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The hallmark of the four-parameter generalized entropy is that it can represent various known entropies
proposed so far for suitable limits of the parameters, and thus the four-parameter generalized entropy can
be applied on additive as well as on nonadditive systems. Following the proposal of the generalized
entropy, it becomes important to constrain the corresponding parameters. In the present work, we intend
to do this from the perspective of primordial gravitational waves (GWs) generated during inflation. In
the background level, the generalized entropy successfully drives a viable and smooth evolution of the
Universe, particularly from inflation to reheating followed by a radiation era, for certain ranges of the
entropic parameters. Consequently we investigate whether such viable ranges of the entropic parameters
(coming from the background level) allow the primordial GWs spectrum to pass through the sensitivity
curves of various GWs observatories. Therefore, if the future observatories can detect the signal of
primordial GWs, then our theoretical expectation carried in the present work may provide a possible tool
for the measurement of the generalized entropic parameters.
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I. INTRODUCTION

Bekenstein-Hawking entropy of black hole, for the first
time, connects the laws of thermodynamics with space-
time gravity [1,2]. The interesting nature of Bekenstein-
Hawking entropy is that it depends on the area of the event
horizon of the black hole, unlike the usual thermodynamic
system where the entropy scales by the volume of the
system under consideration [3-5]. This is important to
understand the microscopic root of black hole entropy,
which however, is still questionable and requires proper
justification. Based on the distinctive nature of Bekenstein-
Hawking entropy, some other forms of black hole entropy
were proposed, like the Tsallis entropy and the Rényi
entropy depending on the nonadditive statistics [6,7].
Thereafter the Barrow entropy was proposed, which may
encode the quantum nature of black holes through the
fractal structures [8]. Some other well-known entropies are
Sharma-Mittal entropy [9], Kaniadakis entropy [10], or
even, the Loop Quantum Gravity entropy [11], etc.

The growing interest of horizon thermodynamics is also
extended to the sector of cosmology where the laws of
thermodynamics are generally applied to the apparent
horizon having radius R, = 1/H (with H being the
Hubble parameter at an instant) [12-27]. Actually being
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a null surface, the apparent horizon divides the observable
universe from an unobservable one. Now owing to the
cosmic evolution, there exists a flux of the normal matter
fields from the inside to the outside of the horizon. This flux
causes a decrease of the matter fields’” entropy inside of the
horizon, which in turn demands an entropy of gravitational
field in order to validate the second law of thermodynamics
for the combined system of “matter field + gravitational
field” [27]. Such gravitational entropy is accounted for
through the entropy of the apparent horizon. At this stage
it deserves mentioning that similar to the case of black
holes, the microscopic origin of entropy of the cosmic
apparent horizon still demands a proper understanding (one
may see Ref. [28] for recent developments in this regard).
Based on the thermodynamics of the apparent horizon,
the Bekenstein-Hawking like entropy leads to the usual
Friedmann equations with normal matter fields. However if
the apparent horizon is considered to have a different form
of entropy (compared to the Bekenstein-Hawking like),
then it results in a modified cosmological scenario, and the
modification appears through an effective entropic energy
density. Such a modified cosmic scenario turns out to have
rich consequences in various cosmological directions
starteing from inflation (or bounce) to the dark energy
era [12-27,29-35]. Some variants of Bekenstein-Hawking
entropy that are frequently used in cosmology are the
Tsallis entropy, the Rényi entropy, the Barrow entropy, the
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Sharma-Mittal entropy, the Kaniadakis entropy, etc. The
interesting fact is that all of these entropies share some
common properties; for instance, they are monotonically
increasing functions of the Bekenstein-Hawking entropy
variable (S), and moreover, they all vanish at the limit
S — 0. Owing to such common properties, a question that
may naturally arise—"“does there exist a generalized form
of entropy that can bring all the known entropies afore-
mentioned within a single umbrella ?”” In the spirit of this, a
generalized form of entropy has been recently proposed
in [33-35], containing few parameters, and is able to
represent all the known entropies proposed so far for
suitable limits of the parameters. In particular, two different
generalized entropies have been proposed having six
parameter and four parameter respectively [33,34]; how-
ever the conjecture in [34] states that the minimum number
of parameters required in a generalized entropy function
that can generalize all the aforementioned entropies is equal
to four. Thereby the minimal version of generalized entropy
is the four-parameter generalized entropy given by

Sylay.a . f.7] :% [(1 +%*S)ﬂ - <1 +%‘S> _ﬁ], (1)

on which, we will concentrate in the present work. Here
ay, B, and y are the parameters assumed to be positive in
order to make S, a monotonic increasing function with
respect to the Bekenstein-Hawking entropy (S). The
cosmological implications of generalized entropy(ies) are
discussed in [34-38].

Following the proposal of four-parameter generalized
entropy, it becomes important to constrain the correspond-
ing parameters. In the present work, we are motivated to
do this from the perspective of primordial gravitational
waves (GWs). Primordial GWs carry the footprints of the
Universe during its early stages. With a variety of GWs
detectors being proposed to operate over a wide range of
frequencies, there is great expectation that observations of
primordial GWs can provide us with an unprecedented
window to the physics operating during inflation and
reheating, including the underlying physics of primordial
black holes [39-47]. Some proposed GWs observatories,
covering a wide range of frequencies, include advanced
LIGO [48], ET [49], DECIGO [50], LISA [51], BBO [52],
and SKA [53]. For the purpose of our work, we first need to
investigate whether the four-parameter generalized entropy
can successfully trigger a viable and smooth evolution
of the Universe, particularly from inflation to reheating
followed by a radiation dominated era. Consequently we
will turn to study the primordial GWs in the present context
of horizon cosmology. In particular, we will examine
whether the viable ranges of the entropic parameters
(coming from the background level) can enhance the tensor
perturbation amplitude and allow the primordial GWs
spectrum today to pass through the sensitivity curves of

various GWs observatories like LISA, DECIGO, BBO, etc.
This in turn may provide a possible tool for the measure-
ment of the generalized entropic parameters. In the present
work, we will consider classical entropic cosmology, but it
would be very interesting to take into account also quantum
effects, in the way of [54,55].

Before we proceed further, a few clarifications concern-
ing the conventions and notations that we shall adopt are in
order. We will work in natural units with 2= ¢ = 1, and
we will adopt the metric signature given by (—, +, +, +). A
subscript “f” with some quantity represents the same at the
end of inflation, while a subscript “re” denotes the end of
reheating. For instance, if a is the scale factor then a; and
a,. represent the scale factor at the of inflation and at the
end of reheating, respectively. Moreover an overdot and an
overprime designates the differentiation with respect to the
cosmic time (7) and the conformal time (1) respectively.
We would also like to mention that the frequency (f) of
tensor perturbation is connected to the corresponding wave
number (k) via

f =1.55x 10_15 (%pc_l> Hz. (2)

II. THERMODYNAMICS OF APPARENT
HORIZON AND COSMOLOGICAL FIELD
EQUATIONS FROM THE FOUR-PARAMETER
GENERALIZED ENTROPY

We consider a spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) universe with the following
line element:

ds* = —di* + a(t)*(dr* + r*dQ?), (3)

where dQ? is the line element of a three-dimensional sphere
of unit radius (particularly on the surface of the sphere
usually designated by the coordinates @ and ¢). We also
define the line element perpendicular to the sphere as

ds * = Z hydxMdxN = —di* + a(1)*dr*.  (4)
M.N=0,1

The radius of the apparent horizon R, = R = a(t)r for the
FLRW universe is given by the solution of the equation
hMNg, RoyR = 0 (see Refs. [12,13,23]) which immedi-
ately leads to

R, =—, 5

= (5)
for the metric (3), with H = %% representing the Hubble
parameter of the universe. It may be noted that the apparent
horizon in the case of a spatially flat FLRW universe
becomes equal to the Hubble radius. The surface gravity «
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on the apparent horizon is defined as [12]

1
2V =h

K=

on (V=hH"NoyR)| . (6)

R=R,

For the metric of Eq. (3), we have R = ar and obtain

i) o

where the following expression is used:
Rh - —HHRh3. (8)

The surface gravity of Eq. (7) is related with the temper-
ature via T}, = k/(2x), i.e.,
H

K N
2H?

