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Axion-like particles (ALPs) are a well-motivated dark matter candidate that solves some of the problems
in the clustering of large scale structure in cosmology. ALPs are often described by a simplified quadratic
potential to specify the dynamics of the axion field and are included in cosmological analysis codes using a
modified fluid prescription. In this paper, we consider the extreme axion: a version of the axion with a high
initial field angle that produces an enhancement (rather than a suppression) of structure on small scales
around the Jeans length, which can be probed by measurements of clustering such as the extended Baryonic
Oscillation Spectroscopic Survey (eBOSS) DR14 Lyman-α (Ly-α) forest. We present a novel method of
modeling the extreme axion as a cosmological fluid, combining the generalized dark matter model with the
effective fluid approach presented in the axionCAMB software as well as implementing a series of
computational innovations to efficiently simulate the extreme axions. We find that, for axion masses
between 10−23 eV ≲max ≲ 10−22.5 eV, constraints on the axion fraction imposed by the eBOSS DR14
Ly-α forest can be significantly weakened by allowing them to be in the form of extreme axions with a
starting angle between π − 10−1 ≲ θi ≲ π − 10−2. This work motivates and enables a more robust
hydrodynamical analysis of extreme axions in order to compare them to high-resolution Ly-α forest
data in the future.

DOI: 10.1103/PhysRevD.110.043517

I. INTRODUCTION

Axion-like particles (ALPs) are a broad class of dark
matter (DM) particle candidates that possess both a strong
theoretical justification and a variety of potentially observ-
able signatures. While the traditional quantum chromody-
namics (QCD) axion is a pseudo-Nambu-Goldstone boson
arising from a broken Peccei-Quinn symmetry [1], ALPs
can arise from broken symmetries more generally and are
produced naturally from a variety of string theories as a
result of compactified higher dimensions, making them a
well-motivated DM particle candidate [2–9]. Throughout
this work, we will use axion and ALP interchangeably to

refer to this broad class of low-mass pseudo-Nambu-
Goldstone boson DM candidates.
The extremely flat field potential of ALPs gives them a

very low particle mass max, potentially on the order of
10−22 eV. This extremely low mass results in a de Broglie
wavelength that “smooths” cosmic power on small (∼kpc to
Mpc) scales, which is why these models are sometimes
called “fuzzy dark matter” [10,11]. The scale of this power
suppression is directly related to the ALP mass, with lower
masses suppressing structures on larger scales [12]. This has
allowed us to put strong lower bounds on the axion mass
(or upper bounds on the axion fraction), using a variety of
observables such as galaxy clustering, the Lyman-α (Ly-α)
forest, and the cosmic microwave background (CMB)
[11,13–16]. For a more detailed review of axions and their
role in cosmology, see, e.g., Refs. [8] and [17].*Contact author: harrison.winch@mail.utoronto.ca
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However, most analyses of dark matter structure for-
mation ignore the periodic nature of the Nambu-Goldstone
field, which creates a cosine field potential for the axion.
While the mass of the ALP max characterizes the field
potential curvature at a stable minimum, the scale of the
periodicity of the field potential is related to the energy
scales of the broken symmetry giving rise to the Nambu-
Goldstone field, parameterized by the axion decay constant
fax [8]. We can write the field potential VðϕÞ for the axion
field ϕ as

VðϕÞ ¼ m2
axf2ax½1 − cosðϕ=faxÞ�; ð1Þ

with a stable minimum at ϕ ¼ 0 and periodicity on the
order of ϕ ∼ 2πfax. If the axion field exhibits only
small oscillations around this minimum, we can approxi-
mate the potential near the minimum as quadratic, of
the form

VðϕÞ ≈m2
ax

2
ϕ2: ð2Þ

All dependence on the symmetry-breaking scale fax
cancels out, and we get a harmonic potential with
curvature depending on the axion mass max.
Modeling a scalar field in a harmonic potential is a

good approximation of the ALP behaviour both at late
times or if you assume a low starting field value relative
to fax. As a result, most past work in axion cosmology
has assumed a low starting angle and thus a purely
quadratic potential, allowing the ALP field to be
approximated as a generalized dark matter fluid, and
efficient predictions can be made of cosmological
observables (i.e., the suppression in small-scale power
mentioned earlier) [12,18,19].
However, despite the computational simplicity of the

quadratic potential, the full cosine nature of the potential
becomes significant if you start the axion field near the
“top” of the potential (so θi ≡ ϕi=fax → π, where θi is the
initial value of the axion field angle, θ). In this work, we
will refer to models where the axion field starts near the top
of the cosine potential as “extreme,” following the con-
vention in existing literature labeling these models
as “extreme axion dark matter” or “extreme wave dark
matter” [20,21]. These models are sometimes also referred
to as “large-misalignment angle” axions [e.g., [22] ]. In
contrast to these “extreme” models, we will refer to axions
with low starting angles well within the quadratic regime as
“vanilla” axions.
Past work modeling perturbations to the axion field have

shown that starting near the top of the potential results in
significant enhancements to the matter power spectrum
(MPS) around the same scales that are ordinarily sup-
pressed in the vanilla axion case [20,23,24]. This enhance-
ment arises in the scalar field as it evolves over a region of

field potential with negative curvature.1 These enhance-
ments have been shown to weaken, or even reverse, the
suppression of power due to the low axion mass, resulting
in a weakening of existing observational constraints on
these axion models. The scale of these enhancements is
related to how close the axion field angle, θi, starts to π, as
this results in the field remaining “balanced” on the top of
the potential for longer and spending more time in this
region of negative potential curvature. Thus, developing
ways of efficiently modeling these extreme axions can
allow us to reevaluate the robustness of past axion con-
straints and explore new and interesting models of DM that
are still consistent with the data.
Past work has suggested this “balanced” starting value

requires some degree of fine-tuning of the initial condi-
tions, but models have been proposed that could explain
this fine-tuning, with an inverted potential at an earlier
phase driving the axion field to start near the potential
maximum at ϕ ∼ 2πfax [22,25]. Being able to efficiently
model the extreme axions for a range of parameters, and
comparing the results to cosmological observables, would
allow us to test the required degree of fine-tuning of the
initial field angle and thus put constraints on the range of
possible axion models.
Some work has been done to model the evolution of the

axion field with these extreme starting angles [20,21,23,26].
However, the rapidly oscillating nature of these axion
fields (both at the background and perturbation level)
necessitates extremely high temporal resolution for the
computations, requiring long computation times for a brute
force solution [21,26]. This makes running repeated esti-
mates of the axion evolution, of the sort required for a
Markov chain Monte Carlo (MCMC) or other likelihood
sampler method, prohibitively expensive.
In this work, we present a novel method of efficiently

and accurately modeling the behaviour of these extreme
axions as a cosmological fluid. We follow the structure
of the vanilla axion modeling code axionCAMB, explained
in more detail in Ref. [19]. We implement a number of
innovations and improvements to axionCAMB computed
predictions for cosmological observables such as linear
MPS. These innovations, described in more detail in
Sec. II, include a restructuring of the initial conditions
and a novel effective sound speed of the extreme axion
fluid. All of these innovations reduce the run time to model

