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Cosmological first-order phase transitions (1stOPTs) are said to be strongly supercooled when the
nucleation temperature is much smaller than the critical temperature. These are often encountered in
theories that admit a nearly scale-invariant potential, for which the bounce action decreases only
logarithmically with temperature. During supercooled 1stOPTs the equation of state of the universe
undergoes a rapid and drastic change, transitioning from vacuum domination to radiation domination. The
statistical variations in bubble nucleation histories imply that distinct causal patches percolate at slightly
different times. Patches which percolate the latest undergo the longest vacuum-domination stage and as a
consequence develop large overdensities triggering their collapse into primordial black holes (PBHs). We
derive an analytical approximation for the probability of a patch to collapse into a PBH as a function of the
1stOPT duration, β−1, and deduce the expected PBH abundance. We find that 1stOPTs which take more
than 15% of a Hubble time to complete (β=H ≲ 7) produce observable PBHs. Their abundance is
independent of the duration of the supercooling phase, in agreement with the de Sitter no hair conjecture.
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I. INTRODUCTION

Primordial black holes (PBHs) have been the object of
intense research activities since the detection of gravita-
tional waves from mergers of solar-mass black holes in
2015 [1]. The detection of black holes with subsolar masses
would be considered evidence for the gravitational collapse
of large overdensities which preexisted in the primordial
plasma [2]. A variety of mechanisms have been pro-
posed for generating such inhomogeneities, e.g., inflaton
ultraslow-roll [3,4], collapse of cosmic strings [5–8], of
domain walls [9–12], of scalar condensates [13–16], or in a
dissipative dark sector [17–20]. Overdensities and the for-
mation of PBHs can also be associated with cosmological
first-order phase transitions (1stOPTs) where by and large,
four mechanisms have been identified; bubble collisions
[21–24], matter squeezing by bubble walls [25–29], tran-
sitions to a metastable vacuum during inflation [30–33] and
the collapse of delayed false vacuum patches [34–45].
In this work, we revisit the last of these mechanisms

and show that PBHs can be abundantly produced in the
supercooling regime, e.g., when the energy density of the
universe is dominated by the latent heat of a phase transition.

(a) (b)

(c) (d)

FIG. 1. The supercooled late-blooming mechanism: (a) The
nucleation of bubbles through quantum or thermal tunneling is a
random process. Within certain causal patches—such as the one
delimited with a black dotted circle and labeled “late-bloomer”—
bubble nucleation can start later than the background. (b) and
(c) In the supercooled limit, false vacuum regions in gray are
vacuum dominated while true vacuum regions in brown are
energetically dominated by components which redshift like
radiation (see Appendix B). As a result, the background is
rapidly redshifting while late-bloomers admit a nearly constant
energy density. (d) This inhomogeneity in the equation of state
generates a Hubble-size over-density in the radiation fluid which,
above a certain threshold, collapses into a PBH.
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The latent heat acts as a cosmological constant which causes
the universe to inflate until the transition completes and the
energy is converted into radiation once bubbles nucleate and
percolate. As illustrated in Fig. 1, since bubble nucleation is a
stochastic event, and since regions outside bubbles expand
faster than those inside, a delayed nucleation within a causal
patchwould develop high curvature and collapse into a PBH.
We find that any 1stOPTwhose duration, β−1, is longer than
one tenth of Hubble time,

β≡ 1

ΓV

dΓV

dt
≲ 7H; ð1Þ

produces PBHs with observational consequences. Here
ΓV ≡ Γ=V is the bubble nucleation rate per unit of volume
(and hence a dimension-4 parameter). The mass of these
PBHs is given by the mass inside the sound horizon,
cf. Eq. (17).

II. SUPERCOOLED PHASE TRANSITIONS

In Appendix B we argue that during a 1stOPT the
universe can be viewed as composed of a vacuum compo-
nent ρV and a radiation component ρR, with equation of
state p ¼ −ρ and p ¼ ρ=3, respectively,

ρtot ¼ ρV þ ρR: ð2Þ

Before being converted into radiation through per-
colation, ρV is initially given by the difference ΔV between
the false and true vacuum energy densities evaluated at
zero-temperature. Bubbles nucleate around the temperature
Tn given by the instantaneous criterion,

ΓVðTnÞ ¼ H4ðTnÞ: ð3Þ
We assume an exponential nucleation rate per unit of volume

ΓVðtÞ ¼ Γ0eβt with Γ0 ¼ H4ðTnÞe−βtn ; ð4Þ

where the expression for Γ0 follows from Eq. (3) and where
tn ¼ −

R
Tn dT

THðTÞ is the universe cosmic time when its

temperature is Tn. We stress that Eq. (4) should be viewed
as a Taylor-expansion of the bounce action around tn at first
order. Any large higher-order corrections would change our
results. We introduce the temperature Teq when the universe
becomes vacuum dominated

π2

30
g�T4

eq ≡ ΔV; ð5Þ

where g� is the number of relativistic degrees of freedom. The
strength of the 1stOPT is quantified by the latent heat
parameter

α≡ ρV
ρR

����
T¼Tn

¼
�
Teq

Tn

�
4 ≡ e4Ne; ð6Þ

and it is said to be supercooled ifα > 1.When the temperature
lies within the interval Teq > T > Tn, the universe undergoes
a short inflation period of Ne e-foldings.1 The inflationary
stage ends by the nucleation of bubbles followed by the
expansion of their walls, assuming successful percolation.
Then, under the assumption of instantaneous reheating, the
universe is heated back to Teq, up to change in degrees of
freedom.

III. PBH FORMATION

Quantum or thermal tunneling at the origin of
each bubble nucleation is a stochastic event. As a conse-
quence, the time when bubbles percolate is a random
variable whose value depends on the nucleation and
expansion history of the ≃ðβ=HÞ3=6 bubbles in a causal
patch.2 As we discuss in Appendix B, during bubble
growth, the vacuum energy ρV is converted into a mixture
of relativistic expanding bubble walls, relativistic kinetic
and thermal energy damped into the plasma and relativistic
scalar waves associated with bubble collisions. These
contributions all redshift like radiation a−4 and so we
denote them by ρR.
The time of percolation is the time when most of the

vacuum energy ρV has been converted into radiation ρR.
Any delay of the percolation time in a specific causal patch
necessarily generates an overdensity of ρR with respect to
the average background. This is because this late Hubble
patch is still inflating while the radiation density in its
neighborhood has already started redshifting away. The
time evolution of the radiation component ρR follows
from energy-momentum conservation in the expanding
universe,

ρ̇Rðt; tniÞ þ 4HρRðt; tniÞ ¼ −ρ̇Vðt; tniÞ; H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρV þ ρR
3M2

pl

s
:

ð7Þ

Here tni is a free parameter which sets the time at which the
first bubble is nucleated in a given causal patch [38]. During
bubble growth, the vacuum component ρV evolves as

1The inflation stage operating during the supercooled phase
transition studied in this work is a priori unrelated to the
primordial inflation which explains the homogeneous and aniso-
tropic CMB.