"T2r T 2R,

Ry
2HR,

_H
C2r

.9

in terms of the Hubble parameter and its derivative.
Consequently, we may associate an entropy (S}) to the
apparent horizon, which in turn follows the thermodynamic
law given by [13,23,26,27]

|

1 moy \ P!
;|:(Z+(l+ﬁGH2> +a_<1+

GH'f L ! (Gmﬂ)ﬂzﬂ(l+ﬁ,2+ﬁ,3+ﬂ,—GH2ﬂ)

and

T _
BGH?

TdS, = —dE + WdV, (10)

where V = %” R} is the volume of the space enclosed by the
apparent horizon. Moreover, E = pV is the total internal
energy of the matter fields inside of the horizon, and
W =1(p—p) denotes the work density by the matter
fields [13,23]. The factor § (p — p) arises in the expression
of W due to the fact that the work done is accounted for by
the trace of the energy-momentum tensor of the matter
fields along the perpendicular direction of the apparent
horizon. Equation (10) clearly depicts that the entropy of
the apparent horizon generates from the two terms given
by —dE and WdV, respectively. Actually both of these
terms indicate a flux of the matter fields from the inside to
the outside of the horizon leading to a decrease of the
matter fields’ entropy. This in turn demands an entropy of
gravitational field in order to validate the second law of
thermodynamics for the combined system of “matter field
+ gravitational field” [27]. Such gravitational entropy is
reflected through the horizon entropy.

Now if the entropy of the apparent horizon is considered
to have a form of the four-parameter generalized entropy
[see Eq. (1)], then Eq. (10) along with the conservation of
matter fields give rise to the following field equations:

)_ﬁ_l]H: —47G(p + p). (11)

ay |2+ P) \ ma_ ma_
1 GH*B\~* GH?p\| 8zGp A
o) P(1p2mnamn SR 5 "

respectively, where 2F(a, b, c,x) denotes the hypergeo-
metric function, p (and p) symbolizes the energy density
(and pressure) of the normal matter fields inside the horizon,
and A is the integration constant (also known as the cosmo-
logical constant). Thus as a whole, Eqgs. (11) and (12)
represent the modified Friedmann equations corresponding
to the four-parameter generalized entropy. Such modified
field equations may give rise to some interesting cosmology
which, in turn, will put viable constraints on the entropic
parameters (o, , 7). As mentioned in the Introduction, we
intend to scan such viable ranges of the entropic parameters
from the perspective of primordial GWs.

III. BACKGROUND EVOLUTION FROM THE
FOUR-PARAMETER GENERALIZED ENTROPY

Before proceeding to the primordial GWs, we first need
to go through the background evolution. In particular, we

I
will examine whether the horizon cosmology correspond-
ing to the four-parameter generalized entropy (S, ) leads to a
viable and smooth evolution of the Universe, started from
inflation to reheating followed by a radiation era.

A. A successful inflation

During the early stage of the Universe, we consider p =
p = A = 0 (as the normal matter gets diluted due to the fast
expansion of the Universe during its early stage), due to
which, Eq. (11) becomes

1 ra, \F! mo_ \ A1 .
- 1+ == 1+ === H=0.
A“*( +ﬁGHZ> ”‘( +ﬁGbﬂ> ]

(13)

Here we would like to mention that the normal matters, if
present at the early Universe, get diluted due to the fast
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expansion of the Universe. However later we will show that
during the reheating epoch, the energy density correspond-
ing to S, gets transformed to normal matter energy density
that connects the reheating era to the standard big-bang
cosmology. Coming back to Eq. (13), it admits a constant
Hubble parameter as the solution which depicts that the
entropic cosmology based on the generalized entropy S,
can lead to a de-Sitter (dS) inflation during the early
Universe. However a dS inflation is plagued with some
problems, like it has no exit, or, the primordial curvature
perturbation for a dS inflation becomes exactly flat which is
not consistent with the Planck data. Thus in order to
describe a quasi-dS inflationary scenario, here we will
consider that the entropic parameters are not strictly
constant; rather they slightly vary with the cosmic expan-
sion of the Universe. The entropic cosmology with varying
exponents is well studied in [30,36]. In particular, here we
consider the parameter y to vary by the following way and

a+( ')’—*S)/}_1 +a_ (

the other parameters (i.e., o, , a_ and f) remain constant

with 7
N
/(N) = exp [ /
Ny

Here N denotes the e-folding number with N; being the
total e-folding number of the inflationary era.
During inflation, ¢(N) is of the form

a(N)dN] . (14)

o(N) = 6y +e~™~N):  during inflation,  (15)

where o, is a constant. The term e~™~V) in the above
expression becomes effective only around N = Ny, ie.,
near the end of inflation, and thus the term proves to be
useful to make an exit of the inflation under consideration.

In such a scenario where y varies with N, the Friedmann
equation turns out to be [36]

1 dH

-(5)

(4557 =1+

PO La (16)
&85) H3dN ’

on solving which for the Hubble parameter H = H(N), we get

21/CP) exp [—LfN o(N)dN]

(17)

H(N):4M\/E
o p {1+\/1+4a+/a)ﬂexp[2fN

During inflation, 6(N) is of the form of Eq. (15), and con-
sequently we obtain [Y 6(N)dN = Noy + e~ Ni=N) — e~
The above solution of H(N) immediately leads to the slow
roll parameter € = —dIn H/dN as follows:

o) |
Zﬂ\/l +4(a, Ja_) exp[-2 [V 6(N)dN]

e(N) = (18)

Equation (18) clearly reveals that for 6(N) = 0 (or equiv-
alently, y(N) = constant), the slow roll parameter vanishes
resulting in a dS inflation that we got in the previous
part. However with a varying y(N), e(N) does not vanish
which in turn may lead to a quasi-dS inflation. Owing to
o(N) > 0, the ¢(N) from Eq. (18) becomes an increasing
function with N; as a result, we may fix the entropic
parameters in such a way that ¢(N) remains less than unity
during N < N; and reaches to unity at N = N; which
results in the end of inflation. Clearly the condition
€(N¢) = 1 immediately leads to the following relation
between the entropic parameters from Eq. (18):

dN] }1/(2/3) ’

I
_ (I+00)
2/1+4(a, /a_)P exp [-2(1 4 6oNy)]

. (19)

where we use fév "6(N)dN = 1 + oyN¢. The inflationary
observables, in particular, the spectral tilt for the primordial
curvature perturbation () and the tensor-to-scalar ratio (),
are defined by [56]

ng=1-2¢—dlne/dN and r=16¢, (20)
respectively (both of these observables are defined at the
horizon crossing instance of the Cosmic Microwave Back-
ground (CMB) scale mode ~0.05 Mpc~!, which is con-
sidered to be N = 0 in the present context). Here it may be
mentioned that these expressions of n, and r considered in
the present context are similar to that of a slow roll inflation
in canonical scalar-tensor (ST) theory. This is because of
the fact that the solution of H(N) of Eq. (17) can mimic
slow roll inflation under a canonical ST theory with a
suitable scalar potential along with a certain evolution of
the scalar field (see Appendix, Sec. VI).
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TABLE 1.
choices of N;.

