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Neutrinos are known to undergo flavor conversion among their three flavors. In the theoretical modeling
of core-collapse supernova, there has been a great deal of attention to recent discoveries of a new type of
neutrino flavor conversions, namely collisional flavor instability (CFI), in which the instability is induced
by the flavor-dependent decoherence due to the disparity of neutrino-matter interactions among flavors. In
this paper, we study how the appearance of on-shell muons and associated neutrino-matter interactions can
impact CFIs based on linear stability analysis of flavor conversions. Some striking results emerge from the
present study. First, we analytically show that breaking beta and pair equilibrium is a necessary condition to
trigger CFIs. This also indicates that CFIs with on-shell muons could appear in eτ and μτ neutrino mixing
sectors in very high-density region (≳1013 g=cm3), exhibiting a possibility of large impacts of CFIs on
core-collapse supernova. Second, resonancelike CFIs, having a much higher growth rate than normal CFIs,
can be triggered by muons. The resonance point of CFIs is different between eτ and μτ sectors; the former
(latter) occurs at μeðμÞ ¼ μn − μp, where μi denotes the chemical potential of i constitute (n and p represent
neutrons and protons, respectively). Our result suggests that the nonlinear evolution of CFI with on-shell
muons would induce flavor conversions with the complex interplay among all three different neutrino-
mixing sectors.

DOI: 10.1103/PhysRevD.110.043039

I. INTRODUCTION

The life of stars with mass ≳10M⊙ culminates in a
dramatic explosion known as core-collapse supernovae
(CCSNe). Such catastrophic astrophysical events begin
when the iron core of the star meets critical conditions
to trigger electron capture and/or photodissociation of
heavy nuclei. These reactions reduce matter pressure,
making the iron core more compact, and facilitating these
reactions more vigorous, thus establishing a gravitational
instability. During the gravitational collapse, electron-type

neutrinos (νe) are abundantly produced through charged-
current interactions, which cools the core and accelerates
the collapse further. When the baryon density in the inner
core goes over that of nuclear saturation one, the nuclear
force suddenly dominates matter pressure, which makes the
core bounce back, creates a shock wave, and leaves behind
a protoneutron star (PNS) at the center. In the postbounce
phase, other types of neutrinos, including electron-type
antineutrinos (ν̄e), muon/tau neutrinos, and their antipart-

ners ð νð−Þμ= ν
ð−Þ

τÞ, can also be abundantly produced via
multiple weak interaction processes. These neutrinos play
crucial roles in PNS cooling and also transfer energy from
the PNS core/envelope to the vicinity of the shock wave.
Although most of these neutrinos freely escape from the

postshock region, some of ν
ð−Þ

e are captured (or absorbed)
by nucleons via charged-current processes. This process
works to deposit the neutrino energy into the postshock
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matter, which pushes the shock wave to the outer radii.
According to recent detailed CCSN simulations, such
neutrino-driven explosions aided by multidimensional fluid
instabilities have been observed rather commonly for a
wide range of progenitor masses; see, e.g., [1–7].
Although there is emerging a consensus among different

CCSN groups that the delayed neutrino heating mechanism
potentially accounts for a majority of CCSN explosions, we
should keep in mind that there are great uncertainties in
these modeling. In dense neutrino environments such as
CCSN cores, neutrino self-interactions can induce collec-
tive neutrino-flavor conversions. Due to the nonlinear
nature of self-interactions, the dynamics of flavor conver-
sions are qualitatively different from those in vacuum and
medium [8]. One of the most striking phenomena may be
fast neutrino-flavor conversion (FFC), which is associated
with fast-pairwise flavor instability. Flavor conversions
could occur in timescales of picoseconds, which could
drastically alter the neutrino flavor structures [9–18]. FFC
has been increasingly observed in multidimensional CCSN
simulations [19–29], motivating detailed studies into its
nonlinear evolution [30–40], and its interplay with neu-
trino-matter collisions [41–50]. Recent studies show that
the neutrino radiation fields affected by FFC in the CCSN
core differ remarkably from those modeled by classical
neutrino transport [51–53]. This suggests that fluid dynam-
ics, nucleosynthesis, and observed neutrino signals could
be significantly influenced by FFC.
The recently discovered [54] and now well-established

flavor instability [49,55–59], namely collisional flavor
instability (CFI), is another noticeable channel to induce
large flavor conversions in CCSN cores. It has also been
found recently that there are resonancelike features in CFI,
which only happens when electron-neutrino lepton number
nearly equals that for heavy neutrinos. Although the spatial
region of the resonancelike CFI would be very narrow
[55,60], the growth rate of CFI can be enhanced substan-
tially. On the other hand, there is another distinct feature of
CFI from FFI. It can occur in regions where angular
distributions of all species of neutrinos are isotropic.
This suggests that CFI might occur in deeper regions of
the CCSN core compared to FFI. We thus anticipate that
CFI potentially has considerable effects on CCSN dynam-
ics [60–63] (and also on binary neutron star mergers [64]).
In this paper, we study a new aspect of CFI: the impacts

of muonization. According to previous studies [65,66], on-
shell muons may appear during the preexplosion phase,
which potentially has an influence on CCSN dynamics
[65,66]. A crucial point here is that the appearance of
muons opens various weak interaction channels [67,68],
which have significant impacts on both neutrino radiation
fields and fluid dynamics. This also suggests, but has not
been even investigated so far, that CFI can be qualitatively
different from those without muons. In fact, weak inter-
action processes involving on-shell muons have been

neglected so far in previous CFI studies. It should also
be mentioned that collision terms between νμ and ντ are
significantly different from each other, indicating that
heavy-leptonic neutrinos can no longer be treated collec-
tively. This indicates that CFIs could occur in multiple
neutrino-mixing sectors of eμ, eτ, and μτ. These new
features of CFI are worth investigating.
In the next section (Sec. II), we summarize our method to

study CFI with on-shell muons. After introducing essential
information on linear stability analysis of CFI in Sec. III,
we present some novel features of CFI in Sec. IV. Finally,
we conclude the present study with the summary of our
findings in Sec. V.

