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Thermodynamic properties of a relativistic Bose gas under rigid rotation
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We study the thermodynamic properties of a rigidly rotating relativistic Bose gas. First, we derive the
solution of the equation of motion corresponding to a rotating complex Klein-Gordon field and determine
the free propagator of this model utilizing the Fock-Schwinger proper-time method. Using this propagator,
we then obtain the thermodynamic potential of this model in the zeroth and first perturbative level. In
addition, we compute the nonperturbative ring contribution to this potential. Our focus is on the
dependence of these expressions on the angular velocity, which effectively acts as a chemical potential.
Using this thermodynamic potential, we calculate several quantities, including the pressure, angular
momentum and entropy densities, heat capacity, speed of sound, and moment of inertia of this rigidly
rotating Bose gas as functions of temperature (7)), angular velocity (€2), and the coupling constant (). We
show that certain thermodynamic instabilities appear at high temperatures and large couplings. They are
manifested as zero and negative values of the above quantities, particularly the moment of inertia and heat
capacity. Zero moment of inertia leads to the phenomenon of supervorticity at certain 7 or . Supervortical
temperatures (couplings) decrease with increasing coupling (temperature). We also observe superluminal

sound velocities at high 7" and for large a.

DOI: 10.1103/PhysRevD.110.036016

I. INTRODUCTION

Studying the effects of extreme conditions on the
thermodynamic properties of quark matter is one of the
important applications of modern thermal quantum field
theory. These conditions include high temperatures up to
10'? K, large densities up to 10'* gr/cm?, large magnetic
fields up to 10%° GauB, and large angular velocities up to
10?2 5!, These conditions are partly realized in nature, e.g.,
in the early universe or the core of compact stars. The
Quark-Gluon plasma (QGP) produced in relativistic heavy-
ion collision (HIC) experiments at Relativistic Heavy Ion
Collider (RHIC) and Large Hadron Collider (LHC) also
exhibits these extreme conditions. The aim of these experi-
ments is to recreate the conditions after the big bang in
laboratories. Various international projects and intensive
studies are in progress to understand the nature of the
matter produced after these collisions and to overcome the
deficiencies of standard computational methods in simu-
lating quark matter under extreme conditions [1-8].
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Among the aforementioned extreme conditions, analyz-
ing quark matter under rotation has attracted much attention
in the past few years [9-32]. Several important phenomena,
e.g., chiral vortical effect [33], are related to the presence
of a uniform rotation in relativistic systems [22]. When
apart from rotation, these systems are subjected to a
uniform magnetic field, an inverse magnetorotational effect
occurs [21], that particularly leads to a reduction of the
temperature of the chiral phase transition [10-20,23].
Recently, it has been shown that this effect is the main
reason for excluding certain phases of quark matter in
the interior of neutron stars under some specific circum-
stances [30]. The field-theoretical investigation of rotation
is immensely simplified once it is assumed that the system
under consideration is under a rigid rotation. Although this
kind of rotation cannot be attained in the expanding QGP
produced in HICs, however, all theoretical investigations of
this problem are based on this assumption. The latter has
several unexpected consequences:

The effect of rigid rotation on the equation of state of
gluodynamics is studied recently in [26,27]. Assuming
sufficiently small angular velocities €, the free energy is
Taylor expanded in powers of Q up to O(Q?). This
expansion leads immediately to an angular momentum
density that is proportional to Q. According to classical
mechanics, the proportionality factor is the moment of
inertia /(7). By computing /(7) using numerical simu-
lation of lattice quantum chromodynamics, it is shown that
it receives two different contributions. The competition
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between these two temperature dependent terms leads to a
negative moment of inertia at a temperature below a certain
supervortical temperature, 7';. According to these results,
T, is given by T, =~ 1.5T ., where T, is the confinement/
deconfinement phase transition temperature. Assuming that
the angular momentum is finite, a vanishing moment of
inertia at T, leads to the phenomenon of supervorticity,
characterized by very large angular velocity at this temper-
ature [26]. Moreover, as gluons are spin-one bosons,
another interesting effect, dubbed “negative Barnett
effect” [27], is supposed to occur at temperatures below
T,. In contrast to the ordinary Barnett effect, in the negative
Barnett effect, the rotation polarizes spin negatively. This is
only possible when the moment of inertia /¢ related to spin
S is negative, and its absolute value is larger than the
moment of inertia /;, related to the angular momentum L.
Since the latter is always positive [27], the total moment of
inertia [ =I; 4+ Iy corresponding to the total angular
momentum J = L + § becomes negative.

In the present paper, we intend to answer whether a
negative moment of inertia also arises in a spin-zero
relativistic gas. We thus analyze the impact of a rigid rotation
on arelativistic Bose gas. Massless and massive scalar fields
under rigid rotation are previously studied in [28]. Here,
the focus is on imaginary rotation [25,31,32], which has
application in numerical simulation of a rigidly rotating
system on the lattice. It is shown that this procedure leads to
the appearance of the fractal features of thermodynamics
under imaginary rotation and ninionic deformation of sta-
tistics, leading to stable ghostlike excitations [28]. In [29], the
chiral symmetry breaking/restoration in a Yukawa model is
studied. The authors determine first the propagators of free
bosons and fermions in a rotating medium using the Fock-
Schwinger proper-time method [24]. These propagators are
then used to determine the thermodynamic potential of the
rigidly rotating Yukawa gas.

In the following sections, we first review the results
presented in [29] and determine the free propagator of a
rigidly rotating Bose gas using the Fock-Schwinger proper-
time method. To do this, we start with the Lagrangian
density of a complex Klein-Gordon (CKG) field ¢. We use
the imaginary time formalism to introduce the temperature
T and determine the free propagator of the Bose gas at
finite 7. Introducing the interaction term A(¢'¢)? in the
Lagrangian density, we then utilize this propagator to
determine the thermodynamic potential of this gas in the
zeroth and first perturbative expansion in the orders of the
coupling constant 4. We present the results in an integral form
and compare it with the corresponding thermodynamic
potential in a nonrotating Bose gas. As expected, the angular
velocity Q plays the role of a chemical potential [21]. We
then perform an appropriate high temperature expansion
(HTE) and present the corresponding perturbative part of
the thermodynamic potential in this approximation. Apart
from these parts, we determine the nonperturbative ring
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FIG. 1. By applying an angular momentum J, a system with a
positive (negative) moment of inertia / rotates with an angular
velocity Q parallel (antiparallel) to J.

contribution to the thermodynamic potential. The final result
for the thermodynamic potential, including the zeroth and
first perturbative corrections as well as the nonperturbative
ring potential exhibits a summation over £, which arises from
the solution of the CKG equation of motion in cylinder
coordinate system.1 In the second part of the paper, we
perform this summation numerically. Here, we mainly focus
on the thermodynamic properties of the relativistic Bose gas
under rigid rotation. Using the thermodynamic potential, we
first determine the pressure of this gas and study the impact of
a rigid rotation on this pressure. Using standard thermody-
namic relations, we also determine the angular momentum
and entropy densities, j and s, the heat capacity Cy, the speed
of sound ¢2, and the moment of inertia /. Setting first £ = 1,
we present analytical expressions for these quantities up to
O(Q?). Plotting the moment of inertia in terms of the
coupling a = 1/#?, it turns out that I becomes negative
for certain coupling a,, dubbed “supervortical coupling”. In
Fig. 1, we schematically describe how a negative moment of
inertia affects the rotation of a system. In a system with a
positive (negative) moment of inertia, an applied angular
momentum J leads to a rotation with an angular velocity Q
parallel (antiparallel) to J. Finally, we perform the summation
over Z numerically and explore the 7 and Q dependence of
the above thermodynamic quantities. We show that at high
temperatures and for large coupling constants, certain thermo-
dynamic instabilities appear. They are particularly manifested
by negative / and Cy, as well as large c¢,. For very large
couplings, ¢, becomes superluminal at high temperatures.
The organization of this paper is as follows: In Sec. II,
we solve the equation of motion of a free CKG field under
rotation. The free bosonic propagator at zero and finite tem-
perature is presented in II B. In Sec. III, we compute the
thermodynamic potential of a rigidly rotating Bose gas in the
zeroth [Sec. IIT A] and first perturbative level [Sec. III C], as
well as the nonperturbative ring potential [Sec. III D]. To this

"The quantum number ¢ is the conjugate momentum of the
azimuthal angle ¢ in a cylindrical coordinate system.
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purpose, we compute the one-loop tadpole diagram of this
model in III B. In Sec. IV, we determine the thermodynamic
quantities of this Bose gas under rigid rotation and explore
the T and Q dependence of these quantities first in the first
nonvanishing term in Q for £ =1 [Sec. IVA] and then
numerically for £ > 1 [Sec. IV B]. Section V is devoted to
our concluding remarks. In App. A, we present the analytical
details leading to the free propagator of the free CKG model.
In Appendices B and C, we perform an appropriate HTE and
present the free thermodynamic potential and one-loop
tadpole diagram in this approximation.

II. COMPLEX KLEIN-GORDON FIELDS
UNDER ROTATION

A. The model

We start with the action of a free CKG field in a curved
space-time

Sy = / d*x(~ det(gy0)) /Lo, (2.1)
with the Lagrangian density
Ly=g"0,0'0,¢p — m*¢p'. (2.2)

To study the effect of a rigid rotation on a relativistic Bose
gas described by (2.1), we introduce the metric

1= (x> +yH)Q? yQ —xQ 0
yQ -1 0 0
v — s 2.3
I —xQ 0 -1 0 23)
0 0 0 -1

where € is a constant angular velocity. The assumed
rotation around the z-direction leads to a cylindrical
symmetry around this axis. The system is thus naturally
described by a cylindrical coordinate system x* =
(t,x,y,2) = (t,rcos @, rsing, z), with r the radial coor-
dinate, ¢ the azimuthal angle, and z the height of the
cylinder. Plugging £ from (2.2) into the Euler-Lagrange
equation of motion

0L, oLy
(o) 3" 24
we arrive at
0,(9™0,¢) +m*¢p = 0, (25)

with ¢, the inverse of g, from (2.3). Using L ,=
—i(xdy, — yd,) = —id,, the equation of motion of a rotating
CKG field in a cylindrical coordinate system reads

[(i0, + QL.)> + V?> + 0> — m?*|p(x) =0,  (2.6)

with V2 =07 +19, + %0}, To solve (2.6), we use the
ansatz

¢f(x’ k) — e—iEerikzeriz,”(pr(r)’ (2.7)
where the radial part of ¢,(x, k), R,(r) satisfies
0 1 2
0,—!—;0,—7—!—161_ Rf(r):O, (28)

with k2 =E? —k2—m? and E=E+ £Q. Introducing
p = rk,, we finally arrive at

(0202 + po, + (p* — £2)|R(p) = 0, (2.9)

which is the Bessel differential equation leading to
Ry(r) =Jz(k,r), where J,(z) is the Bessel function.
Plugging this result into (2.7), the solution of (2.6) reads

gbf(x, k) = e_iEt+ikZZ+if‘/’Jf(kLr). (210)

B. Free bosonic propagator at zero
and finite temperature

According to the Fock-Schwinger proper-time method,
the free two-point Green’s function Dg(x,x’) of a CKG
field is given by [24,29]

Do(x,x) = —i /_ (; dr> exp (—izn)y(OB(),  (2.11)

where 4 and ¢, are the energy eigenvalue and eigenfunction
of the differential operator D(d,, x). They arise by solving
the eigenvalue equation

D(0y. x)¢p;(x) = Ay (x).