Viable ranges on entropic parameters coming from the inflationary phenomenology for three different

Viable choices of N Range of Range of o Range of (Z_f)ﬂ
(1) Set 1: Ny = 50 B =(0,0.35] 6o = [0.0132,0.0170] (ay/a )l >1.5
Q) Set 2: Ny = 55 # = (0040 o0 = 00134,00170 (/) 275
(3) Set 3: Ny = 60 # = (0.040 00 = [0.0135.00170 (a/a) 275

By using Eq. (18), the n, and r from the above Eq. (20)
are evaluated as follows:

%0
B/ 1+ exp 201+ oM [(57)7 - 1]
o[ (57)* - 1]

exp [-2(1 + opNy)| + [(1;/?0)2 ~1]’

ng=1-

and

_ 800
ﬁ\/l +exp [2(1 + 6N¢)] [(1;;")2 - 1],

(21)

respectively. To obtain such expressions of n, and r, we use
Eq. (19), i.e., the above forms of n, and r contain the infor-
mation of ¢(N;) = 1. Confronting the theoretical expec-
tations of n; and r with the Planck data (n; = 0.9649 +
0.0042 and r < 0.064) [57], we get the following viable
ranges of the entropic parameters (see Table I):

It may be noticed that the viable ranges of the entropic
parameters do not change drastically with the total e-fold of
the inflationary era.

Thus as a whole, the entropic cosmology corresponding
to the S, [with varying y = y(N)] triggers a viable inflation
with an exit, provided the entropic parameters satisfy the
constraints shown in the above table. At this stage it is
important to explore the postinflationary phase and its route
to the standard big-bang cosmology in the present context
of the generalized entropic scenario.

B. From inflation to reheating

After the end of inflation, the energy density originated
from the S, decays to relativistic particles with a certain
decay width (I') that is generally considered to be a
constant. In particular, we will consider perturbative reheat-
ing caused due to a coupling between entropic energy and
relativistic particles, in the same spirit of [58,59]. By using
Egs. (17) and (16), we obtain the entropic energy density
and the corresponding equation of state (EoS) as

3 fay
pg‘1662<ﬂ)

and

Pe <16G2>
Wy, =—=—1+ | ——|p,06(N
g Pe 9 g(

respectively. Since p, decays to radiation energy density
during the reheating stage, the effective EoS during the
same is given by

3w
Wett = M, (24)
3(pg + Pr)
where pr represents the radiation energy density. During
the perturbative reheating, the Hubble parameter is gen-
erally much larger than the decay width (i.e., H > T'), due
to which, the comoving entropic energy density remains
conserved with the cosmic expansion of the Universe.
However with time, the Hubble parameter eventually

a (1 + ggm) ™ +a (14 555) 7|

2exp [ [M o(N)dN] " (22)
1+ \/ 1+ 4(a, /a_) exp [-2 [N 6(N)dN]
(1 + 76m)" = (14 762) 23)

BGH?

[
becomes comparable to the decay width (i.e., H ~T),
when the entropic energy density instantaneously decays
to the radiation. This indicates the end of reheating; in
particular, the reheating ends when H = I" satisfies. Based
on these arguments, the effective EoS during the reheating
era can be expressed by

B { wg;  during the reheating, 2)
R /3; at the end of reheating,

and the end of reheating gets continuously connected to the
radiation dominated era. Moreover, in analogy of standard
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scalar field cosmology, we consider that the Hubble
parameter during the reheating stage evolves as a power
law, in particular,

H(N) = Hyexp [=(N = Ny)/m]. (26)

during the reheating era (in terms of e-folding number),
where m is the exponent. Here we need to mention that
N = N; at the end of inflation and N = N; 4+ N, when the
reheating ends, where N; and N, represent the duration of
inflation and reheating respectively. The above evolution of
H(N) immediately leads to the EoS during the reheating as

|

BGH?

2dInH 2
—_1-= —14+= 27
Wett 3 4N T am (27)

which is actually a constant, resulting in a “perfect fluid”
nature of the entropic energy during the reheating stage. In
order to confront the ansatz of the Hubble parameter in
Eq. (26) with the governing Friedmann Eq. (16), we need to
find the form of 6(N) during the reheating stage in such a
way that the Hubble parameter follows Eq. (26); for this
purpose, we use the ansatz of H(N) from Eq. (26) to
Eq. (16), and the reconstructed o(N) is obtained as

o(N) = (G

2
mHj5

a.
(1 +ﬂG1_*1§ e

Thus as a whole, y(N) is of the form of Eq. (14) where
o(N) during the inflation and during the reheating stages
are given by Egs. (15) and (28) respectively. Clearly the
functional behavior of y(N) during inflation is different
than that of during the reheating stage, and moreover,
the change is continuous at the junction of inflation to
reheating. This in turn reveals the continuous change of the
Hubble parameter from a quasi-dS evolution during in-
flation to a power law evolution during the reheating era.

|

4 61.6—iln

27\ 2N-No)/m |y (1 + 2 eZ(N‘Nl')/’”>ﬁ_] +a_ (1 +ﬂ—’g’1;? ez(N—Nr)/m) Ea
2<N—Nf>/m)ﬁ _ (1 | ma ezuv—Nf)/m)‘ﬁ ’

2
Y T )

during reheating.  (28)
PGH?

The reheating era is generally parametrized by its total
e-fold number (N,) and the reheating temperature (7.),
which are constrained by N, >0 and T, > Tgpny ~
1072 GeV that, in turn, will put viable constraints on
the entropic parameters. Following [36], we write N,
and T, (in terms of the entropic parameters) in the
present context of generalized entropic cosmology as
follows:

Np=—
* (l - 3Weff) 4.B

and

(167a, /34)P{1 + o0 + 2}

- N¢ (29)

43 \13/ T
T —H, (—) ( 0 )e-<N«+Nw>, (30)

11gye

k/ag

respectively. Here a—ko = 0.05 Mpc~! is the CMB scale and T, = 2.93 Ksymbolizes the present temperature of the Universe.

Moreover the quantity H, i.e., the Hubble parameter at the beginning of inflation, is obtained from Eq. (17) [with 6(N)

given by Eq. (15)] as

1/(2)
2

Hi:4ﬂ'MP1\/% {1+\/1+exp[2(1+60Nf)]{(1;;o)2_1}}

(31)

Owing to the constraints of N,, > 0 and T,, > Tggn ~ 1072 GeV, the above theoretical expectations of N,, and T, in the
present context in turn put certain constraints on the entropic parameters. These, along with inflationary phenomenology in
account, are presented in Table II. For instance, here we give the plot of N, and T, with respect to the parameter f for
N; = 50; see Fig. 1.
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TABLE IL

Viable ranges on entropic parameters coming from both the inflation and reheating phenomenology for

three different choices of N;. In each of the sets, the parameter o lies within the range 0.013 < 6 < 0.0170 which
arises from the inflationary constraints and does not change from reheating phenomenology.

