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We investigate a self-interacting dark matter model featuring a velocity-dependent cross section with
an order-of-magnitude resonant enhancement of the cross section at ∼16 km s−1. To understand the
implications for the structure of dark matter halos, we perform N-body simulations of isolated dark
matter halos of mass ∼108M⊙, a halo mass selected to have a maximum response to the resonance. We
track the core formation and the gravothermal collapse phases of the dark matter halo in this model and
compare the halo evolving with the resonant cross section with halos evolving with velocity-independent
cross sections. We show that dark matter halo evolution with the resonant cross section exhibits a deviation
from universality that characterizes halo evolution with velocity-independent cross sections. The halo
evolving under the influence of the resonance reaches a lower minimum central density during core
formation. It subsequently takes about 20% longer to reach its initial central density during the collapse
phase. These results motivate a more detailed exploration of halo evolution in models with pronounced
resonances.
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I. INTRODUCTION

To date, dark matter (DM) remains a purely astrophysical
phenomenon (see [1] for a review), with the only positive
evidence for its existence coming from cosmological obser-
vations [2]. In particular, some of the strongest bounds on the
nature ofDMfrom astrophysics derive from inferences of the
properties of DM halos, the concentrations of DM that host
galaxy clusters and galaxies in their centers. In many classes
of DM theory, the details of the particle physics model alter
the abundance and internal structure of halos, leading to
constraints on DM particle physics from inferences of the
abundance and internal structure of halos [3,4].
The concordance cosmological model includes cold dark

matter (CDM) which, by definition, behaves as a collision-
less fluid. In the last two decades, self-interacting dark
matter (SIDM) has emerged as a viable alternative to CDM
[e.g., [5–10] ]. SIDM refers to a class of theory in which the
DM has a nonzero self-interaction cross section (see [11]
for a review). The exchange of energy and momentum
through scattering in SIDM causes a temporal evolution in
the internal structure of halos, whereas CDM predicts a
static internal structure well approximated by a Navarro-
Frenk-White profile [ [12], hereafter NFW profile] for halos

at all times. The evolution of halo internal structure begins
with a period of core formation [e.g., [10,13–15] ], during
which time heat flows into the center of the halo. Following
core formation, the direction of heat flow eventually
reverses, causing a runaway contraction of the density
profile referred to as “gravothermal catastrophe,” or core
collapse. This phenomenon was initially studied in the
context of dense star clusters [16]. Several decades later,
Balberg et al. [17] (see also Koda and Shapiro [18]) pointed
out that DM self-interactions provide a more efficient
mechanism to transfer heat throughout halo profiles than
purely gravitational scattering. Core collapse represents
the final state of isolated self-interacting DM halos [e.g.,
[19–22] ]. Inside Galactic halos, various processes such as
tidal stripping and scattering between subhalo and host halo
particles can delay or accelerate the onset of collapse in
subhalos [23–28]. More complicated core collapse behav-
iors are found under the influence of baryons [e.g., [29] ] or
with dissipative DM self-interactions [e.g., [30–33] ].
Core formation and collapse in SIDM theories result in a

variety of observable consequences for the properties of
dwarf galaxies [e.g., [21,34–37] ]. In addition, cored and
collapsed halos produce distinct gravitational lense signa-
tures that enable studies of SIDM from observations of
strongly lensed quasars [38,39], as well as galaxy-galaxy
strong lenses [40]. The most definitive existing constraints
on SIDM theories come from observations of galaxy
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clusters, which place stringent upper limits on the self-
interaction cross section σ < 0.1 cm2 g−1 [41–43], effec-
tively requiring that the DM behave as a collisionless fluid
on halo mass scales ∼1014M⊙. The total mass of a
collapsed halo sets the velocity scale for the scattering
process, as the typical speed of a DM particle in a virialized
structure increases with the mass of the halo. Thus, the
constraints on the self-interaction cross section from galaxy
clusters place stringent upper limits on the self-interaction
cross section at relative velocities v ∼ 1000 km s−1. For a
velocity-independent scattering cross section, this upper
limit would rule an SIDM model capable of altering the
observable properties of DM halos on galactic and sub-
galactic scales. However, if the SIDM cross section has a
velocity dependence that increases the cross section at low
relative velocities, heat transfer in low-mass halos can
become significantly enhanced, and core formation and
collapse occur within the age of the Universe [e.g.,
[44,45] ]. Velocity-dependent cross sections that become
amplified at low speeds are a common feature of scattering
mediated by light force carriers with Yukawa interaction
potentials (for a detailed review of this topic, see Tulin
et al. [9]).
The current modeling of core collapse assigns a DM halo

a single effective cross section as a function of the velocity-
dependent cross section and the halo’s central velocity
dispersion. From this effective cross section, one obtains a
characteristic timescale for which the evolution of SIDM
halos is self-similar, or universal [20,22,46]. This approach
enables a predictive framework for modeling core collapse,
enabling the determination of the time of core collapse as a
multiple of the collapse timescale given the properties of
the SIDM cross section and structural parameters of a halo
[e.g., [38] ]. One potential complication for this relatively
simple picture of halo evolution in SIDM is that for a DM
halo of a fixed total mass, the typical relative velocity
between particles changes as a function of radius, and thus
the scattering inside a given halo occurs over a range of
velocities. While some numerical simulations have verified
the universality of halo evolution for some velocity-depen-
dent cross sections [20], in this work we consider a class of
SIDM models with velocity-dependent cross sections that
change significantly across the range of relative velocities
typical of particles inside a halo.
We consider a class of SIDM models in which a

