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Motivated by the old idea of using the Moon as a resonant gravitational wave (GW) detector, as well as
the recent updates in modeling the lunar response to GWs, we reevaluate the feasibility of using a network
of lunar seismometers to constrain the stochastic GW background (SGWB). In particular, using the updated
model of the lunar response, we derive the pattern functions for the two polarizations of GW. With these
pattern functions, we further calculate the overlap reduction functions for a network of lunar seismometers,
where we have relaxed the conventional assumption that lunar seismometers are perfectly leveled to
measure only the vertical acceleration. We apply our calculation to two future lunar projects, namely,
Chang’e and the Lunar Gravitational Wave Antenna (LGWA). We find that the two projects could constrain

the SGWB to a level ofΩChang’e
GW < 2.4 × 102 andΩLGWA

GW < 2.0 × 10−10, respectively, which corresponds to
a signal-to-noise ratio of SNR ¼ 3. These results are better than the constraints placed previously on the
SGWB in the mid-frequency band (around 10−3–10 Hz) by various types of experiments.

DOI: 10.1103/PhysRevD.110.043009

I. INTRODUCTION

The idea of using Earth or the Moon as a resonant
gravitational wave (GW) detector is an old one [1–3]. Early
estimations suggest that the moon might be sensitive to
GWs at the frequencies higher than 1milli-Hertz (mHz) [4],
due to its fundamental quadrupole mode. Meanwhile,
detailed theory about the seismic response to GWs gradu-
ally developed from 1960s to 1980s [2,5]. The sensitivity in
such a mid-frequency band (around 10−3–10 Hz) is a good
complement to the current ground-based GW detectors like
LIGO/Virgo/KAGRA [6–8], which are tuned to detect the
GWs in the audible band (10–103 Hz). It is also comple-
mentary to the future space-borne interferometers such as
LISA [9], TianQin [10] and Taiji [11], which are sensitive to
mHz GWs.
Among thevarious signals in themid-frequency band [12],

stochastic GW background (SGWB) is a persistent one [13].
Such a background could form during the early cosmic
inflation [14–16] or due to the evolution of a population of
binaries in the Milky Way [17–19]. In the most optimistic
scenarios, the predicted energy density from these sources
amounts to ΩGW ≃ 10−8 ∼ 10−10 in the mid-frequency
region.

Several earlier works tried to constrain the SGWB in
the mid-frequency band by analyzing the data from the
seismometer networks on Earth or the Moon. They studied
both the free-surface effect [20] (hereafter CH14a) and the
normal modes [21] (hereafter CH14b) of Earth, as well as
the normal modes of the Moon [22] (hereafter CH14c).
However, limited by the sensitivities of the seismometers,
the results are insufficient to put stringent constraint on
the SGWB, even though they are already better than (or
at least comparable to) the constraints placed by other
types of experiments, such as ULYSSES [23], LP [24],
GPS [25], GRACE-FO [26], and Tianwen-I [27]. Therefore,
different designs of lunar seismometers that are underway
can boost the sensitivity in this band, such as the Lunar
Gravitational Wave Antenna (LGWA) [28] and other
designs (e.g., [29]).
Three recent progresses motivated us to revisit the

calculation of the sensitivity of lunar seismometers to
the SGWB. First, the physical interpretation and theoretical
formulation of the lunar response to GW have evolved in
recent years [30–32], and the response functions of the
Moon have been updated [31,33,34]. Conventionally, the
lunar response to GW has been understood in two different
ways, either from the tidal acceleration or from the local
shear force induced by GW (the latter one corresponds to
the result of an effective-field-theory approach [32]). In
light of the recent studies, it becomes clear that the latter*Contact author: xian.chen@pku.edu.cn
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approach results in a response function which is directly
proportional to the readout of a lunar seismometer. Second,
deployment of new seismometers on the Moon is imminent,
including China’s Chang’e 7 and 8 projects [35–37] which
are scheduled in 2026 and2028, andNASA’s Farside Seismic
Suite scheduled in 2026 [38]. The India’s Chandrayan-3
project launched in 2023 also had the Instrument for Lunar
Seismic Activity [39]. Understanding their sensitivity to the
SGWB is urgent. Third, depending on the design of seis-
mometer and the deployment mechanism, future lunar
seismometers may not be perfectly leveled, and one seis-
mometer may be able to measure the accelerations in
multiple directions, but the previous works commonly
assumed that the seismometer arrays respond only to the
vertical acceleration. A related matter is that seismometers
with different orientations are sensitive to different polari-
zation states of the incoming GWs. But the previous works
are mostly based on a single polarization state. Here, we aim
to address the above issues.
The paper is organized as follows. In Sec. II,we review the

