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Ascribed as pp and K*K* molecular states, respectively, isoscalar f,(1500) and f,(1710) states are
expected to have isovector partners, potentially identified as ay(1450) and a((1710). The predicted
dominant decay modes for these two a, resonances are a(1450) — wzz and a((1710) — wzxz, Pprx.
We estimate cross sections for two-photon production of these four resonances within hadronic molecular
picture, and demonstrate that SuperKEKB’s luminosity is sufficient for their observation and more precise

parameter measurements.
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I. INTRODUCTION

Understanding the hadron spectrum is one of the most
important challenges in hadron physics. There are various
models interpreting the observed states, and selecting the
rightone is a key issue. These models can be differentiated by
examining their predictions of the complete spectrum, with
consideration of fundamental symmetries. For example, in
the physical depiction of KK molecules, both isoscalar and
isovector states are symmetrically generated, corresponding
to the existing states f,(980) and a((980) [1,2].

The fy(1370) was previously considered to be an
isoscalar pp molecular state, dynamically generated by
the pp interaction [3,4]. However, the inclusion of coupled-
channels of pseudoscalar mesons suggests that the pole and
partial decay widths are more closely aligned with those of
the f(1500) listed in the Review of Particle Physics
(RPP) [5].

Similarly, f,(1710) is interpreted as the isoscalar K*K*
molecular state, dynamically generated by the vector
meson-vector meson interaction [3,6]. Including the
coupled-channels of pseudoscalar mesons does not signifi-
cantly shift the pole, and the mass, width, and partial widths
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are consistent with those of f,(1710) reported in the
RPP [7].

However, the measurement as well as exploration of the
isovector partners of f(1500) and fy(1710) as hadronic
molecules are less explicit. Given that pp cannot form an q,,
state within the isospin formalism due to Bose-Einstein
statistics, which requires [ + S + I = even, pw emerges as
the most promising candidate for forming the isovector
partner of f,(1500). This partner is postulated to be the
ay(1450) [8]. Meanwhile, the isovector partner of f(1710)
is still missing, potentially identifiable as ay(1710) [8].

Therefore, to validate the vector meson-vector meson
molecule model of f(1500) and f,,(1710), it is essential to
confirm the nature of both ay(1450) and ay(1710).
However, up to now, different laboratories have not reached
a consensus on the measured masses of a(1450) and
ao(1710). The situation is even worse when it comes to the
measurement of the width. For ay(1450), measurements
vary across different experiments, while for ay(1710), only
two results have been reported so far.

A notable measurement of a(1450) is from Belle in the
study of the reaction yy — na° [9]. The partial-wave
analysis of the differential cross section indicates the
presence of a resonance that could be possibly attributed
to a(1450). However, its nominal fit mass is 1316.8 MeV,
with no corresponding peak for a,(1450) in the total cross
section spectrum. In fact, if ay(1450) is a hadronic
molecule, its dominant decay channel is predicted to be
wnr [8], so investigating yy — wzx is crucial to find-
ing ay(1450).

The BABAR Collaboration observed ay(1700) — nz
in their yy - 5. — nztnx~ analysis [10]. The BESII
Collaboration also found evidence supporting the existence
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of an isovector partner of f,(1710) [11], reinforcing the
existence of ag(1710) with a mass close to that of
fo(1710). However, a newly observed aq-like state with
amass of 1.817 GeV is also suspected to be a,(1710) [12].

Therefore, it is important to identify suitable reactions
for the search of ay(1450) and a((1710) to obtain more
accurate measurements. The two-photon production reac-
tion could be an ideal place to detect ag(1450), aq(1710),
as well as f5(1500) and f((1710). In this process, one can
exclude additional hadrons in the final state, except for the
decay products of the target resonance, such as observing
ay(1450) in yy - wxtn~,na’. Moreover, with the full
upgrade of KEKB to SuperKEKB, it is expected to provide
40 times more two-photon production events compared to
KEKB [13].

In this paper, we calculate the cross sections for the two-
photon production of ay(1450), ay(1710), f,(1500), and
fo(1710), followed by their subsequent decays into main
decay channels, exemplified by yy — a((1450) - wnr.
We also present the expected N ,s for these reactions at
SuperKEKB. The paper is organized as follows: In Sec. II,
we mainly present the formalism for the Lagrangians and
the double-photon luminosity function. In Sec. III, we show
the numerical results and discussions. Finally we conclude
with a summary in Sec. IV.