1For an intuitive understanding of why negative potential
curvature leads to an enhancement of power, consider the
following argument: if the curvature of the field potential is
related to m2

ax in the case of a free particle, the negative curvature
is a negative m2

ax term, and thus can be thought of as “imaginary
mass,’, as the square root of a negative number. Since the mass
governs the frequency of the field oscillations, this gives rise to an
“imaginary frequency.” Oscillations with an imaginary frequency
are just hyperbolic sine and cosine functions, so the field
perturbations exhibit exponential growth instead of harmonic
oscillation during this regime of negative potential curvature.
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extreme axions down to ∼7 s. This opens up new oppor-
tunities to put observational constraints on extreme axion
models with higher-dimensional MCMC algorithms
that require tens of thousands of calls to the axion
evolution code. Our code is shared on a Github repository:
https://bit.ly/axionCAMBExtreme.
In addition to explaining our various novel innovations

to model extreme axions as a cosmological fluid, we also
present predictions for some cosmological observables, in
order to assess the potential of these models to be observed.
We compare our predictions for the linear matter power
spectrum to estimates of the linear MPS from the extended
Baryonic Oscillation Spectroscopic Survey (eBOSS) DR14
Ly-α forest [27]. We find that moderately extreme
axions can alleviate tensions between vanilla axions and
the Ly-α estimates for a range of masses and axion
fractions, and that the improvements in the fit are signifi-
cant enough to warrant the addition of the extra parameter
to our vanilla axion model. For example, we show that,
for axion masses between 10−23 ≲max ≲ 10−22.5 eV, con-
straints on the axion fraction imposed by the eBOSS DR14
Ly-α forest can be significantly weakened by considering
extreme axions with a starting angle between π − 10−1≲
θi ≲ π − 10−2. This motivates future hydrodynamical sim-
ulations of the Ly-α forest in extreme axion cosmologies, in
order to compute more robust comparisons to these models,
similar to the analysis done in Ref. [16].

II. METHODS

In order to model the behavior of extreme axions, we
modified axionCAMB to include an arbitrary field poten-
tial shape [in our case, a cosine of the form given in Eq. (1)]
and reconfigured the code to sample the extreme starting
angles necessary to probe these potentials. We also modi-
fied the effective sound speed of the axions after the
onset of oscillations to reflect the growth in structure
resulting from the tachyonic field dynamics. Lastly, we
implemented a computationally efficient “lookup table” of
the axion background fluid evolution in order to speed
up the computation of the perturbation equations of
motion. The details of implementing extreme axions into
axionCAMB are presented below.2

A. Review of axionCAMB

The numerical treatment of axions in axionCAMB is
described in detail in Ref. [19], but we review the dynamics
of axions here in a potential-agnostic way in order to set up
our discussion of modeling extreme axions. In theory, the
best way of modeling the dynamics of axion dark matter is
to model the behaviour of the field throughout all of cosmic
history and derive all cosmological parameters from those

primary variables. However, since this field evolution
includes periods of extremely rapid oscillations at late
times, simulating this is computationally prohibitive and
numerically unstable. Instead, the axion field is modeled
directly at early times, but the code switches to a simplified
fluid approximation at late times [19]. This piecewise
background evolution could then be called when solving
the equations of motion for the fluid perturbations (axion
density perturbation δax and axion heat flux u), allowing for
efficient and stable computation of the final axion power
spectrum. This method is discussed here, building on the
discussion in Refs. [18] and [19].
The axion field, ϕ, can be broken up into a background

(ϕ0) and perturbation (ϕ1) component, so

ϕðτ; kÞ ¼ ϕ0ðτÞ þ ϕ1ðτ; kÞ; ð3Þ
where τ is conformal time and k is spatial wavenumber.
Conformal time can be computed from the scale factor a
and Hubble parameter HðaÞ using the formula

τ ¼
Z

da
a2HðaÞ : ð4Þ

The equation of motion of a background axion field ϕ0

can be computed from the field Lagrangian and has the
form

ϕ̈0 þ 2Hϕ̇0 þ a2V 0ðϕ0Þ ¼ 0; ð5Þ
where ϕ0 is the background axion field,H is the conformal
Hubble parameter, a is the scale factor, V 0ðϕ0Þ is the field
derivative of the potential Vðϕ0Þ, and the dots represent
derivatives with respect to conformal time τ. In theory, the
field potential VðϕÞ could be any functional form, but the
canonical axionlike particle model has a cosine potential of
the form

VðϕÞ ¼ m2
axf2ax½1 − cosðϕ=faxÞ�; ð6Þ

where max is the axion mass and fax is the symmetry-
breaking scale, also referred to as the axion decay constant.3

The background density and pressure of the axion field
can also be derived from the Lagrangian and can be
expressed as

ρax ¼
a−2

2
ϕ̇2
0 þ Vðϕ0Þ ð7Þ

Pax ¼
a−2

2
ϕ̇2
0 − Vðϕ0Þ: ð8Þ

2axionCAMB is in turn based on the cosmological Boltzmann
code, CAMB [28].

3Most treatments of the axion, including vanilla axionCAMB,
assume that the field is in the minimum of this potential. This
allows them to approximate the cosine potential as a quadratic with
curvature proportional to the axion mass as VðϕÞ ≈m2

axϕ
2=2.
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The equation of motion given by Eq. (5) results in an
axion background field that remains fixed at early times
(3H=a≳max), behaving like a cosmological constant with
fixed density, but begins to oscillate rapidly at or soon after
3H=a ∼max, as the Hubble friction term becomes sub-
dominant. Eventually, the field settles in a local minimum
and evolves like a free particle, well approximated by
the quadratic potential. At this point, the density decays
like a−3, analogous to cold dark matter (CDM).
axionCAMB runs through this early preoscillatory

phase several times in order to determine the proper initial
value of the axion field required to produce the desired final
axion density, and the time at which it can safely switch
back to the free particle CDM solution at late times. It then
dynamically evolves these initial conditions [integrating
the equation of motion for a field using a Runge-Kutta
integrator, [29] ] until the field starts to oscillate, at which
point it switches over to the known free-particle solution for
DM evolution [19].
From these primary background fluid variables, secon-

dary background fluid variables are computed, which can
be used directly in the density perturbation equations of
motion. These secondary background fluid variables are the
equation of state parameter wax, and the adiabatic sound
speed squared c2ad, given by the formulas

wax ¼
Pax

ρax
ð9Þ

c2ad ¼
Ṗax

ρ̇ax
¼ wax −

ẇax

3Hð1þ waxÞ
: ð10Þ

These secondary background variables (wax and c2ad) are
then used in axionCAMB to compute the equations of
motion for the axion density perturbations in the comoving
synchronous gauge, which are exact at early times. For an
axion density perturbation δax and heat flux uax of wave-
number k, the equations of motion can be expressed as the
pair of first-order differential equations,