Viable choices of Ny Viable range of f

Viable range of (5-)”

Reheating EoS parameter

(1) Set 1: Ny =50 (@) 0.05 < < 0.10 2x10° < ()7 <8.5%x 10 T<wer <1
(b) 0.10 < < 0.35 75 < () <2x10° — 5 < Wegr < §
(2) Set 2: Ny =55 (@) 0.06 < < 0.22 4x10* < (25)F < 5% 10 T<wer <1
(b) 0.22 < f < 0.40 7.5 < (2)F <4x 10 —1 <wer <3

(3) Set 3: N; = 60 (a) 0.08 < 8 < 0.40

75 < (5)) <3x10°

1
§<Weff<1

In addition, we would like to mention that the reheating
EoS parameter lies in the range wg >% for the cases
N¢ 2 57.3, which is also reflected from the above Table 11
in Set 3. Thus we may notice that the entropic parameters
corresponding to S, get further constrained by the input of
the reheating stage.

As a whole, the horizon cosmology, based on the four-
parameter generalized entropy of the apparent horizon,
proves to be useful in explaining the inflation to reheating
of the early Universe and its route to the radiation
dominated era. Owing to the fact that the entropic energy
density decays to the relativistic particles (behaves as
normal matter fields inside the horizon) at the end of
reheating, the entropy of the apparent horizon acquires the
form of the Bekenstein-Hawking entropy from the end of
the reheating. Actually the four-parameter generalized
entropy has a certain evolution with cosmic time, and
consequently, it transforms to the Bekenstein-Hawking
entropy at the end of reheating. This ensures the usual
evolution of the Universe during the radiation dominated
era. Therefore we may argue that the standard cosmic
evolution during the radiation era is a consequence of the
four-parameter generalized entropy and its evolution from
the early stage of the Universe.

70

60F
50F
40f

Nre

30F
20}
10f

0.20 0.25 0.30

B

0 1 A 1
0.05 0.10 0.15 0.35

FIG. 1.

IV. EVOLUTION AND SPECTRUM
OF PRIMORDIAL GWs GENERATED
DURING INFLATION

In this section we will address the evolution, and
consequently, the spectrum of primordial GWs generated
during inflation. For the purpose of the spectrum, we will
primarily focus on the dimensionless energy density of
the GWs.

A. Generation and evolution of GWs during inflation

Let h;;(t,X) be the tensor perturbation characterizing
GWs over a spatially flat FLRW spacetime, and hence, the
spacetime metric can be expressed by

dSZ = —dtz + az(t) [(5” + hu)dx’dx]] (32)
In the absence of any anisotropic source (which is indeed

the case in the present context), the tensor perturbation
variable is governed by the following equation:
]./iij + SHI’IU - Vzhij - O, (33)

where V? represents the Laplacian operator. On quantizing
the tensor perturbation, A;;(#,X) can be decomposed in

1016 [
1012 L
108
®
~
104
i
107 / / \ e
0.05 0.10 015 020 0.25 0.300.35

B

Left plot: N, vs 8. Right plot: T, vs f# for Ny = 50 and various values of wg. In both the plots, we consider oy = 0.015. The

reheating EoS parameter is taken as wey; = 0 (red curve), 0.1 (green curve), 0.2 (magenta curve), 3 (blue curve), 1 (black curve)
respectively. Moreover the yellow curve in the right plot is the BBN temperature ~1072 GeV.
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terms of its Fourier modes h(k, t) as
g /

7 |

) (2) /

where 4 = +, x denotes two types of polarizations of the

(k) Ak, 1)eF + cc],

(34)

GWs, ef](lz) are the polarization tensor, and a; (a;") are the
annihilation (creation) operators respectively that satisfy
the usual commutation rules. Moreover, from the transverse
condition of GWs, i.e., due to 9;4" = 0, one immediately

gets k'el;(k) = 0. Owing to Eq. (33), h(k, 1) obeys

2

h(k,t) +3Hh(k,t) + %h(k, t)=0. (35)

Consequently, the tensor power spectrum is defined by two
point correlations of h(k, ) over a suitable vacuum state
generally considered to be the Bunch-Davies vacuum state.
Passing to the conformal time # [defined by di = dt/a(t)]
and introducing the Mukhanov-Sasaki variable as

(k) = 5 Mprh(k. ). (36)

Eq. (35) transforms to

v"(k,n) + <k2 - %) v(k,n) =0, (37)

where the overprime denotes Clearly the Mukhanov-

Sasaki variable obeys an 0sc1llat0r11ke equation with a time
dependent mass term, due to which, the particle production
corresponding to the quantized tensor perturbation (over
the Bunch-Davies vacuum) will occur, and that may be
accounted for through the GWs spectrum.

As demonstrated in Sec. III A, the entropic cosmology
with the four-parameter generalized entropy for the appar-
ent horizon is able to trigger a viable quasi-dS inflation that
is well consistent with the Planck data, and moreover, the
inflation has an exit at around the N; = 60 e-fold number.
Since the slow roll parameter remains almost constant (and
nearly equal to zero) during most of the inflationary period
(the change in the slow roll parameter occurs near the end
of inflation), we can safely consider the scale factor during
the inflation to be of the de-Sitter form, i.e., a(y) = — HLW,
where H; is the Hubble parameter during inflation. With
this form of a(n), Eq. (37) becomes

)+ (=% )olkn =0, G

on solving which, we get,

vl ) :% <1 _kin> (39)

This solution is compatible with the Bunch-Davies initial
condition in the deep inside of the Hubble radius, given by

1 .
lim v(k, — etk 40
i, (k,n) = T (40)

Plugging the above solution of v(k,#) into Eq. (36) yields
the solution of A(k,7) as

Consequently we calculate

W (k) = i\/% ( 1\2) () =1 (42)

The expressions for h(k,n) and h'(k,n) at the end of
inflation will act as initial conditions for the reheating era.
If n = n; represents the end of inflation, then

—knf=< k )e_Nf, (43)

kCMB

where kcyp ~ 0.05 Mpc™! is the large scale mode whose
horizon crossing instant is considered to be the beginning
of inflation (i.e., at N = 0), and recall that N; is the total
e-fold for the inflationary period. Moreover to arrive at the
above expression, we use 7y = —1/(agH;) with a; being
the scale factor at the end of inflation. For k < k¢, where &; is
the mode that crosses the horizon at the end of inflation,
Eq. (43) can be approximated by |kn;| — 0. Here it deserves
mentioning that we will restrict ourselves to the modes
satisfying k < k; to determine the GWs spectrum in the
present work. Owing to |kn;| — 0, we have the following
expressions for h(k,n) and h'(k,n) at the end of inflation:

V2 [ Hj
h(k, ?’]f) ~ ZW (M_Pl) and h/(k, ﬂf) ~ 0, (44)

respectively, which will be useful for the continuity con-
ditions of the tensor perturbation at the junction of inflation
to reheating. Moreover A (k, ;) may be equivalently argued
as the tensor perturbation amplitude at super-Hubble scale
[i.e., for |kn| < 1 where h(k,n) gets frozen].

Before moving further, let us introduce the transfer
function y(k,7n) as

plk) = | Jim (ko) k) = i\/,? (g Yt

(45)
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which is helpful to follow the postinflationary evolution of
the tensor perturbation. It may be noted that the transfer
function is connected with %(k,#n) by the amplitude of the
tensor perturbation at super-Hubble scale.

