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In this paper, we study the quasi-two-body decays B — Pf;(500) — Pz z~ [with P = (z,K,n,7')]
within framework of perturbative QCD (PQCD) factorization approach. With the help of z — z distribution
amplitude and scalar form factor F,(w?), we calculate the CP averaged branching fraction and the CP
asymmetry for the quasi-two-body decays B — Pf((500) — Pz z~. Taking the quasi-two-body decay
BT = 717 fy(500) — z"a"x~ as an explicit example, we present the behavior of differential branching
fraction and direct CP violation versus the z-z invariant mass. The total branching fraction and direct CP
violation are B(B* — zt[o —»|rtz™) = (1.78 £0.41 £ 0.51) x 107 and Acp(BT = nt[o =]ntz") =
(29.8 + 11.1 £ 13.0)% respectively. Our results could be tested by further experiments.
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I. INTRODUCTION

Three-body B-meson decays are considerably more
challenging than that of two-body-decays, mainly due to
the entangled resonant and nonresonant contributions, the
complex interplay between the weak and strong dynamics
[1], and other possible final-state-interactions (FSI) [2-4]
in the three-body B meson decays. Traditional approaches
for the two-body-decays are no longer satisfactory in the
three-body decay processes [5]. Practically, the hadronic
three-body B meson decay processes, in most cases, are
considered to be dominated by the low-energy S-, P- and
D-wave resonant states, which could be treated in the
quasi-two-body framework. By neglecting the FSI between
the meson pair originated from the resonant states and the
bachelor particle, the factorization procedure can be applied
[5,6]. Substantial theoretical efforts for different quasi-two-
body B meson decays has been made within different
theoretical approaches, cf. Refs. [7-29]. As well, the con-
tributions from various intermediate resonant states for the
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three-body B-meson decays in the context of perturbative
QCD (PQCD) approach [30-32] have been investigated in
Refs. [33-43].

Compared with vector and tensor mesons, the identi-
fication of the scalar mesons is long-standing puzzle [44].
Scalar resonances are hard to be resolved, since some of
them have large decay widths which make us difficult
to distinguish between resonance and background. In the
theoretical point of view, their masses do not fit the
expectation in the naive quark model. For the lightest
scalar meson f,(500) (also refereed as ) meson, which is,
in the present state, not a ordinary meson in the sense that it
cannot be interpreted as predominantly made of quark and
antiquark [45]. After more than 60 years of study of
f0(500), various of interpretations have been proposed.
More explicitly, a light scalar-isoscalar field was first
postulated [46] for explanation of the inter-nucleon attrac-
tion. Then, Linear Sigma Model was proposed [47] to
describe the chiral symmetry in pion-pion interaction, this
explains why f(500) is usually called as the ¢ meson. The
linear sigma model plays a relevant role, in history, for the
understanding of spontaneous chiral symmetry breaking,
where all fields become Goldstone bosons, i.e., pions,
except 0. When the f(500) and f(980) are considered as
qq state, the mixing of light and strange quark may appear
[48], it can be characterized by a 2 x 2 rotation matrix with
a single parameter, i.e., the mixing angle ¢. If the ¢g state
does exist, the mixing angle can be constrained by the
scalar decay channel which is exactly what we study.

Published by the American Physical Society
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Comparison between our theoretical prediction and the
experimental data may allow us to probe the inner struc-
ture of light scalar mesons. Tetraquarks is also a popular
interpretation [49] which is bounded to form a color neutral
resonance by two valence quark and two antiquark [45].
There are also some different explanation of quark level
dynamics to describe the formation of scalar mesons, such
as the bag model with additional one gluon exchange [49],
the diquark-antidiquark configurations [50], the large-N
quantum chromodynamics [51], moreover, including
instanton effects [52]. In this theories, tetraquark states
are unmixed, as assumed in Ref. [48], with a constrain of
mixing angle less than 5 degree [53]. Consequently, how to
distinguish gg and ggqq states becomes a significant issue.
In Ref. [54], authors proposed a method to distinguish two
kinds of scalar mesons based on sum rule technique, it
may becomes a important criterion of phenomenological
study and may provide more detail of the inner structure of
scalar mesons.

Within the framework of PQCD approach, quasi-two
body decays involving resonant state f(500) have been
studied [34,55-57], we would like to extend to our
previous studies to the quasi-two-body B meson decays
B — Pfy(500) —» Pzz, where the bachelor particle P
denotes the light pseudoscalar =, K, 5, or 7. Typical
diagrams for the B — Pf(500) - Pzz decay processes
are shown in Fig. 1. Inspired by the generalized parton
distribution (GPD) in hard exclusive two pion production
[58-61], the two-meson distribution amplitude was intro-
duced in three-body hadronic B decays in the frame work
of PQCD approach [62,63] as the universal nonperturba-
tive input. The decay amplitude for the quasi-two-body
decays B — Pf((500) - Pzz can be expressed as the
convolution of the nonperturbative wave function and hard
kernel [33,62,63]

S-wave ( 1 )

nr ’

A=¢p QHQ ¢p ®

where hard kernel H contains one hard gluon, and the
distribution amplitudes ¢g,pp and ¢5.Y3¥¢ absorb the
nonperturbative dynamics in the decay processes.