resonance in the cross section causes an order-of-magni-
tude enhancement to the scattering cross section near a
particle relative velocity. Resonances refer to an enhance-
ment or suppression of the cross section that results from
the formation of bound states between DM particles and
attractive potential. Resonances can manifest as single
pronounced peaks, multiple peaks, or as suppression or
enhancement of the cross section strength across a range of
speeds, depending on the details of the particle physics
model [9,39,47]. For this class of model, the cross section

amplitude can significantly change with radius inside a
halo, complicating the relatively simple physical picture
in which a halo evolves under the influence of a single
effective cross section. This class of models has received
relatively limited study. Reference [48] examined the
evolution of a halo analytically using the gravothermal
fluid formalism, while Ref. [28] studied a resonant model
in a numerical simulation, but did not distinguish its
structural evolution from models with simpler velocity
dependence.
To gain a detailed physical understanding of the evolu-

tion of self-interacting DM halos with pronounced reso-
nances in the cross section, we conduct idealized N-body
simulations of isolated halos with a resonant cross section.
We pick a halo mass expected to maximize the effect of the
resonance on the halo evolution, and compare the evolu-
tion of the halo with the resonant cross section with the
evolution of halos evolving under the influence of velocity-
independent cross sections. We examine whether existing
treatments of SIDM halo evolution and universality hold
for this class of model.
This paper is organized as follows: Sec. II gives an

overview of the particle physics model and the calculation
of the resonant cross section considered in this work.
Section III discusses the calculation of two effective
scattering cross sections we will consider when interpreting
the evolution of the halo with a resonant cross section. In
Sec. IV, we review the details of our N-body simulations.
Section V presents the results of the simulations. We
summarize our findings and make concluding remarks
in Sec. VI.

II. PARTICLE PHYSICS MODEL

We consider a SIDM cross section that results from
interactions between DM particles of mass mχ through a
force carrier of mass mϕ. We consider the case of an
attractive Yukawa potential ðc ¼ ℏ ¼ 1Þ,

VðrÞ ¼ −α
r
exp ð−rmϕÞ ð1Þ

where r is the distance between DM particles, and α
determines the strength of the potential. While no exact
closed-form solutions exist for the differential scattering
cross section corresponding to VðrÞ, in certain regimes of
parameter space various approximations give analytic and
closed-form solutions that match the exact cross section
to high precision. For example, for weak potentials
ðαmχ=mϕ ≪ 1Þ, one obtains an approximate analytic
expression for the differential scattering cross section using
the Born approximation

dσ
dΩ

¼ σ0
ðw2 þ v2 sin2 ðθ=2ÞÞ2 ; ð2Þ
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where v, θ and Ω represent relative velocity, scattering
angle, and the solid angle, respectively. The parameters σ0
and w are related to the particle physics model by σ0 ≡
α2m2

χ=m4
ϕ and w≡mϕ=mχ .

Outside the range of validity of the Born approximation,
one must compute the differential scattering cross section
using partial wave analysis. In this case, the differential
scattering cross section is given by

dσ
dΩ

¼ 1

k2

����
X∞
l¼0

ð2lþ 1Þeiδl sin δlPlðcos θÞ
����
2

; ð3Þ

where δl represents the phase shifts of partial waves labeled
by their angular momentum quantum number l, k ¼
mχv=2 is the momentum of the DM particle, and PlðxÞ
are Legendre polynomials of order l.
It has become common practice to average over the

angular dependence of the differential scattering cross
section when predicting the internal structure of DM halos
in SIDM. This simplification can yield accurate predictions
for the evolution of halo profiles provided one chooses a
suitable proxy for dσ=dΩ. As shown by Yang and Yu [20],
the viscosity transfer cross section σV ¼ R

dσ
dΩ sin

2 θdΩ, for
which σV is given by [49]

σV ¼ 4π

k2
Xlmax

l¼0

ðlþ 1Þðlþ 2Þ
2lþ 3

sin2 ðδlþ2 − δlÞ; ð4Þ

allows one to predict the structural evolution of a halo
without explicitly accounting for the angular dependence of
the scattering cross section in N-body simulations. This
represents a considerable simplification for the numerical
scattering implementation, and for obtaining analytical
predictions for the structural evolution of the halo. We
truncate the summation at a value of lmax for which σV
converges to within 1%.
For an attractive potential given by Eq. (1) in the

quantum regime ðk=mϕ < 1Þ, the formation of bound states
with the potential gives rise to resonances in the cross
section. A resonance refers to the enhancement or sup-
pression of the scattering cross section across a range of
relative velocities. The velocities where resonances in the
cross section occur depend on the values of α and mϕ=mχ

for the potential in Eq. (1). Due to the computational cost
of solving the full scattering problem and then running
N-body simulations that implement the resulting cross
sections, SIDM models with significant resonances have
not been extensively studied in the literature. As a result,
we lack a detailed understanding of structure formation in
this class of SIDM theory, and it is unclear whether
analytical treatments of halo evolution in SIDM calibrated
for other velocity-dependent cross sections [e.g., [20,46] ]
apply to this class of model.
To evaluate the cross section in the resonant regime, we

solve the Schrödinger equation to compute the phase shifts
δl, and use Eq. (4) to compute the cross section. To
calculate δl we use an auxiliary function for the
Schrödinger equation [47]

