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Self-consistent theory of cosmic ray penetration into molecular clouds:
Relativistic case
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We study penetration of interstellar cosmic rays (CRs) into molecular clouds surrounded by nonuniform
diffuse envelopes. The present work generalizes our earlier model of CR self-modulation [Ivlev et al
Astrophys. J. 855, 23 (2018); Dogiel et al. Astrophys. J. 868, 114 (2018)], in which the value for the
envelope’s gas density where CRs excite MHD waves was treated as a free parameter. Now, we investigate
the case where the density monotonically increases toward the center. Assuming that CRs are relativistic,
we obtain a universal analytical solution which does not depend on the particular shape of gas distribution
in the envelope, and self-consistently derive boundaries of the diffusion zone formed within the envelope,
where CRs are scattered at the self-excited waves. The values of the gas density at the boundaries are found
to be substantially smaller than those assumed in the earlier model, which leads to a significantly stronger
modulation of penetrating CRs. We compute the impact of CR self-modulation on the gamma-ray emission
and show that the results of our theoretical model are in excellent agreement with recent observations of

nearby giant molecular clouds by Yang et al. [Nat. Astron. 7, 351 (2023)].
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I. INTRODUCTION

Understanding penetration of interstellar cosmic rays
(CRs) into molecular clouds is a long-standing problem in
astrophysics. A general consensus is that MHD waves
resonantly excited by streaming CRs in diffuse envelopes
surrounding the clouds can inhibit their free penetration. As
a result, the CR spectrum in the cloud interior may be
reduced at energies contributing to the wave excitation (see,
e.g., Refs. [1-7]). For a long time, this phenomenon of CR
self-modulation has been of merely theoretical interest, but
recent rapid development in observational astronomy has
made it possible to start testing the theory against the
acquired data.

Numerous data available on the CR ionization rate in
molecular clouds, derived from observed abundances of
various ions generated due to CR ionizing collisions with
gas, clearly shows a tendency for the ionization rate to
decrease with the cloud column density (see Refs. [8—11]
and references therein). While such behavior generally
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agrees with theoretical expectations of CR attenuation due
to ionization losses (see, e.g., Ref. [12]), it may also reflect
the effect of CR self-modulation that should be most
pronounced at lower energies. However, it is rather difficult
to discriminate between the two mechanisms using these
data—on the one hand, the attenuation models contain
many poorly constrained parameters; on the other hand, the
ionization rate alone cannot be used to identify the
predicted changes in the CR spectrum.

At the same time, gamma-ray diffuse emission produced
by relativistic CRs interacting with dense gas has an ability
to reveal the CR spectrum (see Refs. [13—15] and review by
Tibaldo et al. [16]). Measurements of gamma-ray spectra in
individual molecular clouds is a challenging task, both for
local clouds (see, e.g., Refs. [17-21]) and for clouds in the
Galactic Center (see, e.g., Refs. [22-28]). Nevertheless,
there are hints that the spectrum of relativistic CRs in the
central molecular zone is suppressed compared to the
surrounding “sea” spectrum [29]. Furthermore, a recent
analysis of the gamma-ray emission in the direction of
nearby giant molecular clouds provides clear evidence that
the emission from the dense clumps is reduced at GeV
energies [30]. One of the possible mechanisms that can
explain these observations is CR self-modulation.

Earlier, we have studied the effects of CR self-
modulation on the gamma-ray emission from dense mole-
cular clouds [31]. Our conclusion, consistent with the
results by Skilling and Strong [1], was that the expected
impact of self-modulation on the emission is typically
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marginal, and may be reliably detected only in very massive
clouds with a column density well over 10%* cm™2
However, in that paper, we assumed the diffuse envelopes
around molecular clouds to have a constant gas density and
treated its value as a free model parameter.

In the present paper, we generalize our -earlier
models [5,31] and study penetration of relativistic inter-
stellar CRs into molecular clouds surrounded by nonuni-
form envelopes. The paper is organized as follows: in
Sec. I, we discuss the qualitative picture of the process and
summarize the basic phenomenology, and also present the
governing equations and the boundary conditions. A self-
consistent solution of the problem for CR protons is given
in Sec. III. In Sec. IV, we expand the solution for multiple
CR nuclei and in Sec. V, discuss the relative impact of
individual nuclei. In Sec. VI, we compute the effect of CR
self-modulation on the gamma-ray emission and compare
the theoretical results with observational data by Yang
et al. [30]. In Sec. VII, we summarize the principal finding
of the paper, and highlight the essential role of gas
inhomogeneity in the self-modulation process.

II. PROBLEM SETUP

In Ref. [5], we have shown that CRs penetrating dense
molecular clouds excite MHD turbulence in diffuse enve-
lopes of the clouds. This leads to the formation of a
turbulent diffusion zone, where CRs are efficiently scattered
at the self-excited waves. The diffusion zone has a crescent
shape in the plane spanned by the CR energy/momentum
and the depth, with the tip set by the excitation threshold—
the maximum energy above which the CR flux is insuffi-
cient to generate turbulence. Depending on the interstellar
(ISM) spectrum and the cloud column density, the density
of CRs in the cloud interior may be significantly modulated
at energies below the excitation threshold [5,31]. However,
in these papers, we considered a simplified model of diffuse
envelopes, assuming the gas density has a certain constant
value ~10 cm™ across the whole envelope.

