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We study possible ways gravitational waves (GW) are sourced in a theory with minimal left-right
symmetry breaking. Generically first order phase transitions (FOPT) lead to gravitational waves sourced by
bubble dynamics, while second order phase transitions (SOPT) do not. However, due the presence of two
degenerate fields, we obtain domain walls in the putative SOPT case, giving rise to GW via disintegrating
domain walls, testable at experiments such as IPTA, DECIGO, and LISA. On the other hand, for the case of
FOPT, we get the usual signal from spontaneously created bubbles, but there also arises a late forming
domain wall structure separating the two types of vacua. The disintegration of these walls provides an
additional source of GW. Thus the parameter range signaling FOPT case gives rise to two distinct peaks in
the spectrum of GW. This is verifiable for the low symmetry breaking scales 10*~10° GeV, but a high scale

such as ~10'" GeV remains beyond the reach of currently planned experiments. Finally, we point out that a
version of the left-right symmetric model which separates the scale of parity breaking from that of gauge
symmetry breaking is also subject to domain wall formation and amenable to GW observations.
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I. INTRODUCTION

The detection of gravitational waves (GWs) [1] has
opened a new window into the unknown of the Universe.
Originating from the linearized theory of general relativity
[2], GWs are a new independent source of information
about cosmic events. Also, since gravitation is the weakest
force in nature, gravitons are believed to decouple from the
rest of the forces and matter as early as the Planck scale
itself, meaning they can convey information from the very
dawn of the Universe.

The early Universe GW sources include not only
astronomical objects, but cosmological events like infla-
tion, phase transitions, etc. Throughout time, GWs from
all such events superimpose to create what is called a
stochastic background of GWs, which is believed to be
homogeneous, isotropic, unpolarized with an amplitude
following a Gaussian distribution [3]. Several current and
future experiments are aimed at detecting this background,
directly via interferometers [4,5] or through indirect meth-
ods like pulsar timing arrays (PTAs) [6]. This GW back-
ground can be a good alternative probe for high and ultra
high energy phenomena including those arising from grand
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unified theories (GUTSs) and other particle physics theories
beyond the Standard Model (SM).

One such high energy theory is the left-right symmetric
model (LRSM), especially since it naturally accommodates
massive neutrinos, along with a gauge charge for the new
right handed neutrino states. Based on the gauge group
SUR2);, @ SUR2)r ® U(1),_;, this model is fully sym-
metric between right and left chiral states at high tempera-
tures in the early Universe when the thermal ground state
does not break symmetry spontaneously. As such why
low energy physics is governed by SU(2), x U(1)y is
unknown. An early proposal to rectify this situation was
made in [7,8] by dissociating spontaneous breaking of the
so called D-parity from the breaking of right-handed gauge
symmetry, by invoking an extra scalar beyond the basic
LRSM particle content. But as we shall discuss later in this
paper, this scenario also cannot avoid domain walls [9] and
will give rise to characteristic GW background of the type
discussed here.

Conventionally LRSM is spontaneously broken down to
SM through additional Higgs particles, for example using
scalar SU(2) doublets or triplets in the supersymmetric
(SUSY) [10,11] and Non-SUSY [12-20] contexts. A
minimal left-right symmetric model (MLRSM) with scalar
triplets has garnered much attention because it can imple-
ment the seesaw mechanism and can be embedded in a
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SO(10) grand unified theory (GUT) nicely [21-25]. LRSM
has been studied extensively in view of the present and
future colliders [26-33] but LHC has detected no evidence
of it up to O(10 TeV). Therefore the GW background
presents the exciting possibility of providing the first hints
of this theory, especially if originating at significantly
higher energies, thus complementing the role of future
colliders.

The breaking of discrete symmetry L <> R which is
generically exact in left-right symmetric models leads to
the formation of domain walls (DW) in the early Universe.
Domain walls are massive topological defects created when
a discrete symmetry is broken [34,35]. They separate two
regions of distinct degenerate vacua of the theory. This is a
problem for standard cosmology, as stable domain walls
come to dominate the energy density of the Universe at later
times [36] and conflict with structure formation and big bang
nucleosynthesis (BBN). Therefore, they must be transient
[9,37—41]. This can be achieved by making one of the vacua
slightly lower in energy so that the domain walls move under
the vacuum pressure. Eventually, violent collisions between
DW cause their annihilation returning the Universe to a
homogeneous state after entropic equilibrium is reached.

While it is usual to identify phase transitions in gauge
theories as first order (FOPT), second order (SOPT), or
crossover, the left-right symmetric models present a pecu-
liar situation, due to the presence of two independent
complex scalar fields but with identical or nearly identical
values governing their dynamics. Specifically, the putative
SOPT also gives rise to domain walls separating regions of
either A; or Ay fields acquiring nontrivial VEVs. The size
of such domains is determined by the causal limitation on
the length scale discussed by Kibble [42]. Thus an apparent
case of SOPT where gravitational waves are not expected
also gives rise to gravitational waves due to the degradation
dynamics of such domain walls.

Likewise, even the putative FOPT is fundamentally
modified in that, starting with the fully symmetric high
temperature phase, the spontaneous formation of bubbles of
true vacuum could either lead to bubbles of leftlike vacuum
or rightlike vacuum. When these bubbles grow and
encounter each other, the collision can result in a larger
bubble, provided the interiors contain the same type of
vacuum. On the other hand, if one bubble contains leftlike
while the other contains rightlike vacuum then the result is
a left-right domain wall. The wall configuration is made up
of nontrivial condensates of two or more fields [43,44]. The
situation is depicted in Fig. 2. The eventual result of such a
phase transition will also be a network of domain walls
enclosing distinct types of vacua, making it look similar to
the modified SOPT discussed in the previous paragraph.
However the sizes of domains would be of a different scale.
The model with such parameters would therefore result in
two well separated peaks in the GW spectrum. We discuss
these cases in Sec. II C.

Our strategy for obtaining the GW spectrum for the latter
case is as follows. Gravitational waves from first-order
phase transition [45-51] and more specifically from
MLRSM [52,53] focusing on single field case have been
studied extensively which we will discuss in Sec. III. On
the other hand, GW resulting from Z, or axionic domain
walls have been studied in [54-56]. For obtaining this GW
contribution, our approach parallels the methods used in
[54-56] but with the difference that we consider the late
time evolution of domain walls after the Ginzburg temper-
ature has been reached in the context of LRSM. Thus for
models with FOPT type case, by combining these two types
of contributions we determine the double peak spectrum
with symmetry breaking scales 10*~10° GeV and also the
generic GUT scale ~10'° GeV and discuss the possibility
of their verifiability.

The arrangement of this paper is as follows: in the next
section, Sec. II we describe the MLRSM with triplets and
the loop corrected temperature dependent effective poten-
tial. In a subsection II C we emphasize the cosmology of
the two different classes of models, those that signal SOPT
versus those that signal FOPT. In Sec. III, we discuss GWs
for the FOPT case in MLRSM, disregarding the contribu-
tion from residual domain walls. In Sec. IV, we discuss
domain wall structure in MLRSM and GW in the relevant
SOPT case. Here we consider the effect of adding a bias
motivated by phenomenology, to the tree level potential.
We outline the numerical methods used to simulate the
decaying domain walls and calculation of the spectrum. In
Sec. V we describe the two peak feature of the GW spectra
in MLRSM from the relevant FOPT case. In Sec. VI we
show that the spontaneous parity breaking scenario of [7,8]
also results in characteristic GW background. Section VII
contains a summary and conclusion. We mention the
benchmark points for SOPT and FOPT for our analysis
in Appendix A. Appendix B contains some of the addi-
tional details of the numerical procedure used and results
from simulations.

II. MINIMAL LEFT-RIGHT SYMMETRIC MODEL

The MLRSM [57-64] is an appealing extension of the
SM which naturally accords gauge charges to the right-
handed neutrino states which are generically needed to
provide masses to neutrinos. It is based on the gauge group,

Grr=SUQ2), x SUR)g x U(1)p_;, x SU3)c (1)

where the electric charge is defined as

B
O =T;3 +Ts+ 5 (2)

Under this left-right symmetric gauge group, the usual
quarks and leptons transform as
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q, = <2L> =[2,1,1/3,3], qr = (ZR> =[1,2,1/3,3],

L R

¢, = <UL> =2.1.-1,1, ‘tp= (”R) =[1.2.-1,1].
€r €r

The Higgs sector may vary in LRSM. We will focus on the minimal Higgs sector containing the triplets and the bidoublet
[65], A;(1,0,2,0), Ag(0,1,2,0), ¢(1/2,1/2%,0,0). They can be represented in the matrix form,

st ++ s+ ++
() # A (V% A (V%R O ;
¢_ ¢_ 0 ’ L — 50 _L5+ s R — 50 _L5+ ()
2 2 L 2oL R V2 OR

so that they transform as
SU(2), x SU(2)g: ¢ — Up9Up, Ay — U AU}, Ag = UrAgUp (4)
Ul)p_r:¢ = ¢, Ay — A, Ag = e?0Ap (5)
for general symmetry transformations: U, € SU(2),, U € SU(2)g, and e € U(1)p_; .

A. Potential
The tree-level standard scalar potential of the LRSM with triplets is given by,

where

Vo = ~ATeld d) — i (Te[Pg'] + Te[F1]) + M Telg' 6 + 2o (el + Te [ p)?)
AT [ | TeF19) + AsTeld 9] (Te[G0] + Te[3g)]).

Va = —2(Tr[ALA]] + Tr[AgAL]) + o1 (Tr[ALA]|* + Tr[AgAL]?)
+ pa (Te[ALAL]TE[A] AT ] + Tr[Ag Ag|Tr[ARAR]) + psTr[A A} | Tr[AgAL]
+ pa(Tr[ALAL)Tr [ARAL] + Tr[A] A} Tr[AgAg]).

Vs = o Te[' ] (Te [, A7) + Te[eAR]) +as (Te g A, A7) + Te[4peA))

+ oy (Tr[ALA] | Tr[¢g] + Tr[ApAR] Tr[pT¢] + H.ec.)
+ By (Tr[pArgTAL] + Tr[¢TALPAR]) + Bo (Tr[PArdTAL] + Tr[dTALpAR])
+ B3 (Tr[pArd AL ] + Tr[pTALPAL]) (7)

where ¢ = 0,¢*0,. All the couplings are assumed to be real for simplicity. The vacuum expectation values (VEVs) of the
Higgs fields that give the correct breakdown of LR symmetry are as follows,

AL BT N (B

The bidoublet VEVs provide the electroweak scale,

\/ K3 + K3 = v =246 GeV 9)

and the parameter f§ = arctan k, /k; captures the ratio of the VEV’s. The minimization conditions on the potential, with
respect to the four VEVs lead to a relationship between v; and vy through a seesawlike formula,
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Prki1k €08 (63 = O1) + Poxi cos O, + fi3x3 cos (26, — 0,)
= (2p1 = p3)vLvR (10)

It is customary to set f3; , 3 = O so that the strong condition
of this seesaw can be circumvented, v; can be chosen 0
while vz can be assigned phenomenologically desirable
large value. Additionally 6, and #; may be set to O for
simplicity.