FIG. 1. Particle collisions distribution as functions of relative velocity (left) and cross section per DM mass (right) for halos of masses
107 (cyan), 108 (red), 109 (purple), and 1010 (blue)M⊙. The resonant cross section model is shown by the yellow profile in the left-hand
panel, with the right-hand y-axis labels showing the amplitude of the cross section in cm2 g−1. The effect of the resonant cross section
can be observed clearly in the 108 and 109M⊙ halos with strong peaks at the resonant relative velocity in the particle collision
distribution. In the right figure, the gray vertical dashed line shows the upper limit of the cross section model. The vertical dash dotted
lines indicate the collision rate effective cross section of the respective halo masses. The delta functionlike features are due to the cross
section of the plateau region at low relative velocity. From both figures, with the particle collision distribution and the effective cross
sections, it is clear that the halo mass that maximizes the number of collisions happening around the resonant peak is around 108M⊙.
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∂δlðrÞ
∂r

¼ −kmχr2VðrÞ½cosðδlðrÞÞjlðkrÞ
− sinðδlðrÞÞnlðkrÞ�2; ð5Þ

where jlðxÞ and nlðxÞ are spherical Bessel functions of the
first and second kind of order l. We obtain a numerical
solution for δlðrÞ using Mathematica with the initial
condition δlð0Þ ¼ 0, and obtain the phase shift by taking
the limit δl ¼ limr→∞ δlðrÞ. For the analysis presented in
this work, we consider the resonant cross section repre-
sented by the shaded region in the left-hand panel of Fig. 1.
This cross section was also considered by Ref. [39] in a
strong-lensing analysis of multiple-imaged quasars, and
has mχ ¼ 31.8 GeV, mϕ ¼ 5.7 MeV, and α ¼ 1.6 × 10−3.
The amplitude of the cross section, as indicated by the axis
labels on the right-hand side of the figure, reaches
∼100 cm2 g−1 at v ∼ 16 km s−1, a feature that arises
primarily from constructive interference between the l ¼ 3
and l ¼ 1 partial waves. To explore the consequences of
this model for structure formation, we run an N-body
simulation of a DM halo evolving under the influence of
this resonant cross section, and track its evolution from core
formation until core collapse.

III. ANALYTIC PREDICTIONS FOR THE
EVOLUTION OF HALO STRUCTURE

In the current picture of SIDM halo physics, the change in
a halo density profile over time follows a self-similar or
universal trajectory when the central density is scaled by ρs,
or a characteristic central density, and time is scaled by a
characteristic timescale, tcol, often referred to as the collapse
timescale [20,22,50]. This timescale is given by [51]

tcolðC; σeff=mÞ ¼ 150

C
1

ðσeff=mÞρsrs
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

4πGρs
p : ð6Þ

By convention, the numerical prefactor is expressed as
150=C with a value set to match predictions from SIDM
fluid models [e.g., [30,46,50] ] with the results from N-body
simulations [e.g., [18,20,30,32] ]. In the current picture of
SIDM halo evolution, C is an Oð1Þ constant, and all SIDM
and thermodynamic considerations enter in the derivation of
the effective cross section σeff .
To test the hypothesis that SIDM halo evolution is

universal when expressed in terms of tcol, we perform
N-body simulations of isolated halos with different cross
section models, and compare their evolution using different
definitions of σeff . We evolve one halo with the resonant
cross section shown in the left-hand panel of Fig. 1. In
addition, we simulate two other halos, the first evolving
with a velocity-independent cross section with an ampli-
tude σeff calculated by considering the scattering rate in a
halo (see Sec. III A), and the second halo with σeff

calculated based on the heat conduction cross section
hσv5i (see Sec. III B). If the universality of halo evolution
holds for resonant models, the relation ρ=ρs versus
t=tcolðC; σeffÞ should appear almost identical among the
various simulations, modulo modest numerical systematic
effects that affect the precise onset of core collapse
[e.g., [52] ].

A. The collision rate effective cross section

In contrast to a velocity-dependent cross section, the
resonant cross section shown on the left-hand side of Fig. 1,
exhibits a pronounced peak that increases the cross section
amplitude by a factor of 10 at ∼16 km s−1. Therefore, we
expect that the most interesting structure formation con-
sequences in halos that have the portion of scattering
occurring near the peak of the resonance reach the
maximum. To find the halo mass that maximizes scattering
near the peak, we derive the particle collision distribution
pcore
collisionðvrelÞ, which quantifies the fraction of scattering

events in a halo occurring in a range of relative velocities
½vrel; vrel þ dvrel�. From this distribution, we will also
calculate pcore

collisionðσV=mÞ, which represents the probability
that a given particle in a halo sees a cross section
amplitude σV .
We assume an isotropic NFW DM density profile [12]