Recently developed dust extinction maps [32,33] allow
us to reconstruct the 3D dust/gas distribution within =1 kpc
proximity to the Sun, with a spatial resolution of 1 pc.
These maps are therefore an excellent tool to resolve the gas
distribution in envelopes of nearby molecular clouds:
they show that gas is highly nonuniform, with the density
typically varying from well below ~1 cm™ in most of the
ISM volume up to dozens of cm™ near the peaks of gas
clumps (where unresolved sub-pc dense cores tend to
concentrate). The maps suggest that gas inhomogeneities
in the envelopes may play an essential role, and that typical
density values relevant for wave excitation may be sub-
stantially lower than those assumed in Refs. [5,31].

In the present paper, we generalize the problem studied in
Ivlev et al. [5] and Dogiel et al. [31] to nonuniform
envelopes. As demonstrated in the following sections, this
step not only allows us to solve the problem self-consistently,

without assuming the value for the gas density where CRs
excite waves, but also makes it possible to obtain a general
analytical solution for the diffusion zone and to derive the
corresponding diffusion coefficient of relativistic CRs.

Interstellar CRs penetrate molecular clouds along the
local magnetic field lines, making the problem essentially
one-dimensional. We assume the gas density » in envelopes
to increase monotonically toward dense clumps, versus the
distance z measured along the field lines. Thus, n can be
employed as a new coordinate instead of z: in Sec. III, we
show that the resulting solution becomes universal and
independent on a particular shape of n(z).

We point out that outer regions of diffuse envelopes have
negligible contribution to the total column density of
molecular clouds. This implies that attenuation of relativ-
istic CRs penetrating a cloud and, therefore, the net velocity
of their flux into the cloud is completely determined by the
column density of the dense clump, as given by Eq. (42) in
Sec. VI. At the same time, generation of self-excited waves
by the net CR flux is only possible in diffuse envelopes, as
the waves are efficiently damped at higher densities. Thus,
the self-consistent treatment of the problem, including the
solution for the diffusion zone, is reduced to analysis of the
processes occurring in the envelope, while the dense clump
only sets the value of the net flux velocity.

The diffusion zone in the (p,n) plane is sketched in
Fig. 1. While it appears qualitatively similar to that plotted
in Fig. 2 of Ivlev er al. [5], the location of the zone
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FIG. 1. A sketch illustrating penetration of CRs from the ISM

into a nonuniform envelope of a molecular cloud. The border
between the ISM and the envelope is set at the gas density n = ny,
CRs are able to excite Alfven waves at n > n,. For a given CR
momentum p, the region of self-excited turbulence is bound
between the oufer boundary n;(p) and the inner boundary
n,(p) (depicted by the solid and dashed lines, respectively). These
boundaries identify the diffusion zone for CRs in the (p, n) plane
(shaded region). Two regimes of the diffusion zone can be realized:
(i) eitherboth n; (p) and n, (p) end atn = ny, or (ii) they intersect at
n > ngy. The respective excitation threshold (i.e., the maximum
momentum at which CRs are able to excite waves) is denoted by

(i) (i)i)

Pex and pey’, the transition between the two regimes is at po, = py,.
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boundaries as well as the underlying formation mecha-
nisms turn out to be quite different. In Ref. [5], the diffusion
zone emerges near an artificial sharp border between a low-
density envelope and a high-density clump. In the present
model, the diffusion zone forms naturally, as a result of
intrinsic inhomogeneity, which controls the locations of the
boundaries for a given p.

We truncate a nonuniform diffuse envelope at a certain
density ng, which identifies a border through which CRs
enter the envelope from the ISM. The border is located at a
local minimum of the wave damping rate, which is
associated with a transition between different dominant
ions in the envelope and the ISM (see Sec. IT A), such that
penetrating CRs excite waves only at n > ny.

Figure 1 illustrates characteristic realizations of the
diffusion zone for a given spectrum of interstellar CRs,
plotted for three different values of the cloud column
density N. For a given p, the diffusion region is bound
between the outer boundary n;(p) (solid line) and the
inner boundary n,(p) (dashed lines). The position of n,
depends on the magnetic field, the border gas density, the
ionization fraction and composition of the gas, as well as
the ISM spectrum. The column density—which is a
measure of CR attenuation in the cloud interior—controls
the relative position of n, with respect to n; and, hence,
the value of the excitation threshold p.,. The latter is an
increasing function of A [5,31]. Therefore, regime
(i1) depicted in Fig. 1 corresponds to a lower value of
N, regime (i) to a higher one, and the transition
between the regimes to a medium one. As discussed in
Sec. VI, regime (i) is expected to be realized for
nearby giant molecular clouds and the local spectrum
of Galactic CRs.

