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Analyzing the 21-cm signal brightness temperature
in the Universe with inhomogeneities
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We explore the 21-cm signal in our Universe containing inhomogeneous matter distribution at
considerably large scales. Employing Buchert’s averaging procedure in the context of a model of
spacetime with multiple inhomogeneous domains, we evaluate the effect of our model parameters on the
observable 21-cm signal brightness temperature. Our model parameters are constrained through the
Markov chain Monte Carlo method using the Union 2.1 supernova la observational data. We find that a
significant dip in the brightness temperature compared to the A cold dark matter prediction could arise as an

effect of the inhomogeneities present in the Universe.
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I. INTRODUCTION

For quite some time now, 21 cm cosmology has been an
essential tool in studying the physics of the cosmic dark age
[1-3]. It is a unique probe of the reionization epoch of the
Universe [4,5]: 21 cm is the wavelength corresponding to
the energy shift due to hyperfine splitting in the ground
state of neutral hydrogen, the most abundant element in the
Universe. It occupies ~75% of the entire baryonic alloca-
tion of the Universe. The transition between hydrogen
atoms’ electronic spin states (s = 0,1) generates the 21-cm
(~1.42 GHz) hyperfine spectrum.

The brightness temperature 7,; associated with this
spectrum is a function of Ty — T, where T, is the cosmic
microwave background temperature given by T, =
2.725(1 +z)K and T, is the spin temperature [1-3].
Recently, the “Experiment to Detect the Global Epoch
of Re-ionization Signature” (EDGES) [6] generated quite a
bit of excitement in the field with its reported 7, in the
redshift range 14 < z < 20 to be —500f5288 mK. However,
the subsequent SARAS experiment [7] failed to detect the
EDGES 21-cm signal [8].

The A cold dark matter (ACDM) model of standard
cosmology estimates a brightness temperature of about
~ — 200 mK without any additional thermal contribution.
To account for any additional cooling, various pheno-
menological effects in the early Universe have been
employed [9-14], including exotic models of dark
matter [11,13,15] and dark energy [16]. The 21-cm signal
provides an avenue towards discerning several physical
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phenomena of this epoch, such as evaporating primordial
black holes [9,12,14,17], baryon-dark matter scattering
[11,13,15], and neutrino physics [18].

Although the ACDM model has been highly successful in
establishing the basic tenets of standard cosmology, it has
been confronted with certain discordant observations in
recent times, notably among them the so-called Hubble
tension [19,20]. Moreover, recent observations of large-scale
structures indicate the scope of including additional features
within the framework of standard cosmology. Although the
Universe may be uniform and isotropic at the largest scales,
various astrophysical surveys have revealed prominent
matter distribution inhomogeneities up to slightly smaller
scales [21]. Significant (more than 3¢) deviations from the
ACDM mock catalogs have been reported [22] on luminous
red galaxy samples as large as 500 ~A~! Mpc. Recently, a
giant arc of galaxies spanning ~1 Gpc (proper size, present
epoch) has been observed [23].

Such observed deviations in large-scale structures from
the assumed smooth homogeneous ACDM paradigm may
necessitate the inclusion of the impact of inhomogeneities
in the analyses of cosmological phenomena. An averaging
procedure is required to incorporate the effect of inhomo-
geneities in the analysis. Various averaging schemes have
been proposed in the literature [24—28]. Buchert introduced
a simplified averaging procedure [29,30] restricted to scalar
quantities on spacelike hypersurfaces. Several studies
employing the Buchert averaging procedure have been
done to investigate the effect of backreaction of inhomo-
geneities on cosmological dynamics, including attempts to
explain the current accelerated expansion of the Universe
without invoking exotic physics [29-55].

Buchert’s averaging procedure for evaluating the effect
of backreaction of matter distribution inhomogeneities

© 2024 American Physical Society
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offers the prospect of relating theoretically calculated
spatially averaged quantities to observationally measurable
quantities, such as redshift-distance relations [41,42,56-59].
Analyses of light wave propagation in the presence of
inhomogeneities have revealed interesting features in the
modified redshift-distance relation due to the backreaction
effect [41,42,58]. Similar effects have also been derived in
the context of gravitational waves emitted from compact
binaries propagating through the inhomogeneous matter
distribution [48,49]. In the present work, we are thus
motivated to explore the 21-cm signal under the impact of
backreaction from matter inhomogeneities employing the
Buchert averaging framework.

Specifically, in the present analysis, we employ a model
of spacetime with a spectrum of matter distribution inho-
mogeneities in multiple domains, which can imitate our
actual Universe more realistically compared to earlier
analyses of cosmological dynamics under backreaction,
which have primarily relied on toy two-domain models
[41,45-48]. We aim to theoretically analyze the 21-cm
signal in the context of modified Hubble dynamics due to
the effect of backreaction from matter distribution inho-
mogeneities evaluated using the Buchert formalism. We
constrain our model parameters by performing Markov
chain Monte Carlo analysis using the Union 2.1 supernova
Ia data to determine the model parameters’ best fit and
optimum values. We compute the 21-cm brightness temper-
ature, which reveals a significant dip compared to the
ACDM prediction in the redshift range 14 < z <20,
without invoking any additional nonstandard cosmological
effects or exotic physics.

The paper is organized as follows. We briefly introduce
the formalism for evaluating the 21-cm signal brightness
temperature in Sec. II. Next, we briefly outline Buchert’s
averaging procedure in Sec. III. Our model of multidomain
inhomogeneities is presented, leading to modified Hubble
dynamics in Sec. IV. We then present our analysis of the
21-cm signal in the context of our multidomain model in
Sec. V. In Sec. VI, we use the Union 2.1 supernova Ia data
to constrain our model parameters and compute the 21-cm
brightness temperature in the redshift range 14 < z < 20
using the best fit and optimum values of our model
parameters. Finally, we summarize our results in Sec. VIL

II. 21-CM BRIGHTNESS TEMPERATURE

The 21-cm absorption line of the hydrogen atom is
generated by the transition of an electron between the two
hyperfine spin states (spin 0 and spin 1). This 21-cm line
has a characteristic temperature associated with it called the
brightness temperature, 7, which represents the intensity
of the 21-cm line as a function of the cosmological redshift
z. The expression for T,; is given by [10,60]

T, —
LT (] — ), 1
T ) ()

T, =

where 7' is the 21-cm spin temperature at redshift z, T, is
the cosmic microwave background temperature (7, =
2.725(1 + z)K) and 7(z) is the optical depth of the
intergalactic medium. z(z) is given by [60]