We shall use the VEVs from SM and expected phe-
nomenology as the inputs in the minimization conditions,
in which case the parameters uf,; get determined as
follows.

1 a3 VHK3
u = (k3 +K3) + 2K 1Kk —|—211Ra1 5 KzR_i%
A4 s VRK Ky
15 = (24 + A3)Kkiky + (Kl K%)+ "’Z 5 IK
2
2 2, 1 2, .2 L,
U3 :P1UR+§051<’<1 +x3) +2a21<11<2+§a31<2 (11)

An important point that has not received due attention in
the literature is that the seesawlike relation equally well
implies a possible large value for v; and vz =~ 0 due to the
left-right symmetry of the model. In that case Eq. (11) takes
the same form with vy replaced by v;. While low energy
phenomenology has preferred the v; ~ 0 solution, this will
not persist at high temperatures in the early Universe.
Indeed we expect gauge symmetry restoration at high
temperature [66—68], a scale T. above which the thermal
ground state has no nonzero VEVs. When the Universe
cools it must choose between the leftlike vacuum with
vy, # 0 or the rightlike vacuum with vy # 0. As already
introduced in Sec. I, this leads to intricate possibilities for
the nature of the phase transition, as we further discuss in
Sec. IIC.

B. Effective potential

From low energy phenomenology we are interested in
scenarios where the SU(2), breaking scale is much higher
than electroweak symmetry breaking vy > i, k,. It turns
out that it is sufficient to focus on large 6% values in field
space, compared to the remaining neutral fields ¢, ¢9 and
50L [52]. However, in the context of the early Universe, the
alternative possibility of v; being large while ignoring v
also arises. Hence we retain the two contributions in the tree
|

m2
[
Vew(l,r) 6{Zm (I,r) <lo lli r)

m% (1,r)

—|—3. m‘}j(l, r) <log;2
J=L.R

1x1022

0
\J(—l x102Vy(l,r)(GeV*")

-2x10)

: : -3x10%
-1x10° 0 1x10°
r (GeV)
FIG. 1. 3D view of tree level potential (12) with (v, vg) =
(10°,0) or (0,10%) GeV. From the contour lines and color

gradient it is evident that the potential has degenerate minima
at (1,r) = (10°,0), (=10°%,0), (0, 10%), and (0, —10°) portraying
the inherent Z, symmetry.

level potential from &% and &9

VR (r, 1) = Vo(r) + V() + (12)

% 2R
where 7 =6%/v/2 and [ =&)/v/2, and V, are both
identical functional forms of their arguments,

Pl (13)

P o oy
~—(r'=n?) 2

Vo(r) 4
where n = 4/ u% /p1. In Fig. 1, we see that the potential (12)
has 4 degenerate minima at the expected points in the r—/
plane, implying an inherent Z, symmetry of the system.
Indeed due to the seesaw type condition, where r — 0, [ —
v, # 0 and vice versa. As such we expect domain walls,
separating regions of leftlike vacuum [/ # 0, r =0 and
rightlike vacuum / = 0, r # 0 with the wall constituting a
transition region where one VEV goes to zero and the other
turns on.

Let us focus on generalizing the functional form (13) of
the potential to the case of nonzero temperature. The
temperature-dependent effective potential is given in [52],
now generalized to both the / and r fields,

Ver(L,r,T) =Vo(l,r) + Vew(l, r) + Vir(Lr, T)
+ Vp(l,r,T) (14)
where
l r
;) +6]:LR w, (L.7) (log e )—Z>
,%j(l, r) 3
§) -3 0 (e <3) 3
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is the Coleman-Weinberg correction to the tree potential and,

Veatrmy = I [ZJ (m%}i’ r>> L63 gy (@) £33 (@) 63 (’"5,;5 >>] (16)

J=L.R

is the temperature correction from finite temperature
field theory, where Jp,r are integrals for bosons/fermions
given by,

)= [ asen (12 V7)1

The mass terms Mg, My, Mz, My, are the field (I, r)
dependent scalar, gauge and fermion masses given in [52],
now generalized to incorporate both the / and r fields. The
u in (15) is the renormalization scale which we can
conveniently assume to be equal to #. The last term includes

the daisy diagrams for higher loop corrections,

Vol r,T) = -ET”Z[M;(L N -mlr)] (18)

J

where M; are given by eigenvalues of the matrices
M; +11; where M; are mass matrices of bosons and
fermions and II; are thermal self energies [52]. The
summation of j includes all the bosons and fermions of
the theory. It can be seen that the temperature dependent
effective potential respects the same Z, symmetry as the
tree level potential for temperatures below the critical
temperature 7', of phase transition.

In the following two subsection, first we outline the
intriguing classes of phase transition scenarios specific to
the MLRSM, differentiating them from the generic Z,
symmetry breaking. Then we delineate the parameter
ranges that indicate these phase transitions, ensuring they
adhere to both theoretical constraints and experimental
observations.

C. Two Kinds of phase transitions

In this subsection, we describe the interesting possibil-
ities of two kinds of phase transitions within the MLRSM.
As mentioned in Sec. I, due to the presence of the parity
symmetry between the scalar fields / and r, one needs to
distinguish the phase transitions in our model from
the simple Z, symmetry breaking scenarios. The finite
temperature effective potential V4 in Eq. (14) demon-
strates a phase transition from the parity symmetric
vg = vy, = 0 state at high temperature to the parity violat-
ing vg = vg(T) # v, =0o0rv;, = v, (T) # vg = O state at
low temperature. Numerically vgx(T) = v, (T) due to the
left-right symmetry. This transition occurs at a critical
temperature 7. at which the parity symmetric and parity
violating minima are degenerate. Generically, phase

transitions are of two types: first or second-order, depend-
ing on whether there is a potential barrier between the
parity-symmetric and parity-violating minima at T, i.e.
they differ in the sense that the transition of the global
minimum from the parity symmetric to the parity violating
one is discontinuous in case of first-order whereas in
second-order, the shift is continuous. It is found that the
phase transition is strong first-order for small values of the
quartic coupling p; < 0.3-0.4. For the left-right case, this
classification needs to be modified for two different
reasons: finite causal horizon in the early Universe
[42,69], and the fact that there are two fields A; and Ay
obeying a potential symmetric under A; <> Ap. We may
thus identify two possibilities:

(i) SOPT with two degenerate fields: The dynamics of
this phase transition is the well known case dis-
cussed originally in [42], but with a difference due to
the presence of two fields. We recapitulate the
Kibble mechanism here briefly. A generic SOPT
with a real scalar field and a Z, symmetric potential
as in Eq. (13) is characterized by fluctuation length
E=1/m, = (v/2pin)~', the inverse mass of the
Higgs degree of freedom r. However, the phase
transition can be considered to have ended only after
the temperature drops below the Ginzburg tempera-
ture corresponding to the correlation length &5

g =7— (19)
This is determined by the condition that

EA Ve =Tg (20)

which defines T implicitly, where A V. is the
difference between free energy density before and
after the phase transition. In the early Universe, this
length is further restricted by the condition that the
correlation length cannot be diverging faster than the
speed of light, which then implies that the relevant
correlation length is [42]

Mp 173
(r:ausal = g(T )szz (21)

where ¢(T.) is the relativistic degree of freedom at
T.. In our model g(T.) = 134. But in our case, to
this generic Z, symmetry breaking scenario gets
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added the feature of the left-right symmetric model
that there are two fields A; and Ay with identical
dynamics. For the MLRSM potential in (12)
with 4 degenerate minima, we will show in Sec. IV

are the conformal and cosmic time. So, we take
domain sizes limited by the causal horizon as the
initial configuration for numerical simulation of
domain wall evolution.

that the properties of SOPT depends on m, defined (i)) FOPT with two degenerate fields: The second
in (44) rather than m, where 6 = tan~' (). Thus we possibility arises if the theory is governed by a
take the expression for the maximum correlation set of parameters that signals an FOPT as a local
length to be field theory. It is customary to study such phase
transitions by invoking the scenario of spontaneous
M 1/3 formation of bubbles of true vacuum by a tunneling
Ecausal = (7131) . (22) mechanism. The endpoint of such a mechanism is a
V(T )mgT2 homogeneous medium with no domain walls. How-
ever due the presence of two fields A; and Ag, the
These fields A;, Ay are complex scalars and it is final stages of such a phase transition adds a new
more appropriate to consider the fate of their subtlety. Above the critical temperature characteriz-
modulus values. The energetics dictate that only ing the FOPT, both the fields have zero VEV.
one of the two moduli have nonzero VEV. The However when the nucleation of bubbles becomes
domains are therefore a consequence of regions with possible, the latter can be of two types, they can be
A, having nontrivial VEV giving way to regions bubbles with either v; # 0 or v; # 0. Now as in the
with nontrivial VEV of A, and vice versa. usual FOPT, the bubbles grow and merge. However,
These considerations imply that as the correlation as sketched in Fig. 2, after the merger of the same
length reaches its maximum value, uncorrelated type of vacua, there will arise a residual network of
regions with either v; #0 or vg # 0 are allowed frustrated domain walls characterized either by
to develop, with domain walls forming between vy, # 0 or vy # 0. The length scale of such domains
them. Thus .., can be considered to provide the is not constrained by the causal horizon in contrast to

maximum scale of domain sizes just below the the case of SOPT.
temperature 7. We find that &, is larger than Using the tunneling probability formula in terms of
the causal horizon size ~t or even Hubble horizon the bounce solution, one introduces a timescale:
~t at temperatures under consideration, where 7, t inverse duration of a phase transition [see Eq. (31)]

False vacuum
Domam Wall

False vacuum

@@

FIG. 2. Cartoon explaining the emergence of residual domain walls after FOPT in the case of two degenerate fields such as in the left-
right symmetric model. The symmetric false vacuum can be destabilized by the spontaneous formation of bubbles of either L type
vacuum with v; = 0 and v # 0 or R type with vp = 0 and v; # 0. The domain wall sketched with dotted lines eventually emerges as
the bubbles of the same vacua merge to form large homogeneous domains.
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p. So long as # = H, a sufficient number of bubbles
will be formed so that they can percolate [36,70].
However, the percolation can be either among the
leftlike or the rightlike phases. Where the two
percolated regions meet, there is a domain wall, until
the whole Universe is filled with a frustrated network
of domain walls. In the absence of any other scales, it
is reasonable to assume that over scales greater than
the causal horizon, the next near neighbor domain can
randomly be in the same or the other vacuum. This
can lead to a frustrated network of scale larger than
the causal horizon by a factor O(1) though not much
large. For a space filling network of irregular poly-
hedrons with an average of S faces for each of the
polyhedrons, we may assume average enhancement
by a factor /S due to merger with an average of S/2
near neighbors. The particle physics model, there-
fore, needs to contain a mechanism for a slow
disintegration of these residual walls to not conflict
with late cosmology.