2The number density nb of bubbles grows as dnb=dt ¼
Fðt; tniÞΓVðtÞ, cf. Eq. (B4), where F is the false vacuum fraction
defined in Eq. (9). Time integration between −∞ to þ∞
neglecting Hubble expansion gives nb ≃ β3=8π. We deduce the
number of bubbles per Hubble patch nb × 4πH−3=3 ≃ ðβ=HÞ3=6.
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ρVðt; tniÞ ¼ Fðt; tniÞΔV; ð8Þ

where Fðt; tniÞ is the volume fraction of remaining false
vacuum at time t [46]. In Appendix B 1 we rederive this
function,

Fðt; tniÞ ¼ exp

�
−
Z

t

tni

dt0ΓVðt0Þaðt0Þ3
4

3
πr3ðt; t0Þ

�
; ð9Þ

where rðt; t0Þ is the comoving radius of a bubble which
nucleated at time t0 and expanded at speed of light until t

rðt; t0Þ ¼
Z

t

t0

dt̃
aðt̃Þ : ð10Þ

The above equation neglects the comoving bubble radius at
nucleation. In Figs. 2 and 7 we show, using Eq. (7), the
evolutionof the equationof stateω and energydensitiesρR,ρV
of a Hubble patch in which bubbles start nucleating later than
the background. The larger tni in Eq. (9), the later nucleation
begins, and the denserwith respect to thebackground thepatch
becomes after percolation. If the overdensity, δðt; tniÞ, of a
lately-nucleated Hubble patch with respect to the background
is larger than the critical threshold [47]

δðt; tniÞ≡
ρtotðt; tniÞ − ρbkgtot ðtÞ

ρbkgR ðtÞ > δc ≃ 0.50; ð11Þ

then this late Hubble patch collapses into a PBH. Here
ρtotðt; tniÞ denotes the total energy density at time t, in a late
patch inwhich the first nucleation event occurs at a time tni .On

the other hand, ρbkgtot ðtÞ≡ ρtotðt; tcÞ represents the background
(average) energy density, where nucleation may initiate as
early as the time tc when the phase transition becomes
energetically permitted.
During the radiation domination era, the collapse thresh-

old has been found to range between δc ∈ ½0.40; 0.67�,
depending on the profile shape [49,50], with δc ¼ 0.40 for
the broadest profiles, and δc ¼ 0.67 for the sharpest ones.
Past literature have widely used values around δc ≃ 0.45
[51–55]. Awaiting future studies on the density profile
shape generated by 1stOPT, we assume δc ¼ 0.50.
Two comments are now in order. First, it may seem that

the density contrast, δðt; tniÞ, would remain constant once
all patches have transitioned into a radiation-dominated
state and should therefore redshift in a similar fashion.
Instead, it reaches a maximum value at a time tmax shortly
after the percolation of the late-blooming patch, and then
decreases to zero as t approaches infinity, as shown in
bottom panel of Fig. 7. This behavior results from the
late-blooming patch experiencing a faster expansion
(and hence a faster redshift) due to its excess energy
density. This behavior comes from the choice of defining
the Hubble constant in Eq. (7) as a local quantity,
which takes different values for distinct causal patches.

1.0 1.1 1.2 1.3 1.4

1.0

0.5

0.0

0.5

FIG. 2. During a supercooled first-order PT, the universe changes from a vacuumlike equation of state (EOS) with ω ¼ −1 to a
radiation EoS with ω ¼ 1=3. Depending on their bubble nucleation history, distinct Hubble patches follow different EOSs. We compare
the EoS of the background (blue) to the EOS of a late-blooming patch (red) inside which nucleation only starts after a critical time tPBHni .
As a result, the radiationlike cooling phase of such a patch begins late with respect to the background, resulting in an overdensity (see
Fig. 7) which reaches a maximal density contrast at tmax which, if δρ=ρ > δc, collapses into a PBH. We use ω ¼ −ðȧ2 þ 2aäÞ=3ȧ2 [48]
with aðtÞ the solution of Eq. (7) for tni ¼ tc (blue) and tni ¼ tPBHni (red) so that it just passes the threshold δρ=ρ ¼ δc in Eq. (11)
at t ¼ tmax.
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Another approach—possibly more realistic—would be to
define a uniform Hubble constant identical for all
causal patches and introduce a patch-dependent curvature
component K ¼ a2ðρ=3M2

pl −H2Þ in the Friedmann equa-
tion. We leave this approach for future work. Second, one
may wonder why we only consider overdensities produced
on a full Hubble patch, and ignore those that may occur
in smaller regions which go through the phase transi-
tions late. It is well-known that the Schwarzschild radius
rs ≡ 2GM ¼ 8πGρr3H=3 of a Hubble patch is equal to its
Hubble horizon rH ¼ H−1. This explains why an over-
density of δc ≃ 50% is sufficient to make it collapse into a
PBH. In principle, the delay of nucleation in regions of sub-
Hubble size r < rH could also produce PBHs. However,
since rs ∝ ρr3, the overdensity needs to be larger than the
critical density δc in Eq. (11) by a factor ðrH=rÞ2. The
probability for it to happens is exponentially suppressed, as
we now discuss.
For a given Hubble patch of radius H−1ðt ¼ tmaxÞ [the

Hubble radius when the density contrast δðt; tPBHni Þ reaches
its maximum value], we introduce the probability
Psurvðtni ; tmaxÞ that no nucleation occurs in the past light
cone of a Hubble patch at tmax before the time tni [38] (see
Appendix C 1 for a derivation),

Psurvðtni ; tmaxÞ ¼ exp
�
−
Z

tni

tc

dt0ΓVðt0Þaðt0Þ3Vðt0; tmaxÞ
�
:

ð12Þ

Vðt0; tmaxÞ is the spacelike slice at time t0 bounded by the
past light cone of a Hubble patch at tmax,

Vðt0; tmaxÞ ¼
4π

3
ðrHðtmaxÞ þ rðtmax; t0ÞÞ3; ð13Þ

with rH ≡ ðaHÞ−1 and rðt; t0Þ defined in Eq. (10). The pro-
bability that a Hubble patch collapses into a PBH is given by

Pcoll ≡ PsurvðtPBHni ; tmaxÞ; ð14Þ

where tPBHni is the minimum delay of the onset of nucleation
for a Hubble patch to reach the critical threshold δc in
Eq. (11). We refer the reader to Fig. 3 as well as Fig. 6 in
Appendix A for summaries of the different stages leading to
the formation of PBHs.
As we show in Appendix C 2, in the limit α≳ 102 one

can approximate the collapsed fraction by the analytic
formula,

Pcoll ≃ exp

�
−a

�
β

Hn

�
b
ð1þ δcÞc

β
Hn

�
; ð15Þ

elucidating the exponential dependence on β=Hn and
δc, where a ≃ 1.024, and b ≃ 0.6921, c ≃ 0.8831 are fit-
ting parameters. Equation (15) is valid for β=H∈ ½3; 8� and
δc ∈ ½0.4; 2=3�.3 Remarkably it is independent of the energy

FIG. 3. An illustration depicting in chronological order the various steps leading to the eventual collapse of a Hubble patch into a PBH
during a supercooled PT. The comoving Hubble horizon rHðtÞ shown with red lines, shrinks when the universe is vacuum dominated and
grows when it becomes radiation dominated. With blue lines we show the trajectory of the outermost walls which would enter the Hubble
volume at tmax [see Eq. (C11) inAppendixC 1] and coincidewith the past light cone of theHubblevolume at tmax. A spacelike slice bounded
by this light cone has thevolumeVðt; tmaxÞ and is shown in shaded blue [see Eq. (13)]. The survival probabilityPsurvðtni ; tmaxÞ [see Eq. (12)]
is the probability of having no bubbles nucleated inside Vðt0; tmaxÞ between tc < t0 < tni .

3The formula in the first version of this work was only valid for
δc ∈ ½0.4; 0.5�.
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scale of the phase transition Teq and of the duration of
the supercooling stage Ne defined in Eq. (6). For Ne ≳ 1,
the universe enters an almost pure vacuum state with no
trace of the initial radiation abundance [56], which
explains the absence of α in Eq. (15). The fraction
fPBH of DM in the form of PBHs today is given by (see
Appendix C 1)

fPBH ≃
�

Pcoll

2.2 × 10−8

��
Teq

140 MeV

�
: ð16Þ

In order to have 1% of the DM density in the form of
PBHs, only a fraction PPBH ∼ 10−8 of Hubble patches
need to collapse at the QCD epoch and only 10−12 at the
TeV epoch. The mass of PBHs is given by the mass
inside the sound horizon csH−1 at the time of the
collapse [57],

MPBH ≃Msun

�
20

g�ðTeqÞ
�

1=2
�
140 MeV

Teq

�
2

; ð17Þ

where cs ¼ 1=
ffiffiffi
3

p
was used. The regions which predict

sizable PBH abundance are shown on the α-β plane
in Fig. 4.

