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We investigate the attainable maximum energy of particles accelerated in the core-collapse supernova
remnant (SNR) shock propagating in the free wind region with the Parker-spiral magnetic field, current
sheet, and the wind termination shock (WTS) by using test particle simulations. This work focuses onWolf-
Rayet stars as progenitors. The magnetic field amplification in the free wind region (shock upstream region)
is not considered in this work. Test particle simulations show that particles escaped from the core-collapse
SNR reach and move along the WTS, and eventually return to the SNR shock from the poles or equator of
the WTS. The particle attainable energy can be boosted by this cyclic motion between the SNR shock and
WTS and can be larger than the particle energy that is limited by escape from the SNR shock. The particle
energy limited by the cyclic motion between the SNR shock andWTS is about 10–100 TeV. Thus, the core-
collapse SNR without upstream magnetic field amplification can be the origin of the break around 10 TeV
of the energy spectrum of observed cosmic ray protons and helium.
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I. INTRODUCTION

The origin of cosmic rays (CRs) has been a longstanding
problem since the discovery of CRs in 1912. It is believed
that CRs below 3 PeVare accelerated by the diffusive shock
acceleration (DSA) inGalactic supernova remnants (SNRs).
The gamma rays above 100 TeV from Galactic objects were
recently observed, which would lead to revealing the origin
of PeV CRs [1]. Future observations in the southern hemi-
sphere (ALPACA [2] and SWGO [3]) advance to the
elucidation of the origin of PeV CRs. On the other hand,
recent observations reported that the energy spectrum of CR
protons and helium has a new spectral break around 10 TeV.
The energy scale of 3 PeV is thought to be the maximum
energy scale of protons originating from Galactic objects.
On the other hand, it is still unclear what the energy scale of
10TeVmeans; nevertheless, somemodels for explaining the
10 TeV break are proposed [4–7].
In the DSA, particles perform the back-and-forth motion

across the shock front many times. These diffusive particles
gain energy by the relative motion between the upstream
and downstream regions [8]. The acceleration time of the
DSA depends on the angle between the magnetic field and
the shock normal direction [9]. In parallel shocks where the
magnetic field is parallel to the shock normal direction, the
magnetic field in the shock upstream region has to be
amplified to 100 times the typical interstellar magnetic
field strength to accelerate particles to the PeV scale [10].
It is still unclear which magnetic field amplification

mechanism works in SNRs although some magnetic field
amplification mechanisms are proposed [11]. Contrary to
parallel shocks, in perpendicular shocks where the mag-
netic field is perpendicular to the shock normal direction, it
is proposed that particles can be accelerated up to the PeV
scale without the magnetic field amplification in the shock
upstream region [12]. This is originated from the rapid
acceleration induced by the gyration [13,14]. This rapid
acceleration induced by the gyration is shown by numerical
simulations [14,15]. The shock geometry plays an impor-
tant role for acceleration [16] although the above work
considered the plane shock.
It is shown that not only acceleration but also escape

from systems determines the maximum attainable energy of
particles and the energy spectrum of observed CRs [17,18].
To investigate the perpendicular shock acceleration and
escape process from perpendicular shocks, we have to treat
the global particle motion in the whole system while
solving the gyration. In our recent work, we considered
the spherical SNR shock in the interstellar medium (ISM)
and circumstellar medium (CSM) magnetic fields and
performed global test particle simulations that solve the
gyration in the ISM and CSM magnetic fields to reveal
the escape process from perpendicular shocks [6,7]. For
the case of type Ia SNRs in the uniform ISMmagnetic field,
we showed that the maximum attainable energy, which is
about 10 TeV for CR protons, is limited by escape from the
perpendicular shock region [6]. As for core-collapse SNRs,
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we took into account the Parker-spiral magnetic field and
the current sheet created by the stellar wind of massive stars
(progenitors). For the case of core-collapse SNRs without
upstream magnetic field amplifications, we showed that the
maximum attainable energy is limited by escape from
the polar or equatorial regions of core-collapse SNRs
and the typical escape-limited maximum energy is about
10 TeV for CR protons [7].
Particles escaped from core-collapse SNRs reach the

wind termination shock (WTS) created by the stellar wind
of progenitors before the supernova explosion. WTSs are
thought to be created by the wind in various systems (e.g.,
solar wind [19], massive star wind [20,21], star cluster [22],
pulsar wind [23], and galactic wind [24]) and are expected
to make important roles for the particle acceleration. The
WTS of the Wolf-Rayet (WR) star is suggested to accel-
erate electrons by the observation [25]. However, our
previous study did not take account of the WTS. In this
work, we investigate the particle dynamics and maximum
attainable energy of accelerated particles by using test
particle simulations in the entire global system that includes
both the core-collapse SNR shock and WTS. The system
and simulation setups we consider are shown in Sec. II. In
Sec. III, we discuss the expected particle dynamics between
the SNR shock and WTS and the theoretical estimate of the
attainable maximum energy of accelerated particles. The
simulation results are shown in Sec. IV. Sections V and VI
are devoted to a discussion and summary, respectively.

II. SIMULATION SETUP

A. Test particle simulations

In this work, we consider propagation of a core-collapse
SNR shock in the CSM with the Parker-spiral magnetic
field and current sheet until the SNR shock collides with the
WTS. Figure 1 shows the schematic picture of the case of
aligned rotators. The inner and outer black circles are the
SNR shock and WTS, respectively. The region between the
SNR shock and WTS is the free wind region. The SNR
shock with the shock velocity, uSNR, expands in the free
wind region until the SNR shock collides with the WTS.
Bw;ϕ is the toroidal component of the Parker-spiral mag-
netic field in the free wind region. The black solid arrow is
the rotation axis of the progenitors. θ and ϕ are the polar
and azimuthal angles, respectively. The regions at θ ¼ 0; π
and at θ ¼ π=2 are the poles and equator, respectively. The
gray line at the equator is the current sheet. The quantities
in the wind region are assumed to be spherically symmetric
except for the Parker-spiral magnetic field in the free wind
region, B⃗w. We perform test particle simulations to reveal
the particle acceleration and attainable maximum energy in
this system. The numerical setups in this work are almost
the same as that in our previous work [7]. The important
difference of numerical setups from our previous work is
that the structure of the WTS is included although our

previous work did not consider the WTS because we
focused on the escape process of accelerated particles from
the SNR shock. In our test particle simulations, protons
with energy much larger than the thermal energy are
considered. We focused on WR stars, which are thought
to be progenitors of type Ib/Ic supernovae. The WTS of red
supergiants (RSGs) is not considered because the WTS of
RSGs does not play an important role in this work (see
Sec. III C for details). Particles with 100 GeVare uniformly
injected on the whole SNR shock surface only at 100 yr
after the supernova explosion, tinj ¼ 100 yr. To improve
the statistics of high-energy particles, the particle splitting
method is used in our simulations.
In this work, the magnetic field fluctuation in the free

wind region (shock upstream region) is assumed to be zero.
Then, the magnetic field in the free wind region consists
only of the Parker-spiral magnetic field in our simulations
(see Sec. II C). In the free wind region, we solve the
equation of motion in the explosion center rest frame,
du⃗=dt ¼ ðe=mpÞ½E⃗w þ u⃗=ðγcÞ × B⃗w�, to calculate the par-

ticle trajectory, where u⃗ and γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðu=cÞ2

p
are the

spatial three components of four velocities and Lorentz
factor of particles, respectively. E⃗w and B⃗w are the electric
and magnetic fields in the free wind region measured in the
explosion center rest frame. Contrary to the free wind
region, the magnetic field fluctuation in the downstream
region of both the SNR shock and WTS is assumed to be
highly turbulent. In the downstream region of both the
SNR shock and WTS, we consider only the magnetic field

FIG. 1. Schematic picture of the aligned rotator case. The inner
and outer black circles are the SNR shock and WTS, respectively.
θ and ϕ are polar and azimuthal angles, respectively. The regions
at θ ¼ 0; π and θ ¼ π=2 are the poles and equator, respectively.
The gray line at the equator is the current sheet. Bw;ϕ is the
toroidal component of the Parker-spiral magnetic field in the free
wind region. The black solid arrow is the rotation axis of
progenitors.
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strength although the magnetic field configuration is not
considered. The magnetic field strength in the downstream
region of both the SNR shock and WTS is given by the
condition that a fraction of the upstream kinetic energy flux
is converted to the downstream magnetic field energy flux
in the shock rest frame (see Sec. II D). In the downstream
region of both the SNR shock and WTS, the particle
trajectory is solved by the Monte-Carlo method. The
downstream particle motion is assumed to be the Bohm
diffusion under the highly turbulent magnetic field and
downstream particles are isotropically scattered in the
downstream rest frame. Thus, the new momentum direction
is chosen randomly, regardless of the previous direction and
the downstream particles move rectilinearly between scat-
terings. The mean-free path of downstream particles is
given by the downstream gyroradius because the particle
motion in the downstream region is assumed to be the
Bohm diffusion.