ρðrÞ ¼ ρs
ðr=rsÞð1þ ðr=rsÞÞ2

; ð7Þ

where ρs is the scale density, and rs is the scale radius.
These parameters are calculated from the virial radius r200,
defined as the radius at which the average density of the
halo is 200 times the critical density of the Universe
ρcrit ¼ 3H2=8πG, and the concentration parameter c, with
c ¼ r200=rs. Both of these parameters can be obtained with
the virial mass M200, the mass enclosed within r200—the
former straightforwardly from its definition and the latter
from the low-mass concentration-mass (c-M) relation at
redshift z ¼ 0 following [53]. Thus, we only need the virial
mass M200 to parametrize our halos.
For dynamical equilibrium and the velocity distribution,

we use Eddington’s inversion formula [54]

ρðrÞ ¼
Z

vesp

0

4πv2dvfðξÞ; ð8Þ

where vesp is the escape velocity at radius r, ξ ¼ ψðrÞ −
v2=2 is the binding energy per unit of mass, ψ is the
negative gravitational potential, and fðξÞ is a phase-space
distribution function. Here, we assume that the system is
bounded and isotropic; thus f only depends on ξ, and
fð< 0Þ ¼ 0. The Eddington distribution function satisfying
Eq. (8) takes the form
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fðξÞ ¼ 1ffiffiffi
8

p
π2

Z
ξ

0

dψ

�
1ffiffiffiffiffiffiffiffiffiffiffi
ξ − ψ

p d2ρ
dψ2

þ 1ffiffiffi
ξ

p dρ
dψ

����
ψ¼0

�
: ð9Þ

This can be evaluated from the analytical forms of ρðrÞ and
ψðrÞ with r as an intermediate variable. Integrating, we
obtain the semianalytical form of the Eddington distribu-
tion function.
From the Eddington distribution function [Eq. (9)], we

get the particle velocity distribution function at radius r
following

pshell
v ðvjrÞ ¼ 4πv2

fðψðrÞ − v2
2
Þ

ρðrÞ : ð10Þ

The particle relative velocity distribution function of
particles within a thin shell at radius r and width dr can
then be retrieved using the equation

pshell
vrel ðvreljrÞ ¼

Z
pshell
v ðv1jrÞdv1pshell

v

× ðv2jrÞdv2pθðθÞdθδ
×
�
vrel −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v21 þ v22 − 2v1v2 cos θ

q �
; ð11Þ

with v1, v2 as the velocities of the particle pair, and θ as
the relative angle between them. We assume the particle
direction of movement as isotropic, which results in the
distribution function of θ as follows:

pθðθÞ ¼ sin θ=2: ð12Þ

To simplify calculations, we make use of the distribution
of cos θ rather than θ. This distribution function takes the
form of

pcos θðcos θÞ ¼ 1=2 ð13Þ

and is a uniform distribution with the range of ½−1; 1�.
Simply integrating a complex triple integral such as

Eq. (11) is unnecessarily complicated analytically and
undesirably costly numerically. Therefore, we make use
of a numerical trick involving the probability point func-
tions (PPFs)—the inverse function of the cumulative
distribution function—of pshell

v ðvjrÞ and pcos θðcos θÞ. We
create a 1500 × 1500 × 150 grid, and within each cell of
the grid, we assign a ðv1; v2; cos θÞ set of values which are
decided by applying the appropriated PPF to a linearly
spaced array of the range [0, 1]. What we do here is
essentially similar to combining the three distribution
functions, pshell

v ðv1jrÞ, pshell
v ðv2jrÞ, and pcos θðcos θÞ, into

a simultaneous distribution of all three values and discretize
it. We then calculate the relative velocity, vrel, in each cell
and bin the grid’s data into a histogram. This functions
similarly to integrating the distribution with the delta

function, and by normalizing the histogram, we acquire
the distribution function of the relative velocity inside a thin
shell situated at radius r.
From the relative velocity distribution [Eq. (11)] we

obtain the particle collisions distribution as a function of
relative velocity vrel using the following formula:

pshell
collisionðvreljrÞ ¼ Cpshell

vrel ðvreljrÞRðvrel; rÞ; ð14Þ

where C is the normalizing factor and Rðvrel; rÞ is the
particle rate of collision, which follows

Rðvrel; rÞ ¼ vrelσVðvrelÞρðrÞ; ð15Þ

where σVðvrelÞ is the cross section at the relative veloc-
ity vrel.
The particle collision distribution for the halo core can

then be obtained by taking the weighted average of the thin
shells’ particle collision distributions with the shell’s mass,

pcore
collisionðvrelÞ ¼ C0

Z
3rs

0

4πr2drρðrÞpshell
collisionðvreljrÞ; ð16Þ

where C0 is another normalizing factor. Here we take the
halo core to be the region within 3rs. Outside of this region,
the number density is low enough that collision rarely
happens. We also compute the collision distribution as a
function of cross section pcore

collisionðσVÞ, which one can
interpret as the probability that a particle inside the halo
sees a cross section amplitude σV . We compute this
distribution by sampling from pcore

collisionðvrelÞ, and evaluating
σV at the resulting relative velocities. The particle collision
distribution as a function of relative velocity, vrel, and as a
function of cross section per mass, σV=m, for halos of mass
107, 108, 109, and 1010M⊙ are shown in Fig. 1 with our
resonant cross section model.
In Fig. 1, we notice the distinguished peaks in the

collision distribution at the resonant relative velocity for the
higher mass halos and a fainter sign for the lower mass halo
in the left figure. In the right figure, we observe a delta
functionlike feature at the cross section of the plateau
region at low relative velocity for all halo masses, though
the feature weakens as the mass increases and almost
disappears as the halo mass reaches 1010M⊙. At higher
cross sections, the probability density increases with the
halo mass reaching its maximum around the 108M⊙ halo.
The probability density then decreases as the mass
increases further. All of these features are expected from
the features of our resonant cross section model.
From the core’s particle collision distribution [Eq. (16)],

we acquire the average cross section seen by the halo
following the formula

σavg ¼
Z

dvrelpcore
collisionðvrelÞσVðvrelÞ: ð17Þ
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Hereafter, we called this cross section the collision rate
effective cross section.