II. METHOD

The self-consistent way to analyze CFI in CCSN
environments is to carry out stability analyses of CFI with
respect to neutrino radiation fields obtained by realistic
CCSN simulations, as done in our previous studies [60,61].
However, we do not currently have CCSN models with
muonization taken into account.
We also note that the appearance of muons depends on

many factors [65]. These complexities involved in CCSN
simulations make it hard to inspect the intrinsic properties
of CFI with muons. For this reason, we take another
approach in this study. We employ a fluid profile from one
of our CCSN models without muon and then carry out
stability analyses by systematically changing muon fraction
(Yμ) in a parametric manner (see Sec. II C). Below we
describe the procedure in detail.

A. CCSN model

Before entering into details of CFI analyses, we briefly
summarize our CCSN model used as a reference for the
present study. Similar to our previous study [61], we use a
fluid profile at the time snapshot of 100 ms postbounce in
our CCSN model for 15M⊙ (M⊙ denotes the solar mass)
progenitor in [69]. In the CCSN simulation, we solved the
Boltzmann equation for neutrino transport under multi-
energy, multiangle, and multispecies (νe, ν̄e, and νx)
treatments. The code simultaneously solves for the hydro-
dynamics under self-consistent treatments of gravity,
hydrodynamics, and neutrino transport. In the simulation,
the following neutrino-matter interactions were incorpo-
rated: electron-positron pair annihilation, nucleon-nucleon
bremsstrahlung, and electron and positron capture by
nucleons, heavy and light nuclei as emission processes;
their inverse reactions as absorption ones; nucleon scatter-
ings, electron scatterings, and coherent scatterings with
heavy nuclei as scattering processes (see [69] for more
details). In Fig. 1, we display radial profiles of represen-
tative thermodynamical quantities of the CCSN model:
baryon mass density (ρ), electron fraction (Ye), lepton
number fraction (Y lep), and temperature (T).
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The growth rate of CFI is roughly the same order of
magnitude as collision rate (but the resonancelike CFI can
have much higher than that of normal one; see below for
more details), indicating that the optically thick region is
our interest for CFI studies. It should also be noted that on-
shell muons can appear only in high-density regions
[65,66]. We, thus, carry out CFI analyses only in the
region of the baryon mass density (ρ) from 5 × 1012 g=cm3

to 1.0 × 1014 g=cm3.

B. Fundamental variables and basic assumptions

For our analyses in the following sections, we define
some fundamental variables and also describe basic
assumptions in this section. We assume that the CCSN
matter consists of baryons, charged leptons (l�), and
photons, and they are also assumed to achieve local
thermal equilibrium states. The thermodynamical state is
determined based on one of the realistic nuclear equations
of states [70]. It should be noted that we extend the
equations of state to incorporate on-shell muons.
Neutrinos, on the other hand, are not in thermal and
chemical equilibrium with matter in general, but the
equilibrium state would be almost achieved in optically
thick regions that we consider in the present study. It
should also be mentioned that the appearance of muons

increases opacities of ν
ð−Þ

μ compared to the case without

them. For this reason, we assume that both ν
ð−Þ

e and ν
ð−Þ

μ

reach beta equilibrium with matter. For ν
ð−Þ

τ, we treat them
collectively (i.e., they are assumed to be identical). In
addition, angular distributions of neutrinos are assumed
to be isotropic, but their chemical potentials (or number

density) are treated in a parametric manner. As shall be
shown later, occurrences of CFI hinge on the chemical
potential of ντ.
The number densities (n) and energy densities (E) of

charged leptons and neutrinos are given as

ni ¼
4πgi
ð2πℏÞ3

Z
∞

0

p2dp

eðϵiðpÞ−μiÞ=kBTi þ 1
;

Ei ¼
4πgi
ð2πℏÞ3

Z
∞

0

p2ϵiðpÞdp
eðϵiðpÞ−μiÞ=kBTi þ 1

; ð1Þ

where the index i represents all charged leptons and
neutrinos. Here, gi is the statistical factor (¼ 2 for charged
leptons and ¼ 1 for neutrinos), μi is the chemical potential
including rest mass contribution (neutrinos are treated as
massless), and Ti is the temperature of the Fermi gas,
assumed to be identical for all particles and equal to the
baryon temperature in this study. The relation between
energy and momentum is given by

ϵiðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2c2 þm2

i c
4

q
; ð2Þ

where mi is the rest mass of the particle species i. The
beta equilibrium condition between electrons (muons)

and ν
ð−Þ

e ( ν
ð−Þ

μ),

eðμÞ− þ p ↔ νeðμÞ þ n; ð3Þ

leads to the chemical potential relations:

FIG. 1. (a) Radial profiles of baryon mass density (ρ), electron fraction (Ye), lepton fraction (Y lep), and temperature (T) for our
reference CCSN model. In the plot, color and line distinguish these thermodynamical quantities. For visualization purposes, we change
the scale of T divided by 20. (b) Zoom-in for the high-density region (5.0 × 1012 g=cm3 ≲ ρ≲ 1.0 × 1014 g=cm3) that we focus on in
this analysis.
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μeðμÞ− þ μp ¼ μνeðμÞ þ μn: ð4Þ

We also note that e�ðμ�Þ pairs are in equilibrium with
photons, leading to the relations among their chemical
potentials:

μe− þ μeþ ¼ μμ− þ μμþ ¼ 0: ð5Þ

Together with the chemical potential relations from
(inverse) beta equilibrium, this also gives the following
relation between the neutrino-antineutrino chemical poten-
tials for electron and muon flavors:

μνe þ μν̄e ¼ μνμ þ μν̄μ ¼ 0: ð6Þ

C. Fluid and neutrino background modeling

As mentioned already, we do not directly use CCSN
models with muons in the present study. Instead, we
employ fluid distributions taken from CCSN simulations
without muons and then add muons by hand in a para-
metric manner. This approach is straightforward and
suited for a systematic study of the impacts of muons
on CFI. However, the obtained fluid and neutrino dis-
tributions could significantly deviate from realistic CCSN
profiles. This is because the simple addition of muons
increases the lepton number and energy, which could be
unrealistically higher than those realized in the CCSN
core. We, hence, develop a prescription so that both fluid
and neutrino distributions become similar to those typical
in the CCSN core.
Given ρ, Ye, and T from our CCSN model, we first

compute the number and energy densities of all species of
neutrinos assuming that there are no on-shell muons. We
can determine their distributions by chemical potentials,
which are given by beta equilibrium condition [see
Eqs. (4) and (6)] for νe and ν̄e, while they are assumed

to be zero for ν
ð−Þ

μ. The chemical potential of ν
ð−Þ

τ is another
parameter in this study, which is set to either 0, −0.5, or
−2 MeV, whose motivation is clarified in Sec. IVA. The
chosen values are just typical ones obtained from the
simulation.
In cases with on-shell muons (i.e., finite Yμ), we change

Ye and T so that the lepton fraction and the total energy
density (including neutrinos) become the same as those in
the case without on-shell muons. This is a reasonable
prescription in very optically thick regions since the lepton
number and total energy should not be changed in muon
productions at least locally.
There is a caveat, however. In reality, the disparity of

weak processes among heavy-leptonic neutrinos causes
species-dependent neutrino transport. These advection
effects impact lepton number and energy densities quanti-
tatively [66]. We should, hence, keep in mind that our

prescription is just a technique to suppress unrealistic fluid
distributions that largely deviate from those in realistic
CCSN environments. A more self-consistent approach is
ultimately necessary to draw a robust conclusion for the
impacts of on-shell muons on CFI and subsequent CCSN
dynamics.
In the present study, we change Yμ from 0 to 0.1,

which is wide enough to cover the range of interests in
CCSN environments. We adopt a uniform grid with 41
points in Yμ direction, with the grid width of dYμ¼0.0025.
We note that resonancelike CFIs emerge by changing
Yμ (see Sec. IV). Around the resonance region, we
increase the Yμ resolution by adding 10 additional meshes
in each standard Yμ grid to capture the resonance feature
precisely.
In Fig. 2, we display examples of how Ye and T are

changed with Yμ for three selected baryon mass densities:
ρh¼1.0×1014g=cm3 (solid line), ρm ¼ 1; 5 × 1013 g=cm3

(dotted line), and ρl ¼ 7.0 × 1012 g=cm3 (dashed line). In

the plot, we set the chemical potential of ν
ð−Þ

τ to be zero,
while the response of Ye and T is less sensitive to it (the
difference to the case with −2 MeV is about 0.01%). As
shown in the figure, Ye in all cases monotonically
decreases with Yμ, which is attributed to the conservation
of the lepton number. It should be mentioned that the
increase of Yμ also leads to increase (decrease) the
number density of νμ (ν̄μ) due to the beta equilibrium
condition, which is complementary by reducing Ye (and
Yνe − Y ν̄e). In Fig. 2, we also find that the response of T
depends on ρ. For ρh (high-density regions), the temper-
ature has a nearly flat profile with respect to changing Yμ.
This is because the total energy density is dominated by
baryons, and therefore the matter temperature can be less
sensitive to Yμ. For lower density regions (ρm and ρl), on
the other hand, lepton contributions to the total energy

FIG. 2. Ye and T as a function of Yμ for selected densities:
ρh ¼ 1.0 × 1014 g=cm3, ρm ¼ 1; 5 × 1013 g=cm3, and ρl ¼ 7.0 ×
1012 g=cm3. The line type distinguishes densities, while blue and
red colors represent Ye and T, respectively.
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density are non-negligible. As a result, the internal
energy of baryons needs to be reduced when we add
on-shell muons, leading to the decrease of T.1

III. STABILITY ANALYSIS OF CFI

The most straightforward way to assess the occurrence of
CFI is to solve the dispersion relation obtained by linear-
izing the quantum kinetic equation. In our previous study,
we derived analytical formulas to quantify the growth rate
of CFI [56]. This is a good approximation for isotropic
neutrino gases and can significantly reduce computational
costs, allowing us to systematically survey occurrences of
CFI in CCSN cores [60,61]. We do not repeat the derivation
here (we refer readers to [56,60,61] for a comprehensive
derivation and demonstration), but we summarize these
essential formulae.
In our approximate formulae, the CFI growth rates can

be given by

ω� ¼ −A − iγ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 − α2 þ i2Gα

p
; ð7Þ

for the isotropy-preserving modes and

ω� ¼ A
3
− iγ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
A
3

�
2

− α2 − i
2

3
Gα

s
; ð8Þ

for the isotropy-breaking ones. In the above equations, the
following notations are introduced:

G¼ gþ ḡ
2

; A¼ g− ḡ
2

; γ¼Γþ Γ̄
2

; α¼Γ− Γ̄
2

; ð9Þ

where

g ¼
ffiffiffi
2

p
GFðℏcÞ2ðnνi − nνjÞ; ð10Þ

and

Γ ¼ Γνi þ Γνj

2
: ð11Þ

In the expression, GF, ℏ, and c denote the Fermi constant,
the reduced Planck constant, and the speed of light,
respectively; i and j represent neutrino flavors. It should

be mentioned that there are three different sectors for
potential occurrences of CFI: eμ, eτ, and μτ. We use the
same convention for antineutrinos, while their quantities
are highlighted by barred indices.
The number density of neutrinos and mean collision

rates are computed by integrating over momentum space:

nνi ¼
1

ð2πℏÞ3
Z

dPfνiðPÞ;

Γνi ¼ hΓiνi ¼
1

nνi

1

ð2πℏÞ3
Z

dPΓνiðPÞfνiðPÞ; ð12Þ

where
R
dP ¼ 4π

R
∞
0 p2dp (p denotes the absolute value

of neutrino momentum). fνi corresponds to neutrino dis-
tributions, which are assumed to be Fermi-Dirac distribu-
tions with a chemical potential (μν) and temperature (T),
indicating that the resultant neutrino number density is
identical to Eq. (1). ΓνiðPÞ denotes the collision rate for
neutrino flavor of i, whose detailed information is
described in the Appendix. We note that the quantities
of G, A, γ, and α can be written in the same unit of the
growth rate of flavor conversions.
In the high-density region, the inequality gνi ≫ Γνi is

usually satisfied. Assuming the inequality, Eqs. (7) and (8)
can be rewritten in a more concise form,

max½Imω� ¼
8<
:

−γ þ jGαj
jAj ; if A2 ≫ jGαj

−γ þ ffiffiffiffiffiffiffiffiffijGαjp
; if A2 ≪ jGαj

; ð13Þ

for the isotropy-preserving branch and

max½Imω� ¼
8<
:

−γ þ jGαj
jAj ; if A2 ≫ jGαj

−γ þ
ffiffiffiffiffiffiffi
jGαj

p ffiffi
3

p ; if A2 ≪ jGαj
; ð14Þ

for the isotropy-breaking one. In the two sets of equations,
the first lines correspond to the nonresonance case and the
second lines correspond to the resonancelike enhancement
one for the isotropy-preserving and isotropy-breaking
branches, respectively. As a matter of fact, it has been
shown in [56] that the condition for the maximum growth
rates occurs at jAj ¼ jαj and jAj ¼ j3αj (the signs depend
on the signs of G and α) for the isotropy-preserving and
isotropy-breaking branches, respectively. One thing we
should mention is that the growth rate of CFIs is computed
based on Eqs. (7) and (8), while other approximate
formulae are used to interpret the properties of CFIs.

IV. RESULTS

In this section, we present and discuss the results of our
analyses for CFI with on-shell muons. It is important to
mention that we find no unstable solutions of CFI in the eμ

1We note that there is a nonmonotonic feature of Ye and T
around Yμ ∼ 0 for ρm in Fig. 2. This is primarily due to the switch

of prescription of ν
ð−Þ

μ. The reference lepton fraction and energy
density are taken from a state where μ-type (anti)neutrinos have 0
chemical potential. Switching to the prescription enforcing beta
equilibrium near Yμ ¼ 0 leads to a sudden decrease in nνμ − nν̄μ .
To conserve the lepton fraction, the lepton number in the electron
generation must compensate for the decrease in the muon
generation.
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sector. We also find that in the case with μ
ν
ð−Þ

τ

¼ 0, no CFIs

occur in all three neutrino-mixing sectors. In Sec. IVA, we
first prove these results analytically and then make a
statement that breaking the beta (pair) equilibrium for

ν
ð−Þ

e, ν
ð−Þ

μ, or ν
ð−Þ

τ is a necessary condition to trigger CFI.
In the rest of the subsections, we delve into our results in
cases with μ

ν
ð−Þ

τ

≠ 0.

A. No CFIs in beta and pairs equilibrium states

First, let us focus on CFI in the eμ sector. As described in

Sec. II B, ν
ð−Þ

e and ν
ð−Þ

μ are assumed to be in beta equilibrium
with identical temperatures. The chemical potential of each
species of neutrinos, hence, satisfies the relation of
μνi ¼ −μν̄i , where i denotes e and μ. We note that i-flavor
neutrino lepton number, ðnνi − n̄νiÞ, is a monotonic func-
tion of μνi under the same temperature, which leads to the
following relation,

μνi ≥ μνj ⇔ ðnνi − nν̄iÞ ≥ ðnνj − nν̄jÞ: ð15Þ

On the other hand, A is proportional to the difference of
neutrino lepton numbers between i and j flavors [see also
Eqs. (9) and (10), i.e.,