To show (2.11), one starts with the Green’s function
differential equation

(2.12)

D(0y, x)Dy(x,x') = 6*(x — x'), (2.13)
where D(x, x’) is represented as
0
Dy(x,x') = —i/ U(x,x';7)dr. (2.14)

Here, 7 is the proper-time and U(x, x’; 7) is the proper-time
evolution operator which satisfies

i0.U(x,x';7) = D(0,, x)U(x, X' 7). (2.15)
Using the boundary conditions
li_r)l(l)u(x,x’;r) =&t (x - ), Tlirgl/l(x,x’;r) =0, (2.16)
the solution of (2.15) reads

Ux,x';7) = e MO0 5% (x — ). (2.17)
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This result leads to (2.11) upon using (2.13) and the
completeness relation satisfied by ¢, (x)

S ) =5 - (218)

_ _l /0 /dEdk kJ_ko_ _ (Ez—ki—kﬁ—
—00 o

Integrating (2.19) over 7 and performing a change of
variable E — E — £Q, we arrive at Dy(x, x') in coordinate
space

Dyl Jo(kyr)Je(kyr')

/ dEdk kldkL
{=—o0
e IE(=1)+itQ(t—t)+ik,(z=2) +it (p—¢")

. 2.20
. E?— K2 —k2—m? +ie (220

The corresponding free propagator in the Fourier space is
determined by

0
D (p.p) = / d*xd*x' Do(x, X' )ps(x, p)po (X', '),

(2.21)

with d*x = dtdpdzrdr in the cylindrical coordinate sys-
tem, Dy(x,x") from (2.21), and ¢,(x, p) given in (2.10).
Performing the integration over x and x’, we arrive after
some computation at the free boson propagator at zero
temperature (see Appendix A for more details)

A 0
(22)383 4 (pos P> P13 Phs Pl P')DY (),
(2.22)

0
DY (p,p) =

with

) 1
53 p(Pos P2 P13 Pl P D) = Z5(po — po)3(p. — pl)

X 8(py =P )oer, (223)

and

1
(po +7Q)? — @* + ic’

DY (py. w) = (2.24)

Here, »* = p? + p? + m?. At finite temperature T, p is to
be replaced with iw,, where w, = 2znT is the Matsubara
frequency. In the next section, we use

For D = (id, + QL,)> + V> + 02 —m?> from (2.6), the
two-point Green’s function of a CKG field under rotation
is given by inserting (2.10) into (2.11), with 4 = E? — k% —
k2 — m? [29],

m2+ie)e—iE(t—t’)—Hk,(z—z’)+if((p—(p’)Jf(kLr)Jf(kLr/). (2'19)
[
(0) _ 1
DY (@, 0) = (2.25)

(w, —itQ)* + w*’

to derive the thermodynamic potential of an interacting
relativistic Bose gas under rotation up to first order in
perturbative expansion. We also determine the nonpertur-
bative ring potential in the lowest order.

III. THERMODYNAMIC POTENTIAL
OF AN INTERACTING CKG FIELD
IN THE PRESENCE OF ROTATION

In this section, we determine the thermodynamic poten-
tial of an interacting CKG field in the presence of rotation.
We start with the Lagrangian density

ﬁ :£0+£intv (31)
where the free part of the Lagrangian £ is given in (2.2),
and the interaction part reads
—Ap'$). (3.2)
Here, 4> 0 is the coupling constant of the model.
Assuming that A < 1, it is possible to perturbatively expand

the thermodynamic potential V4 in a power series in the
orders of A,

k
Ve = Eﬂ -

(3.3)

In Sec. Il A, we first determine the exact expression of the

zeroth order thermodynamic potential Vi(f)g by making use

of the standard methods in thermal field theory [34,35].
We then perform an appropriate HTE and present Vgg in
this approximation.

To determine the one-loop contribution to the thermo-
dynamic potential, Vg-g, the one-loop self-energy function
of the model, I1;, is to be computed. In Sec. III B, we first
present an exact expression for IT;. We then determine I1;

in the limit of high temperature. We end this section by
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determining the exact expression of the nonperturbative
ring potential V., for this model.

A. Zeroth order correction
to the thermodynamic potential

According to [35,36], the free (zeroth order correction)
thermodynamic (effective) potential Vg of a relativistic
Bose gas is given by

err -7 Z Z /dpsz_dPJ_ ﬂz(

n=—o00 =

. (34)

where f=T"! and D;O)(wn, w) is the free propagator of
this model. Plugging (2.25) into (3.4), we arrive after some
standard computation at

eff Z Z Z/ psz_ PL

n——oo f=—o0 (=%

x In [ (w? + (a)—l—CfQ)z)]. (3.5)
Using at this stage
+0o0
Z In((2nz)? +u?) =u+2In(l1—e™),  (3.6)

n=—0oo

we perform the summation over Matsubara frequencies.
The zeroth order correction to Vg is thus given by

d d
V= 3[R s - )
{=—

+ ln( _ e—/i(m—fQ))]}.

(3.7)

The first term is the vacuum contribution to Vi(f)g. It is
independent of the angular velocity . The T-dependent

part of Vé(f)f), however, can be compared with the thermo-
dynamic potential of a free relativistic Bose gas at finite
chemical potential u [34,35,37]. The fact that #Q plays the
role of the chemical potential u is indeed expected from the
literature (see, e.g., [21,23,30]).

In what follows, we present another possibility to
evaluate (3.4). To do this, let us again start with (3.4). Using

we arrive first at

o dp.p.dp 1
eff =-T Z Z / (2; - L)Kr( )

n=-—00 f=—c00

% /oo dssk—le—ﬂz[(wn—if9)2+w2]s:| (39)
0

k=0

Performing the summation over n, by making use of

Ze

n=—oo

Lo (_iop
T 2@ 2

where 95(z|7) is the elliptic theta-function [38],” integrating
over p, and p, according to (B10), and using

d (s
dr \I'(x)
we obtain

4 +00
(0) o T dS
Vg = — 1672 Z /0 s3

o

P (w,—ifQ)?

L), (3.10)

drs

pu— 1’
k=0

(3.11)

o5y, ( i ;2/”

in)
(3.12)

For our numerical purposes, it is necessary to subtract the

T = 0 contribution from Vé(f)f) We thus arrive at

Veff - Z Az (x,y), (3.13)

where Aj; 4(x,y) is given from

_ o ds 2 —ily| i
= [P (2] o

by choosing n = 3. Here, x = mf and y = Qp.

In Sec. IV, we study the thermodynamic properties of a
relativistic Bose gas under rotation by making use of (3.13).
We derive the pressure, the entropy density, the angular
momentum, and the energy density up to first order
perturbative corrections inclusive the first corrections to
the nonperturbative ring potential.

Inspired by the method presented in [37,39], it is possible

to expand ng)f) in x<1 and y< 1 and to determine
an approximation of this potential at high temperature.
According to the proof presented in Appendix B, the HTE

of ngf) " from (3.7) reads

’Here, we have used the notation 95 (z|7) = 95(z, e~*"). Here,

33 is given by

+00
9(zlr) =1+ 221"2 cos(2nz).

n=1
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2 2 3 4
)T N Eale: X X 4 3
Vg =-T'¢——-— —— (Inl— | — -
et {45 12+67r 16ﬂ2<n<x> 7/E—|_4>
32 =72y x 1
)22
+Z( 1272 27‘[+3) y}—i—
(3.15)

Similar expression appears also in [35,40], where £y = £Qf
is replaced with the chemical potential . According to this
result, for m, Q = 0, we thus have

rma—0  w2T*

0
Véﬂ) 45 ’

(3.16)
which is the thermodynamic potential of a free and massless
relativistic Bose gas [35]. Since we are interested in the Q
corrections to Vé(f)f)T, it is possible to keep the first non-
vanishing © dependent term in (3.15). For £ = 1, we thus
have

Tt 15
v~ 2 (1 +— (Qﬂ)2>. (3.17)

This result indicates that rotation increases the pressure of a
free relativistic Bose gas. In Sec. IV, we study the effect of Q
on the pressure of free relativistic Bose gas arising from
(3.13) and show that this statement is true also once £ > 1
contributions are taken into account. We also compare it with
the pressure arising from (3.15) in the high temperature limit.
We show that at a certain temperature these two expressions
coincides.

B. One-loop perturbative correction
to the self-energy function

The one-loop correction to the self-energy function, I1;,
is given by the tadpole diagram from Fig. 2. Using the free

propagator D,Eoo)(w”,a)) from (2.25), it is given by

e dp.p.d
M =47 ) Z/ pzpi ’“D;)(wn,w), (3.18)

n=-—00 f=—c0

with D (w,. ) from (2.25). It is possible to utilize the
method presented in the previous section and determine IT;
in an exact form. To do this, we use

0) 1

DY (w,, w) = (3.19)

and replace the propagator in (3.18) with the expression on
the right-hand side of (3.19). According to the method
leading from (3.4) to (3.13), we arrive first at

p

AN AN
7 7

FIG. 2. One-loop self-energy diagram IT;.