B. The heat conduction cross section

Additionally, existing treatments of gravothermal evo-
lution with certain classes of velocity-dependent cross
section evolve in a self-similar way when computed with
a heat conductivity motivated effective cross section σκ,
assuming a Maxwell-Boltzmann distribution. We also
consider this approach and inspect the effective cross
section [20,46]

σκ ¼
hσVv5i
hv5i ¼

R
σVðvÞv5pMB

v ðvÞdvR
v5pMB

v ðvÞdv : ð18Þ

Here, pMB
v ðvÞ is the Maxwell-Boltzmann distribution

pMB
v ðvÞ ∝ v2 exp

�
−

v2

4v20

	
; ð19Þ

where v0 ¼ 0.64vmax with vmax ¼ 1.65
ffiffiffiffiffiffiffiffiffiffiffiffi
Gρsr2s

p
as the

maximum circular velocity. The average and conductivity
effective cross sections of halos with masses in the range of
107 to 1010M⊙ are displayed in Fig. 2. In the figure are also
two lines indicating the portion of each halo that will evolve
under cross sections within the full width at half maximum
(FWHM) of the resonant peak (compared to the cross section
of the plateau region at low relative velocity) PσV=m>σFWHM=m,
and the portion of each halo that will evolve under cross
sections near the resonant peak PσV=m>90 cm2 g−1 . We observe
that halos with mass of 107.9M⊙ have the largest effective
cross section and the largestPσV=m>σFWHM=m, while haloswith
mass of 107.8M⊙ have the largestPσV=m>90 cm2 g−1 . Hereafter,
wewill keep our focus on the evolution of the 107.9M⊙ halo,
which has an effective cross section of σavg=m ¼
53.91 cm2 g−1 and σκ=m ¼ 31.98 cm2 g−1. Other parame-
ters of the halo are shown in Table I.

IV. SIMULATIONS

We perform dark-matter-only simulations of isolated
halos using the multiphysics, massively parallel, moving-
mesh magneto-hydrodynamic simulation code AREPO,
which is publicly available [55]. Gravity is solved using
the Tree-Particle Mesh method. Numeric details of the
simulations are summarized in Table I. Below we will
briefly describe the construction of initial conditions and
the modeling of DM self-interactions.
The isolated halos are initialized with 3 × 107 DM

particles within r200 with distribution of particles extending
to 3 × r200. The density profile within r200 follows the
NFW profile [12]. Beyond r200, we use an exponential
cutoff following [56]

ρðrÞ ¼ ρs
cð1þ cÞ2

�
r

r200

	
ϵdecay

exp

�
−
r − r200
rdecay

	
; ð20Þ

where rdecay is the decay scale chosen to be r200 and ϵdecay is
chosen so that the continuity of the logarithmic slope of the
density profile is preserved:

FIG. 2. The left y-axis with the yellow and orange solid lines
show the average and conductivity effective cross section
(calculated from Eqs. (17) and (18), respectively) as functions
of halo mass. The right y-axis and the two dashed lines show the
portion of each halo evolving under a specific cross section range
as a function of halo mass. The red line accounts for the cross
section within the FWHM of the resonant peak compared to
the cross section of the plateau region at low relative velocity,
while the blue line accounts for the cross section near the reso-
nant peak (σV=m > 90 cm2 g−1). These profiles peak at the halo
of mass 107.9M⊙ and 107.8M⊙, respectively, although it must also
be noted that the values for these two halo masses are very
similar.

TABLE I. Simulations configuration. (1) M200 is the virial mass of the halo. (2) N200 is the number of DM particles within the virial
radius (4) r200. (3)mDM is the mass of a DM particle. (5) c is the halo concentration parameter. (6) ρs and (7) rs are the scale density and
radius of the NFW profile. (8) ϵ is the gravitational softening length. (9) σm−1

χ is the cross section per unit of mass of the SIDM
collisions. (10) tcol is the collapse timescale, defined in Eq. (6).

logM200 [M⊙] N200 mDM [M⊙] r200 [kpc] c rs [kpc] log ρs [M⊙ kpc−3] ϵ [pc] σm−1
χ [cm2 g−1] tcol [Gyr]

7.9 3 × 107 2.64 9.08 18.7 0.49 7.43 1.00 Resonant Vary
7.9 3 × 107 2.64 9.08 18.7 0.49 7.43 1.00 σavg ¼ 53.91 22.94
7.9 3 × 107 2.64 9.08 18.7 0.49 7.43 1.00 σκ ¼ 31.98 38.67
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ϵdecay ¼
r200
rdecay

