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We study the thermodynamic properties of the color-flavored-locked (CFL) quark matter in finite
temperature and strong magnetic field cases within the confined-isospin-density-dependent-mass model.
We find that considering the CFL phase in quark star (QS) matter can significantly influence the equation of
state as well as the properties of QSs at finite temperature or under strong magnetic fields. In particular, our
results indicate that the polytropic index becomes anisotropic under magnetic fields and decreases with the
increment of the star mass at different isentropic stages of QSs.
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I. INTRODUCTION

One of the most challenging questions in nuclear
physics and astrophysics is the exact composition of the
compact stars, whose interior might be composed of
deconfined strange quark matter (SQM) [1–4]. In
Witten’s conjecture [5,6], SQM should be in the so-called
“windows of stability” or satisfy the absolutely stable
condition [the minimum energy per baryon at zero temper-
ature may be less than Mð56FeÞ=56 ¼ 930 MeV]. Then
SQM might be considered as the true ground state of
strongly interacting matter, which gives rise to a transition
from nuclear matter to strange quark matter, and the
neutron stars (NSs) or hybrid stars may be simultaneously
converted to quark stars (QSs) once SQM appears in
the inner core [7–9]. In many theoretical investigations,
quark stars are figuring as the candidates of the substantial
observed pulsars and cannot be totally ruled out [6,10–19].
Color-flavor-locked (CFL) quark matter, which would be
the most symmetric paring state [20–26], consists of
the equal fractions of u, d, and s quarks at sufficiently
high density and is calculated to be more stable than

SQM [27–31]. As predicted, CFL quark matter might exist
inside the QSs or the inner core of the NSs [23,24], and
studies have revealed that the equation of state (EOS) of
CFL quark matter can support larger star mass than the
EOS of SQM in QSs [25,32–34].
In theoretical research and the experiments from the

heavy-ion collisions (HICs), the thermodynamical proper-
ties of dense strongly interacting matter can be obtained by
investigating the QCD phase structure. In the meantime,
people can also explore protoneutron stars (PNSs) after the
type II supernova explosion to acquire the properties of
the strongly interacting matter at finite temperature [35].
The transition from PNSs to protoquark stars (PQS) still
lacks detailed understanding due to the complex burning
process of hadron matter into SQM, and several works have
been done to investigate the existence of PQS [15,36–42]
without explaining how to produce them. For CFL quark
matter, one can use isentropic stages along the star
evolution line to calculate the properties of the star matter
and quark stars in the CFL phase at finite temperature.
Compact stars can be endowed with extremely large

magnetic fields, whose strength has been estimated about
B ∼ 1014 at the star surface [43–45]. In the interiors of the
magnetars, the magnetic field strength may increase to as
large asB ∼ 1018 G [46] or evenB ∼ 1020 G [47],whichwill
break the spatial rotationalOð3Þ symmetry and produce the
anisotropic pressure of the star matter [47–50]. In order to
describe the strength and the orientation distributions of the
magnetic field inside the magnetars, people consider the
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density-dependent magnetic fields [51–56] and some
extreme magnetic field orientation distributions [57,58],
and the results indicate that both the strength and orientation
distributions can significantly influence the properties of the
star matter and magnetars under strong magnetic fields.
In the present work, we show that the exploration of

QSs is of great importance to obtain the properties of the
strongly interacting matter at finite temperature or under
strong magnetic fields within the confined-isospin-density-
dependent-mass (CIDDM) model. Through the con-
sideration of the CFL quark phase, we investigate the
thermodynamical properties of quark star matter and the
maximummass of QSs at finite temperature or under strong
magnetic fields. We find that the CFL quark matter can
indeed affect the EOS of quark matter in both finite
temperature and strong magnetic field cases, and the star
mass becomes larger by the stiffer EOS with the increasing
nonvanishing pairing energy gap in the CFL quark phase.
We also obtain that the polytropic index becomes aniso-
tropic under magnetic fields and decreases with the incre-
ment of the star mass. This paper is organized as follows. In
Sec. II, we derive the theoretical formulism of CFL quark
matter at finite temperature or under strong magnetic fields
within the CIDDM model. Then we present our calculation
results about the properties of the quark star matter and
quark stars in the CFL quark phase at finite temperature or
under strong magnetic fields in Sec. III. Finally in Sec. IV,
we provide our conclusion and discussion.