A ∝ ½ðnνi − n̄νiÞ − ðnνj − n̄νjÞ�: ð16Þ

From Eqs. (15) and (16), A ¼ 0 can achieve only if
μνi ¼ μνj , which also leads to the identical neutrino number
densities between i and j flavors. This implies g ¼ ḡ ¼ 0,
and consequently G also becomes zero [see also Eq. (9)].
From Eqs. (13) and (14), the condition of G ¼ 0 always
leads to negative Imω, indicating that CFIs do not occur.
Next, let us consider cases with A > 0, while we omit the

discussion with A < 0 since the same conclusion can be
obtained by exchanging flavors between i and j from the
case with A > 0. From Eqs. (15) and (16), A > 0 leads to
μνi > μνj and μν̄i < μν̄j . As a result, we can obtain g > 0,
and ḡ < 0 [see also Eq. (10)], which guarantees the
following inequality relation,

jgþ ḡj < jgj þ jḡj ¼ jg − ḡj: ð17Þ

From the definitions of G and A [see Eq. (9)] and Eq. (17),
we can obtain jGj < jAj, which corresponds to a key
relation to see no occurrences of CFI. For cases with A2 ≫
jGαj in Eqs. (13) and (14), the condition of jGj < jAj
results in negative Imω due to jαj < jγj. For cases with
A2 ≪ jGαj, on the other hand, the condition of jαj ≫ jAj
should be satisfied due to jGj < jAj, which leads toffiffiffiffiffiffiffiffiffijGαjp

<
ffiffiffiffiffiffiffiffi
jα2j

p
< jγj. As a result, Imω is always negative,

i.e., no occurrences of CFIs.

The similar argument can also be made for eτ and μτ
sectors in the case with μντ ¼ μν̄τ ¼ 0, i.e., the pair

equilibrium for ν
ð−Þ

τ. As discussed above, the condition
of jGj < jAj always satisfies in each sector, indicating that
CFI is forbidden. This conclusion is consistent with our
finding in our previous studies [60,61], in which we found
no occurrences of CFIs in very optically thick regions
where heavy-leptonic neutrinos are nearly in pair
equilibrium.
From the above argument, CFIs can occur in eτ and μτ

sectors at regions where ν
ð−Þ

τ are out of pair equilibrium.

One thing we do notice here is that ν
ð−Þ

τ decouples with

matter inside the energy spheres of ν
ð−Þ

e and ν
ð−Þ

μ due to the
lack of charged current reactions, while their angular
distributions can remain isotropic by large opacities of
nucleon scatterings. This region is our interest in the
present study. In the following sections, we discuss these
types of CFIs in more detail.

B. Overall property

One of the striking results of the present study is that
CFIs can be induced by the appearance of muons in regions
where they are stable in cases without on-shell muons. As
shown in our previous paper [61], regions with the baryon
mass density of ρ≳ 1013 g=cm3 are stable with respect to
CFI in cases without muons.2 This result is consistent with
our discussion in the previous section that all species of
neutrinos are nearly in thermal equilibrium with matter,
which hampers CFIs. As shown below, however, the
appearance of on-shell muons can induce CFIs even in
such very optically thick regions, and more importantly, the

instability condition is met even by small deviations of ν
ð−Þ

τ

from the pair equilibrium. Understanding these properties
of CFIs is the main focus of this subsection.
Figure 3 displays the summary of our results. As shown

in the figure, CFIs can occur in certain Yμ ranges for both
μτ (left panel) and eτ (right panel) sectors. As shown in the
figure, the growth rate is higher, and the unstable region of

Yμ is wider for the lower chemical potential of ν
ð−Þ

τ. These
trends are consistent with our claim that the degree of
breaking equilibrium accounts for occurrences of CFIs.
We also find that resonancelike CFIs are involved in both

sectors. In fact, the maximum growth rate at each ρ in Fig. 3
is given at the resonance point. The Yμ at the resonance
point (denoted as Yμ;c hereafter), is insensitive to μ

ν
ð−Þ

τ

. This

feature is displayed in Fig. 3, in which the dashed lines of
red and blue colors are overlapped with each other. The

2But multidimensional effects such as PNS convection can
offer environments for resonancelike CFIs in the region; see [60]
for more details.
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trend can be understood as follows. For μτ sector, the
resonance condition is given by nνμ ∼ nν̄μ, i.e., μνμ ∼ 0. This
implies that the chemical potential of muons (μμ;c) at the
resonance point (or Yμ;c) can be determined as [see also
Eq. (4)]

μμ;c ∼ μn − μp: ð18Þ

Since both μn and μp are insensitive to ντ,
3 Eq. (18) implies

that μμ;c also does not depend on ντ.
A similar argument can be applied to the eτ sector. The

critical chemical potential of the electron, which meets a
condition of resonancelike CFI, can be given as

μe;c ∼ μn − μp: ð19Þ

One thing we do notice here is that μe is usually higher than
μn − μp in CCSN environments, which is observed in the
entire domain for our spherically symmetric CCSN model.
This indicates that CFIs in the eτ sector can be triggered by
reducing μe (or Ye). As discussed in Sec. II C (see also
Fig. 2), the appearance of muons leads to the reduction of
Ye to conserve the lepton number, causing occurrences of
CFIs in eτ sector.
By comparing the left and right panels in Fig. 3, we also

find that the Yμ distributions for CFIs as a function of ρ are
very different between μτ and eτ sectors. In the eτ sector
(right panel), it is roughly a monotonic function of ρ,
whereas it has a peak profile for the μτ sector (left panel).