B. Evolution of GWs during reheating

After the inflation ends, the Universe enters the reheating
phase when the entropic energy density decays to relativ-
istic particles, as demonstrated in Sec. III B. The transfer
function during the reheating era obeys

2

y(k,t) +3Hy(k, 1) + %){(k, 1) =0, (46)

where H represents the Hubble parameter during the same.
It is more convenient to change the variable of the above
differential equation from cosmic time () to scale factor
(a). As a result, Eq. (46) turns out to be

d*y dH dy dy
‘H> %+ a*H—-—=+4a’H> = + Ky 47
T dada T da " 47)
Introducing A = *and with this new redefined scale factor,

the above equation of motion for y(k,A) becomes

Pr ., (LdH 4\dr B
dA’ " \HdA " A)dA " 2A Y T

note that at the end of inflation we have A = 1. The Hubble
parameter during the reheating stage can be immediately
written from Eq. (26) as

(48)

H o A2(Hwenr) (49)
where we recall that we is the reheating EoS parameter
originated from the entropic energy density of the four-
parameter generalized entropy. By substituting the above
expression of H = H(A) into Eq. (48) and using
ki = agH;, we have, during reheating,

(k/ke)?
eff)%—i_Al 3wcff)(:O-

(50)

The continuity conditions of tensor perturbation at the junc-
tion of inflation to reheating are shown in Eq. (44) which, in
terms of the transfer function, leads to the following
conditions at A = 1:

d
4 —

kA=1)=1
x( ) A,

and (51)

respectively. With these two continuity conditions, we
solve Eq. (50) for y(k, A) during the reheating phase, and
it is obtained as

N (k,A)
RH(p A) = ——"—~ 52
(k.4) =750 (52)
Here, along with
3Weff -3 1-3m
= = 53
Y bwa +2 2+2m (53)

[where in the second equality we use Eq. (27), one may
recall that m appears from the varying entropic parameter
y(N) that actually ensures the continuous transition of the
Hubble parameter from a quasi-dS inflationary era to a
power law evolution during the reheating; see the discus-
sion after Eq. (28)], the quantities .4 (k, A) and Z(k) are
given by

B 2/ ks 2k
70 = 2k{JU <1 + 3Weff) [J_U_l <1 + 3Weff>

2k/k;

o (15| (54)
2k 2k,
- ( 1+ 3Weff> {JD 1<1 + 3Weff>
2k/ ke
e (1 + 3weffﬂ } G2)

and

. 2k /kre A l+32chf
A=Aty | e (2
(k. A) = A~ [Jy<1+3weff () )

2k/k, [ A\ "
i, (—1 e )Mk)] . (56)

respectively, with

2k/k; 2k/ks >
Nk =2k, [ —2 ) —2kg . (L
1(K) ‘<1 +3weff> + <1 + 3w

2k/k
+ 3ke(wer — 1)J_, (ﬁ) (57)
eff
and
2k/ kg 2k/ kg
NH(k) =2kJ —— | = 2kJ —_—
2( ) v+l <1 + 3Weff> v—1 <1 + 3Weff
2k/k
- 3kf(Weff - I)Jy (Téwff) (58)

We will eventually use this solution of y(k,A) to arrive at
the GWs spectrum at the present epoch. At the moment,
we also determine dyRt(k, A)/dA from Eq. (52), which is
given by
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Mk, A) 1 dA(kA)
dA 9(k) dA

(59)

(where one may use the property for the derivative of the
Bessel function: J,(x) = 1 [J,_; (x) = J,41(x)]). At the end
of this subsection, we would like to mention that the above
expressions of yRH(k,A) and dyR®"(k,A)/dA at A = A,
provide the initial conditions of the transfer function at the
radiation dominated era (A,, symbolizes the instant of the

end of the reheating).

C. GWs evolution during radiation era
and its spectrum today

During the radiation domination (RD), the Hubble
parameter follows the evolution H o a~? with the scale
factor, and thus the Hubble parameter during the RD may
be connected with that at the end of the reheating as

A*H? = ALH?. (60)

Using this, the equation of motion for y(k,A) during RD
takes the following form:

Py 2dy | (k/ke)?
L R S e A) = 1
dA?  AdA * A2, (k. A) =0, (61)

where we may recall that k,, = a,.H,, is the mode that re-
enters the horizon at the end of the reheating. On solving
Eq. (61), we get the transfer function during RD as follows:

1 . ,
1RP(k,A) = I (c,e"bA + cze’bA), (62)

with b = (). Moreover ¢, and ¢, are the integration

constants that can be determined from the continuity
conditions of the transfer function at the junction of
reheating to radiation, given by

){RD(k’ Are) :/YRH(k’ AI‘C) and
RO (kA)| (k. A)
dA |, dA

. (63)

A e

where the quantities at the end of the reheating (giving by
the subscript “re”’) can be determined from Eq. (52). Such
continuity conditions lead to the integration constants as

it 1 A\ dyRH(k, A,
Clp = 2 |:<Are + E)XRH(]C’ Are) + <_> #} . (64)

ib dA

Consequently the final form of the transfer function during RD is given by

e b(AAx) 1 Are d)(RH kA
)(RD(k’A) - |:<Are - f)){RH(ka Are) - (_> #]

2A ib

elb(A-Ay) 1
.
ib

2A

Having obtained yRP(k,A), let us now focus on the
observable quantity of our interest, in particular, on the
dimensionless energy density of GWs. As mentioned
earlier, we are interested in the modes which re-enter the
horizon during the epochs of reheating and radiation
domination, i.e., in k < k;. The dimensionless energy
density of GWs, at an instant A, is defined by

1
Qaws(k,A) = -—5—paws(k, A) (66)
) 3H2ME, T
1 B[ 4| dh(k.A)P
N A2 A/
6A’a2H? (27:2) {af dA
Rl AP . (67

where pgws (k, A) represents the GWs energy density (at the
instant A) per logarithmic interval of the modes. In terms of

ib dA
A\ dy® (K, Aye)
RH k,A )£ v/ 65
Yt + () gk (65)

|
the transfer function, Qgw,(k, A) from Eq. (66) becomes

1 (H ? A2
67[2 MP]

k2
+ kAP (68)

dy(k,A)|?

with H; being the inflationary Hubble parameter; see
Eq. (31). We will eventually determine Qgyws(k, A) around
the present epoch when the Hubble parameter follows the
evolution like H « A~ (i.e., of the RD era), and the transfer
function is given by Eq. (62). As a result, one may simplify
the term k/(aH) [present in the rhs of Eq. (68)] as

k kA ALH A’H
Ly relre | b reffre )\ b = DA, (69)
aH aH AH AH
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where b = (ki) AL [see after Eq. (62)], and we have used

H x A7 in the third equality. Therefore Qgw(k,A) from
Eq. (68) can be expressed by
1 H;\? dyRP(k,A)|?
Qaws(k, A : A?| 2
+b2A2|xRD<k,A>|2}. (70)

The modes of interest are well inside the Hubble radius at
late times (say, close to the radiation-matter equality)
during radiation domination. Consequently the dimension-

less energy density parameter Qg)\))vs(k) today (i.e., at the
present epoch) is given by

9r0 '3
Qs (k)2 = (g—") Qe Qays (k. A)
r.eq

1 <gr0> /3 h2<H >2
677 Ireq MP]

RD A
X{A2 Ak A +b2A2p(RD(k,A)|2},

dA
(71)
where Qp denotes the present day dimensionless energy
density of radiation, and g, ., and g, , represent the number
of relativistic degrees of freedom at matter-radiation equal-
ity and today respectively. Furthermore by using Eq. (65),
we determine different terms present in the expression of

Qg)\),\,s (k), in particular,

1
WRP(k,A)|* = A {bA H(k,A.) cos(bA — bA,,)

+)(RH(k’Are) Sin(bA - bAre)

d)(RH(kv Are) S.