II. THE THEORETICAL FORMALISM

A. CFL matter at finite temperature

As shown in [5,6], SQMmight be considered as the true
ground state of QCD matter. In Ref. [34], the authors have
shown that CFL quark matter is more stable than SQM
quark matter within the CIDDM model at zero temper-
ature, and the results also indicate that the maximum mass
of QSs becomes larger in the CFL quark phase than that in
SQM within CIDDM, which can satisfy most of the recent
mass-radius constraint region of the pulsars from the
experimental data. In the present work, we employ the
CIDDM model to obtain the thermodynamical properties
of the quark matter in the CFL phase at finite temperature
and under strong magnetic fields. The detailed calcula-
tions of CIDDM model in SQM can be found in
[57,59,60], where the CIDDM model is extended from
the confined-density-dependent-mass (CDDM) model
[61,62] to obtain stiffer EOSs with the isospin dependence
being inside the equivalent quark mass. From large
numbers of works on the EOS of quark star matter in
the past decades, the EOS in general becomes stiffer by
using density-dependent equivalent quark mass, increas-
ing bag constant, or considering the repulsive interaction
inside the quark matter [63–89] at zero temperature in
order to support large mass pulsars.

In Ref. [60], the properties of SQM at finite temperature
have been discussed by inserting the temperature depend-
ence into the equivalent quark mass by considering the
linear confinement and string tension σðTÞ [90,91], and the
equivalent quark mass for CIDDM model at finite temper-
ature is modified as

mq ¼ mq0 þmI þmiso

¼ mq0 þ
D
nBz

− τqδDInαBe
−βnB; ð1Þ

with

σðTÞ ¼ 1 −
8T
λTc

exp

�
−λ

Tc

T

�
; ð2Þ

where mq0 is the current mass for each flavor of quarks
(we set mu0 ¼ md0 ¼ 5.5 and ms0 ¼ 80 MeV in this work,
which is identical with the current quark mass from
Ref. [59]), mI ¼ D

nBz
is set as the density-dependent mass

term with no isospin interaction, z is a quark mass scaling
parameter to control the density dependence inmI, andD is
the parameter determined by considering the absolutely
stable condition of SQM. The parameters DI, α, and β in
the isospin-dependent termmiso are parameters determining
the isospin dependence of the quark-quark effective inter-
actions in quark matter. We also set τq ¼ 1 for q ¼ u (u
quarks), τq ¼ −1 for q ¼ d (d quarks), and τq ¼ 0 for
q ¼ s (s quarks) to show different isospin dependence
among u, d, and s quarks, and the isospin asymmetry is
defined as [59,83,92]

δ ¼ 3
nd − nu
nd þ nu

: ð3Þ

For the temperature-dependent term in the equivalent
quark mass, σðTÞ is the temperature dependent string
tension [93], Tc ¼ 170 MeV is the critical temperature
(which is calculated from LQCD [94], and this value
is used in Refs. [90,91] for temperature dependence),
and λ ¼ 1.605812 is determined as the solution of the
equation 1 − 8T

λTc
expð−λ Tc

T Þ ¼ 0 when T ¼ Tc. Then one
can obtain the quark confinement and asymptotic freedom
by changing the baryon density nB from zero to infinity in
the equivalent quark mass within the CIDDM model.
The CFL quark phase, which is considered as the

most symmetric pairing state, consists of paired quarks
of all flavors and colors at sufficiently high baryon densities
[21–23]. Quark matter in the CFL phase may appear in the
interiors of the compact stars, exhibiting the identical
fraction and chemical potential of u, d, and s quarks,
which then excludes the leptons from the CFL quark matter
due to the charge neutrality. From the results of Ref. [34],
CFL quark matter is calculated to be more stable than SQM