Let us first consider the case in the μτ sector. To this end,
we provide radial profiles of some key quantities in Fig. 4.
One thing we do notice here is that temperature has a
similar peak profile (see the red line in Fig. 4), whereas μμ;c
roughly increases with ρ. This indicates that temperature
distribution accounts for the nonmonotonic profile of Yμ.
To verify our hypothesis, we compute other three Yμ

profiles, in which we compute the muon fraction by
employing the same temperature profile but assuming a
constant μμ: 25, 35, and 45 MeV. As shown in Fig. 4,
obtained Yμ profiles have a similar trend as Yμ;c (red solid
line). We also note that the decrease of temperature in the

FIG. 4. Radial profiles of some key quantities to understand the
nonmonotonic trend of Yμ;c in μτ sector (see the left panel of
Fig. 3). We plot μp (blue), μn (gold), μμ;c (green), T (red), and Yμ;c

(purple) by solid lines. We also provide three different Yμ, in
which the muon fraction is computed under the assumption that
μμ is fixed (25, 35, and 45 MeV) but adopting temperature profile
from the original one. See text for more details.

FIG. 3. Yμ ranges for CFI (shaded region) and their maximum growth rates (solid lines) as a function of ρ. The left and right axes in
each panel represent Yμ and CFI growth rate, respectively. The left panel is for the μτ sector, and the right panel is for the eτ sector.

Different colors correspond to the different cases with chemical potential of ν
ð−Þ

τ: μντ ¼ μν̄τ ¼ −0.5 MeV (blue) and −2.0 MeV (red).

3Strictly speaking, chemical potentials of baryons depend on
μ

ν
ð−Þ

τ

since all thermodynamical states are determined for each Yμ

so that the total energy density is conserved. However, the

contribution of ν
ð−Þ

τ is always subdominant and therefore is
negligible.
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high baryon density directly reduces nμ − nμ̄, which makes
Yμ;c ∝ ðnμ − nμ̄Þ=ρ a sharp decline with ρ.
For the eτ sector (see in the right panel of Fig. 3), on the

other hand, Yμ leading to unstable CFI tends to increase
with ρ. Below, we analyze such a positive correlation. In
Fig. 5, we display the electron fraction in the case with
Yμ ¼ 0 (solid blue line) denoted by Ye;0, that computed
with the critical chemical potential of electrons [see
Eq. (19)] denoted by Ye;c (dashed blue line), and their
difference ΔYe (solid red line). It should be mentioned that
ΔYe corresponds to the required reduction of Ye for
occurrences of resonancelike CFI, indicating that it is
nearly equal to Yμ;c in eτ sector (see right panel of
Fig. 3). As can be seen clearly, the monotonic increase
of ΔYe traces the same trend as in Ye;0. The increase of Ye;0

with ρ reflects the fact that neutrinos are trapped in the
high-density region, implying that deleptonization is
suppressed.
There is an important remark to be made here.

Although we show that CFIs in eτ sector is limited in
the region of ρ≲ 2 × 1013 g=cm3, they could occur in
higher-density regions in the late phase. This is because
the deleptonization of the CCSN core proceeds with time,
indicating that the required amount of Yμ for occurrences
CFI would also be reduced. In addition to this, PNS
convection, which is neglected in our spherically sym-
metric CCSN model, would also further accelerate the
deleptonization of PNS core [71], which would offer
preferable environments for occurrences of CFIs. It
should also be mentioned that, during the accretion phase
of CCSN, matter temperature in the PNS envelope
increases with time by PNS contraction. This suggests

that the average energy of ν
ð−Þ

μ increases with time, which
would promote the production of on-shell muons [66].
This consideration motivates a more systematic study of

CFIs with muons by covering many different time snap-
shots under appropriate treatments of multidimensional
fluid instabilities. We defer this detailed study to
future work.

C. Local analysis

In this subsection, we inspect more closely how CFIs can
be induced by the appearance of on-shell muons. As a
representative example, we focus upon a spatial mesh point
where the baryon mass density, electron fraction, and
temperature (in the state without on-shell muons) are
ρ ¼ 1.5 × 1013 g=cm3, Ye ¼ 0.21, and T ¼ 18.7 MeV,
respectively. We note that CFIs can be unstable in both
eτ and μτ sectors in a reasonable range of Yμ (see Fig. 3).
In Fig. 6, we display how key variables (G, A, Γ, and

their combinations) are changed with Yμ at all neutrino-
mixing sectors. It should be mentioned that CFIs do not
occur in eμ, as discussed in Sec. IVA, although the result in
the sector is also shown as a reference. In the top panel
of the figure, we portray A as a function of Yμ. As shown in
the panel, A in eμ and eτ decreases with Yμ. This is because
the increase of Yμ reduces Ye to conserve the lepton
number. As a result, nνe (nν̄e) also decreases (increases)
with Yμ, leading to dA=dYμ < 0. In the μτ sector, on the
other hand, A increases with Yμ, which is simply because νμ
(ν̄μ) monotonically increases (decreases) with Yμ.
We also find that A changes the sign at a certain value of