The rest of this paper are organized as follows. We give a
brief introduction of the theoretical framework in Sec. II.
Numerical results and some discussions are shown in
Sec. III, and a brief conclusion will be summarized in

(@ (b)

FIG. 1.

Sec. IV. The relevant factorization formulas for the decay
amplitudes are collected in the Appendix.

II. FRAMEWORK

In the light-cone coordinate, the B meson momentum
pg, 0 meson momentum p, bachelor particle momentum
p3, and the corresponding quark momenta kg, k, k3 in the
rest frame of B meson are defined as

mp
1,1,0 N kp = 07 X ’k 5
PB \/E( T) B ( \/5 B BT)

mpg mpg
- = la ,0 ) k: _Zﬂ()?k 5
p ﬁ( n,0r) (ﬁ T)

mp mp
=—(0,1=-n,0¢), k3=1[0—12(1- Jk ,
pP3 \/5( n T) 3 < \/i( 1)x3 3T)
(2)

where the variable 7 is defined as n = w?/m% with @ =

mp

\/1? stand for invariant mass of dipion. Terms x, z, and x3
are the momentum fraction of kg, k, and ks respectively.

The B meson can be treated as heavy-light system,
whose wave function can be written as [64]

®4(1.b) == (a-+ marsd(). (3)

where b is the conjugate space coordinate of the transverse
momentum of the valence quark of meson, N,. is the color
factor, the distribution amplitude ¢(x, b) are chosen as

1 2 2 p2
¢p(x.b) = Npx*(1 = x%) exp [‘2 (xmB> - wé

Wp

@

where the wp is the shape parameter and Ny being the
normalization factor. The shape parameter wp is mainly
fixed from the fit to the B — & form factors derived from
lattice QCD [65] and LCSR [66]. The normalization
constant Np is related to the decay constant fp through
the relation

fB

ST (5)

/1 dx¢p(x,b =0) =
0

© (d)

Typical diagrams for the quasi-two-body decays B(;) — Po — Pzx. The diagram (a) for the B — ¢ transition, and diagram

(c) for the B — P transition, as well as the diagrams (b) and (d) for annihilation contributions. The symbol @ stands for the weak vertex

and x denotes possible attachments of hard gluons.
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For the final state of light pseudoscalar meson, whose wave
function being the

®p(p,2) = \/—7/5[1645*‘( 2) + mod”(2)
+ mo (' = 1)¢" (2)], (6)
|
() = 22 6x(1 = )1 + a OV (2 -
2N, !
fr
Ply) —
T _ fP
A N
w1th the Gegenbauer moments are a;"** =0, aX = 0.06,
=0.25,ay"" =0.115,a;"" = -0.015.  Meanwhile,

the parameters are p, = m/mg,px = mg/mg,p, =
2my/mi, p, =2ms/m§, n; = 0.015, w3 = =3 with m§ =
(1.4£0.1) GeV, m& = (1.6 £0.1) GeV, mg" =1.07 GeV,
m{* = 1.92 GeV. The definition of Gegenbauer polyno-
mials can be found in Refs. [68,69].

For the 5 and #' mesons, its components has been
studied extensively, two major mixing mechanism were
adopt in most study, the quark flavor basis and singlet-
octet basis. Different process under different assumption
are studied to determine the mixing angle, we prefer to
choose the so-called Feldmann-Kroll-Stech (FKS) for-
malism [70,71] in which it was considered as mixing of
n, and n,, which made of nii = (uii + dd)/v/2 and s3
respectively, the physical state # and #’ related to flavor
state i, and 7, through a two by two rotation matrix with

|

1) +abcy?(2x

where m is chiral mass of corresponding pseudoscalar
meson. The p and z are associated momentum and
momentum fraction respectively. The explicit expression
of relevant distribution amplitude in light-cone sum rule up
to twist-3 are shown [66-69]

—1) +afCY*(2x - 1))

5 9
1 (300 =308 ) €= 1) = 3o + b1+ 6 € x- 1),

1 7 3
(1 =2x) {1 + 6(5173 — 51303 _EP% 5ppaz>(1 —10x + 10x )} (7)