CHU, LIU, JU, WU, LIU, ZHOU, LIU, LU, and LI PHYS. REV. D 110, 043032 (2024)

043032-2



at zero temperature within the CIDDMmodel. For the finite
temperature case of the quark star matter in the CFL quark
phase, the density of each flavor of quarks can be written as

ni ¼
gi
2π2

Z
∞

0

�
1

1þ eðϵi−μ�i Þ=T

−
1

1þ eðϵiþμ�i Þ=T

�
p2dpþ 2Δ2μ�

π2
; ð4Þ

where gi ¼ 6 is the value of the degeneracy factor
for quarks, Δ is the nonvanishing pairing energy gap, ϵi
means the energy spectrum of the ith flavor of quarks, and
μ� ¼ P

i μ
�
i =3 is the effective term of the quark chemical

potential μi. In CFL quark matter, the chemical potential of
u, d, and s quarks satisfies μu ¼ μd ¼ μs, and the detailed
derivations of the effective term μ� at finite temperature
within the CIDDM model can be found in Eqs. (16)–(18)
from Ref. [75]. Then the thermodynamic potential density
in the CFL phase at finite temperature can be written as

Ω ¼ −
X
i

giT
2π2

Z
∞

0

h
ln
�
1þ e−ð

ffiffiffiffiffiffiffiffiffiffiffi
p2þm2

i

p
−μ�i Þ=T

�

þ ln
�
1þ e−

	 ffiffiffiffiffiffiffiffiffiffiffi
p2þm2

i

p
þμ�i



=T
��

p2dp − 3
Δ2μ�2

π2
; ð5Þ

and the free energy density F for CFL quark matter is
expressed as

F ¼
X
i

μini þ Ω: ð6Þ

The energy density at finite temperature can be obtained as
E ¼ F þ TS, and S means the entropy density of the CFL
quark phase which can be calculated as

S ¼ −
X
i

∂Ωi

∂T
: ð7Þ

B. CFL matter under strong magnetic fields

Since strong magnetic fields of magnetars might increase
from B ¼ 1012 → 1014 G on the surface [43–45] to
B ¼ 1018 → 1020 G in the core [46,47], we investigate
the quark matter under strong magnetic fields in this
subsection to obtain the thermodynamical properties of
the star matter of magnetars in the magnetic CFL (MCFL)
quark phase. According to [27–30,33], the authors calcu-
late the properties of MCFL quark matter within the
Nambu-Jona-Lasinio model and the quasiparticle model
by considering the quark rotated charge procedure, and the
thermodynamic potential density in the MCFL quark phase
can be written as

ΩMCFL ¼ ΩC þΩN − 3
Δ2μ�2

π2
; ð8Þ

where ΩC and ΩN are the contributions from the redefined
charged and neutral quarks [27,30]. The charges of differ-
ent colors of the quarks in the nine-dimensional flavor-
color representation can be redefined as

ur ug ub dr dg db sr sg sb
0 1 1 −1 0 0 −1 0 0

: ð9Þ

Since the direction of magnetic field is assumed along the z
axis [50–52], the contribution of the charged quarks ΩC
under magnetic fields in MCFL phase of the thermody-
namical potential density within the CIDDM model can be
derived as

ΩC ¼ −
X
i

Xνimax

ν¼0

giðjqijBÞ
2π2

αν

�
1

2
μ�i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ�i

2 − siðν; BÞ2
q

−
siðν; BÞ2

2
ln

�
μ�i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ�i

2 − siðν; BÞ2
p
siðν; BÞ

��
; ð10Þ

where gi ¼ 2 and αν ¼ 2 − δν;0. The expression of the
contribution ΩN from the neutral quarks is identical to the
thermodynamic potential density of the CFL quark matter
under zero magnetic field. Thus, μ�i in the MCFL phase
within the CIDDM model can be written as

μ�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kiF;ν

2 þ siðν; BÞ2
q

; ð11Þ

where siðν; BÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ 2νjqijB
p

, and the upper Landau

level νmax is calculated as νimax ≡ int½μ�i 2−m2
i

2jqijB �.
Then the expression of the chemical potential μi for

charged u, d, and s quarks in MCFL quark matter under
magnetic fields can be written as