3 T* 13 AIO
= —n s
322 T, " H(z) + (1 +2)8,0,

7(2) (2)

where T, = hc/(kgiy ) =0.068 K, Ajp =2.85x 10719 57!
is the Einstein coefficient [61], A,; ~ 21 cm, ny; is the local
neutral hydrogen density, H(z) is the Hubble parameter and
0,v, is the radial gradient of the peculiar velocity. The
above equations are derived from the principles of atomic
physics and radiative transfer. The expression for optical
depth has a term for the gradient of the proper velocity
along the line of sight, and this term includes both the
Hubble expansion and the peculiar velocity, as can be seen
in Eq. (2) [1]. This is how H(z), the Hubble parameter,
which measures the Universe’s rate of expansion, enters the
analysis. Since H(z) itself depends on the model of
cosmology, the values of the quantities of interest turn
out to be different for different models of cosmology.
The spin temperature T is related to the ratio of the
number density of hydrogen atoms in excited and ground
states and is given by [60]
ny

-3 —T¥/T,y’ 3
=3 (3)

where n; and n( are the number densities of hydrogen
atoms in excited and ground states, respectively. In equi-
librium, T is given by [12,62]

Ts _ Ty + ych + yLyaTLya ’ (4)
1+ Ye =+ y Lya

where y, is the collisional coupling parameter, T, is the

baryon temperature, y;, represents the Wouthuysen-Field

effect [63,64] and T/, is the Lyman-a (Lya) background

temperature. The coefficients y. and y;,, are given by y. =

Cul. and Viya = Lul. 165]. Here, Cyg is the collisional

ATy T ATy
deexcitation rate of the triplet hyperfine level, Pq ~ 1.3 x
107128,J ;57! is the indirect deexcitation rate due to Ly-a
absorption, S, is a factor of order unity that incorporates
spectral distortions [66] and J_,; is the Lyman-a background
intensity written in units of 107! ergem=2s~' Hz !'sr!,
and can be estimated by the procedure mentioned in [12,67].

The baryon temperature 7, can be obtained from the
standard evolution equations of 7, and x,, the ionization
fraction. The ionization fraction x, is given by x, = n,/ny,
where n, and ny are the number densities of free electron and
hydrogen, respectively, is an important quantity in estimating
thermal evolution. Here, we will not consider exotic physics
or nonstandard processes like dark matter decay. We just
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consider standard evolution equations. These equations
governing thermal evolution are given by [12,68,69]

drT,, T,
l4+z2)—=2T,+—~(T, - T,), 5
( ) dZ b H(Z)( b 7) ( )
dx Cp _ 3k
14+2)—f=—"""|nyagx> —4(1 —x,)fze ™7 |, (6
(1) 5t = s (=401 = x )30 ™), (@
where I', (T, = %) describes the Compton

interaction rate (o7 is the Thomson scattering cross
section, a, is the radiation constant, f, is the fractional
abundance of helium, m, is the mass of an electron), Cp is the
Peebles C factor [68,70], Ey = 13.6 eV, kg is the Boltzmann
constant and ap and 5 are the recombination and ionization
coefficients, respectively. The Peebles C factor is given
by [68]

3 1
ZRLya +ZA2A‘1s
3 1 ’
B + 5 Riya + 5 M1

(7)

Cp:

where R, , represents the rate of escape of Ly a photons,

Rpye = 87H/(3ny(1 = x,)A},,), ny is the total number
density of hydrogen and Ay, ~ 8.22 s7! [68]. ap and fp
can be calculated using the procedure mentioned in [9,10].
Similar to the case of Egs. (1) and (2), the cosmological
dependence of the equations [Egs. (5) and (6)] are enshrined

in H(z), the Hubble parameter.

III. BUCHERT’S BACKREACTION FORMALISM

Buchert’s averaging procedure that we are using here is
for the pressureless dust universe model [29,71]. Buchert’s
backreaction formalism simplifies the averaging problem
by considering only scalar quantities to average. The
spacetime is divided into flow-orthogonal hypersurfaces
with the line element [29,37]

dSz = —dtz + gi.,-dXide, (8)
where 1 is the proper time, X' are Gaussian normal coor-
dinates in the hypersurfaces and g;; is the spatial three-metric

of the hypersurfaces of constant z. The volume of a compact
spatial domain D on these hypersurfaces is defined as

D), = A du,. (9)

where dpu, = \/<3)g(t,Xl,XQ,X3)dX1dX2dX3. Now, we
define a dimensionless (“effective”) scale factor

ant) = (17 ﬁq)m, (10

normalized by the volume of the initial domain |D;|,, which

can be considered the domain’s volume at the present time,
to. The average over a scalar quantity f is defined as

_ I XX X dpy
(o) = 2=

Using this averaging procedure and Einstein equations
along with the continuity equation, Hamiltonian constraint,
and Raychaudhuri equation gives us evolution equations,

(11)

39D _42Gip)p + Op, (12)
ap
1 1
3H3, = 82G{p)p — 3 (R)p - 5 Op. (13)

0 =9,(p)p +3Hp{p)p, (14)

where (p)p, (R)p and Hp are the averaged matter density,
averaged spatial Ricci scalar and the Hubble parameter
(Hp = ap/ap) of the domain D, respectively. Qp is called
the kinematical backreaction and is defined as

2 (6% -

9p ::3

(0)5) —2(c%)p. (15)
where @ is the local expansion rate and o7 := 1/20; a’/ is
the squared rate of shear. The Hubble parameter HD and
(0)p are related by the relation Hp = 1/3(0)p. Op is zero
for a FLRW-like domain. The necessary condition of
integrability connecting Eqs. (12) and (13) is given by

0,(a5Qp) =0.  (16)
anp ap

Equation (16) shows an important feature of the averaged
equations as it couples the evolution of the averaged
intrinsic curvature ((R)p) to the kinematical backreaction
term (Qp) that symbolizes the inclusion of matter inho-
mogeneities in the analysis. This relationship between
(R)p and Qp together with the term Qp embodies the
diversion from homogeneity.