A. General governing equations

Propagation of CRs within the diffusion zone should
take into account their interaction with the self-generated
turbulence. This process is generally described by a set of
coupled equations for the CR spectrum and the turbulent
spectrum. The problem is similar to that studied in
Refs. [5,31], but now gas inhomogeneity in the envelope
is also included.

Propagation of protons is governed by the advection-
diffusion transport equation (see, e.g., Refs. [1,4,34]),

P afy o, .
2(wr-pL) -2 en=o. W

where f(p, z) is the CR distribution function (spectrum) in
the momentum space [normalized such that the local
number density of protons is [ f(p.z)dpl, and p >0
describes continuous energy losses due to interaction with
gas. The CR advection is set by the velocity of self-excited
waves, equal to the Alfven velocity,

- B
UA(Z) - \/W’

which is determined by the longitudinal magnetic field
B(z), the gas density n(z), and the mass m; of the dominant
ion with the abundance &;. We assume ionized carbon with
& = 1.5 x 107* [35] to dominate in the envelope. The CR
diffusion coefficient [36],

(2)

1 vB?

Dlp.2) = 3w

(3)
is determined by the spectral energy density of self-excited
turbulence, W(k, z), where the wave number £ is related to
p via the resonance condition k = eB/ pc.

Following Refs. [1,5], the wave equation for W(k, z) in
diffuse envelopes of molecular clouds can be reduced to the
excitation-damping balance,

YcrR = Vin- (4)

The wave excitation rate by CRs, ycg, is described by the
following equation [4,36]:

5 PN 6_f

2 b
m,c Qp 0z

(5)

rer(k,z2) =~ —n

where Q, = eB/m,c is the nonrelativistic girofrequency
of protons. The rate of wave damping, v;,, is equal to
one half of the momentum transfer rate for ion-neutral
collisions,

1 m,n n
— " ) =y —, 6
() = (6)

Vin (Z)
where (c,,v) is the corresponding momentum-transfer rate
coefficient. For atomic neutral hydrogen and carbon ions,
we have {(6,,v) ~ 2.4 x 107 cm?/s [35].

In the outer envelope regions, where the gas density
drops below ~1 cm™, the dominant ions are H* with
(6:,v) 3.3 x 107 cm?/s [35]. For a given gas density,
this change in the ion composition leads to an increase in
the damping rate v;, by a factor of ~8.9. Therefore, we
assume that turbulence exists only where carbon ions
dominate, and the density n = n,, where this change occurs
identifies the border between the ISM and the diffuse
envelope. For ny = 1 cm™3, we obtain 1y~ 9 x 107! 571,

The excitation-damping balance, Eq. (4), allows us to
obtain the exact expression for the diffusion flux,

of  Beyy,

0z 2

= Sp(p, 7). (7)
evpp

One can see that Sp o n®? and does not depend

on B explicitly. Equation (7) represents the universal,
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diffusion-dominated flux of penetrating CRs. It was derived
in Ivlev et al [5] for the limit, where the advection
contribution is small, and should not be confused with
the fotal CR flux S within the diffusion zone,

S(p,z) = Sp + vaf, (8)

which is obtained by solving the transport equation (1).

B. Boundary conditions for relativistic CRs

Continuous losses p are proportional to the gas density
and therefore play a minor role in diffuse envelopes. Hence,
this term can be safely neglected at relativistic energies,
which reduces Eq. (1) to the total flux conservation,

S(p,z) = So(p). )

To solve the problem, we need to determine the outer and
inner boundaries of the diffusion zone, z; and z,, and to set
the boundary conditions. We assume no CR scattering
outside the diffusion zone and hence, no CR gradient.
Therefore, the outer boundary condition is

f(p.2)l=, = folp). (10)

where f(p) is the ISM spectrum of CRs. For the inner
boundary, we follow Ref. [31] and introduce the net flux
velocity u(p), which is determined by the absorption of
CRs in the interior of a molecular cloud. The boundary
condition at z = z; is

u(p)f(p.2)|.—s, = So(p). (11)

The value of u increases with the total column density of
the cloud (see Sec. VI).

For brevity, below we denote the values of parameters at
z = z; by the corresponding indexes, e.g., n\Z:zl =ny,

1)A|2=Z2 = vAz,SD‘Z:ZZ = SDZ’ etc.

ITI. SOLUTION FOR PROTONS

We assume B = const, which is a very reasonable
assumption in diffuse envelopes of molecular clouds [37].
For a monotonically increasing n(z), we write at n > n,

dUAi vAfdniSD—SOdn

fd—z_ 2n dz  2n  dz’

(12)

Differentiating Eq. (8) over z and using Eq. (12), we
arrive to

df  Sy—4Spdn

dz (13)

2uan dz’

The diffusion coefficient must be finite within the
diffusion zone, which requires ycgr > 0. According to

Eq. (5), this in turn requires df /0z < 0. Hence, the outer
boundary of the diffusion zone for n(z) > ny, denoted by
Zer(p), is determined from the condition df/dz|,_. = 0.