The parameter β−1 encapsulates the typical time scale
associated with the variations of the nucleation times in
different Hubble patches, and as such, a strong suppres-
sion of the PBH abundance is anticipated for large values
of β=H. Conversely, α encodes the amount of energy
density stored in the form of vacuum energy during the
phase transition and hence the production of PBHs
becomes inefficient for small values of α. These features
are clearly visible in Fig. 4. For further information on
the mechanism of PBH formation, we refer the reader to
Appendix C.

IV. ASTROPHYSICAL AND COSMOLOGICAL
CONSTRAINTS

A. PBH Detectability

The standard search strategy for supercooled phase
transitions (PT) are gravitational waves (GWs) sourced
by bubble collision and the associated plasma dynamics
[58–61]. The possible production of PBHs allows for a
novel and complementary strategy to identify the presence
of a supercooled PT in the early Universe and here we
summarize existing constraints (for a review on the
cosmological and astrophysical constraints on PBHs
see Ref. [62]).

10 5 10 4 10 3 10 2 10 1 1

4

5

6

7

8

FIG. 4. Predictions for the PBH density, fPBH ≡ ρPBH=ρDM, in the α−1=4–β=H plane. As discussed in the text, α signifies the strength of
the supercooled PT while β−1 encodes its duration. For sufficiently long (β ≲ 6H) and strong (α≳ 100) supercooled PT, significant
production of PBHs is expected due to the existence of regions in which bubble nucleation is delayed, resulting in large overdensities. The
gray bands show the dependence of the PBHs abundance on the critical threshold δc ¼ δρ=ρ abovewhich gravitational collapse occurs. The
solid (dotted) lines are the numerical (semianalytical) predictions for fPBH assuming δc ¼ 0.50. The PBHmass is given by the mass within
the sound horizon at the time of the collapse. The temperature Teq marks the beginning of the inflationary phase, during which the universe
supercools until bubbles nucleate at temperature Tn. The visible plateau associated with the asymptotic independence of the PBHs
abundance on the strength of the phase transition (and hence the durationduringwhich the universe is inflating) is amanifestationof deSitter
no hair conjecture [56].
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In Fig. 5 we show the viable parameter space in the
β=H-Teq plane, for the supercooled 1stOPT scenario
discussed in this letter. The gray-shaded regions represent
observables that are not related to PBHs. Firstly, for
temperatures below Teq ≲MeV a supercooled PT would
inject entropy after the onset of big bang nucleosynthesis
(BBN), which is excluded. Secondly, the nondetection
of a stochastic GW background at the LIGO/Virgo
interferometers [63] excludes supercooled PTs around
Teq ∼ 108 GeV, while the region around Teq ∼ 100 MeV
is of interest [64–66] for the recent hint for a nano-Hertz
GW signal found in pulsar timing array datasets
NANOgrav [67,68], EPTA [69,70], PPTA [71,72], CPTA
[73], and IPTA [74,75]. The GW signal sourced by bubble
collision is derived using the bulk flow model [76,77].
On the other hand, the colored regions in Fig. 5 depict

the constraints and regions of interest connected with the

presence of PBHs. Sufficiently small PBHs, with masses
below≲1015 g, evaporate and do not survive to present day
[96,97]. Such PBHs, which in the framework discussed
here correspond to Teq ≳ 107 GeV [see Eq. (17)], would
radiate at early times and are therefore constrained. The
yellow region (on the right) in Fig. 5 shows such limits
from cosmic microwave background (CMB) anisotropies
[81–83]. The red region corresponds to constraints from
measured fluxes of extra-galactic photons on Earth [89] and
from the e� flux measured by Voyager 1 [90]. In the green
spot, they could contribute to the 511 keV excess [91–93].
Finally, constraints on energy injection at BBN are shown
in green [89,98,99].
Conversely, supercooled PTs happening at lower tem-

peratures, Teq ≲ 107 GeV, produce PBHs which would
contribute to the dark matter (DM) relic density today.
For sufficiently small β=H they would be overproduced

10 3 10 1 10 103 105 107 109 1011
4

5

6

7

8
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(constraints
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FIG. 5. Constraints on strong (α > 100) supercooled PTs for which PBHs are expected to be produced, shown in the Teq–β=H plane
(with the PBH mass shown on the top x-axis). As discussed in the text, Teq is the temperature below which an intermediate period of
inflation occurs while the universe undergoes supercooling. It is equal to the maximal reheating temperature after the phase transition up
to ratio of relativistic degrees of freedom. The quantity β−1 encodes the duration of the phase transition. In yellow, regions excluded by
CMB either due to the expected accretion of predicted large PBHs (left) [78–80] or due to the evaporation of small PBHs (right) [81–83],
are shown. The cyan region is excluded due to expected merging events in LIGO-Virgo [84] while the purple region is excluded from the
MACHO [85], Eros [86], OGLE [87], and HSC [88] microlensing experiments. The region in which DM over-closes the universe is
shown in brown, exclusion from unobserved cosmic-rays fluxes [89,90] is in red, and evaporation during BBN [89] is in green. The
green spot is the best-fit region for contributing to the 511 keV excess [91–93]. The dotted dark blue and dotted orange regions are the
best-fit regions which address the anomalous microlensing events reported in HSC and OGLE data respectively [87,88,94]. Finally, in
dashed and solid gray we indicate where gravitational waves from bubble collision fall within the detectability of pulsar timing arrays
[67–75] and exclusion of LIGO-Virgo [63]. Additionally, in the region labeled “BBN” in gray, the reheating temperature is lower than
the temperature of neutrino decoupling, Teq ≲MeV [95], which is excluded. The above limits are recasted from various existing
constraints shown in Fig. 11. We have fixed the PBHs threshold to δc ¼ 0.50.
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[see Eqs. (15) and (16)], thereby overclosing the universe,
as shown in brown. Microlensing constraints displayed in
purple are from MACHO [85], Eros [86], OGLE [87], and
HSC [88], relevant for supercooled PTs occurring around
the electroweak epoch Teq ∼ 100 GeV [100]. Best-fit
regions [94] for the recently observed microlensing events
in OGLE [87] and HSC data [88] are shown with dotted
outlines in orange and dark blue. The cyan-colored region
shows constraints from the LIGO/Virgo interferometers
[84,101], relevant for a supercooled PT occurring around
the QCD confinement temperature. Finally, in yellow (on
the left) we also show the excluded region due to CMB
[78–80], relevant for supercooled PTs occurring just before
the onset of BBN, thereby predicting 101−4 solar-mass
PBHs whose accretion dynamics are constrained.