The subsequent evolution of these residual domain
walls depends on the bias between the two types of
approximately degenerate vacua. Finally, the false
domains will shrink out of existence according to the
bias, producing GWs from the late time evolution of
the decay of these domain walls. Thus in addition to
the spontaneous bubbles of the usual FOPT, we get a
contribution from the evolution of disintegrating DW,
of the type similar to the SOPT case. Since the two
epochs are well separated in time we can calculate
each contribution individually.

As we discussed, domain walls are produced in both
cases, whether the parameters of the theory signals SOPT or
FOPT. In subsequent sections, we shall develop the theory
of these two cases in detail.

D. Acceptable parameter ranges

For evaluating the potential given in Eq. (14) and to see
what type of phase transitions take place, we need to
investigate the ground state of the potential by minimizing
it, assuming different values of the model parameters.
Utilizing the Z, symmetry, we need to consider only one
of the 4 VEV directions for this task, so we choose positive r
direction and set [ = 0. LRSM is very constrained in terms
of realization and parameters. In [65], it was mentioned that
in the triplet model, the only option which yields observable
extra gauge and Higgs bosons without fine tuning of the
VEV seesaw relation given in Eq. (10) is to set the 5; Higgs
couplings to 0 so that one of the VEVs, v; or vy can be
made 0. On the other hand, in [52,71], a set of theoretical
requirements such as perturbativity limits, unitarity and
vacuum stability conditions and correct vacuum criteria
along with experimental limits from the LHC are consid-
ered. We agree with their analysis and consider the param-
eter space for our model from these two papers:

v=246GeV, vz€[10%10%GeV, tanf=tan10~>
W=0.13, A=0, is€[0.5], A=0

p1E€[0.0.5], p€[0,5]. ps€[L5]. py=0

a; =0, @,€[0,0.5], a3€[0,5]

Pr=Pr=pP3=0 (23)

We randomly generate sample points within these limits
and check for the global minima of the potential in Eq. (14)
numerically using Mathematica’s NMinimize function as
well as using CosmoTransitions [ 72] and match the two results.
We look for both strong FOPT and SOPT in CosmoTransitions
and Mathematica. A continuous transition VEV from r = 0
at high temperature to r = vg(T) at low temperature would
imply a second-order or a cross-over phase transition
whereas a barrier between two minima at the critical
temperature would imply a first-order phase transition.
Out of all the samples, we take 3 of the SOPT as benchmark
points BP1, BP2, BP3 given in Table I with energy scales
n = 10*10°,10° GeV respectively for the GW consider-
ations from domain wall decay. In case of FOPT also, we
choose 3 benchmark points named BPF1, BPF2, BPF3
given in Table I for calculating the critical bubble profile in
CosmoTransitions and using it to calculate the relevant GW
parameters in Mathematica as will be described in Sec. III.

III. GRAVITATIONAL WAVES FROM FIRST
ORDER PHASE TRANSITION

We begin with studying the contributions to the GW
spectrum from a standard FOPT for the relevant benchmark
points of our model. As discussed in Sec. II C, the bubble
formation and mutual collisions will leave behind two-field
domain walls of the type discussed in [43,44]. These should
disintegrate on their own, giving an additional contribution
to the GW. This section is devoted to studying only the
FOPT type contribution. After we study the contribution
from the disintegrating DW in a subsequent section we
shall return to put together the full story of the case of a
theory with parameters signalling FOPT.

For pursuing the FOPT contributions, it will suffice to
consider only the positive VEV of field r and ignore /. The
phase transition begins with the usual spontaneous bubble
formation and mutual collisions but toward the end, leaves
behind two-field domain walls of the type discussed
in [43,44]. These should disintegrate on their own, giving
an additional contribution to the GW. Gravitational wave
spectrum from FOPT is characterized mainly by two
parameters a and f3, corresponding to the strength of the
phase transition and the inverse rate of tunneling. In this
section, we will give relevant definitions of these two
parameters and speculate the observability of the GW
spectrum for typical values for them. First order phase
transition (FOPT) takes place through the nucleation
of bubbles within which r takes the true VEV, vg(T).
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The field r tunnels from a metastable state v (7) = 0 to the
stable ground state vg(T) # O considering enough super-
cooling. These bubbles are spherically symmetric bounce
solutions [73]. After nucleation, these bubbles of true VEV
expand through the plasma in the expanding metastable
Universe, and depending on the strength of interaction of
the bubble wall with the plasma, either the bubble walls
accelerate to attain a terminal velocity before collisions take
place (nonrunaway scenario in plasma) [74], or they keep
accelerating without bound to reach approximately the
speed of light (runaway scenario) [74—77]. There is a third
scenario for superstrong phase transitions, where plasma
effects can be ignored and they attain speed of light
(runaway in vacuum) [74]. The nucleation rate of bubbles
at temperature 7 is given by [45,46,52,78],

3
2 -

(T) = T <%> &S (T)/T (24)

where S3(7) is the three-dimensional Euclidean action
evaluated for the bounce solution which is obtained by
solving the equation of motion,

d*r 2dr _ dVe(r.7)

dx?  xdx dr (25)
with boundary conditions dr/dx = 0atx = 0and r — O as
x — oo where x denotes the 3D radial coordinate. We use
CosmoTransitions to solve this equation and to get the critical
bubble profile r(x). Once the profile is known we can
calculate S3(7') by,

Sy(T) = 4 A ” dxx? B <%>2 FVo(r(), T)] (26)

Next, the nucleation temperature 7, is the temperature at
which there’s at least one bubble created per horizon
volume,

T.dT T(T)
A TH(T)‘*_I (27)

where the Hubble parameter is given by,

prad(T) +pvac(T) 1 7.[2

(28)

H(T)?

with g, = 134 is the relativistic degrees of freedom for our
model and M, = 2.435 x 10'® GeV is the reduced
Planck Mass. Vacuum energy density p,,.(7T) is calculated
from AV(T) := V(0,T) — Vg (vg(T), T). The condition
(27) can be approximated by I'(T') ~ H(T)* and assuming
['(T) ~ T*e=5(T)/T and radiation domination, i.e., H(T) ~
1.66,/9.T%/3Mp; with Mp = 1.22 x 10" GeV, we get,

ST 1.66./3.T,
$500) | 4106 20VIT0 00 130 (20)
T, Mp,

for g, = 134 and T, ~ 10° — 10* GeV. Once we have T,
we can define the parameters [50,79],

- prad(Tn)

1 T, 0AV(T)
AV(T,) -2
< VT =3 %7

) o

which characterizes the strength of the FOPT; and the
inverse duration of the transition given by,

d(S5/T)

ﬁ:H(Tn)Tn ' dr

(31)

T=T,
For strong FOPT, the typical values for these two
parameters for our model are, a€[0.001,0.1] and
p/H,€[10%,10%] [71] where H, = H(T,). Alternatively
the condition vgx(T,)/T. > 1 where vg(T) is the temper-
ature dependent VEV of the field r is also used to
characterize a strong FOPT. As mentioned in Sec. IIC
this condition is satisfied primarily for a small value of
p1 [52]. Therefore, in Table I, we take three benchmark
points BPF1, BPF2, and BPF3 with small p; values which
signals strong FOPT, which we will use to plot the GW
spectrum. Apart from the critical and nucleation temper-
ature it is necessary to estimate the percolation temperature
T,, defined as the temperature at which a significant
portion of the Hubble volume is attains true vacuum and
percolation takes place, and make sure that it is not far from
the nucleation temperature. Following [51], we calculate
the percolation temperature by defining the probability of a
point still in false vacuum at temperature 7 to be P(T) =
e~!") where I(T) is the volume of true vacuum per unit
comoving volume given by [80],

=5 [ o ([ am) @

which under the assumption H(T) ~ \/3}\4 ”j/‘g—'(‘;_* T? takes
pl

the form,

4r V30\* [T T(T) T\?3
I(T)=— (V3 dr’ 1-=).
SR (fMplwg—*) /T T ( T')

The percolation temperature is calculated using I(T,) =
0.34 [81]. As long as T, is of the same order as T, we can
assume that bubbles nucleated at 7', will percolate and take
T, to be the proxy for temperature in the calculation of «
and p. The results of our calculations for the 3 benchmark
points BPF1, BPF2, BPF3 are shown in Table II.
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Now, there are three sources of GWs in case of a first-
order phase transition; (i) bubble wall collision [82],
(i1)) sound waves [83], and (iii) magnetohydrodynamic
(MHD) turbulence [84]. The spherical symmetry of the
nucleated bubble is broken when the bubbles collide, which
is the basic requirement for GW production. Thus, the total
GW spectrum is given by,

thGW = hzgr + hzgsw + hzgturb (34)

The first term is the contribution from bubble collisions
which can be calculated from the field evolution. The
second and third terms are the sound wave. In order to
calculate the contributions from each of these three sources,
we need to distinguish between the three scenarios men-
tioned above, namely nonrunaway, runaway and runaway
in vacuum. To do this we compare our « parameter with the
0 parameter [74] and found that « is always smaller than
a4, Which corresponds to the nonrunaway scenario. In this
scenario the bubble walls expand for enough time to attain
terminal velocity before collisions. Therefore the contri-
bution to GW spectrum from collisions is negligible
compared to the contribution from sound waves and
turbulences. This is because the energy released in colli-
sions comes from the gradient of the field r which scales as
the surface area of the bubble, while the energy from sound
waves and turbulences come from the bulk of the plasma
which scale as the volume.

A. Sound waves

The movement of the DWs through the plasma creates
pressure waves in the plasma. The contribution of such
sound waves to GW is given from numerical fit [3,85,86],

(H\ [ kg \2[/100\3
W20, (f) = 2.65 x 10 6<7) (1 +a> <g* )

o) gmy) T

where v,, is the wall velocity which we assume as [87],

AV(T .
M, if
@Prad

1, otherwise

AV (Tn)
— 2 Uy
APrad

(36)

vy, =

A/22
where v; is the Jouguet velocity, v; = \%% The

efficiency factor kg, is given by [74,88],
a 1 o
000 VAt i Vw2 5

6.9a vf'v/ 5

- 7w ] a
1.36-0.037/a+a’ if v, <o

where,

136 — 0.037/a+a ]5°

o = 38
"= 16.9(0.73 + 0.083v/a + a) (38)
_ _ 1 . .
Lastly the factor T =1 —\/m is a suppression

factor dependent on lifetime of sound waves 7, [86]. It

can be parametrized by writing 7, ~R,/U r» where

R, = (87)"3v,/p and U; = /3k.,a/4 represents mean

bubble distance and root-mean-squared fluid velocity [89].
The peak frequency is given by,

1.9 % 107 ( T, 9.\
S (L Hz. (39
Sow . <H) <100 GeV> <100) z (%)

B. MHD turbulence

Turbulent motion of the fully ionized plasma also
contributes to the GW spectrum, modeled by [3,90,91],

H,\ [Kkypa\? (100 /3
h2Q =335 x 1074 = ) (=
turb(f) X <ﬁ ) <1 +a g*

N (f/fturb)3
"L (f/ fum))F (1 + 82f/h)

where xy, = 0.05x,4 [74] and,

T g 1/6
—165x10( V(L) " Hz (41
h, = 16510 (100Gev><100> 2 (41)