method of calculating the lunar response to GWs, and the
theory of detecting the SGWB using multiple detectors. In
Sec. III, we calculate the overlap reduction function (ORF)
of lunar-seismometer array, paying special attention to the
configuration in which seismometers point to arbitrary
directions. In Sec. IV, we apply our theoretical framework
to two future projects, namely, Chang’e and LGWA, to
evaluate their abilities in constraining the SGWB. Finally,
in Sec. V, we summarize our results and discuss possible
aspects for future research. Throughout the paper we
will adopt the International System of Units and the
Minkowski metric ημν ¼ diagð−1; 1; 1; 1Þ, unless men-
tioned otherwise.

II. BASIC THEORY

In this section, we first review the surface response
solution of a radially heterogeneous elastic sphere (which is
a good first-step approximation to the real case of the
Moon) to linearly polarized GWs, basically following [30]
(hereafter Ma19) and [31] (hereafter Yan24). We also
generalize this solution to account for GWs with arbitrary
polarization states. Based on this solution we derive two
pattern functions corresponding to the two polarizations of
GWs. Next, we briefly describe the calculation of the
signal-to-noise ratio (SNR) of SGWB for an array of GW
detectors, which introduces an ORF. Using this SNR, we
evaluate the capability of using lunar seismometers to
constrain the SGWB.

A. Surface response of the Moon

As we have clarified in Yan24, given a linearly polarized
GW,

h ¼ ℜ
n
h0ϵijeiðωgt−k⃗g·r⃗Þ

o
k⃗g ¼ ð0; 0;ωg=cÞ

ϵij ¼

2
64
1 1 0

1 −1 0

0 0 0

3
75; ð1Þ

the surface response of a radially heterogeneous elastic
sphere, in the long-wavelength approximation, can be
written as:

ξ⃗ðθ;φ; tÞ ¼ h0 cos ðωgtÞ

×

�
Tr

X
m

fmY2mðθ;φÞêr

þ Th

X
m

fm∂θY2mðθ;φÞêθ

þ Th

X
m

fm
∂φY2mðθ;φÞ

sin θ
êφ

�
; ð2Þ

where we are evaluating the response at the location of
Rðsin θ cosφ; sin θ sinφ; cos θÞ (R is the lunar radius).
Following the definition in Yan24, Tr and Th are the radial
and horizontal response functions at the GW frequency
ωg=2π. They are independent of the location of a detector
or the propagation direction of GW. Y2m is the real
spherical harmonics, and fm is a function depending on
the direction of the propagation of GW:

fm ¼ 4

ffiffiffiffiffi
π

15

r
× ðδm;2 þ δm;−2Þ:

The definitions of three base vectors in spherical coordi-
nates are, respectively,

êr ¼ ðsin θ cosφ; sin θ sinφ; cos θÞ;
êθ ¼ ðcos θ cosφ; cos θ sinφ;− sin θÞ;
êφ ¼ ð− sinφ; cosφ; 0Þ: ð3Þ

Notice that the tensor h used above refers to one single
polarization state with a single frequency, which can also be
represented by the commonly used polarization states hþ
and h× as hþ þ h×. Another polarization state, hþ − h×, is
discussed in the Appendix. Therefore, the displacement
solution, Eq. (2), although widely used in the past, applies
only to a single polarization.
The displacement solution can be written in a more

concise form,

ξ⃗ðθ;φ; tÞ ¼ 2Thh · êr þ ðTr − 2ThÞðêr · h · êrÞêr; ð4Þ

by combining Eqs. (22) and (25) in Yan24. The factor 2
before Th results from the behavior of the spherical
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harmonics (see Yan24 for more discussions). The advan-
tage of using the latter form is that it unifies the solutions to
different polarizations. The proof is given in the Appendix.
Thus, when considering a more general GW tensor,

h ¼ ðhþeþ þ h×e×Þeiωgt

eþ ¼

2
64
1 0 0

0 −1 0

0 0 0

3
75

e× ¼

2
64
0 1 0

1 0 0

0 0 0

3
75; ð5Þ

we can write the surface response detected by an accel-
erometer along the direction êdet as