V. CONCLUSION

Supercooled phase transitions take placewhenmass scales
emerge from the soft breaking of scale invariance [102–107].
They have remarkable cosmological consequences, includ-
ing GWs from bubble collisions [61,108–118], dilution
of dangerous relics [119–121], or particle production
[121–123], that can source the genesis of dark matter
[122,124–126] or the baryonic asymmetry [127–130].
In this study, we investigated the formation of PBHs

during supercooled PTs. A version of this mechanism was
originally proposed in the 80s [38] using a simultaneous
nucleation rate, ΓVðtÞ ∝ δðt − tnÞ, and was reconsidered
more recently by [40] using the exponential nucleation
rate defined in Eq. (4). Our study builds on these works,
conducting a comprehensive analysis of the mechanism,
including detailed computations of the energy budget,
bubble wall equation of state, and collapse probability. We
consistently take into account, for the first time, the
nucleation history throughout the entire past light cone
of the collapsing Hubble patch. In addition to the
numerical results, we provide a ready-to-use semianalyt-
ical formula for the PBH abundance. Our results suggest
that the PBH formation is strongly dependent on the
tunneling probability growth rate β (the inverse of which
encodes the duration of the phase transition), and is
independent of the strength α of the phase transition, as
long as it supercools (inflates) during more than one
Hubble time.
We point out that experiments constraining PBH

populations also constrain the parameter space of super-
cooled phase transitions. The constraints derived in this
work, which imply β=H ≲ 5–7 over a wide range of
reheating temperatures Teq, are the strongest to date. This
study also highlights novel cosmological implications,

including the possibility studied in [64–66], for super-
cooled PTs occurring around the QCD epoch
Teq∼150 MeV to produce PBHs in the LIGO-Virgo
range [63] and at the same time GWs from bubble
collisions in the PTA window [67–75]. Additionally,
supercooled phase transitions occurring around the
electroweak epoch Teq∼100 GeV, as predicted in con-
formal Higgs models [100], would result with PBHs
falling within the reach of microlensing experiments, and
could potentially account for the recently observed
unusual events recorded in OGLE and HSC data
[87,88,94].

Note added—We now comment on references that
appeared after the first submission of this paper to the
arxiv. In the present work, we consider a monochromatic
PBH mass distribution defined by the mass inside the
sound horizon. Instead, Refs. [66,131] calculate the
extended mass distribution. In the present work, we only
consider the fluctuation of the nucleation time of the
first bubble. Instead, Ref. [66] includes the fluctuation
of the nucleation time of the first jc bubbles.
References [44,132] study PBHs formation in purely
vacuum-dominated patches only, before any bubble is
nucleated, with Ref. [132] raising doubt that curvature
perturbation are efficiently generated after nucleation has
started. In the present work, we treat late-blooming
patches as evolving independently from the background
and do not consider the effects of the curvature K that
would result from their interaction.
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APPENDIX A: QUANTITIES AND NOTATIONS

In Fig. 6 and Table I we summarize the notations, scales
and dynamics which lead to the formation of PBHs.
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APPENDIX B: PHASE TRANSITION DYNAMICS

In this section we show that the energy density of the
universe during a supercooled 1stOPT can be divided
into vacuum energy (ρV), expanding bubble walls (ρwall),
energy damped into the plasma (ρplasma), residue of
bubble collisions (ρcoll), a growing thermal component
(ρth), and the preexisting supercooled plasma (ρcool),

ρtot ¼ ρV þ ρwall þ ρplasma þ ρscalar þ ρth þ ρcool: ðB1Þ

Below we briefly discuss each of these components,
showing that all but the vacuum energy behaves like
radiation thereby establishing the claim in the paper that
effectively, during the 1stOPT, the energy budget is
composed of vacuum energy and radiation.

1. Vacuum energy

In the supercooled limit and before nucleation commen-
ces, finite-temperature corrections to the potential of the
scalar field driving the phase transition are small [133], and

TABLE I. The formalism presented in this paper involves the use of various time and length quantities, whose definitions are
summarized above.

Quantity Equation Definition

tc Eq. (12) Time when nucleation becomes energetically allowed
teq Eq. (5) Time when the universe becomes vacuum dominated
tni Eq. (9) Time when the first bubble is nucleated in a given causal patch
tPBHni

Eq. (C4) Critical delay of nucleation beyond which a patch collapses into a PBH
tn Eq. (3) Instantaneous nucleation time, defined through ΓðtnÞ≡H4ðtnÞ
tlateperc Eq. (C23) Percolation time in a given late patch (∼37% of remaining false vacuum)

tbkgperc Eq. (C23) Average percolation time in the background (∼37% of remaining false vacuum)
tmax Eq. (C2) Time when a late patch reaches a maximal density contrast δρ=ρ with respect

to the background (∼1% of remaining false vacuum)

rðt; t0Þ Eq. (10) Radius at time t of a bubble which nucleated at time t0
Vðt0; tmaxÞ Eq. (C6) Space-like slice at time t0 bounded by the past light cone of a Hubble patch at time tmax.

We have Vðt0; tmaxÞ ¼ 4πroutðt0; tmaxÞ3=3 (see below)
routðt0; tmaxÞ Eq. (C11) Comoving distance between the center of a Hubble patch at tmax and the center of a bubble nucleating

at t0 whose wall enter the horizon at tmax. It represents the past light cone of a Hubble patch at tmax.

FIG. 6. A diagram that illustrates the sequential stages, from top to bottom, leading a given Hubble patch to collapse into a PBH.
Bubble nucleation becomes energetically allowed at tc but is postponed until tni . Meanwhile the Hubble patch remains vacuum
dominated. This results in an overdensity peak at tmax, shortly after the percolation time tlateperc. The delayed patch collapses into a PBH if
the density contrast surpasses the critical value δc.
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the energy density, ρV, of the scalar field is to a good
approximation given by the energy difference, ΔV,
between the two relevant minima in the potential at zero
temperature. As nucleation proceeds and bubbles expand, it
decreases as

ρVðt; tniÞ ¼ Fðt; tniÞΔV; ðB2Þ

where

Fðt; tniÞ≡ Vfalseðt; tniÞ=V tot ðB3Þ

is the volume fraction of remaining false vacuum at time
t with tni the time at which the first bubble is nucleated.
Vfalseðt; tniÞ is the comoving volume of false vacuum at t,
assuming bubble nucleation starts at tni , and V tot is the
total comoving volume.4 The expression for Fðt; tniÞ was
originally derived in 1979 by [46] and here we reproduce
it following [134]. The number of bubbles nucleated per
unit of comoving volume between t0 and t0 þ dt0 is

dNbðt0Þ ¼ ΓVðt0Þaðt0Þ3Vfalseðt0; tniÞdt0: ðB4Þ

The reduction of false vacuum volume Vfalseðt; tniÞ
between time t and tþ dt due to the growth of the
dNbðt0Þ bubbles nucleated between t0 and t0 þ dt0 is

d2Vfalseðt; tniÞ ¼−
Vfalseðt; tniÞ
Vfalseðt0; tniÞ

4πrðt; t0Þ2drdNbðt0Þ; ðB5Þ

where dr ¼ vwdt=aðtÞ and rðt; t0Þ is the comoving radius
at t of a bubble having wall velocity vw and being
nucleated at t0,

rðt; t0Þ ¼
Z

t

t0
dt̃

vwðt̃Þ
aðt̃Þ : ðB6Þ

The above equation neglects the comoving bubble radius
rnuc at nucleation.5 The ratio Vfalseðt; tniÞ=Vfalseðt0; tniÞ
prevents overcounting by removing regions which have
been converted into the true vacuum between t0 and t.
Integrating t0 over all nucleation times between tni and t
gives

dVfalseðt; tniÞ ¼ −Vfalseðt; tniÞ
vwdt
aðtÞ

×
Z

t

tni

dt0ΓVðt0Þaðt0Þ34πrðt; t0Þ2: ðB8Þ

Dividing by the total comoving volume V tot and using
Eq. (B3), we get

dFðt; tniÞ
dt

¼ −Fðt; tniÞ
vw
aðtÞ

Z
t

tni

dt0ΓVðt0Þaðt0Þ34πrðt; t0Þ2:

ðB9Þ
The solution to the last equation is

Fðt; tniÞ≡ e−Iðt;tni Þ;

with Iðt; tniÞ≡
Z

t

tni

dt0ΓVðt0Þaðt0Þ3
4π

3
rðt; t0Þ3: ðB10Þ

Iðt; tniÞ can be interpreted as the average number of
bubbles inside which, a given point is contained assum-
ing that bubble walls can pass through each others. The
ratio Vfalseðt; tniÞ=Vfalseðt0; tniÞ in Eq. (B5), which is
introduced to avoid multiple counting due to overlapping
bubbles, is responsible for the exponential behavior
in Eq. (B10).