II. FORMALISM

A. The interaction vertices

The effective Lagrangians involved are as follows [14]:

Lyyy = ig<(aﬂvl/ - auvy)V”V”>’ (1)
Lyy = =M} A4,(V*0), 2)
Lypp = —ig(V*[P,0,P]). (3)
Lvlvza0 = ga0V1V2¢a0 V’fvzw (4)
Ly,vasy = 95ovv285, V1V ou (5)

g= My/2f is the hidden gauge coupling constant, where
f =93 MeV the pion decay constant and My is the mass
of the vector meson V; (...) denotes the trace in SU(3)
space; Q = diag(2,—1,—1)/3, and e = —|e| is the electron
charge; ¢y is the field of the scalar resonance S; V’i‘,
with i =1, 2, are the fields of the vector mesons V.
Additionally, V, is the vector field matrix defined as

"
follows:
5P+ pt K™+
P~ —5P+ e KO (6)
K* I_(*O ¢

and P is the pseudoscalar field matrix defined as follows:

%ﬂ()%»%ﬂ t Kt
T _\/Li 0+\/L€'7 K.
_ =0 2
K K N

According to the Lagrangians, we can define the following
tensors corresponding to different vertex structures:

(stlvz)’w = gsvlvzgﬂva (8)
Vsp,p, = gsp,p,» )

(Vvvv )™ = gy v, (K, = &) g™ + (K, — k¢, )9

+ (ky, — Ky, )9}, (10)
V) = gvg”, (11)
(Vve.p, )" = gve,p, (k’;n - k};)z)- (12)

Note that we assume all particles in (Vy y,y,)*" to be
incident particles approaching the vertex. In practice, note
that for (V,,,)* we have

(Vpim)ﬂ = (Vpor[*n’ )M + (Vp+”0,[+ )ﬂ + (V/)’ﬂozr’ )”' (13)

(b)

FIG. 1.
£0(1500).

Feynman diagrams for two-photon production of
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7(k2) 7
/" P(p2)
fo(1710) ™
K*(ks) \\fj(pl)
v(k1) .
(a)
7 (k2) {/
/// P(pQ)
f0(1710) \\
K*(k3) \\ij(l?l)
v(k1) ) \\
(b)

FIG. 2. Feynman diagrams for two-photon production of
fo(1710).

Based on these vertices, we can construct the corresponding
Feynman diagrams, as shown in Figs. 1-4. P refers to
pseudoscalar meson and V refers to vector meson. All the
detailed involved channels can be found in Sec. IIL

B. Propogators

The propogators for spin 0 resonance and vector meson
are defined as follows:

1

Gp(k) = s 14

R( ) ‘:2 1% 17 lRI R ( )

(GV(‘:)) ~ﬂy ’ (15)
B k2 - m%/ + lmvl \%

where k is the 4-momentum, and m, I'" are the mass and
total decay width of the particle. Particularly, in the case of
a vector meson in yV vertex, where the 4-momentum
satisfies k> = 0, the propagator is as follows:

Guw
(GV)w = mizv (16)

Definition of g,, is as follows [15]:

PuPy _ .
;—Z”E ~Gu(p).  (17)

3
S eu(m)e; (m) = —g, +
m=1

(b)

FIG. 3.
ap(1450).

Feynman diagrams for two-photon production of

where ¢, (m) is the polarization vector for a massive vector
meson with its 4-momentum to be p, and its third
component of spin in its rest frame to be m.

Next, consider the photon polarization vector A, with
4-momentum g,. We take into account both the Lorentz
orthogonality condition A,g" = 0 and an additional gauge
invariance condition. We assume the Coulomb gauge
A,0" =0 in the c.m. frame, where Q¥ is the summation
of the momentum of two incoming photons. Let
K, =0, —q,, the 4-momentum of the other incoming
photon. The summation of polarization vectors is then
given as follows [15]:

. q.K,+K,q,
;Au(m)Au(m) = —Guw + qu

= —gfj‘. (18)

C. Form factors

For each triangle loop in the Feynman diagram as shown
in Figs. 2 and 5, we introduce two types of form factors.
The first type is a form factor with a smooth cutoff that
serves to regularize the loop integration:

O (19
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(b)

FIG. 4. Feynman diagrams for two-photon production of
ay(1710).

where A; = 1.0 GeV [7]. The second type is a dipole form

factor for the off-shell exchanged meson K*
(Ag)*

(Ag)* + (K = mi)?

Fi- (k) = (20)

where A, = 1.0 GeV. Note that the empirical values for the
cutoff parameters in such hadronic form factors range from
0.5 to 2.0 GeV. For simplicity, we take both A| and A, to be
1.0 GeV in our calculation of the triangle hadronic loops.

For the off-shell mesons p, w, and ¢ in the yV vertex, we
also introduce a dipole form factor

(As)*
(A3)*+ (p? = my)*’

Fi,(p) = (21)
where A; = 0.63-0.83 GeV. The determination of A5 will
be discussed in Sec. I F. Besides, notice that p?> = 0 for the
mesons coupling to the incoming photons, and we shall
simply denote F',(p) as Fj,.

D. The scattering amplitudes

We can define a function G(ky, k,, k5), which combines
the propagators in the loop with the aforementioned form
factors, to calculate the triangle loop K*(k3) — K*(ky) —
K*(ks), where K*(ks) is the exchanged meson, and
k3 :kl +k5,k4:k2—k5:

w(p2)

FIG. 5. Feynman diagram for yy — f,(1710) - ¢w.
Gk Ky s) = Fe (ks)———
1,%2,R5) — L K* 5 kg_m?-(*‘i‘le
» 1 1
(ky +ks)* —mg. + i€ (ky —ks)* —m%. + i€
(A)* { |£5|2}
X exp |— . (22)
(M) + (k3 —m3.)? (Ay)?