[
a single parameter, the mixing angle ¢

(In)) 7 <COS¢ —sin¢> (Im)) ®)
y) " \sing cosgp ) \n,)

with ¢ = 39.3°£ 1.0°. For the possible glueball effect
are considered to be small [72], we will neglect this
contribution. The distribution amplitude of nn and s§
contain same Lorentz structure with pion except for the

difference decay constant and chiral parameters, we
collect the relation [72]

fo=(1.07£0.02)f, = 139.1 £ 2.6 MeV,
fy=(134£006)f, = 1742 +78 MeV.  (9)

The S-wave z-z distribution amplitude takes the follow-
ing form of [58-61,73]

B = e (206 07) + ol 0(a )+ ol = DY (2.6 (10
where
(e o) = ¢ = 2 a1 - 1 - 29
Ho0e o) = = 28,
R0t =0 = 2L (122, )

where the expression of scalar form factor and associated auxiliary functions can be found in [55,74].
According to the typical Feynman diagrams as shown in Fig. 1 and the quark currents for each decays, the decay
amplitudes for considered quasi-two-body decays B — Pf((500) — Pzrx are given as
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G C
A = o ) = S ViV (S €2 ) P+ Pt Pip) + ottt + gt + M) + Cot

C C C C
ViV Kf +Cy+ ?9 + C10> (FEL 4 FLL 4 FLL) 4 (f + Cs + ?7 + C8>
X (Fyo 4+ Fio + F35) 4 (C3 + Co) (ML + M2 4 MEE) + (Cs 4 C7) (MEE + MEE + M%)

Cy C C C
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+(3 T 2) e (- (12)

G C
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C 3C; Cg 5C
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A(B® - n o =]zt >

Gr C
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3
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G C C
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C, Cs . Cr Cs Co Cu\,u
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(C3+3 Cs = 3+2+6 2 6 ) [ (18)
ata7)cosp — A(BY = o =]zt a)sing, (19)
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C
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)sing + A(BY — n[oc =]zt a~) cos . (24)

A(BY = 1[0 =z ™) = A(BY = nylo —]nta

where Gy is the Fermi constant, V;; is the CKM matrix
element, and the combinations of the Wilson coefficients
aj, are defined as a; = C,/3+ C, and a, = C,/3 + Cl
The expressions of individual amplitudes FLL, F5P FEL,
FSP, ML, MER, MSE, MEE, MER, MSE, FSf. ML, ME,
ML, FLE FSB, MELL, MER and MSE from different
subdiagrams in Fig. 1, which are collected in the Appendix.

Differential branching ratio of B — Pf(500) — Prx
can be written as

daB s |7111P|B5C?
dy P 320°m Bm3

AP, (25)

where By is proportional to quark condensate, in 7z scalar
system, it can be parameterized as B~ m2/(m, + my).

|
Following the definition from Ref. [74], the constant C
takes the form of C = g,,,,f,/(v/2Bymg). Meanwhile, 7 is
the mean lifetime of B meson, |p;| and |p| are the three
momenta of f,(500) resonance and light pseudoscalar
meson respectively in the center-of-mass frame of z-7,
and can be written as

o A

2w '

P1 |P|

_ VA(my, mp, 0*)

N 20 ’
(26)

with mp, mp and m, are the masses of the B, light

pseudoscalar and 7z mesons respectively, and the Killén
function A(a, b, c) = a® + b* + ¢* = 2(ab + ac + bc).
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TABLE 1.

Numerical values of the theory input parameters employed in the PQCD predictions of the quasi-two-

body decays — Pf(500) — Prx as well as the subsequent phenomenological analysis for the quasi-two-body

decay observables.

Parameter Value Unit Reference Parameter Value Unit Reference
My 5.279 GeV [44] Tt 1.638 ps [44]
) 5.280 GeV [44] Tpo 1.519 ps [44]
mg, 5.367 GeV [44] g, 1.527 ps [44]
fB|Nf:2+1+1 190.0 MeV [75] fB, |Nf:2+1+1 230.3 MeV [75]
M= 0.140 GeV [44] M 0 0.135 GeV [44]
Myt 0.494 GeV [44] Mo 0.498 GeV [44]
m, 0.548 GeV [44] my 0.958 GeV [44]
fr 0.130 GeV [44] fx 0.156 GeV [44]
A 0.2250 [44] P 0.159 [44]
A 0.826 [44] 7 0.348 [44]

III. RESULTS

For the numerical calculation, we adopt QCD scale at
1 =0.25 GeV in modified minimal subtraction scheme.
The decay constant of B%*, B, and light pseudoscalar
mesons come from FLAG working group’s result [75]. The
masses and mean life times of B%* and B, mesons, the
masses of light pseudoscalar mesons and Wolfenstein
parameters are all come from recent updated Review of
Particle Physics [44]. We summarize explicitly the numeri-
cal values of the necessary standard model inputs and the
hadronic parameters in Table I. Here the subscript N in
decay constant fp represents the number of dynamical
quark flavor in lattice simulation. Ny =2+ 1+ 1 is for
m, = myg < my; < m, with four flavors dynamical quarks.
The result for Ny = 2 + 1 + 1 is considered to be the most
realistic one in comparing with Ny =2 and Ny =2 + 1,
which can be found by the Flavor Lattice Averaging Group
in detail [75].