2
+ A, A in(bA — bAre)} (72)

and

d)(RD(k, A) 2
dA

1 dy®U(k, A,e)
= RH A )
- b2A4 { ()( (k’Are) +Are dA

x [sin (bA — bA.) — bA cos (DA — bA,.)]
2
+ D2AAZRE (K, Ay) sin (bA — bAre)} :
(73)

respectively. Thus as a whole, the dimensionless energy
density of GWs at the present epoch [symbolized by

ngb( k)] is given by Eq. (71) where the respective

quantities are determined above. In general, Q(GQVS(k) can

be expressed by an amplitude and a spectral tilt (with
respect to the wave number) which we will determine for
the modes k < k¢, in the following sections. For this
purpose, we need to understand that the explicit k depend-
ency on Qg)\),,s(k) comes through yRH(k,A.) (and its
derivative as well) which follows Eq. (52). Here it may
be noted that the transfer function during the reheating

depends on the ratio - as well as on Owrng to this fact,
(0)

we will individually determine QGWs(k) for the two cases
given by (I) k < k. and (II) k. < k < k¢ respectively.

1. Case (I): k < ki,

The range k < k, represents the modes which re-enter
the horizon during the radiation dominated era. Owing to
the condition k < k.., one may use the asymptotic expres-
sion for the Bessel function

v

limJ, (x) =~
1 9
x<xl 2”F(l/ + 1)

for all the Bessel functions present in the solution of

RH(k, A) [see Eq. (52)]. By utilizing this asymptotic form,
we get the functions Z and .4 [appearing in Eq. (52)] at
A = A, as follows:

1

Dla, = —4ke(1 + 3wegy) (=)0 ()

(74)

and

2k
(14 3we)I'(v+ 1)I(2 =)

k 2 1 5 +32“"eff
() (&) 73)

respectively, where we may recall the factor v from
Eq. (53). The above expressions immediately yield the
transfer function at A = A, as

an

e = @|A|’C -

N 2 (k\2 1
RH k7Are = = 1=\ 7
( ) 9 Ap 3 <kre> <1 - Weff) (5 + 3Weff)
o L B
(&)
— 1+ O(k/ky)2. (76)

Moreover Eq. (59), due to the asymptotic form aforemen-

tioned, leads to
k 1 5+32weff
N (k_> (5+ 3Weff) <A_>

= O(k/ (77)

d)(RH k,A)

e
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The above two equations clearly depict that in the leading
order of ki < 1, the transfer function at the end of the

Te

reheating becomes unity, and its derivative vanishes. This
indicates that the transfer function over the modes k < k,
remains almost constant (which is ~1) from the end of the
inflation to the end of the reheating. This is however
expected as the modes k < k., lie in the super-Hubble
regime, where the tensor perturbation gets frozen, during
the reheating stage. Plugging the expressions of Egs. (76)
and (77) into Eq. (72) leads to

1
b*A?
+ (1 + O(k/ke)?) sin(bA — bA,,)
+ O(k/kye)? sin(bA — bA,) }>

WP (k. A) P =

{bA(1 + O(k/ki)*) cos(bA — bA,,)

1
~ ——sin’(bA).

A2 78)

In arriving at the final result of Eq. (78), we have used
bA > 1 (as we are evaluating at late times during radiation
domination) and bA,, = kim < 1. Similarly by plugging the
expressions of Egs. (76) and (77) into Eq. (73) and after a
little bit of simplification, we obtain

dyRP (k. A)
dA

2 1 1 2
~ ye { <H + bAre) sin (bA) — cos (bA)}

1
M cos?(bA). (79)
The above two expressions, due to Eq. (71), immediately
provide the dimensionless energy density of GWs today
over the modes k < k. as

0 1 H;\?
U1~ (e Jour (7.

where we have assumed that g,y = g, .. Therefore the
GWs spectrum today for the modes k < k. seems to be
scale invariant and having the amplitude shown in Eq. (80).

(30)

2. Case (I): k. <k <k;

Let us now turn to the domain k., < k < k¢ representing
the modes that re-enter the horizon during the reheating era.
We will start by mentioning that &|,. in the present case
still follows Eq. (74), as it solely depends on k/k; which
continues to be less than unity. On the contrary, .4/|,. over
the modes k. < k < k; gets different than the previous case
of Eq. (75) due to its dependency on both the ratios k%

and ki Now the Bessel functions containing k/k; in its
argument may be expressed by the asymptotic form as

limJ, (x) ¥
i X)=—-,
x<l1 Y 2”F(l/—|— 1)

while the Bessel functions having k/k. can be approxi-
mated by

. 2 b2 1 2
)161>£1}J,,(x) = ”BCOS (x—2 (1/+2)) ~ \/Bcosx.

On utilizing such asymptotic behaviors of respective Bessel
functions, we determine

rl-v 2 [k \Tm
)(RH(k’ Are) = < \/7—1_ )> (1 + ?’Weff)lﬂwfo <k_re> !

2k/k.e
_— 81
X cos(1 n 3Weff> (81)
and
dyRH(k,A) r(1-v) 2
Are diA " = — \/7_1: (1 + 3Weff)l+3weff

k O\ s 2k/k
_ in| =/ ). 2
. (kre> Sln<1 —+ 3chf> (8 )

Equation (82) clearly demonstrates that the transfer func-
tion over the modes k.. < k < k; does not remain frozen
during the reheating stage. This is also reflected from
Eq. (81) which indicates that yRH(k,A) at the end of
reheating is different than unity, i.e., different than that at
the end of the inflation. Using the above two expressions
into Eq. (72) yields

WP (k. AP ~

s+ (T(1-v)\2
(1 + 3Weff)l+3t’eff <( l/)>

b*A? Nz
&\ 2 (e
X <—) ( o l)cosz [bA +

kre

2k / kee }
1 + 3Weff ’
(83)

while by plugging the expressions of Eqs. (81) and (82)
into Eq. (73), we obtain

dyRP(k,A)|? 1 s (T(1-0)\2
‘ 7dA ~ p (1 + 3Weff)]+3‘”eff (\/7[
2(Fl 2
% i (3 eff 1) Sil’l2 bA + k/kre .
kre 1+ 3chf
(84)

The above two expressions, owing to Eq. (71), result in
the dimensionless energy density of GWs today for the
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domain k., < k < k¢ as follows:

1 % (T =0)\2 [ k\2(325)
00 = (ks )aua ()1 sy (LY (Y

(85)

where, once again, we have assumed that g,o = g,cq-
Equation (85) clearly depicts that the GWs spectrum today
over k., < k < k; gets a tilted nature with respect to the
wave number, and the amount of tilt depends on w;. Here
wegr 18 the reheating EoS parameter which is related to the
model parameter m via wgy = —1 + 2/(3m). Therefore the
tilt of the GWs spectrum (let us symbolize it by ngyw) from
Eq. (85) turns out to be