Next, we proceed to write down the scattering amplitude.
In this section, we present one scattering amplitude as an
example, while the remaining scattering amplitudes can be
found in Appendix B.

For the Feynman diagram as shown in Fig. 2(a), the
corresponding  scattering amplitude of y(k;)y(k,) —
fo(1710) = P(p;)P(p,) is as follows:

My, = Ay, (my, ky)Ase(my, ky) (F))?

X (Vy(kl)p)lw(Vy(kz)p)éa(G;)ya(G;)aK

X (Vi & )"Gy, (ki + ko) Vs opp

id*ks , . .

[ e olha)) (< (k) (=Bl

x G(ky, ky, ks){(Vpk*ﬂ(*-)aﬁy(VpK*‘K**)Kw

+ (VPK*—K*Jr)aﬁy(VpK*+K*—)’d€

=+ (Vngok*o)aﬁy(Vpk*ngo)Kw

+ (VPK*OK*O)”M(VpK*ok*o)Kw}, (23)
where A,,A,; are the polarization vectors of the two

incoming photons.
E. Coupling constants

The coupling constants g,, involved in the tensor
(V,y)* are given as follows:

1 e
Yo :—%Mﬁg’ (24)
1 e
=M, 25
Yy W27y (25)
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5 €

vy (26)

1
Iy = §M

The coupling cqnstants gv,v,v, involved in the tensor
(Vy,v,v, )/*® are given as follows:

|

9okt k- = GOk -k = \/—519, (27)

|

IpkOK® = G0k = = 510 (28)
1,

ok K~ = ok~ K+ = ﬁlg’ (29)
1 .

Gk OK0 = JukO0g0 = 7519, (30)

9pk Kk~ = 9pk—K+ = g, (31)

9Kk = Jpkoko = 19 (32)

The coupling constant g,,, involved in the tensor
(V,z) is given as follows:

Yprr = _\/Elg (33)

We now come to discuss the coupling constants involved
in the tensors (Vgy,y,)" and Vgp p,.

For a pure molecular state composed of two constituent
particles, its coupling constant with the constituent particles
is given by the following formula [16]:

Ol

kv, v, _ (mi+my) V/32e, (34)

4n (mymy)?

where m;, m, are the masses of the two component
particles V|, V,, and ¢ is the binding energy. With this
formula we can obtain g, (1450)pws Gas(1710)K*K*» Gas(1710)p>
91,(1500)pp> and 95y (1T10)K* K+ - Note that 9o(1500)pp gives the
coupling constant of f,(1500) to both p°° and p*p~.
Specifically, we have gy (15000, :\/LE 9fo(1500)p 5~ =
\/L§gf0(1500)/’/"

The other coupling constants are deduced from the
relevant partial decay widths. For two-body decays,
this determination can be performed using the following
formula [17]:

1
87

|P1]
For our calculations, the partial widths of f,(1500)
are based on the RPP recommended values or average

values [17], whereas the partial widths of f,(1710) are

derived using the unitary coupled channel approach, as
predicted in [7]. Similarly, the partial widths for ay(1450)
and ay(1710), given by the same approach, are taken
from [7,8], respectively. All the necessary partial widths
and the coupling constants obtained using this method are
listed in Tables I and II

Additionally, it is worth mentioning that the mass and
total width of the resonances fy(1500), f,(1710),
ay(1450), and ay(1710), used for cross section calculations
in Sec. I11, are presented in Table III. The data for f(1500)
and f((1710) come from the RPP [17], while the data for
a(1450) and ay(1710) are taken from [8].

F. Cutoff parameter A;

Belle has investigated yy — V'V and presented the cross
section spectrum for yy — ¢w [18]. The phase space is
expected to drop significantly near the threshold, leading to
a decrease in the cross section. However, the contribution
from the 0" state does not seem to decrease near 2.0 GeV,
likely due to the contribution from f(1710). Therefore, by
fitting the partial wave data of 0" contribution from Belle
for yy — ¢w [18], we can determine the value of A3, which
represents the cutoff parameter applied in the dipole form

TABLE 1. Partial widths and coupling constants relevant to
fo(1500) and f((1710).

Partial width [MeV] Coupling constant [GeV]

Channels  f,(1500)  f((1710) So(1500) fo(1710)
nr 37.3 12.7 1.70 1.06
KK 9.2 44.0 0.96 2.16

nn 12.9 1.21
TABLE II. Partial widths and coupling constants relevant to

ap(1450) and ay(1710).