The peak frequency is given by,

27x1075 [ p T, g \4
fturb - v, (H_*) (7100 GCV) (r.o) Hz. (42)

We now summarize the results from all the above-listed
contributions. Figure 3 shows the GW spectrum from
FOPT for the three benchmark points BPF1, BPF2,
BPF3 with different vy, as given in Table I along with
the power-law-integrated sensitivity curves (PLISC) of
different gravitational wave experiments [88]. Instead of
doing the traditional signal-to-noise ratio (SNR) calculation
of each signal against the noise profile of each experiment
to infer about the detectability of the signal [92-94], we
simply use the PLISCs to qualitatively state whether the
signal will be detectable or not in the future. A PLIS curve
is calculated from the noise profile of the experiment by
considering the threshold SNR for the experiment. The
PLISCs given here are calculated assuming the threshold to
be 1 and observation time to be 1 year for interferometers
and 20 years for PTA experiments. Generally signal
spectrum £, is said to be detectable in an experiment
if the SNR for the signal is larger than the threshold SNR
for the experiment. But PLISCs provide a qualitative direct
graphical interpretation on the signal detectability without

043016-9



Z.A. BORBORUAH and U. A. YAINIK

PHYS. REV. D 110, 043016 (2024)

1077
10-10
10-13

GU‘ 10-16
10-10

10722

10725 .
1074

104

1072 10° 102
Frequency at the present time (Hz)

FIG. 3. Contribution to the GW spectrum from FOPT
bubble dynamics alone for BPF1, BPF2, BPF3 with vz =
10*,10%, 10° GeV respectively given in Table I, as would be
seen today. The colored regions and lines correspond to power-
law-integrated-sensitivities [88] of different experiments.

actually calculating the SNR. A signal will be observable if
Qqignal (f) > Qpris(f) for some f. We see that the peak of
BPF1 and BPF2 are within the PLIS curve of BBO and
DECIGO whereas BPF3 peak is outside the PLIS curves of
any of these experiments. Therefore we conclude that the
signals from BPF1 and BPF2 will be observable in BBO
and DECIGO assuming a threshold SNR of 1 in both, while
BPF3 will not be observed. In Fig. 4, we show GW peaks
for typical values of a and f/H, obtained from our model
with different 7,, and color code them depending on
whether these peaks lie within the PLIS curve of any of
these experiments. The red dots correspond to observable
peaks whereas the blue dots represent peaks outside the
range of BBO, DECIGO, CE, ET, and LISA. We see that
for energy 10° GeV it is a lot difficult to get detectable
peak, which is verified by us while scanning the model
parameter space to find benchmark points.

Note that we did not use the peak-integrated sensitivity
curves (PISC)s here which also encode the SNR information

of the signal, because PISCs are not available for the PTA
experiments. This concludes our discussion of the contribu-
tion to the GW from FOPT bubble dynamics.

IV. GRAVITATIONAL WAVES FROM TWO-FIELD
SECOND ORDER PHASE TRANSITION

As discussed in Secs. I and I C, in left-right symmetric
models, a second order phase transition (SOPT) can
produce gravitational waves via annihilating domain walls
that separates left and rightlike domains. Such domain
walls also arise at the end of a first-order phase transition
(FOPT), where left and rightlike bubbles come into contact
(see Fig. 2). In this section we will discuss the GW
spectrum from disintegrating domain walls in case of an
SOPT. First, we will briefly describe the nontrivial axion-
like domain wall solutions in MLRSM and then dive into
the methods used for numerical simulation. Finally we
compare our simulation results with existing formulas for
GW spectrum from Z, and axionic domain walls.

A. Axionlike domain walls in MLRSM

First let us look into the mathematical structure of
domain walls in MLRSM. Defining [ = vysin0,r =
vy cos @ [95], with v, standing for 8% or 8 of Eq. (12),
we can redefine the tree level potential in Eq. (12) as,

(7

This potential has degenerate minima at the points
(v9/V/2,0) = (n,nx/2) with n=us3/\/p1 and saddle
points at (2u3/(2p; + p3),nn/2 + n/4), where n =
0,1,2,... etc. The effective potential respects the Z,
symmetry of the tree level potential as seen in Sec. II B.
It is sufficient to consider only the first quadrant of the /-r

4

32

2

2

YoP1
2

e

V(vg,0) = 3
(43)

5 (p3 = 2p1)(1 = cos 46) +

Tn = 104 GeV Tn = 105 GeV Tn = 106 GeV
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FIG. 4. Strength of GW peak for different values of a and #/H, for T,, = 10*,10°, 10° GeV. Red dots signify unobservable peaks in
BBO, DECIGO, CE, ET, and LISA whereas blue dots implies observable signal.
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plane which corresponds to 6 € [0, z/2], i.e., the Universe
cools down to either § = 0 or 6 = 7/2 phase in causally
disconnected regions. The regions with 6 =0 or z/2
corresponds to (I,r) = (0,17) or (n,0) which we call
rightlike (R-like) or leftlike (L-like) domains.

It is not possible to find a general exact analytical
solutions for the above potential but for small p; — 2p,
we can fix vy ~#n and the above potential is similar to
axionlike potential with Npw = 4 [96] with a mass term of
the “axion” like field € given by,

-2
My = N /%_ (44)

Then the Lagrangian takes the form,

[::

|,

(0,0)> = V(0). (45)

The classical equation of motion for this Lagrangian in
Minkowski metric gives an approximate static solitonic
solution, a domain wall perpendicular to z-axis positioned
at 7o [95,96],

0(z) = tan~'exp(my(z — z9)). (46)

This is also called a “kink” solution and each domain wall
separates two nearby vacua. The domain wall width can be
approximated as the inverse of the mass term,

Owail ~ Ny L (47)

The domain wall has a surface tension, given by,

2

o m
Owall Z/ dzpy = ;’7 (48)

where p, = % |VO|?> + V(0) is the static energy density of
the field 6. We will assume this approximate profile of the
domain wall to be true for ranges of parameters that we
consider here. The [ and r profiles are then given by

[ = nsin@ = ne™ ) //1 4 ¢?(:=%) and r = ycos @ =

1 + ¢2m0(z=%) In Fig. 5, we show the kink solution
for n =my =1, zy = 30.

B. The scaling regime of domain wall dynamics

After production, the domain walls evolve in the
expanding Universe according to the Klein-Gordon equa-
tions of motion of the scalar fields given in Eq. (58). An
important feature of domain wall evolution without bias is
the era of scaling when the characteristic length scales like
the radius of curvature of domain walls or domain size is
comparable to the Hubble radius,

1.5
- 1.0
o
=
°
® 0.5
0.0
20 25 30 35 40
z
FIG. 5. The approximate domain wall profile for

n=my=1,z9 = 30. The black solid line shows the angle
0(z) which changes from O to z/2 across the wall. The blue
and the green lines represents the fields r and [ respectively that
changes from 0 to the VEV 5 across the wall.

R~H ' ~1. (49)

This phase of evolution is found both numerically [97-102]
and analytically [103—105] in the literature, and it corresponds
to “at least one domain wall per horizon” scenario. While
in the scaling regime, the energy density of the domain walls is
given by,

Owall Swall

Pwall ~ WHi_;N ~ Oy R* /R ~ 0/t (50)
with o,y given in Eq. (48) and S, is the wall area within one
Hubble horizon. Numerically the scaling regime can be
verified by estimating Sy, from the comoving area within
the simulation box averaged over the lattice volume,

a(t)Syan
H;3

AV x « 71?77 (51)
where 7 is the conformal time. We calculate this quantity from
the simulation box using the method described in Appendix B
7. We define the proportionality constant A of Eq. (51) by,

AV = A<1> - (52)

Ti

where 7; is the initial conformal time of evolution. For simple
models with Z, symmetric potential, the authors of [55] have
estimated the value of 4 to be ~0.8 & 0.1. They have also
shown that for axionlike potential, .A increases a little with
Npw [96]. We will calculate this parameter from our model by
simulating domain wall evolution in a 3D lattice in Sec. IV D.

C. Effect of a bias

An unbiased domain wall is stable and after scaling with
the expanding Universe, eventually it dominates the energy
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density of the Universe, which is in conflict with standard
cosmology. As discussed in Sec. II C, in both the SOPT and
FOPT case, frustrated domain walls are produced which
need to move under the vacuum pressure difference
between the true and the false vacua such that they
annihilate and vanish after some time. This can be achieved
by adding a small parity violating term in the tree potential.
Effective field theory suggests the lowest order such terms
at dimension six level [53,106-108],

fr IR
Vbias = pﬁ +pr6 (53)

where A is a cutoff scale, generically the Planck scale M,
but could be the unification or an intermediate scale in a
GUT scenario. The dimensionless parameters f;, fp are
expected to be < 1. It introduces an energy difference
between the L and the R minima 6V = en®/A> where
€ = (fr — fr), which in turn exerts a vacuum pressure
on the domain wall py, ~ §V. The pressure difference should
be large enough to make the walls disappear before DWs
start dominating the energy density of the Universe. In
scaling regime (see Sec. [V B), the decay time is estimated as
the epoch when the pressure due to surface tension py ~
Owa/t becomes comparable to the volume pressure py,

2
mgl]

~ 4
Tdec 1V (5 )

However, the requirement of percolation of both types of
vacuum means that the energy difference cannot be
arbitrarily large. The ratio of the percolation probabilities
is given by p. /p_ =~ e*V/n"" [35], which gives an upper
bound on the bias §V < —%log [(P+/P=)min)- In a 3D
cubic lattice, if the probability of attaining a vacuum p . is
greater than a critical value p. = 0.311, then infinite
clusters of the vacuum can form [109]. Assuming p, =
0.311 and p_ =1-0.311 = 0.689 we get,

8V <0.2p1. (55)
On the other hand, requirements for the scaling solution
gives another bound [110],
4

men
M

8V < 03\/g; (56)

pl

where g, is the number of relativistic degrees of freedom at
transition temperature 7. and My, is the Planck mass.
However, if domain walls keep scaling for a long time,
eventually they dominate the energy density of the Universe.
Requiring that the walls decay before they dominate the
energy density, we get a lower bound on the bias [110],

877,' mg 2
oV > — [ —+ 4, 57
> ¥ (M) . (57)

D. Numerical simulation of domain wall evolution:
Equations of motion

In the following subsections, we summarize the methods
used to simulate domain wall evolution in MLRSM and
calculate the GW spectrum. Detailed overview of the
simulation techniques is given in Appendix B. We compare
the outcome of our simulations with the existing results for
domain walls from generic Z, symmetry breaking [54,55]
or string-wall network from Peccei-Quinn type symmetry
breaking [96].