We now adopt a specific approach within the Buchert
formalism, in which ensembles of disjoint regions represent
the global domain [35-55]. Here, the global domain D is
considered to be partitioned into subregions J that them-

selves consist of elementary space entities F 5”>. Therefore,
mathematically, we have D =u; F;, where F;=U, F Ea)

and]-"ga) nFP — gforalla # pand [ # m. The average of
a scalar-valued function f on the domain D is given by

=" [ sy =055 [ s,
1 a 1

gy = S0, (17)
l

Z IDIg
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where

o |f 1 | g

=, (18)
is the volume fraction of the subregion F; such that ", 4, =
1 and (f) 7, is the average of f on subregion F,. The scalar
quantities p, R, and Hyp are governed by Eq. (17), but Qp,
due to the presence of (0)2 term, does not adhere to the above
equation and instead follows

Op =D 4Q+3D Mdn(H—H,)?  (19)
1 I#m

where Q; and H, are defined in subregion J in the same way
as Qp and Hp are defined in the domain D.

We can also define the scale factor a; for a subregion
F,. By definition, the different subregions are disjoint;
therefore it follows that |D|, = >, |F,|, and hence, using
Eq. (10), we have

ah=> hai, (20)
1

where 4, = % is the initial volume fraction which can also
tlg

be taken as the volume fraction at present and can be

represented as /4, , where the subscript O stands for quantities

calculated at the present time. Differentiating this relation

twice with respect to the foliation time results in

z_zz lezj—gt)"'zﬂl/lm(Hl_Hm)z' (21)
I

t) I#m

IV. A MODEL OF MULTIPLE SUBREGIONS

Several studies have been performed within the Buchert
averaging scheme using models having just one type of
overdense subdomain and one type of underdense sub-
domain [42,43,45-48]. This oversimplifies the actual
spacetime scenario with matter inhomogeneities where
the matter density may vary from very low to very high
across different subdomains. Therefore, a more realistic
model would have multiple overdense and underdense
subregions with distinct evolution profiles. A similar model
has been used in [54] to study the future evolution of the
currently accelerating Universe with multiple inhomo-
geneous domains.

Here, using Buchert’s backreaction framework, we
consider a model of the Universe in which domain D
comprises multiple underdense and overdense subregions,
viz., there are i number of overdense subregions and i
number of underdense subregions. The underdense sub-
regions have densities smaller than those of the overdense
subregions. Our underdense subregions are modelled to

mimic almost empty FLRW regions with very little matter
(dust) present. The overdense subregions are modeled to
mimic FLRW models with matter (dust) content. The
underdense subregions are taken to have Friedmann-like
1/a* negative curvature, while the overdense subregions
have Friedmann-like 1/a” positive curvature. The time
evolution of the scale factor of ith overdense subregions,
a,., is given in terms of a development angle ¢,, of the ith
overdense subregion [72],

=_—" —(1-cosg,). (22)

t =ty P o) 23
0 (¢(),-A0 —sin ¢”i,(l) ( )

where g, and ¢, are, respectively, the deceleration
parameter of the ith overdense subregion and the value
of ¢,, at time 7, which is the present time. g,, , should be
greater than 1/2 [72]. Here, we have taken g, to have a
range of values from 1/2 to 1. The time ¢ in Eq. (23) [41,55]
is the cosmic time, although for each overdense subregion,
this 7 is parametrized in terms of (¢, . #,,) (¢, itself is a
function of g, ). The value of 7, is the same across all
overdense subregions as well as for the global domain
which is ensured by the specific form of Eq. (23). The time
evolution of the scale factor of ith underdense subregions,
a,, is given in terms of a development angle ¢, of the ith
underdense subregion [72],
Qu,,

a, = ——=——/cosh¢p, —1), (24)
' 1 - zq%o '

_ (Sil’lh ¢u,- - ¢u,-)
a tO (Sinh ¢”i.0 - ¢”i,0) ,

(25)

where ¢, and ¢, are, respectively, the deceleration
parameter of the ith underdense subregion and the value
of ¢,, attime 7y, which is the present time. g, has arange of
values from O to 1/2 [72]. The time # in Eq. (25) is the cosmic
time, although for each underdense subregion, this 7 is
parametrized in terms of (¢, , #,,) (#,,, itself is a function
of g,,,)- The value of 7, is the same across all underdense and
overdense subregions as well as for the global domain, which
is ensured by the specific form of Egs. (23) and (25). Since
the values of ¢, and Hyp, are interrelated, one needs to fix
either of them [55]. In our subsequent analysis, we choose
Hp, to be 70 kms™' Mpc™'. The value of 7, is calculated
using the procedure used in [55], modified for our model (see
Appendix A).

Note that @, and a, can be expressed in terms of the
volume of the respective subregions using Eq. (10), which
gives us
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DI, \ ' DI, \'?
a(),-(t) = (|D0| : ) ’ au,-(t) = (|D0| : ) ’ (26)

where D], is the volume of the ith overdense subregions at
time 7, |Dy|,, is the volume of the ith overdense subregion
at time £, as was done in Eq. (10), and similarly for the case
of the underdense subregions. Equations (10) and (26)
require that at 7 = 1y, ap = a,, = a,, = 1, leading to

1 1
cos ¢y, , = < - 1), cosho,, = <
1, q 1,

2i0 Uio

- 1). (27)

For a given value of ¢, and g, ; a,,(t) and a,,(t) can
be calculated using Eqs. (22)—(25) and (27). Then using
Eq. (20), ap(t) can be obtained provided 4;,, which is the
set of all 4, o and 4, o, is known.

It may be noted that ap can also be obtained from
solving the second order differential equation [Eq. (21)].
Using Egs. (22) and (24) in Eq. (21), we get

éiD o éio,» dul-
2= () @w )

+ (ZZikﬂz(Hz —Hk)2>a (28)
ko1

where 1, is the volume fraction of the ith overdense

subregion, /114,- is the volume fraction of the jth underdense

subregion, 4 is the set of all 4, and 4, and H is,
respectively, the set of all H, and H,. The combined
volume fraction of all the underdense subregions is given
by A, ie., > ; 4, = A,. Similarly, the total volume fraction
of all the overdense subregions is given by ), 4, = 4,.
Clearly, 4, + 4, = 1. The evaluation of ap obtained from
these two methods is identical, as confirmed through our
analysis.

The volume fraction of the ith overdense subregion can
be written as

1 = |'7:0[|g o a?),-|‘7:0,~,0|g o a?),- 29
o;i |D| R ERDS — %007 3 ( )
g ap|Dyl, ap

where ¢, is a reference time which can be taken as the
present time, |F, |, is the volume of the ith overdense
subregion, |F (,‘_,0|g is the volume of the ith overdense
subregion at time 7, | Dy| ;18 the volume of the domain D at
time 7, and 4, o is the volume fraction of the ith overdense
subregion at time #,. The present time (#y) value of (4,, 4,)
is given by (4,0,4,0), which we have taken to be
(0.09,0.91) [37].