Partial width [MeV] Coupling constant [GeV]

Channels  a((1450)  ay(1710) ay(1450) ag(1710)
P e 61.0 . 3.50

nm 14.7 66.9 1.14 2.55
KK 13.2 74.4 1.15 2.81
TABLE III. Mass and total width of f;, and a, resonances.
Resonances Mass [GeV] Total width [GeV]
Ffo(1500) 1.522 0.108
Sfo(1710) 1.733 0.150
ay(1450) 1.500 0.128
ay(1710) 1.720 0.220

036020-5
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factor for the vector mesons p, @, ¢ in the yV vertex. The
corresponding Feynman diagram is shown in Fig. 5.

Note that the two vector mesons (V(k;), V(k,)) repre-
sented at the yV vertex in Fig. 5 include the following
pairs:  (p°(k1), p°(ka)), (K1), p(ka)), (@(ky), w(ky)),
(p(ky), w(ks)), (w(ky), p(k,)). The corresponding scatter-
ing amplitude is presented in Appendix B. The total width
of fo(1710) is taken to be 0.150 GeV [17]. As for the mass,
we adopt a range from 1.71 GeV [7] to 1.78 GeV, which is
the mass threshold of K*K*.

Through data fitting, we obtained A; = 0.63 GeV when
the mass of f,(1710)is 1.71 GeV, and A3 = 0.83 GeV when
the mass is 1.78 GeV. Note that here A5 is especially sensitive
to mass variations. This sensitivity arises because the
coupling constant g g«g+, calculated with Eq. (34),
decreases significantly as the binding energy e approaches 0.

G. Double-photon luminosity function

If the cross section o,, for a two-photon production
reaction is known, and the integrated luminosity [ Ldr for
ete™ scattering is provided, then we can obtain the event
yield for the two-photon production as follows:

Y, (W) = o, (W)L, (W) / LdiAW,  (36)

where W is the c.m. energy of the two incident photons.
L, (W) is the double-photon luminosity function. AW is
the bin width. Y,, (W) represents the event yield for two-
photon production in a W range between W and W + AW.

Let E be the initial energy of the electron in the e e~ c.m.
frame. In the same frame, assume two photons with energies
E, and E,, and four-momentum squares —Q?> and —P?, are
produced in the e* e~ scattering. For Q? — 0 and P? — 0,
the luminosity function L,, is given as follows [19]:

w1

_dr,
26227

L}/J/(W) = /fy/e(y’ W’ Q%nax)fy/6<z7 Wv Qrznax)
(37)

where y~ E|/Ey, z = E,/Ey, and r = y/z.
The definition of f,,, is given as follows [9]:

N[ —

FeleW. @) = = 14 (1= 2

In Q3.
x/ F(e”,W)du—l—i—Z},
In (m?z2/(1-z))

(38)

where a ~ 13 is the fine-structure constant. v = In 0 and
F(Q* W) =1/(1 + Q*/W?)? [9]. Q}x = 1 GeV? givesa
maximum virtuality of the incident photons. Details on the

derivation of the expression for L,, can be found in
Appendix A.

III. NUMERICAL RESULTS AND DISCUSSION

Figure 6 shows the distribution of cross sections as a
function of the c.m. energy W of the incoming yy system
for the two-photon production of ay(1450), aq(1710),
f0(1500), and f((1710).

In this work, we use a fixed eTe™ c.m. energy of
10.58 GeV for the double-photon luminosity function
calculation. The total integrated luminosity is set to be
8000 fb~! for the prediction of N »$ at SuperKEKB, which
is about 40 times the luminosity of Belle’s 223 fb~! in their
yy — na° analysis [9].

Tables IV-VII present the peak information for £, (peak
energy in GeV), 6, (peak cross section in nb), and N, (peak

event yield in 10°/(10 MeV)) across reactions, with the
values varying based on A;. To avoid any confusion, it
should be noted that the previously determined range for As,
based on two sets of f,(1710) masses at 1.71 GeV and
1.78 GeV, serves as a foundation for our calculations.
However, the specific mass of f(1710) employed in our
cross section calculations is the average value in RPP, which
1s 1.733 GeV, situated between these two mass values.
Furthermore, given that the partial widths of f,(1710) used
in our calculations are derived from the unitary coupled
channel approach, we have also adopted a set of mass and
width values for f,(1710) from [7]. Consequently, the results
are approximately 2.4 times those presented in Table VII, yet
they remain within the same order of magnitude.

In Belle’s analysis of yy — na°, the efficiency n for
We[1.0,2.0] GeV generally lies between 0.01 and 0.02
[9]. The event yield of yy — a(980)/ay(Y) — na° dis-
plays a notable peak at Wy = 0.9823 GeV with event yield
about 2000/(10 MeV), denoted as N,." Here ay(Y) rep-
resents an unidentified scalar resonance.