ξ ¼ ξ⃗ðθ;φ; tÞ · êdet ¼ ðFþhþ þ F×h×Þeiωgt; ð6Þ

in which the two pattern functions are

Fþ ¼ 2Thðêdet · eþ · êrÞ
þ ðTr − 2ThÞðêr · eþ · êrÞêr · êdet

F× ¼ 2Thðêdet · e× · êrÞ
þ ðTr − 2ThÞðêr · e× · êrÞêr · êdet: ð7Þ

For example, if all accelerometers measure the vertical
acceleration, we can set êdet ¼ êr and the pattern functions
become

FCH14c
A ¼ Trðêr · eA · êrÞ; A ¼ þ;×: ð8Þ

These functions recover the results given in CH14c.

B. Theory of detecting SGWB

For two detectors that have uncorrelated noise but have
the same noise spectral density SnðfÞ, given a SGWB with
a dimensionless energy spectral density ΩGWðfÞ, the SNR
in the mid-frequency region is [40]:

SNR ¼ 3H2
0

4π2

�
2T

Z
10 Hz

10−3 Hz
dfΓ2ðfÞΩ

2
GWðfÞ

f6S2nðfÞ
�
1=2

; ð9Þ

where T is the observational period, and H0 is the Hubble
parameter. In the above equation, the ORF ΓðfÞ for two
detectors (marked with subscript 1 and 2) is defined as:

ΓðfÞ ¼
Z

d2n̂
4π

Z
dψ
2π

×

�X
A

FA
1 ðn̂ÞFA

2 ðn̂Þ exp
�
i2πfn̂ ·

Δx⃗
c

��
; ð10Þ

where n̂ is a unit vector along the GW vector, ψ is the
polarization angle, A ¼ þ;× represent different polariza-
tion states, and Δx⃗ is the separation between two detectors.
Notice that for the lunar-seismometer array in the frequency
range lower than 10 Hz, the exponential term in Eq. (10)
can be ignored. This is partly because of the long wave-
length, and partly of the angular symmetry of the wave
vector n̂ during the integration and averaging [41]. We also
notice that ΓðfÞ has the same dimension as T2

r=h, but can be
different from it by one or two orders of magnitude (see the
next section for detailed calculations).
Equation (9) can be simplified for order-of-magnitude

estimation:

SNR ≃
3H2

0ΩGWðfÞ
4π2

ΓðfÞ ffiffiffiffiffiffiffiffiffiffiffiffi
2TΔf

p
f3SnðfÞ

; ð11Þ

where Δf is the bandwidth. Therefore, the threshold ΩGW
that is possibly detectable would be

ΩGW ≃
4π2

3H2
0

f3SnðfÞffiffiffiffiffiffiffiffiffiffiffiffi
2TΔf

p SNR
ΓðfÞ : ð12Þ

By settingΔf ≃ f and Γ ≃ ηT2
r=h, the above equation can

be further simplified to:

ΩGW ≃
4π2

3
ffiffiffi
2

p SNR
η

1

H2
0

f5=2ffiffiffiffi
T

p
� ffiffiffiffiffi

Sn
p
Tr=h

�
2

≃ 3.2 × 10−7
�
SNR
η

��
H0

70 km s−1Mpc−1

�
−2

×

�
f

1 Hz

�
−3=2

�
T

1 yr

�
−1=2

�
f2

ffiffiffiffiffi
Sn

p
10−15 ms−2Hz−1=2

�
2

×

�
Tr=h

105 m

�
−2
; ð13Þ

in which we have applied Eq. (7). The f2
ffiffiffiffiffi
Sn

p
term

approximately corresponds to the sensitivity of the seis-
mometer. Notice that this equation generally underesti-
mates the detectability by one or two orders of magnitude,
as we will discuss in Sec. IV.