B. Dynamics of the supernova remnant shock
and wind termination shock

Both the SNR shock and WTS are assumed to be
spherical discontinuities. This is because the gyroradius
of high-energy protons focused in our simulations is
assumed to be larger than the width of the shock. The
SNR shock velocity, uSNRðtÞ, is given as follows [26]:

uSNRðtÞ¼

8>>><
>>>:

n−3
n−2

�
2

nðn−4Þðn−3Þ
½10ðn−5ÞESN�

n−3
2

½3ðn−3ÞMej�
n−5
2

Vw
Ṁt

� 1
n−2 ðt≤ ttÞ

ffiffiffiffiffiffiffiffi
2ESN
Mej

q �
1þ2

ffiffiffiffiffiffiffiffi
2ESN

M3
ej

q
Ṁ
Vw
t

�
−1
2 ðt≥ ttÞ;

ð1Þ

where ESN ¼ 1051 erg, Mej ¼ 5M⊙, Ṁ ¼ 10−4M⊙=yr,
and Vw ¼ 3000 km=s are the explosion energy, ejecta
mass, mass loss rate, wind velocity of WR stars, respec-
tively [27,28]. t is the elapsed time from the supernova
explosion. The density in the free wind region and ejecta
profile are assumed to be

ρw ¼ Ṁ
4πVwr2

; ð2Þ

ρej ∝
�
r0t−3 ðinner ejectaÞ
r−ntn−3 ðouter ejectaÞ; ð3Þ

where n is set to be 10 [26]. r and tt are the distance from
the explosion center and the time when the reverse shock
reaches the inner ejecta:

tt ¼
2

nðn − 4Þðn − 3Þ
½3ðn − 3ÞMej�32
½10ðn − 5ÞEej�12

Vw

Ṁ
: ð4Þ

RSNR ¼ R
t uSNRðt0Þdt0 is the SNR shock radius. As for the

velocity profile of the downstream region of the SNR,
ud;SNRðr; tÞ, we use the following approximate formula:

ud;SNRðr; tÞ ¼
3uSNRðtÞ þ Vw

4

�
r

RSNRðtÞ
�
; ð5Þ

where ud;SNRðRSNR; tÞ ¼ ð3uSNRðtÞ þ VwÞ=4 is derived
from the Rankin-Hugoniot relation at the strong shock
limit. Particles in the downstream region of the SNR shock
lose their energy by the adiabatic cooling because of the
expansion of the downstream region of the SNR
shock (divu⃗d;SNR > 0).
The self-similar solution is used as the radius of the

WTS [21]. The radius of the WTS, RWTS, is determined
by the condition that the ram pressure in the free wind
region at the WTS, ρwðRWTSÞV2

w, is equal to the pressure
of the shocked wind region, Pðtþ tlifeÞ ≈ PðtlifeÞ. tlife ∼
105 yr is the lifetime of WR stars. tþ tlife is almost the
same as tlife because tlife is much larger than the SNR age.
Hence, RWTSðtlifeÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ṀVw=ð4πPðtlifeÞÞ

p
is calculated as

follows [21,29]:

RWTSðtlifeÞ≈ 0.78Ṁ3=10V1=10
w ρ3=100 t2=5life

≈ 8 pc

�
Ṁ

10−4M⊙=yr

�
3=10� Vw

3000 km=s

�
1=10

×

�
ρ0

1.67×10−24 g=cm3

�
−3=10

�
tlife

105 yr

�
2=5

:

ð6Þ

The time evolution of the WTS can be negligible between
the time of the supernova explosion and the time when the
SNR collides with the WTS because the dynamical time-
scale is much shorter than the SNR age. Therefore, RWTS is
fixed to be 8 pc in our simulations. The density in the
shocked wind region is constant because the pressure in the
shocked wind region is constant and the shocked wind
region is adiabatic. The following velocity profile in the
shocked wind region, ud;WTSðrÞ, is given by the mass flux
conservation between the upstream and downstream
regions of the WTS [21]:

ud;WTSðrÞ ¼
Vw

4

�
r

RWTS

�
−2
: ð7Þ

ud;WTSðRWTSÞ ¼ Vw=4 is derived from the Rankin-
Hugoniot relation at the strong shock limit. In the shocked
wind region, the adiabatic cooling does not work
because divu⃗d;WTS ¼ 0.

C. Magnetic field in the free wind region

The electromagnetic field in the free wind region (shock
upstream region) is shown in this section. As with our
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previous work [7], for simplicity, we consider only the
Parker-spiral magnetic field as an unperturbed magnetic
field. Thus,we do not consider themagnetic field fluctuation
in the freewind region. The rotation axis of progenitors is set
to be the polar axis of the spherical coordinate. θ and ϕ are
the polar and azimuthal angles.ϕ is the same direction as the
rotation of progenitors. The regions at θ ¼ 0; π and at
θ ¼ π=2 are the polar and equatorial regions, respectively.
The magnetic field in the free wind region, B⃗w ¼ Bw;re⃗r þ
Bw;ϕe⃗ϕ, is as follows [30]:

Bw;r ¼ BA

�
RA

r

�
2

f1 − 2Hðθ − θCSÞg; ð8Þ

Bw;ϕ ¼ −BA
RA

r
RAΩ�
Vw

sin θf1 − 2Hðθ − θCSÞg; ð9Þ

where HðθÞ, Ω� ¼ 2π=P�, RA, and BA are the Heaviside
step function, angular frequency of progenitors, Alfvén
radius, and the magnetic field strength at the Alfvén
radius, respectively. e⃗r and e⃗ϕ are unit vectors of r and ϕ
directions. The rotation period of progenitors,P�, is set to be
10 days [31]. RA is approximately given by

RA

R�
≈ 1þ

�
η� þ

1

4

� 1
2q−2

−
�
1

4

� 1
2q−2

; ð10Þ

where R� is the radius of progenitors [32]. η� ¼
B2�R2�=ðṀVwÞ is called as the magnetic confinement param-
eter [32]. B� is the surface magnetic field strength of
progenitors. q is the index of the radial dependency of
the magnetic field inside the Alfvén radius. In this work, we
assume that the magnetic field configuration inside the
Alfvén radius is the dipole magnetic field (q ¼ 3). The
Alfvén radius, RA, is

RA ¼
(
R� ðη� ≪ 1Þ
R�η

1=4
� ðη� ≫ 1Þ ð11Þ

¼
(
R� ðη� ≪ 1Þ
R

3
2�B

1
2�Ṁ−1

4V
−1
4

w ðη� ≫ 1Þ:
ð12Þ

The magnetic field strength at the Alfvén radius, jBAj, is

jBAj ¼
(
B� ðη� ≪ 1Þ
B
−1
2� R

−3
2� Ṁ

3
4V

3
4
w ðη� ≫ 1Þ:

ð13Þ

In this work, B� and R� are set to be 100 G and 10R⊙,
respectively [27,28,33]. The sign of BA ¼ �B�ðR�=RAÞq is
given by whether the angle between the rotation and

magnetic axes, αinc, is larger than π=2 radian. When
αinc ≤ ð≥Þπ=2, the sign of BA is positive (negative). In this
work, αinc is set to be 0; π=6; 5π=6, and π. Aligned rotators
are the case of αinc ¼ 0 or π, and oblique rotators are the case
of αinc ≠ 0 or π. The position of the current sheet, θCS, is
determined as follows [34]:

θCS¼
π

2
−sin−1

�
sinαinc sin

�
ϕþΩ�

�
t−

r−RA

Vw

���
: ð14Þ

Thewidth of the current sheet is assumed to be infinitely thin
because the gyroradius of high-energy protons is assumed
to be much larger than the width of the current sheet. The
wind velocity is assumed to have only the radial component
(V⃗w ¼ Vwe⃗r). Hence, in the simulation frame (explosion
center rest frame), the electric field, E⃗w ¼ −ðV⃗w=cÞ × B⃗w,
emerges.