Combining this with Eq. (13), we obtain S, = 4Sp| =, and
by virtue of Eq. (8), reduce it to

3SD|z:zCr = UA|z:zC,f0' (14)

Substituting Sp from Eq. (7), we finally derive the critical
density ne(p) = n(z)].—, (p)

zpfo(p)no Qi
=y —— 15
() e (15)
where Q;, = eB/m;c is the ion gyrofrequency. If n is
smaller than n,, we set n; = n,. Thus, the outer boundary
of the diffusion zone is

ny(p) = ngmax {ncr—(ml} (16)
ny
We write the total flux as
So = Sp1 + varfo, (17)

where

ncr

varfo = vA|z:zcrf0 <n_>

1

1/2 n\ /2
:SSDlz:zc, (—C> . (18)
n

According to Eq. (7), Sp|,—, = Spi(ne/n1)*?. Then, by
introducing the following factor:

K(p) = 3(%)2 +1, (19)

we can express S, as

So(p)
ks, { =48p(ner) o< p™V £ (p) i na(p) > o
~ Sp(ny) x p! if n.(p) < ng/V/3.
(20)

Unlike the case of uniform envelopes studied in Ivlev
et al. [5], where the diffusion term was shown to domi-
nate the modulated flux at higher energies and the avection
term—at lower energies, now the magnitude of Sy(p) is
always set by the universal diffusion flux Sp, determined
by Eq. (7).

Using Egs. (8) and (11) we rewrite the condition on the
inner boundary of the diffusion zone as

v
SD2:S0_0A2f2:S0<1_$>- (21)
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Substituting Sp, = Sp;(n,/n,)*? and using Eq. (20), we
obtain an algebraic equation for n,,

mip) =mp)|c(1-22)]" )

u

Solution of this equation is only valid for ny(p) > n;(p),
and hence, the excitation threshold is given by the
condition,

nl(pex)' (23)

Thus, the diffusion zone in the (n, p) plane is completely
characterized by two similarity numbers, n.(p)/n, and
u(p)/vao- We note that u at (sub)relativistic energies
strongly depends on p due to ionization losses, while
for ultrarelativistic energies u =~ const [31,38].

As illustrated in Fig. 1, two regimes of the diffusion zone
can be realized: (i) either both n;(p) and n,(p) end at
n =ngy, or (i) they intersect at n > ny. A transition
between the regimes occurs if the two boundaries intersect
exactly at n = ng, i.e., when ny(pey) = n2(pex) = np. In
this case K(pe) =4, and from Eq. (22), we derive the
following transition condition:

Pex - n2(pex) =

3
Va0 = 4 M(Ptr), (24)

where the transition momentum (i.e., the value of p., at the
transition point) is given by the condition,

Dt ncr(ptr) = No- (25)
Regime (i) is realized if v < %u. It is worth noting that
u is proportional to the total gas column density (see
Sec. VI), and therefore, this regime is expected to operate
in denser molecular clouds. The corresponding value of
Pex(>Dy), denoted by p§2 in Fig. 1, is set by condition
15 (Pex) = no. Equations (19) and (22) yield

ncr(pex) _ VA0
ny 3[u(pex) = va0) (26)

Regime (ii) corresponds to vag > 3u. Then pe(<py),
(i)

denoted by pex’ in Fig. 1, is derived from 1y (pey ) =15 (Pey)-
In this case, K(p,) = 4 and
3
UA|n e (Pex) 4 (pex) (27)

According to Eq. (22), the gas density variation within the
diffusion zone always remains moderate: since K < 4, we
have n,/n; < K?/3 <243 ~2.5.

Finally, using Egs. (7) and (13), we express D within the
diffusion zone n; < n < n, in the following form:

vy 1 n\ =32 dn
D 2n {4 K(n1> dz’ (28)

The diffusion coefficient diverges at n — n, if n; = n,, but
remains finite otherwise. The mean free path for protons,
~3D/c, is much smaller than the gas inhomogeneity scale
n/(dn/dz) ~2D/vs. Thus, the diffusion equation is
always applicable within the diffusion zone.

From Egs. (11) and (20), it is evident that the total CR
flux So(p) and, hence, spectrum f,(p) in the cloud interior
does not depend on the shape of n(z), provided it is a
monotonically increasing function. The results only depend
on the border density ng if regime (i) is realized for the
diffusion zone.

In Appendix B, we show that the obtained stationary
solution is stable against small-scale perturbations.
Furthermore, it is interesting to note that the value of total
CR flux is minimized at the outer boundary of the diffusion
zone: by differentiating Eq. (8) over z and keeping in mind
that Sp, o« #n%/? and v, « n~'/2, we immediately conclude
that the total flux reaches the local minimum Sy (p) at z..(p),
asdefined by Eq. (14) (orat zy if z., < zg). Thus, the position
of the outer boundary is stable, too. Regarding stability of
the inner boundary, we keep in mind that f(p, z) decreases
monotonically within the diffusion zone. Therefore, small
positive (negative) variations in the boundary position
relative to the equilibrium increase (decrease) the local
CR gradient and thus, induce wave damping (excitation)
pushing the boundary back to equilibrium.