μi ¼
P

iμ
�
i niP
ini

þ 1

3

X
j¼u;d;s

3

2π2
Xνjmax

ν¼0

ανðjqjjBÞmj

× ln

2
64k

j
F;ν þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kjF;ν

2 þ 2νjqjjBþm2
j

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2νjqjjBþm2

j

q
3
75

×

�
−

zD

nð1þzÞ
B

− τjDIδ½αnα−1B − βnαB�e−βnB
�
: ð12Þ

In addition, the energy density EMCFL of MCFL quark
matter can be obtained by

EMCFL ¼ ΩMCFL þ
X
i

μini þ
B2

2
; ð13Þ

where B2=2 comes from the contribution of the magnetic
field. From [47,57], theOð3Þ rotational symmetry might be
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broken, and then the pressure of the quark matter under
strong magnetic field becomes anisotropic, which is
defined as the longitudinal pressure Pk being parallel to
the magnetic field or the transverse pressure P⊥ being
perpendicular to the magnetic field. In MCFL quark matter,
the pressure of quark matter can also be anisotropic, and the
expressions of the longitudinal pressure Pk and the trans-
verse pressure P⊥ are written as

Pk ¼
X
i

μini − EMCFL; ð14Þ

and

P⊥ ¼
X
i

μini − EMCFL þ B2 −MB; ð15Þ

where M ¼ − ∂ΩC
∂B is the system magnetization. One can

further find that the longitudinal pressure Pk can fulfill
the Hugenholtz-Van Hove theorem, which guarantees the
thermodynamical self-consistency in the MCFL quark
phase within the CIDDM model.

III. RESULTS AND DISCUSSIONS

A. Properties of CFL quark matter
at finite temperature

In this work, we consider the parameter set as DI-85
(DI ¼ 85 MeV · fm3α, D ¼ 22.92 MeV · fm−3z, z ¼ 1.8)
within the CIDDM model [59], which is capable of
describing PSR J0348þ 0432 (2.01� 0.04M⊙) as QSs
in SQM under absolutely stable condition within CIDDM
model at zero temperature.
In Fig. 1, we show the free energy per baryon and

pressure of SQM and CFL quark matter (Δ ¼ 50 and
100 MeV) as functions of baryon density at zero temper-
ature and finite temperature cases (T ¼ 30 and
T ¼ 50 MeV). It can be seen that, from the left panel of
Fig. 1, the minimum value of the free energy per baryon at
zero temperature is less than 930 MeV (the minimum
energy per baryon of the observed stable nuclei 56Fe),
satisfying the absolute stable condition of SQM. One can
also find that the baryon density of the minimum free
energy per baryon is exactly the corresponding zero
pressure density from all of the cases in Fig. 1, which is
consistent with the thermodynamical self-consistency and
verifies the correctness of the derivation. Furthermore, we
note that the free energy per baryon decreases with the
increment of the temperature and the energy gap Δ in CFL
quark phase, while the pressure increases with the temper-
ature and Δ for both SQM and CFL quark matter. These
findings suggest that the CFL quark matter might be more
stable than SQM, and the EOS becomes stiffer when
considering the CFL quark phase at larger Δ and T, which

implies that the CFL quark phase at finite temperature may
provide a plausible description for heavier QSs.
Figure 2 shows the square of sound velocity (c2s ¼ ∂P=∂ϵ)

as a function of the energy density at different temperatures
in SQM and the CFL quark phase with Δ ¼ 50 and
100 MeV. One can find the sound velocity square decreases
with the increment of the energy density and approaches the
conformal matter case c2s ¼ 1=3 in the extremely large nB
region in all of the cases listed within the CIDDM model.
In addition, one can also see that the sound velocity increases
with the temperature, which is consistent with the results in
Fig. 1 that the EOS becomes stiffer as T increases. Moreover,
it can be seen that c2s decreases with Δ at the low energy
density region (less than 600 MeV fm−3) while increasing
with Δ when the energy density is larger than
600 MeV fm−3. For the results in Ref. [95], there exists

FIG. 1. Free energy per baryon and pressure as functions of
baryon density at different temperature with DI-85 in SQM and
the CFL phase with Δ ¼ 50 and 100 MeV.