) 3weff -1 2(1 — 2m)
n = = .
Gw 3Weff + 1 1 —m

(86)

0
Tilt of the GWs spectra = {

In Figs. 2 and 3, we have plotted the spectrum of GWs
today that arise in the present context of horizon cosmology
for a set of values of the entropic parameters /3, o, and m,
and moreover, we have considered three different infla-
tionary e-folding numbers: Ny = 50, 55, and 60 respec-
tively. The set of values of the entropic parameters are
chosen from their viable ranges based on Table II. The

Los Nr=50
7 7
NANOGrav
. )
10 / Yl
o k4
< o T
10710 P> 8
10—12 4
S5 B=02
Nc m=2/3
10—16<
F=0.15
i m=2/3
10—20<
10722 . . . . , ,
107 10® 10 10 102 10° 10? 10¢
f[Hz]

FIG. 2. Leftplot: Qg)\)VS vs f [Hz] for Ny = 50. Right plot: Qg)\),vs

ngw =

|
Notably, ngy vanishes for m = 1/2. Moreover the spec-
trum is blue for m < %; otherwise for m > %, it becomes red
tilted.

As a whole, by comparing Egs. (80) and (85), we
may argue that the GWs spectrum today is flat for the
modes that re-enter the horizon during the radiation
domination, while the spectrum has a tilt over the modes
re-entering the horizon during the reheating era, and
the amount of the tilt is fixed by the parameter m. In
particular,

for k < ki,
(87)

2020 for ke < k < kg

|
figures clearly illustrate the qualitative features as discussed
above: (i) the spectrum is strictly scale invariant in the
domain k < k., and (ii) the spectrum has the tilt ngy
over the modes k., < k < k;. In order to realize such
features directly from the figures, we should mention
the dependency of k. on the entropic parameters, and it
goes as

T T T T T T
10710 1077 107 107t 102 10° 108 101t

vs f [Hz] for Ny = 55. In both the plots, we consider a set of values of

the entropic parameters f and m, and moreover, the other entropic parameters, namely ¢, and «,, are taken as oy = 0.015 and
a. /B = 107°. Such values of entropic parameters are indeed consistent with their viable ranges coming from the inflation and the
reheating phenomenology; see Table II. Clearly the GWs spectra is flat for k < k., while it has a nonzero tilt in the domain k. < k < k;.
In particular, we take m = 2/3, 5/9 and 2/5 which lead to the indices ngw = —2, —1/2, and 2/3 respectively, as expected from
Eq. (87). Furthermore, the constant amplitude of the GWs spectra associated with the modes k < k. seems to decrease as the value of
decreases.

043539-13



ODINTSOV, D’ONOFRIO, and PAUL

PHYS. REV. D 110, 043539 (2024)

Nr=60

-6
10 T 7
NANOGrav

10—8 4

s
091080 g

10710 4

10716 4

10718 4

1020 4

10722 T T T T T T
10710 1078 1076 1074 1072 10° 10?2 10*

f[Hz]

FIG. 3. Qg)\)ws vs f [Hz] for Ny = 60. Similar to the previous
figure, we consider a set of values of the entropic parameters f
and m, and the other entropic parameters, namely o, and o, are
taken as 6y = 0.015 and a, / = 107. Clearly the GWs spectra
is flat for k < kg, while it has a nonzero tilt in the domain

es
k.. < k < k¢. Here one may recall that for Ny = 60 (in particular,
for Ny = 57.3), the background phenomenology puts a constraint
on m < 1/2 which in turn makes ngw > 0. Taking this into
account, here we take m =2/5 leading to ngw = 2/3, as
expected from Eq. (87). Furthermore, the constant amplitude
of the GWs spectra associated with the modes k < k. seems to

decrease as the value of f decreases.

)
= kcms <ZT> exp [Nf - (1 ;m) Nre:|s (88)

where kcyg = a;H; is the CMB scale mode
(~0.05 Mpc~!) that crosses the horizon at the beginning
of inflation, and N is the reheating e-fold number which,
in terms of entropic parameters, is shown in Eq. (29).
Coming to the figures, we have plotted the spectra for
m=2/3, 5/9 and 2/5 which lead to the indices
ngw = —2, —1/2, and 2/3 respectively, as expected from
Eq. (87). Here one may recall that for Ny = 60 (particularly
for Ny 2 57.3), the background phenomenology puts a
constraint on m < 1/2 which in turn makes the GWs
spectra in the range k., < k < k; blue tilted. Taking this
into account, we consider m = 2/5 for the set Ny = 60,
leading to ngw = 2/3. In the figures, we have also included
the sensitivity curves of some of the current and forth-
coming GWs observatories. Interestingly, we find that for
certain values of f# and m, the GWs spectra indeed intersect
the sensitivity curves of some of the observatories like
SKA, LISA, DECIGO, BBO, etc. This in turn provides a
possible way for measuring the generalized entropic
parameters: 3, o, and m, respectively. In order to realize
this, we need to understand the following points regarding

the spectra: (i) the constant amplitude of Qg)\zw(k)’ in the

domain k < k., depends on f and o), which is also evident
from the figures since the amplitude seems to decrease as

the value of  decreases (and we consider 6, = 0.015 in all

the plots); and (ii) ngw, i.e., the tilt of Q(&),\,S(k) associated

with the modes k. < k < k;, depends solely on m via
ngw = 2(1 =2m)/(1 —m). Therefore in the region
k. < k < k¢, the GWs spectrum today appears to be blue
tilted for m < 1/2, while it is red tilted for m > 1/2. Such a
GWs spectrum can reveal the entropic parameters by the
following ways:

(1) Owing to the fact that ngyw depends only on m, the

spectral tilt of Qg)‘)ys(k) in the domain k,, < k < k¢
immediately depicts the value of one of the entropic
parameters .

(2) The other two parameters, namely f and o, can be
determined from the constant amplitude of the
spectrum within k < k,. and the location of k,
where the spectrum gets a characteristic change,
respectively. Actually both of these quantities de-
pend on (B, 6y), and thus, by observing the constant
amplitude of Qg)\))vs(k) in the domain k < k. and
identifying the location of k., one may indirectly
measure £ and o.

In addition, we would like to mention that the theoretical
expectation of GWs spectra in the present context of horizon
cosmology does not intersect the sensitivity curve of the
NANOGrav. This indicates that the standard inflationary
evolution may not be the full story of the early Universe. Thus
a modified inflationary evolution, for instance a short
deceleration epoch inside inflation (and the deceleration
epoch needs to be adjusted in such a way that the modes
sensitive to the NANOGrav frequency cross the horizon
during that deceleration era), may be required to corroborate
the theoretical GWs spectra with the NANOGrav data.

V. CONCLUSION

In this work, we have attempted to constrain the entropic
parameters corresponding to the four-parameter general-
ized entropy from the possibility of primordial GWs
spectrum in future observatories. The four-parameter gen-
eralized entropy (symbolized by S,) is the minimal con-
struction of a generalized version of entropy that can reduce
to all the known entropies proposed so far in the literature.
Consequently it becomes of the utmost importance to
constrain the parameters present in S, resulting in the
motivation of the present work.