2. Radiation energy

a. Expanding bubble wall

ρwall describes the energy density stored in the relativistic
bubble walls. We denote by γwðt; tnÞ the Lorentz factor of a
wall at time t, nucleated at time tn, and by σ the wall energy
per unit area. The energy density stored in the expanding
walls (which are yet to be collide) is [135]

ρwallðtÞ ¼ Fðt; tniÞ
Z

t

tni

dt0ΓVðt0Þaðt0Þ3

× 4πrðt; t0Þ2γwðt; t0Þσ=aðtÞ: ðB11Þ
The factor Fðt; tniÞ gets rid of regions which have already
collided. The scale factor aðtÞ at the denominator comes
from the ratio between the bubble wall energy 4πγwσðarÞ2
and the comoving volume a3. Below in Eq. (B27) we check
that Eq. (B11) satisfies energy-momentum conservation.
The equation of motion of a bubble wall in Friedmann-
Robertson-Walker background reads, e.g., [136]

R̈þ 3HṘþ 2

R
ð1 − Ṙ2Þ ¼ ΔV − Pfric

σ
ð1 − Ṙ2Þ3=2; ðB12Þ

where the bubble physical radius R is related to the
comoving one in Eq. (B6) by

R ¼ ar: ðB13Þ

4The comoving volume is related to the physical volume by the
scale factor aðtÞ of the universe, Vcomoving ¼ Vphysical=aðtÞ3.

5Assuming rnuc ≃ Tnuc, we expect corrections from the finite
bubble size at nucleation to the false vacuum fraction in Eq. (B10)
to be of order

rnucβ ≃ 1.3 × 10−13
�

Teq

102Tn

��
Teq

TeV

�
β=H
10

: ðB7Þ
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We have introduced the friction pressure Pfric due to wall-
plasma interactions [60]. Using γ̇w ¼ γ3wvwv̇w, we obtain

dγw
dt

þ 3Hv2wγw þ 2

R
vwγw ¼ ΔV − Pfric

σ
vw: ðB14Þ

Plugging Eq. (B14) into Eq. (B11), we get the time
evolution of the bubble wall energy density

ρ̇wall þ ð1þ 3v2wÞHρwall ¼ −ρ̇V þPfric

ΔV
ρ̇V − İρwall; ðB15Þ

where I ≡ Iðt; tniÞ is defined in Eq. (B10). We obtain that
relativistic bubble walls, vw ¼ 1, redshift as radiation ρ ∝
a−4 while nonrelativistic bubble walls, vw ≪ 1, have the
usual equation of state of domain walls at rest ρ ∝ a−1

[137]. This is one of the main results of this appendix.

b. Reheated energy density

The second term on the right hand side of Eq. (B15)
describes the energy transfer rate into the plasma, in the
form of sound waves, turbulence and heat due to wall-
particle interactions. We collectively denote by ρplasma the
energy density of those plasma excitations. The third term
on the right-hand side of Eq. (B15) describes the con-
version of energy into dissolved scalar configurations as a
consequence of bubble wall collisions. Collision of rela-
tivistic bubble walls are expected to produce relativistic
configurations of the scalar field driving the phase tran-
sition and of fields coupled to it, which have been called
“scalar waves” [127,138–142]. We denote this energy
density component as ρscalar. After production, plasma
excitation ρplasma and scalar waves ρscalar thermalize to
form the reheated thermal bath [143–145] which we denote
by ρth. Introducing ðτplasma;ωplasmaÞ and ðτscalar;ωscalarÞ the
lifetimes and equations of state of plasma excitations and
scalar waves respectively, and starting from Eq. (B15), we
can write the coupled continuity equations

ρ̇plasma þ 3ð1þ ωplasmaÞHρplasma

¼ þPfric

ΔV
ρ̇V − ρplasma=τplasma; ðB16Þ

ρ̇scalar þ 3ð1þ ωscalarÞHρscalar ¼ þİρwall − ρscalar=τscalar;

ðB17Þ

ρ̇th þ 4Hρth ¼ þρplasma=τplasma þ ρscalar=τscalar: ðB18Þ

The equation of state of plasma excitations, e.g., sound
waves, turbulence and heat, is expected to be radiation-
like,6 ωplasma ¼ 1=3. For relativistic bubble walls, scalar

waves are expected to be relativistic [127,138–142], and
therefore to also follow a radiationlike equation of state
ωscalar ¼ 1=3. A detailed study of the dynamics and its
implications for the formation of PBHs is postponed to
future work. In particular, if the universe just after perco-
lation is dominated by long-lived and nonrelativistic scalars
waves, with τscalarH ≳ 1 and ωscalar ≃ 0, then the formation
of PBHs would take place during matter-domination where
the collapse threshold is much lower than during radiation-
domination [147].
Finally, we comment that the supercooled plasma energy

density ρcool which is already present in the universe before
the 1stOPT begins, is also relativistic and is diluted by the
vacuum-domination period. Consequently, this component
plays little role.

c. Total radiation energy density

To summarize, the energy density components associ-
ated with relativistic bubble walls all behave like radiation
and we can decompose the total energy density of the
universe as the sum of a vacuum and radiation component

ρtot ¼ ρV þ ρR; ðB19Þ

with

ρR ≡ ρwall þ ρplasma þ ρscalar þ ρth þ ρcool: ðB20Þ

Summing Eqs. (B15), (B16), (B17), and (B18), we obtain
the evolution

ρ̇Rðt; tniÞ þ 4HρRðt; tniÞ ¼ −ρ̇Vðt; tniÞ; ðB21Þ

with ρVðt; tniÞ given by Eq. (B2) and the scale factor
given by

Hðt; tniÞ ¼
ȧ
a
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρVðt; tniÞ þ ρRðt; tniÞ

3M2
Pl

s
; ðB22Þ

with Mpl ¼ 2.44 × 1018 GeV. Note that before nucleation
begins, the vacuum energy is constant ρV ¼ ΔV and the
Friedmann equation in Eq. (B22) has an exact solution,

aðtÞ ¼ aeq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh ð

ffiffiffi
2

p
HeqtÞ

q
; with Heq ¼

ffiffiffiffiffiffiffiffiffiffi
2ΔV
3M2

pl

s
;

ðB23Þ

which for t ≫ H−1
eq , evolves as

aðtÞ ∝ expðHtÞ; with H ¼
ffiffiffiffiffiffiffiffiffiffi
ΔV
3M2

pl

s
: ðB24Þ6It is worth noting that our prediction contradicts the claims

reported in Ref. [146].

YANN GOUTTENOIRE and TOMER VOLANSKY PHYS. REV. D 110, 043514 (2024)

043514-10



Assuming that ρV ≃ ΔV is still valid at the instantaneous
nucleation time tn in Eq. (C1), we can plug Eq. (B23) into
Eq. (6) and obtain

tn ¼
ffiffiffiffiffiffiffiffiffiffi
3M2

pl

4ΔV

s
× arcshð ffiffiffi

α
p Þ: ðB25Þ

d. Latent heat fractions

If we neglect Hubble expansion HR ≪ 1 and thermal
friction Pfric ≪ ΔV, the solution of Eq. (B14) is

γwðRÞ ¼
ΔVR
3σ

þ c
R2

; ðB26Þ

where c depends on the initial condition. Neglecting the
second term and plugging it into Eq. (B11), we get

ρV
ΔV

¼ F;
ρwall
ΔV

¼ Fwall;
ρcoll
ΔV

¼ Fcoll; ðB27Þ

with

F≡ e−I; Fwall ≃ Ie−I;

Fcoll ≃ ð1 − e−IÞð1 − Ie−IÞ ¼ 1 − ð1þ IÞe−I: ðB28Þ

The quantities F, Fwall, and Fcoll are the fractions of latent
heat ΔV stored in false vacuum, expanding bubble walls,
and collided components, respectively. Their sum is unity
due to energy conservation once the Hubble expansion is
neglected. This confirms that Eq. (B11) is correct. Since the
expansion is crucial for generating the inhomogeneities
required for the formation of PBHs, Eqs. (B27) can not
replace the numerical integration of Eq. (B21).