D. Downstream magnetic field strength

As we mentioned above, the magnetic field in the
downstream region of both the SNR shock and WTS is
assumed to be highly turbulent, which is suggested by
recent observations and simulations [25,35,36]. The
downstream magnetic field strength is determined by
the condition that a fraction, ϵB, of the upstream kinetic
energy flux measured in the shock rest frame is converted
to the downstream magnetic field energy flux. In
this work, ϵB is set to be 0.1 for both the SNR shock
and WTS. As for the SNR shock, the upstream kinetic
energy flux measured in the SNR shock rest frame is
ð1=2ÞρwðRSNRÞðuSNR − VwÞ3 and the energy flux of the
downstream magnetic field, Bd;SNR, is ðB2

d;SNR=ð8πÞÞ×
ðuSNR − VwÞ=4. Thus, Bd;SNR is

Bd;SNR ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
4ϵBṀ
Vw

s
uSNR − Vw

RSNR
ð15Þ

≈ 470 μG
�
ϵB
0.1

�
1=2

�
Ṁ

10−4M⊙=yr

�
1=2

×

�
Vw

3000 km=s

�
−1=2

�
uSNR − Vw

5000 km=s

�

×

�
RSNR

1 pc

�
−1
: ð16Þ

As for the WTS, the upstream kinetic energy flux
measured in the WTS rest frame is ð1=2ÞρwðRWTSÞV3

w
and the energy flux of the downstream magnetic field,
Bd;WTS, is ðB2

d;WTS=ð8πÞÞ × Vw=4. Here, the velocity of
the WTS is negligible because the velocity of the WTS is
much smaller than the wind velocity. Then, Bd;WTS is
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Bd;WTS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ϵBṀVw

p
RWTS

ð17Þ

≈ 33 μG
�
ϵB
0.1

�
1=2

�
Ṁ

10−4M⊙=yr

�
1=5

×

�
Vw

3000 km=s

�
2=5

�
ρ0

1.64 × 10−24 g=cm3

�
3=10

×

�
tlife

105 yr

�
−2=5

: ð18Þ

E. Simulation parameters

Simulation parameters are summarized in this section. In
our simulation, we use the magnetic field strength on the
stellar surface, B� ¼ 100 G, the stellar radius, R� ¼ 10R⊙,
the wind velocity, Vw ¼ 3 × 108 cm=s, the mass loss rate,
Ṁ ¼ 10−4M⊙=yr, the stellar rotation period, P� ¼ 10 day,
the supernova explosion energy, ESN ¼ 1051 erg, the ejecta
mass, Mej ¼ 5M⊙, the power law index of the ejecta
density profile, n ¼ 10, and the wind termination shock
radius, RWTS ¼ 8 pc. The initial SNR shock radius,
RSNRðtinj ¼ 100 yrÞ, and velocity, uSNRðtinj ¼ 100 yrÞ,
are 2.4 × 1018 cm and 6.5 × 108 cm=s, respectively. The
SNR shock velocity at the time when the SNR shock
collides with the WTS (t ≈ 1450 yr), uSNRðt ≈ 1450 yrÞ, is
4.7 × 108 cm=s. Under the above parameters, the magnetic
confinement parameter, η� ¼ B2�R2�=ðṀVwÞ, is 2.6 × 10−3.
Thus, the Alfvén radius, RA, and the magnetic field strength
at the Alfvén radius, BA, are R� and B�, which are
determined by upper equations of Eqs. (12) and (13). At
tinj ¼ 100 yr, the magnetic field strength around the
equator of the SNR shock, Bwðr ¼ RSNRðtinjÞ; θ ≈ π=2Þ≈
Bw;ϕðr ¼ RSNRðtinjÞ; θ ≈ π=2Þ, is about 0.48 μG. The mag-
netic field strength around the equator of the WTS,
Bwðr¼RWTS;θ≈π=2Þ≈Bw;ϕðr¼RWTS;θ≈π=2Þ, is about
0.048 μG. The conversion fraction, ϵB, from the upstream
kinetic energy flux measured in the shock rest frame to the
downstream magnetic energy flux is set to be 0.1. Then,
the magnetic field strengths in the downstream regions of
the WTS and SNR shock at t ¼ tinj are 33 and 424 μG,
respectively. The diffusion coefficient of particles in the
downstream region of the SNR shock and WTS is assumed
to be the Bohm diffusion, where the downstream magnetic
fields are given by Eqs. (15) and (17).

III. THEORETICAL ESTIMATE

A. Cyclic motion between supernova remnant shock
and wind termination shock

Particles with the charge, Ze, are considered in this
section. This section presents the global particle motion
between the SNR shock and WTS, the condition for
realizing this global particle motion, and the maximum

attainable energy. First, we consider the expected global
particle motion between the SNR shock and WTS. Figure 2
shows the schematic picture of the expected global particle
motion between the SNR shock and WTS for the case of
aligned rotators (αinc ¼ 0). The inner and outer circles are
the SNR shock and WTS, respectively. The red arrows are
the expected motion of accelerating particles. The black
arrows are themeanvelocities of accelerating particles along
the SNR shock, vθ;SNR, current sheet, vCS,WTS, vθ;WTS, and
pole, vpl. Bw;r and Bw;ϕ are the radial and toroidal compo-
nents of the Parker-spiral magnetic field in the free wind
region. When αinc ≤ ð≥Þπ=2, particles injected on the SNR
shock surface are accelerated in perpendicular shocks, and
some particles are advected to the far downstream region of
the SNR shock with certain probabilities. Accelerating
particles that are not advected to the far downstream region
of the SNR shockmove to the equator (poles) along the SNR
shock. For αinc ≤ π=2, particles around the equator move to
the WTS along the current sheet while performing the
meandering motion [7,37]. For αinc ≥ π=2, particles around
the poles move to theWTS alongBw;r becauseBw;r is larger
than Bw;ϕ around the poles. Hence, for both αinc ≤ ð≥Þπ=2,
particles accelerated at the SNR shock escape from the SNR
shock towards the WTS [7]. Escaped particles eventually
reach the WTS. These particles are accelerated at the WTS
and some of these particles are advected to the far down-
stream region of the WTS similar to the SNR shock.
Accelerating particles that are not advected to the far
downstream region move to the poles (equator) along the
WTS. Here, the direction of the particle motion along the
SNR shock is opposite to the direction of the particle motion
along theWTS. For αinc ≤ π=2, particles that reach the poles
return to the SNR shock along Bw;r. This is because Bw;r is

FIG. 2. Schematic picture of the particle motion between the
SNR shock and WTS for the aligned rotator case (αinc ¼ 0). The
red arrows show the particle orbit. The black arrows are the mean
velocities of accelerating particles along the SNR shock, vθ;SNR,
current sheet, vCS, WTS, vθ;WTS, and pole, vpl. Bw;r and Bw;ϕ are
the radial and toroidal components of the Parker-spiral magnetic
field in the free wind region.
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larger than Bw;ϕ around the poles. For αinc ≥ π=2, particles
around the equator of the WTS are expected to return the
SNR shock while moving along the current sheet (meander-
ing motion). Particles that return from the poles (equator) to
the SNR shock can be accelerated at the SNR shock again.
These particles move to the equator (poles) and escape from
the equator (poles) to the WTS again. Thus, the cyclic
particle motion between the SNR shock and WTS is
expected.
We estimate the attainable energy of particles accelerated

by the cyclic motion between the SNR shock and WTS,
εcyc. εcyc is given by

εcyc ¼
XNcyc

i¼1

ðεSNRðtiÞ þ εWTSÞ: ð19Þ

Ncyc is the maximum number of cycles until the SNR shock
collides with the WTS. εSNR (εWTS) is the energy gain of
particles accelerated in the region between the pole and
equator of the SNR shock (WTS). ti is the time when the ith
cycle starts.
First, we estimate εSNR. In the SNR shock rest frame, the

flow velocity in the free wind region (shock upstream
region) at the time, t, is uSNRðtÞ − Vw. Then, the motional
electric field measured in the SNR shock rest frame,
E⃗w;SNR, emerges in the free wind region:

E⃗w;SNR ¼ −
uSNRðtÞ − Vw

c
e⃗r × B⃗w

¼ uSNRðtÞ − Vw

c
hBw;ϕie⃗θ; ð20Þ

where e⃗θ and hBw;ϕi are the unit vector of the θ direction
and mean magnetic field strength that particles in the
free wind region feel. For the oblique rotator case
(αinc ≠ 0; π), hBw;ϕi inside the wavy current sheet region
(π=2 − αinc ≤ θ ≤ π=2þ αinc) is

hBw;ϕi ≈ −BA
RA

r
RAΩ�
Vw

sin θ

�
1 −

2

π
cos−1

�
cos θ
sin αinc

��
;

ð21Þ

which is derived in our previous paper [7]. Outside
the wavy current sheet region (0 ≤ θ ≤ π=2 − αinc and
π=2þ αinc ≤ θ ≤ π), hBw;ϕi is Bw;ϕ in Eq. (9). For the
aligned rotator case (αinc ¼ 0; π), hBw;ϕi ¼ Bw;ϕ. In the
SNR shock rest frame, particles that move along the SNR
shock are accelerated by E⃗w;SNR [7]. Therefore, εSNR is
given by the potential difference between the pole and
equator of the SNR shock in the SNR shock rest frame.
Thus, εSNR is

εSNRðtiÞ¼
Z

π=2

0

ZeEw;SNRRSNRdθ ð22Þ

¼
�
1−

2

π
sinαinc

�
uSNRðtiÞ−Vw

c
ZeBAR2

AΩ�
Vw

:

ð23Þ

Here, we ignored the time evolution of the SNR shock until
particles injected around the poles reach the equator. This is
because the time when particles injected around the pole
of the SNR shock reach the equator, RSNR=vθ;SNR ≈
RSNR=ðc=2Þ, is much shorter than the dynamical timescale
of the SNR shock, RSNR=uSNR. vθ;SNR is the mean velocity
in the θ direction of accelerating particles [see Eq. (A2) in
the Appendix].
Next, we estimate εWTS. Here, we ignored the WTS

velocity because the WTS velocity is much smaller than the
wind velocity. Then, in the WTS rest frame, the motional
electric field in the free wind region, E⃗w;WTS, is

E⃗w;WTS ¼
Vw

c
hBw;ϕie⃗θ: ð24Þ

Similar to εSNR, εWTS is given by the potential difference
between the equator and pole of the WTS as follows:

εWTS ¼
Z

0

π=2
ZeEw;WTSRWTSdθ ð25Þ

¼
�
1 −

2

π
sin αinc

�
ZeBAR2

AΩ�
c

: ð26Þ

The maximum energies given in Eqs. (22) and (25)
correspond to the Hillas limit [38], but the maximum
energy given in Eq. (19) exceeds the Hillas limit because
particles move a distance longer than the size of the object.
For αinc ≥ π=2, εSNR and εWTS are given as follows:

εSNRðtiÞ¼
�
2

π
sinαinc−1

�
uSNRðtiÞ−Vw

c
ZeBAR2

AΩ�
Vw

;

ð27Þ

εWTS ¼
�
2

π
sin αinc − 1

�
ZeBAR2

AΩ�
c

: ð28Þ

hBw;ϕi for αinc ≥ π=2 is the opposite sign of hBw;ϕi for
αinc ≤ π=2 [7].

B. The number of cycles and attainable energy

The maximum number of cycles between the SNR shock
andWTS,Ncyc, is estimated in this section. We consider the
situation that particles injected on the SNR shock at t ¼ tinj
continue to be accelerated until the SNR shock collides
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with the WTS. Hence, we do not consider particles
advected to the far downstream region of the SNR shock
or WTS until the SNR collides with the WTS. The SNR
shock collides with the WTS at t ¼ tcol. Ncyc is

Ncyc ¼
tcol − tinj
Δtcyc

; ð29Þ

where Δtcyc is one cycle time between the SNR shock and
WTS (SNR → WTS → SNR). Δtcyc is given as follows:

ΔtcycðtÞ ¼
πRSNRðtÞ=2

vθ;SNR
þ RWTS − RSNRðtÞ

veq

þ πRWTS=2
vθ;WTS

þ RWTS − RSNRðtÞ
vpl

ð30Þ

≈ ðπ − 4ÞRSNRðtÞ
c

þ ðπ þ 4ÞRWTS

c
ð31Þ

≈ðπ þ 4ÞRWTS

c
; ð32Þ

where vθ;SNR; veq; vθ;WTS, and vpl are the mean velocities of
accelerating particlesmoving along the SNR shock, equator,
WTS, and poles, respectively (see Fig. 2). As shown in the
Appendix, vθ;SNR; veq; vθ;WTS, and vpl are approximately
c=2 if the residence time in the downstream region of the
SNR shock and WTS is much smaller than that in the free
wind region (shock upstream region) [see Eqs. (A2), (A3),
and (A5) in the Appendix]. In our model, the downstream
residence time can be negligible if the downstreammagnetic
field strength is much larger than the magnetic field strength
in the free wind region [14]. The first term in Eq. (30) means
the elapsed timewhen accelerating particles move along the
SNR shock from the pole to the equator. The second term
means the elapsed time when particles move along the
equator between the SNR shock and WTS. The third term
means the elapsed time when accelerating particles move
along theWTS from the equator to the pole. The fourth term
means the elapsed time when particles move along the pole
between the SNR shock andWTS.We ignored the first term
in Eq. (31) because RSNR < RWTS. Therefore, Ncyc is
calculated to be

Ncyc ≈
cΔtcol

ðπ þ 4ÞRWTS
ð33Þ

≈7.8
�

uSNR
5300 km=s

�
−1
; ð34Þ

where Δtcol ¼ tcol − tinj. In this work, tcol is approximately
1500 yr. Here, we assume that tinj is much earlier than tcol.
Thus, Δtcol ¼ tcol − tinj ≈ tcol. Furthermore, Ncyc is deter-
mined byuSNR becauseRWTS ≈ uSNRtcol. Then, thanks to the

WTS, the attainable energy of particles accelerated in the
SNR-WTS system, εcyc, can be about 8 times the maximum
energy of particles accelerated in SNR shock, εSNR.
If particles are injected at a time close to tcol, these
particles cannot experience the cyclic motion until the
SNR shock collides with the WTS. Ncyc is larger than
unity if tinj < 1300 yr. Therefore, particles injected at
tinj < 1300 yr could experience one or more cycles between
the SNR shock and WTS. The number of cycles reduces
if the downstream magnetic field amplification is not
sufficient and the mean residence time in the downstream
region is longer than that in the free wind region (upstream
region). The mean residence time in the free wind region
(upstream region), hΔtwi ¼ πΩ−1

g;w, is the half of the gyro-
period, where Ωg;w is the gyrofrequency in the free wind
region (upstream region). The mean residence time in the
downstream region, hΔtdi ¼ 4κd=ðudvÞ, is determined by
the downstream diffusion coefficient for the Bohm diffu-
sion, κd ¼ ðBw=BdÞrg;wv=3. rg;w ¼ vΩ−1

g;w and v are the
gyroradius in the freewind region (upstream region) and the
particle velocity. The magnetic field strengths in the down-
stream regions of the SNR shock, Bd;SNR, and the WTS,
Bd;WTS, are given by Eqs. (15) and (17). The upstream
magnetic field strength,Bw ≈ Bw;ϕ, is given by Eq. (9). ud is
the downstream flow velocity. The condition that the
residence time in the downstream region is longer than that
in the free wind region (upstream region) is