Regarding the background evolution, the four-parameter
generalized entropy successfully drives a viable and
smooth evolution of the Universe, started from inflation
to reheating followed by a radiation era. In particular, the
very early stage of the Universe is described by a quasi
de-Sitter inflation which has an exit at a finite e-fold
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number (around Ny =50 to 60), and moreover, the
observable indices (like the spectral index of primordial
curvature perturbation and the tensor-to-scalar ratio)
around the CMB scale are getting compatible with the
recent Planck data for suitable ranges of the entropic
parameters. After the inflation ends, the Universe enters
into a perturbative reheating stage when the entropic energy
density decays to relativistic particles with a constant decay
width. Such a reheating stage is generally parametrized by
the respective e-fold number (N,) and the reheating
temperature (7.), which eventually turns out to have a
dependency on the entropic parameters. Here it deserves
mentioning that the reheating era is not tightly constrained
except for the fact that the e-fold number of the reheating
stage must be positive, and the reheating temperature
should be larger than the Big Bang Nucleosynthesis
(BBN) temperature ~10~> GeV. Based on the conditions
N, >0 and T, > Tgpn, the entropic parameters get
further constrained by the input of the reheating stage;
see Table II. Thereafter in the perturbative level, we
investigate whether the viable ranges of the entropic
parameters (coming from the background level) allow
the primordial GWs spectrum at the present epoch to pass
through the sensitivity curves of various GWs observato-
ries. For this purpose, we determine the cosmic evolution of
transfer function of the GWs spectrum generated during
inflation in the present context of horizon cosmology, and
in this regard, we confine ourselves to the modes k < k¢
(where k; represents the mode that crosses the horizon at
the end of inflation). It turns out that the GWs spectrum
today is flat for the modes that re-enter the horizon during
the radiation era (k < k), while the spectrum carries a
tilted nature over the modes re-entering the horizon during
the reheating stage (k,. < k < k¢). This is a direct conse-
quence of the fact that the transfer function associated with
the modes k < k. lies in the super-Hubble scale and
remains frozen during the reheating stage, unlike the case
of k., < k < k¢ which already re-enters the horizon and the
corresponding transfer function is not frozen during the
reheating stage. As a result, the horizon cosmology
corresponding to the four-parameter generalized entropy
indeed leads to an enhanced GWs spectrum that passes
through the sensitivity regions of the observatories like
LISA, DECIGO, BBO, etc.; see Fig. 2 (and Fig. 3). This in
turn provides a possible way for measuring the generalized
entropic parameters: f3, oy, and m, respectively. In order to
realize this, we need to understand some important features

of the GWs spectrum in the present context: (i) Qg)\),vg(k)
has a constant amplitude in the domain k < k. (with k
being the mode that re-enters the horizon at the end of
reheating), and moreover, the amplitude depends on f
and o through the inflationary energy scale; (ii) Qg)\),VS(k)
shows a characteristic change at k = k., in particular,

Q(Go\),vq(k) converts from a flat spectrum to a tilted one at
k = k., and the amount of tilt depends solely on m via
ngw = 2(1 —=2m)/(1 —m). Therefore in the region
k. < k < k¢, the GWs spectrum today appears to be blue
tilted for m < 1/2, while it is red tilted for m > 1/2. Such a
GWs spectrum can reveal the entropic parameters in the
following ways: (i) owing to the fact that ngyw depends only
on m, the spectral tilt of Q(c?\)x/s(k) in the domain k., < k <
ks immediately depicts the value of one of the entropic
parameters m; (ii) the other two parameters, namely £ and
0y, can be determined from the constant amplitude of the
spectrum within k£ < k. and the location of k., where the
spectrum gets a characteristic change, respectively.
Actually both of these quantities depend on (5, o), and
thus, by observing the constant amplitude of Qg)\))vs (k) in the
domain k < k., and identifying the location of k.., one may
indirectly measure f and o). Therefore we may argue that if
the future observatories can detect the signal of primordial
GWs, then our theoretical expectation carried in the present
work may provide a possible tool for the measurement of
the generalized entropic parameters.

Finally we would like to mention that primordial GWs
maybe searched from modified gravity (see Ref. [60]).
Hence, the determination of entropy parameters from that
and comparison with primordial GWs in modified gravity
may propose a deep connection between entropy cosmol-
ogy and modified gravity cosmology.

APPENDIX

In a canonical scalar-tensor (ST) theory, the Friedmann
equations (for homogeneous, isotropic, and spatially flat
universe) read as

1.
3MpH? = §¢2 +V(e),

2MyH = -9, (A1)
respectively, where ¢ is the scalar field (which is taken to be
function of only the cosmic time due to the homogeneity of
the spacetime) and V/(¢) is its potential. Assuming the slow
roll condition of the scalar field, ¢ < 2V(¢), the above
equations turn out to be

3SMYH? = V(p), (A2)

2MYH = —¢?. (A3)
With this set of equations, we now examine whether the
solution of H(N) obtained in the generalized entropic
scenario can mimic a slow roll inflation under the canonical
ST theory given by {¢,V(¢)}. Plugging H(N) from
Eq. (17) into Eq. (A2), we reconstruct the form of
V(¢(N)) as follows:
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V($(N)) = 4872 M3, -

21/(P) exp [—%f” o(N)dN|

(A4)

To have a better understanding, we give the plot of
V(¢(N)) vs N for N =[0,N¢| (recall N; is the total
e-fold duration for the inflation in the entropic scenario);
see the left plot of Fig. 4. The figure demonstrates
that V(¢(N)) remains almost constant except around
N =~ N; where the potential shows a rapid change, that

|

g {1 + \/1 + 4(a; /a_)l exp [—2 fN G(N)dN] }U(ﬂ)

26(N)

|

pointing toward a slow roll inflation under the given ST
theory. However the slow roll condition, i.e., ¢* < 2V/(¢)
needs to be properly examined, which also requires the
evolution of the scalar field. For this purpose, we use the
solution of H(N) in Eq. (A3) to get

1/2

, (AS)

1 a9 _
Mp dN

Zﬂ\/ 1+ 4(a, /a_) exp [-2 [ o(N)dN]

(where we take only the positive mode of d¢p/dN). Owing to the complicated nature, we numerically solve Eq. (A5) for

¢ = ¢(N) which is shown in the right plot of Fig. 4.

For completeness, we also present the variation of the scalar potential V(¢) with the scalar field ¢ by using V = V(¢(N))
and ¢ = ¢(N) (we use the “ParametricPlot” in Mathematica); see the left plot of Fig. 5. Having obtained V(¢(N))
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N

FIG. 4.

1k
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N

Left plot: V(¢(N)) (in the unit of Mg,) vs N. Right plot: ¢(N) (in the unit of Mp) vs N for N; = 58. In both the plots, we

consider oy = 0.015 and f = 0.25 which are well within the viable constraints coming from the inflationary phenomenology.
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Left plot: V() (in the unit of M}) vs ¢ (in the unit of Mp). Right plot: ¢*/(2V) vs N for Ny = 58. In both the plots, we

consider 6y = 0.015 and f = 0.25 which are well within the viable constraints coming from the inflationary phenomenology.
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and ¢(N), we now explicitly examine the validity of the slow roll condition. In particular, by using Egs. (A4) and (A5), we
give the plot of the ratio ¢p?/(2V) vs N in the right plot of Fig. 5 which indeed ensures the validation of the slow roll inflation

under the canonical ST theory designated by {¢, V(¢)}.

Thus as a whole, the solution of H(N) in the present context of generalized entropic cosmology can mimic a slow roll
inflation under the canonical ST theory where V(¢) and ¢(N) are given by Fig. 4.
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