APPENDIX C: PBH FORMATION DYNAMICS

1. Supercooled late-blooming mechanism

Initially, the universe enters a stage of vacuum domina-
tion at time teq. After a time tc which may be shorter or
longer than teq, bubble nucleation becomes energetically
possible but the universe continues to supercool until the
time tn defined by the instantaneous approximation,

ΓVðtnÞ ≃H4
n where Hn ≡HðTnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ α−1ÞΔV

3M2
pl

s
;

ðC1Þ
with α being defined in Eq. (6). This is when most of the
bubbles are nucleated in the universe. Around the time tbkgperc

defined when 37% of the universe has transitioned into the
true vacuum, the universe percolates. However, some
Hubble patches remain false-vacuum-dominated until a
time tni . These patches percolate at a time tlateperc > tbkgperc. As a
result of the difference in equation of state, the density

contrast δðt; tniÞ in late-blooming patches increases and
reaches a maximum value at a time

tmax∶ δðtmax; tPBHni Þ≡Max
t

δðt; tPBHni Þ: ðC2Þ

The time tmax is slightly larger than tlateperc as a result of the
residual 37% of vacuum energy continuing to enhance the
density contrast until only a small fraction (approximately
1%) of the false vacuum remains.

a. PBH threshold

The density contrast δðt; tniÞ reads,

δðt; tniÞ≡
ρtotðt; tniÞ − ρbkgtot ðtÞ

ρbkgtot ðtÞ
; with ρbkgtot ≡ ρtotðt; tcÞ;

ðC3Þ
where ρtotðt; tniÞ, defined to be the solution of Eq. (B21), is
the total energy density at time t in a Hubble patch which
remained 100% false-vacuum-dominated until time tni . A
late-blooming Hubble patch collapses into a PBH if the
contrast density δðt; tniÞ becomes larger than the critical
threshold δc ≃ 0.50. We define tPBHni the minimal nucleation
delay for this to happen. It is such that the peak value of
δðt; tPBHni Þ at tmax saturates the critical threshold

tPBHni ∶ δðtmax; tPBHni Þ≡ δc: ðC4Þ

In Fig. 7 we numerically integrate Eq. (B21) and show in
the top figure the evolution of ρRðt; tcÞ and ρVðt; tcÞ in an
average Hubble patch (blue) and a late-blooming Hubble
patch (red) for which nucleation starts later than average
and saturates the threshold defined in Eq. (C4). The bottom
figure shows the evolution of the corresponding contrast
density, with the horizontal dashed line indicating the
critical value.

b. Collapse probability

For a PBH to form, it is necessary that the past light cone
of a Hubble-sized region remains in the false vacuum until
the critical time tPBHni . The probability of this occurrence,
referred to as the collapse probability, can be expressed as
follows:

Pcoll ≡ PsurvðtPBHni ; tmaxÞ; ðC5Þ
with tPBHni defined in Eq. (C4). Here, Psurvðtni ; tmaxÞ
represents the probability that the past light cone of a
Hubble patch at time tmax remains false-vacuum-dominated
until time tni . The Hubble patch must be evaluated at the
time of its collapse into a PBH. Since a detailed under-
standing of the collapse dynamics is beyond the scope of
this paper, we approximate it as the Hubble patch at time
tmax when the contrast density δðt; tniÞ reaches its peak
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value, cf. Eq. (C2). To derive the expression for
Psurvðtni ; tmaxÞ, we introduce the volume Vðt0; tmaxÞ which
is the spacelike slice at time t0 in the past light cone of the
Hubble patch at tmax (see Fig. 3),

Vðt0; tmaxÞ ¼
4π

3
ðrHðtmaxÞ þ rðtmax; t0ÞÞ3;

with rHðtÞ≡ 1

aðtÞHðtÞ : ðC6Þ

Here rðtmax; t0Þ, defined in Eq. (B6), is the comoving
distance traveled by a bubble wall between t0 and tmax.

The probability that a bubble nucleates in this volume in
between the times t0 and t0 þ dt0 is

dPnucðt0; tmaxÞ ¼ dt0ΓVðt0Þaðt0Þ3Vðt0; tmaxÞ: ðC7Þ

The probability Psurvðtni ; tmaxÞ that no nucleation takes
place in the past light cone of the Hubble patch at tmax in the
finite interval ðtc; tniÞ is the N → ∞ limit of the productQ

N
k¼1 ½1 − dPnucðtk; tmaxÞ�, where 1 − dPnucðtk; tmaxÞ is the

probability of remaining in the false vacuum between
tk ¼ tc þ ðtni − tcÞk=N and tkþ1. We obtain the survival

1 2 3 4 5 6

10 3

10 2

10 1

1

1 2 3 4 5 6
1.0

0.5

0.0

0.5

1.0

FIG. 7. Time evolution of the vacuum (dotted) and radiation (solid) energy density during a supercooled 1stOPT. Top: We compare the
evolution of the background (blue) for which nucleation starts around tn, to the evolution of a late causal patch (red) for which nucleation
is delayed until tPBHni , causing it to spend more time inflating and to reach the critical overdensity δ ≃ 0.45. Bottom: The resulting density
contract for the evolution is shown. The delayed patch collapses into a PBH close to the time tmax when the density contrast δ reaches its
peak value.
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probability of the past light cone ofH−1ðtmaxÞ until time tni ,

Psurvðtni ; tmaxÞ ¼ exp

�
−
Z

tni

tc

dt0ΓVðt0Þaðt0Þ3Vðt0; tmaxÞ
�
:

ðC8Þ

In order to improve our understanding we can break-down
the formula we just derived as follows. First using that
drðtout; tniÞ ¼ −vwðtoutÞdtout=aðtoutÞ, cf. Eq. (B6), and
second performing an integration by part, we obtain

logPsurvðtni ; tmaxÞ ¼ 4π

Z
tni

tc

dt0ΓVðt0Þaðt0Þ3
Z

t0

tc

dtout
vwðtoutÞ
aðtoutÞ

ðrHðtmaxÞ þ rðtmax; toutÞÞ2 ðC9Þ

¼ 4π

Z
tni

tc

dt0ΓVðt0Þaðt0Þ3
Z

tni

tc

dtout
vwðtoutÞ
aðtoutÞ

ðrHðtmaxÞ þ rðtmax; toutÞÞ2

− 4π

Z
tni

tc

dtout
vwðtoutÞ
aðtoutÞ

ðrHðtmaxÞ þ rðtmax; toutÞÞ2
Z

tout

tc

dt0ΓVðt0Þaðt0Þ3

¼
Z

tni

tc

dt0ΓVðt0Þaðt0Þ3
4π

3
rHðtmaxÞ3 þ 4π

Z
routðtc;tmaxÞ

rHðtni Þ
droutr2out

Z
toutðroutÞ

tc

dt0ΓVðt0Þaðt0Þ3; ðC10Þ

where in the last line we have performed the change of
variables,

tout → routðtout; tmaxÞ ¼ rHðtmaxÞ þ rðtmax; toutÞ: ðC11Þ

routðtout; tmaxÞ is the distance from the center of a Hubble
patch at tmax a bubble needs to nucleate at time tout in order
to penetrate inside the Hubble patch at tmax. It defines the
past light cone of the Hubble patch at tmax shown in blue in
Fig. 3. routðtc; tmaxÞ is the furthest of those distances, tc
being the time when nucleation becomes energetically
allowed. We use the label ‘out’ to stress that the associated
bubbles nucleate outside the Hubble patch at tmax.
Eq. (C10) shows that the survival probability
Psurvðtni ; tmaxÞ can be decomposed as the product of two
probabilities,