— T Zoo Z /szPLdPL

n=-—00 f=—00

0 |0
= dss< ! —/3 (@, —ifQ)*+w?]s
" w |:0K F(K)/ 55

k=0
(3.20)

After performing the summation over the Matsubara
frequencies by making use of (3.10), integrating over p,
and p, according to (B10), and using (3.11) as well as

1 0 2 2 2,02 ¢
—/7’ sy — 9 2 ,—pw 57 3.21
= (eP) = 2spPe (3:21)
we arrive at the temperature dependent part of IT,
et — Z As p(x,y), (3.22)
f=—c0

where a = 1/7? and A, 4(x,y) can be read from (3.14).

In what follows, we perform a HTE and present the
matter part of I1; in this approximation. To do this, let us
consider (3.18) and evaluate the summation over the
Matsubara frequencies by making use of

+oo 1
n;m (w, —itQ)? + w?

= (np(w + £9) + ny(w - Q) + 1),

" (3.23)

where n;, is the Bose-Einstein distribution function
defined by

ny(w) = eﬁmlg_]. (3.24)
Plugging (3.23) into (3.18), we arrive at
IT; = IT}* + I, (3.25)
with the vacuum (7" = 0) part
> [dp.pidp, 1
I = 22 f;oo / 2 o (3.26)
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and the matter (7 # 0) part

+
HTathﬂ, Z /dpzpldpl

f=—c0

X [ny(@0 + Q) + ny(w — £Q)]. (3.27)

We focus only on IIf™ and separate £ =0 and £ #0
contribution of I to obtain

[ = 4A(7, + 7). (3.28)
with

jl_/dpzmdpwb( )

N (27)? o

d d
Z/ Pb1 pr ny(@ + £Q) + ny(@ — £9Q))].
(3.29)
In Appendix C, we apply the method used in Appendix B
and perform a HTE of J,,i=1, 2 from (3.29). The
resulting expressions are presented in (C7) and (C13).

Combining these expression the matter part of IT; for x << 1
and y < 1 is given by

1 X x2 dr 1
Hmdt 4 T2 o ~ 1 ) = —
4 {12 4ﬂ+8ﬂ2<n<x> 7/]5—~_2>

+ 1 X f2 2 52 2

+ ——— 1=
6 2x 22 e

n [ 4r n 1 n

—_— n _ — — .« ..

472 X TE 2

In the limit of vanishing m and Q, TI* is given by’

(3.30)

mQ—>0H0 _ ﬁ

Hlina[ 3

(3.31)
Apart from a factor, this result is, as expected, the same as
the one presented in [35] for the one-loop self-energy
diagram of a Ag* theory. Let us remind that AT? plays the
role of a thermal mass for charged bosons.

Taking the limit of mf — 0 in (3.30), and keeping the
first nonvanishing term in Q, we arrive for £ =1 at

7]

T

It 172 (1 (3.32)

To arrive at (3.32), we particularly used Q < m and
neglected (QB/mp)> in the second line of (3.30).

3For Q = 0, we neglect the series over ¢ in (3.30).

This result indicates that, at least in the limit of mf — 0,
the rotation decreases the thermal mass of a charged boson.

C. One-loop perturbative correction to the
thermodynamic potential

Following the arguments in [35], the one-loop contri-
bution to the thermodynamic potential is given by

°° d d 2
Ve(nlﬁz :/1< / psz pl )(a)na))) )

n=—00 f=—o00

(3.33)

Comparing (3.33) with (3.18) and neglecting the
T-independent part of the thermodynamic potential, it is
possible to determine V&ET

function T,

using the one-loop self-energy

Vi = — (a2, (3.34)

16/1

The exact expression for IT"™ is given in (3.22) and its HTE
is presented in (3.30). Using (3.22), we thus obtain

4
(1) aT
Veff 25672 <Z AMXY>-
In the high temperature limit,

1 X
v —ard

(3.35)

12 47[
<M1 x fzyz
S (I

+Z[6 27:( x2>

+;_;(m<4;)_m+;>]}:..., 030

arises from (3.30). The thermodynamic potential up to one-
loop perturbative correction is thus given by

Vi =Val + Ve - (3.37)
with V%" from (3.13) or (3.15) and V)" from (3.35)

or (3.36).
In the high temperature limit x < 1 and y < 1, it is
possible to neglect the m and Q dependent terms in (3.36).

The T dependent part of ng)T is thus given by

1T mQ—-0 /1T4
= T (3.38)
Together with ng)f) R — ”—T4 from (3.16), we arrive at V7 in
this approximation,
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274
r m@-0 T 3 45
Vi — TE (1 2% ) (3.39)

Keeping the first nonvanishing term in Q in (3.36), we
arrive for £ =1 at

(mr AT
V N 1
eff 16 <

- (3.40)

2007

that together with the zeroth order correction to V; from
(3.17) leads to

274 2
r . 7ol 45 15(Qp) 3
Vi =~ a5 {(1 16a)+ o 1+8a .

(3.41)

In what follows, we determine the nonperturbative ring
contribution to the thermodynamic potential.

D. Nonperturbative ring contribution and the total
thermodynamic potential

Following the arguments in [35], the nonperturbative
part of the thermodynamic potential is given by the ring
potential

Ving =T Zoo Z /dpzpidlu

n=-o00 f=—00

x [In(1 + 1,0 —1,DY].  (3.42)

which arises by the resummation of ring diagrams with an
increasing number of IT;-insertion (see Fig. 3). Here,

JF
1, = 417 Z / dpzmdpl

(0)
(27)? De’ (@n @)

n=—oo
arises from I1; = >~/ _TI, with the one-loop self-energy

diagram IT; from (3.18)" and Db(ﬂo) the free boson propagator
from (2.25). In what follows, we determine the leading
contribution to V,, by considering n = 0 in the summa-

tion over the Matsubara frequencies. Plugging D(fo) with
n = 0 into (3.42), we first obtain

r1ng

/ dpzpldm

=—c0
IT,
X<In(1+
{ < [p?+pi +m’ (m)z])

I, }
[Pz +p1 +m>—(£Q)*])

(3.43)

*Later, we consider only the T-dependent part of I1, in Viing-

FIG. 3. The ring diagrams of an interacting CKG model. Small
circles indicate the IT;-insertion.

Inspired by the method described in Appendices B and C, it
is possible to perform the integration over p_ and p, and
arrive at an exact expression for V.. To do this, we replace
the logarithm in (3.43) with its Taylor series,

+o (_1)k+1xk

In(1+x)= (3.44)

and arrive at

nng

(3.45)

where u? = p? + p? + m? — (£Q)?. Using (B11), we have

1 /00 >
=—— [ duller.
(k) Jo

Plugging this expression into (3.45) and performing the
integration over p, and p, by using (B10), we obtain

(u?)7k (3.46)

v - 7[3/2T +oc0  +o0 (_1)k+1 (H )k
e (2m)} A= = KT(k) ‘

(s}
X / dtth=3/2e=Eet |
0

with ¢, = [m? — (£Q)?]. Assuming that Re[{,] > 0, it is
possible to perform the integration over ¢ according to

(3.47)

/ T Aot = T(k = 3/2)Y7F . (3.48)
0

Substituting this expression into (3.47) and performing the
summation over k, we arrive at

2 (D Tk - 3/2)

k I'(k) (I )63/2 '

k=2

271/2
3 B¢/, —2(T, + )32+ 2%, (3.49)

*In the massless limit, it is useful to first replace Q with iQ; and
eventually analytically continue back to Q. In this way {,
becomes positive and integration over 7 in (3.48) will be possible.
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Plugging finally (3.49) into (3.47), the ring potential (3.47)
reads

T < 1/2 3/2
Vring = E ;00 (3§f/ Hf — Z(Hf + §K)3/2 + 2§£/ )

(3.50)

Adding V,, from (3.50) to VI from (3.37), the full
thermodynamic potential up to one-loop perturbative cor-
rection inclusive the nonperturbative ring potential is thus
given by
_yor mr

Veit = Verr + Ve + Viing- (3.51)
In Sec. IV, we use (3.51) to study the thermodynamic
behavior of a relativistic Bose gas under rigid rotation. In
the rest of this section, we focus on V;,, and determine it in
the following four special cases:

(i) Case I: Let us first consider the massless limit.
Setting m = 01in{,, plugging the resulting expression
into (3.50), and neglecting the terms with odd powers
in Z in the summation over Z, we are left with

T +oo
Ving = = > @, - (22 (3.52)
=—00

Plugging I, = A7?/3 from (3.31) into (3.52) and
assuming that the Bose gas does not rotate, we
arrive at

% m,Q—0 23/2T4
ing T T o =
£ 183

as expected. Plugging this expression together with
(3.39) into (3.51), the full thermodynamic potential in
the limit m, Q — 0 reads

T 45 15
— =32 4
15 ( 144a+6\/§a ) (3.54)

This results is similar to the one presented in [35] for
nonrotating relativistic neutral Bose gas.

(i1) Case 2: To keep the lowest Q-dependent contribu-
tion to V. in the massless limit, we replace I1, in
(3.52) with ITP™ from (3.32). Here, only the £ = 1
term in the HTE of IT™" from (3.30) is considered.
Going through the same procedure leading to (3.54),
we arrive first at

(3.53)

m,Q—0
Veff > =

/13/2T4 Q 2\ 3/2
a2 (122
— (Qp)  2(Qp)*\*?
+2;<1— - > }

(3.55)

Considering only the contribution from Z =0, 1
terms, we obtain

A2 3]
Ving ® = {/1 — (Qp)? (1 + E) } (3.56)

The full thermodynamic potential, including the
perturbative part V7 from (3.41) and the non-
perturbative part Vy,, from (3.56) in the massless
limit is thus given by

Ve & =T*(Co + (QB)*C,), (3.57)

with 7 and Q independent coefficients Cy and C,

2 45 45
CO d (1 —a+—(l3/2),

=5\ 167972

1 3 39
=_(1=-Zag24+Zg=247). 3.58
C, 3< Sl +ga—ca (3.58)

A comparison between (3.57) with (3.54) shows that
the limit Q — 0 is singular.

(iii) Case 3: In this case, we keep the m-dependence
in ¢, = m? - (£Q)? in (3.50) and neglect the m,
Q-dependence in I1,. We thus arrive at

T &
Ving =15 O 36/ To=2(Tlg+¢, )2 +26},

(3.59)

with I1, from (3.31).

