð25Þ

aaxial
0;�1 ¼ iq1ð2 sec β0 ∓ e∓iΔa cos β0 cot β0Þ; ð26Þ

with Δa ¼ a1 − a2, while the correct ppE amplitude para-
meters for polar asymmetries are

bpolar
þ1;n ¼

ffiffiffiffiffiffi
5π

p

4
q2χQ

�
U01 −

3

4
cos β0ΔΩ

ð2Þ
ϵ

þ 3

8

�
n − 1 − 2Ωð0Þ

ϵ



tan2β0

�
; ð27Þ

apolar
þ1;0 ¼ −q2 tan β0; ð28Þ

apolar
þ1;−2 ¼

q2
8
ð5 − sec β0Þð1 − sec β0Þ; ð29Þ

apolar
þ1;þ2 ¼

q2
8
ð3 − sec β0Þð1þ sec β0Þ: ð30Þ

Note that the factors of ½Ωð0Þ
ϵ ;ΔΩð1;2Þ

ϵ � come from correcting
a typo in Eq. (120) of [39]. These quantities are explicitly
given in Eqs. (A11) and (A12). For both scenarios, the
ppE exponent parameters are the same, namely bppEm0;n ¼ −1
and appEm0;n ¼ 0. Note that the axial ppE parameters only hold
for n ¼ 0;�1, while the polar ppE parameters only hold
for n ¼ 0;�2.
Finally, we point out that, unlike the original ppE

formalism for nonprecessing quasicircular binaries, ppE
parameters are needed in multiple harmonics. We reiterate
that the reason for this is to break the degeneracy between
axial and polar axisymmetry that appears at 2PN order in
the waveform’s phase. This is not the case for spin-
precessing binaries in Chern-Simons gravity [39], so it is
plausible that the need for ppE parameters in multiple
waveform harmonics is unique to the physical scenario
investigated here, or at least unique to the subset of physical
scenarios where multiple non-GR effects appear at the same
PN order in the phase. However, we can only speculate on
this point at this stage. This issue needs to be evaluated on a
case-by-case basis.

C. Constraints on nonaxisymmetry

Having identified the relevant ppE parameters for
quadrupolar nonaxisymmetry effects, we now report the

plausible constraints on these effects with future generation
detectors. Table II provides the constraints from the six
systems selected from the GWTC-3 catalog, but using the
ET detector. Recall that all signals are normalized such that
ρ ¼ 1000. These results suggest that, for some of the
loudest BBH events in ET, constraints on nonaxisymmetric
violations of the no hair theorems should be possible to
∼10−3–10−4, subject to the assumptions of our analysis,
which we discuss in Sec. IV. For completeness, we also
include the constraints one would obtain from a non-
precessing system with the same masses in the fifth and
seventh columns of Table II. This corresponds to the case
β0 ¼ 0, and thus, we do not average over the initial
inclination angle. The constraints from the nonprecessing
systems are largely dominated by the priors in Eq. (17), and
thus, one can only place weak constraints on nonaxisym-
metry with nonprecessing binaries. This highlights the
importance of precession dynamics in placing stringent
constraints on violation of the no hair theorems.
We also investigate the projected upper bounds for the

same systems with the CE and LIGO detectors in Tables III
and IV, respectively. The sources in the LIGO detector are
normalized to have SNR ρ ¼ 100, while for CE ρ ¼ 1000.
The upper bounds for precessing binaries in the CE detector
are up to ∼50% better than the ET upper bounds, while the
LIGO upper bounds are ∼2 orders of magnitude weaker.
Further, much like the ET sources, one can only place weak
constraints on nonaxisymmetry with nonprecessing bina-
ries with CE sources. For LIGO sources, the lower SNR
prevents any meaningful constraints in the nonprecess-
ing case.
The greater than two order of magnitude improvement in

the uncertainties for CE and ET compared to LIGO is rather
surprising, considering that the SNR only increases by an
order of magnitude. The uncertainties in a Fisher analysis
scale inversely with the SNR, so naively, one might expect
only about an order of magnitude improvement. However,
CE and ET have significantly better sensitivity at lower
frequencies than LIGO. When we adjust flow ¼ 50 Hz and
normalize the SNR in all detectors to be one hundred, the
uncertainties we obtain for all three detectors are identical
to within the numerical error in our computation. Thus, the
greater than one order of magnitude improvement for CE
and ET signals compared to LIGO is a result of the
improved sensitivity at low frequencies for third generation
)3 G) detectors.
We have also investigated the improvement in the