In our model, we consider the present time volume
fraction of ith underdense subregion, 4, , to have a
Gaussian distribution within the allowed range of g,

from O to 1/2, given by

N
duo=—r=ce

" o, 2rm

where N, is a normalization constant, which ensures that
> i Ao = Auo = 0.91, p, is the mean value of g, and o,

is the standard deviation of g, . Therefore, each ith

underdense subregion is associated with a particular value
of g,,, and 4,, ¢ such that g, varies from 0 to 1 /2 in the i

_(qui,o _/414)2/253 , (30)

number of underdense subregions and ), 4, o = 0.91.
The present-time volume fraction of ith overdense

subregion, 4, o is considered to have a Gaussian profile

within the allowed range of g, , from 1/2 to 1 given by

N -
Ao = Z e(

" e\ 2rm

where N, is a normalization constant that ensures that
Y iho.0 = Ao = 0.09, u, is the mean value of qo,, and o,
is the standard deviation of g, . In this case, each ith

4o, _ﬂa)z/zo% , (3 1)

overdense subregion is associated with a particular value of
do,, and 1, o, where g, = lies within the range 1/2 to 1
across the ¢ number of overdense subregions and
> iAo, 0 = 0.09. The volume fraction of the ith underdense
subregion at a time 7, 4, is related to the volume fraction at
present time 7, by

-3,
1 =2 L 32
u; u;,0 <1 _ Ziloiﬂ) ( )

We have used the Gaussian distribution to define the
present time volume fraction of various subregions. The
actual physical distribution can only be known by extensive
galactic surveys of the matter distribution in the Universe.
Although some such surveys have been performed for the
local Universe, for the redshifts of our interest, no such
surveys exist. Without such surveys, we assume a normal
distribution used in analysis where we do not expect any
bias. The Gaussian distribution is well known and exten-
sively used in diverse physical analyses to model unbiased
physical conditions. (Further details of our model are
provided in Appendix B.)

Using Eq. (19), the kinematical backreaction term for the
domain D for our model effectively becomes

Qp =Y 20,Q0, + D Ay Qu +3D Mid(H, = Hy),
i j I#m

(33)

where Qoi is the kinematical backreaction term for the
ith overdense subregion, Q, is for the ith underdense
subregion. The summation in the last term runs over the
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sets of all 4,, 4,,, H, , and H, . Equation (16) couples the
kinematical backreaction term to the Ricci scalar, and our
subregions are also governed by this coupling. Therefore,
by selectively choosing the curvatures of our subregions,
we can make the respective kinematical backreaction terms
for these subregions equal to zero [37,73]. Hence, in this
case, the global kinematical backreaction is governed by
only the interplay of the subdomain Hubble evolutions and
volume fractions [third term of Eq. (33)]. Note that the
above assumptions are made in the context of our present
model. On the other hand, if the subdomains are endowed
with dynamical curvature, other intricate effects could arise
through kinematical backreaction, as may also happen in a
more general case where the subregions may not neces-
sarily be FLRW.

Obtaining the values of 1, ; and 4,, o from Egs. (30) and
(31), respectively, and using these in Egs. (29) and (32) gives
us 4, and 4, . Hubble parameters for the subregions can be
obtained from Egs. (22), (23) and Egs. (24), (25). We can then
use Eq. (28) to get ap(t) and Hp(r). We next relate these
quantities calculated theoretically from our model with
observational quantities redshift and angular diameter dis-
tance by using the covariant scheme [56,57], given by

1
l+z=— 4
= (34)

d dD
Hp— | (1+2)2Hp—2) = -4 D,.
P <( +2)*Hp dz) zG(p)pDs. (35)

Equation (34) relates ap(¢) with the cosmological redshift
z(1) and Eq. (35) relates the angular diameter distance D 4

1000 T ! "
---ACDM —n =100 - --n =50
—n =10 n =500 - --n =100
. 800 | —n =50 ---n=10 ---n=500
Q
T 600} 7|
) S
L 400! se®”
2 st
200} st
0le==m0 : ‘ ‘
0 20 40 60 80 100
Redshift z
(a)
FIG. 1.

with (p)p, and Hp. Here, we use Eq. (34) to obtain z(¢) from
ap(t). We can thus evaluate Hp(z) using Hp(t) [from
Eq. (28)] and z(z) [from Eq. (34)].

In Fig. 1(a), Hp(z)/Hp, has been plotted as a function
of redshift z for different values of n, the number of each
type of subregion—overdense and underdense. The total
subregions are 2n, n, overdense subregions and »n under-
dense subregions. Here, Hp, is the value of Hp(z) at
7 =0. Depending on the model parameters, our back-
reaction model may be very close to a perturbed FRW or
mimic a single FRW at very early times. Considering a very
high value of n does not lead to a significant difference, as
can be seen in our following analysis. We define

Z‘ HD /HDO |50() (HD<Z)/HD,0)|n
D” Z ( )/HDO)|500 z:z,»’

(36)

which denotes the redshift-averaged variation of Hp, , from
the limiting case of n = 500. In this analysis, we split the
redshift range (i.e., 0 < z < 100) into 100 bins. In Eq. (36),
i is the index number of such bins. The variation of (Hp, )
with n are plotted in Fig. 1(b). In this figure, the plots are
for different chosen sets of y, and u,, while the other two
parameters are kept at ¢, = 0.01 and o, = 0.01. For
n > 100, the average fluctuation is less than ~107°.
Given the above results, we chose n = 100 for our
remaining calculations.

From here onwards, in our calculations, we consider one
hundred underdense and one hundred overdense subdo-
mains. These subdomains are characterized by the respec-
tive volume fractions, 4, and 4, [Egs. (29) and (32)],

10°

——— 1o = 0.55, pi, = 0.05
1o = 0.95, p, = 0.05
fto = 0.55, p, = 0.10

0 50 100 150 200
n

(b)