For comparison, the calculated N » for the reaction
vy = ao(1450) - wnr at SuperKEKB ranges between
76.5-940N,,. By setting n = 0.01, the range of N, narrows
to 0.8-9.4N,, still at or above the order of magnitude
of Ny. Hence, Belle-Il is expected to clearly observe
the resonance peak of ay(1450) through the reaction yy —
wrr at SuperKEKB. Similarly, the calculated N, for
the reaction yy — ao(1450) — nz at SuperKEKB ranges
between 8.5-107.5N. Setting n = 0.01, N, narrows to

'Ny is not directly presented in the Ref. [9], but we can
estimate it with the following facts: Consider only the S-wave, the
total cross section contributed by these two a, resonances is
around 10 nb, while the total cross section including background
is around 36 nb at W, both integrated over | cos 8*| < 0.8. The
total event yield for | cos 6| < 0.05 is around 900/20 MeV at
Wy, and note that the S-wave contribution should be evenly
distributed over 0 <|cos@*| < 0.8. Therefore, we have

No=(19810900) /10 MeV =2000/ 10 MeV.

036020-6
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a0(1450)
1+
102}
=
= _ .
\G 10 41
1076 L
10—8 L
1. 1.5 2.
W(GeV)
ap(1710)
1.+
0.75r
=
g
5 0.5F
0.25F
0.t
W(GeV)
fo(1500)

o(nb)

W(GeV)
fo(1710)
0.15r
= 0.1F
£
b
0.05r
0.t

W(GeV)

FIG. 6. Cross sections for two-photon production of ag(1450)
(Logscale), ay(1710), f¢(1500),and f((1710) vs. c.m. energy W. In
each figure, the lower group of lines corresponds to A; = 0.63 GeV,
and the upper group corresponds to Az = 0.83 GeV.

0.1-1.1N,, which approaches or reaches the order of
magnitude of N,. This suggests that observing the
ay(1450) resonance peak through the reaction yy — nz°
at SuperKEKB is likely. Similarly, the expected N, of
8-96N,, for the reaction yy — KK indicates a similar
potential for observation.

From analogous analyses, the observation prospects for
other resonances at SuperKEKB can be inferred. Table V
indicates that ay(1710) is possibly observable via the
reactions yy — ¢rn, wnrw,nn, KK, with expected N »
ranging between 9-154N,, 10-167.5N,, and 3.5-60N,,
4-67N,, respectively. Table VI indicates that f(1500) is
observable via the reactions yy — zz, 4z, with expected N,
ranging between 27.5-322N,, 59-695N,,, and suggests a
possible observation in the KK channel, estimated at
6.5-79N,. Table VII indicates a modest likelihood of
observing f(1710) in the reactions yy — zz, KK, nn, with
expected N, ranging between 2.5-8N, 9.5-27N,, 3-8Nj.

Transitioning from Belle II's potential observations at
SuperKEKB, we now consider the scenario at KEKB’s
original integrated luminosity. By setting the integrated
luminosity to 223 fb~!, the expected N p for yy —
ay(1450) - nz falls within 0.005-0.06N, at n=0.02.
For context, Belle has documented a resonance peak for
a(980), ag(Y) with an event yield of N, and the number
of all candidate events at the peak is approximately 2.5N,.
Thus, Belle’s failure to observe an ag(1450) resonance
peak in the reaction yy — 5z aligns with our projection.

We proceed to compare our calculations with Belle’s
measurements on f,(1500) and f,(1710). In a detailed
analysis of the reaction yy — z°z°, Belle found no distinct
resonance peak for the f,(1500) around 1.5 GeV [20].
Nevertheless, the nominal fit suggests a possible contribu-
tion from f,(1370), f¢(1500), or a mixed contribu-
tion from both, denoted as f,(Y). This fit yields a
mass of 1469.7 +4.7 MeV/c?, a total decay width of
89.7:%4 MeV, and I, B(fo(Y) — n°2°) = 11.2277 eV.

Now we could estimate the cross section for the reaction
vy = fo(Y) = 7°2° with these parameters. First, note that
Belle adopts the relativistic Breit-Wigner resonance ampli-
tude, denoted as Ai(W), to fit the peak of a spin-J
resonance R with mass mg, as described in the following
equation [20]:

AJ (W) — \/Sﬂ(2j + 1)mR \/FVV(W)FHOHO(W)
R w my — W2 — imglo (W)

. (39)

Then we could obtain op = 0.71 nb at W = 1.47 GeV
with the following formula:

o(W) = / dQlA, o (WIS, (40)

whete Y§ = /L, and 4y, (W) is given by Eq. (39)

036020-7
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TABLE IV. Peak information related to a(1450).

wnn nm KK
E, (Peak energy) [GeV] 1.54 1.50 1.50
o, (Peak cross section) [nb] 0.39-4.77 0.04-0.52 0.04-0.46
N, (Peak event yield) [10°/(10 MeV)] 1.53-18.8 0.17-2.15 0.16-1.92
TABLE V. Peak information related to ay(1710).