We consider the tree level potential as in Eq. (12) to
simulate domain wall decay. Domain walls from LRSM
potential with two real fields has not been simulated before
as per our knowledge. Note that we are not interested in the
formation mechanism of the domain walls but only the late
time evolution. We assume that a frustrated network of
domain walls has already formed at the beginning of our
simulation. Also we perform our simulation without bias in
order to test the scaling solutions (see Sec. IV B). Since our
simulation time is limited, we need very large biases to
make the walls decay within the limited time. But GW
detectability dictates small biases. Putting a large bias in the
simulation makes the walls deviate from scaling. Therefore
we simulate unbiased walls and assume that after scaling
till time #, domain walls suddenly vanish and calculate the
required bias 6V for this to happen using Eq. (54) by
equating ¢ with #,4... The Klein-Gordon equations in FLRW
metric are given as [96,111],

.. . V2 oV
|+3HI——I1+—=0
+ a? + ol
V2 oV
F+3Hi——r+—=0 (58)
a or

where dot denotes derivative with respect to t and a = a(¢)
is the scale factor. This equation also describes the
evolution of domain walls.

In Fig. 6, the evolution of the unbiased domain wall
network is shown for p; = 0.1 and p; = 1.7 with initial
domain sizes of O(1) (in terms of #~!). Small domain walls
of size O(1) seems to uniformly cover the whole space
within the box of size 50 initially. With time, the Hubble
horizon increases within the box and the domains expand
with it. It can be seen that still some small domain walls are
formed at later time due to random fluctuations of the
fields, which shrink and annihilate while large walls expand
in order to maintain the scaling solutions. The walls enter
the scaling regime discussed in Sec. IVB at around
conformal time z/7; ~4 where 7; = 2 is the initial con-
formal time of our simulation.

For MLRSM, we calculate A and { by fitting them in the
plot of log of area density vs log of z. We calculate
the comoving area density A/V of the domain walls within
the simulation box at different times and plot in Fig. 7 for
several runs. The area density calculation method is
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..@&

FIG. 6. Evolution of unbiased domain walls from initial domain sizes comparable to Hubble horizon. We see that wall segments of
different sizes emerge with time and small sized walls shrink while larger walls expand in a way that maintains the scaling behavior.
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1071

Area / Volume

100 10!
T/T;

FIG. 7. Comoving area density with time for several runs. We
see that the walls enter scaling regime around z/7; ~ 4 or 8 for
different cases. The black fitted lines represent, A/V =
A(z/z;)~" with A ranging from 0.38 to 0.7. The shaded regions
are where we obtain scaling solutions for different initial
conditions of the fields / and r.

described in Appendix B 7. In logarithmic scales, we see
that around 7/7; ~ 4 or 8, the domain walls enter scaling
regime, where we fit A and ¢ in Eq. (52). Due to small size
of lattice we took, we obtain some deviations from exact
scaling solutions in many runs. A source of this deviation
could be the dependence on initial domain sizes since we
observed that bigger initial domain sizes O(10) results in
more deviation from scaling, while domains of initial size

|

2ﬂ2G/ a’k 1
Pew = (27} 2

where we have used approximations for kz > 1,

J,(kt) > ”(ir) (kr ”2” g)

comparable to Hubble, O(1) exhibit exact scaling behavior
or small deviations. A proper study of deviation from
scaling for MLRSM potential or other potential, based on
initial domain wall size is of general interest and beyond the
scope of this article and is left for a future work. In Fig. 7,
the black fitted lines represent Eq. (52) with A ranging
from 0.38 to 0.7 and { = —1. The reason of smaller A
compared to 0.8 could be again dependence on initial
conditions or the non trivial structure of the potential of
MLRSM. For further analysis, we take A ~ 0.6 which is the
most common value we obtained from our simulations.

E. Numerical simulation of domain wall evolution:
Calculation of gravitational waves spectrum

The evolution of domain walls and subsequent annihi-
lation produces gravitational waves that we can calculate
from our simulated fields. We use the notation of [54] and
in Appendix B we summarize the methodology of the
calculation, which utilizes the Green’s function method.
The energy density of GW is given by Eq. (B36). Replacing
the ensemble average by an average over the volume of the
comoving box, we obtain,

I 1 &’k
3272Ga*V | (2x)* Y

P = (e R (k) (59)

Substituting the form of h from Egs. (B34) and (B35),
up to first order of aH, we obtam,

7 {M.dexl\/;“(xl) T k‘ ‘/ dx'v/Ya(x)] (’)TlTjT(f/,k)‘z} (60)

N, (kz) — %sm (kr ”2” %) (61)

and averaged over a period of oscillation of 4, (7, k) with time. The fraction of energy density of GWs given by Eq. (B37)

becomes,
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2G2k

ek 1) = 35005707

koxZ{‘/ dx'Vx'a(x'

where €, is a unit vector representing the direction of k and
dQy = dcos 0,dg;. The TT part of the stress-energy tensor
is computed by applying the projection operator in the
momentum space,

TTT(T k)= Ajj kl(i{)Tij(Tv k)
= AL DAL N} k) (63)
Nyaal®) = PRy (R) = 3 Py RIPG(R)  (64)
P;;(k) = 8, — kik; (65)

where k = k/|k|, and {,(l. r)d,(I, r)}(z. k) is the Fourier
transform of 9;/(z, x)0,l(z, X) + 0yr(z, X)0;r(z, X).

We present further details about the simulation setup and
initial field configurations in Appendix B. Here we briefly
summarize the interpretations from the GW spectrum. We
calculate the GW amplitude using Eq. (62) from our
simulation box, and normalize it by,

pZW - 3r

M=)

Gt (66)

where pf = Gi® is the energy density of a source of
characteristic scale # estimated from Quadrupole approxi-
mation, and p(t;) = 3H*(t;)/87G = 3/°*/8xG is the
critical energy density at the initial time. We show a
representative plot of GW spectra for Hubble sized
domains calculated numerically from the simulation box
in Fig. 8. The horizontal axis is the amplitude of the
comoving wave vector. It is related to the frequency as in
Eq. (B38). Other plots for different values of p; and p; as
well as different initial domain sizes along with careful
interpretation of them are given in details in Appendix B 9.
Here we list down the key inferences for the GW spectrum,

(1) The peak of the GW spectrum occurs at frequency
corresponding to the Hubble radius at the time of
GW production, which is redshifted to the value we
see today.

(2) Above the peak frequency, the amplitude of the
spectrum has an approximate f~! dependence on
frequency f.

(3) Below the peak frequency, it is difficult to gauge the
frequency dependence of the GW spectrum due to
limitations of numerical integration as described in
Appendix B9. Therefore an f? dependence is
assumed from causality requirements [83].

N, ()T (

2+‘/Xix'fdx’\/)7a( N ()T, k)‘z}

(62)

Before giving the final GW spectrum, we need to
calculate the peak amplitude of the spectrum. In [55], a
semianalytical approach is used to match the magnitude of
GW radiation, computed from simulations with that form
theoretical expectations. The dominant contribution to the
GW spectrum is expected to come from changing quadru-
pole moment of the domain walls. With this assumption,
the authors of [55] have introduced an efficiency parameter
€, defined as,

377H2M4

|*
_ gW peak
& 8A%62

(67)

wall

that relates the calculated amplitude with analytical esti-
mation from quadrupole moment. Here H, and €,,, |;;eak are
the Hubble parameter and the peak GW amplitude at time
of decay 4. = .. It is shown that &, ~0.7 for a ¢*
potential with Z, symmetry. We will simply assume that in
our case also it will not vary much from this value and
take &g, ~ 1.

With these results, finally we compare our interpretation
with literature and present the GW spectra from SOPT
in MLRSM.

N =256,b=50,01 =0.1, p3 =1, tes~ 61

7
10 —— —— ——

—— tgec = 31
s tgee = 41
"""""" tgec = 51
— = tgec = 61
***** tgec = 91
= tgec = 131
tgec = 151
)= Qgux K3

/
f -1
N e Qg xk
\_/ w

FIG. 8. Normalized GW spectra as a function of comoving
wavenumber for a sample run with initial domain wall size ~1
with error bars ~o/+/N. A straight segment fit with black dashed
lines is made to the ¢~ 1. ~61 curve. All the physically
acceptable curves lie below this as explained in text. The peak
is seen to be at the expected location k ~ k; ~ 0(0.4-0.5),
corresponding to the Hubble radius for 7 ~ 61.
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F. Final spectrum as seen today

In summary, considering the remarks made in the
previous subsection regarding the spectrum from simula-
tions, we conclude that our results match with the results
from [55,112] with A ~ 0.6 and €gw ~ 1 for our model. The
GW spectrum that was produced during the decay time of
the domain walls, redshifts till today before we see it. We
use the same general formulas as given in [55,112] for the
GW spectrum generated at arbitrary scale with arbitrary
bias, as seen today after red-shifting, given by,

10.75\ /3
nghz(to)peak ~520x 10720 x égWA4< p )
Owall 4 1M6V4 2
68
x (1 TeV3) ( 5V (68)
1 TeV3\ /2 oV 1/2

~3.99 x 107°24-1/2 H
e ) A < Owall ) <1 MCV4> g

(69)

where #, denotes the present time and the numerical factors
in both the equations account for the red-shifting. Here g, is
the relativistic degrees of freedom at the time of the DW
decay, g, = 134 in MLRSM. The wall tension 6,y is given
in Eq. (48) and 6V = e®/A?, the bias that makes the
domain walls annihilate depends on parity breaking term
€ = f1 — fr defined in Eq. (53). The spectrum is approx-
imately given by,

fv eal
(ka) for f > f peak

QGW = QGWlpeak X £ \3 (70)
( f]-mk) for f < fpeat.

We plot the GW spectrum for different benchmark points
(as given in Table I) in Fig. 9 along with the power-
law-integrated sensitivity curves (PLISC)s of different GW
experiments [88] described in Sec. III. The 3 benchmark
points (BP1, BP2, BP3) in Fig. 9 stands for 5 =
10%,10°, 10% GeV respectively. From Fig. 9 it is clear that
these signals are detectable at the PTA experiments
assuming a threshold SNR of 1. Figure 10, shows the
GW spectrum for the right handed symmetry breaking scale
Mg =n=10°107,108,10° GeV with fixed bias € = 2.
Figure 11 shows the effect of bias on the spectrum, with the
limitation that we cannot have an arbitrarily small bias
since that will make the domain walls enter the scaling
regime and dominate the energy density of the Universe.
Figure 12 shows the spectrum for different configurations
of p; and p;. Note that the parameter p; is primarily
responsible for determining the strength of the phase

1074

1076

1078

---- NANOgrav

—-— PPTA
EPTA

~_ 10710
<
IPTA

2
&
G 10*12
F A
10714}

1071®

10-18 ] | I ] D
107 10 10° 107* 1072 10° 102
Frequency at the present time (Hz)

FIG. 9. GW spectra for benchmark points: the spectra as would
be seen today, from disintegrating DWs for BP1, BP2, BP3 with
vg = 10*,10°,10° GeV respectively and corresponding scales
A ~10'%,10'7,10'® GeV as listed in Table I. The colored regions
and lines show the power-law-integrated-sensitivities of different
experiments.

transition. Especially for bigger values of p; = 0.3,
the phase transition seems to be second order or weak
first order in nature, as can be seen in our benchmark
points.