By using the formula of differential branching fraction in
Eq. (25) and explicit decay amplitude in the Appendix, we
obtain the PQCD predictions of CP averaged branching
fractions and direct CP violations in Table II for quasi-
two-body B — Pf(500) — Pz processes. The first uncer-
tainty comes from shape parameter wg in the B meson
distribution amplitude, we vary it value at 10% mag-
nitude, that is wgo= = 0.40 £ 0.04 GeV and wp = 0.5+
0.05 GeV for B** and B, mesons respectively. The second
uncertainty comes from the Gegenbauer moment a3~ =
0.20 £ 0.20 in the S-wave z-7z distribution amplitude. We
ignore the uncertainties of parameters in distribution
amplitude of light pseudoscalar mesons and Wolfenstein
parameters since this uncertainties are considered to be
small. It is interesting to see that the wp produce the largest
theoretical uncertainty in PQCD predictions of quasi-
two-body B meson decays [33-43], but in this study
and previous quasi-two-body B meson decays involving

S-wave m-m contributions [34,55-57], the Gegenbauer
moment a5~ plays more important role.
From the numerical results as listed in Table II, we have
the following comments:
(i) In the B - PR — Pzx decays, we can extract the
two-body branching fractions B(B — PR) by using
the relation under the quasi-two-body approximation

B(B — PR — Prn) = B(B — PR) - B(R — nn).
(27)
TABLE II. PQCD predictions of CP-averaged branching

fraction and direct CP violation for the quasi-two-body decays
B — Pf(500) - Pzx.

Decay modes Quasi-two-body results

B = rtlo—lrta B(1076) 178 £0.41(wp) £ 0.51(ay)
ep(%) 298+ 11.1(wp) + 13.0(ay)
BT - Kt[o =]atz~ B(1077) 8.14+ 1.26(wp) £+ 1.10(ay)
Acp(%) —63.5+8.2(wp) + 11.3(ay)
B - n%lc =)xtz  B(1077)  2.0240.55(wp) £ 1.23(ay)
B - Ko =]xtz~  B(1077)  3.90 & 0.26(wp) £ 2.68(a,)
Acp(%) 131 % 18.0(wp) £ 10.6(a>)
BY = Ko »lrta  B(107) 118+ 0.22(wp) + 0.72(a,)
Acp(%) 226+ 8.61(wp) £ 8.13(ay)
B = o —lrta-  B(107Y)  5.01 % 1.11(wp) + 4.60(a;)
Acp(%) —88.9 % 1.3(wp) + 47.24(ay)
B = iflo =lata  B(1078) 229+ 0.61(wp) + 1.59(a,)
Acp(%) —42.3 £ 13.4(wp) £ 5.4(as)
B = plo »ata~  B(1079)  2.00 + 1.04(wp) + 1.25(ay)
B? — ;7/[0- —)]][+][_ 8(10_8) 2.33 + 072(&)3) + 105(612)
Acp(%) 104 £ 3.9(wp) + 6.8(a)
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TABLE III.  Predictions about CP-averaged branching fraction
and direct CP violation for the quasi-two-body decays B+ —
7" fo(500) - ztxtz~ decay. Meanwhile, we also listed the
QCDF, BABAR, LHCb results as a comparison.

References B(107°) Acp(%)

This Work 1.78 £ 0.41 £ 0.51 29.8£11.1£13.0
QCDF [76] 1655047 147+0.1
BABAR [77] <4.1 -

LHCb [78,79] 3.83+£0.84 14.910¢

Combined with results listed in Table II, one can
obtain the related two-body branching fractions for
the two-body decays B — Pf(500). It is interesting
to see that the finite width effect are prominentin B —
Pf(500) decay [76], which means the extraction of
two-body results by using quasi-two-body approxi-
mation will be greatly underestimated.