Psurvðtni ; tmaxÞ ¼ Pinðtni ; tmaxÞ × Poutðtni ; tmaxÞ; ðC12Þ

according to whether nucleation takes place inside (in) or
outside (out) the Hubble patch at tmax. The first factor

Pinðtni ; tmaxÞ ¼ exp

�
−
Z

tni

tc

dt0ΓVðt0Þaðt0Þ3Vmax
H

�
; ðC13Þ

is the probability of having no nucleation before time tni
inside the Hubble patch at tmax. The second factor Pout in
Eq. (C12) is the probability of having no nucleation before
time tni in regions of the pastlike cone of the Hubble patch
at tmax, defined in Eq. (C6), which are outside the Hubble
patch at tmax,

Poutðtni ; tmaxÞ ¼ exp

�
−4π

Z
routðtc;tmaxÞ

rHðtni Þ
droutr2out

×
Z

toutðrout;tmaxÞ

tc

dt0ΓVðt0Þaðt0Þ3
�
: ðC14Þ

It accounts for bubbles nucleating outside the Hubble
horizon before tni but whose walls propagate inside the
Hubble horizon before tmax. Here, toutðrout; tmaxÞ is the
time at which a bubble needs to nucleate in order to
enter the Hubble patch at tmax, assuming it nucleates
at a distance rout > rHðtmaxÞ from the center of the
patch. The time toutðrout; tmaxÞ can be found from
inverting the world line of the bubble wall
routðtout; tmaxÞ in Eq. (C11).
To the best of our knowledge, the formula in Eq. (C8)

was initially proposed by [38] in 1982. However, the
original version was simpler since it considered tmax
and tni to be identical. This last point has been addressed
more recently in [40] which however misses the bubble
wall piece in Eq. (C6), or equivalently the factor Pout in
Eq. (C12).7

7While this paper was in writing, a distinct derivation for the
survival probability decomposition, Eq. (C12), appeared in
[43]. However, the formula put forward in [43] does not
distinguish the time tmax of collapse and the time tni when
nucleation starts, which implies that only patches which are
completely vacuum dominated are allowed to collapse.
Refs. [44,132], which appeared after the submission of the
first version of this work on the arxiv, also limit the
gravitational collapse to areas that are entirely in a vacuum
state, with F ¼ 1 in Eq. (B10).
In contrast, the approach we present in this paper allows for
gravitational collapse in regions with varying fraction of vacuum,
ranging from 0 ≤ F ≤ 1.
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In Fig. 8, we show that the inclusion of the nucleation
outside the Hubble patch considerably suppresses the
collapse probability and moves the region of interest by
2 units in β=H.
Finally, we use the survival probability Psurvðtni ; tmaxÞ to

compute the probability density function (PDF) for the
nucleation delay tni with a Monte Carlo procedure.8 In
Fig. 9, we show the resulting PDFs as a function of tni=t,
for three values of β=H and taking α ¼ 104. One can see
that the PDFs peak around the ‘instantaneous’ nucleation
time tn given by Eq. (B25), and that further delay is
exponentially suppressed in probability.

c. PBHs abundance

The fraction fPBH ¼ ρPBH;0=ρDM;0 of dark matter (DM)
in the form of PBHs today is given by

fPBH ¼ Pcoll
MPBHN patches

ρDM;0
4π
3
H−3

0

≃
�

Pcoll

6.0 × 10−12

��
Teq

500 GeV

�
;

ðC15Þ

where the collapsed fractionPcoll is defined in Eq. (C5). We
introduced the current DM density ρDM;0 ≃ 0.26 × 3M2

plH
2
0

and the number N patches of Hubble patches, at the time
when the universe temperature was Teq, in our past light
cone,

N patches ¼
�
aeqHeq

a0H0

�
3

≃ 5.3 × 1040
�
g�ðTeqÞ
100

�
1=2

�
Teq

500 GeV

�
3

: ðC16Þ

The scale factor ratio aeq=a0 is related to the temperature
ratio assuming adiabatic universe expansion aeq=a0 ¼
ðg�ðT0Þ=g�sðTeqÞÞ1=3ðT0=TeqÞ with g�ðT0Þ ≃ 3.94. The
fraction of collapsed PBHs Pcoll and the associated DM
fraction fPBH are shown in Fig. 8. The resulting probability
depends very sensitively on the duration β−1 of the phase
transition. The PBHs abundance is shown in Fig. 4.

2. Analytical approximation

Using the approximation of the scale factor given by
a ≃ exp ðHntÞ, the fraction of false vacuum in Eq. (B10)
can be calculated as follows:

5 6 7 8 9 10 11 12
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10 3 1 103 106 109 1012
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FIG. 8. Left: the probability Pcoll in Eq. (C5) for a Hubble patch to collapse into a PBH. In blue we show this probability calculated by
requiring no nucleation to occur in its past light cone until the critical delayed time tPBHni . In red we show the naive expectation achieved
by requiring no nucleation to occur within the Hubble patch only, i.e., within Vðt0; tmaxÞ ¼ 4πr3HðtmaxÞ=3 instead of Eq. (C6) [or
equivalently assuming Psurv ¼ Pin instead of Eq. (C12)]. This overestimate of the probability neglects bubbles nucleating outside the
horizon but penetrating the horizon before the time of collapse around tmax. Right: the required (inverse) duration β=H of the phase
transition as a function of the temperature Teq at which the universe becomes vacuum dominated, in order to achieve a PBH dark matter
density of 1 (solid lines) and 10−10 (dashed lines). The colors indicate the same calculations for the collapse probability used in the
left figure.

8We draw values tni from numerically solving the root
equation Psurvðtni ; tmaxÞ ¼ ½0; 1� where [0, 1] is a random number
between 0 and 1. It has later been shown that the PDF for tni is a
Poisson distribution [66].

YANN GOUTTENOIRE and TOMER VOLANSKY PHYS. REV. D 110, 043514 (2024)

043514-14



lnFðt; tniÞ ¼ −
Z

t

tni

dt̃ΓVðt̃Þ
4π

3H3
n
ðe−Hnt̃ − e−HntÞ3

¼ −
4π

3

Hn

β
eβðtni−tnÞ

×

�
−1þ 3eHnðtni−tÞ

1þHn=β
−
3e2Hnðtni−tÞ

1þ 2Hn=β

þ 6eβðt−tni Þ

ð1þHn=βÞð2þHn=βÞð3þHn=βÞ
�

≃ −
8πH4

n

β4
ðeβðt−tnÞ − eβðtni−tnÞÞ; ðC17Þ

where tni represents the time when the first bubble is
nucleated in the past light cone and tn denotes the
nucleation time in the instantaneous approximation
defined in Eq. (C1). In the last line we took the limits
β−1; ðtni − tÞ ≪ H−1

n . By inverting Eq. (C17), we can
obtain the time tðF; tniÞ when only a fraction F of the
false vacuum remains,

tðF; tniÞ ≃ β−1 ln

�
eβtni þ β4

8πH4
n
eβtn lnðF−1Þ

�
: ðC18Þ

Percolation occurs when the false vacuum fraction
becomes smaller than some critical value Fperc (e.g.,
Fperc ≃ 37%)

tpercðtniÞ≡ tðFperc; tniÞ: ðC19Þ

The energy density in radiation, solution of Eq. (B21),
reads

ρRðt; tniÞ ¼ −ΔV
Z

t

tni

dt̃

�
aðt̃Þ
aðtÞ

�
4 dFðt̃; tniÞ

dt̃
: ðC20Þ

Upon approximating the false vacuum fraction Fðt; tniÞ by
the Heaviside function,