δ̇ax ¼ −kuax − ð1þ waxÞβ̇=2 − 3Hð1 − waxÞδax
− 9H2ð1 − c2adÞuax=k ð11Þ

u̇ax ¼ 2Huax þ kδax þ 2Hðwax − c2adÞuax: ð12Þ

Here, wax and c2ad are the secondary axion background
variables from above and β is the trace of the scalar metric
perturbation in the synchronous gauge (providing a gravi-
tational driving term for these perturbation oscillations).
After the onset of oscillations, the background fluid

variables of wax and c2ad can be approximated as zero in the
case of a quadratic potential, analytically averaging over
the rapid oscillations of the axion field [19]. In addition,
after the onset of oscillations, the axion sound speed c2ax

(not to be confused with the adiabatic sound speed c2ad) can
no longer be set to unity [30] through the choice of the
comoving gauge and instead becomes approximated by the
k-dependent expression [31]:

c2ax ≡ δP
δρ

≈
k2=ð4m2

axa2Þ
1þ k2=ð4m2

axa2Þ
: ð13Þ

This results in a new set of equations of motion for the
axion perturbations after the onset of oscillations:

δ̇ax ¼ −kuax −
β̇

2
− 3H2c2axδax − 9H2c2axuax=k ð14Þ

u̇ax ¼ −Huax þ c2axkδax þ 3c2axHuax: ð15Þ

The perturbation equations of motion in these two regimes
can be used to calculate the evolution of the axion
perturbations and make predictions for cosmological
observables such as the MPS or CMB.

B. Finely tuned initial conditions

In the original formulation of axionCAMB, the initial
field angle was found by testing a range of starting field
values ϕi in a fixed potential, evolving them all forward in
time to find the final axion density, and then interpolating to
find the initial field value that best reproduces the desired
final density via this “shooting method.” However, in order
to explore the tachyonic enhancements arising from
extreme starting angles, we need to set the starting angle
(θax ¼ ϕax=fax) extremely close to π, which is impossible
to do manually in the original formulation of axionCAMB.
In order to specify both the initial axion field angle θi

and the final axion densityΩax0h2, we had to restructure the
initial shooting regime. In our new regime, the free
parameter in the shooting regime is the scale of the cosine
field potential, fax. We test a range of field potential scales
for a fixed axion mass max, starting all of the axion fields at
the same angle (ϕi ¼ faxθi) within the cosine potential, and
then evolve them all forward in time using Eq. (5) to find
the final axion density. This process is illustrated in Fig. 1.
We are then able to interpolate from these final densities in
order to find the field potential scale that correctly
reproduces the desired final axion density given a certain
starting angle.
Restructuring the initial shooting methods to specify the

field starting angle allows us to probe the effects of extreme
starting angles in new ways. We can specify starting angles
arbitrarily close to π, in order to see the effects of these
extremely finely tuned angles on other observables. In
addition, when performing MCMC analysis, having the
starting angle as a free parameter allows us to impose
arbitrary priors on this starting angle. We can use these
priors to test the dependence of any constraints on the level
of fine-tuning of the axion starting angle.
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C. Modeling the early oscillatory effective
axion sound speed

While the preoscillatory behaviour of the extreme axion
perturbations can be precisely modeled by the equation of
state parameter wax and the adiabatic sound speed c2ad, this is
no longer the case after the onset of oscillations. This is
because the adiabatic sound speed, defined by Eq. (10),
becomes undefined when ρ̇ax ¼ 0 or when wax ¼ −1, and
these poles are difficult to integrate around. Therefore, after
the onset of oscillations, we must switch over to an effective-
fluid formalism, where we time-average over the oscilla-
tions. This gives us wax ¼ 0 and c2ad ¼ 0, and the behaviour
of the perturbation equations of motion are instead governed
by the effective axion sound speed c2ax, as seen in Eq. (14).
This sound speed is an approximation, which, in the case of
harmonic oscillations of a vanilla axion, can be approxi-
mated analytically to be the expression given in Eq. (13).
However, in the case of an extreme axion, particularly

during the early anharmonic phase of oscillations, the
assumptions of regular harmonic oscillations do not hold.
The nature of anharmonic oscillations resists easy analytic
approximation of the effective fluid sound speed, so instead
we developed methods of approximating this sound speed

numerically. Since the effective fluid sound speed describes
the frequency of oscillations, exponential growth of the
axion perturbations can be modeled by a negative value of
c2ax, much like the negative mass squared term in the field
equations. In this case, a negative c2ax term does not actually
mean spacelike sound speeds but instead is merely an
effective fluid model of the axion field instabilities. The
impact of this negative sound speed on the growth of the
fluid perturbations is roughly proportional to the integral of
the sound speed over conformal time.
To get a sense of the effects of the anharmonic potential

on the axion fluid sound speed, we first solve the axion
field perturbation equations of motion,

ϕ̈1 þ 2Hϕ̇1 þ ½k2 þ a2V 00ðϕ0Þ�ϕ1 ¼ −
1

2
ϕ̇0 β̇; ð16Þ

where ϕ1 ¼ ϕ − ϕ0 is the axion field perturbation. For this
integration, we use the metric term β̇ from the axionCAMB
solution with the vanilla axion sound speed as the driving
source term. This approach is accurate in the adiabatic
mode before equality when radiation dominates the gravi-
tational potential. We can then use this fϕ0; ϕ̇0;ϕ1; ϕ̇1g
solution to compute the fluid sound speed in the synchro-
nous gauge,

c2ax ¼
δPax

δρax
¼ a−2ϕ̇0ϕ̇1 − V 0ðϕ0Þϕ1

a−2ϕ̇0ϕ̇1 þ V 0ðϕ0Þϕ1

: ð17Þ

This approximation of the fluid sound speed is shown in red
in the lower subplot of Fig. 2.
In order to approximate the boost in the axion sound

speed shown in the field equations without changing the
late-time evolution of the perturbations, we modified the
vanilla axion fluid sound speed to include a large negative
spike just after the onset of oscillations. This negative
triangular spike is shown in green in the lower subplot of
Fig. 2. The width and height of this spike were fit to match
the approximate sound speed computed from the field
perturbation solution. The width (C1) was fit to the delay in
scale factor a between the onset of axion oscillations and
the asymptotic sign change in the field solution sound
speed. This numerical width was then approximated as a
power law function of the scale factor k of the perturbation,
depending linearly on the scale factor at the onset of
oscillations and in turn depending on the axion mass,
fraction, and starting angle,