(iv) Case 4: In this case, similar to the previous one, we
keep the m-dependence in {,, and replace I, in
(3.50) with

T> Q7
,(7,Q) =i ————=|, 3.60
(roy=i(T-C5) o

from (3.30). We thus obtain

T +00
V ting =Ef_2 (3¢ M, =21, + ¢, )32 +283%),
(3.61)

with I, from (3.60). In Secs. IV A and IV B, the above
results are used to determine the thermodynamic
quantities of a rigidly rotating relativistic Bose gas.

IV. THERMODYNAMIC QUANTITIES OF A
RIGIDLY ROTATING RELATIVISTIC BOSE GAS

In this section, we compute the pressure P, the angular
momentum, entropy, and energy densities j, s, and € by
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making use of the results from previous section. We also
determine the moment of inertia / and the heat capacity of
this Bose gas analytically as well as numerically and show
that in some regions in the parameter space of this model,
they become negative. Let us first consider the thermody-
namic Euler equation of this system, € + P = T's. Here, the
pressure P is given by

P — _Veffv (41)
with Vg, the full thermodynamic potential from (3.51).
It includes contributions from tree level, first perturba-
tive correction as well as nonperturbative ring potential.
The energy density € is defined in the corotating frame.
Its relation with the energy density in the nonrotating
frame, €"", is given by ¢ =¢" — jQ. Here, j is the
angular momentum density of the rotating system. It is

defined by
(P
I=\aa),

This expression arises from the Gibbs-Duhem relation
[26,27]

(4.2)

dP = sdT + jdQ. (4.3)
Using (4.3), the entropy density s is defined by
dP
=—] . 4.4
= (i), “

Apart from these quantities, let us define the heat
capacity by [35]

d’P  ds
=E—=—, 4.5
V' arr T dr (4:5)
and the speed of sound c;,
dpP s
l=" =, 4.6
S =4 T TC, (4.6)

We also define the moment of inertia I = I(T) by Taylor
expanding the pressure P(T,Q) in the powers of Q,

—+00

1
P(T,Q) =Y —P"(T,0)Q", 4.7
(1.9) =3 P(T.0) (4.7)
with  PO)(T,0) =limg_o“02)  and  identifying
P)(T,0) with I(T) [26,27],
d*P(T,Q)
I(T)=— 23— . (4.8)
dQ Q=0

Using (4.2), the moment of inertia (4.8) can be also
interpreted as the linear response to j,

) AT

. 4.9
Q Q—0 ( )

Plugging (3.13), (3.35), and (3.50) with II, from (3.22)
into Vg from (3.51) the exact expression for the
pressure P in (4.1) is determined. We use this exact
result in Sec. IV B to study the thermodynamic proper-
ties of a relativistic Bose gas under a rigid rotation. In
the following Sec. IV A, however, we present analytical
results for P, s, j, I, and e using the approximations
(3.54) (case i) and (3.57) (case ii) for V.

A. Analytical results including first nontrivial
contribution from £ =1

Plugging Vg from (3.54) (case i) into (4.1), the pressure
P in the limit of vanishing m and Q reads

Pmaao;ﬂr‘* <1 45 15 3/2)

—_— a

15 1aa +6\/§a (4.10)
This result is in analogy to the result presented in [35] for
the pressure of an interacting relativistic neutral Bose gas
(Ap*-theory). The nonanalytical contribution proportional
to a/? arises from the nonperturbative ring contribution.
Plugging in contrast (3.57) (case ii) into (4.1), the first
nontrivial contribution of Q arises in the pressure as
P~ T*Cy + (QB)*C,), (4.11)
with C;,i =0, 2 defined in (3.58). As in the previous
case, in the coefficients C;, i = 0, 2 the terms proportional
to " and /%> with n €N, arise from the perturbative
and ring corrections to the pressure P, respectively.
Using (4.11), we immediately arrive at j, s, Cy, c2, and I
in this approximation,

jz 2T202Q,
S~ 2T% (260 + (Qﬁ)262),
CV ~ 2T2(6CO + (Qﬂ)ZCZ),
20, + (QF)C, 1 ( c
2 20+ @G, () G
SR+ (0P, T3\ T 3¢, )

1~ 2T%C,. (4.12)

Moreover, plugging (4.11) and (4.12) into € = —P + T's,
the energy density of the relativistic Bose gas reads
e~ T*(3Cy + (QP)*C,). (4.13)

Let us emphasize that the coefficients C;,i = 0, 2 depend
only on a. The thermodynamic quantities j, s, Cy, ¢ thus
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0

I/ T2
5
/
/

Y
-10p T~
0 01 02 03 04 05

a

FIG. 4. The a dependence of I, 1y, and [ =1, + I, is
demonstrated. Whereas [, >0 and /,, <0 in the interval

a€l0,0.5], I is positive for a < 0.272 and negative for
a > 0.272.

depend on o and Qf. The moment of inertia, however,
depends only on a. It consists of a perturbative and a

nonperturbative part, I = I, + Iy, with
2772 3

3
Lp(a) =-T7 (0{1/2 + §a3/2> . (4.14)

In Fig. 4, the a dependence of 1 P> Inp, and [ is demonstrated.
It is shown that for 0 < a < 0.5, I, > 0 (red dashed line)
and I, <0 (green dashed line) in this interval, so that
their combination / becomes positive for a < 0.272 and
negative for & > 0.272 (see black solid line). At a = 0.272,
the total moment of inertia vanishes. This scenario is very
similar to the one described in [26,27] in which the
summation of two different contributions to [ leads to
negative moment of inertia in some region of the parameter
space. Inspired by [26,27], we refer to @ ~ 0.272 at which
the moment of inertia vanishes as “supervortical coupling,”
a,. According to (4.12), at this point C, vanishes, thus, the
speed of sound ¢2 becomes equal to the speed of sound of a
free relativistic Bose gas ¢2 = 1/3. Let us notice that for a
perturbative expansion to be valid, @ = 1/7* must be lower
than 0.1. Thus assuming that ¢ < 0.1, the total moment of
inertia turns out to be always positive. In what follows, we
determine numerically the thermodynamic quantities
j, s, Cy, c%, I, and ¢ and show that by considering the
contribution from # > 1, some thermodynamic quantities,
in particular, the moment of inertia and the heat capacity
becomes negative for a < 0.1.

B. Numerical results including contributions
from |£| >0
1. Preliminaries

As it is shown in the previous section, the pressure P
includes three different contribution, the zeroth order

correction P, the one-loop perturbative correction Py,

and the nonperturbative ring correction Pyp,,. There are
. 0T (nr

given by Py = —ngf Py = —Veff) , and Prpe = Vi

with V" V)" and Vi, given in (3.13), (3.35), and

(3.50). As concerns the ring contribution, we present
in this section the results arising from (3.59) (case iii),
where we use the lowest order contribution to the one-loop
self-energy in (3.50).6 Since, according to (4.2)-(4.9),
other thermodynamic quantities arise from P, they also
consists of three contribution X;, X} and Ay,, with
X ={j,s,Cy,c% 1,¢}. In what follows, we present the
necessary analytic expressions for ), V; and V,, with
Y= {]_',E,I_, CV}, where J_'Ej/T3,§E S/Tz,I_E I/TZ,
and Cy = Cy/T? are dimensionless quantities. The zeroth
order, one-loop, and ring contributions of ¢2, and e arise
simply from these expressions. Using the analytical expres-
sions in this section, we explore the z =T /m as well as
y = Qf behavior of these quantities. We particularly focus
on the interval z€[0.1, 1] and y €[0.01,0.025] as well as
a €1[0.01,0.1]. For nonvanishing Q, we numerically per-
form the summation over £ up to £ = 50.

Let us start with /() arising from (4.2) with P replaced
with P,. Using (3.13), we arrive at

l' +o0

1
327[2 Z f‘Ag;(X’ y)’

=—00

Jolx.y) = - (4.15)

where AE:? (.X,', )’) is defined by
m o ” —it
Af?f?(xa y)= / —nse—xzsgg ) < iy
s 0 5 5

Here, &g"” (z]7) = 45 95(z|7). Plugging then P; into (4.2)

= dz"

L). (4.16)

drs

and using % = ﬁdd—’;', as well as
d"A, f(x, 0) (—if)’" (m)
————= = A ,(xy , 4.17
dym 2 ,f( ) 40 ( )
we arrive at
= ia A <= (1)
heya)y=o22s Y Ay Y CA (418)
256x P P

®We have also performed the computation with (3.61) from
case iv. The difference between the results of case iii and case iv
is negligible.

"We considered various upper limits for # smaller and lower
than 7, = 50. It turns out that when 7, = 50, the results
remain stable and are qualitatively the same as those reported in
the following sections. This robustness led us to confidently
choose £, = 50. It is important to note that choosing £, >
50 is not allowed due to the properties of 95(z|7) appearing in our
analytical results.
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Here, A,, and .Ag; are given by (3.14) and (4.16),
respectively. As concerns J_‘ﬂng, we use (3.59) (case i)
and obtain

(ﬁ0+5f)1/2+25;/2]’

Z P15 -2

.]rmg XY, (X)—
(4.19)

where ¢, = x> — #%y? and I, = az?/3 are dimensionless
quantities.

The zeroth order contribution to entropy density arises
from (4.4) with P replaced with P,. Using

dA, 14
T 2x2A,,_1f+%Afi}, (4.20)
we obtain
J 5 ity
(x y) 167 3 Z 4./43./ + 2x Az’f +7A3.f .
(4.21)

To determine the one-loop contribution to the entropy
density, we substitute P, into (4.4), to arrive first at

NG Z “4”2_:00 (A” gd;‘;f)
Then using (4.20), we obtain
51(x,y,a 647: Z Az s f_zi’ (Az,f + X2 A
+ ’?AQ}) : (4.22)

Using (3.59) and (4.4), the ring contribution to the entropy
density reads

Ering(x’ y,a

T T en Z [ STy — (T + &)/

+ 53/2 — 310y (ITy + &)1/2} . (4.23)

Similarly, plugging P, into (4.8), the dimensionless
moment of inertia I, is given by

_ R
To(x) == S 2Al)(x0).

o (4.24)

{=—

Plugging P, into (4.8), I, reads

+00
T a dAZ f(x7 O) 2
I , S etV
@) = =g { ( f;m dy
d* A, 4(x,0)
+ Z ” ZAMxo} (4.25)
{=-00 {=—o0
with 2222 from (4.17). The above expressions for I, and I

dym
are independent of y. Thus, the summation over £ may be
performed using

an_ —-n)

{=—d

where Hfi") is the generalized Harmonic number [41].
We need, in particular, Hﬁ,_l) =d(d+1)/2 and H((j_2> —
dd+1)2d+1)/6.