Yμ, indicating that resonancelike CFIs potentially occur.
As shown in the top right panel, however, G also becomes
zero at the Yμ satisfying A ¼ 0 in the eμ sector, implying
no occurrences of CFIs. On the other hand, G remains
finite for other sectors, indicating that the resonancelike
CFI can occur in these sectors. Such features can be
observed in the bottom left panel, in which G=A has
diverse features in eτ and μτ sectors. As shown in the plot,
the resonancelike CFI in the eτ sector occurs at much
higher Yμ than that of the μτ one, which is consistent with
our discussion in Sec. IV B.
We also provide reaction rates of neutrino-matter inter-

actions for each species of neutrinos in the bottom right

panel of Fig. 6. As shown in the panel, those for ν
ð−Þ

τ are

negligibly low. On the other hand, ν
ð−Þ

μ have much higher

rates than ν
ð−Þ

τ. It is worth noting that the maximum growth
rate of CFI in the μτ sector is higher than that in eτ one (see
Fig. 3). One might think that the trend is inconsistent with

the trend of Γ in Fig. 6 since ν
ð−Þ

μ reactions are nearly one

order of magnitude lower than those for ν
ð−Þ

e. One thing we
do notice here is that the growth rate of resonance-like CFI
is roughly proportional to

ffiffiffiffiffiffiffi
Gα

p
[see Eqs. (13), (14)],

indicating that the growth rate can be higher by large G
even if α is relatively small. In fact, the CFI in μτ sector can

FIG. 5. Yi as a function of ρ for analysis of CFI in eτ sector.
Here, Ye;0 denotes electron fraction at Yμ ¼ 0; Ye;c represents a
critical electron fraction to trigger resonancelike CFIs, and ΔYe is
defined as Ye;0 − Ye;c.
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occur in a higher density than that in eτ sector (see the
density region in Fig. 34). This accounts for the disparity of
growth rate between μτ and eτ sectors.
In Fig. 7, we display growth rates of CFIs as a function

of Yμ. As shown in the figure, they have peak profiles,
and they reach the maximum at Yμ ∼ 0.0057 in the μτ
sector and at Yμ ∼ 0.071 in the eτ sector. We also find that
the Yμ of resonance point in both sectors do not depend
on μν̄τ , whereas there are remarkable differences in the
overall growth rate profile between the two different μν̄τ
cases. In the case with μν̄τ ¼ −2 MeV, the range of Yμ

with CFIs becomes wider and the maximum value of the
growth rate is higher than those in the case with
μν̄τ ¼ −0.5 MeV. These results also agree with the dis-
cussion of Fig. 6.

D. Impacts of CFIs with muons on CCSN

Finally, let us discuss the possible impacts of CFIs with
muons on neutrino radiation fields. We should keep in
mind, however, that the discussion is highly provisional,
and more self-consistent studies including solving non-
linear quantum kinetic equation are needed to validate the
following discussion.
When CFIs occur in iτ sector (i denotes e or μ), flavor

conversion mixes up νiðν̄iÞ and ντðν̄τÞ or totally swaps them
in the case of resonance [72]. On the other hand, CFIs
cannot convert neutrinos to antineutrinos or vise versa,
implying that there remains a disparity between neutrinos
and antineutrinos in the nonlinear phase. This implies that
ντ and ν̄τ can be no longer treated collectively. Although it
has already been suggested that the weak magnetism can
differentiate ντ and ν̄τ in CCSNe [65], CFIs might enhance
the difference.
One of the important aspects of CFIs induced by muons

is that these flavor instabilities can occur in very optically

thick regions where ν
ð−Þ

e and ν
ð−Þ

μ are nearly in thermal and

chemical equilibrium with matter (but ν
ð−Þ

τ needs to deviate

FIG. 6. Key quantities to assess CFIs, displayed as a function of Yμ. We show A, G, G=A, and Γ in the panels of (a), (b), (c), and (d),
respectively. The line type distinguishes mixing sectors. Red and blue colors represent the case with μτ ¼ μτ̄ ¼ −0.5 and −2 MeV,
respectively.

4As we have already pointed out, the CFI condition in the eτ
sector can be met if Yμ > 0.1 in the high-density region, but such
an extreme high Yμ environment would not be realized in realistic
CCSN core.
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from the pair equilibrium at least to a certain extent). If
flavor conversions occur in such high-density region
(ρ≳ 1013 g=cm3), then they would have enormous impacts
on CCSN dynamics and neutrino signals [73,74]. On the
other hand, all previous work of CFIs (and also FFC) do not
distinguish νμ and ντ, exhibiting that the nonlinear evolu-
tion of flavor conversions in cases with on-shell muons
would be qualitatively different from that in the case
without them. In fact, eτ and eμ sectors are no longer
identical, indicating that complex interplay among all three
mixing sectors would emerge. Addressing this issue is very
intriguing and deserves further investigation, which we
leave to our future work.

V. CONCLUSION

In this paper, we investigated the stability properties of
CFIs with on-shell muons in CCSNe, motivated by
theoretical indications that on-shell muons could be pro-
duced in the PNS envelope in the postbounce phase. The
striking results of the present study are summarized as
follows.
We first analytically show that breaking of beta or pair

equilibrium in each neutrino species is a necessary con-

dition to trigger CFIs. In CCSN environments, ν
ð−Þ

τ repre-
sents the most transparent neutrino species due to the lack
of charged-current reactions, indicating that CFIs in eτ and
μτ sectors could occur in the high-density region. In fact,
we provide evidence that they can occur in the density
region of 1012 g=cm3 ≲ ρ≲ 1014 g=cm3. We also find that
the required Yμ to induce CFIs in μτ sector is, in general,
lower than that in eτ, which allows occurrences of CFIs in
μτ sector at the higher density region (ρ ≫ 1013 g=cm3).
Another important finding in the present study is that