C1ðk; aoscÞfA1;M1;B1g ≈
aosc
A1

�
k
B1

�
M1

; ð18Þ

where A1, M1, and B1 are all fit parameters, chosen to
match the dependance of the scale factor delay in the field
solutions over a range of values for k and aosc.
The height of this triangle (C2) was chosen such that the

total area of the triangle was equal to the area enclosed by

FIG. 1. This diagram illustrates our novel shooting method for
determining the axion initial conditions, as explained in Sec. II B.
Three possible axion potential scales are shown here in blue,
cyan, and green. The initial value of the axion field is determined
by the axion starting angle (in radians, set here to be 3.0) and the
scale of the axion potential. We then evolve the axion field
forward in time using Eq. (5), as it starts to oscillate at late times,
as shown in the top panel. Once the axion density has started to
evolve like CDM, we can compare the final densities of all of
these test cases to the desired final axion density (shown by a
black dashed line in the bottom-right plot), and we use a cubic
spline interpolation to determine the correct potential scale to
reproduce the desired final density.
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the sound speed over the same conformal time period. As
mentioned earlier, since the axion equations of motion are
differential equations in conformal time τ, the integral of
c2ax over τ approximates the impact that this sound speed
spike has on the evolution of the perturbations. Once this
height is calculated for a certain field evolution, it is
effectively fit by a power law of the sale factor k and
the logarithm of the initial axion field angle separation from
π (since more extreme starting angles should result in
exponentially larger boosts to the perturbation growth),4

C2ðk; θax;iÞfQ2;M2;B2g ≈
�
log

�
π − θax;i

Q2

���
k
B2

�
M2

; ð19Þ

where Q2, M2, and B2 are all fit parameters, chosen to
match the area of the effective sound speed calculated from
the field solutions over a range of k and θax;i values.
With these two functions for C1 and C2, we can compute

a sound speed boost for any combination of axion param-
eters, approximating the effect of the fluid sound speed
for a rapidly oscillating extreme axion. This modifies the
vanilla axion sound speed with the following triangular
boost:

c2ax ¼ c̃2ax −
�
C2 �

ðaosc þ C1Þ − a
C1

; a∈ ðaosc; aosc þ C1Þ
�
:

ð20Þ

The power spectrum results for this method can be
compared to the literature, where other groups have used
the exact field perturbation equations of motion to compute
the matter power spectrum for extreme axions, such as
Ref. [23]. In Fig. 3, we can see the comparison in the matter
power spectrum for both a vanilla axion and an extreme
axion with a starting angle deviating from π by 0.2°, and we
find that they are in remarkably close agreement with
Ref. [23]. However, this close agreement seems to hold best
at z ¼ 0 when these power spectra are computed, while the
higher redshift comparison may be more nuanced. Figure 2
suggests that while the exact field solution and the new
approximate fluid solution agree at very late times, their
evolution at early times are not fully equivalent, so more

FIG. 2. The evolution of axion perturbations during and soon
after the onset of oscillations for different treatments of the axion
sound speed. The horizontal axis is divided between a linear scale
on the left and a log scale on the right, to capture both the early-
and late-time behaviour. The blue line represents the generalized
dark matter (GDM) fluid equations with the default vanilla axion
sound speed [18] The red line in the upper plot uses the Klein-
Gordon field equations with the metric term sourced from the
vanilla fluid solution. The red line in the lower plot shows
the axion sound speed computed from this field solution
(c2ax ¼ δP=δρ) in the synchronous gauge. This sound speed is
used to fit the approximate height and width of a triangular boost
to this sound speed; this boost is shown in green on the lower plot.
In the upper plot, the green curve shows the solution to the fluid
GDM equations with this triangular boost in the sound speed,
reproducing the expected power at late times.

FIG. 3. This figure compares the predicted matter power spectra
for our technique of fitting a triangular boost to the axion sound
speed, to that predicted in Ref. [23], which used the full field
perturbation equation solution to compute the matter power
spectrum for an extreme axion.

4A logarithmic dependence for the background field can be
derived analytically for the anharmonic corrections to the relic
density [32].
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work may need to be done on this approximation in order to
perform comparisons to high-redshift observables.

D. Using lookup tables for efficient modeling of field

Extending the full field evolution so much later past
the onset of oscillations requires far more computational
resources than ending the field evolution as soon as
oscillations begin. Greater numerical resolution, in both
time and possible field potential scale, is also required to
integrate these rapidly oscillating variables. With these
increases in computational time, the new version of
axionCAMB takes around 70 s to complete. While this
may be feasible when computing a single power spectrum
result, this is computationally intensive with which to run
an MCMC analysis, which may require tens to hundreds of
thousands of separate calls to axionCAMB.
Fortunately, there is an opportunity here to streamline

the process through the use of a precomputed lookup
table of smoothed axion background variables. The
background evolution of the axion depends only on the
axion mass max, axion density Ωaxh2, and axion starting
angle θi. In turn, the only output from the axion back-
ground module that is used by the rest of the code is the
arrays of wax, c2ad, and ρax.
We generated a lookup table of axionCAMB results

−24 < logðmaxÞ < −22, 0.0012025 < Ωaxh2 < 0.12025,
and π − 1 < θi < π − 10−4, saving the arrays of the three
background variables presented above, in addition to
logðaÞ as a time variable. We were then able to write a
new version of the axion background module that, instead
of computing the axion background evolution from scratch,
computes it instead from this lookup table. When this new
version of axionCAMB is called, the new values of max,
Ωaxh2, and θi are used to determine the eight reference
combinations closest to the desired values. The proximity
of the new values to these eight reference values is used to
calculate a weighted average background evolution of wax,
c2ad, ρax, and logðaÞ. This lookup table method was tested
extensively against the full computation, showing consis-
tent results, and the required run time was reduced from
∼70 s down to ∼7 s.

E. Summary of changes to axionCAMB

In order to model axions with extreme starting angles in a
cosine field potential using the computationally efficient
field formalism used in axionCAMB, we have introduced
a number of modifications to axionCAMB which are
explained above, but summarized here.

(i) We replaced the quadratic approximation of the field
potential with an arbitrary potential function, cur-
rently set to the canonical cosine potential.

(ii) We restructured the initial conditions to specify the
starting angle relative to this cosine, as well as the
desired final axion density, and test a variety of

potential scales fax to determine the correct one
using a shooting method.

(iii) We modified the effective axion fluid sound speed to
reproduce the growth in the structure seen in the
exact field perturbation equations of motion.

(iv) We precomputed a lookup table for the axion
background evolution which significantly reduced
the run time.

The result is an accurate modeling of extreme axion
background and perturbation evolution for an arbitrary
axion mass, density, and starting angle that only takes ∼7 s
to run. This powerful tool can shed new light on the
behaviour and detectability of these extreme axion models,
as discussed below.