Subplot (a) is the plot of Hp(z)/Hp, for our backreaction model for different values of n, the number of underdense and

overdense subregions. Here, Hp  is the value of Hp(z) at z = 0. The values of our model parameters are chosen as follows: y, = 0.49,
o, =0.01, u, = 0.51, and 6, = 0.01 for solid lines and y, = 0.15, 6, = 0.01, u, = 0.51, and 5, = 0.01 for dashed lines. The ACDM
model curve is shown with a black dashed line. Subplot (b) is the plot of (Hp, ) versus n, the total number of subregions of each type. We
take o, = o, = 0.01 for all three lines, while u, and p, are varied as mentioned in the legend.
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distributed using a Gaussian profile among these subdo-
mains [Eqgs. (30) and (31)]. Our underdense regions are
characterized by parameters g, that vary from0 < g, <
0.5 [72]. This range for g,, . has been taken to ensure a wide
range of underdense subregions is present in our model to
mimic a variety of underdense regions that may be present
in the Universe. p, and o, are the mean and standard
deviation of the Gaussian profile of the underdense regions.
The underdense subregion with g, = u, will have the
largest value of 4, and thus will be the most prominent
underdense subregion in the analysis. Here, o, governs the
distribution width about a given p,. Similarly, our over-
dense regions are characterized by parameters g, varying
from 1/2 < q,,, < 1. This range for g,, . has been taken to
ensure that a wide range of overdense subregions is present
in our model to mimic a variety of overdense regions that
may be present in the Universe. y, and o, are the mean and
standard deviation for the Gaussian profile of overdense
regions. The overdense subregion with g, = = p, will have
the highest value of /101_ and, therefore, will be the most
prominent overdense subregion in the analysis. o, is the
standard deviation of the distribution, which governs the
width of the distribution about the mean value.

In Fig. 2, the average density parameters are plotted as a
function of the redshift in the redshift range (z < 30). See
Appendix B for the calculation of these average density
parameters. The density parameter associated with kin-
ematical backreaction Qp plays a significant role in our
backreaction model at late redshifts (around z = 5, as seen
from the inset), embodying the departure from FLRW
behavior in our framework. The Qp term becomes negli-
gible at large redshifts, which can be seen from the
corresponding plot in Fig. 2. The term Qg going to zero
at high redshifts (or at early times) shows that our model
can mimic a perturbed FLRW model at early times.

0.8F
06
c04¢
0.2F
O L
5 10 15 20 25 30
Redshift z

FIG. 2. Plot of average density parameters, QP and Qg as a
function of redshift, z. The values of the parameters are chosen as
u, =0.01, 6,=0.01, p, =099, and o, =0.01. The inset
shows the magnified plot for QB, the density parameter for
kinematical backreaction term Qp.

In Fig. 3, the variation with respect to the redshift of
Hp(z)/Hp [here Hp is the value of Hp(z) at z = 0] for
our backreaction model and for the ACDM model
[H(z)/H, for ACDM, H, = H(z = 0)] are plotted. Our
backreaction model has four parameters that can be varied:
Hus Ous 1y 0,. One of the above parameters is varied in the
four subfigures while keeping the other three fixed. From
Fig. 3(a), it can be observed that larger values of parameter
, result in larger values of the quantity Hp(z)/Hpy,
although the variation is very less and from Fig. 3(c) it can
be observed that larger values of parameter y, result in
larger values of the quantity Hp(z)/Hpo. Let us first
consider Fig. 3(c) where y, is being varied, keeping the
other three parameters fixed. Since y, is the mean of the
Gaussian distribution of 4, o, it corresponds to the sub-
region with the largest value of 4,  in the distribution. The
subregion with g, = p, possesses the largest value of 4, ¢
and, therefore, the largest value of 4, also, from Eq. (32). It
follows from Eq. (17) that this underdense subregion
through its H, provides the largest contribution among
all other underdense subregions in the determination of H,,,
the total Hubble parameter for all the underdense sub-
regions combined, and consequently, provides the largest
contribution in Hp among all other underdense subregions.
Therefore, in Fig. 3(c) with all other parameters fixed, the
plotlines for Hp follow the trend of variation of H, with
respect to the redshift z, of the subregion with g, = = p,.
The higher values of g, result in higher values of H, (z)at

higher values of z, which is observed in Fig. 3(c), where
higher values of y, give higher values of Hp(z)/Hp. The
behavior of the plotlines in Fig. 3(a) can also be explained
similarly, where the corresponding underdense subregion
analysis replaces the overdense subregion analysis. In
Fig. 3(a), there is not much difference between the plot-
lines. This can be ascertained to the fact that overdense
subregions have less impact on the global domain dynam-
ics. The reason for this is that the collective volume fraction
of the overdense subregions is much smaller than the
collective volume fraction of the underdense subregions.
On the other hand, from the Figs. 3(b) and 3(d), it can be
seen that larger values of 6, and o, lead to larger values of
the quantity Hp(z)/Hp,. Note that ¢, and 6, represent the
spread of the Gaussian distributions. In Figs. 3(b) and 3(d),
only ¢, and o, are varied, respectively, keeping the other
three parameters fixed. Therefore, a wider distribution with
the same mean is considered in Figs. 3(b) and 3(d). A wider
distribution results in more subregions becoming signifi-
cant than for a narrower distribution. As the contributions
of more subregions become effective, the values of the
combined Hubble parameters for the overdense and under-
dense subregions, H, and H,, respectively, increase, and
hence the value of Hp also increases, which is observed in
Figs. 3(b) and 3(d). Similar to the case of Fig. 3(a), varying
o, in Fig. 3(b) does not have much effect on the plotlines.
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Plots of Hp(z)/Hp, for ACDM and our backreaction model as a function of z. Our backreaction model has four parameters

that can be varied: y,, o,, u,, 0,. In (a) u, is varied with o, = 6, = 0.01 and u, = 0.01 fixed. In (b) o, is varied with yx, = 0.51,
o, = 0.01, and u, = 0.01 fixed. In (c) p, is varied with 6, = 6, = 0.01 and u, = 0.51 fixed. In (d) o, is varied with ¢, = 0.01,
1, = 0.51 and p, = 0.01 fixed. The insets show the plot lines for the redshift range 10-20. The value of H, (Hubble parameter at the

present time) used is 100 2kms~' Mpc~! where & = 0.7.

Therefore, model parameters associated with the overdense
subregions do not have significant impact on the global
domain dynamics.

V. EFFECT OF INHOMOGENEITIES
ON THE 21-CM BRIGHTNESS TEMPERATURE

To analyze the brightness temperature of the 21-cm
signal in the context of our model of multiple subregions of
spacetime with matter distribution inhomogeneities, we
replace H(z) in the equations of 21-cm cosmology with
Hp(z) (Fig. 3), which is the effective Hubble parameter
calculated from our model using Eq. (28). Here, we employ
the general scheme to calculate the 21-cm brightness
temperature 7,; for both ACDM and our backreaction
model. The only difference between these two models is
calculating the Hubble parameter H(z), where z is the
redshift. For the ACDM model, H(z) is calculated using the
standard relation of the Hubble parameter with various
density parameters, Qs. In contrast, for our model H(z) is
replaced by Hp(z), since we are interested in the evaluation
of all physical quantities with respect to the global domain.