III. OVERLAP REDUCTION FUNCTION

In this section, we will calculate the ORFs using our new
form of lunar response solution.We begin with the ORFs for
a network of two seismometers with several special con-
figurations. We next generalize the results to two seismom-
eters with arbitrary configurations, and end this section with
the ORFs for an array of multiple seismometers.
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A. The ORF of two seismometers
with special orientations

We first calculate the ORFs for several special cases, for
easier comparison with the previous results. For the
configuration considered in CH14c [see Eq. (8)], where
the seismometers are all vertical, we can calculate the
ORF with

Γver-ver ¼
Z

d2n̂
4π

Z
dψ
2π

X
A

FA;CH14c
1 ðn̂ÞFA;CH14c

2 ðn̂Þ

¼ T2
r

Z
d2n̂
4π

Z
dψ
2π

X
A

ðêr1 · eA · êr1Þðêr2 · eA · êr2Þ

¼ 2

15
T2
rð1þ 3 cos 2δÞ: ð14Þ

Here we have set êr1 ¼ ð0; 0; 1Þ and êr2 ¼ ðsin δ; 0; cos δÞ,
in which δ is the angle subtended between the two
seismometers by the great circle. Notice that in the low-
frequency approximation the ORF does not depend on
frequency. The maximum of ORF occurs when δ ¼ 0 or π.
Equation (14) is consistent with CH14a and CH14c.
It is also interesting to consider two seismometers with

horizontal accelerometers (i.e., êdet · êr ¼ 0). The corre-
sponding pattern functions are

Fhor
A ¼ 2Thðêdet ·eA · êrÞ; A¼þ;×: ð15Þ

(i) If the two horizontal accelerometers are both vertical to
the plane of the great circle between the two seismometers,
the ORF is:

Γhor1-hor1 ¼ � 8

5
T2
h cos δ; ð16Þ

where � represents two cases in which the two acceler-
ometers point in the same or the opposite directions,
respectively. The maximum response occurs at δ ¼ 0; π.
(ii) If the two accelerometers are both tangent to a same
great circle, the ORF is:

Γhor2-hor2 ¼ � 8

5
T2
h cos 2δ; ð17Þ

where � represents the cases in which the two acceler-
ometers point in the same or the opposite arc directions
along the great circle. The maximum value occurs
when δ ¼ 0; π=2; π.
We also consider other interesting cases in which the two

seismometers have different orientations. For example, if
one accelerometer is vertical and another is horizontal
(relative to the surface of the Moon), there are two kinds of
combinations depending on the direction of the horizontal
detector. Using the same notations “ver,” “hor1,” and
“hor2” as before, we calculate the ORFs and derive

Γver-hor1 ¼ 0; ð18Þ

Γver-hor2 ¼∓ 4

5
TrTh sin 2δ; ð19Þ

where ∓ corresponds to the cases in which the horizontal
accelerometer aligned with the great circle is pointing in or
opposite to the direction of the vertical detector. The
maximum response occurs when δ ¼ π=4; 3π=4.
Now there is one kind of configuration that is still

missing, in which the ORF is calculated as

Γhor1-hor2 ¼ 0: ð20Þ

To better illustrate these configurations, we plot Fig. 1 to
show the meanings of “ver,” “hor1,” and “hor2.”
By reviewing the above results, we find that in the

configurations of “ver-hor1” and “hor1-hor2,” the ORFs
are always zero. These results are due to the cancellation of
the response after the integration over the 4π solid angle
and 2π polarization angle.

B. The ORF of an array of seismometers
with arbitrary orientations

For two seismometers with arbitrary orientations, we can
calculate the ORF according to the linear dependence of the
pattern function FA on the orientation êdet of the accel-
erometers inside the seismometers. For example, consider
two seismometers placed at the same position as described

FIG. 1. Schematic diagram showing different configurations of
the readout directions of the seismometers on the Moon. The gray
arc represents the great circle crossing two seismometers.
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in Sec. III A. We can rename the base vectors of the
orientations of the two accelerometers as follows:

êa1 ¼ ð0; 0; 1Þ
êb1 ¼ ð0; 1; 0Þ
êc1 ¼ ð1; 0; 0Þ
êa2 ¼ ðsin δ; 0; cos δÞ
êb2 ¼ ð0; 1; 0Þ
êc2 ¼ ðcos δ; 0;− sin δÞ; ð21Þ

where a, b, c denote “ver,” “hor1,” and “hor2,” respectively.
Noticing that the orientation vectors can be decomposed as