F. Data: Ly-α forest estimates of the MPS

We introduce the data products we use to compare the
observable effect of our extreme axion models and to
constrain these enhancements on small scales of the matter
power spectrum. We consider the Ly-α forest data from
the extended Baryonic Oscillation Spectroscopic Survey
experiment [eBOSS [27] ]. The Ly-α forest uses the
absorption of light from high-redshift quasars by fore-
ground neutral hydrogen. The neutral hydrogen absorbs
light with the Ly-α transition at rest wavelengths of
λLy-α ¼ 121.6 nm, but depending on the redshift at which
this absorption occurs, the absorption feature will be
detected at different places in the quasar spectrum. This
allows one to sample the neutral hydrogen density along the
entire line of sight to the quasar. This can result in
extremely high-resolution estimates of the matter power
spectrum, if we use a high number of quasars and high-
resolution spectroscopy to analyze the quasar spectra.
We use the estimates of the linear MPS from the eBOSS

DR14 Ly-α forest data, as this allows for direct comparison
to our MPS predictions. The data are derived from 210,005
quasars with zq > 2.10 that are used to measure the signal
of Ly-α absorption [27]. The flux power spectrum is then
used to compute estimates of the linear MPS at z ¼ 0,
which we can compare to our MPS predictions.5 These
estimates of the linear MPS are shown in Figs. 6–8, and a
more robust comparison of many models is shown in
Figs. 9 and 10. A more complete discussion of these results
is presented in Sec. III.

III. PHENOMENOLOGY

We discuss the observed changes to the axion back-
ground variables and cosmological observables as a result

5It should be noted that these estimates assume ΛCDM in their
reconstruction and that degeneracies might exist between the
axion and astrophysical parameters used in the reconstruction. A
more rigorous comparison between extreme axions and mea-
surements of the Ly-α forest is left for future work, and discussed
in Sec. IV.
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of the cosine potential and extreme starting angle. While we
leave a full MCMC analysis to future work, we provide a
simple comparison of these models to an approximate
likelihood (using a χ2 comparison to the eBOSS DR14
Ly-α forest estimates of the linear MPS) to illustrate the
potential constraining power of the data on the extreme
axion model.

A. Changes to axion background variables

Before the onset of oscillations, when the axion field is
slowly evolving over the negatively-curved potential, the
axion perturbation equations of motion depend only on
the derived background variables wax and c2ad, defined in
Eqs. (9) and (10). In this section, we will discuss the effect
of changing the axion starting angle and axion mass on the
evolution of these background variables, as they help shed
light on how the extreme starting angles impact the fluid
equations of motion during these early times.
There has not been a thorough treatment of extreme

axions in the fluid formalism previously. The impacts of
starting angle on the background evolution of wax and c2ad
can be seen in Fig. 4. For low starting angles (blue lines
near θi ¼ 1.0 on the plot), the equation of state parameter
wax starts at −1 at early times, as the fixed axion field
behaves like a cosmological constant at these times.

However, as the axion field starts to roll within the
potential, the equation of state parameter rises from −1,
crossing zero at the point when oscillations are defined
to begin. However, for extreme axion starting angles (in
purple and red in Fig. 5), the onset of these oscillations in
wax is delayed to later times, due to a flatter initial potential
slope when the field starts near the cosine peak. Once the
field starts to evolve, the evolution to wax rises to zero much
faster, due to the fact that the Hubble friction has been
allowed to become lower by the time the field starts to
evolve. Therefore, as soon as the field enters the steeply
sloped region of the potential, there is less holding it back
from oscillating rapidly.
The adiabatic sound speed (c2ad), shown in the lower

subplot of Fig. 5, exhibits some of the same features as the
equation of state parameter wax, but with some notable
differences. Like wax, the evolution of c2ad starts at the same
negative value for all starting field angles [in this case,
starting at −7=3, as predicted by Ref. [10] ], evolving up to
zero at the onset of oscillations, for the low field angles in
blue. For extreme starting angles (purple/red lines with,
e.g., θi ¼ π − 10−8) also have a delayed onset of evolution
in the adiabatic sound speed, similar to those seen in wax.
However, one interesting new feature seen in c2ad for

FIG. 4. This plot shows the effect of varying the axion starting
angle θi on the evolution of the axion background variables, wax

and c2ad, in the case of an axion mass of 10−24 eV. The dotted
vertical lines represent the onset of axion oscillations, denoted as
the first time when wax ¼ 0. We can see that, for extreme starting
angles, close to π (in red), a number of features can be seen. The
onset of oscillations is delayed, wax approaches zero more rapidly
just before the onset of oscillations, and c2ad becomes much more
negative before returning to zero.

FIG. 5. This plot shows the effect of varying the axion massmax

on the evolution of the axion background variables, wax and c2ad,
with a moderately extreme axion starting angle of θi ¼ 3.14. The
right plots show the axion background variables normalized to
the scale of the onset of oscillations (aosc). We can see that the
shape of the background variables changes only slightly with
mass and the largest change is a delayed onset of oscillations for
low mass (in green).
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extreme starting angles is that the value of c2ad becomes
extremely negative just before the onset of oscillations.
This can be understood since c2ad ¼ Ṗax=ρ̇ax [Eq. (10)], and
when the field starts to slowly roll along the top of a cosine
potential, the density ρax is not decreasing as quickly as it
would if the field were evolving down the side of a
quadratic potential. This smaller denominator results in a
larger absolute value for the adiabatic sound speed.
These features of the smooth background variables can

help explain the tachyonic growth of structure in the fluid
formalism, as an extremely negative value of c2ad just
before the onset of oscillations drives growth in certain
terms in the fluid density perturbation equations of
motion [Eq. (14)].
We can also examine how the axion mass changes the

evolution of these key background fluid variables in the
case of an extreme axion, as seen in Fig. 5. This plot also
shows the equation of state parameter wax in the upper
subplot and the adiabatic sound speed c2ad in the lower
subplot for a fairly extreme starting angle of θi ¼ 3.14 and
a range of axion masses. We can see that the shape of the
evolution of these background variables is largely inde-
pendent of mass, other than the onset of oscillations
beginning later (at larger values of the scale factor) for
more massive axions.

B. Matter power spectrum signatures

These changes to the background fluid variables also
impact the MPS, which is what gives us the cosmological
observables that can be seen in the Ly-α forest. In this
section, we describe the impact of axion mass, starting
angle, and axion DM fraction on the MPS and compare the
results to the linear MPS estimated using the eBOSS DR14
Ly-α forest data and the ΛCDM model, as described in
Sec. II F. Note that we are not doing a full hydrodynamical
simulation of the Ly-α flux power spectrum but are instead
using the z ¼ 0 linear matter power spectrum estimated
using the Ly-α forest data. This estimation has a number of
limitations. The linearization of the Ly-α power spectrum
and the evolution to z ¼ 0 both assume pure CDM physics.
In addition, these estimates marginalize over a number
of astrophysical parameters describing the nonlinear fluid
dynamics, which may have nontrivial degeneracies with
both cosmological and axion parameters, which would
need to be investigated more thoroughly in a robust
comparison to Ly-α forest data. Therefore, this comparison
should not be considered quantitatively robust but instead
as a qualitative demonstration of how and where extreme
axions can alleviate previous Ly-α forest constraints on
vanilla axion models.
Figure 6 shows the matter power spectrum for a variety

of starting axion field angles, all for a fixed axion
mass (max ¼ 10−23 eV) and fixed dark matter density
(Ωaxh2 ¼ 0.12025). We can see here that, for a low starting