From Eq. (1), using Taylor expansion of ¢~*(?), and
ignoring higher order terms of 7(z), we get

T,-T
Taw 1+z

L1(z).

Now, from Eq. (2), for §,v, = 0, 7(z) &« 1/H(z). Therefore,

T,~T, 1

T O E—
28 H(z)

(37)

Thus, for a given value of T and T,, T, is inversely
proportional to H(z). Note that the sign of T, is governed
by Tyand T,. If Ty > T,, then T, is positive and negative
for vice versa. H(z) has effect only on the magnitude of
T,;. Also note that T, is related to H(z) via T, which
itself depends on H(z) [from Egs. (4) and (5)], but the
dominant and more direct relationship between 7,; and
H(z) is from Eq. (37).

Though the primary redshift range of interest for our
present analysis is 14 < z < 20 corresponding to the range
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FIG. 4. Plots of brightness temperature 7’,; for the ACDM model and our backreaction model for the redshift range 14—-1000. Our
backreaction model has four parameters that can be varied: u,,, 6, jt,, 6,. In (a) u, is varied with 6, = 6, = 0.01 and u,, = 0.01 fixed. In
(b) o, is varied with u, = 0.51, 6, = 0.01, and y,, = 0.01 fixed. In (c) y,, is varied with 6, = 6, = 0.01 and p, = 0.51 fixed. In (d) 5, is
varied with ¢, = 0.01, u, =0.51, and p, = 0.01 fixed. The value of H, (Hubble parameter at the present time) used is
100 hkms~! Mpc~! where h = 0.7. The insets show the plot lines in the redshift range of our interest.

of the EDGES result [6], there are various future proposed
experiments to analyze the 21 cm signal at various redshift
ranges [74-78]. In Fig. 4, we display results for a large
redshift range up to z = 1000, given the above-proposed
observations. The current analysis focuses on a much
narrower regime of 14 <z <20 as displayed in the
figure insets.

In Fig. 4, the variations of the brightness temperature 7’5,
in mK as a function of redshift z using Eq. (1) in the redshift
range 14-1000 are plotted for both the ACDM model and
our backreaction model. In the case of our model, H(z) is
replaced by Hp(z) (plotted in Fig. 3). Our backreaction
model has four parameters that can be varied: y,,, 6,,, it,, 0,
One of the parameters varied in each of the four subfigures,
while the other three were fixed. Each subplot of Fig. 4 has
a relation with the corresponding subplot of Fig. 3 via
Eq. (37). In Fig. 3(c), lower values of y, yielded lower
values of Hp(z), and since Hp(z) is inversely proportional
to the magnitude of 7, lower values of y, should give us
the greater magnitude of 7. This is what is observed in

Fig. 4(c). Other subplots of Fig. 4 also have a one-to-one
correspondence with their counterparts in Fig. 3, which can
be explained similarly. At lower values of the redshift z, our
backreaction model for a large range of parameters leads to
lower brightness temperature than the ACDM model. In
general, lower values of y,, y,, 0,, and o, lead to lower
(more negative) values of T5;.

In Fig. 5, the variation of T,; at z = 17.2 in the y,-o,
plane is shown for different sets of values of (u,, 5,) using
a contour plot. The value of y, varies in the range of
0.5-1.0 along the x axis, while o, is varied in the range
0.01-0.09 along the y axis. The contour colors describe the
value of T (z = 17.2) per the color bar at the bottom of the
figure. In Figs. 5(a) and 5(b), (u,,c,) are (0.01, 0.01) and
(0.01, 0.09), respectively. Figure 5(a) has a lower value
(more negative) of 75;(z = 17.2) compared to Fig. 5(b).
There is also very little variation within the individual
Figs. 5(a) and 5(b). This shows that fixing (u,,0c,) and
varying (u,, o,) has very little effect on the calculation of
T, at z = 17.2. However, changing o, between Figs. 5(a)
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FIG. 5.
(©) p, = 0.45, 6, = 0.01, (d) u, = 0.45, 5, = 0.09.

and 5(b) results in significant variation. This also shows
the insignificance of the model parameters associated
with overdense subregions in the dynamics of the global
domain. From Figs. 5(c) and 5(d), it can be seen that
T, (z = 17.2) has high values (from —150 to —110 mK)
for (u,,0,) = (0.45,0.01) and (0.45, 0.09). Changing
o, from 0.01 to 0.09 while keeping y, fixed in Figs. 5(c)

Contour representation of 75;(z = 17.2)(mK) in the 6,-u, plane for (a) u, = 0.01, ¢, = 0.01, (b) u, = 0.01, 5, = 0.09,

and 5(d) has little effect on the value of 75;(z = 17.2). In
these subplots, 75;(z = 17.2) has the lowest value of
around —350 mK in the lower left portion of Fig. 5(a).
This affirms our analysis of Fig. 4 that lower values of ¢,,
0,, U,, and p, lead to lower values (more negative) of
T, (z = 17.2). From Figs. 5(a) and 5(c), it can be seen that
changing the value of y, keeping o, fixed has a more
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FIG. 6. Contour representation of T,,(z = 17.2) (mK) in the 6,-u, plane for (a) u, = 0.51, 6, = 0.01, (b) u, = 0.51, ¢, = 0.09,

©) p, = 0.99, 6, = 0.01, (d) u, = 0.99, 5, = 0.09.

prominent effect on the brightness temperature than doing
vice versa.

In Fig. 6, the variation of T,; at z = 17.2 in the y,-o0,
plane is shown for different sets of values of (y,,,) using
a contour plot. The value of y, varies in the range of 0-0.5
along the x axis while ¢, is varied along the y axis in the

range of 0.01-0.09. In Figs. 6(a) and 6(b), u, is fixed at
0.51, and o, has the values of 0.01 and 0.09, respectively. In
Figs. 6(c) and 6(d), u, is fixed at 0.99 while ¢, has the
values of 0.01 and 0.09, respectively. The effect of varying
o, while keeping y, fixed can also be seen from these two
subplots. From Figs. 6(a) and 6(c), it can be seen that
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changing the value of y, keeping o, fixed has a slightly
more prominent effect on the brightness temperature than
vice versa. The lowest value of T, (z = 17.2) of around
—320 mK is obtained in the bottom left part of the Fig. 5(a)
of the figure for y,, = 0.01. This also affirms our analysis of
Fig. 4 that lower values of ¢, 0,, u,, and p, lead to lower
values (more negative) of T, (z = 17.2). This figure also
highlights the insignificance of overdense parameters as all
four subplots are very much alike, so changing the over-
dense parameters does not affect the output much.