(i) The predicted CP-averaged branching fractions for
the considered decay processes are in the range of
107°-1075. For the BT — n"fy(500) —» 2zt n~
decay, our prediction (1.78 +0.41 £ 0.51) x 107°
is agree with Ref. [76] from the QCDF prediction
by considering the finite width effect, both of
two predictions satisfy the upper limit 4.1 x 107°
from BABAR measurement [77]. However, most
resent LHCb measurement [78,79] for the BT —
7t fo(500) - z"atz~ decay in the context of iso-
bar model yields (3.83 4 0.84) x 107, the PQCD
predicted branching fraction is smaller than the
LHCb measurement by a factor of about 2. To have
a clear look at the above comparison, we present the
predictions in Table III. Furthermore, we show the
curve of z-z invariant mass dependent differential
branching fraction for quasi-two-body decay Bt —
7t fo(500) - ztzT7~ in Fig. 2. It is found that
the main portion of branching fraction for Bt —
7t fo(500) —» ztatx~ received from the region of
[2m,, 1 GeV], the contributions from the m,, >
2.0 GeV is evaluated about 2.4% and can be
neglected safely.

(iii) For the quasi-two-body decay B™ — z* f,(500) —
#trtx~, our prediction of CP violation reads
(29.8 £ 11.1 £ 13.0)%, which is much greater than
that 14.9f8_'g% from LHCb measurements [78,79] in
the context of isobar model for the S-wave z-z,
fortunately, this result is still in the range of our
prediction by considering the uncertainty from two
nonperturbative parameters, which can also be seen
in Table III. We also mention that QCDF prediction
[76] is in excellent agreement with LHCb result.
Besides, LHCD collaboration found that the inter-
ference between the S- and P-waves can also
generate CP violation effect, unfortunately, CP

5L — Bt — 1t £4(500) — ntatr ]

dB/dmx (107°GeV1)

0.0 0.5 1.0 1.5 2.0
Mar [GeV?]

FIG. 2. The zz invariant mass-dependent differential branching
fraction for quasi-two-body decay BT — x* f((500) - ztz" 7™,
the uncertainties generated from wp and a, are shown by the
shaded band.

violation can only produced from interference of
tree and penguin diagrams in the state of art of
PQCD calculations, the S- and P-waves cannot
generate extra strong phase, the predictions of CP
violation from interference of S- and P-waves is still
absent and very challenging in PQCD. For sake of
illustrate z-z invariant mass dependent CP asym-
metry, we show the z-7 invariant mass-dependent
CP asymmetry for quasi-two-body decay B —
7t fo(500) — Tzt z~ as an example, it is interest-
ing to see that the direct CP asymmetry is decrease
as the z-z invariant mass increases.

(iv) fo(500) was often parameterized by Bugg model
[80] in partial wave analysis and it was applied in
LHCb measurements [81,82]. However, S-wave -7
are considered to be broad, overlapping resonances,
K-matrix model was applied for parametrization of
S-wave components as a alternative scheme [78,79].
The rigorous theoretical calculation for nonreso-
nance contribution in the context of PQCD frame-
work is still absent [41], comparison between
experiment measurements and theoretical predic-
tions is still challenging. More attempts can be
make in future study to parametrize the nonreso-
nance contribution for sake of giving a more reliable
result.

(v) It is also worth mentioning that the Gegenbauer
moment a, plays very different roles in different
decay mode. First, the annihilation diagram will
generate very large uncertainty from Gegenbauer
moment a,. The flavor changing charged current
mode such as Bt — K' |6 —|z"z~ decay processes
are transition diagram dominated, which can be seen
in subdiagram (a) of Fig. 1. Meanwhile, the flavor
changing neutral current mode such as B° —
K°[6 -]zt 2~ are annihilation diagram dominated,
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which can be seen in subdiagram (b) of Fig. 1.
Taking decay process BT — K |6 —»]z*z~ and
B’ - K%[6 —|zta~ as example, we can make a
comparison for contributions from different dia-
grams. It is found that annihilation diagram will
give about 72.3% contribution for branching fraction
in decay mode B — K°[¢ —]z* 7™, therefore, the
uncertainty generated by a, will very large. On the
contrary, annihilation diagram will give just about
35.0% contribution for branching fraction in decay
mode B" — K*[o —]z"n~. Thus, the large uncer-
tainty from Gegenbauer moment a, will be sup-
pressed and become much lower than that of
annihilation dominated mode. Subsequently, the
flavor changing charged current mode are tree
dominated, while the neutral mode are penguin
dominated. The very complicated complex interfer-
ence from CKM matrix, Wilson coefficients and
form factors will enlarge or reduce the uncertainty
caused by a,, which encoding the very different
behaviors in different mode.