angle well within the quadratic regime (θi ¼ π − 1, in
blue), there is a reduction in power at small scales [30],
which drives well-known limits on the fuzzy dark matter
particle mass [8,11,16,19,33]. However, when we go to
extreme starting angles (with θi → π, in red), we can see an
enhancement in power around the cutoff scale, eventually
even surpassing the CDM results in black [consistent with
the results of [20–23,26,34] ]. The eBOSS DR14 Ly-α
forest estimates of the linear MPS are plotted in black
with error bars, for visual comparison to the axion power
spectra. We can see by eye that while both extremely low
and extremely high starting angles appear to be strongly
ruled out by the data, there is a range of starting angles
around θi ≈ π − 10−2 that agree with the data more,
suggesting that, for a certain axion mass and energy
density, the starting angle may be able to be constrained
from both sides.
Figure 7 shows how the matter power spectrum depends

on axion mass, for both low and high axion starting angles,
again overlaid with the eBOSS DR14 Ly-α forest data. The
axion mass changes the cutoff scale in the matter power
spectrum for the low-angle vanilla axions, with lower mass
axions exhibiting a reduction in power at larger scales
(lower k values), in agreement with Ref. [19]. The axion
mass also changes the scale at which enhancement in the
matter power spectrum occurs for the extreme axions. In a

FIG. 6. The effect of varying the axion starting angle (θi) on the
axion matter power spectrum. The black data points with error
bars are the published MPS data from the eBOSS DR14 Ly-α
forest results. These models shown were computed with an
axion mass of max ¼ 10−23 eV and an axion density of
Ωaxh2 ¼ 0.12025, or constituting 100% of the dark matter.
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similar manner as the vanilla axion cutoff, the extreme
axion enhancement occurs at larger scales (smaller k
values) for lower axion mass. The two effects appear to
be synchronized, with a similar shift in k for both the
vanilla cutoff and the extreme enhancement. By comparing
the eBOSS DR14 Ly-α forest data to the models, we can
see that measurements at smaller scales allow us to
constrain both the vanilla and extreme axion models at
higher masses.
Figure 8 shows how the MPS depends on the axion

fraction for two masses and a fixed extreme starting angle.
As expected, lower axion fractions result in the MPS
converging to the CDM solution, suggesting that any
extreme axion model can be unconstrained at a low enough
axion DM fraction.

C. Comparison to Ly-α forest estimates of the MPS

These MPS results can be compared to the eBOSS DR14
Ly-α forest estimates of the linear matter power spectrum,
and these estimates can be used to compute a simple χ2

likelihood to gauge the goodness of fit. The results of these

likelihood comparisons are shown for max ¼ 10−23 eV in
Fig. 9. In this figure, we plotted the difference in log
likelihoods between our extreme axion fits and a CDM fit,
so that this difference should approach zero for extremely
low axion fractions as we approach a pure CDM universe.
In this case, the “likelihood” being computed was a simple
χ2 metric to the eBOSS DR14 estimates of the linear MPS
for model m, where the log likelihood is given by the
equation

logðLmÞ ≈ χ2m ¼
X
i

ðPi − PmðkiÞÞ2
σ2Pi

; ð21Þ

where the eBOSS DR14 estimates of the MPS are Pi at
wavenumber ki with uncertainty σPi. This χ2 likelihood can
be computed for both an axion model and ΛCDM, and the
difference of the logarithm of these results is plotted in
Fig. 9. A low value means the axion model is almost as
good a fit as CDM, while higher values mean the axion
model has an increasingly worse fit to the eBOSS data. As
expected, the best fits are for low axion fractions, indicating
that CDM is still the best fit to the eBOSS data. However, if
we compare models with different starting angles and a
fixed axion fraction, we can see that, for fractions above
∼10%, varying the starting angle can result in a signifi-
cantly better fit to the Ly-α forest estimates of the MPS.
In order to compare multiple different models, each

with a different maximum likelihood and number of free

FIG. 7. The effect of varying the axion mass (max) on the axion
matter power spectrum for both a low and extreme axion starting
angle (θi ¼ 1.0 in dashed and π − 10−8 in solid). As in Fig. 6, the
black data points with error bars are the linear MPS estimates
from the eBOSS DR14 Ly-α forest data. These results were
computed with an axion density of Ωaxh2 ¼ 0.12025, or con-
stituting 100% of the dark matter.

FIG. 8. The effect of varying the axion fraction ðΩax=ΩdÞ for
two axion masses and a fixed extreme starting angle of
Δθi ¼ 0.2 deg. As in Figs. 6 and 7, the black data points with
error bars are the linear MPS estimates from the eBOSS DR14
Ly-α forest data.
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parameters, it is useful to use the Akaike information
criterion (AIC), given by

AIC ¼ 2K − 2 lnðL̂Þ; ð22Þ

where K is the number of free parameters in the model and
L̂ is the maximum likelihood of the fit to a certain set of
data [35]. The best model (able to achieve the best fit with
the minimum number of parameters) is the model with the
lowest AIC. Therefore, when comparing two different
models, the improvement is considered worth the added
complexity if the difference in the natural logarithm of the
maximum likelihood (Δ logðL̂Þ) is greater than the number
of added parameters in the model. Here, we are using a χ2

comparison to the linearized matter power spectrum esti-
mate [Eq. (21)] instead of a full likelihood computation of
the Ly-α forest data, and we are also not maximizing the
likelihood over all possible cosmological parameters.
Despite these caveats, the AIC can still help to assess
the improvement in our fit to the MPS estimates and
compare that improvement to the number of added param-
eters necessary to achieve that improvement.
When comparing extreme axion models to the standard

axion implementation, one extra parameter is needed
(either the axion starting angle θi or the potential scale
parameter fax, depending on how you formulate the
problem). This added complexity to the model is justified

if it yields Δ logðL̂Þ > 1. Although we are not computing
the maximum L̂ marginalized over all cosmological
parameters, we can still see the difference in logðLÞ in
Fig. 9 and we can see that considering extreme axions can
improve the relative logðLÞ by several orders of unity,
suggesting that the improvement in fit will be worth the
extra parameter to the axion model. The extreme starting
angles can also significantly improve the fits for a range of
other axion fractions. Although pure CDM is still a better
fit to the eBOSS MPS estimates than axions with this mass
of max ¼ 10−23 eV, we can see that moderately extreme
axions (with a starting angle of θi ≈ π − 10−1) offer a
significantly better fit than vanilla axions for a range of
axion fractions, while for very extreme starting angles
(θi ≳ π − 10−3) the results once again are in tension with
the eBOSS estimates.
This mass of max ¼ 10−23 eV has a dramatic difference

between vanilla and extreme axions, due to the large
amount of overlap between the scales measured by
the eBOSS Ly-α forest and the scales affected by the
extreme axion enhancements. However, even the maximum
likelihood for pure axions, with a starting angle of
θi ¼ π − 10−1, still gives a difference to CDM of
Δ log L̂ ∼ 5, indicating that is still a poor fit to the Ly-α
forest data and a significantly worse fit than CDM. We can
get better agreement, however, if we go to slightly higher
masses.