Yz wnn nn KK

E, (Peak energy) [GeV] 1.84 1.74 1.71 1.71
o, (Peak cross section) [nb] 0.06-1.10 0.06-1.07 0.02-0.37 0.02-0.41
N, (Peak event yield) [10°/(10 MeV)] 0.18-3.08 0.20-3.35 0.07-1.20 0.08-1.34
TABLE VI. Peak information related to f(1500).

p%/4 KK 4z
E, (Peak energy) [GeV] 1.52 1.52 1.52
6, (Peak cross section) [nb] 0.13-1.59 0.03-0.39 0.29-3.43
N, (Peak event yield) [10°/(10 MeV)] 0.55-6.44 0.13-1.58 1.18-13.9
TABLE VII. Peak information related to f,(1710).

nr KK m
E, (Peak energy) [GeV] 1.74 1.74 1.74
6, (Peak cross section) [nb] 0.02-0.05 0.06-0.17 0.02-0.05
N, (Peak event yield) [10°/(10 MeV)] 0.05-0.16 0.19-0.54 0.06-0.16

From our calculations, the o, for the reaction yy —
fo(1500) - zz is 0.13-1.59 nb at W = 1.52 GeV.
Therefore, the o, for the reaction yy — f((1500) —
7972° would be 0.04-0.53 nb, which is possibly comparable
to the fit result 0.71 nb.

Belle has performed an analysis on the reaction yy —
KK to check the existence of the f,(1710) resonance
within two fixed resonances a,(1320), f,(1270) and a
floating resonance f(1525) [21]. Six acceptable fits were
identified for the f,(1710) resonance in this analysis. For
the first four solutions, Belle performed a fit for the c.m.
energy region 1.2 GeV < W <2.0 GeV by floating the
mass, width, I',, B(KK) and the relative phase of both the
f5(1525) and f,;(1710) (J = 0 or J = 2). This approach is
referred to as Fit-All, with the four solutions denoted as fit-
1, fit-2, fit-3, and fit-4. Belle provided another two fits with
different approach. For these two solutions, Belle first
obtained the f%(1525) parameters by fitting in the range
1.15 GeV < W < 1.65 GeV and ignoring the contribution
of the f;(1710). Then Belle included the contribution of

the fo(1710) and fitted the region 1.2 GeV < W <
2.0 GeV by fixing the f%(1525) parameters. This approach
is referred to as fit-part, with the two solutions denoted as
fit-H and fit-L. We estimate the o, for the reaction yy —

fo(1710) = KK based on these parameters, as detailed in

Table VIII.

From our calculations, the o, for the reaction yy —
fo(1710) = KK is 0.17 nb when A; = 0.83 GeV, which
falls within the same order of magnitude as the estimates
from fit-2, fit-4, fit-H, and fit-L.

The two-photon decay width of f(1710) could offer
another valuable perspective. Belle [21] and CELLO [22]
both measured I'ggl',, /T in the reaction yy — KgKg.
Utilizing Txg /T = 0.3870% [23], we could obtain
the corresponding I, as listed in Table. IX. On the other
hand, f((1710) has been considered to be dynamically
generated by the vector meson-vector meson interaction
within the hidden gauge formalism, and calculations of the
two-photon decay width of f,(1710) as well as its isovector
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TABLE VIII. Peak cross sections for the reaction yy — f,(1710) — KK in different fits. Mass is given in
MeV/c?, total width in MeV, and I',, B(KK), in eV.

Fit-all Fit-part
Sol. Fit-1 Fit-2 Fit-3 Fit-4 Fit-H Fit-L
Mass (fo) 1781 1780 1783 1761 1750j§j12§ 1749j§_+j21
Tt (f0) 99 110 96 119 138412738 145+153]
r, B (KI_{)fO 216 6.3 189 10.3 12431277 2170158
o, [nb] 6.7 0.2 6.1 0.3 0-3j8f8;—+05.'23 0.5 00708

partner are presented in [24]. The results are listed along-
side ours in Tables IX and X.

The error in Belle’s measurement might be too large to
be convincing, yet both our calculations and those pre-
sented in [24] align with the CELLO data, despite our
results being one to two orders of magnitude lower. This
difference may in part be due to the form factor for the p°,
w, and ¢ mesons’ coupling to photons introduced in
our work. As shown in Eq. (41), such a fourth power of
the form factor, which participates in the calculation
of the cross section and width, could notably reduce the
two-photon decay width by a factor r, ranging between

0.006-0.08.
A3 4 4
= () w

where we have assumed a general mass of vector mes-
ons, my = 0.8 GeV.

The situation is similar for the f,(1500). Reference [25]
initially considered the f,(1370) to be dynamically gen-
erated by the pp interaction, providing its two-photon
decay width as 1.62 keV, without considering the form
factor of the p°, @, and ¢ mesons that couple to the

TABLEIX. T, for f(,(1710) from experimental and theoretical
studies.

Source I',,B(KK) [eV] r, [eV]

Exp BELLE 12434227 32484597
CELLO <110 <289

Th Ref. [24] s 50
Present work e 2-8

TABLE X. T, for a¢(1710) from theoretical studies.