Fðt; tniÞ ≃ ΘðtpercðtniÞ − tÞ; ðC21Þ

we can derive an analytical estimate for Eq. (C20),

ρRðt; tniÞ ≃ ΔV
�
aðtpercðtniÞÞ

aðtÞ
�

4

Θ ðt − tpercðtniÞÞÞ: ðC22Þ

The percolation time tbkgperc in an average Hubble patch
(“bkg”) where nucleation starts in principle as soon as it
becomes energetically allowed tni ≃ tc, and the percolation
time tlateperc in a late patch (“late”) where tni ≳ tn, read

tbkgperc ≡ tðFperc; tcÞ; tlateperc ≡ tðFperc; tniÞ: ðC23Þ

For t≳ tbkgperc in spite of being filled with newly formed
radiation with equation of state ωðtÞ ≃ 1=3, we numerically
find that the scale factor of the universe still grows
exponentially for a while longer,

aðtÞ ≃ expðHntÞ: ðC24Þ
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FIG. 9. PDF as a function of tni at which the first bubble nucleates, in units of the instantaneous nucleation time, tn defined through
Eq. (C1). Three different values of β=H are shown, assuming a latent heat parameter α ¼ 104 [see Eqs. (1) and (6)]. In order to collapse
into a PBH, the past light cone of a given Hubble patch must remain false-vacuum-dominated until the second vertical dashed line
tni ¼ tPBHni . The survival probability defined in Eq. (C5) is the PDF value at tPBHni .
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This is due to the inertia of the expansion rate encoded in
the Friedmann equation 2aðtÞäðtÞ ¼ −ð1þ 3ωðtÞÞȧ2ðtÞ.
We approximate the Hubble factor in Eq. (C24) to be
constant. Meanwhile, late patches continue to be vacuum
dominated until they are converted into radiation around
the time tlateperc in Eq. (C23) which we approximate to be
equal to the time tmax in Eq. (C2) when the density contrast
reaches its maximal value,9

tlateperc ≃ tmax: ðC25Þ

Using the exponential scale factor in Eq. (C24) along
with the radiation energy density in Eq. (C22), we get the
contrast density at tmax of a delayed patch with respect to
the background, both characterized by Eq. (C23),

ρlateR − ρbkgR

ρbkgR

����
t¼tmax

≃
1 − e4Hnðtbkgperc−tmaxÞ

e4Hnðtbkgperc−tmaxÞ
: ðC26Þ

The last calculation assumes the approximation specified
in Eq. (C25) which neglects the redshift of radiation
inside delayed patches before tmax. A delayed patch
collapses if Eq. (C26) is above the critical threshold
δc. Using Eqs. (C18) and (C23) to express tbkgperc and tmax

as a function of the corresponding false vacuum fractions
Fperc and Fmax, we compute the minimal delayed time
tPBHni of the onset of nucleation for a late patch to collapse
into a PBH

ρlateR − ρbkgR

ρbkgR

����
t¼tmax

≃ δc ⇒ tPBHni ≃ tn þ β−1 ln

�
β4

8πH4
n

�

þ β−1 ln½lnðF−1
percÞð1þ δcÞ

β
4Hn

− lnðF−1
maxÞ�. ðC27Þ

We now calculate the collapse probability using the
probability Pcoll ¼ PsurvðtPBHni ; tmaxÞ defined in Eq. (C8)
for no nucleation occurring within the past light cone of a
Hubble patch at tmax before the critical delayed time tPBHni .
By using the exponential scale factor we can simplify the
causal volume in Eq. (C6) to

Vðt0; tmaxÞ ≃
4π

3H3
n

�
e−Hnt0 − e−Hntmax

�
1 −

Hn

Hmax

��
3

;

ðC28Þ

where Hn ¼ HðtnÞ and Hmax ¼ HðtmaxÞ. To derive an
analytical expression for the survival probability, we
approximate Hmax ≃Hn, leading to a simplified expres-
sion for the causal volume

Vðt0; tmaxÞ ≃
4π

3H3
n
e−3Hnt0 : ðC29Þ

Substituting the exponential causal volume in Eq. (C29)
and the exponential tunneling rate in Eq. (4) into
Eq. (C8), we arrive at the survival probability

Psurvðtni ; tmaxÞ ≃ exp

�
−
4π

3

Hn

β
eβðtni−tnÞ

�
: ðC30Þ
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FIG. 10. Fraction of causal patches which collapse into a PBH Pcoll ≡ PsurvðtPBHni ; tmaxÞ at the end of a supercooled phase transition.
We assume that the supercooling period lasts at least Ne ¼ 0.25 logðαÞ≳ 1 e-folding so that the PBH abundance is independent of Ne.
We show the dependence on the phase transition rate of completion β=H (left) and on the density contrast threshold δc (right). We
compare the numerical calculation discussed in Sec. C 1 to the semianalytical formula, Eq. (C32).

9The accuracy of this approximation can be evaluated from the
comment below Eq. (C2).
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Note that we have neglected a tc-dependent term in
Eq. (C30), which is valid for tPBHni − tc ≫ β−1. Also note
that because Hmax < Hn, the expression in Eq. (C29)
underestimates the causal volume, and the expression in
Eq. (C30) overestimates the survival probability. Plugging
Eq. (C27) into Eq. (C30) gives

Pcoll≃ exp

�
−
1

6

�
β

Hn

�
3

ðð1þ δcÞ
β

4Hn lnðF−1
percÞ− lnðF−1

maxÞÞ
�
;

ðC31Þ

where Pcoll ≡ PsurvðtPBHni ; tmaxÞ. This motivates the semi-
analytical expression in the main text, cf. Eq. (15), which
we report here

Pcoll ≃ exp

�
−a

�
β

Hn

�
b
ð1þ δcÞc

β
Hn

�
; ðC32Þ

where a ≃ 1.024, b ≃ 0.6921, c ≃ 0.8831 are parameters
fitted against numerical calculations. We numerically find
the value b ≃ 0.6921 to be preferred over the value b ≃ 3

suggested by Eq. (C31). The observed discrepancy
between Eqs. (C31) and (C32) is in line with the multiple
levels of approximations employed in the calculation. A
more thorough analytical investigation is warranted to
gain a deeper understanding of this behavior, which we
leave for future studies. We show the semianalytical
survival probability together with the numerical results in
Figs. 4 and 10.

APPENDIX D: CONSTRAINTS ON PBHS

The abundance of PBHs below 1017 g is constrained
through the process of Hawking radiation, which is the loss
of mass and eventual evaporation of PBHs. If there are too
many PBHs, they could have negative impacts on BBN, the
CMB, and cosmic rays. Instead, PBHs with asteroid mass
1017 g≲MPBH ≲ 1023 g could compose 100% of dark
matter. At larger masses, PBH are constrained by micro-
lensing, kHz GW interferometers and accretion in the
CMB. We summarize the constraints together with the
associated references in Fig. 11.
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FIG. 11. Cosmological and astrophysical constraints on the abundance of PBHs. We indicate with vertical dashed lines the
temperature Teq when the universe starts supercooling during a phase transition which would form PBHs at the corresponding mass
MPBH. From right to left, we have accretion during CMB [78–80], merging events in LIGO-Virgo [84], microlensing experiments
[85–88], cosmic-ray fluxes [89,90,92,148–150], evaporation during CMB [81–83], and BBN [89]. The dotted regions are the posterior
distributions inferred from anomalous microlensing events reported in HSC and OGLE data [87,88,94].
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