uncertainties on remaining (nonquadrupole) waveform
parameters. For sources with the same SNR, the greater
sensitivity at lower frequencies for 3G detectors improves
the uncertainties on all of the parameters by ∼few × 10%,
with the exceptions of the luminosity distance DL and
inclination angle β0, which improve by an order of
magnitude compared to LIGO. Further, unlike standard
nonprecessing TaylorF2 waveforms [68] where the
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luminosity distance and inclination angle are completely
degenerate with one another, the correlation coefficient
between these parameters is 10−2 for β0 < π=3, indicating
the importance of precession for breaking degeneracies
even for parameters within the GR sector of waveform
models. We conclude that the superior low-frequency
sensitivity of 3G detectors is important to measure precisely
some of the leading waveform parameters. In turn, this
helps improve the degeneracy-breaking with high-PN
corrections such as anomalous multipole moments, which
are significantly better constrained by 3G detectors with
respect to LIGO.
There are a few important things to note from these

results. First, the upper bounds in Table II are approx-
imately three orders of magnitude smaller than those
obtained from the analysis in Fig. 1. The primary reason
for this is that analysis of Fig. 1 only used the secular
components of the precession quantities ½α; β; ϵ�, which
produces a strong degeneracy between the asymmetry
parameters qm. Introducing the oscillatory corrections to
these generates nutation overtones in the waveform, which
break the degeneracy in such a way that one can consider
placing upper bounds on q1 and q2 separately within the
context of a null hypothesis test.
Second, the bounds on q1;2 are not bounds on the

structure of the individual BHs in the binary. This is a
result of the fact that the dynamics of the binary at leading
PN order in the quadrupole-monopole interaction are only
dependent on the effective mass quadrupole defined in
Eq. (1). For the nearly equal mass binaries in Table II, one
will need to include higher PN order corrections to the
quadrupole-monopole interaction to break this degeneracy.
Alternatively, one could study this same scenario in the
extreme mass ratio inspiral (EMRI) limit, where the
quadrupole moment of the small body becomes negligibly
small compared to the large body. We leave this to
future work.

IV. DISCUSSION

In this work, we have considered, for the first time, the
possibility of directly probing violations of the no hair
theorems due to axisymmetry breaking using GW obser-
vations. Constraints on these violations with BBH events in
current and future ground-based detectors are promising for
precessing binaries, but are lacking for nonprecessing
events. This highlights the importance of tests of GR with
GWs from precessing binaries.
It is important, however, to point out a pitfall of this

analysis, and of the previous study in [41]. In our analysis,
we have neglected the spins of the BHs, and assumed that
the precession is completely controlled by the quadrupole-
monopole interaction. For realistic signals, this is not true,
and relativistic spin precession is likely the dominant effect.

While there has been much work in understanding spin
precession in the context of BHs and other spheroidal
compact objects, it remains to be understood how spin
precession is modified when compact objects have broken
axisymmetry.
Further, the inclusion of spin precession effects in the

waveforms will necessarily introduce additional parameters
to the list given in Sec. II A. More specifically, the three
components of the individual spin vectors must be
included, introducing six additional parameters to recover.
Generally, introducing additional parameters into the
waveform models will weaken constraints on non-GR
parameters, but precession can aid in recovering stringent
constraints (see for example [57]). A thorough investigation
of this goes outside of the scope of this work, but is greatly
needed.
Another avenue for future directions is to consider

possible constraints with observations from space-based
detectors. As is discussed in Sec. III C, EMRIs provide a
means of breaking the degeneracy in Eq. (1), and would
allow direct constraints on the multipolar structure of
supermassive BHs. In addition, massive BBH systems
detected by ground-based detectors, such as GW150914
[69] and GW190521 [70], may also be detected years
before merger by space-based observatories like LISA [71].
One could thus consider the possibility of performing
multiband tests of the no hair theorems with such systems.
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APPENDIX: COEFFICIENTS OF PPE
AND OSCILLATORY EFFECTS

The precessing ppE waveforms are given in Eq. (3) with
amplitude coefficients ðappE