Source r,, [keV]
Th Ref. [24] 1.61
Present work 0.03-0.57

photon, either. This identification of f,(1370) shifts to
fo(1500) after including the coupled-channel effects of
pseudoscalar mesons [5]. In comparison, our results for the
two-photon decay width of f(1500) are in the range of
0.01-0.12 keV, which are also one to two orders of
magnitude lower.

It should be noted that omitting the form factor would
lead to even larger predictions for the cross section of the
two-photon production process, thereby increasing the
potential for observing the aforementioned a, and f
resonances.

IV. SUMMARY

We consider a((1450) and ay(1710) as hadronic mol-
ecules and calculate the cross sections for the two-photon
production reactions yy — ao(1450) = wax, na’, KK,
vy = ao(1710) = ¢rn, wrr,nx’, KK, yy — fo(1500) —
an, KK, 4z, and yy — f(1710) — 7z, KK, 3y, along with
the expected peak event yields at SuperKEKB.

Based on our calculations, the peak cross sections for the
reactions yy — fo(1500) — zz and yy — f,(1710) - KK
might be comparable to the experimental values reported
by Belle in their yy — z°2° and yy — K9KY analysis
[20,21]. Moreover, our calculations indicate that the event
yield for yy — ay(1450) — nz° is not sufficient to form an
observable peak in KEKB, which is consistent with the
observation by Belle [9].

Based on our predictions, ay(1450) can be observed in
the reaction yy — wzzx and may be possibly observed in
vy = nn°. a(1710) could be possibly observed in yy —
¢nr, wrxm,na’, KK at SuperKEKB. Furthermore, observa-
tion of ay(1710) in reaction yy — ¢pzm could serve as
confirmation of its hidden strange quark content.

The reaction yy — wzr is expected to be the most
suitable for observing ay(1450), while yy — ¢zrm is
expected to be most suitable for observing a,(1710). If
Belle-II successfully utilizes SuperKEKB to observe these
reactions and measure the masses and decay widths of
ay(1450) and ay(1710) more accurately, it will help us
verify their hadronic molecule interpretations as pw and
K*K* molecular states, respectively.
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TABLE XI. Hadronic molecule table of f(, and a, resonances.
KK pp/pw K*K*

1=0 £0(980) f0(1500) fo(1710)

I=1 ay(980) ag(1450) ag(1710)

The f(1500) and f(1710) were previously considered
as glueball candidates [26-28]. As isoscalar glueballs, they
would have no isovector partners. Therefore, confirming
ag(1450) and ay(1710) as the isovector partners of
fo(1500) and f,(1710) is crucial in determining their
nature.

If the above hypotheses are successfully verified, it could
be confirmed that the resonances f,(980), f((1500),
and f((1710) in the I = O sector are KK, pp, and K*K*
isoscalar molecular states, respectively. Similarly, the
resonances ay(980), a(1450), and ay(1710) in the
I =1 sector are KK, pw, and K*K* isovector molecular
states, respectively. These results are summarized in
Table XI.
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APPENDIX A: SUPPLEMENT TO DOUBLE-
PHOTON LUMINOSITY FUNCTION

In this appendix we detail the derivation of the double-
photon luminosity function.

L,,(W) is the probability distribution function of a two-
photon production with a total energy of W from a pair of
beam particles, which refer to e " e~ in the context. Its physical
significance can be seen from the following equation [29]:

oo = / o, (W)L, (W)dW. (A1)

Here, o,+,- denotes the cross section for the reaction
ete” — eTe™X, where X can represent any final-state
particles.

To obtain the expression for L,,, we first need to derive
the expression for o,+,-. Under the condition that the two

incident photons are nearly on-shell (Q* — 0, P> — 0),
Eq. (2.29) in [19] provides a simplified equation:

Octe = /fy/e(yv w, szax)fy/e(z’ W, Qrznax)gyy(w)dydz'

(A2)

Define s = yz = W?/4E} and recall that r = y/z. To
simplify calculations, we can perform the integration
variable transformation as follows: dydz — J,,drds and
subsequently ds — J,dW. This introduces two Jacobian
factors:

0(y.2) 1
J. .= =— A3
" ‘d(r,s) 2r (A3)
and
s w
Tow =| 50| = 572 A4
w ‘aw 2B (A4)
Thus, we have:
L W) = w 2 w 2 W 1 d
W( ) - fy/e(y: ’ Qmax)fy/g(z, ’ Qmax) Z—E(Z)Z r,
(AS)

as have shown in Sec. II.
The original formula of Eq. (38) is from Eq. (2.19) in

[19], and In El—) 0> max 1n Eq. (2.19) has been replaced

mz

with the integral [9]:

1 [InQk
—/ F(e*, W)dv.
2 Jin(m222/(1-2))

F(Q?, W) is introduced to describe the factorized rela-
tion between the cross sections for virtual photons and the
real photons:

(A6)

oy (W) = F(QT. W)F(Q3. W)o,(W). (A7)

where o+, is the cross section for virtual photons, and o,

is the cross section for real photons.