Let us now consider fn-ng, which is given by plugging
Py into (4.8). It reads

(Ty + x*)V? + x|,

e [HO (4.26)

I, SNLIR G

where again the summation over £ can be performed. To
determine the zeroth and first order contribution to Cy, we
replace P in (4.5) with Py and P, and arrive first at

_ 1 &2 v AUl
Cyo= o Z {12.,43,,; +2x% A, 4 + zfy.Ag}
{=—0

. (1)
dAs . dAye | ity dA3,
AT 2T =L T —= 4.2
e T a "2 a4
and
- a <2 5 iy ()
Cyy = T 6in2 f;oo Ay + XA, +TA2.£
X +Z°° 3A +TdA2f
2 2.0 a7
T S ol (e PV
2 2ff*—oo T 1Le
L oer e “/ﬂy LY AL L TdA2 )8 (4.08)
dT 4 dT ) '

Using then (4.20) and

dAz(zﬂn? —2 QA(m) lfyA (m+1)

T dT =X n—1,¢ nt

(4.29)
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(@y=0 (b) y =0.018
ol n
0.15 ] |ll"" " 30 ° Exact
- o - = HTE
I:O 0.10 .-..:"' ':o 20 - L
o 0.05 .o.. : E;(_TECJ[ * 10 .l..".nn'.....
0 ._l.!'.. 0 ._1.0‘... : :
0 02 04 06 08 1.0 0O 02 04 06 08 1.0
T/m T/m

FIG. 5.

A comparison between the T/m dependence of the exact expression and the HTE of dimensionless P,/T* are made for a

nonrotating relativistic Bose gas with y = 0 (panel a) and a rotating relativistic Bose gas with y = 0.018 (panel b). In both cases the HTE
results coincide with the exact ones at T/m > 0.4. Moreover, the rotation increases the pressure P, up to several orders of magnitude.

we obtain the final expression for C v.i» 1 = 0, 1. Finally, the
ring contribution to Cy is given by

+00

= an = — —
CV.ring = F [34’:”/2 - 3(HO + Cf)l/z

f=—-0

— (Tl + &)~/ (4.30)

Combining the expressions corresponding to s and Cy, it is
possible to determine the speed of sound ¢? according to
(4.6). In what follows, we focus on 7', Q, and a dependence
of thermodynamic quantities P, j, s, I, Cy, c%. We also com-
pute the dimensionless energy density é using € = —P + §
and explore the 7, Q, a dependence of the interaction
measure A =é—3P [34]. We use following notations:

(a)y=0.018
0 ..,lllllllld
. -10 it
= -20 ¢ at
8’_ A
Q 28 ° - o a=0.02
- A = a=0.06
-50 . A a=0.08
0 02 04 06 08 1.0
T/m

y=Qf.z=T/m, P, =Po+ Py, and X=X+ X, +
Xiing> With X = {P. s, j. I, €}.

2. Results

In Sec. IIT A, the exact and HTE expressions of Vi(f)fﬂ are

givenin (3.13) and (3.15). According to (4.1), the exact and
HTE expressions of the zeroth order pressure P, are
determined from these expressions. In Fig. 5, we compare
the T'/m dependence of the exact (blue dots) and the HTE
(red squares) of the dimensionless P,/T* for a nonrotating
y = 0 [Fig. 5(a)] and rotating [Fig. 5(b)] relativistic Bose
gas with y = 0.018. As it is demonstrated, in both cases
two expressions coincide for z > 0.4. This fixes the
reliability regime for HTE. A comparison between two
plots shows that the rotation increases the pressure P up to
several orders of magnitude.

(b)z=0.75
0
1_0-5"..... lll.::
-1.0 e
™ n B A
QL _qpl=""  iatTe a=002
Lakt " =006
-2.0 4 a=0.08
0.010 0.015 0.020 0.025

Qp

FIG. 6. The T/m (panel a) and Qf (panel b) dependence of dimensionless Py, / T* are plotted for fixed y = 0.018 (panel a) and
z =0.75 (panel b) as well as a = 0.02, 0.06, 0.08. As it turns out, Piing is negative for all values of 0 < a < 0.1. For fixed angular
velocity (temperature), it increases with increasing temperature (angular velocity). Its dependence on « is nontrivial (see Fig. 7).
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y=0.018
10 e 72=07 AAA
= z2=08 LAt
< AZ:O,9A a |
l:cn '=‘=::|:ll"...
@ -5l e,
-10 .'o o
* ool
0 0.2 04 0.6 0.8
a

FIG. 7. The a dependence of dimensionless P,/ T* is pre-
sented for fixed y = 0.018 and z = 0.7, 0.8, 0.9. Whereas for
72=0.7, Ping/ T* is negative and decreases with increasing a, for
z=0.8 and z = 0.9, it is first negative and then, after passing a
minimum, increases with increasing a. We notice that @ > 0.1
corresponds to 4 > 1, which is not appropriate for perturbative
studies.

In Fig. 6, the T'/m and ©f dependence of dimensionless
Pring/ T* is presented for a = 0.02, 0.06, 0.08 and fixed
y = 0.018 [Fig. 6(a)] as well as z = 0.75 [Fig. 6(b)]. It is
shown that Py, / T* increases with increasing 7/m and Qp.
The a dependence of Pring / T* is, however, nontrivial. It is
plotted in Fig. 7 for fixed y = 0.018 and various temper-
atures z = 0.7, 0.8, 0.9. It turns out that at low temperature
(z=0.7) Ppng/ T* is negative and decreases with increas-
ing a, while at high temperatures (z = 0.8, 0.9), it is first
negative, then increases with @ and becomes positive
for a ~ 1.

In Fig. 8(a), the T/m dependence of P,/T* (blue circles)
and P, /T* (red squares) are plotted for fixed y = 0.018
and @ = 0.02. At T/m > 0.4, P, and Py, are both positive

(a)y=0.018, a = 0.02

sessuuiyl
10 ..=.ll
T: O .... .I
o
-10 " 4 Pp
-20 R
0 02 04 06 08 1.0
T/m

and their difference (P, — P, = Pyjpg) becomes negligible.
The same is also true for their Qf dependence once z and o
are fixed [see Fig. 8(b)]. According to this plot, P, and Py
increases with increasing Qf3, and their difference decreases
with increasing €f. These results are in complete agree-
ment with the results from Fig. 6, where the absolute value
of P, decreases with increasing temperature and angular
velocity.

Let us now consider the 7/m and Qf dependence of
the dimensionless angular momentum density j,,, which
includes the contribution from jo, j;, and jy,e. In Fig. 9(a),
the 7/m dependence of j,, is plotted for fixed y = 0.018
and three different coupling o = 0.02, 0.06, 0.08.
According to this plot, j,, first increases with 7/m, at
some temperature becomes maximum, and then decreases
with increasing temperature. The position of the maxima
and the point at which ji, vanishes and then changes its
sign depends on the strength of the coupling a. The larger
a, the smaller is the maximum of j,. This specific T
dependence of j, may be interpreted as a sign of
thermodynamic instability in the medium, which turns
out to be more probable for strong couplings a. In
Fig. 9(b), we explore the Qf dependence of j,, for fixed
temperature z = 0.75 and a = 0.02, 0.06, 0.08. It turns out
that for a weakly interacting relativistic Bose gas, ji
increases with €f, whereas for a moderately interacting
one, it is first positive and remains almost constant for
Qp ~0.018. Afterward it becomes zero and changes its
sign for larger Qp. For a = 0.08 and z = 0.75, however, it
turns out to be negative, in accordance with the plots from
Fig. 9(a). The plot from Fig. 9(b) indicates that j, is not
linear in Qp, especially for larger €fs.

In Fig. 10, the T/m dependence of the dimensionless
entropy density 5, for a nonrotating (y = 0) and a rotating
(y = 0.018) relativistic Bose gas is compared. As in the

(b)z=0.75, a =0.02

17 1
16 it
= oo
a 15 o ® : .
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0.010 0.015 0.020 0.025
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FIG. 8. The T/m (panel a) and ©f (panel b) dependence of dimensionless P,/ T* (blue circles) and P, /T* (red squares) are plotted
for fixed y = 0.018 (panel a) and z = 0.75 (panel b) as well as @ = 0.02. At high temperature, i.e., for z > 0.4, P, is positive and
increases with increasing 7'/m (see panel a). For fixed z, P, increases with increasing Qf (see panel b). The difference between P, and
P, becomes negligible at high temperature, as expected from Fig. 6.
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FIG. 9. The T/m (panel a) and Qp (panel b) dependence of dimensionless angular momentum density j,,/7> are plotted for fixed
y = 0.018 (panel a) and z = 0.75 (panel b) for a = 0.02, 0.06, 0.08. As it is demonstrated in panel a, j,,/T> first increases and then
decreases with increasing T/m and Q. For larger values of a, the temperature at which j,, /7> vanishes is lower. Negative slopes of
Jjiot/T? indicates negative moment of inertia at high temperatures 7/m as well as high angular velocities Q. The plot in panel b shows

that j is not linear in Qp.

previous case, §, receives contributions from 5, §;, and
Sring- As it is shown in Fig. 10(a), in a nonrotating gas, the
entropy increases with increasing temperature and changing
the strength of the interaction « has practically no effect on
this behavior. For a rotating gas, however, the coupling «
substantially affects the 7' dependence of §,.. Apart from the
fact that its value increases up to several orders of magnitude
due to rotation, the 7 dependence of §, in a weakly
interacting medium is similar to the 7 dependence of a
nonrotating gas. In contrast, for larger values of a, 5
increases first with increasing temperature, exhibits a maxi-
mum at a certain temperature decreases with increasing 7.
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FIG. 10.