IV. SOLUTION FOR MULTIPLE NUCLEI

If elements heavier than protons are considered, it is
more convenient to express spectra for individual nuclei,
@, in terms of the magnetic rigidity R = pc/eZ®. In the
absence of losses, Eq. (1) is then transformed into the
following equations:

of(@ .
onf@ =D L sPw),(29)

where Z(® is the atomic number of species a. The rigidity is
convenient because the resulting resonance condition does
not depend on the charge, k = B/R, and then the diffusion
coefficient of relativistic CRs is a function of R only, i.e.,

(@ (R) = D(R) for all nuclei. The spectra are normalized
in the way that [ f@(R)dR is the number density of
nuclei a.

Equation (5) for multiple CR species is rewritten as (see,
e.g., Ref. [39])

eUA

R Zla —.
m,c*Q,, Z 07 (30)

Assume that all particle are relativistic. By multiplying the
individual fluxes in Eq. (29) by Z(® and summing them up,

yer(k,z) = —z

043012-5
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we arrive to a single-species problem with the effective
ISM spectrum given by

(@ (R, 7). (31)

=271
The resulting equations to solve are
of* (@)
> — a) Q\& — QZ
oaf* = DY = 3 2SR = SH(R). (32

and

2 z
, €7UA af
—— A RDZ = 33
mpCZQp 0z Vzn<z) ( )

rer(R.2) = =
Hence, we can straightforwardly apply the results of
Sec. III: by replacing pfo(p) with Rf§(R) in Eq. (15),
we immediately derive n;(R) and IC(R). Deriving n,(R) is,
however, a more complicated task, since u(@ is different for
different species, and the boundary condition (11) cannot
be directly applied for f=(R).
In Appendix A, we obtain an analytical solution for
(R, z) within the diffusion zone, and Eq. (A4) gives the

resulting spectra f <2") (R) at the inner boundary. Substituting

this in the boundary condition S(()a) = u@ £ yields the
total flux for each species,

Kiy-1)
(a) ”Alf es
So ' (R) = —— . (34)
PR RS
where y(R) = (ny/n;)~*/?> < 1. Combining it with Eq. (20)

leads to an algebraic equation for y,

ZZ(I

which finally gives us the value of n,(R). Then, Eq. (34)
can be used to calculate fluxes of individual species.

ICSDI? (35)

V. CONTRIBUTION OF HEAVIER NUCLEI

Knowing the total fluxes of individual species allows us
to estimate their contribution to the total excitation rate,
Eq. (30). Consider the outer boundary n;(R) of the
diffusion zone. Each contribution is proportional to the
diffusion flux, viz.,

7o (R) o< ZO(S” —vmf5R. - (36)
If we introduce an average flux velocity u*, defined as
SZ
u*(R) =3, (37)
I3

10710

1071] '\

)

(o)
CRI

(no/ny) y

_.
<
5

R=R, R=R

10 13 N N N
10° 10! 10? 10° 10*
R (GV)

FIG. 2. Contributions yg{, of different CR nuclei to the total
wave excitation rate at the outer boundary of the diffusion zone,
plotted versus rigidity R. The left vertical line indicates the
transition rigidity R,, where the outer boundary changes from
ny = ng(R) to ny =ngy, the right vertical line shows the
excitation threshold R, (see Sec. II and Fig. 1).

then Eq. (22) can be used to express y —% through u*,

1 Va1 4/3
——=-ALAS, 38

and the individual fluxes in Eq. (34) can be rewritten as
() =1 -1

(1) a 3 ’[]Al u K1
S(() (R) = UAlf(() ) [){‘Ww (1 -— >e3(1 7) +T] )

(39)

Contributions of different nuclei to the excitation rate as
well as the total excitation rate at n = n;(R) are plotted in
Fig. 2 for' ny = 0.5 cm™3, assuming A" = 6 x 10?? cm™2
for the gas column density and using Eq. (41) for the ISM
spectra (see Sec. VI). The results are multiplied by n/n;
in order to highlight the excitation-damping balance
Ycr1 = Vo(ny/ng). In the range of R > R., (bound by the
right vertical line), where the excitation-damping balance is
no longer satisfied, we plot 7821 (R) x Z @ (u®) —pp0)RS E)a).

Let us analyze the partial contributions to the excitation
rate. For the chosen values of n, and N, regime (i) is
realized in Fig. 2 with the value of R, a few times smaller
than R.,. As long as R is sufficiently small, so that n;(R) =
ne:(R) is substantially larger than ng, we have u(® > v,,.
In this case, K = 4 and, according to Eq. (38), y ~ K~!.
Then the term « ¥*3 in Eq. (39) can be dropped, and the
partial fluxes reduce to

a 4
SY(R) ~

3 vAlf(()a>' (40)

"This value of ny is set smaller than that in Fig. 3 for illustrative
purposes, to widen the gap between R, and R., in Fig. 2.
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Thus, the contributions of different nuclei depicted in Fig. 2
at low R are simply proportional to their charge density.