VI. OBSERVATIONAL CONSTRAINTS

We now examine the backreaction framework in the
context of our model of multiple subregions with respect to
observational data and determine the optimum values of
our model parameters. We perform a Bayesian analysis to
compare our model with the Union 2.1 supernova Ia
distance modulus versus redshift data [79]. To compare
our model with the observational data, we employ the
earlier-mentioned covariant scheme [Eqs. (34) and (35)].
The first equation of the covariant scheme [Eq. (34)] relates

Mo

My Oy

Ho Op

FIG.7. Corner plot showing the MCMC result for our model carried out using the observational results of the Union 2.1 supernova la
data [79]. The diagonal histograms show the marginalized posterior densities for each parameter.
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the theoretically calculated quantity from our model ap
with the cosmological redshift, z, and the second equation
[Eq. (35)] relates the theoretically calculated quantity from
our model (p), with the observational quantity, the angular
diameter distance D,. From this D4, we can calculate the
distance modulus using standard cosmological distance
relations and thus compare our model with the Union 2.1
supernova la data.

In this analysis, the resulting posterior distributions of
different parameters are obtained by the Markov chain
Monte Carlo (MCMC) iteration method (Fig. 7) by using
the MCMCSTAT package [80,81]. We use a total of 3 x 103
number of events with the adaptation interval of 100, within
the parameter range: u, €[0.01,0.49], ¢,€[0.01,0.09],
Uy, €[0.51,0.99], and 6, €[0.01,0.09]. The topmost plots
of the first, second, third, and fourth columns of Fig. 7
represent the posterior distribution of the parameters y,,, 6,,,
H,, and o,, respectively, obtained by marginalizing the
other parameters. The other plots of Fig. 7 show the contour
representation of the posterior distribution in different sets
of a two-parameter space. In these contour plots, the darker-
colored regions denote higher posterior regions, and the
lines indicate the boundaries of 1o, 26, and 30 regions,
respectively. The diagonal panels show the 1D histogram of
the posterior distribution for each model parameter
obtained by marginalizing the other parameters. The off-
diagonal panels show 2D projections of the posterior
probability distributions for each pair of parameters and
correlations between the parameters and contours.

From this analysis the obtained set of optimum points
are p, = 0.017060, o, = 0.01°0%, u, = 0.63701¢, and
o, = 0.05f8"8§ , respectively. These optimum points are
obtained considering all four parameters. However, from
the marginalized posterior plot for u, (in Fig. 7), one can
notice that the most probable value of g, is slightly lower
(1, = 0.55) than the corresponding optimal point. This is
because posterior plots for each parameter plotted along the
diagonal are obtained by marginalizing the other parameters.
These plots do not consider other parameters; therefore, the
most probable values differ from the optimum values.
Similarly, the most probable values for other model param-
etersare u, = 0.01,0, = 0.01,and 6, = 0.06. It can be seen
that lower values of ¢, y,,, and y, are favored, which in turn
favors a reduced brightness temperature of the 75, signal, as
determined from our analysis of (Figs. 4-6).

In Fig. 8, the brightness temperature 7,; is plotted in
units of mK as a function of redshift z in the range 14-20
for the ACDM model and for the optimal and most pro-
bable values of the parameters of our backreaction model,
obtained from the MCMC analysis. The set of optimal values
used is (uy, 0, 1y, 0,) = (0.01,0.01,0.63,0.05) and the
set of most probable value used is (u,,o0,,H,,0,) =
(0.01,0.01,0.55,0.06). Both the most probable and
optimal sets of values gives a brightness temperature con-
siderably lower than the ACDM model for this redshift range.
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FIG. 8. Plots of brightness temperature 7,; (mK) for the

ACDM model and our backreaction model for the optimal values
and the most probable values of our model parameters obtained
from the MCMC analysis for the redshift range 14-20. Dashed
plotlines are for our backreaction model.

At z = 14, T»; for our backreaction model, the optimal and
most probable set of parameter values is around ~ — 350 mK,
which is within the range of the EDGES result. This value is
lower than the =~ — 240 mK given by the ACDM model.

VII. CONCLUSIONS

Recent observations indicate that our Universe contains
an inhomogeneous matter distribution at considerably large
scales [21-23]. The effect of these inhomogeneities on
various cosmological phenomena calls for close scrutiny. In
the present study, we revisit the 21-cm cosmology [1-3], in
a spacetime with matter distribution inhomogeneities. We
explore the brightness temperature of the 21-cm signal as a
function of the redshift under the impact of backreaction
from matter inhomogeneities.

In our analysis, we use the widely used Buchert formalism
[29,30] of averaging over inhomogeneities to evaluate the
backreaction effect. The Buchert framework facilitates the
relation of theoretically evaluated quantities with observ-
ables such as redshift and angular diameter distance
[41,42,56-58]. Within this framework, we construct a model
of multiple subregions with a Gaussian distribution of
parameters to mimic the actual Universe containing multiple
voids and structures at the present epoch. We employ the
covariant scheme to relate our theoretically evaluated param-
eters with observational quantities.

Using this model, we calculate the brightness temper-
ature T,; of the 21-cm signal as a function of the redshift
and analyze it for our model parameters. Such a model of
spacetime that we have employed leads to a modification
of the Hubble evolution, making it desirable to constrain
our model parameters using observational results. To
correlate our model with observation data, we obtain the
marginalized posterior densities for each model parameter
through MCMC simulations using Union 2.1 supernova la
data [79].
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Our analysis shows that the 21-cm brightness temper-
ature T’»; could be lowered by a significant amount under
the impact of altered Hubble evolution resulting due to
backreaction from matter distribution inhomogeneities.
Such a result follows without utilizing any exotic physics
or nonstandard models of dark matter and dark energy, such
as schemes employed in a host of previous works [9-16]
to lower the 21-cm brightness temperature. In particular,
using the optimal and most probable values of our model
parameters obtained through the MCMC simulations, it can
be seen that 7,; could drop to levels below the predictions
of ACDM and within the range of the EDGES result.