Hence, an interplay between the coupling a and angular
velocity Q in the final expression for 5, leads to a more
ordered system at high temperature. In what follows, we
show that this counter-intuitive 7" dependence of the entropy
density leads to two novel phenomena in a rigidly rotating
relativistic Bose gas: (i) the emergence of negative heat
capacity and (ii) the appearance of superluminal sound
velocities at high enough temperatures and large enough
couplings. Both effects are signs of thermodynamic
instability.

In Fig. 11, the Qf dependence of the dimensionless
entropy density is plotted for a fixed temperature z = 0.75

(b)y =0.018
60t * a=0.02 XXX Y
= a=006 ,°
® A a=0.08=:::--_.
l:....40 !A AAA .,
=t 2 . .
U)20 ] ‘A u|
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0 'l A
0 02 04 06 08 1.0
T/m

(a) The T/m dependence of dimensionless entropy density s,,/7" in a nonrotating relativistic Bose gas is plotted for fixed

a = 0.02, 0.06, 0.08. The entropy is increasing with increasing temperature. The coupling « has very small effect on this behavior, so
that the results for different as almost coincide. (b) The T/m dependence of dimensionless entropy density s,,/7> in a rotating
relativistic Bose gas is plotted for fixed y = 0.018 and a = 0.02, 0.06, 0.08. Whereas for a weakly interacting relativistic Bose gas with
a = 0.02 the entropy density increases with increasing 7/m and becomes almost constant at high temperatures, for a moderately/
strongly interacting Bose gas with @ = 0.06/a = 0.08, s,,/T" first increases and then decreases with 7//m. In the high temperature
regime, for a fixed 7'/m and y, the entropy density decreases with increasing a. A comparison with the entropy density in the nonrotating
case from panel a shows that s,,,/T> in a rigidly rotating gas is several orders of magnitude larger than in a nonrotating gas.
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FIG. 11. The Qf dependence of dimensionless entropy density
s/ T? is plotted for fixed temperature z = 0.75 and coupling
a = 0.02, 0.06, 0.08. Whereas for weakly interacting Bose gas,
s/ T? slightly increases with increasing Q, for moderately and
strongly interacting Bose gas, it decreases with increasing Q.

and various couplings @ = 0.02, 0.06, 0.08. In the weakly
interacting case (a = 0.02), s,,;/T> increases slightly with
increasing Qp. In contrast, for a moderately/strongly inter-
acting medium, s,,,/7> decreases with QB. According to
these results, we conclude that the coupling constant «
plays animportantrole on the 7'/m as well as f dependence
of the total entropy density. Moreover, in general, for fixed
temperature and angular velocity, the total entropy density
decreases with increasing coupling a.

Let us now consider the temperature dependence of
the dimensionless moment of inertia /,.,/72. In Fig. 12,
the T/m dependence of I, (blue dots), I, (red squares),
and o = 1o+ 1 » (green triangles) is plotted. For a
weakly interacting relativistic Bose gas with a = 0.02,
I, increases with increasing temperature. In addition, its
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FIG. 13.
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FIG. 12. The T/m dependence of dimensionless 1,/T?,1,/T?,
and I,,/T? are plotted for fixed @ = 0.02. At low temperature
(T/m <0.5), I,,,/T? increases with increasing T/m. At higher
temperatures 7//m > 0.5, however, I,/T? and I,/T* decrease
with increasing 7/m. The T/m dependence of I, is mainly
dominated by that of I,.

T /m dependence turns out to be mainly dominated by that
of I, = Iy + I,. The fact that I, is positive for the whole
interval T/m € [0, 1] is only true for a weakly interacting
gas. In Fig. 13(a), we explore the T/m dependence of the
dimensionless I, for a weakly, moderately, and strongly
interacting rotating Bose gas with couplings a = 0.02,
0.06, and a = 0.08, respectively. It turns out that in a
weakly interacting medium /I, is positive in the whole
interval of temperature, while in a moderately/strongly
interacting gas, it first increases with 7/m, has then a
maximum at some moderate temperature, and eventually
falls and changes sign at high temperatures. Following
the terminology introduced recently in [26,27], we refer to
temperatures at which I, vanishes as “supervortical”

(b)
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(a) The T/m dependence of dimensionless I,,,/T? is plotted for a = 0.02, 0.06, 0.08. Whereas for a = 0.02 (weakly

interacting rotating Bose gas) I,.,/T? is always positive, for @ = 0.06 and a = 0.08 (moderately and strongly interacting rotating Bose
gas) I,,/T? vanishes at certain 7/m. These temperatures are the supervortical temperatures (7/m), at which Q — co. (b) The «
dependence of the supervortical temperature (7//m); is plotted. The region below (above) the blue dots corresponds to I, < 0 (I, > 0),
and the dots indicate the supervortical temperatures for each given coupling a. According to these results, the supervortical temperature

decreases with increasing a, as expected from panel a.
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(a) The a dependence of dimensionless I,,,/T> is plotted for fixed z = 0.55, 0.75, 0.95. Whereas for z = 0.55 (low

temperature) /,,,/T? is positive for all values of @, for moderate and high temperature z = 0.75 and z = 0.95, I,/ T? vanishes at certain
supervortical coupling, ;. (b) The T/m dependence of a; is plotted. The region below (above) the blue dots corresponds to I, < 0
(I > 0), and the dots indicate the supervortical couplings for each given temperature 7'/m. According to this result, the supervortical

coupling decreases with increasing temperature.

temperatures” z, = (T/m),. According to the results in
Fig. 13(a), at 7 < z, (z > z,) the total moment of inertia is
positive (negative). In Fig. 13(b), the @ dependence of
supervortical temperatures (7/m), is plotted. The blue
dots indicate supervortical temperatures for each given a.
The region below (above) the blue dots corresponds to
ligt > 0 (Iior < 0).

We also examine the a dependence of I,,,/T? for fixed
temperatures z = 0.55, 0.75, 0.95 [see Fig. 14(a)]. Whereas
for z = 0.55, the dimensionless moment of inertia is
positive for 0 < a < 0.1, at higher temperatures, there
exists a certain “supervortical coupling” for which I,
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FIG. 15.

vanishes. Consequently, for a < a, (@ > a;) I, turns out
to be positive (negative). In Fig. 14(b), the T/m depend-
ence of a; is plotted. It decreases with increasing temper-
atures as expected from Fig. 14(a). Again, the blue dots
indicate the supervortical couplings for each given temper-
ature 7/m and the region below (above) the blue dots
corresponds to I, > 0 (I, < 0).

At this stage a couple of remarks concerning / = 0 and
I < 0 are in order. Using j = IQ from (4.9) and assuming
that j = const, a vanishing moment of inertia leads to an
extremely large angular velocity €. This is why the term
“supervortical” is used in [26,27]. A negative moment of
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(a) The T/m dependence of dimensionless A,y /T* (A = €10p — 3P,oy) is plotted for a nonrotating relativistic Bose gas for

fixed @ = 0.02, 0.06, 0.08. It decreases with increasing T'/m, and asymptotically approaches zero at high temperatures, indicating that
the gas becomes ideal at high enough 7.The slope of its fall depends on the coupling . (b) The T'/m dependence of dimensionless
A/ T* is plotted for a rotating relativistic Bose gas with y = 0.018 for fixed & = 0.02, 0.06, 0.08. Although the qualitative behavior is
similar to y = 0 case in panel a, but the value of A, is several orders of magnitude larger than in a nonrotating Bose gas. As in the
nonrotating case, A, decreases with increasing 7', but it contrast to this case vanishes at certain temperature and by increasing 7'
becomes negative. This may be interpreted as a sign of thermodynamic instability of the strongly interacting medium caused by a rigid

rotation.

036016-17



E. SIRI and N. SADOOGHI

PHYS. REV. D 110, 036016 (2024)

z=0.75
550 **ees,
<t ‘A: .y ..o.
l:_‘_, 0 AAA:-l. .'.
4-*-' °a=0.02AA‘:..l
=591 w4006 fa e
4 =008 . ‘s
0.01 0.015 0.02 0.025

Qp

FIG. 16. The Qp dependence of dimensionless A /T*
(A = €0t — 3Pop) 1s plotted for fixed z = 0.75 and a = 0.02,
0.06, 0.08. It decreases with increasing Qf. The larger a, the
smaller the specific angular velocity is at which A, vanishes.
Negative A, is a sign of thermodynamic instability of the
strongly interacting medium caused by a rigid rotation.

inertia, however, means that by applying an external
angular momentum J, the system rotates with an angular
velocity Q directed antiparallel to J (see Fig. 1 for a
visualization of this situation). Thus, a negative moment of
inertia may indicate a thermodynamic instability in a
rigidly rotating medium [26,27].

In Fig. 15, we explore the T dependence of dimension-
less A = & — 3P for a nonrotating y = 0 and a rotating y =
0.018 relativistic Bose gas. This quantity is a measure for
the ideality of a relativistic medium, as ¢ = 3P is the
equation of state of an ideal (Bose) gas. As it is demon-
strated in Fig. 15(a), A, decreases with increasing temper-
ature. The slope of its fall depends slightly on the coupling

(@y=0

a. This result indicates that at high enough temperature the
nonrotating Bose gas behaves as an ideal gas, as A,
approaches asymptotically to zero. For a rotating medium,
apart from the fact that A, is up to several orders of
magnitude larger than in a nonrotating medium, it
decreases with increasing temperature [see Fig. 15(b)].
However, in contrast to the nonrotating case, it vanishes at
certain temperature, and becomes negative afterward. This
is a sign of a thermodynamic instability caused by a rigid
rotation in a strongly interacting relativistic Bose gas.

The Qp dependence of A,,, is plotted in Fig. 16 for fixed
temperature z = 0.75 and a = 0.02, 0.06, 0.08. According
to this plot, A, decreases with increasing Qf. At some
specific Qf, it vanishes and becomes negative. The stronger
the coupling constant, the lower the angular velocity is at
which A, vanishes and the system becomes unstable.