IV. CONCLUSION

We have studied the quasi-two-body decays B —
Pfy(500) - Pztz~ in the framework of PQCD factori-
zation approach by using the scalar form factor F,(w?) as
the nonperturbative input. Here the bachelor particle P
denotes 7z, K, n and /. The CP averaged branching
fractions and the CP asymmetries for the considered
quasi-two-body decay modes have been calculated by
using the quasi-two-body approximation. It is found that
the branching fractions are within the range of 107°-1079.
Our predicted branching fraction for B™ — z f,(500) —
xtntrn~ agrees with the upper limit issued by the BABAR
collaboration but is smaller than the LHCb measurement
by a factor of ~2. In Figs. 2 and 3, we have shown the
differential branching fraction over the z-z invariant
mass and the direct CP violation for the channel
Bt — 7t f4(500) —» 7"zt z~. We hope all the predictions

|

osk — B = at£(500) — wtata ]

0.4F

Acp
o
w
T

0.2F

0.1F

05 1.0 15 20
Mar [GeV?)

FIG. 3. The zz invariant mass-dependent CP asymmetry for
quasi-two-body decay B™ — n" f((500) — ztz"z~, the uncer-
tainties generated from wp and a, are shown by the shaded band.

could be tested by further experiments, it may deeper our
understanding for the B meson decay mechanism in the
context of PQCD factorization approach, and help us to
probe the inner structure of f(500).
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APPENDIX: DECAY AMPLITUDES

The factorization formulas for decay amplitudes from
Fig. 1 are collected below

FEL = 82Combfp / dxydz / bsdbsbdbey(x. bs) (1 —m{[Vi(l = 20)(¢* + ¢') + (1 + )]

X Eyp(t1a) o (xg. 2, b, b)S1(2) + /120" = \/1d°)E1ap (1) B (xp. 2. b, b) S, (xp) },

(A1)

S = —162C,mbrof 5 / dxgd / badbybdbdy(xg. bp) (VA2 + 2)¢" = Vi + (1 + (1 = 22))¢)

X Eyap(tia)Ma(xp, 2, bg, b)S,(z) + [2\/’7“ —xg +1n)¢° + (xp — 2’7>¢0]E1ab(t1b)hlb(x87z7 bg.b)S,(xp)},

(A2)

MYt =32y, [ dxpdzdss [ bydbybidbsg (e, by) (1 =)

X {[\/ﬁz(flﬁt @)+ (1 =n)(1=x3) —xp + Zﬂ)¢0]Elcd(t1c)hlc(xB’ 2,X3,bp, b3)

+ [2(Va(@® + ¢") = ¢°) = (x3(1 = 1) = x5)@°1E1caltia)hia(xp. 2. X3, bp. bs) }

(A3)
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M%(IS = —327[Cpr0m%/\/ 2Nc/dx3dzdx3/debBbSdb3¢B(xB,bB){[\/ﬁZ(¢P _¢T)(¢S‘ +¢[)
+ V(1 =x3)(1 =n) = xp)(@" + ¢")(¢* = ¢') + (1 = x3)(1 = 1) = xp5)(¢" + ¢" )"
+1z2(¢F = T )P\E ca(t10) e (Xp. 2. X3, bp. b3) + [—/nz(9F + ¢7)(V1g® + (¢ + ¢*))
+ (x5 = x3(1 =) (9" = d") (/n(@* = ¢") + ¢°)|E1ca(tia)hia(xp. 2. x3. bp. b3) },
MSP = 322Cpm’/ /2N, / dxgdzdxs / bgdbgbydbsds(xp, bp)d* (7 — 1)
X {[\/ﬁz(¢l + ¢S) + ((77 - 1)(1 - x3) + Xp — Z”)qsO]Elcd(tlc)hlc(va 2, X3, bB7 b3)
+ [Z(\/ﬁ(fﬁY -¢') - 77¢O) — (x3(1=n) = xB)¢0]E1cd(t1d)hld(xB’ 2.Xx3,bp. b3)},
FiL = 8aCrmifp / dzdx; / bdbbsdbs{[2rg\/n$p" (2 = 2)¢° + z") = (1 =) (1 - Z)¢A¢O]E1ef(tle)
X Iy, (2, %3, b,b3)8,(2) + [2roy/m(1 = x3)(1 = )" — (1 + x5 + (1 = x3)n)9"]¢*
+ (x3(L=n) +n)(1 =) @) E 1 p(t1 ) Iy (2. %3, b, b3) S, (x3) },
P = 16nComfy [ dads [ babbsdby{[V(1 = )1 =A@ + ) = 201+ (1= )
X Epof(t1e)h1(2, X3, b, b3)S,(2) + [2y/n(1 = ) d* — ro(2nd” + x3(1 —n) (" — ¢7)) "]
X Eyof(tif)his(z,x3, b, b3)S,(x3)},
Mﬁé = 3277CF’”?;/\/ 2N, / dxpdzdx; / bpdbgbsdbsgp(xp. bB){[(’? - 1)[x3(1 —n) +xp+n(l- Z)]¢A¢O