−
1þ 3c
1þ c

: ð21Þ

We assume the dynamical equilibrium of the halo and
again use the Eddington distribution function [Eq. (9)] to
calculate the phase-space distribution function. To explic-
itly sample the positions and velocities of particles, we use
a combination of analytical formulas and numerical cal-
culations with cubic spline interpolations. The integrated
mass MðrÞ and negative gravitational potential ψðrÞ are
calculated analytically for r ≤ r200 and numerically for
r > r200. Following the procedure in [57], we obtain the
density profile as a function of negative gravitational
potential, ρðψÞ, from the interpolation of tabulated values
of ρðrÞ, MðrÞ, and ψðrÞ from 10−5r200 to 103r200. We
validate our calculation by generating the halo density profile
using the acquired Eddington’s distribution function. The
generated density profile converges almost perfectlywith the
analytical formulas in Eqs. (7) and (20). The relative error is
typically orders of magnitude below 10−2 for r > 10−4r200
but is significantly higher for r < 10−4r200 which can be
ignored as the region is sufficiently small.
We sample the positions of particles with the inversion

sampling method using the density profile as the distribution
function. From the isotropic assumption, we then sample a
randomdirection for each particle and calculate theCartesian
coordinates. For the velocities, we sample a randomdirection
for each particle. In each radial bin, we sample the velocity
magnitudes of particles via rejection sampling with the
Eddington distribution function at the bin centers. We adopt
stretched Gaussian proposal functions, which are fitted to
minimize the rejection rate in each bin.
he initial conditions of a 107.9M⊙ halo derived through

this approach and shown in Fig. 3 are tested by running a
CDM simulation for 15 Gyr and inspecting the evolution of
the density and velocity dispersion profiles. We compare
the profiles with their analytical formulas. The analytical
density profile is described by Eq. (7) and Eq. (20). We
obtain the velocity dispersion profile by solving the Jeans
equation [54],

1

ρðrÞ
d
dr

ðρðrÞσ2r ðrÞÞ ¼
dψðrÞ
dr

: ð22Þ

Figure 3 shows the stability of the 107.9M⊙ halo in CDM.
We find that sampling particles to 3 r200 provides sufficient
supporting structures for the halo. There are small fluctua-
tions in the density and velocity dispersion profiles at the
outer edge of the halo, which takes a few Gyr to evolve into
its equilibrium state. Meanwhile, the central density and
velocity dispersion also fluctuate, and eventually a small
core forms due to two-body relaxation. Nevertheless, the
deviation from the analytical profiles created by this core is
of the same order of magnitude as the fluctuation due to

statistical noises from the limited number of particles inside
the region. After 15 Gyr, our halo becomes totally stable (as
shown in Fig. 3). Its density and velocity dispersion profiles
follow closely the analytical profiles except for the small
statistical fluctuation.
We also compared the particle relative velocity distri-

bution of the sampled halo with the analytical result from
Sec. III. Using the k-d tree algorithm, we find all particle
pairs with distances smaller than 0.01 rs in the central
region of the halo (rcore ¼ rs or 3 rs). This distance is
chosen empirically to ensure a statistically significant
number of particle pairs while keeping the mixing of
particles in different shells at a minimum. The relative
velocities of the pairs are then calculated and used to
evaluate the relative velocity distribution pcore

vrel ðvrelÞ. This
distribution is equivalent to

pcore
vrel ðvrelÞ ¼ D

Z
rcore

0

4πr2drρðrÞ2pshell
vrel ðvreljrÞ; ð23Þ

where D is a normalizing factor. This relative velocity
distribution takes into account the shell’s densities which
influence the number of particle pairs within each shell.

FIG. 3. Density (blue, left) and velocity dispersion (orange,
right) profiles of the 107.9M⊙ CDM halo. The black dashed lines
show the halo analytical profiles following Eqs. (7), (20),
and (22). The colored solid lines and the colored dotted lines
show the profiles at 0 Gyr and 15 Gyr, respectively. The former
are generated from the initial conditions sampling code and used
as the initial conditions of the CDM simulation. The latter show
signs of small fluctuations in the innermost region of the halo due
to the statistical error arising from the limited number of particles
within the region, as well as fluctuations in the outer edge of the
halo during the halo’s evolution to stability. There also exists a
small core due to the effect of the softening length. However, the
deviation from the analytical profiles resulting from this small
core is of the same order of magnitude as the statistical
fluctuation. The evolved 15 Gyr CDM halo is then used as
the initial conditions for the SIDM runs.
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We find that throughout the CDM halo evolution, its
relative velocity distribution for both choices of core radius
(rs and 3 rs) strictly follows (with only some minor
fluctuations and deviations) the analytical distributions.
The CDM halo evolved for 15 Gyr, at which point it

settles into dynamic equilibrium, is used as the initial
condition for all of our SIDM simulations. DM self-
interactions are simulated in a Monte Carlo fashion as
implemented in [10,58]. Scatterings of DM particles are
assumed to be elastic and isotropic. The implementation
ensures explicit conservation of energy and momentum.
The time steps of simulations are regulated by the estimated
SIDM scattering rates seen by each particle and are short
enough to avoid multiple scatterings per time step. We refer
readers to [10] for detailed descriptions of the numeric
implementation.
We simulate one SIDM halo with the resonant velocity-

dependent cross section and two SIDM halos with velocity-
independent cross sections. The velocity-independent cross
sections are set at the values of σavg=m and σκ=m,
calculated from Eqs. (17) and (18), respectively. The exact
values for these effective cross section amplitudes are
shown in Table I.