FIG. 9. Simple fits of our linear MPS predictions to estimates from the eBOSS DR14 Ly-α forest, for a range of axion fractions and
axion starting angles, and with a mass of log10ðmax=eVÞ ¼ −23. The middle plot shows a grid of the relative log likelihood values of
this fit [using the χ2 likelihood given in Eq. (21)], relative to the fit with pure CDM (a value close to zero on the color bar means a fit
that is almost as good as CDM, while a more negative value means a worse fit). The horizontal axis shows different axion fractions,
on a logarithmic scale, so the models on the far right (within the magenta box) are pure axion models with no CDM. The vertical axis
shows different degrees of fine-tuning for the axion starting angle. The row along the bottom (in the cyan box) has very low starting
angles, so these results approximate those of a vanilla quadratic axion, while the row along the top has starting angles separated from
π by just 10−4 radians. The six plots along the left and right show the fractional differences of the matter power spectra for six
examples on the grid, highlighted by the orange, yellow, and green boxes, to allow a visual comparison to the eBOSS DR14 Ly-α
forest estimates of the linear MPS.
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Figure 10 shows the same log likelihood comparison for
a range of axion fractions and starting angles but this time
for a mass of max ¼ 10−22.5 eV. Once again, we can see
that pure CDM still gives the best fit, but for a fixed axion
fraction axions with a starting angle between 3≲ θi ≲ 3.13
have higher likelihoods than vanilla axions do (along the
lowest row). In particular, for pure axion models (along the
far right), the maximum likelihood around θi ¼ π − 10−1 ≈
3.01 gives log likelihood values that are actually 0.1 higher
than CDM, whereas vanilla axions are 2.1 less than CDM.
This suggests that extreme axions with max ¼ 10−22.5 eV
may actually be slightly preferred by the Ly-α data while
vanilla axions with the same mass would be ruled out. In
addition, the improvement is likely significant enough to
warrant the addition of one extra parameter, based on the
AIC. This conclusion could be verified with a full hydro-
dynamical simulation and comparison to Ly-α forest data,
and the exact mass where axions can go from forbidden to
permitted might change slightly. However, we can be
confident that extreme axions can alleviate tensions with
Ly-α data for some mass range, drawing into question our
previous upper bounds on the axion mass and motivating
future work into Ly-α constraints on extreme axions.
The range of possible starting angles that can relieve

axion constraints is nontrivial. Figure 11 shows the relative
difference in log likelihood formax ¼ 10−21.5 eV relative to
CDM for a full range of starting angles, where the polar
angle is the axion starting field angle and the radius is the
axion fraction. The dark region of the plot (with fits that are
almost as good as CDM) covers the low-fraction region in
the center of the plot as well as a nontrivial portion of the

FIG. 10. Same as Fig. 9, except for log10ðmax=eVÞ ¼ −22.5. The middle plot shows a grid of the relative log likelihood values of this
fit relative to the fit with pure CDM. The horizontal axis shows different axion fractions, and the vertical axis shows different degrees of
fine-tuning for the axion starting angle. The six plots along the left and right show the fractional differences of the matter power spectra
for six examples on the grid, highlighted by the orange, yellow, and green boxes, to allow a visual comparison to the eBOSS DR14 Ly-α
forest estimates of the linear MPS. The best fits to the Ly-α forest data can be achieved with a starting angle roughly between
3≲ θi ≲ 3.13, but fits can be achieved with a lower axion fraction for a wider range of angles than that.

FIG. 11. Same as Fig. 10, with log10ðmax=eVÞ ¼ −22.5, but
plotted radially for a full range of starting angles. The color
represents the relative log likelihood values of this fit relative to
the fit with pure CDM. The radial axis shows different axion
fractions, and the angle represents the axion starting angle. The
black region represents scenarios that can fit the data as well as
CDM, which include a nontrivial fraction of starting angles at a
high axion fraction.
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outer region around starting angles close to π. From this
plot, we can conclude that, even with a uniform prior on
starting angle, the existence of these extreme solutions
should have a nontrivial impact on estimated constraints on
axion mass and fraction.
While Figs. 10 and 9 show that a moderately extreme

axion can help alleviate tensions with Ly-α forest data for
axions with a mass of 10−22.5 eV, this is not necessarily true
for all axion masses. Figure 12 shows this same log
likelihood grid for masses of 10−22 and 10−24 eV. We
can see that for max ¼ 10−24 eV, the effects are at a low
enough k that they remain ruled out regardless of initial field
angle. In this case, the constraints become entirely dependent
on the axion fraction. On the other hand, atmax ¼ 10−22 eV,
the effects are at a high enough k that they are completely
unconstrained by the eBOSS Ly-α forest estimates of the
MPS, regardless of the starting field angle or axion density
fraction. Evidently, extreme axion starting angles can only
alleviate constraints on the axion density fraction with Ly-α
forest data for a specific range of masses, around
max ∼ 10−23 eV. It is important to note that the relevant
mass range in question will depend heavily on the maximum
k being probed by the relevant survey. This mass range will
change slightly if we use Ly-α estimates at different scales
[such as high-resolution surveys using the Keck telescopes
or the Very Large Telescope (VLT) [36,37] ], but the effect
will likely still be limited to a certain mass range.

IV. DISCUSSION AND FUTURE WORK

The methods presented in this work allow for rapid
computations of cosmological observables in extreme
axion models and their rapid comparison to real data,
and opens up a range of interesting applications and areas
of further study. In general, moderately extreme starting
angles seem to alleviate tensions with existing measure-
ments of the MPS for a certain range of axion mass max,
axion density Ωaxh2, and initial axion field angle θi, but
establishing the exact limits of these alleviated tensions is
an interesting question that would require an extensive
MCMC analysis. We can see from Fig. 11 that, even with
uniform priors on the starting angle (i.e. no fine-tuning
mechanism), the existence of these extreme solutions
capable of alleviating the constraints would make up a
nontrivial fraction of model parameter space. Such an
analysis would involve repeated computations of our
extreme axion model (made possible by the rapid run
times of our modified axionCAMB) and repeated compar-
isons to cosmological likelihoods for galaxy clustering and
the CMB. Such an analysis would tell us exactly how much
weaker our constraints on axion mass and density could be
if we are allowed to vary the starting field angle. It would
also tell us about any degeneracies between these three
axion parameters and any other cosmological parameters
being varied.