(a) (b) (c)

FIG. 2. Square of sound velocity as functions of energy density
at different temperature with DI-85 in SQM and the CFL phase
with Δ ¼ 50 and 100 MeV.
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the peak of the sound velocity, which ensures the sound
velocity satisfying the law of causality. From the results in
Fig. 2, one can find the sound velocity increasing with the
decrement of the energy density within the CIDDM model.
In our present work, the sound velocity is calculated by
considering nB being larger than the baryon density of the
zero pressure point, and all listed results of the sound
velocity square are calculated less than 1 for quark star
matter, which satisfies the law of causality. Furthermore, the
square of the sound velocity in Fig. 2 will decrease to
approach the conformal limits 1=3, and the convergence can
also be found from the region C2

s > 1=3 in Fig. 5 from
Ref. [96]. Following this, we calculate the polytropic index γ
as functions of the baryon density in SQM and CFL quark
phase at finite temperature in Fig. 3, whose expression is
written as

γ ¼ ∂ lnP
∂ ln ϵ

: ð16Þ

One can find in Fig. 3 that the polytropic index γ
decreases with the baryon density for both SQM and
CFL quark matter cases in DI-85 within CIDDM model,
and γ also decreases with temperature at a fixed baryon
density. Furthermore, the split of γ caused by considering
the temperature effects decreases to zero in all of the cases
when nB becomes larger than 1 fm−3, and the value of γ
decreases from 1.22 to 1.12 from the SQM case to the
Δ ¼ 100 MeV case at nB ¼ 1 fm−3, which is a bit larger
than γ ¼ 1 for the conformal boundary and fulfills the limit
γ < 1.75 for pure quark matter from Ref. [97]. Moreover,
we add the polytropic index line for the DI-3500 case
(DI ¼ 3500 MeV · fm3α, D ¼ 13.81 MeV · fm−3z) within
the CIDDM model at zero temperature, and it is seen in

Fig. 3 that γ in the DI-3500 case is calculated much smaller
than that in the DI-85 case. From [59], using the parameter
set DI-3500 in SQM within the CIDDM model can
describe 2.38 solar mass QSs, which is the maximum star
mass value the CIDDM model can support (using DI-85
can only support 2.01 solar mass QSs). One can then
conclude from Fig. 3 that γ decreases with the increment of
the maximum star mass at zero temperature within the
CIDDM model.
In Fig. 4, we calculate the entropy per baryon as

functions of nB at T ¼ 30 and T ¼ 50 MeV in SQM
and CFL quark matter with Δ ¼ 50 and 100 MeV. It is
shown in Fig. 4 that the entropy per baryon decreases with
nB while increasing with the temperature. Furthermore, the
entropy per baryon decreases with the energy gap Δ in the
CFL quark phase at a certain temperature, implying that
the degree of disorder for CFL quark matter can be reduced
by considering a larger pairing energy gap.
As shown in Fig. 5, we calculate the mass-radius relation

at different isentropic stages of quark stars with different Δ
in the CFL quark phase with DI-85. One can find that the
maximum star mass increases with the energy gapΔ at zero
temperature in the CFL phase from the right panel. For the
isentropic stages at finite temperature, the maximum star
mass at Δ ¼ 30 MeV increases from 2.05M⊙ with S=nB ¼
1 to 2.08M⊙ with S=nB ¼ 2, while the maximum star mass
at Δ ¼ 70 MeV increases from 2.20M⊙ with S=nB ¼ 1 to
2.24M⊙ with S=nB ¼ 2, which indicates that the maximum
star mass in the CFL quark phase at finite temperature
increases with the entropy per baryon in the isentropic
stages and the energy gap Δ. Moreover, we checked the
central density of the maximum mass of QSs in the CFL
quark phase, and we find the central density decreases from
1.2 to 1.18 fm−3 at the S=nB ¼ 1 stage while decreasing
from 1.18 to 1.13 fm−3 at the S=nB ¼ 2 stage, when Δ

(a)

(b)

(c)

FIG. 3. The polytropic index as functions of the baryon density
at different temperature with DI-85 in SQM and the CFL phase
with Δ ¼ 50 and 100 MeV in panel (a), (b), and (c), respectively.