êdet;i ¼ Aiêai þ Biêbi þ Ciêci; i ¼ 1; 2

A2
i þ B2

i þ C2
i ¼ 1; ð22Þ

we can write down the total ORF as

Γ ¼ 2

15
× ½A1A2T2

rð1þ 3 cos 2δÞ
þ 12B1B2T2

h cos δ

þ 12C1C2T2
h cos 2δ

þ 6ðA2C1 − A1C2ÞTrTh sin 2δ�: ð23Þ

In particular, if we consider two seismometers installed
nearby on the Moon, which is the case of Chang’e
seismometers [42] and the current design of LGWA [43],
we can regard δ as a small quantity. The corresponding ORF
can be calculated with

Γδ∼0 ≃
8

15
T2
r ×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − B2

1 − C2
1Þð1 − B2

2 − C2
2Þ

q

þ 3ðB1B2 þ C1C2Þζ2
�
; ð24Þ

where ζ is a ratio defined by Th ¼ ζTr. In this specific
situation the maximum value of ORF depends on ζ.
If ζ2 > 1=3, the maximum value is 8ζ2T2

r=5 when
Bi ¼ Ci ¼ 1=

ffiffiffi
2

p
; i ¼ 1, 2. Otherwise, if ζ2 < 1=3, the

maximum becomes 8T2
r=15 when Bi ¼ Ci ¼ 0; i ¼ 1, 2.

For two seismometers i and j that are all horizontal (i.e.,
Ai ¼ Aj ¼ 0), Eq. (24) can be further simplified to

Γδ∼0;hor
ij ¼ 8

5
T2
hðBiBj þ CiCjÞ

¼ 8

5
T2
hêdet;i · êdet;j: ð25Þ

We note that these ORFs [Eqs. (24) and (25)] may over-
estimate the SNR for a seismometer array in a small region,
because two seismometers placed nearby could have gained

correlated environmental noise, e.g., from the seismic wave
induced by a nearby source of moonquake. This noise will
result in a worse sensitivity of the array to the GW back-
ground. However, this effect can be mitigated by adding
another seismometer far from the previous two, e.g., on the
far side of the Moon as the phase 2 of the LGWA project
proposes.
If there are more than two seismometers, the SNR for

such a detector array can be calculated with the following
replacement in Eq. (9) [40]:

T
Γ2ðfÞ
S2nðfÞ

→
X
i<j

Tij

Γ2
ijðfÞ

Sn;iðfÞSn;jðfÞ
; ð26Þ

where the summation is taken within different pairs (i-th
and j-th seismometer) of seismometers, and Tij is the
common operation time for each pair. If all the operational
periods Tij are equal, and all the noise spectrum Sn;iðfÞ are
the same, we can calculate the SNR by defining an ORF of
the multiple-seismometer array, which reads

Γarray ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiX
i<j

Γ2
ij

s
: ð27Þ

For example, for two seismometers in the Chang’e 7 and 8
projects, each of them might be able to simultaneously
measure the seismic responses from three orthogonal
directions. Therefore, the ORF for Chang’e seismometers
can be estimated as follows:

ΓChang’e ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
8

15
T2
r

�
2

þ
�
8

5
T2
h

�
2

þ
�
8

5
T2
h

�
2

s

¼ 8

15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T4
r þ 18T4

h

q
; ð28Þ

where we have assumed that six readout directions just
correspond to the base directions defined in Eq. (21).
For LGWA, three seismometers are placed on the

vertices of a small equilateral triangle (kilometer scale)
and one seismometer is placed at the center of this triangle
(all seismometers have two orthogonal horizontal read-
outs). We plot Fig. 2 as a sketch for their locations and
directions (notice that we have specified the readout
directions of each seismometer for simplicity, which might
not be the real case). In this case, we first calculate the ORF
between each pairs:

Γ12 ¼ Γ13 ¼ Γ14 ¼ Γ23 ¼ Γ24 ¼ Γ34 ¼
8

5

ffiffiffi
2

p
T2
h: ð29Þ

The 8T2
h=5 term in the above equation comes from x − x

or y − y correlation in each pair of the seismometers,
which can be easily calculated using Eq. (25), and the
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combination of these correlations leads to an extra factor offfiffiffi
2

p
, according to Eq. (27). As a result, the ORF for LGWA

seismometer array becomes

ΓLGWA ≃
ffiffiffiffiffiffi
C2
4

q
×
8

5

ffiffiffi
2

p
T2
h ¼

16
ffiffiffi
3

p

5
T2
h: ð30Þ

IV. CONSTRAINING THE SGWB
BY LUNAR SEISMOMETERS

In this section, we will evaluate the viability of using
lunar seismometers to constrain the SGWB. We mainly
consider two different projects: one is the Chang’e project
from China and the other is the LGWA project from Europe.
We approximate the sensitivity of the seismometers of

Chang’e 7 and 8 by the sensitivity of the Insight’s Very
Broad Band (VBB) seismometer on Mars [44], and for
LGWA we choose the cryomagnetic design [28]. The
sensitivity curves of these seismometers are plotted in Fig. 3.
Next, we calculate the constraint on the energy spectral

density of the SGWB by Chang’e and LGWA. According
to Eqs. (28) and (30) and the related discussions in
Sec. III B, we set ΓChang’e ¼ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T4
r þ18T4

h

p
=15 andΓLGWA¼

16
ffiffiffi
3

p
T2
h=5. Then the detection thresholds are derived in two

different ways. (i) We use the approximation, Eq. (12), and
setΔf ¼ f, SNR ¼ 3, and T ¼ 1 yr. The results are shown
in Fig. 4 as the solid lines. (ii) We perform a more accurate
integration using Eq. (9), where we have assumed a flat
spectrum for ΩGW (i.e., setting ΩGWðfÞ ¼ ΩGW), and set
SNR ¼ 3 and T ¼ 1 yr. The integration is performed in the
frequency domain of 10−3–10 Hz. The corresponding
thresholds are shown in Fig. 4 as the horizontal dashed
lines. Thevalues corresponding to these two dashed lines are
ΩChang’e

GW ¼ 2.4 × 102 and ΩLGWA
GW ¼ 2.0 × 10−10, respec-

tively. It is worth mentioning that our approach can be
easily extended to the cases with different shapes of SGWB
energy spectrum, by changing the constantΩGW to a certain
kind of function ΩGWðfÞ in Eq. (9). In general, the
sensitivity of LGWA might enable people to distinguish
the differences between different SGWB models.
For comparison, we also plot in Fig. 5 the constraints on

the SGWB in the mid-frequency band given by previous
works. We find that in the frequency band around 0.1 Hz,
the constraint given by Chang’e will be better than the
previous ones by about two orders of magnitude. The
constraint by LGWA will greatly exceed any current
constraints in the frequency band of 10−3–1 Hz, even
though the threshold ΩGW derived in this work is slightly
worse than the previous prediction [28] because of the more
up-to-date response functions used here. Again, we would
like to mention that because two seismometers placed

FIG. 2. Schematic diagram for the locations and orientations of
LGWA seismometers. Short arrows remark the horizontal readout
directions. The distances between these seismometers are around
several kilometers, much smaller than the radius of the Moon.

FIG. 3. The sensitivities of the seismometers in two future
projects, namely Chang’e (approximated by the Insight VBB)
and LGWA cryomagnetic design.

FIG. 4. Constraints on the SGWB by Chang’e (blue) and
LGWA (orange). The results from a full integration of Eq. (9)
are shown as the dashed horizontal lines. The approximate results
calculated by Eq. (12) are plotted in solid lines.
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nearby could have gained correlated environmental noise,
our results might overestimate the detectability of SGWB.

V. SUMMARY AND DISCUSSIONS

Motivated by the recent improvements in the calculation
of the response of the Moon to GWs [31,32,34], we
revisited in this paper the detectability of the SGWB by
lunar seismometers. Besides applying the updated response
functions, we paid special attention to the effect imposed by
the orientations of the seismometers, which are not nec-
essarily pointing in a direction vertical to the Moon surface
due to different deployment mechanisms. To evaluate such
an effect, we derived the pattern functions of a single
seismometer for the two GW polarizations (Sec. II A). We
note that these pattern functions will be useful for future
studies of the localization of GW sources by lunar-
seismometer arrays.
Using the pattern functions, we also constructed the