+ roy/(xs(1=n) +xp +0)(¢" +¢")(@* = ¢') + rov/i(1 = 2) (" = 9") (" + &)
+ 2ro\ /(PP P + PTG E 1 (11,) 1y (X5, 2, X3, b, b3) + [(1 = n?) (1 — 2)* ¢°
o — 31— 1) = )@ — BT + ) = ronfi(1 - 2)(@ + ) — )

X Eygy(tip)h1n(xp. 2. X3, bp. b3) },

MER = ~30aCmb/ /2N, / dxydzdrs / badbbsdbsds(xs. bs) [yl —n)(1 + )¢ (& — ')

+ ro(2 —xp = x3(1 =) (@" + §T)P° + ron(zd” — (2 + 2)pT)P°1E 1y (1) g (xp. 2. X3, b, b3)
+ [Vl =n)(1 = 2)¢* (¢* = ¢") + ro((x3(1 =) = x5) (9" + ¢7) +n((2 = 2)9" + 2¢7)) "]
X Eygn(t1)hin(xp. 2, X3, bp, b3) },

M = 322Cpms/ /2N, / dxydzdxy / budbybsdbsdy(xg. by) [0 — 1)(z(1 + 1) — 1)

+rov/n(@" =) (@ + @) (= 1)(1 = x3) +xp) + ro/n(¢" + ¢7)(* — ¢")z — 4rgy/ng"¢’]
X Eqg(t1g)h1(Xp. 2. X3, bg. b3) + [¢°@* (n — 1) (x3(1 — 1) + (2 — 2) — xp)

+ (@7 + ") (@ = ) rov/n(xs(1 =) +n—xp) + (¢ = ¢7)(¢" + ¢')roy/n(1 = 2)]

X Eygy(tin)hin(xp. 2, %3, bg, b3) },

F% = 16”CFFS(W2)\/ﬁm§/dXde3 / bgdbpbsdbsgp(xg, b){[(n - 1>¢A + roxs3(n — 1)(¢P - ¢T)

— 2r0p" | Esup (120 hoy (Xp. X3, b, b3) S (x3) + [x5(n — 1) + 2ro(n + x5 — 1)¢"]
X Esup(tap)hop(xp, X3, bg, b3)S,(xp)},
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M%g’; = 3271'Cpm%/\/ 2Nc / dedZdX3 / debBbdbqu(xB, bB)¢O{[(1 — X — Z)(l - 7’]2)¢A - I"(}X:;(l - n)(¢P - ¢T>
+ ro(xp + 2)n(d" + @) = 2rgnd" | Escy(tae) hoe (x5, 2 X3, b, b) = [(z — x5 4+ x3(1 = 1)) (1 — )"
+ ro(xp — Z)’?((f’P - ¢T) —roxz(1 — ﬂ)(¢P + ¢T)]E2cd([2d)h2d(x3’ z,x3,bg, D)}, (A12)
M%ﬁ = 32ﬂCFm%\/ﬁ/\/2Nc / dxpdzdx; / bgdbgbdbdg(xp, bg){[(1 —xp —2)(1 —n)(¢d* + d)t)cﬁA
+ ro(1 =xp = 2)(@* + @) (@" = ") + ro(x3(1 = 1) +n)(@* — ¢")(@” + $7)]
X Eseq(tae)hae(xp. 2, X3, by, b) = [(z = xp5)(1 = n)(¢* = ¢’)¢A + ro(z —xp)(¢* — ¢I)(¢P - ¢T)
+ roxs(1 =n)(¢* + ¢") (9" + @) Esca(tra) hau(xp. 2. X3, b, b) }, (A13)
M3} = 320C,m VAN, [ dxpdzds [ budbybdbg (. bo)d([(1 40 = =+ xs(1 =) (1 =)
+ ron(xg + 2)(¢" = ") — roxs(1 =) (@" + @") = 2rong”|Escy(tac) ae (xp. 2, X3, b, b)
— (2= xp) (1 = )" — roxs (1 =) (@" — ") + ron(xg — 2)(9F + @) | Esca(tra) hoa(xp. 2. X3, bp. b)},  (Al4)
Fih = 8aComisy [ dadvs [ bdbbsdbs{((es(1 =) = V(1 =) + 250 las(1 =)@ = 7) = 2070
X Eyof(tye)hoe (2, X3, b, b3) S, (x3) + [2(1 = )@ ° + 2ro\/ngp” (1 = ) (¢* — ¢') + 2(¢* + ¢"))]
X Eper(tay)hop(z, X3, b, b3)S,(2)}, (A15)
P = 165Comify [ dzdsy [ babbsdby 21 = 09 + ro(1 =)@ + ¢ + ron((1 + x)9"
— (1 = x3)@" )| Ere s (120 ) hae (2, X3, b, b3)S,(x3) + [2ro(1 = (1 = 2))p"$° + z/n((1 = )™ (" — ")
X Epep(tar)hop(z, x3, b, b3)S,(2) }, (Al6)
M = 32C,m VN, [ dxgdzds [ budbybsdbsgpy (. bo) ([(r= 10+ (1) + )"