In Fig. 17, the temperature dependence of dimensionless
heat capacity Cy /T? is plotted for a nonrotating y = 0 and
rotating (y = 0.018) relativistic Bose gas. We used (4.5) to
determine Cy. According to the plot in Fig. 17(a), in the
nonrotating medium, the heat capacity increases with
increasing temperature. In a rotating medium, however,
the 7/m dependence of Cy depends significantly on a
[see Fig. 17(b)]. Whereas for a = 0.02 (weakly interacting
medium), the heat capacity is always positive and its T
dependence is more or less similar to the case of a
nonrotating gas, for a moderately and strongly interacting
gas with a=0.06 and a=0.08, C, decreases with
increasing temperature. For a = 0.08 at 7/m ~ 0.82, it
vanishes and then becomes negative at 7/m > 0.82. Let us
notice that when a system possesses a negative heat
capacity, its temperature decreases by supplying heat.
Same counterintuitive behavior appears in a rigidly rotating
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FIG. 17.
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(a) The T/m dependence of dimensionless heat capacity Cy, /T for a nonrotating Bose gas is plotted for fixed & = 0.02, 0.06,

0.08. The heat capacity increases with increasing temperature. (b) The T/m dependence of the dimensionless heat capacity Cy,/T> of a
rotating Bose gas is plotted for fixed @ = 0.02, 0.06, 0.08. Comparing with the heat capacity of a nonrotating gas, Cy in a rigidly rotating
system is several orders of magnitude larger. In contrast to the nonrotating case, Cy first increases with increasing 7/m and then
decreases at large temperatures. For large enough coupling a, it vanishes at certain temperature, and becomes negative at T's. Negative
Cy is a sign of thermodynamic instability of the medium. It is caused by a rigid rotation in a medium with large a.
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FIG. 18. The Qp dependence of dimensionless Cy/T? is
plotted for fixed temperature z = 0.75 and a = 0.02, 0.06, 0.08.
For a weakly interacting medium, the heat capacity is almost
constant. For moderately/strongly interacting medium, however, it
decreases moderately with increasing angular velocity.

Bose gas, and is affected by the strength of the interaction
in the medium.

The Qf dependence of the dimensionless heat capacity
is plotted in Fig. 18 for fixed temperature z = 0.75 and
a=0.02, 0.06, 0.08. In the weakly interacting case a =
0.02, Cy is positive and almost constant in Q. For a = 0.06
and a = 0.08, however, it slightly decreases with increasing
Q. For large coupling a = 0.08, it vanishes at some large
Qp. For fixed T and Q, Cy decreases with increasing a.

Using the data corresponding to the entropy density and
heat capacity, it is possible to determine the sound velocity
¢, according to (4.6). In Fig. 19, the T/m dependence of c?
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FIG. 19.

is plotted for fixed a = 0.02, 0.06, 0.08 as well as y =0
[Fig. 19(a)] and y = 0.018 [Fig. 19(b)]. According to these
results, the speed of sound of a nonrotating Bose gas
increases with increasing 7" and approaches asymptotically
the speed of sound of a free relativistic gas, ¢ = 1/3. In the
absence of rotation, different choices of a does not affect
this behavior too much. In a rotating medium, however, the
situation is different. Whereas, according to the results in
Fig. 19(b), the temperature dependence of ¢2 is more of less
similar to the nonrotating case, for a moderately interacting
gas with @ = 0.06, ¢? increases with T but it passes 1/3 at
high temperature and becomes almost equal to the speed of
light at 7/m ~ 1. For strong coupling @ = 0.08, the sound
velocity increases very fast, so that at T/m = 0.8 is given
by ¢, = 1.07 > 1. This breaks the causality and is an
indication that a strongly interacting rotating Bose gas
becomes unstable at high temperature.

The Q3 dependence of ¢? is explored in Fig. 20 for fixed
temperature z = 0.75 and a = 0.02, 0.06, 0.08. For a
weakly interacting Bose gas, the speed of sound is lower
than ¢ = 1/3. It increases slightly with increasing Qg, but
never becomes larger than the speed of light. The same is
also true for a moderately interacting medium with
a = 0.06. For a = 0.08, however, ¢? increases very fast
with increasing Qf and reaches ¢, ~1 at Qf ~0.022.
Afterward the system becomes unstable because of broken
causality for larger values of angular velocity. Let us notice
that @ = 0.08 corresponds to 1~ 0.78 < 1, which is still
reliable for a perturbative expansion. The above results
show that such a strongly interacting Bose gas become
unstable either at large temperatures or large angular
velocities once the system is subjected to a rigid rotation.
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(a) The T/m dependence of the speed of sound c2 for a nonrotating Bose gas is plotted for fixed a = 0.02, 0.06, 0.08. It

increases with increasing temperature and approaches asymptotically the speed of sound of an ideal gas, cZ ~ 1/3, at high temperature.
(b) The T/m dependence of the speed of sound c? for a rotating Bose gas is plotted for fixed y = 0.018 and a = 0.02, 0.06, 0.08.
Whereas ¢, increases with increasing 7//m, for a = 0.08, ¢? diverges at certain temperature and at certain temperature becomes larger
than the speed of light. The appearance of superluminal sound velocities (¢, > 1) at high temperatures and strong « breaks the causality.

036016-19



E. SIRI and N. SADOOGHI

PHYS. REV. D 110, 036016 (2024)

(b)z=0.75
15 e a=002 s
= a=0.06
1.0 » a=0.08 AA
OE::::::::----""
0
0.010 0.015 0.020 0.025

Qp

FIG. 20. The Qf dependence of the speed of sound ¢? is plotted
for fixed temperature z = 0.75 and @ = 0.02, 0.06, 0.08. Whereas
for a = 0.02, the speed of sound is almost constant in Qf and
increases slightly for a = 0.06, it diverges in a strongly interact-
ing medium with @ = 0.08. The appearance of sound velocities
larger than the speed of light is a sign of thermodynamic
instabilities.

V. CONCLUDING REMARKS

We studied the effect of a rigid rotation on the thermo-
dynamic properties of a relativistic Bose gas. First, we
determined the perturbative thermodynamic potential up to
one-loop order, which together with the nonperturbative
ring potential was used to compute the thermodynamic
quantities in this approximation. To do this, we considered
the Lagrangian density of a CKG model in the presence of a
rigid rotation. We utilized the solution of the corresponding
equation of motion to derive the free propagator of this
model using the Fock-Schwinger method. The free propa-
gator allowed us to determine the thermodynamic potential
of this model, including zeroth and one-loop perturbative
contributions as well as nonperturbative ring potential. We
presented analytical expressions for these quantities and
showed, in particular, that the angular velocity Q plays
effectively the role of a chemical potential, as anticipated
from literature. Additionally, we performed an appropriate
high temperature expansion and presented the correspond-
ing results to the total thermodynamic potential in this
approximation. This potential was then used to determine
several thermodynamic quantities, including the pressure,
entropy density, angular momentum density, heat capacity,
speed of sound, and the moment of inertia of this rotating
relativistic Bose gas. We numerically explored the 7" and Q
dependence of these quantities.

By comparing the exact expression of P, arising from
the zeroth order thermodynamic potential, with the high
temperature expanded expressions corresponding to it, we
determined the high temperature regime of this model to
be T/m > 0.4. We showed that P, of a rotating relativistic
Bose gas is much higher than P, for a nonrotating gas. We
then focused on the one-loop and ring contributions to the

total pressure P,... As the ring potential is negative in the
whole interval of 7 and Q, and as it increases with
increasing 7 and Q, its effect reduces in high temperature
and frequency regimes. Hence, in this regime, the (7, Q)
dependence of the total pressure is mainly dominated by
the (7,Q) dependence of Py, including the zeroth and
one-loop contributions to P,. Apart from (7T, Q) depend-
ence of the pressure, we focused on its @ = 1/7> depend-
ence. Here, 4 is the coupling constant of the model, which
appears in the corresponding Lagrangian density. We
showed that the ring pressure exhibits a nonlinear depend-
ence on a.

Regarding the (7', Q) dependence of the angular momen-
tum and entropy densities, jio, and s, for fixed (Qp, T/m)
and a, we distinguish three different types of behavior in
three different regimes of a. Whereas in the weakly
interacting regime 0 < a < 0.05, j is positive and s
increases with increasing temperature and angular velocity,
in the moderately and strongly interacting regimes
a€1[0.05,0.07] and @ €[0.07,0.1], j,; becomes negative,
in particular, in the high temperature regime and s,
decreases with increasing temperature. This is an effect
mainly caused by the rigid rotation, as, for instance, the
entropy density of a nonrotating relativistic Bose gas
increases with increasing 7', as expected.

Being directly related to j through its definition in
(4.9), the T dependence of the moment of inertia /, is
also affected by a. Whereas in the weakly interacting
regime, it is positive, it becomes negative in a moderately
and strongly interacting medium after certain temperature.
The specific temperature at which /I, vanishes, was
referred to as the supervortical temperature, 7. We
demonstrated in Fig. 12(b) that Ty decreases with increas-
ing a. Apart from T, we defined a supervortical coupling
a,, and showed in Fig. 13(b) that a, decreases with
increasing temperature. Interpreting j = /€ as the linear
response to Q, the moment of inertia / plays the role of the
susceptibility of the medium corresponding to rotation. As
it is demonstrated in Fig. 1, I > 0 (I < 0) means that by
applying an angular momentumj, the system rotates with Q
parallel (antiparallel) toj and a vanishing moment of inertia
leads to © — oo once j is assumed to be finite. Similar
counterintuitive effect is also observed in the temperature
dependence of the heat capacity Cy. Whereas Cy, is positive
in a weakly interacting Bose gas under rotation, in a
moderately interacting gas, it decreases with increasing
temperature, and in a strongly interacting Bose gas, it
vanishes at some finite temperature and becomes negative
with increasing temperature. Negative C, means that
although a system receives heat, but its temperature
decreases. Its occurrence is a sign of thermodynamic
instability in a medium. Here, this instability is caused
by rigid rotation.

Another noticeable effect that occurs once the relativistic
Bose gas is strongly interacting and rigidly rotates, is the

036016-20



THERMODYNAMIC PROPERTIES OF A RELATIVISTIC BOSE ...

PHYS. REV. D 110, 036016 (2024)

appearance of superluminal sound velocities at high tem-
peratures and for large angular velocities (see Figs. 19
and 20). According to (4.6), the sound velocity c, is defined
in terms of the entropy density and heat capacity. Its
(T,Q,a) dependence is thus directly related to the
(T, Q, a) dependence of the entropy density. It thus seems
that a relativistic Bose gas under rigid rotation becomes
thermodynamically unstable in the strong coupling regime
a€[0.07,0.1], in which (because of 4 < 1) perturbative
computation is still possible. We thus conclude that the
above-mentioned instabilities are caused by an interplay
between free parameters (7, Q, a).