FIG. 4. Entropy per baryon as functions of the baryon density at
different temperature with DI-85 in SQM and the CFL phase with
Δ ¼ 50 and 100 MeV.
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increases from 30 to 70 MeV. This result implies that the
central density of the maximum star mass in the CFL quark
phase decreases with the maximum star mass.
In Fig. 6, we calculate the temperature of CFL quark

matter as functions of the baryon density at different
isentropic stages with different Δ. One can find from
Fig. 6 that the temperature increases with the energy gap
Δ for different isentropic stages, and the temperature at
S=nB ¼ 2 stage is larger than that at the S=nB ¼ 1 stage at a
certain nB. Furthermore, we also calculate the core temper-
ature TC of the maximum star mass, and we note that TC
increases with Δ and the entropy per baryon. Then our
results indicate that the entropy per baryon and the energy
gap Δ can significantly influence the star mass and the
temperature distribution inside the stars in the CFL quark
phase within the CIDDM model.

In Fig. 7, we calculate the polytropic index as functions
of the baryon density at different isentropic stages with
different Δ. One can see from Fig. 7 that the polytropic
index γ decreases with the baryon density in all cases, and γ
also decreases with the energy gap Δ and the entropy per
baryon. Since the maximum star mass from Fig. 5 increases
with Δ and S=nB, the results in Fig. 7 imply that the
polytropic index γ of the star matter in CFL quark phase
appears smaller in the heavier stars at isentropic stages
within the CIDDM model.

B. Properties of quark matter and quark stars
in MCFL phase

Figure 8 shows the energy per baryon and the anisotropic
pressures as functions of the baryon density with DI-85 in
SQM and CFL quark phase under magnetic fields. One
can find that the minimum energy per baryon increases with
the constant magnetic field B, which implies that the CFL
quark matter becomes less stable once considering
the magnetic field effects. The splitting between the longi-
tudinal pressure Pjj and the transverse pressure P⊥ increases
with the increasing strength of the magnetic field B, which
can also be inferred from Eq. (15). One can also find that the
zero pressure baryon density is exactly the baryon density of
the minimum energy per baryon, which satisfies the ther-
modynamical self-consistency under strong magnetic fields.
Since the pressure becomes anisotropic under strong

magnetic fields in MCFL quark matter, we calculate
the anisotropic polytropic index in Fig. 9 as functions
of the baryon density with DI-85 with different Δ
under zero magnetic fields and strong magnetic fields
(B ¼ 2 × 1018 G). One can find in Fig. 9 that the polytropic
index γ becomes anisotropic when considering the strong
magnetic field, and then the anisotropic γ decreases with
the baryon density in all cases. Furthermore, the values of γ

FIG. 5. Mass-radius relation at different isentropic stages of
quark stars with different Δ.

FIG. 6. Temperature of the quark star matter as functions of
the baryon density at different isentropic stages with different
Δ. The blue stars mark the core temperature Tc of the maximum
star mass.

FIG. 7. The polytropic index as functions of the baryon density
at different isentropic stages with DI-85 with different Δ.
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in the transverse pressure P⊥ case exhibit smaller values
when the magnetic field increases to B ¼ 2 × 1018 G,
while the values of γ in the longitudinal pressure Pjj case
become larger with magnetic field. It can also be seen in
Fig. 9 that there appears an oscillatory behavior of γ with
the baryon density increasing, and this oscillation is mainly
caused by the upper Landau level in the energy density and
the pressure of the quark matter under strong magnetic
fields [the chemical potential for quarks in CFL quark
phase (which is more stable than SQM) is less than that
in SQM for a fixed baryon density, which will reduce the
upper Landau levels].
In order to mimic the magnetic field strength inside the

magnetars, we use the density-dependent magnetic field
proposed by [51–56]