=K ;bppE
=K Þ and exponent coeffi-

cients ðappE=K ; bppE=K Þ. Reference [39] proposed ppE parame-

ters for five harmonics, specifically
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appE
0;0 ¼ −q2 þ 2q1 cot β0 sinΔa; ðA1Þ

appE
þ1;0 ¼ 2q1ð2 cos β0 − 1Þ csc β0 sinΔa − q2 tan β0; ðA2Þ

appE
−1;0 ¼ q1 sinΔað2 cot β0 þ csc β0Þ − q2

	
1þ 1

2
sec β0

�
;

ðA3Þ

appE
þ2;0 ¼ tanðβ0=2Þðq2 tan β0 − 2q1 sinΔaÞ; ðA4Þ

appE
−2;0 ¼ cotðβ0=2Þð2q1 sinΔa − q2 tan β0Þ; ðA5Þ

which all have exponent parameters appE=K ¼ 0. Recall that

Δa ¼ a1 − a2, and β0 is the initial inclination angle of the
orbital angular momentum. The proposed ppE correction to
the phase is given in Eq. (9), with

b ¼ 5

4

ffiffiffi
π

5

r
χQðq1U10 þ q2U01Þ; ðA6Þ

cm0;n ¼
3
ffiffiffiffiffiffi
5π

p

32
χQ
��
n −m0 − 2Ωð0Þ

ϵ


Γðq1; q2Þ

− 2 cos β0ΔΩϵ

�
; ðA7Þ

where ðU10;U01Þ are complicated functions of ðβ0;ω0Þ
given in Appendix B of [41], and

Γðq1; q2Þ ¼ q1 tan β0 sinΔa þ
1

4
q2 tan2 β0; ðA8Þ

Ωð0Þ
ϵ ¼ 1

4
sec β0½1þ 3 cosð2β0Þ�; ðA9Þ

ΔΩϵ ¼ q1ΔΩ
ð1Þ
ϵ þ q2Ω

ð2Þ
ϵ ; ðA10Þ

ΔΩð1Þ
ϵ ¼ −

1

4
sec β0 tan β0½5þ 3 cosð2β0Þ� sinΔa;

ðA11Þ

ΔΩð2Þ
ϵ ¼ 1

32
sec3 β0½9þ 20 cosð2β0Þ þ 3 cosð4β0Þ�:

ðA12Þ

Note that Eq. (A6) corrects a typo in Eq. (120) of [39].

The full expression for the precession variables ðβ; α; ϵÞ
are given in [41]. In the weak asymmetry limit qm ≪ 1,
these expression reduce to the form [39],

μa ¼ Ωaψ þ
X2
j¼−2

CðjÞ
a ðqm; β0Þeijψ þOðq2mÞ; ðA13Þ

where μa ¼ ½sin β; α; ϵ�. For completeness, we here provide

the expression for the coefficients CðjÞ
a .

Ωβ ¼ 0; Ωα ¼ −1; ðA14Þ

Ωϵ ¼ Ωð0Þ
ϵ þ ΔΩϵ; ðA15Þ

Cð0Þ
β ¼ sin β0 −

1

2
q2 sin β0 þ q1 cos β0 sinΔa; ðA16Þ

Cð1Þ
β ¼

h
Cð−1Þ
β

i† ¼ −
i
2
q1e−iΔa cos β0; ðA17Þ

Cð�2Þ
β ¼ 1

4
q2 sin β0; ðA18Þ

Cð0Þ
α ¼ −

π

2
− a2 þ q1 cos β0 sinΔa; ðA19Þ

Cð1Þ
α ¼

h
Cð−1Þ
α

i† ¼ −
i
2
q1e−iΔaðcos β0 − i tan β0Þ; ðA20Þ

Cð2Þ
α ¼

h
Cð−2Þ
α

i† ¼ i
8
q2ð2þ tan2 β0Þ; ðA21Þ

Cð0Þ
ϵ ¼ ϵ0 þ 2q2 sec β0 −

1

32
q1
�
14 cosΔa

þ 5 cosðΔa − 4β0Þ þ 4 cosðΔa − 2β0Þ
þ 4 cosðΔa þ 2β0Þ þ 5 cosðΔa þ 4β0Þ

�
× csc β0 sec2 β0; ðA22Þ

Cð�1Þ
ϵ ¼ −q1 sec β0; ðA23Þ

Cð2Þ
ϵ ¼

h
Cð−2Þ
ϵ

i† ¼ i
4
q2 sec β0: ðA24Þ
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