As v /u' increases with R, the term o« ¥ in Eq. (39)
eventually becomes important, and its effect then depends
on the sign of 1 — u(® /u*. We note that the value of u(® for
protons is typically substantially smaller than that for
heavier CR species, since protons do not experience
fragmentation. Therefore, u(® < u* is assumed for protons
and u® > u* for heavier nuclei; i.e., the proton contribu-
tion to the excitation decreases with R while the contribu-
tion heavier species increases, and eventually, the excitation
is dominated by helium nuclei.” This behavior is seen in
Fig. 2 for the range of R < R, (bound by the left vertical
line). The curves for He, O, C, and Fe are similar in this
case, since Eq. (40) remain applicable for all species apart
from protons.

For R > R, we have n|(R) = ng and hence, vy = v4q.

The dependencies Sf)a) (R) are then controlled by /C(R) and
x(R), showing nonmonotonic behavior; specifically, the
dependencies are determined by interplay of y*3¢5(1=%)
and % in Eq. (39). In particular, the curve for protons in

Fig. 2 exhibits a local maximum, while for helium it
decreases monotonically with R.

VI. GAMMA-RAY EMISSION
FROM MOLECULAR CLOUDS

Recent Fermi LAT observations of nearby giant molecu-
lar clouds show deficits in the gamma-ray residual map
when the expected diffuse emission is modeled assuming
uniformly distributed CRs [30]. The authors pointed out
that the observed emission “holes” reflect the lack of
penetration of <10 GeV CRs into denser regions and
proposed that the CR deficit is caused by slower CR
diffusion in the clouds.

We apply the presented model of CR self-modulation to
the observations by Yang et al. [30]. The ISM spectra of CR
protons and heavier nuclei are approximated by

53x1074R"!8
14+ (R/1.3x10%)185 )
(41)

_ 155
R4 = +
(1 +(R/0.7)13

where R = R/(1 GV). The functional dependence of the fit

and the abundance factors (péa) are chosen to reproduce

observational data in the range of 1 GV < R < 10* GV [40].
The exponent a takes into account spectral hardening for
heavier nuclei, so that a = 0 for protons and a = 0.1 for
other nuclei.

’In general, the proton flux may even become sub-Alvenic,

Sf)” BTN f(()” ), making their contribution to the excitation

negative.
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FIG. 3.  Comparison between gamma-ray observations of giant

molecular clouds reported by Yang et al. [30] and our theoretical
model (see text for parameters). The gray and black symbols
represent the measured emissivity derived for the surrounding
diffuse gas and dense molecular clumps, respectively. The gray
solid line represents the theoretical emissivity computed for the
unmodulated ISM spectrum of CRs, Eq. (41). The black lines
show the modulated spectra obtained from our model, with
different lines illustrating contributions of different CR nuclei, as
indicated in the legend.

We assume B = 3 pG for the magnetic field in diffuse
atomic gas [41] and set n, = 1 cm™ for the border density.
The average value of the column density for five dense
molecular clumps reported in Yang et al. [30] are estimated
as’ N = (m/ M)/ Trhean, Where m and rpe,, are, respec-
tively, the mass and the mean radius of the clumps listed in
their Table 1. The resulting values of N for clumps C1 to
C5 from that table are, respectively, ~1 x 10?* cm™,
~5x 102 ecm™2, ~7 x 102 cm™2, ~5 x 102 cm™2, and
~1 x 10> cm™2. For our calculations, we employ a
conservative value of ' = 6 x 10*2 cm~2. As was shown
in Ref. [38], the net flux velocity u of relativistic CR nuclei
penetrating dense molecular clouds is

u(R,N) ~ %Gloss(R)NC, (42)

where oy, is the cross section of catastrophic losses in the
clumps (pion production for protons and fragmentation for
heavier nuclei), taken from the GALPROP code (see, e.g.,
Ref. [42] and refernces therein).

For the above parameters, we derive the spectra of self-
modulated CRs and compute the expected gamma-ray
emissivity using parametrization by Kafexhiu et al. [43].
The results include contributions of CR protons, helium,

3A factor of 1.37 used by Yang et al. [30] to correct for heavy
elements is omitted here, since we are interested in the total
number of nucleons along the line of sight.
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carbon, oxygen, and iron. To explore the impact of different
nuclei, we analyze the following cases: waves are excited
by protons only, by protons and helium, and by all included
species.

The results are shown in Fig. 3 together with the
observational data by Yang er al. [30]. The computed
emissivity is strongly suppressed below =2 GeV, where
helium nuclei significantly affect the results while the
contribution of heavier CR species is practically negligible.
We see that our results are in excellent quantitative agree-
ment with the observations.