Bd

Bw
≤
16

3π

c
uw

≈ 170

�
uw

3000 km=s

�
−1
: ð35Þ

uw is the upstream flow velocity measured in the SNR shock
rest frame, uw;SNR ¼ uSNR − Vw ¼ 4ud;SNR, or WTS rest
frame, uw;WTS ¼ Vw ¼ 4ud;WTS, where uSNR and Vw are the
SNR shock velocity measured in the explosion center rest
frame [Eq. (1)] and the wind velocity. From Eqs. (19), (23),
(26), and (33), εcyc is

εcyc ¼
XNcyc

i¼1

ðεSNRðtiÞ þ εWTSÞ ð36Þ

¼
				1 − 2

π
sin αinc

				X
Ncyc

i¼1

uSNRðtiÞ
c

ZejBAjR2
AΩ�

Vw
ð37Þ

≈
				1 − 2

π
sin αinc

				NcycuSNRðtinjÞ
c

ZejBAjR2
AΩ�

Vw
ð38Þ

≈
				1 − 2

π
sin αinc

				 uSNRðtinjÞΔtcolðπ þ 4ÞRWTS

ZejBAjR2
AΩ�

Vw
ð39Þ

≈
				1 − 2

π
sin αinc

				ZejBAjR2
AΩ�

ðπ þ 4ÞVw
; ð40Þ
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where uSNRðtinjÞΔtcol ≈ uSNRðtinjÞtcol ≈ RWTS because
tinj ≪ tcol is assumed. Deceleration of the SNR shock
velocity can be negligible under the parameters we use in
our simulations. This is because the mass of the circum-
stellar matter that the SNR shock sweeps up until the
SNR shock collides with the WTS is 0.1–1M⊙, which is
much smaller than the ejecta mass, Mej ∼ 10M⊙. The
SNR shock velocity at the ith cycle, uSNRðtiÞ, is almost
the same as the SNR shock velocity at tinj, uSNRðtinjÞ. Hence,PNcyc

i¼1 uSNRðtiÞ ≈ NcycuSNRðtinjÞ. As one can see in Eq. (40),
εcyc depends on not SNR parameters but WR star param-
eters. From Eqs. (12) and (13), εcyc is

εcyc ≈
				1 − 2

π
sin αinc

				 Ze
π þ 4

×

(
B�R2�V−1

w Ω� ðη� ≪ 1Þ
B1=2
� R3=2

� Ṁ1=4V−3=4
w Ω� ðη� ≫ 1Þ:

ð41Þ

C. Maximum energy in the SNR-WTS system

In Eq. (40), the attainable energy becomes large when the
magnetic field strength in the free wind region of WR stars
is strong (Bw;ϕ ∝ BAR2

AΩ�=Vw). However, the residence
time in the free wind region (upstream region) becomes
comparable to that in the downstream region when the
magnetic field strength in the free wind region is strong.
vθ;SNR and vθ;WTS can be smaller than c=2 when the
downstream residence time is not negligible. This is
because the particle motion in the downstream region is
assumed to be diffusion and the downstream diffusion
velocity is much smaller than the drift velocity in the free
wind region. If the downstream residence time is larger than
the residence time in the free wind region, particles spend
most of their time in the downstream region. Then, the main
particle transport process around the shock becomes
diffusion in the downstream region, so that the diffusing
particles are hard to spread along the θ direction compared
with the case that particles spend most of their time in the
free wind region. Therefore, vθ;SNR and vθ;WTS can be
smaller than c=2. In our acceleration model, the down-
stream residence time can be larger than the residence time
in the free wind region when the downstream magnetic
field strength is not much larger than the magnetic field
strength in the free wind region [14]. vθ;WTS rather than
vθ;SNR can be the bottleneck for the cyclic motion between
the SNR shock and WTS. From Eq. (A2), vθ;WTS is

vθ;WTS≈
4c
3π

�
1þ16

3π

�
Bd;WTS

Bw;ϕðRWTSÞ
�

−1
�
Vw

c

�
−1
�

−1
: ð42Þ

When Bd;WTS=Bw;ϕðRWTSÞ ≥ 16c=ð3πVwÞ, the residence
time in the downstream region of the WTS is smaller than
the residence time in the free wind region. Thus, vθ;WTS

approximately becomes c=2. This condition, Bd;WTS=
BwðRWTSÞ ≥ 16c=ð3πVwÞ, can be rewritten as the condi-
tion of the rotation period of progenitors, P�, as follows:

P� ≥ P�;cr ¼
16cjBAjR2

A

3ϵ1=2B Ṁ1=2V5=2
w

; ð43Þ

where P�;cr is the critical rotation period, which is given by
the condition that the residence time in the downstream
region of the WTS is equal to the residence time in the free
wind region. The shorter rotation period leads to the larger
toroidal component of the Parker-spiral magnetic field in
the free wind region (Bw;ϕ ∝ P−1� ). However, the down-
stream magnetic field strength in our model does not
depend on P�. Then, the shorter P� leads to the smaller
Bd;WTS=Bw;ϕðRWTSÞ. The larger Bd;WTS=Bw;ϕðRWTSÞ is
favorable for the larger vθ;WTS, which means that the longer
P� is favorable. For the case of the longer P�, the energy
gain in the SNR shock becomes small due to the smaller
magnetic field strength in the free wind region although
vθ;WTS approaches c=2. The attainable energy, εcyc,
becomes the maximum value, εcyc;max, when P� ¼ P�;cr.
From Eqs. (40), (43), and P� ¼ 2π=Ω�, εcyc;max is

εcyc;max ≈
				1 − 2

π
sin αinc

				 3πZeϵ
1=2
B Ṁ1=2V3=2

w

8ðπ þ 4Þc ð44Þ

≈ 216 TeV

				1 − 2

π
sin αinc

				Z
�
ϵB
0.1

�
1=2

×

�
Ṁ

10−4M⊙=yr

�
1=2

�
Vw

3000 km=s

�
3=2

: ð45Þ

For protons (Z ¼ 1), unrealistic mass loss rate and wind
velocity are required to accelerate protons to the PeV scale
without the upstream magnetic field amplification.
Thiswork focuses on theWTSofWRstars. RSGs are also

expected to create the WTS similar to WR stars. However,
the cyclicmotion between the SNR shock andWTSofRSGs
could be hard to occur compared with theWTS ofWR stars.
This is because, in the explosion center rest frame, the
velocity of theWTS of RSGs is almost the same as the wind
velocity of RSGs [39]. The upstream kinetic energy flux
measured in theWTS rest frame ismuch smaller than that for
WR stars. This leads to a quite small magnetic field in the
downstream region of the WTS of RSGs. Then, the
residence time in the downstream region of the WTS is
much larger than that in the free wind region. Therefore, the
WTS of RSGs could not play an important role in the cyclic
motion between the SNR shock and WTS.

IV. SIMULATION RESULTS

A. Aligned rotators

First, we show the simulation results for the case of
aligned rotators. The top four panels in Fig. 3 are the time
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FIG. 3. Time evolution of the particle distribution for aligned rotators. The top (bottom) four panels are the results for the case of
αinc ¼ 0ðπÞ. The vertical axis is the z component of the particle position. The z direction is parallel to the rotation axis of progenitors.