Although comparison to LSS likelihoods from galaxy
surveys and CMB likelihoods for the lensing, temperature,
and polarization power spectra are the most straightfor-
ward, the tightest current constraints on axions come from
measurements of the Ly-α forest, as these are able to probe
the MPS at much smaller scales than either galaxy surveys
or the CMB [16]. However, comparing MPS predictions
for extreme axions to data from the Ly-α forest is more
difficult, as it requires hydrodynamical simulations of the
small-scale nonlinear structure, which in principle could
depend on the nonlinear behaviour of the extreme axion
model. In this paper, we used the estimates of the linear
z ¼ 0MPS from the Ly-α forest data, which assumed CDM
for the small-scale structure evolution, but this method
is only valid in the low-axion-density regime, where
CDM makes up most of the dark matter.6 Some work has
been done modeling the nonlinear Ly-α forest for extreme
axions [23], but this simulation is computationally expen-
sive. Ideally, the best approach would be to train an
emulator to produce extreme axion predictions of the
Ly-α data, similar to what was done in Ref. [16]. When
combined with our modified axionCAMB, this could allow
for rapid computation and direct comparison to Ly-α forest
data, which would give the most informative constraints on
the small-scale behaviour of these extreme axion models.
This analysis would also require a more robust model of the
extreme axion sound speeds in order to model the effects at
higher redshifts, while the current model has only been
validated for z ¼ 0. In addition, direct comparison to Ly-α
observables would allow us to use higher resolution
spectroscopic surveys, such as those done with Keck
telescopes or the VLT [36,37].
Accurate simultaneous constraints on the axion mass,

density fraction, and starting angle would quantitatively
address an important question that, so far, has only been
approached qualitatively, namely, the required degree of
fine-tuning for these extreme axion models to work.
Figure 10 shows that a good agreement with data can be
reached with axion starting angles that are close to the peak,
separated by less than 10%. Figure 11 shows that the range
of starting angles that can fit the Ly-α forest data with a
large axion fraction is nontrivial, suggesting that extreme
starting angles are an important factor to consider when
computing axion constraints, even without a fine-tuning
mechanism. This required degree of fine-tuning could also
depend on other cosmological parameters. With our modi-
fied axionCAMB, we could create estimates of the
necessary degree of fine-tuning for a range of axion and
cosmological parameters, helping to inform the plausibility
of these models that produce starting angles close to π.

6Reference [38] finds that pure CDM, with the hydrodynam-
ical model used in the eBOSS analysis, is insufficient to explain
both the Planck CMB and eBOSS Ly-α forest data, further
motivating a more robust mixed-axion hydrodynamical treatment
of the Ly-α forest.
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FIG. 12. The fit of our extreme mixed axion model to the eBOSS Ly-α forest data for a larger range of masses, showing that axions
with masses of 10−24 or 10−22 eV are not impacted by considering extreme axions as opposed to vanilla axions.
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Another area worth exploring is comparing these con-
straints to forecast sensitivities by future CMB experi-
ments, such as the Simons Observatory and CMB-S4
[14,39–41]. Although Planck CMB is already cosmic-
variance limited for temperature at low-l, there may be
substantial improvements to be made with an experiment
with better polarization and/or high-l data [42]. CMB
lensing also offers the ability to probe the DM MPS at a
range of scales [43]. We could also experiment with
simultaneous constraints from CMB and MPS sources.
Direct probes of the MPS can also be used to constrain
the extreme axion model, including the Dark Energy
Survey [which we used to constrain the vanilla axion
model in [11] ], Euclid [44], JWST [45], and the Vera
Rubin Observatory [46]. Weak gravitational lensing or
Galactic dynamics could also be used to search for DM
substructure on subgalactic scales [47–49].
It is important to note that these ultralight axion models

can also be probed by late-time astrophysical effects,
including the formation of dwarf galaxies [50] or dark
matter rotation curves [51,52]. These late-time astro-
physical probes would not be impacted by the early-time
imprints of extreme starting angles, and thus, these
constraints appear to be independent of the axion starting
angle. However, these constraints depend on astrophysi-
cal modeling in dense baryonic environments (for exam-
ple, modeling the structure of the soliton core), which
makes it difficult to probe to a low-axion fraction.
Cosmological constraints sensitive to the linear MPS
(such as the CMB, Ly-α forest, or UV luminosity
function) remain superior in probing low-axion fractions
[e.g., [19,43,53] ], and thus, a rigorous understanding of
extreme starting angles is necessary to compute accurate
constraints using these experiments. While these observ-
ables probe different axion masses (ranging from 10−27

up to 10−19 eV), we anticipate that the alleviation of mass
and fraction constraints due to extreme axion starting
angles will be qualitatively similar across that range. The
comparison to eBOSS Ly-α forest constraints is intended
as an illustrative proof of concept and is not intended to
be a comprehensive reevaluation of cosmological axion
constraints.
Lastly, there is scope to constrain potentials beyond just

those with the standard cosine shape. Models have been
proposed with axions with quartic, hyperbolic cosine, or
monodromic potentials [34,54–56]. In addition, axionlike
scalar fields with a variety of potentials have been proposed
as an early dark energy component potentially capable of
relieving the Hubble tension [57,58]. Axion perturbations
in all of these potentials could conceivably be modeled
using our modified axionCAMB, since the potential
function is implemented generically. The only requirement
would be that the potential being tested must simplify to a
quadratic at small ϕ values, in order for the particle DM
approximation to be valid at late times.

V. CONCLUSIONS

Extreme axions represent an interesting class of dark
matter models, theoretically motivated by string theory, and
with distinct signatures on cosmological observables.
Previously, their one major drawback was the high com-
putational cost of modeling the rapid field oscillations. In
this work, we have introduced a new extension to the
existing axionCAMB software, allowing it to compute
MPS and CMB observables for extreme axion models in
∼7 s, where previous models have taken multiple days.
These observables can be computed for a range of values
for the axion mass, axion DM density fraction, and extreme
axion starting angle as well as a range of ordinary
cosmological parameters. We achieved this rapid modeling
of the extreme axions by using a modified version of
axionCAMB’s fluid approximation, reconfiguring the
initial conditions to allow for finely tuned starting angles,
modifying the effective fluid sound speed to reflect the
tachyonic growth during the oscillatory phase, and imple-
menting an efficient lookup table of the axion background
fluid variables to allow for rapid computation.
We also compared the results of our extreme axion

model to estimates of the linear matter power spectrum
from the eBOSS DR14 Ly-α forest data. While there are
limitations to this approach, as the estimation of the linear
z ¼ 0 MPS from Ly-α forest data assumes CDM physics
and integrates over a number of astrophysical parameters,
we can still use this comparison to give us estimates of
the effect of these extreme axion models on cosmological
axion constraints more generally. We find that when
considering the eBOSS DR14 Ly-α forest data, for a range
of axion masses around max ≈ 10−22.5 eV, constraints on
the axion fraction can be significantly weakened by
considering extreme axions with a starting angle between
π − 10−1 ≲ θi ≲ π − 10−2. This motivates future work run-
ning robust MCMC comparisons of this extreme axion
model to Ly-α observables as well as to CMB and other
cosmological axion measurements. With the help of this
new, efficient fluid model of extreme axions, we can
compute more nuanced constraints on axion mass and
fraction as well as shed new light on the possible high-
energy origins of these ALPs through estimates of the axion
decay constant fax.
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