A. Dependence on N, n,, and B

To understand how the column density N and border
density n affect the gamma-ray emission, we compute the
emissivity for several characteristic values of A/ and ny,.
The results are summarized in Fig. 4.

For N' =3 x 10?2 cm™2, regime (ii) of the diffusion
zone is realized at lower n, and regime (i)—at higher n,
[see Eq. (24) and Fig. 1]. The CR self-modulation has a
relatively small impact on the gamma-ray emission in this
case, simply because the excitation threshold R, is too
small and close to the threshold of pion production.

The impact becomes significant for A" = 6 x 10> cm™
(corresponds to Fig. 3), where regime (i) is primarily
realized. We observe a fairly sharp change with n, occur-
ring around ~3 cm™3: the modulation effect tends to
saturate at ny <1 cm™, whereas for ny > 10 cm™ it
practically vanishes. This is because for larger n, corre-
sponding to regime (i), the damping rate in the excitation-
damping balance is proportional to n. Since R, decreases
with ng in this regime, it eventually falls below the range of
R contributing to the emission and the modulation effect
vanishes. On the other hand, a transition to regime
(i1) occurs near the smallest n,, and R., is then set by
intersection of n;(R) and n,(R)—so that the modulated
spectrum is no longer dependent on n,.

And for A =1 x 108 cm™2, we observe a dramatic
suppression which does not saturate as n, decreases, with
the emission reduced by a factor of a few at GeV energies.
Now R., is so high that a very broad range of modulated
CR spectrum contributes to the emission, which explains
the strength of the effect. At the same time, the diffusion
zone is now well in regime (i), and therefore, the effect does
not saturate within the selected range of n,.

We note that the reduction in the modulation effect seen
with increasing n, can be on average compensated by
increasing V. To quantify this trend, let us consider regime
(i) for sufficiently large N and ny: according to Eq. (20),
the modulated CR flux is then given by S; = Spy ng/ 2
for a broad range of R, < R <R, and the modulated

CR spectrum, Sy/u with u « N, scales as ng/z//\f.
Equation (26) shows that R, in this regime is also

(approximately) a function of ng/ 2/./\/ . Therefore, the

2

3

10*28

Unmodulated

22 -2

1020 L4

10729 2

Emissivity per H atom (erg s )

107
107

1 0*29 b

107" 10° 10! 10?
Energy (GeV)

FIG. 4. Effect of the border density n, and the cloud column
density N on the gamma-ray emissivity. The interstellar CR
spectrum and the magnetic field are the same as in Fig. 3, the
wave excitation is due to protons and helium nuclei. The three
panels show results for three characteristic values of A, the
values of n are indicated in the legend. The gray solid line shows
the emissivity for the unmodulated CR spectrum.

resulting gamma-ray emission (which is an integral quan-
tity of the CR spectrum) is approximately similar for

similar values of n2/?/\ .

In the same way, we can assess the effect of the magnetic
field strength. For sufficiently large N and n,, the modu-
lated CR spectrum is independent of B within a broad range
of R, < R < R.,, where also R, does not depend (approx-
imately) on B, and therefore, the emission is practically
independent of B, too. According to Egs. (25) and (26),
decreasing ny and/or A/ (and/or increasing B) reduces the
gap between R, and R, (which is a function of B), and
thus, dependence on B gradually increases. However, the
dependence remains rather weak: e.g., by changing B in
Fig. 3 from 3 pG to 5 pG [41], we obtain an equally good
fit to the data for N~ 8 x 10?2 cm™2.
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VII. CONCLUSIONS

In this paper, we have investigated penetration of
relativistic interstellar CRs into molecular clouds sur-
rounded by nonuniform diffuse envelopes. The present
work extends and generalizes our earlier model of CR self-
modulation [5,31], where we assumed gas density to be
constant across the whole envelope. While the overall
qualitative picture remains largely unchanged, several
reported findings may have a profound impact on our
understanding of the process:

(1) Gas density in the envelopes typically increases
monotonically going from the ISM to dense molecu-
lar clumps, which makes it possible to use the
density as the relevant coordinate for the problem
of CR penetration. This enables us to obtain a self-
consistent analytical solution of the problem, with-
out assuming the value of density at which the wave
excitation by CRs occurs. The resulting solution is
universal, as it does not depend on a particular shape
of the spatial density distribution.

(2) The border density ng, through which interstellar
CRs enter the envelope, corresponds to a local
minimum of the wave damping rate due to ion-
neutral collisions. The minimum is associated with a
transition between different dominant ions in the
envelope and the ISM, so that waves are only exited
at n > nyg.

(3) The diffusion zone, where CRs are scattered at the
self-excited waves, forms as a result of intrinsic
inhomogeneity which controls locations of the zone
boundaries for a given CR energy. The computed
density values for the boundaries turn out to be
substantially smaller than those assumed earlier in
the constant-density model. This implies a propor-
tionally smaller wave damping and, therefore, more
efficient self-modulation for otherwise the same
conditions—thus affecting CRs at substantially
higher energies.