The horizontal axis is the distance from the rotation axis,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. Both axes are normalized by the radius of the WTS, RWTS. The

inner and outer black semicircles are the SNR shock and WTS, respectively. The points and their color are particles and the particle
energy, respectively. The gray line at the equator (z ¼ 0) is the current sheet. Time elapses from the left to right panels.
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evolution of the particle distribution for the case of
αinc ¼ 0. The vertical axis is the z component of the spatial
coordinate. The z direction is parallel to the rotation axis of
progenitors. The horizontal axis shows the distance from
the rotation axis of progenitors,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. Both the

horizontal and vertical axes are normalized by the WTS
radius, RWTS. The inner and outer black semicircles are the
SNR shock and WTS, respectively. The points and their
color show the positions of simulation particles and their
particle energies, respectively. The gray line at the equator
(z ¼ 0) is the current sheet. Particles injected on the SNR
shock surface are accelerated at the SNR shock while
moving to the equator, reaching the equator eventually.
Once particles interact with the current sheet, particles
escape from the SNR shock while moving along the current
sheet (meandering motion). These acceleration and escape
processes are shown in our previous work [7]. Particles
escaped from the SNR shock move towards the WTS
(t ¼ 120.7 yr in Fig. 3). Particles that reach the WTS are
accelerated at the WTS while moving to the poles
(t ¼ 193.2 yr in Fig. 3). The toroidal component of the
Parker-spiral magnetic field, Bw;ϕ, becomes small towards
the poles. Bw;ϕ around the poles is smaller than the radial
component of the Parker-spiral magnetic field, Bw;r. Then,
the shock around the poles is the parallel shock. Particles
around the poles move along Bw;r to the SNR shock
(t ¼ 227.0 yr in Fig. 3). These returned particles are
accelerated at the SNR shock again while moving to the
equator. These particles eventually interact with the current
sheet at the equator and escape from the SNR shock again
(t ¼ 273.9 yr in Fig. 3). This cycle process between the
SNR shock and WTS lasts until the SNR shock collides
with the WTS (t ¼ 1449.4 yr) and accelerates particles
between the SNR shock and WTS. In Fig. 3, we show the
first cycle between the SNR shock and WTS. In our
simulations, the maximum number of cycles until the
SNR shock collides with the WTS is about 6, which is
almost consistent with the theoretical estimate of the
maximum number of cycles [see Eq. (34)]. Particles are
advected and accumulated in the downstream region of
the SNR shock (or WTS) although it is hard to see the
accumulated downstream particles in Fig. 3 due to the short
time duration.
The top two panels in Fig. 4 show the energy spectra of

all particles for the case of αinc ¼ 0. The horizontal and
vertical axes are the particle energy, ε, and ε2dN=dε,
respectively. The vertical red and blue lines are the energy
limited by the potential difference between the pole and
equator of the SNR shock (the energy gain at the SNR
shock) and energy limited by the cyclic motion between the
SNR shock and WTS. In the top two panels, the values of
the vertical red and blue lines are given by substituting
αinc ¼ 0 into Eq. (23) and (40). The top left panel shows the
energy spectrum at the time when particles escaped from
the SNR shock still do not reach the WTS (t ¼ 120.7 yr).

The top right panel shows the energy spectrum at the
time when the SNR shock collides with the WTS
(t ¼ 1449.4 yr). As shown in Ref. [7], the maximum
energy of particles escaped from the SNR shock is limited
by the potential difference between the pole and equator of
the SNR shock (t ¼ 120.7 yr). The reason why the cutoff
energy of the energy spectrum at t ¼ 120.7 yr is slightly
smaller than the theoretical estimate of the energy gain at
the SNR shock (red line) is because the number of particles
injected around the poles is small due to the small solid
angle around the poles although particles injected around
the poles are considered in the theoretical estimate of the
energy gain at the SNR shock. Escaped particles are
accelerated at the WTS while moving to the poles and
the particle energy can exceed the energy gain at the SNR
shock (red line). Particles around the pole return to the SNR
shock while moving along Bw;r and are accelerated at the
SNR shock again. Thanks to this cyclic motion between the
SNR shock and WTS, the maximum energy continues to
increase until the SNR shock collides with the WTS
(t ¼ 1449.4 yr). The cutoff energy of the energy spectrum
at t ¼ 1449.4 yr is almost in good agreement with the
theoretical estimate of the maximum energy limited by the
cyclic motion (blue line) within a factor of 2. The energy
spectrum of accelerated particles is the same as the energy
spectrum of the standard DSA prediction (dN=dε ∝ ε−2)
because particles are accelerated at the SNR shock and
WTS by the DSA in our simulations. Many of the injected
particles are advected to the far downstream of the SNR
shock and lose their energies by the adiabatic cooling.
Thus, there are particles with energy below the injected
particle energy in Fig. 4. Particles in the current sheet
and poles are not magnetized and do not interact strongly
with the wind flow, so that they do not suffer the adiabatic
energy loss in the stellar wind although the wind is
expanding (divV⃗w ≠ 0). As one can see in Fig. 4, the energy
spectra around 1 TeV are harder than the standard DSA
prediction. The energy spectra around 1 TeVare composed
of the particles advected to the downstream region of the
WTS (green spectrum at t ¼ 1449.4 yr), which originally
came from the particles that escaped from the SNR shock
(orange spectrum at t ¼ 120.7 yr). The energy spectrum in
the downstream region of the WTS (green spectrum) does
not change due to no adiabatic energy loss in the WTS
downstream region (divu⃗d;WTS ¼ 0). Contrary to the energy
spectrum in the downstream region of the WTS (green
spectrum), the energy spectrum in the downstream region of
the SNR shock (cyan spectrum) is affected by the adiabatic
energy loss because of divu⃗d;SNR ≠ 0. Hence, as time goes
on, the energy spectrum in the SNR shock downstream
region (cyan spectrum) shifts to the low energy region
although the energy spectrum in the WTS downstream
region (green spectrum) does not change. Thus, the energy
spectrum harder than the standard DSA prediction emerges
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around 1TeV. In thiswork, particles are impulsively injected
only at the simulation start time. In reality, particles are
continuously injected, so that the shape of the time-inte-
grated spectrum could be different from those shown in
Figs. 4 and 7.
Next, we show the results for the case of αinc ¼ π. The

bottom four panels in Fig. 3 show the time evolution of the
particle distribution for the case of αinc ¼ π. The bottom
two panels in Fig. 4 show the energy spectra of all particles
for the case of αinc ¼ π. The sign of the magnetic field in
the free wind region is opposite to that in the case of
αinc ¼ 0. Hence, the direction of the particle motion
between the SNR shock and WTS is opposite to that in
the case of αinc ¼ 0. The results for αinc ¼ π are the same as
the results for αinc ¼ 0 except for the direction of the
particle motion.

B. Oblique rotators

The schematic picture of the oblique rotator case
(αinc ≤ π=2) is shown in Fig. 5. The differences from
aligned rotators are that the magnetic axis of progenitors is
tilted by the angle, αinc, from the rotation axis of progeni-
tors and the current sheet has a wavy structure.
Next, we show the results for αinc ¼ π=6. The top four

panels in Fig. 6 are the time evolution of the particle
distribution for αinc ¼ π=6. The format of Fig. 6 is the same
as that of Fig. 3. The gray region (π=3 ≤ θ ≤ 2π=3) is the
wavy current sheet region. Particles accelerated at the SNR
shock escape from the SNR shock (t ¼ 120.7 yr in Fig. 6).
Particles can escape from the SNR shock even though the
current sheet is wavy. Almost similar to the aligned rotator
case, the cyclic motion between the SNR shock and WTS
occurs. However, in contrast to the aligned rotator case,

FIG. 4. Energy spectra for the case of aligned rotators. The top (bottom) two panels are results for the case of αinc ¼ 0ðπÞ. The
black, orange, cyan, and green spectra are energy spectra of all simulation particles, simulation particles in the free wind region
(upstream region), particles in the downstream region of SNR shock, and particles in the downstream region of WTS, respectively.
The horizontal and vertical axes are the particle energy, ε, and ε2dN=dε, respectively. The vertical red line is the energy limited by the
potential difference between the pole and equator of the SNR shock. The vertical blue line is the energy limited by the cyclic motion
between the SNR shock and WTS. The left two panels show the energy spectra at the time when particles escaped from the SNR
shock still do not reach the WTS (t ¼ 120.7 yr). The right two panels show the energy spectra at the time when the SNR shock
collides with the WTS (t ¼ 1449.4 yr).
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particles feel the magnetic field averaged over the reversal
magnetic field structure inside the wavy current sheet
region, which is smaller than the magnetic field for the
aligned rotator case [see Eq. (21), and Eq. (17) and
Fig. (10) in Ref. [7] ].
The top two panels in Fig. 7 show the energy spectra of

all particles for αinc ¼ π=6. Particles inside the wavy
current sheet region can spread around the equator due
to the weak mean magnetic field, which prevents the ideal
cyclic motion. Therefore, the deviation between the theo-
retical estimate of the cycle-limited maximum energy (blue
line) and the cutoff energy of the energy spectrum for
αinc ¼ π=6 is slightly larger than that for αinc ¼ 0. This
deviation at t ¼ 1449.4 yr is within a factor of 3. As with
the case of αinc ¼ 0, the energy spectrum of particles
accelerated by the cyclic motion is the same as the standard
DSA prediction (dN=dε ∝ ε−2) because particles are accel-
erated at both the SNR shock and WTS by the DSA.
Next, we show the results for the case of αinc ¼ 5π=6.