In summary, the analysis of the thermodynamic proper-
ties of the rigidly rotating relativistic Bose gas revealed
interesting behavior at high temperatures and large cou-
pling constants. The appearance of thermodynamic insta-
bilities, such as zero and negative values of the moment of
inertia and heat capacity, suggested the presence of unique
phenomena such as supervorticity and provided insight into
the complex behavior of a rigidly rotating system. It would
be interesting to extend this work to a relativistic Fermi gas

|

and eventually generalize it to the QGP produced in
relativistic HICs. First attempt in this direction is made
in [42]. In general, the study of such systems not only
enriches our knowledge of fundamental physics, but may
offer potential applications in diverse fields such as con-
densed matter physics [43] and astrophysics [44—46].

APPENDIX A: FREE BOSONIC PROPAGATOR
IN MOMENTUM SPACE

The free boson propagator in the coordinate space is
given by (2.20). The corresponding propagator in the
Fourier space is determined by

D (p.p) = / d*xd*x' Dy(x, X') e (x, p) e (x', ),

(A1)

with d*x = dtdpdzrdr in the cylindrical coordinate sys-
tem. Plugging Dy(x,x’) from (2.21) and ¢,(x, p) from
(2.10) into (A1), we arrive first at

+0o0

n=—oo

dEdk_dl, k| ~TEU-1)+nQi=r ik (=) in(p—))
/ E* =% — K2 —m? + ie

. . . NPTV )
X €+lp0t_lf(p_mfz.lf(pll") X e—zp0t+1f(p+zpzz Jf/(plr')

(27)*

To perform the integrations over ¢ and z, we use

/dle—i(E—(nQJrPo))t = 271'5(E - (i’lQ + Po))’

/dZei<kz_p:)Z = 271'6(](2 - pZ) (A3)

Integration over # and 7 are performed similarly. The
integral over ¢ yields

2r X
/ dpe'"=0% =215, ,. (A4)
0
Similarly, the integration over ¢’ leads to
2r . ,
/ dpe' =)0 = 278,,,1. (AS)
0

Because of the summation over n in (A2), (A4) and (A5)
result in £ = ¢ = n. It is thus possible to perform the
integration over r and ' by making use of

Jn(kor) T, (kor')

(A2)

0 1
|7 s wing,(oun) = o - ),
0 1

o 1
/ dr'v'Js(k, r)J,(p'\ 7)) = k—é(kL -p)). (A06)

0 1
Plugging (A3), (A4), (A5) and (A6) into (A2), and

performing the integration over E, k., k, and the summa-
tion over n, we arrive at

(p.0) = (27)%5,,+(Po. P2 P13 Ph. P D)

(0)
D — . (A7
PP o+ £Q = p2 = pE—m* +ic (A7)

4

with

. 1
870 (Pos P2 P13 PO P PL) = E5(Po - po)d(p. — pt)

X 8(pL = p'\)ose. (A8)

[see (2.22) and (2.23)].
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APPENDIX B: HIGH TEMPERATURE
EXPANSION OF V9"

In this appendix, we derive (3.15) which arises by an
appropriate HTE of the T dependent part of the zeroth order
correction to the thermodynamic (effective) potential (3.7).
To this purpose, we use the method introduced in [37,39],
where the thermodynamic potential of a free relativistic
Bose gas with a finite chemical potential y is expanded in
the orders of mp, with f=T-! and u < m.®

Let us consider Vi(f)f)T from (3.7),

dp,pidp.
cff 27[)2

f——oo

x [In (1 — e @) £ In (1 — e P@=?)] (B1)

and separate the summation over £ into the contribution

from # = 0and £ # 0 to V)"
then given by

. The resulting expression is

vl =21, +1,). (B2)
with
_ dp pLdPL —fw

Ilz/&Tln(l—eﬁ),

+

d d

I,= Z / P pL pL

=

x [In(1 - e—ﬂ<w+m>) +1In (1 — e P2 (B3)

Here, @*> = pi + p? + m?. To evaluate the Q-independent
part of Vé(f)gr, I, we use

+o0 xk
In(l-x) ==Y =, (B4)
k=1 k
and arrive first at
T, = _fl/dpzpidpL _/,'a,k (BS)
! k (27)?

Using, at this stage, the Mellin transformation of the
exponential function in (B5), we obtain

oPok — L'/Hm dzl(z)(Bk)~ (w?) /2.

2ri 00

(B6)

Plugging then

8 . ..
Here, p is assumed to be positive.

(@) (B7)

1 /00 z 2
= dtt e,
I(z/2) Jo

into (B6) and the resulting expression into (B5), we
arrive at

1 c+ioco F(Z)

Il :_2_7[i c—ico dZC(Z—i_l)F( /Z)ﬂ_z

[P aure [ A,
0 (27‘7)

where ((z) is the Riemann ¢{-function. It arises from

—(p2+pY)1, (B8)

+00

Zk—(lJrZ) — é’(l + Z),

k=1

(B9)

that is used to perform the summation over k in (B8). The
integration over p, and p, can easily be performed and
yields

/dpzpldpL o~ (PP — 1 n 3/2‘
(2r)? T (2n)

We first substitute (B10) into (B8) and then perform the
integration over ¢t by making use of

(B10)

/ ™ Qe = T(x)(w?)~ (B11)
0

for Re[w?] > 0, and Re[x] > 0. Using, at this stage, the
Legendre formula for the I'(z) function in (B8)

- ()

and plugging (B11) and (B12), with x = z/2 and w = m,
into (B8), we arrive at

(B12)

m3 1 c+ico 7+ 1 z—3
I, =——s— dzl’ I'f—
! 167:22711'/5_,-00 ¢ ( 2 ) < 2 )
B\ —2
XC(1+Z)<m7/> : (B13)
that leads to
Il__ﬂ_z 3+@_m_3+m_z
90 24 12z 32#2°T
47T 3
x(ln(L>—yE+—>+---, (B14)
m 4

upon using Cauchy’s theorem and summing over the
residues of I's and {-function.
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Let us now consider the Q-dependent part of Vgc)f)T, 7,
from (B3). Using (B4), it is first given by

22/‘1”1“‘1“( kw cosh (kaﬂ)). (B15)

Expanding cosh (k#Qp) in (B15), Z, is given by

+00 +00

1 .
=23 3 G eve. (15
=1 j=1
with
0= Z/dpé);dlu oPokj2j-1 (B17)

Following the same steps leading to 7|, we arrive first at

m3 1 c+ico Z"’l
Qj_167r22m'/c_ioo dzr( 2 >
j— =z
xF(%)C(l—i—z—Zj)(m?ﬁ), (B18)

and then after performing the integration over z by using
the Cauchy’s theorem, we obtain

2

m m 1

Q= 16ﬂ2T€/( 8T aar T T (B1Y)
and
m* 1
Q= 16ﬂ2T§’( 4) - TR (B20)
Substituting these results into Z,, we arrive at
+o0 m2— (22 m 1
L= _; (% 4 +6T)(m)
(B21)

Adding this expression with Z; from (B14), according to

(B2), the HTE of V)" is given by (3.15).
APPENDIX C: HIGH TEMPERATURE
EXPANSION OF I,

As it is described in Sec. III B, the one-loop self-energy
function of the CKG field is given by (3.28), with
Jii=1, 2 from (3.29). In this appendix, we use the
method introduced in Appendix B and derive the HTE of
Jii=1,2.

Let us first consider 7, and replace the Bose-Einstein
distribution function n,(w) with

d
—_ 7T _ ,—Plo+a)
n, () Tdaln(l e ) . (C1)
We thus arrive at
d [dp.p,dp, 1
=T— [ = =—=—In(1 — e Pl C2
jl da/ (2]7:) ® ( ) w0 ( )

Using (B4) to expand the logarithm in (C2), substituting the
Mellin transformation of the exponential function (B6) into
the resulting expression, and using

1 /Do (z+1) 2
= dit = e, C3
1ﬁ(Z/ 2) 0 ( )

with w? = p? + p% + m?, we arrive at

(wZ)—(erl)/Z

T d c+ico ) F(Z)
- dzL, —ap\__ T\~ p—z
j] 27ida —ioo < IZ+1(e ) (( 1)/2)ﬁ
> /oo dtt%—le—mzt/dpzpj_dpl —(pHp2 )t
0 (2ﬂ) a=0
(C4)
where the polylogarithm Li_(e~*) arises from
+00
3 e Phap) = Li (e ). (C5)
=1

Performing the integration over p, and p, by using (B10),
plugging the resulting expression into (C4), and performing
the integration over ¢ by using (B11),

m2 1 c+ico z 7 — 2 . mﬂ -z
j1 = _1671'2%[_[-00 dZF<§>F<—2 >LIZ(1) (7> .
(C6)
To arrive at (C6), we also used (B12) and

d . .
%LIZJA(@ ﬂ)

= _ﬁLiz(l)'

a=0

Using Cauchy’s theorem and summing over residues of I
and polylogarithm functions, [J; is given by

2 mT m? AnT 1
Ji=———+—|(In - —Yg+= |+

7
12 4z  87° 2 (€7)

Let us now consider 7, from (3.29). To evaluate it, we use

ny(w+£Q) = +T — e PloteQ)),

In (1 (C8)

9
A(£Q)
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and Taylor expand the logarithms according to (B4). We
arrive at

2R 0 dp.p J_dpJ_
jZ_ZTZZ m/ 2r)?

e—/imk
x( . sinh(kaﬂ)).

(€9)

Expanding sinh(kZ€Qf) in the orders of £Q, we arrive
first at

+00 +00 1
Jr=2 —F, (C10)
7=1 j=0 @)’
with
dp.pdp, e P i
/ pzpi pLe . (C]])
[0

Following, at this stage, the same steps leading to Z; from
Appendix B, we arrive first at

- m?2 1 [ectio z=2 mp\ =
f’_16n22_m1_,~m M( 2 ) <)€(Z 2)(2> ’

(C12)

and then after performing the integration over z by using
the Cauchy’s theorem, we obtain

CR][T? 2m? - (£QA)T  (¢Q)?
Jr= ; {F B dam s

_|_m_2 In 477:_T _|_l
812 m AR

Adding this expression to J; from (C7), we arrive,
according to (3.28) at IT{™" from (3.30).

(C13)
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