resonancelike CFIs can occur in μτ (eτ) sector when μμ (μe)
equals to μn − μp. It is worth noting that no explicit
dependence on muons is involved in the eτ sector, but

the appearance of muons accounts for the CFI in the sector.
This is because the appearance of muons reduces Ye,
implying the change in the chemical potential of electrons.
As a result, the disparity of number densities between νe
and ν̄e is reduced in CCSN environments, which can trigger
CFIs in the eτ sector.
The growth rate of resonancelike CFIs can be much

larger than neutrino-matter interactions, exhibiting a pos-
sibility of large impacts of CFIs on CCSN dynamics. In
fact, charged-current reaction rates with muons are lower
than those with electrons, but we show that the growth rate
exceeds 0.1 cm−1 (see Fig. 3). This is comparable to or
even could be higher than FFC, exhibiting a large potential
to impact CCSN.
The present study stimulates further interest in the details

of CFIs with muons. Although qualitative trends presented
in this paper would not be changed, there are still many
details to be worked out before drawing any conclusions.
More self-consistent treatments of input physics in CCSN
modeling are certainly necessary, for instance, incorporat-
ing the effects of multidimensional fluid instabilities and
weak interactions with muons.
Our results also underscore the importance of integrating

heavy leptons and fully resolving all neutrino flavors in
CCSN modeling. Addressing this issue requires appropri-
ate treatments of neutrino quantum kinetics coupled with
other relevant physical processes, which will eventually
shed light on flavor conversion mechanisms, their impact
on the explosion dynamics, the nucleosynthesis thereafter,
and the observable neutrino spectra. This is obviously not
an easy task, but we will tackle the issue in collaboration
with the CCSN- and neutrino-oscillation communities.
Last but not least, a final remark regarding binary

neutron star merger (BNSM) is provided here. As shown
in previous studies (see, e.g., [75]), on-shell muons could
appear in the postmerger phase. The present study can
certainly be an important reference for the study, but both

FIG. 7. CFI growth rate for the μτ sector (left panel) and the eτ sector (right panel) as a function of Yμ. Red and blue colors represent
the case with μτ ¼ μτ̄ ¼ −0.5 and −2 MeV, respectively.
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fluid and neutrino fields are remarkably different between
CCSNe and BNSMs. Detailed investigations of CFIs in
BNSM environments are, hence, necessary, which is also
on our to-do list. The results will be reported in forth-
coming papers.
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APPENDIX: NEUTRINO INTERACTIONS

We evaluate the following neutrino-matter interactions in
this study. The following six groups of interactions con-
tribute to CFI in this study.
The semileptonic interactions:

electron capture e− þ p ↔ nþ νe;

positron capture eþ þ n ↔ pþ ν̄e;

muon capture μ− þ p ↔ nþ νμ;

anti-muon capture μþ þ n ↔ pþ ν̄μ: ðA1Þ
The neutrino-lepton flavor exchange interactions:

μ− þ ν̄μ ↔ e− þ ν̄e;

μ− þ νe ↔ e− þ νμ;

μþ þ νμ ↔ eþ þ νe;

μþ þ ν̄e ↔ eþ þ ν̄μ: ðA2Þ
The leptonic eμ annihilation interactions:

e− þ μþ ↔ νe þ ν̄μ;

eþ þ μ− ↔ ν̄e þ νμ: ðA3Þ
The muon decay interactions:

muon decay μ− ↔ e− þ ν̄e þ νμ;

antimuon decay μþ ↔ eþ þ νe þ ν̄μ: ðA4Þ

The nucleon decay interactions:

neutron decay ν̄e þ pþ e− ↔ n;

neutron decay ν̄μ þ pþ μ− ↔ n: ðA5Þ

The lepton pair annihilation interactions:

e− þ eþ ↔ νþ ν̄;

μ− þ μþ ↔ νþ ν̄: ðA6Þ

The following scattering processes do not contribute to
CFI in the current setup. The neutrino-lepton scattering
interaction:

νþ e− ↔ νþ e−;

νþ eþ ↔ νþ eþ;

νþ μ− ↔ νþ μ−;

νþ μþ ↔ νþ μþ: ðA7Þ

The neutrino-nucleon scattering interactions:

neutron scattering νþ n ↔ νþ n;

proton scattering νþ p ↔ νþ p: ðA8Þ

Among all those interactions, only the processes (A6)

contribute to the collision rates of ν
ð−Þ

τ in the evaluation of
CFI. On the other hand, the scattering processes, Eqs. (A7)
and (A8), do not contribute to CFI under the assumption of
isotropic distribution in momentum space but only con-
tribute to neutrino trapping. In processes involving nucle-
ons [(A1), (A5), and (A8)], the effects of weak magnetism,
recoil, and momentum transfer dependence are taken into
account. To evaluate the growth rate of CFI, we first
compute the energy-dependent inverse mean-free path
1=λνi;jðEÞ and the emissivity jνi;jðEÞ, where i labels the
(anti)neutrino flavor and j labels the relevant interactions.
The sum of the rates due to the relevant interactions are the
energy-dependent collision rates for the evaluation of CFI
parameters [see Eq. (12) and the description there]:

ΓνiðEÞ ¼
X
j

ð1=λνi;jðEÞ þ jνi;jðEÞÞ: ðA9Þ

The numerical scheme to evaluate these interaction rates is
the same as in [68].
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