V. RESULTS

In this section, we inspect the evolution of the halo in the
velocity-independent cross section (VICS) and resonant
cross section (RCS) SIDM models. Figure 4 shows the
relative velocity distributions pcore

vrel ðvrelÞ of the halo in the
RCS model at 0, 0.1, and 1.1 t̃col with t̃col as the adaptive
timescale defined below in Eq. (24). As mentioned in
Sec. IV, this distribution is read directly from the simulation
snapshots and takes into account the weighting factor of the
local particle density. We observe that the relative velocity
distribution rapidly transforms into Maxwell-Boltzmann
distributions [Eq. (19)] with the central radial velocity
dispersion σr;c as as the characteristic velocity v0 in the core
formation phase and remains so during the core collapse.
These Maxwell-Boltzmann distributions are shown by
squares in Fig. 4.
In Fig. 5, we show the evolution of halo central density

versus time in the RCS and two VICS models. The time is
normalized by the collapse timescale tcol, as defined in
Eq. (6). The central density of each halo is calculated as the
average DM density within rc ¼ 0.1rs [59]. The top panel
shows the evolution of halos with collapse timescales
calculated using two different definitions of the effective
cross section (σavg=m and σκ=m) and C ¼ 0.75. The green
and pink curves represent halos evolving with VICS of
amplitudes σavg=m and σκ=m, respectively. The orange
(blue) curve shows the evolution of the halo in the RCS
model when using σavg=m (σκ=m) to compute tcol.
In addition, we define an adaptive timescale t̃col to

account for the change of σκ=m over time due to the shift

of pcore
vrel ðvrelÞ as seen in Fig. 4. The phase of collapse, t=t̃col,

is defined following

d

�
t
t̃col

	
¼ dt

tcolðσκðtÞ=mÞ ; ð24Þ

where t is the physical time, and σκðtÞ=m is calculated from
Eq. (18) using pMB

v ðvÞ ¼ pcore
vrel ðvrelÞ as measured according

to the procedural detailed in Sec. IV. The insert in the
bottom panel of Fig. 5 shows the evolution of the
conductivity effective cross section σκðtÞ=m over physical
time. Generally, σκðtÞ=m evolve proportional to ∼t−2,
decreasing from ≃33.5 cm2 g−1 at t ¼ 0 Gyr to
≃26 cm2 g−1 at the time the central density reaches its
initial value t ∼ 55 Gyr. The dashed blue line in Fig. 5
shows the evolution of the central density in the halo in the
RCS model rescaled with t̃col.
As expected, the halos evolving with velocity-indepen-

dent cross sections exhibit nearly universal evolution when
time is scaled by tcol, with a small deviation in the core-
collapse phase likely due to numerical effects [e.g.,
[52,60,61] ]. For the resonant model, we find that comput-
ing tcol with σavg=m (orange curve) provides a better
description of the initial core-formation phase until
t ∼ 0.2tcol, but the agreement breaks down for t≳ 0.2tcol.

FIG. 4. Time evolution of the particle relative velocity distri-
bution inside the halo core pcore

vrel ðvrelÞ [Eq. (23)] measured directly
from snapshots of the resonant SIDM simulation. Here, distri-
butions from two choices of halo core rcore ¼ rs and rcore ¼ 3rs
are shown in solid and dashed lines, respectively. The analytical
distributions for the CDM halo with a NFW profile are also
shown in dark blue. As the SIDM halo goes into the core-
formation phase, the relative velocity distribution approaches the
Maxwell-Boltzmann distribution (shown by squares) calculated
from Eq. (19) with the central radial velocity dispersion σ2r;c as v20.
The resonant model cross section profile is shown in yellow and
scaled logarithmically in both axes.
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In the later stages of evolution, after the core-formation
phase, calculating tcol using σκ=m (blue curve) more closely
tracks the evolution of the velocity-independent models.
However, the halo evolving with a resonant cross section

still takes ∼20% longer in rescaled time units t=tcol to reach
its initial central density during the collapse phase than the
halos evolving with VICS. This is also the case for the
evolution in the RCS model scaled by the adaptive time
unit t=t̃col.

FIG. 6. Time evolution of DM density profiles (top), velocity
dispersion profiles (middle), and logarithmic profile slopes
(bottom) of the simulated halo in the VICS and RCS SIDM
models. The mean relative velocity hvreli≡ σr × 4=

ffiffiffi
π

p
, assuming

a Maxwell-Boltzmann distribution, is shown in the bottom panel
as a reference. The qualitative evolution of halo structure in the
VICS and RCS models is similar. The rapid core-formation phase
(t≲ 0.2tcol) is followed by the gravothermal collapse phase,
where the halo centers remain isothermal and the density profiles
are self-similar. The velocity dispersion profile of the halo
increases mildly through the collapse phase. Quantitatively, such
a small (≲1 kms−1) increase in hvreli does not change the
effective cross section and conduction efficiency substantially.
Therefore, a fixed tcol or equivalently Cres can approximate the
entire collapse phase.