B ¼ Bsurf þ B0½1 − exp ð−β0ðnB=n0ÞγÞ�; ð17Þ

where the magnetic field of the star surface Bsurf is set as
1015 G, n0 is the saturation point of the nuclear matter, and
B0 is the vital parameter adjusting the real magnetic field
inside the magnetars. In this work, we employ the fast-B
profile from [57] to provide a strong density dependence of
magnetic field strength from center to surface by consid-
ering γ ¼ 3 and β0 ¼ 0.001. Furthermore, the orientation
distributions of the magnetars we used in this work are
denoted as “radial orientation” and “transverse orientation,”
where the former means the local magnetic fields are along
the radial direction while the latter using the magnetic fields
perpendicular to the radial direction [57]. Then as shown in
Fig. 10, we calculate the maximum mass of magnetars in
the longitudinal and transverse orientation cases as func-
tions of B0 with Δ ¼ 50 and Δ ¼ 70 MeV. One can find
the maximum mass of the magnetars increases/decreases
with the increment of B0 in the transverse/radial orientation
case, which demonstrates an obvious star mass splitting
caused by the magnetic orientation distribution. Further-
more, it can also be seen that the maximum star mass
increases with Δ once the magnetic field is fixed. Since the
polytropic index γ in the radial orientation case is larger
than the γ in the transverse orientation case and γ decreases
with the increasing Δ, the results imply that the polytropic
index γ in CFL magnetar matter becomes smaller in the
large star mass cases with large energy gap Δ or consid-
ering the transverse orientation distribution. In future
works, the properties of the hot magnetized CFL quark
matter should be discussed, which is of great importance to
investigate the strongly interacting matter from the proto-
magnetars and the experiments of the Large Hadron
Collider. These works are in progress.

FIG. 8. Energy per baryon and anisotropic pressure as functions
of the baryon density with DI-85 in SQM and the CFL quark
phase under magnetic fields.

FIG. 10. The maximum mass of magnetars for the longi-
tudinal and transverse orientation cases as functions of B0 with
different Δ.

(a)

(b)

(c)

FIG. 9. The anisotropic polytropic index as functions of the
baryon density with DI-85 under strong magnetic fields in SQM
and the CFL phase with Δ ¼ 50 and 100 MeV in panel (a), (b),
and (c), respectively.
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IV. CONCLUSION AND DISCUSSION

In this work, we first investigate the free energy per
baryon and the corresponding pressure of CFL quark
matter. The results indicate that the free energy per
baryon/pressure decreases/increases with the temperature
and the paring energy gap. Furthermore, we find the sound
velocity square c2s of the CFL quark matter is significantly
influenced by Δ and increases with the temperature. We
then calculate the polytropic index at finite temperature in
the CFL quark phase, and the results indicate that γ
decreases with Δ and T. We also find the entropy per
baryon increases with T while decreasing with Δ.
Moreover, we calculate the mass-radius line at different

isentropic stages. The results show that the maximum star
mass and the core temperature increases with the entropy
per baryon and the pairing energy gap, while the polytropic
index decreases with the entropy per baryon and Δ, which
also indicates that the polytropic index γ of the star matter
in the CFL quark phase appears smaller in the heavier stars
at isentropic stages within the CIDDM model. We also
calculate the polytropic index in the MCFL phase and the
maximum star mass of the magnetars by considering both
the density-dependent magnetic field and the two extreme

orientation distributions of the magnetic field inside the
magnetars; the results indicate that both the polytropic
index and the star mass of the magnetars become aniso-
tropic under strong magnetic fields, which also implies that
the polytropic index in CFL magnetar matter becomes
smaller in the large star mass cases with large energy gap Δ
or considering the transverse orientation distribution.
Therefore, our results indicate that considering CFL

phase in quark star matter can significantly influence the
equation of state as well as the properties of QSs at finite
temperature or under magnetic fields, and the polytropic
index becomes anisotropic under magnetic fields and
decreases with the increment of the star mass at isentropic
stages or under strong magnetic fields.
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