APPENDIX B: SUPPLEMENT
TO SCATTERING AMPLITUDES

In this appendix we present all the scattering amplitudes
for each Feynman diagram given in Sec. II. For the reaction
y(k)y(ky)— fo(1500)—P(p;)P(p,) as shown in Fig. 1(a),
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My, = Ay (my, ky)Age(my, ky) (F))?
x (V}'(kl)p)ﬂy(Vy(kz)p)ég(Gfo)m(G;J)aﬁ
X (V,fof)p)(lﬂG.f()(kl + kZ)VfOPP-

For the reaction y(ky)y(ky) — fo(1500) — z(p;) x
7(ps2)m(p3)n(ps) as shown in Fig. 1(b),

My, = Ay (my ky)Age(my, ky) (F),)?
X (V)™ Vitt)p)(G))ua(G)) o
X (Vupp) PGy, (ki + k) (Vi pp)™
X (G,(P5))e6(G,(P6))10(V pn)*(V pr)°.

For the reactions y(k;)y(k,) = fo(1710) = P(p;)P(p>)
as shown in Figs. 2(a) and 2(b), the scattering amplitudes
M,, and M,,, are nearly identical, with the exception that
the yV vertex mesons (p(k;),p(k;)) in M,, are replaced
by (¢(ki).¢(ka)). (p(k1). w(k2)). (@(ky).h(k,)), and
(w(ky), w(ky)) in My,

For the reaction y(k)y(ky) = ao(1450) — P(p;)P(p>)
as shown in Fig. 3(a),

(B1)

(B2)

My, = Ay, (my. ki) Ase(mo ko) Fy o Fy
X (Vv Vst Vi) ) (G ) ua Gy s
X (Vaguv) PGy (k1 + k) V oy pp, (B3)
W(lllcer;/) (V(ki).V(ky)) includes (p(ki). w(ks)), (w(ky),
P\K2))-

For the reaction y(k,)y(ky) = ao(1450) - z(p;)x
7~ (p2)w(p;) as shown in Fig. 3(b),
|

M :Al/t(ml?k )Azg(mz,kz) k)

x G(ky, ks, ks){(Vv(kl)K*+
+ (VV(k,)K*OI_(*O)aﬁy(vv(kz)f(*OK*o)Kw

Fy ) Ve vian )™ (Vi

% Gy (ki + k2><vfom-<*>5’"’ea/<ma, p1)ew(my pa) /

My = Ay (my ki) Ase(ma ko) Fy g Fy
)™ (Vo) vk (Gv(kl))ya(G/V(kz))aﬁ
x (V, VV)a/}GaU(kl + kz)( V)™
X €c(m3, p3)(G(Pa))15(V pors)’s

X (Vykyv

(B4)

where €,(m3, p3) is the polarization vector of the meson .
For the reaction y(k;)y(k,) — aog(1710) = P(p;)P(p»)
as shown in Fig. 4(a),

Myy = Ay (my ki) Ase(ma, ko) Fy g Fy
X (Vi vie)™ (Vo i) (G e Ga) Jop
X (VaOVV)aﬁGaU(kl + &)V oy pps (BS)

where (V(k;),V(k;)) includes (p(ky),p(k2)), (p(ky),

P(k2)), (k). p(ks)), (p(ky). o(k3)), (e (kl)’p(k ))-
For the reaction y(k;)y(ky) = ao(1710) - 7t (p;)x

7~ (py)w(ps) as shown in Fig. 4(b),

My, = Ay, (my, ky)Age(my, ko) FY VK, F
X (Vi) ™ (Vi) vi) )2 (G,
X (VaOVV)aﬁGag (kl + kZ)( aop(u)’d
X eK(m3’ p3)(Gp0 (p4))25(vpoﬂ+zr’) ’

V(k2)
) (G/V(kz))aﬂ

(B6)

where €, (m3, p3) is the polarization vector of the mesons ¢
or .

For the reaction y(k;)y(ky) = fo(1710)
as shown in Fig. 5,

- ¢(p1)o(p2)

))éa(G/V(kl))ya(G/V(kz))o‘K(VfOK*I_(*)(SrI

i 4
d "5 5 (k) (= (k) (=G0 (k)

(22)*

&) (Vg )" + (Vvgnk-k)P (Vygy)ke k=)™
+ (VV(k,)I_(*OK*O)aﬂy(VV(kZ)K*OI_(*O)Kw}

ld4p ~ ~ ~ Y 191 gt
X /—i(—gﬁ'a'(P3))(—9,1';7’(P4))(—97'0’(P5))G(P1,P27P5){(V¢K*+K*)a/” (VwK**KH)Kw

(27)

+ (Vgkk) 7 (Vogeio- )40 +

(V graigo) 07 (V o) 4O +

(Vd)i(*OK*o )a’ﬂ’y’ (Vu)K*OI_(*O )K’/I’G’ }

where ¢, (m), p;) and e (m), p,) are the polarization vectors of the mesons ¢ and w.
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