ORFs for a network of two seismometers (Sec. III A) as
well as an array of an arbitrary number of seismometers
(Sec. III B). We applied our ORFs to two future projects,
namely, Chang’e and LGWA (Sec. IV). We found that in
the frequency band around 0.1 Hz, the threshold SGWB
detectable by Chang’e is two orders of magnitude better
than the limit given previously by other missions. The
sensitivity of LGWAwould be even better, reaching a level
as low as ΩLGWA

GW ∼ 2.0 × 10−10 throughout the mid-fre-
quency band of 10−3–10 Hz (Fig. 5).
Finally, we point out several caveats in this work which

deserve future investigation. First, we have omitted the
correlation between the noise of the seismometers, which
will be crucial for the seismometers placed at close
locations. This correlation may undermine the ability of
a seismometer array in constraining the SGWB. Second, as

we have mentioned in Yan24, we ignored the complex
structure at the surface of the Moon, which might lead to
strong scattering of the seismic waves [45,46]. This structure
might influence the lunar response functions [34], and should
be examined by the real data from future lunar seismometers.
Third, a recent theoretical study of the interaction between
GWsand elastic bodyhints that the currentmodel of the lunar
responsemaybe incomplete [32]. The difference between the
results deserves further investigation.
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APPENDIX: PROVING THAT EQ. (4)
APPLIES TO BOTH POLARIZATIONS

We first consider a new polarization state (hþ − h×) of
GW that is different from Eq. (1). It can be written as

hnew ¼ ℜfh0ϵij;neweiðωgt−k⃗g·r⃗Þg; ðA1Þ

where

ϵij;new ¼

2
64

1 −1 0

−1 −1 0

0 0 0

3
75: ðA2Þ

To prove that this type of polarization also satisfies
Eq. (4), the key step is to prove that it satisfies Eq. (25) in
Yan24. The latter proof requires us to calculate the function
fmnew, which depends on the wave vector direction and
polarization state (i.e., angles e, λ and ν in Ma19). Notice
that in Ma19 and Yan24 the function fm was calculated
only for a specific polarization state.
Considering the definitions of angles e, λ, and ν, we find

that fmnew can be obtained by replacing these angles with
ðeþ πÞ; λ, and (π − ν) respectively, which results in
⃗l → ⃗l; m⃗ → −m⃗, and êk → −êk. As a result, we get:

fmnew ¼ fmðe ¼ π; λ ¼ 0; ν ¼ πÞ

¼ 4

ffiffiffiffiffi
π

15

r
× ð−δm;2 þ δm;−2Þ: ðA3Þ

Now we can combine the previously derived functions.
On one hand, using the definitions of the three base vectors,

FIG. 5. Constraints on the SGWB given by Chang’e and
LGWA (this work), as well as by ULYSSES [23], Earth’s normal
modes (CH14a), terrestrial seismic motion (CH14b), lunar
seismic motion (CH14c), GRACE-FO [26], and Tianwen-I [27].
Following the style in [26], gray shaded area indicates the
excluded region.
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we can derive

êr · ϵnew · êr ¼ sin2θð− sin 2φþ cos 2φÞ;
êθ · ϵnew · êr ¼ sin θ cos θð− sin 2φþ cos 2φÞ;
êφ · ϵnew · êr ¼ sin θð− sin 2φ − cos 2φÞ: ðA4Þ

On the other hand, considering the definition of the real
spherical harmonics and fmnew, we have:X

m

Y2mðθ;φÞfmnew ¼ sin2θð−sin2φþ cos2φÞ;
X
m

∂θY2mðθ;φÞfmnew ¼ sin2θð−sin2φþ cos2φÞ;

X
m

∂φY2mðθ;φÞ
sinθ

fmnew ¼ 2sinθð−sin2φ− cos2φÞ: ðA5Þ

Therefore, we find

1

2
êr ·hnew · êr¼

h0 cosðωgtÞ
2

X
m

Y2mðθ;φÞfmnew;

1

2
êθ ·hnew · êr¼

h0 cosðωgtÞ
4

X
m

∂θY2mðθ;φÞfmnew;

1

2
êφ ·hnew · êr¼

h0 cosðωgtÞ
4

X
m

∂φY2mðθ;φÞ
sinθ

fmnew: ðA6Þ

This concludes the proof that Eq. (25) in Yan24 is still
satisfied when we consider a different polarization state.
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