We conclude by noting that several earth-based and
space-based experiments have been proposed to observe
and record the 21-cm signal effectively [74-78]. Our
analysis obtains the evolution of T,; over a wide range
of redshift z in Fig. 4. Thus, it can be used in conjugation
with data from such experiments to analyze the role of
matter distribution inhomogeneities in 21-cm cosmology.
Specifically, if any dip of temperature below the ACDM
prediction is observed in the 21-cm signal, our present
analysis should motivate further detailed investigations of
other backreaction scenarios [24-28] as well.
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APPENDIX A: CALCULATION OF ¢,
Using Eq. (17), we can break down Hp, as

Hp = Ao Ho + > duH, =AH,+4H, (Al)
i J

where, 4,H, = > 4, H, represents the collective contri-
bution of overdense subregions, and similarly 1,H, =
> i A H,, represents the collective contribution of under-
dense subregions. Also, using Eq. (20), we can write

a3D = /10,0‘13 + ﬂu,Oa?u (A2)

where A, a} represents the collective contribution of the
overdense subregions and similarly 4, ya; for the underdense
subregions. Using Eq. (29), Eq. (A1) can be written as

1
%m:z%ﬂhémzfghﬁm
i o

Cl3 a3
0 u

HD = )“0,0_3H0 + /114,0 _3Hu9
ap ap

-y < lo.an ﬂu,()au ﬂ)
’ /10,0‘15 + /lu,Oai /10,00?7 + /114,003 Ho '

=H,(1-v+ vh), (A3)

where, using the definitions of 4 and v from [55], we have
deﬁned Simﬂal‘ly h = HM/HO and V= lu.Oag OU.I'

j'a.()ag""AM.Oa?l'
definition of v is different from theirs due to the different
scaling of ap that we have used here. Therefore,

'A()-H()-
HD:HO(I—ervh):%(]—ervh). (A4)
Now, using Egs. (22) and (23),
) = Sin ¢0[<¢0,- - Sin fﬂ,') . (AS)
’ tO(l _COS¢0;)
Therefore,
1 sing, (¢, —sing,.)
Hp= 1- h A e . (A6
P 2T )Z “(l—cosgy MO

At present time, 7,

sin ¢0i10 (¢0,-(0 —sin d)(),-,o )

Hp = 1- h A
o l{),Ot(] ( o " o 0)21: e (1 _COS¢01.0)2
(A7)
We see that
1
tO = /IOVOHDO (1 ) + Uoh())zi:/loi.o
« sin ¢o,-'0 (¢(1i_0 — sm ¢o,-,0) (AS)

(1 —cosg,,,)? ’

so we need to fix either 7, or Hp,. Here, we have chosen
Hp, =70 km/s/Mpc. Now we have

3
o A0y B — H,
0 0@ o+ Aoy T H,,
0,050 + 1.0, 0 0,0

We have defined our model in such a way that
a,0=a,9=apo=1. Also, (4,0,4,0)=(0.09,0.91) [37].
Therefore, vy = 0.91. Also,

1 1
= H(),O = A—Zlﬂi-OHﬂm = A Z (00\/2_”

0,0 5 00 X o=

e

~(Go;9Ho)* /205 o sin ¢0;,0 (d)”iﬂ — sin ¢”i.0)
(1 —cose,,,)?
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where we have used Eq. (31). Similarly, using Egs. (24), (25), and (30), we get the following:

1 N 2 2
H = _u e_(qu,'.o —Hu)? /20 X
" duo X 1o Z,: <6u V2n

sinh ¢, (sinh ¢, — ¢u;,o)> (A10)
) .

(coshg,, , —

The #, term in the denominators of Eqgs. (A9) and (A10) cancels out and all the other quantities are known. Therefore,

we have

Ny =G g=1a)? /207
(LTI : X
Huo 2002 ot

sinh ¢u i0 (Smh ¢u, 0 ¢“i.0 ))

So, from Eq. (A11), we can calculate %, and then using
this value of & and v, in Eq. (A8), we can obtain #,. In this
way, using the above procedure, we can fix ¢, for a given set
of values of our model parameters (u,, 6, iy, G,)-

APPENDIX B: OUR MULTIDOMAIN MODEL

Our multidomain model is made up of multiple sub-
domains of overdense and underdense. The underdense
subdomains are negatively curved FLRW regions while
the overdense subdomains are positively curved FLRW
regions having densities greater than those of the under-
dense subdomains. Both of these subregions are composed
of dust. Now, the scale factor for these overdense and
underdense subdomains as functions of cosmic time 7 is
given by Egs. (22)—(25), respectively.

The densities of underdense subregions is given by [72]

Pu
Pu; = _30’ (Bl)
a,,
where p, ~is the density at present time 7y, which is
given by
p u; 3H Lzh 0
; .Ao =qu,» Wherep, = G (B2)
where p,,. is the critical density and H,, q is the value of
present time Hubble parameter for the ith underdense
subregion.

Densities for the overdense subregions can also be
defined similarly,

(B3)

where p,,,  is the density at present time 7, which is given by

2

H(),-,O B4
872G ’ (B4)

'Doi,O
poi.(:

= o> where Poj. =

2 2
e_<q”i.0_”“) /2(7(7 X

(coshep,,, = 1)?
singy, o (B, =sineo, o)\ (All)
(1=cos g, , )?
I
where p, is the critical density and H,, q is the value of

present time Hubble parameter for the ith overdense
subregion.

Choosing our parameters in the range 0 < g,,, < 0.5
and 1/2 < ¢, <1, it follows from Egs. (B2) and (B4)
that the densities of underdense subdomains remain always
less than the densities of overdense subdomains.

The combined density for all overdense subregions (p,,)
is given by

2itoPo,

SyLY

Aopo = Zﬂo Po, = Po =

where 1, are defined in Eq. (29) and 4, is the total volume
fraction of the overdense subregions. Similarly,

Ziﬂu,ﬂu[

S, (B6)

AuPu = Zﬂu Pu, = Pu =

where /1, are defined in Eq. (32) and /,, is the total volume
fraction of the underdense subregions.

Also, (p)p, the averaged density of the global domain is
given by

<p>D = A()po + luﬂm

= Z’loipa,- + Zlu,-pu,-'

(B7)

The various density parameters are obtained in our
analysis in the following way. From Eq. (13), we have

1

1
3H}, = 812G (p)p — 5 (R)p — B Op. (B8)
Dividing by 3H2, throughout, we get
1 =00 +QF +QF, (B9)
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where
QP — 87G(p)p 972 __ (R)p g _ Op _
3HD 6, 61,
(B10)

From Eq. (33), we can calculate Qp for our model and
then from Eq. (B10), Qg can be calculated. Then using,
Egs. (B7) and (B10), QL can be calculated and QF can be
calculated from Eq. (B9). In this way, all the average
density parameters can be obtained.
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