V. GRAVITATIONAL WAVES FROM TWO-FIELD
FOPT: DOUBLY PEAKED SPECTRUM

As discussed before, the FOPT bubble contributions
need to be supplemented by the contribution from the
disintegration of the residual DWs. This leads to a two-
peaked GW spectrum expected from an FOPT in MLRSM.
In Fig. 13 we plot doubly peaked spectra from typical
strong FOPTs at different scales, for the benchmark points
(BPDs) 1, 2, 3 given in Table III. The peak on the right
corresponds to FOPT while the peak on the left corresponds
to the decay of residual domain walls. In Fig. 14 we plot the

1074

10-°
1078},
it

~_ 10710
<

E

>
C 1012

10-14f" -
— n=10°GeV
=== n=10" GeV
—-- n=10° GeV
...... n=10°GeV

10—16

10-18 /1 S | | |
107° 1077 105 1073 107! 10! 103
Frequency at the present time (Hz)

FIG. 10. GW spectra, My scale dependence: here 75 =
10,107, 10% and 10° GeV and the bias determined by € = 0.1
and cutoff scale, A = 10'® GeV. Here we have taken p; = 0.4
and p; = 1.7. The colored regions and lines show the power-law-
integrated-sensitivities of different experiments.
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FIG. 11. GW spectra, bias dependence: results for potentially

observable scale = 10° GeV and bias determined by fixing e =
0.1 and varying the cutoff scale A. The smaller the bias, the more
the amplitude. Here we have taken p; = 0.4 and p; = 1.7.

1074
10°°
BBO
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107 LisA
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< EPTA
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G 1012 SKA
— p1=01,p5=1
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10-16

—-18
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Frequency at the present time (Hz)

FIG. 12. GW spectra with variation of the quartic parameters p:
Results for representative p; and p; values. Here we have taken
n = 10° GeV and bias determined by e¢ = 0.1 and cutoff scale
A =10" GeV.

same for a high scale FOPT, n ~ 10'° GeV. It is seen from
Fig. 13 that a direct verification of FOPT is marginally
possible for low scale L-R models, whereas a high
scale case such as in Fig. 14 is beyond the reach of
currently planned experiments. We derive an analytical
formula for the frequency, f, at which the transition
from DW spectrum to FOPT spectrum takes place, by
evaluating the condition h*QEW(f) = R2QEWT(fy),
which gives,

_ f k% fsw %
ftr:5.6x104<lge_a9 o

Q. h (1, i/10710 \4
(B0
10 Qroprh

where [, 18 given by Eq. (69), f, is given by Eq. (39),
ngh2(t0)peak is given by Eq. (68) and from Eq. (35),
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107°
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10*17

10719
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107° 1077 107° 1073 107! 10t 10°
Frequency at the present time (Hz)

FIG. 13. Doubly peaked spectra from two-field FOPT followed
by domain wall disintegration. Plotted for benchmark points
BPD1, BPD2, BPD3 given in Table III corresponding to My scale
10*,10° and 10° GeV respectively. The peak resulting from
FOPT dynamics lies generally within the sensitivity of BBO and
DECIGO whereas the peak from disintegration of residual
domain walls generically occurs at low frequencies accessible
to PTA experiments for appropriate bias.
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FIG. 14. The doubly peaked spectrum similar to Fig. 13, but for
benchmark point BPD4 of Table III corresponding to My scale
10' GeV. Here the contribution from FOPT dynamics lies
beyond the currently planned experiments.

H 271 3
Qroprh®~1.87x 107 (—*) (sza> <@) v, T (72)

p)\1+a s

where we have assumed that sound waves are the only
source of the FOPT spectrum and f/f,, <1 for
simplicity.

VI. DISSOCIATING PARITY BREAKING FROM LR
SYMMETRY BREAKING

In the minimal model that we discussed so far, parity P
and LR symmetry are broken simultaneously where the
right-handed triplet A takes a high VEV whereas A; VEV
is assumed to be negligible. This assumption is based on
the fact that Standard Model is predominantly left-handed,
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and what breaks this parity is still unknown. To address this
issue, Chang et al. [7,8] described a way to dissociate parity
from LR symmetry by adding a scalar y into the particle
content, with negative parity, i.e., y — —y under D-parity
transformation. This y adds extra terms to our tree level
potential,

V,=—x* +rixt (73)

Vv

a = MyTe(A] AL — ALAR) + 7P Tr(A] A + ARAg)

(74)

Voo = 122°Tr(¢'p) + vix* (Detgp + Detgp?).  (75)

In this scenario y takes a VEV, breaking parity at My
scale before SU(2), is broken at scale M. Depending on
which minima the field y takes out of &M iy = 1,/+/271
in a region, the Universe becomes left or right-handed in
that region, subject to minimal fine-tuning. Since our
Universe is left-handed, we want the right-handed
regions/domains to vanish eventually. This can be achieved
again by making the domain walls unstable by adding a
small bias term into the y potential. If M, > Mg, the
contribution from SU(2), or SU(2), breaking within
leftlike and rightlike domains to the GW background will
be negligible compared to the contribution from the y
domain walls. Thus we can assume that this type of
dissociated high-energy parity breaking scheme can also
be responsible for detectable GW signals.

VII. CONCLUSION

We have emphasized the qualitatively different consid-
erations which arise for phase transitions when dealing with
a theory with left-right symmetry. In particular, the SOPT
case, usually not expected to leave behind any signature
indeed creates a GW signature, which should be accessible
to experiments being currently planned. If the parameter
space signals an FOPT then in fact we get two separate
peaks, one from the usual bubble wall collision dynamics
and an additional peak at much lower frequencies arising
from the residual DW that arise due to the presence of two
or more degenerate fields present in the theory. This case is
marginally accessible for low scale L-R models, Fig. 13. A
high scale case such as in Fig. 14 is beyond the reach of
currently planned experiments.

In the present study, we performed numerical simula-
tions of disintegrating domain walls in MLRSM, which is
relevant for both SOPT and FOPT, and compared our
findings with existing results on GW spectra from Z, and
axionic domain walls. We show that the domain wall
structure in MLRSM resembles axionic domain walls for
small p3 — p; values with Npw = 4 (see Fig. 5). For the
two-field domain walls of the L-R model we introduced a
bias term as in Eq. (53). Thus the My scale 5 is

Wall domination
1016 /’ 4
1014
—
>
()
Ol /) -
< 44444
— freak =109 Hz
1010 —— freak=1073 Hz
............ —— fpeak =102 Hz
—— freax =105 Hz
108
104 106 108 10%0 1012 10 106
n (Gev)
FIG. 15. Contours of constant peak frequency and amplitude in

the parameter space of 5 and A fixing e = f;, — fr = 107>, The
light red region corresponds to large biases such that domain
walls do not reach scaling regime, see Eq. (56). Light yellow
region corresponds to the case where bias is small and domain
walls dominate the energy density before they decay, see
Eq. (57). The white region is allowed. Here we have taken
p1 =04, p3=1.7, and g, = 134.

supplemented by an additional high scale A needed to
introduce the bias between the left vs. right vacua. Note that
such a bias is required in all considerations of sponta-
neously broken left-right symmetries in order to avoid
persistent domain walls [37]. Figures 15 and 16 provide the
acceptable regions in the parameter space of A and 7. They
contain the contours of peak frequency and peak amplitude
of gravitational waves spectrum from domain wall decay,
fixing € = 107> in Fig. 15 and 107! in Fig. 16. This shows
the region of the parameter space where an observable
signal is produced for fixed e value. We find that for Mp
scales 10°~10° GeV, the GW peak from domain wall
annihilation will be detectable in PTA experiments such
as NANOGrav, IPTA, EPTA etc. while for scales
> 108-10'° GeV, LISA, DECIGO, BBO, CE and ET will
be able to probe the spectrum.

In the case of an FOPT, it has been determined that
the bubbles always remain in the nonrunaway scenario.

Wall domination

/.

1018 /

1012

— ek =107 Hz

............ —— foeak=102 Hz

—— fooak=10° Hz

104 10° 108 1010 1012 104 10%¢

n (GeV)

FIG. 16. Same as Fig. 15 but for € = 0.1.
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This implies that the major contribution to the gravitational
wave (GW) spectrum arises from sound waves propagating
through the plasma. For symmetry breaking scales ranging
between 10* and 10° GeV, the peak of the GW spectra
from FOPT can potentially be detected by several upcom-
ing and planned GW observatories such as LISA,
DECIGO, BBO, CE, and ET, as illustrated in Fig. 3.
However, at the upper end of this scale, specifically for a
symmetry breaking scale of 10® GeV, the detectability of
the GW signal becomes significantly more challenging.
This is primarily due to the limited range of very small
values of the ratio f/H, (where [ is the inverse time
duration of the phase transition and H, is the Hubble
parameter at the time of the phase transition) that falls
within the sensitivity range of these detectors. This restric-
tion is depicted in Fig. 4 for 10® GeV.

While the high scale 10'° GeV as in Fig. 14 remains
beyond the reach of currently planned experiments, it is
nevertheless the lower end of the scales envisioned for
grand unification. Thus, in addition to search for the low
energy left-right model as proposed here, it remains
interesting to explore similar effects in realistic high scale
theories. The methods developed here can be applied with
suitable modification to the case of SUSY SO(10), as
considered for instance in [113] and [114], and could
motivate future experiments.
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APPENDIX A: BENCHMARK POINTS FOR SOPT AND FOPT

TABLE I. Benchmark points for SOPT denoted by BP1, BP2, BP3 and for FOPT denoted by BPF1, BPF2, BPF3.

BP1 BP2 BP3 BPF1 BPF2 BPF3
v/GeV 246 246 246 246 246 246
vp/GeV 10* 10° 106 10* 10° 106
tan 0.001 0.001 0.001 0.001 0.001 0.001
A 0.13 0.13 0.13 0.13 0.13 0.13
A 0 0 0 0 0 0
A 1.95024 0.66708 1.548816 3.452 1.3374 2.284
A 0 0 0 0 0 0
1 0.40055 0.411194 0.350746 0.0264 0.0386 0.0787
P 0.88258 0.63584 0.847746 1.0542 0.5973 0.2495
03 1.35815 1.711196 1.14436 2.6854 2.0801 3.3698
04 0 0 0 0 0 0
o 0 0 0 0 0 0
a 0.27152 0.340437 0.2123735 0 0 0
a3 0.82883 0.603991 0.09274 0.5796 0.4494 0.3537
B1as 0 0 0 0 0 0
g 0.65 0.65 0.65 0.65 0.65 0.65
9B-L 0.4324 0.4324 0.4324 0.4324 0.4324 0.4324
v, 0.95 0.95 0.95 0.95 0.95 0.95
Yy 1 1 1 0.9362 0.7875 0.9255
e=fr—fr 0.1 0.1 0.1 Not applicable Not applicable Not applicable
A/GeV 3 x 10'° 2 x 107 2x10'8 Not applicable Not applicable Not applicable
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TABLE II. Phase transition parameters calculated for the

AV(Tn)
Prad

vy implies we take v,, = 1 for BPF1 and BPF2 while for BPF3
v, = 0.391911 as in Eq. (36).

benchmark points for FOPT given in Table I. Here

BPF1 BPF2 BPF3

T./GeV 2913 28829 323004
T,/GeV 1650 21020 275040
T,/GeV 1557.2 20426 269050
vr(T.)/T. 4.37146 3.9021 3.04868
a 0.395862 0.141741 0.025492
oo 0.789406 0.334233 0.0722176
B/H, 200.641 547.352 648.779

AV(Tn) 0.927674 0.82288 0.391911

APrad
vy 0.878237 0.802155 0.692529
% 0.275777 0.303166 0.325535
TABLE III. Example benchmark points for typical strong

FOPT in MLRSM to show two peak structure in Figs. 13 and
14. Here we assumed 7', ~ 17 hence from Eq. (11), u3 ~ T2p,. The
residual domain walls annihilate under the influence of a bias 6V,
determined by ¢ = f; — fr and the cutoff scale A. Here we fix
€ = 0.1 and vary A. The resulting doubly peaked spectra are
shown in Figs. 13 and 14.