FIG. 5. Time evolution of DM central (at r ≤ 0.1rs) densities in
the VICS and the RCS SIDM models. The times are normalized
by the collapse time tcol [as defined in Eq. (6)] of the corre-
sponding model. For the halo in the RCS model, we also
normalize the collapse time with an adaptive timescale t̃col
described in Eq. (24) that take into account of the change in
the relative velocity distribution and, consequently, the conduc-
tivity cross section σκ=m over time. The top panel shows the
results when the same prefactor of conduction coefficient C ¼
0.75 is assumed for both VICS and RCS models. The bottom
panel shows the results when the prefactor for the RCS model is
changed to Cres ∼ 0.6. In general, halos in SIDM undergo a first
phase of core formation until thermal equilibrium is reached by
DM self-interactions. The collapse time based on σavg=m is better
in describing the core formation phase in the RCS model. On the
contrary, the later gravothermal collapse phase is better described
by σκ=m despite about a 20% delay in collapse time, which we
attempt to capture by adjusting Cres as indicated. This adjustment
also better matches the normalized central density evolution
described by σavg=m to the core formation phase.
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In the bottom panel of Fig. 5 we show the blue and
orange curves for the resonant model after calculating tcol
with Cres ¼ 0.62, which one could also interpret a modi-
fication of σeff at the level of ∼20% to match the evolution
in the core collapse phase. Using Cres ¼ 0.62 with the
adaptive timescale t̃col as shown by the dashed blue line
in the bottom panel of Fig. 5 maps the central density
evolution in the RCS model exactly along the rescaled
collapse track of the halo with VICS of amplitude σκ=m for
t≳ 0.4tcol. In addition, the choice of Cres ¼ 0.62 also better
matches the central density evolution of the halo in the RCS
model when rescaled with tcolðσavg=mÞ to the universal
track in the core formation phase.
However, even after introducing this ad hoc rescaling of

the collapse timescale, as well as utilizing different time-
scales to describe different phases, the behavior during the
late stage of core formation and early stage of core collapse
(0.2tcol ≲ t≲ 0.4tcol) still differ from those of the halos we
evolve with velocity-independent cross sections. The mini-
mum core density of the halo in the RCS model is smaller
than that in the VICS model by a factor of ≃10%. We
interpret these deviations as evidence of a violation of
universality at the level of ∼10–20% for halos evolving
with resonant cross sections.
The evolution of the density and velocity dispersion

profiles are shown in Fig. 6. We show the DM density
and relative velocities at several snapshots in one velocity-
independent model (the halo with a velocity-independent
cross section σκ=m) and the resonantmodel. Based on Fig. 5,
we use t̃col and Cres ¼ 0.62 to define the collapse timescale
for the resonant model to match the evolution during the
collapse phase seen in the velocity-independent models.

VI. DISCUSSION AND CONCLUSIONS

We have performed idealized N-body simulations of DM
halos to examine halo evolution in a SIDM model with a
resonant cross section. We compare the evolution of the halo
with a resonant cross section with the evolution of halos
evolving with velocity-independent cross sections, and
examine the change in their internal structure over time using
two definitions of an effective cross section and core collapse
timescale. Our main findings are summarized as follows:
(1) The resonant model exhibits deviation from univer-

sality in the evolution of its density profile from
halos evolving with velocity-independent cross sec-
tions. The halo evolving with a resonant cross
section achieves a minimum core density 10% lower
than the halos with velocity-independent scattering
cross sections, and reaches its initial density 20%
later when time is scaled by the thermal conduction
cross section σκ ∼ hσv5i=hv5i.

(2) In the early thermalization and core-formation phase
in the resonant model, the halo evolution is better
described by the averaged cross-section (σavg=m)
“seen” by particles having self-interactions. After

core formation, the late gravothermal collapse phase
in the resonant model is better described by σκ=m,
although the time evolution resulting from this
definition of the effective cross section still deviates
significantly from the velocity-independent models.

(3) For our specific resonant SIDM model and halo
mass choice, using Cres ¼ 0.62 matches the central
density evolution when rescaled with tcolðCres; σavgÞ
exactly with the self-similar track in the core for-
mation phase. Additionally, when rescaled with the
adaptive timescale t̃colðCres; σκÞ, the evolution of the
central density follows precisely along that of the halo
evolved with a velocity-independent cross section of
amplitude σκ during most of the core collapse.

The utility of a universal evolution of SIDM halos lies in its
predictive power; given the physical properties of a CDM
halo (ρs and rs) and the form of the SIDM cross section, the
universal treatment of halo evolution based on the collapse
timescale enables thepredictionofminimumcore density and
the structure of the halo during the collapse phase [20].While
we observe a deviation fromuniversality, it is only at the level
of 10–20%. Other physical processes can impact SIDM halo
density profiles to a similar or even larger degree, particularly
tidal stripping and tidal heating effects relevant for Galactic
subhalos [e.g., [23,26,27] ].
A modified calculation of the core collapse timescale

based on a time-dependent definition of the thermal
conduction cross section σκ provides an improved descrip-
tion of the collapse phase for the halo evolving with a
resonant cross section. This suggests that a modified
calculation of the thermal conduction cross section could
restore universality for resonant cross sections, provided
this modified treatment reverts to the definition of σκ for
velocity-independent cross sections. Additionally, provided
analyses are robust to systematic uncertainties at the level
of ∼20% in the collapse timescale, studies involving dwarf
galaxy observations and gravitational lensing could dis-
tinguish these classes of models from collisionless dark
matter, improving on the existing constraints from lensing
on RCS models presented by [39]. Further exploration of
halo evolution with resonant SIDM cross sections with
different resonant structures across a wider range of halo
masses will be presented in a forthcoming publication.
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