The bottom four panels in Fig. 6 show the time evolution of
the particle distribution for the case of αinc ¼ 5π=6. The
bottom two panels in Fig. 7 show the energy spectra of all
particles for the case of αinc ¼ 5π=6. The sign of the
magnetic field in the free wind region is opposite to that in
the case of αinc ¼ π=6. Hence, the direction of the particle
motion between the SNR shock and WTS is opposite to

that in the case of αinc ¼ π=6. The results for αinc ¼ 5π=6
are the same as the results for αinc ¼ π=6 except for the
direction of the particle motion.

V. DISCUSSION

This work showed that the attainable energy in the SNR-
WTS system could be ðc=uSNRÞ=ðπ þ 4Þ times the energy
gain in the SNR shock. From Eq. (45), a large mass loss
rate and wind velocity are required to accelerate particles to
the PeV scale by the cyclic motion between the SNR shock
andWTS. As we mentioned in Sec. I, the direct and indirect
observations report the spectral break around 10 TeV in the
energy spectrum of observed CR protons and helium.
However, the origin of the energy scale of 10 TeV is still
unclear. We investigated the escape process from type Ia
SNRs and core-collapse SNRs without upstream magnetic
field amplification [6,7]. For both type Ia and core-collapse
SNRs without upstream magnetic field amplification, we
showed that the maximum energy is limited by escape from
the SNR shock and the escape-limited maximum energy is
about 10 TeV [6,7]. As one can see in Figs. 4 and 7,
furthermore, particles can be accelerated to 10 TeV by the
cyclic motion between the SNR shock and WTS. Thus,
SNRs that upstream magnetic field amplification does
not work could be the origin of the spectral break
around 10 TeV.
The SNR shock propagates in the shocked wind region

after the SNR interacts with the WTS. The toroidal
magnetic field in the shocked wind region becomes strong
towards the outside of the shocked wind region until the
magnetic pressure is equal to the gas pressure in the
shocked wind region (Cranfil effect) [40]. It is suggested
that particles are accelerated to the PeV scale by the SNR
shock propagating in the shocked wind region [41].
However, the Mach number is small because the temper-
ature in the shocked wind region is high and the sound
velocity becomes fast. It is still unclear that particles
accelerated in the shocked wind region can contribute to
the observed PeV CRs because the energy spectrum of
particles accelerated by the DSA in the low Mach number
shock becomes softer than that for a high Mach num-
ber shock.
Particles are usually scattered in the free wind region

(upstream region) due to the existence of the magnetic field
fluctuation in the free wind region. We assumed that
particles are not scattered in the free wind region. As for
the acceleration process at the SNR shock and WTS, the
assumption of no scattering in the free wind may not
influence as long as δBw=Bw < 1, where δBw and Bw are
the strength of the magnetic field fluctuation and the
unperturbed magnetic field in the free wind region. This
is because the mean-free time in the free wind region is
longer than the gyroperiod (the mean upstream residence
time in our simulations) when δBw=Bw < 1. Hence, as long
as δBw=Bw < 1, particles are not scattered during the

FIG. 5. Schematic picture of the oblique rotator case
(αinc ≤ π=2). The inner and outer black circles are the SNR
shock and WTS, respectively. θ and ϕ are polar and azimuthal
angles, respectively. The regions at θ ¼ 0; π and θ ¼ π=2 are the
poles and equator, respectively. The wavy gray line across the
equator is the current sheet. Bw;ϕ is the toroidal component of
the Parker-spiral magnetic field in the free wind region. The black
solid and dotted arrows are the rotation and magnetic axes of
progenitors, respectively. αinc is the angle between the rotation
and magnetic axes. λ ¼ VwP� is the typical length scale of the
wavy current sheet.
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gyration in the free wind region and our acceleration
process does not change. On the other hand, as for the
escape process from the SNR shock and the cyclic motion,
the assumption of no scattering in the free wind may
influence even if δBw=Bw < 1. Particles are scattered in the
free wind region due to the magnetic field fluctuation.
Then, scatterings in the free wind region prevent particles

escaping from the SNR shock and performing the cyclic
motion between the SNR shock and WTS.
If the downstream magnetic field amplification is not

sufficient and the downstream residence time is longer than
the upstream residence time, the energy spectrum of
accelerated particles and cyclic motion can be changed.
The anisotropic scattering in the downstream region leads

FIG. 6. The same as Fig. 3, but for αinc ¼ π=6 (top four panels) and αinc ¼ 5π=6 (bottom four panels). The gray region across the
equator (z ¼ 0) is the wavy current sheet region.
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to the steeper energy spectrum than the standard DSA
prediction [13] because most downstream particles are
advected to the far downstream region while being trapped
by the downstreamunperturbedmagnetic field. Furthermore,
if we apply the other downstream scattering model, not only
the spectral index but also the cutoff shape of the energy
spectrum can be affected because the spectrum cutoff shape
depends on the momentum dependence of the diffusion
coefficient [42].Aswementioned inSec. III B, the number of
cycles between the SNR shock andWTS reduces because the
main particle transport process around the shock becomes
diffusion in the downstream region and downstream diffus-
ing particles are hard to spread along the θ direction
compared to the case that particles spend most of their time
in the free wind region.

VI. SUMMARY

In this work, we have studied the particle motion
between the SNR shock and WTS, and the attainable
energy by using test particle simulations until the core-
collapse SNR shock collides with the WTS. The Parker-
spiral magnetic field and current sheet are considered in the
free wind region (shock upstream region). We do not

consider the magnetic field fluctuation and any magnetic
field amplification in the free wind region. On the other
hand, the highly turbulent magnetic field is assumed in the
downstream region of both the SNR shock and WTS. We
focused on WR stars as progenitors. As shown in Ref. [7],
particles accelerated at the SNR shock escape from the
equator or poles of the SNR shock towards the shock
upstream region (free wind region). The maximum energy
of particles escaped from the SNR shock is limited by the
potential difference between the pole and equator [7].
Escaped particles reach the WTS and move along the
WTS. For the case where the angle between the rotation
and magnetic axes, αinc, is smaller (larger) than π=2, we
showed that particles escaped from the equator (poles) of
the SNR shock are accelerated while moving to the poles
(equator) of the WTS and return to the SNR shock from the
poles (equator) of the WTS while moving along the radial
magnetic field (current sheet). These returned particles are
accelerated at the SNR shock again. The attainable energy
given by the cyclic motion between the SNR shock and
WTS is analytically derived. The results of test particle
simulations are almost in good agreement with the theo-
retical estimate. The maximum energy in the SNR-WTS
system is about 10–100 TeV. Therefore, core-collapse

FIG. 7. The same as Fig. 4, but for αinc ¼ π=6 (top two panels) and αinc ¼ 5π=6 (bottom two panels).