BPD1 BPD2 BPD3 BPD4
T,/GeV 104 10° 10° 1010
01 0.1 0.1 0.1 0.1
03 1.7 1.7 1.7 1.7
W3 ~Tp, 107 10° 1o 10"
a 0.1 0.1 0.1 0.1
p/H, 1000 1000 1000 1000
€ 0.1 0.1 0.1 0.1
A/GeV 2 x 100 2 x 10Y7 1.5x 10'8 10'8

APPENDIX B: MORE DETAILS ABOUT
NUMERICAL SIMULATION

1. Rescaling the field equations

There is only one energy scale in our theory, 7. We can
define all other dimensional parameters in terms of 7 to
make our equation dimensionless, e.g., t — 1, x — x5, —
In~',r = rp~! etc. We assume the evolution takes place
entirely in the radiation dominated era such that the scale
factor and the Hubble parameter have time dependence

a(t) = apt'/? (B1)

(B2)

Thus, we make them dimensionless by a — an'/%
H — Hn™'. The rescaled equation is obtained from
Eq. (58) by taking n =1,

. . V2
[+ 3H] =~ 1+ py (P = 1) +%1r2 ~0
a

2

f+3Hi’——2r+p1r(r2—1)—|—p?312r20 (B3)
a

where all the terms represent their scaled versions now.

2. Simulation setup

The simulation takes place in a cuboid of size L, = L, =
L, = b =50 (in units of '), discretized into N* = 256°
lattice points. Our simulation box is a comoving box, which
also expands with the expanding Universe. The problem
with this setup is that the dynamic range of the simulation is
limited. This is because we want our comoving box to be
bigger than the correlation length, and also want to resolve
the domain wall width, at all times during the simulation.
Domain wall width remains constant in real space, i.e.,
decreases as a(t)~! within the simulation box.

Let our physical lattice spacing be dx,y = a(t) x b/N =
a(t) x 50/256. Assuming initial time of simulation #; = 1
and setting a(#;) = 1, the ratio of domain wall width to
lattice spacing is,

5wall 7N 2 (t)—}/
Oxphy b\ p3 —2p1 \1

where y is from Eq. (B28). In our case, the entire process
occurs in the radiation dominated universe (y = 1/2), and
we choose p; = 0.4,0.1 and p; = 1.7, 1 for the simulations.
We define the maximum time of resolution to be 7, after
which the above ratio is < 1, which means that the walls are
not resolvable anymore. Table IV shows ¢, for various
combinations of p; and p; values. This limits the upper
bound on the time integral of the GW calculation in Eq. (62)
to be ¢t = t,, 1.e. we consider the source to be active from
t =1tot =t Fort > t, we will get unphysical results.
Still we perform our simulation till # = 151 to show how the
spectrum changes after 7, and plot them in Figs. 8, 17, and
18. The different plots in each figure correspond to what
upper limit we choose in GW calculation in Eq. (62).
Assuming that upper limit to be 74, we calculate the required
bias 6V from Eq. (54). Ideally ?4.. should be smaller than #,
in our simulation to obtain realistic results but we also
consider larger ¢4, and interpret the results carefully as
discussed in Appendix B 9.

(B4)

TABLE IV. Maximum time of resolution 7, (in units of 5~!)
for different configurations of p; and p; considered here. Beyond
tes» domain walls are not resolvable.

P3 P1 Tres
1.7 0.1 31
1.7 0.4 51
1 0.1 61
1 0.4 261
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FIG. 17. Same as Fig. 8 but for different parameters. All of them start with dominant initial domain sizes comparable to initial Hubble
size ~1 (in units of #~!). The black straight segments are fitted at ¢ = f,., in (a)-(c) while in (d) t,., = 261 which is larger than the

maximum simulation time we took.

The correlation length determines the maximal initial
size of the domains, provided it is smaller than the causal
horizon. Assuming my and T, to be of the order of 7,
dimensionally we can find Zeuga /7" ~ (52)'°, which is
around 10 for 7 = 10'® GeV and 1000 for = 10'° GeV,
i.e., correlation length is larger than causal horizon. So we
take causal horizon to be the initial size of the domains
which is O(1) in units of #~!. But in addition we perform
simulations with different initial sizes of domains upto
O(10) just to check the effect of initial domain size on
scaling properties of domain walls. Below we list down the
steps of calculating the spectrum numerically from field
simulations.
Spectrum calculation procedure:
(1) Simulate the fields for a specific time step to
obtain I(z,x), (7, X).

(2) Calculate {0,(L,r)0,(1,r)}(z,k) by taking discrete
Fourier transform (DFT) of d.l(zr,x)0d,l(z,x) +
dkr(r, X)aﬂ"(’l’, X).

(3) Calculate Tl.TjT(r, k) using Egs. (63)—(65).

(4) Perform the time integration in Eq. (62) and the sum
over i, j. We used a simple Simpson’s 3/8th rule for
the time integration.

(5) Perform the angular integration [d€; using the
Monte Carlo method. Multiply by the appropriate
constant as in Eq. (62).

3. Initial field configuration

We assume that domain walls are already produced at ¢;
with a characteristic length scale of O(1) to O(10),
motivated by Eq. (22). We only consider the positive [,
r values so the true and false minima correspond to 8 = 0
and 7/2 respectively. Our initial field configuration is
alternating domains of minima @ = 0 and z/2, separated
by domain walls of profile as in (46). Simplest case is
approximately cuboidal domains. To construct this struc-
ture first we take a sin function of spatial coordinates with
the wavelength corresponding to twice the required domain
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GW spectra for initial domain sizes ~ (a) 10, (b) 4, (c) 2, (d) < 1. In (a)—(c), we see almost no enhancement in high

frequencies as in Figs. 8 and 17 due to the absence of very small domain walls. This kind of scenario is possible in FOPT case where
initially bubble dynamics can create big domains. In (d) the initial domain sizes are much smaller than initial Hubble size ~1, therefore
we see a lot of high frequency peaks due to limited resolution of the discrete lattice. These peaks are unphysical and are to be ignored.

length scale at the initial time as our dominant mode, i.e.,
kdominant = 7/ Edomain Where Egomain 18 the required charac-
teristic length scale. One wavelength of the sin function
consists of two domains of R and L vacua. We randomize
the configuration by adding around 1000 random modes
with k € (0, kgominant) to it with small coefficients. Then, we
take the tan™! of the exponential of this series of Sin
functions multiplied by m, as a good model of the domain
wall kink, i.e.,

999
C
O(x. . 2)iniga = tan”" exp [’”HNZ k—”sin (kpx + 1)

n=1 "1

< sin (kyy + ;) sin (ky +x,~>] (BS)

where C; = 1 and the rest of the C; are randomly chosen
small numbers of the order O(107%) to O(107"). The
parameters k; = kgominant a0d &, € (0, kgominant) for n # 1

represents comoving wave numbers of the dominant and
subdominant modes. The k,, at the denominator is used to
keep the domain wall width fixed. Every dimensional
parameter is scaled by #. The parameters ¢;,y;,yx;
are random phases and N is used to normalize the sum
of the sin functions. Finally, the initial [, r profiles
are obtained from 6 by taking sine and cosine of it. It
turns out that the resulting spectrum depends mostly on the
dominant fluctuation scales rather than the exact initial
configuration.

4. Discretizing the equation of motion

We follow the notation and method of discretization
from [115] adapted to our use case. We start with the
equation of motions in Eq. (B3), with boundary conditions
for [ and r as,

Lr(x,y,2,0) =1, ,(x,y,2) (B6)
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%l, r(x,v,2,0) = V(x,y,2) =0 (B7)
L,r(0,y,z,t) =1, r(Ly,y,2,1) (B8)
Lr(x,0,z,1) = I,r(x,Ly,z,1) (B9)
Lr(x,y,0,t) =1 r(x,y,L_1t) (B10)

where I, ,.(x, v, 7) are the prescribed initial conditions. L, =
L, =L, = b is the size of the comoving simulation box.
The last three equations represent periodic boundary
conditions.

Our 3D mesh contains N, x N, X N, mesh points. We
also subdivide the time domain [t f5, = T] into N,
discrete equidistant points {fo=T;<t; <f, <...<T}.
Now a scalar field W =17 or r can be defined at
each mesh point at a given time by the notation
|

W(xi, ), 2xs 1,) = ¥}, where superscript n denotes the
time coordinate and subscripts i, j, k denote x, y, z
coordinates respectively.

To discretize the wave equation, we replace the deriv-
atives with central differences as follows,

9 L P
Wi = (Do W (B11)
0 Wi 2w, 4!
E‘P;’jk:[D[D,‘P]?ikz J At; J (B12)
0 W =29 + Y
3Vl = [DD. ] ~ o e £ (B13)

and similarly for y and z coordinates. D,, D, represents the
derivative operators in a compact notation. In this notation
(omitting the space-time indices), Eq. (B3) becomes,

1
D,D,l + 3HDy,l —— DD, + D,D,, + D.D_]l + pyI(2 = 1) + % I =0
a

1
DDy + 3HDyr = 5 (DD + DyDy + DD Jr 4 pir(r® = 1) + p—; Pr=0. (B14)
This, in discrete form, can be written as,
1 — 1 — n n n
It =20 + 1! AR I =20 + 15! 1 oy = 205 + T
A Af (a")? Ax?
Ui =205+ Uisue i = 205 + Ly P —
+ Ay? AL + o1l ((0)* = 1)
+%lgk(ryjk)2 ~0. and
";71;1 = 2rfy + ! Y "%1 = 2rf + ! L e = 2t
AP A (a")? Ax?
r —2r" + r =27+
ij+1k ijk ij—1k ijk+1 ijk ijk—1
et S o Tl T (e - 1)
P3
+3 (1) =0 (B15)

Provided we know the state (Z, 7)" and ([, r)"~! at time slices n and n — 1, we can solve this algebraic equation for (1, r)"*!,

n 3 n - n
L' = (1 +54 > [{Z—mAtz((l-

3
+ <§A" - 1)[;}7{' + B;{l}’ﬂjk

and,

— 2L+ I} + B} + B

ijk

n p n n
)? — 1>}lijk - ESAtzl' (rijk)2

(B16)
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N 3 -l
rlﬁl = (1 —|—§A”> {{2—p1At2((r?jk)2 — )}y = 5 Atz(lfjk) o

3
+ <§An - 1) "?ﬁcl + B —

where A" = H"At, and B} =

(a' )

A —~— and similarly for B}, B].