(4) The diffusion zone is relatively narrow: the ratio of
densities at its inner and outer boundaries is shown
not to exceed the value of 2%/3 ~2.5. At the same
time, the mean free path of CRs due to their
scattering at the self-generated turbulence is always
much smaller than the inhomogeneity scale and,
therefore, the diffusion approximation is always
applicable.

(5) The magnitude of flux of self-modulated CRs is
always set by the universal diffusion flux Sp, Eq. (7),
while in case of uniform envelopes the diffusion
component was shown to dominate the flux at higher
energies and the advection component—at lower
energies [5]. Now, we rigorously show that the flux
of CRs into the cloud interior never exceeds the
value of 4Sp computed at the outer boundary of the
diffusion zone.

(6) The present model takes into account contributions
of different CR nuclei, thus extending the results
obtained for constant-density envelopes by Dogiel
et al. [31]. Now we show that the relative contri-
bution of helium nuclei to the wave excitation
increases with energy and can eventually become
dominant.

We estimated the effect of CR self-modulation on the
gamma-ray emission and showed that the emission can be
reduced dramatically at energies below several GeV. The
magnitude of this effect is determined by the cloud column
density A as well as by the border density n, and the
magnetic field strength B.

The dependence on AV exhibits a sharp threshold behavior.
For the local Galactic spectrum of relativistic CRs and
B = 3 G, the effect is weak for V' < 3 x 10*?> cm™2, while
for V' =6 x 10?2 cm™2 and 1 x 10>} cm™? the emission at
<1 GeV is reduced by a factor of ~2 and =4, respectively.

The dependence on ny is determined by the value of \:
weakening of the modulation effect with increasing n, can
be on average compensated by increasing N. For suffi-
ciently large N, the gamma-ray emission at <I GeV is
approximately similar for similar values of ng/ 2 JN. In the
same way, the effect of increasing B is compensated by a
comparable increase in N

We applied our model to explain recent Fermi LAT
observations of nearby giant molecular clouds [30], showing
deficits in the gamma-ray emission at GeV energies. For a
fairly conservative set of parameters, with the magnetic field of
3—5 puG and the cloud column density of (6-8) x 10?> cm™2,
the computed gamma-ray spectra demonstrate an excellent
agreement with the observations.

APPENDIX A: ANALYTICAL SOLUTION
FOR INDIVIDUAL NUCLEI IN THE
DIFFUSION ZONE

We write the solution of Eq. (29) in the following form:

”] /
-n
fOR.z)=e (féa) —Séa)/e—dn’) (A1)

UA

where

Z
(R, z) = / %dz’. (A2)
2

Substituting v, /D from Eq. (28) into Eq. (A2) yields

n(R.n) =2In2% - % [1 - <l> _3/1 .

n

(A3)

By inserting # into Eq. (A1), we notice that the resulting
integral can be calculated analytically and expressed
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through a new variable (n/n;)~3/2. This gives us the
following spectrum at the inner boundary:

« o K—18 1) si
T e e Bl
VAl

IC VAl
(A4)

Blig

where y(R) = (n,/n;)~>/?. Similarly to what is derived for

CR protons in Sec. III, we see that also spectra fga)(R) of
other nuclei penetrating the cloud do not depend on the
shape of n(z).

APPENDIX B: STABILITY OF THE
STATIONARY SOLUTION

Assume that the stationary solution, which is described
by the CR transport equation (without losses), Eq. (1), and
the wave excitation-damping balance, Eq. (4), is disturbed
such that f(z,1) = f(z) + 6f(z,t) and W(z,t) = W(z) +
6W(z,t). Here, ]_‘ and W denote the derived stationary
solution, and the perturbations are assumed to be small,

5f < f and 6W < W. Employing the nonstationary wave

equation, W /dt = 2(ycr — v;i,) W, and utilizing Eq. (3) to
relate W and D, we obtain

0f 0 (- 05f 6m,Q,

—— =—|D—=——-1v,0 Dv;, oW |, Bl

ot 6z< PR S+ TN Vin (B1)
AW voAp’ 00f

= - =L 20,,6W.
o 3m,Q, oz

(B2)
For small-scale perturbations, both v, and D can be treated as
constants. Assuming the perturbations o exp(—iwt + ikz),
the above equations lead to the following dispersion relation:

w? + (iDK* 4 2iv;, — vak)w = 2iv,vpak = 0. (B3)
To analyze stability of the obtained polynomial, we apply
the Hermite-Biehler theorem (see, e.g., Ref. [44]): all the
zeros of a complex polynomial a(w) + ilf(w) liein the lower
half-plane if / > 0 and zeros of the real polynomials a(w)
and f(w) strictly interlace. In our case, @ = w* — v ko,

p = — 5 vak, and | = DK* 4 2u;,. Since [ > 0, the

zeros of @ and f are real, and the zero of £ is strictly between
the zeros of a, Eq. (B3) has only stable solutions.
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