SHOMA F. KAMIJIMA and YUTAKA OHIRA PHYS. REV. D 110, 043046 (2024)

043046-14



SNRs without any magnetic field amplification in the free
wind region could be the origin of the CRs that form the
observed spectral break at 10 TeV.
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APPENDIX: MEAN PARTICLE VELOCITY
ALONG SHOCKS, POLE, AND CURRENT SHEET

First, we estimate the mean drift velocity of accelerating
particles drifting on the shock surface. In the explosion
center rest frame (simulation frame), there is the convective
electric field in the free wind region (upstream region),
E⃗w ¼ −ðV⃗w=cÞ × B⃗w. E⃗w and B⃗w are the electric and
magnetic fields in the free wind region, respectively.
Particles in the free wind region experience the E⃗ × B⃗
drift. However, the velocity of the E⃗ × B⃗ drift is
vE×B ¼ cjE⃗w × B⃗wj=B2

w ≈ Vw, which is much smaller than
the velocities of accelerating particles (≈c=2). Thus, we
ignore the electric field in the free wind region [see
Eqs. (A2), (A3), and (A5)]. In the free wind region, the
accelerating particles drift on the shock surface in the θ
direction towards the equator or poles depending on the
magnetic field direction. On the other hand, the mean
displacement of accelerating particles in the downstream
region is zero because downstreamparticles are isotropically
scattered in the downstream region. Therefore, the mean
displacement in the θ direction during the one back-and-
forthmotion is themean displacement of particles in the free
wind region, hΔLwi. The orbit of accelerating particles in the
free wind region is shown in Fig. 8. The x axis is the shock
surface. The positive and negative y regions are the freewind
region (shock upstream region) and shock downstream
regions, respectively. The red arrow is an orbit of a gyrating
particle. θBp and ϕBp are the pitch angle of the particle and
the azimuthal angle measured from the x axis, respectively.
From Fig. 8,ΔLwðθBp;ϕBpÞ is equal to 2rg;w sin θBp sinϕBp.
rg;w ¼ ε=ðZeBw;ϕÞ is the gyroradius in the freewind region.
ε andBw;ϕ are the particle energy and toroidal magnetic field
in the free wind region. hΔLwi is

hΔLwi ¼
R
π
0 dϕBp

R
π
0 dθBp sin θBpΔLwfðθBp;ϕBpÞR

π
0 dϕBp

R
π
0 dθBp sin θBpfðθBp;ϕBpÞ

¼ 4

3
rg;w; ðA1Þ

where fðθBp;ϕBpÞ is the particle distribution and
proportional to the flux of particles that cross the shock
from the downstream to the upstream, (fðθBp;ϕBpÞ ∝
v sin θBp sinϕBp). The mean residence time in the free
wind region is the half of the upstream gyroperiod,
hΔtwi ¼ πΩ−1

g;w ¼ πε=ðZeBw;ϕvÞ. The mean residence
time in the downstream region is the same as that of the
standard DSA, hΔtdi ¼ 4κd=ðudvÞ [8,9]. κd ¼ rg;dv=3 ¼
ðBw;ϕ=BdÞrg;wv=3 is the downstream diffusion coefficient,
where the Bohm diffusion is assumed in the downstream
region. The downstream flow velocity in the shock rest
frame, ud, is given by ðuSNR − VwÞ=4 andVw=4 for the SNR
shock andWTS, respectively, where the strong shock limit is
used. Accelerating particles move in the θ direction by a
distance of hΔLwi during hΔtwi þ hΔtdi. Hence, the mean
velocity of accelerating particles in the θ direction, vθ, is

vθ ¼
hΔLwi

hΔtwi þ hΔtdi

¼ 4v
3π

�
1þ 16

3π

�
Bd

Bw;ϕ

�
−1
�
uw
v

�
−1
�

−1
; ðA2Þ

where the particle velocity, v, is almost the same as the speed
of light, c, because relativistic particles are considered. uw is
uSNR − Vw for the SNR shock andVw for theWTS. Then, vθ
is approximately c=2 for the case that the downstream
residence time is much shorter than the residence time in the
free wind region.
Next, we estimate the mean velocity of particles that

move along the radial magnetic field around the poles, vpl.

FIG. 8. Particle orbit in the shock upstream region. The x axis is
the shock surface. The positive and negative y regions are the free
wind region (shock upstream region) and shock downstream
regions, respectively. The red arrow is an orbit of a gyrating
particle. θBp and ϕBp are the pitch angle of the particle and the
azimuthal angle measured from the x axis, respectively. The blue
cross means the toroidal magnetic field in the free wind region,
Bw;ϕ. The black arrow is the particle velocity perpendicular to
Bw;ϕ, v⊥. ΔLw is the displacement in the free wind region during
the one cycle time between the free wind region (upstream
region) and downstream regions, Δtw þ Δtd.
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Here, we consider particles that cross the shock front from
the downstream region to the free wind region (upstream
region). The geometric relationship for the particle velocity
vector is shown in Fig. 9. The x axis is the shock surface.
The positive and negative y regions are the free wind region
(upstream region) and downstream region, respectively. θBp
and ϕBp are the pitch angle of a particle and azimuthal
angle, respectively. The blue arrow is the radial magnetic
field around a pole in the free wind, Bw;r. vk ¼ v cos θBp is
the particle velocity parallel to Bw;r. The mean velocity
parallel to Bw;r of particles that cross the shock from the
downstream region to the free wind region, vpl, is

vpl ¼
R
2π
0 dϕBp

R π=2
0 dθBp sin θBpvkfðθBp;ϕBpÞR

2π
0 dϕBp

R π=2
0 dθBp sin θBpfðθBp;ϕBpÞ

¼ 2

3
v; ðA3Þ

where the particle distribution is proportional to the flux of
particles that cross the shock from the downstream region
to the free wind region (upstream region), fðθBp;ϕBpÞ ∝
v cos θBp.
Finally, we estimate the mean particle velocity along the

equator, veq. The particle orbit around the equator (current
sheet) is shown in Fig. 10. The x axis is the shock surface.
The positive and negative y regions are the upstream and

downstream regions, respectively. The gray line is the
current sheet. The black arrow is the particle velocity
perpendicular to Bw;ϕ, v⊥. The red arrow is the meandering
particle orbit. θBp and ϕBp are the pitch angle of a particle
and azimuthal angle, respectively. Here, we consider the
propagation distance, ΔLCSðθBp;ϕBpÞ, in the y direction
during the time when the particle is in the positive x
region, ΔtCS. From Fig. 10, ΔLCSðθBp;ϕBpÞ is equal to
2rg;w sin θBp sinϕBp.ΔtCS is 2ϕBp=Ωg;w becauseΔtCS is the
same as the ϕBp=π times the gyroperiod in the free wind
region, 2πΩ−1

g;w. Thus, the velocity of the particle moving
along the equator, vCS, is given as follows:

vCS ¼
ΔLCS

ΔtCS
¼ v sin θBp sinϕBp

ϕBp
: ðA4Þ

Then, the mean particle velocity along the equator, veq, is

veq ¼
R π=2
−π=2 dϕBp

R
π
0 dθBp sin θBpvCSfðθBp;ϕBpÞR π=2

−π=2 dϕBp

R
π
0 dθBp sin θBpfðθBp;ϕBpÞ

¼ 4SiðπÞ
3π

v ≈ 0.79v; ðA5Þ

where the particle distribution in the free wind region is
proportional to the flux of particles that cross the shock
from the downstream region to the free wind region
(upstream region), fðθBp;ϕBpÞ ∝ v sin θBp cosϕBp and
SiðπÞ ¼ R

π
0 dX sinX=X ≈ 1.85. For simplicity, we approxi-

mate all the velocities (vθ; vpl, and veq) to c=2.

FIG. 9. Geometric relationship for the particle velocity vector.
The x axis is the shock surface. The positive and negative y
regions are the free wind region (upstream region) and down-
stream region, respectively. The red arrows are the particle
velocities. θBp and ϕBp are the pitch angle of a particle and
azimuthal angle, respectively. The blue arrow is the radial
magnetic field region around a pole in the free wind, Bw;r,
which is almost parallel to the y axis. vk ¼ v cos θBp is the
particle velocity parallel to Bw;r.

FIG. 10. Particle orbit around the equator (current sheet). The
x axis is the shock surface. The positive and negative y regions
are the upstream and downstream regions, respectively. The gray
line is the current sheet. The black arrow is the particle velocity
perpendicular to Bw;ϕ, v⊥. The red arrow is the orbit of the
particle performing the meandering motion. θBp and ϕBp are the
pitch angle of a particle and azimuthal angle, respectively.
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