2rk+r1 ljk}+Bn{ S+ B} (B17)

Equation (B16) is not valid for n = 0, which is the first time step in the simulation. We note that the initial velocity of the

fields are given by,

T 2A¢ ik =

ijk

—2A1V0 (W =1r) (B13)

ijk’

Substituting this into Egs. (B16) and (B17), and solving for (1, r)}jk gives,

ll

and,

1
r}jk =5 [{2—P1At2< ik 1)}r(z')jk

Equations (B16) and (B17) along with (B19) and (B20)
represent the recursive relations that we will use in our
simulation.

5. Periodic boundary condition

Periodic boundary condition is implemented on the 6
sides of the simulation box. It is done to mimic the
simulation over large distances and long times. The wave
exiting through one side of the simulation box enters the
box immediately through the opposite side, that way
making the wave motion periodic. The strategy to imple-
ment the periodic boundary condition is as follows: apply
open boundary condition on side A of the box, and equate
the opposite side B with A. That way, any displacement at
side A will be instantly reflected at side B. And we have 3
such AB pairs.

An open boundary condition means a wave can pass
through the boundary without any resistance. In 3D, the
condition we implement is [115],

Di¥+cDy¥+c,Dy¥W+ce.D;Y =0y v . (¥=Lr)
(B21)

where D represents the derivative operators and the super-
script &£ represents forward or backward finite difference.
Inour case,c, = ¢, =c, =¢ =1 / /3 are wave velocities
along x, y, z directions. This equation is implemented at all
times (denoted by superscript n) at the three boundaries of
the cube (denoted by subscript N, Ny, N;). Solving for

1 P 3
”k—zHZ—plAﬂ(lofjk )}zgk YT Uk)z—(EAO—1)2AtV+B£{...}+B8{...}+Bg{...}} (B19)

Atz(luk) D — GAO—1>2sz+32{...}+B_8{...}+BQ{...}] (B20)

[
+1
Wy ke at Ny we get,

n n CX n n
lPNH,k = lPNx.j.k - 7§ (‘PNX.,j,k - lPNx—l.j.k)

C n n
7§(TN gk~ PN o)
C n n
—7§(‘I’N k= YN jaet) (B22)
where C, . = AXA; - are the Courant numbers. We get

similar recursive relations for lI‘” NN, At N,/N.. We use

these equations to update the N, N_ , N, boundaries of the
box while we equate the opposite sides with them.

6. Stability condition

We can consider the coefficients B,, B,, B, from
Eq. (B16) to be analogous to Courant numbers [115],
and exert the stability condition for the simulation to be,

max(B}) + max(B}) +max(B?) <1  (B23)

As B} = "2A 5, this gives,
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-1/2
S T B
At < min(a") E+A—))2+A—z2

1 1 1 \-1/2
“\aeTapTaz

Simulation procedure:

(1) Define initial conditions as in Eq. (BS) by discretiz-
ing it.

(2) Perform the first time step using Eq. (B19).

(3) Update the field using Eq. (B16) in iteration
for n > 0.

(B24)

7. Calculation of comoving area density

First we need to identify a wall within the simulation box
numerically. We define a wall to be the surface where =
0 — /4 value is 0, i.e. 0 crosses 0 value. To do this, let us
call two lattice points that are nearest neighbors as links.
These links are oriented in x, y, z directions and we
measure the signs 6 at the two ends of each link. If the signs
are different at the two ends, we have found a zero crossing.
For all such possible links at all the lattice points within the
cube, we do the same and assign a variable J,. to each link,
which takes on value +1 if we found a zero crossing,
otherwise 0. Once we find such a link that penetrates a wall,
we add one unit grid area (area of the square made by
nearest points) to the total surface area of walls but divided
by a weight factor. The weight factor must be the average
number density of points on the surface, based on the
orientation of the surface at the location of the link. The
orientation can be found through the unit normal vector to
the wall (given by the gradient of the field) at that location.
Finally, we sum all such contributions from all the links
with 6. = 1 to obtain the total wall area [97],

A=AMAD 6, Vo (B25)

all links |ax¢| + |a}'¢| + |az¢|
where AA is the unit grid area. In our

case AA = Ax? = Ay? = Az> = (b/N)%.

8. Gravitational waves in FLRW metric

Let us look at the theory of GWs in an expanding
universe. We use Green’s method of [116,117] in this
section. We consider GWs to be sourced by tensor
perturbations in the spatially flat FLRW metric,

872G
K,

}_ll'j(’l', k) -

50 PN, 319,00 = 2N, ()l T (. K)

d32 = _dtz + az(t) (51/ + h,-j)dxidxj (B26)
where a(?) is the scale factor, ;; is the tensor perturbation
satisfying the transverse-traceless (TT) condition d;4;; = 0
and which obeys the linearized Einstein equation,

.. . V2 162G
hlj(t,x)+3thj(t,x)—?h,](t, X) = az

TH (1, x)
(B27)

where dot denotes derivative with respect to cosmic time ¢
and 777 is the TT part of the energy-momentum tensor. Our
treatment is valid for any arbitrarily expanding universe
with,

a(t) x % o« 1. (B28)

In the spatial Fourier space and in terms of conformal
time dr = dt/a(t), this equation takes the form,

20
hii(t, k) + 7h;j(r, k) + k*h;j(7. k) = 162GT] (7. k)
(B29)

where prime notation denotes derivative with respect to
conformal time. In terms of the rescaled metric,

we obtain,
0 42 -1\]- 16xGa(r)
£ (s -
(B31)
where x = kr, and v is defined as,
1 3y—1
—qg——== . B32
YOI Ty (B32)

Our source 777 is active in the interval 7; < 7 < 7. The
solution of Eq. (B31) with initial condition h;(z;) =
i_zﬁ-j(ri) =0 can be found using the Green’s method
(for 7 < 7¢),

(B33)

where J,,(x) and N, (x) are the Bessel and Neumann functions. For v = 1/2, we get the solution for radiation dominated era.
When 7 > 7, the source becomes negligible and the homogeneous solution to Eq. (B31) is a linear combination of J,, (x)

and N, (x),
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hij(z.K) = A;;(K)(kt)"/2], (kt) 4+ B;;(K)(kt)'/>N, (k) (for T > 7/).

Coefficients A;;(k),B;;(k) can be found by equating
Egs. (B33) and (B34) at 7 = 7,

7172 xf
Ayj(K) = -8k—zG / 7 e /a(x)N, ()T (. )
72 xf
B;i(k) = 8k—2G1 dx\/}a(x)Jv(x)TiTjT(x, k). (B35)

Thus, if we can construct the 777 (x, k), we can calculate
the perturbation #;;(z, k). The energy density of GWs is
given by [118],

Pew = ﬁmﬁ(ﬁx)hﬁ(ﬁ?‘»
1 -, _
zm (i (7. x)hiy (7. %)) (B36)

where we have ignored higher order terms of aH for the
second equality, since we assume that the wavelength of
GWs is smaller than the Hubble radius, e.g., k7 > 1.

A more useful quantity for observational cosmology is
the fraction of energy density of GWs to the total energy
density of the universe at time ¢, defined by,

1 dpg,(1)
po(t) dink

ng<t) = (B37)

where p,(t) is the critical density of the universe at time .
Note that k is the magnitude of the comoving wave vector.
It is related to the frequency observed at time ¢ as,

kK
 2za(t)

f (B38)

where we set the scale factor at the initial time #; to be
unity, a(t;) = 1.

9. Results from simulation

Here we show plots of GW spectra from different runs of
our simulation and carefully interpret our results. A
summary of our interpretation is given in Sec. IV D for
plotting the spectrum for general parameter values. We plot
the GW spectrum for different p; and p; values with
Hubble sized domains in Figs. 8 and 17. The horizontal
axis is the amplitude of the comoving wave vector. It is
related to the frequency as in Eq. (B38). Notice that in the
Monte Carlo method used to perform the angular integra-
tion d€; as described in Appendix B, we define the shell of

(B34)

|

radius k and average out the values of the fields at the lattice
points within that shell. Therefore in the small k region, the
number of points within the shell is also small which
generates a statistical error in the calculation, i.e., the lower
k range of O(0.1), where the peak occurs, is not properly
resolvable. We plot the error bars for the Monte Carlo
integration to show the statistical uncertainties in the
calculation. Other sources of error include numerical errors
from the usage of a simple difference method for simulation
and Simpson’s rule for time integration. Therefore it is
difficult to provide conclusive remarks about the spectrum
with our small dynamical range. However, we can deduce
some information about the spectrum as follows:

(1) In Figs. 8 and 17, we show GW spectra for different
runs. Without bias, the walls never vanish. We
assume the walls vanish at t = 4, and calculate
the bias using Eq. (54). Each plot shows spectra at
times t = 11, ..., 151. Smaller biases lead to longer-
lived walls and more gravitational waves, as seen
from the increased amplitudes.

(2) It is seen that the spectrum peaks at around k = k;,
which corresponds to the Hubble size at the time of
GW production, k;/a(t) = 2zH(t).

(3) As discussed in Appendix B 2, we fit the curve
(solid black line) at (#~t,,) in Fig. 8 (see
Table IV). Beyond (7.,), results are unreliable
due to unresolvable domain wall width, leading to
higher amplitudes and contributions in the high-
frequency range. Resonance, seen as a bump
around (k ~ O(10)), occurs because the wall width
becomes comparable to or smaller than the physi-
cal lattice spacing if (#4.. > t.s). Thus, the fitted
line represents the maximum possible spectrum
from the simulation.

(4) For initial domain sizes of O(1) or less, we find
enhancements above scale (k ~ 1-2), corresponding
to the initial lattice spacing size that scales as (7), i.e.,
(k/a(t) = 2;’—?’), where (b =50) and (N = 256).
This enhancement, due to high-frequency modes
and limited resolution, changes with domain size, as
shown in Fig. 18. Therefore, we ignore this enhance-
ment for the actual spectrum. In the case of FOPT,
large domains can form due to bubble dynamics, and
our simulations of large domains apply, though we
will not get scaling solutions. A proper study of
deviations from scaling and the spectrum shape due
to various initial domain sizes is left for future work.

(5) The spectrum shows a dependence of k~! beyond the
peak as seen in Fig. 8. At late times an enhancement
toward the high frequency region is seen which can
be interpreted as contributions coming from unre-
solvable wall width as the simulation proceeds.
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For observation in experiments, such high frequency
enhancement is irrelevant since we are interested
only in the peak at k,. Thus we conclude that the
spectrum varies as k~! for k > k;,.

(6) Now due to the high error in the small k range, the
behavior of the spectrum in that region is unclear.
Therefore we assume a k> dependence for k < k,
considering requirements for causality [83].
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