+ rov/n(xs(1=n) +n)(@" + ") (@* = #") + roy/n(1 = xp = 2) (" = ") (@* + ¢") — 4ro\/0d" P*]
X Esgp(tag)hog(xp. 2, X3, b, b3) + [(1 =) ((1 = x3)(1 = 1) — n(xp — 2))¢*¢° — ro/n(xp — 2)
X (" + ") (P* — ') + rov/n(1 —n)(1 = x3)(@" — @T)(@* + ¢")]Esgn(tan) hoy(xp. 2, X3, b, b3) }, (A17)

MEE = 322C,mb/\/2N, / dxydzdy, / bidbybsdbss(xs. bs) [Vl = n)(2 = x5 = )P + ')

—ro(1+x3) (9" = ¢")° — ron[(1 — x5 — 2) (97 + @) — x3(d" = T) + 2" |P°) Er gy (t29) hoy (X5 2. X3. b, b3)

= [ro(L=n)(x3 = 1)(¢* — ¢T)¢° + /n(xp — 2)[ro/n(P* + d7)P° + (1 —n)¢* (¢° + ¢")]]

X Engp(tan) hon(Xp. 2, X3, by, b3) }, (A18)
MSE, = 320C,mi | /2N, / dxgdzdrs / budbybadbsds(xp. bu) {[(7— PO (n(xs + x5 +2—2) — x5+ 1)

+ roV/al(1 =m)(1 = x3) (9" = d")(¢* + ¢") + (2 + x5)(@" + §7)(¢° = #") +2(¢"P* + " ¢")]]
X Epgn(t2g) hag(Xp, 2, X3, b, b3) = [ro/n(9” + ¢")(¢* = ") (1 =) (x3 = 1) + ro/n(9” = ¢7) (¢ + ¢") (x5 — 2)
+ ¢O¢A(1 - ’72)()‘3 - Z)]EZgh(IZh)hZh(xB’ 7,3, bg, b3)}. (A19)

where the hard functions are defined as
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hi(x1’x27 (X3,)b1,b2> = hl(ﬁ7

bz) X hz(a, bl, bz)

Ko(vBby), p=0,
h b,) =
(-2 {%’Hé“(\/%z), p <0,
0(by — by)Ko(Vaby)ly(vab,), ax0,
hz(a bl,bz) —{ . 1)
0(by — b)) Hy ' (V—aby)Jo(v/—aby), a<0,

Eyap(1) = a(t) exp[=Sp(t) = S,(1)],

E\cq(t) = a(t) exp[=Sp(t) = S4(t) = Sp(1)]p—p,»
Ey s (1) = a(t) exp[=Sp(1) = S,(1)]

Eyg(1) = a(t) exp[=Sp(t) = So(1) = Sp(1)] =,
Epp(1) = a(t) exp[—Sp(t) — Sp(1)],

Escq(t) = a(t) exp[=Sp(1) — Sq(t) = Sp(1)]p,—p,

The Sudakov form factors are defined as

sule) = s (b)) +3 [ Pt

1—2)(1=7r)myg ’@ (i
> ,b)+2[ " (a(7).

/b H

() = 522 ) s () 2 [ B )

Practically, the mentioned hard scales are chosen as

tla :Max{\/ |ala|? V |ﬁ1a|’1/bB’ l/b}’

tie = Max{+/|aic|, \/|Bic|: 1/bp. 1/b3},

tle = Max{ \% |ale|v \% |ﬂle|v l/bS’ l/b}’

tlg = Max{ \/ |alg|v \/ |ﬂlg|v l/va 1/b3}v
the = Max{+/|®al, \/|f2al, 1/bg, 1/b3},

tre = Max{+/|axc|, \/ |Pac|: 1/bp, 1/ b},

iy = Max{/|ay|, \/|B15], 1/, 1/b},
tig = Max{y/|a14l, \/|B1al, 1/bp, 1/b3},
Ly = Max{\/ lay ¢ A/ \B1l, 1/b3,1/b},
iy = Max{y/|ain], \/|Binl, 1/bp, 1/bs},

tay = Max{v/|az|, \/|B2|, 1/bp, 1/b3},
thg = Max{\/|az4|, \/|P2al: 1/bp, 1/b},
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e = Max{V/[azel. /1Bl 1/03.1/0), 1oy = Max{/laag . \/1Bof]. 1/D3.1/b}.

tag = Max{y/lasy |, /1Byl /b5 1/bs}, 1y = Max{/la], v/Banl. 1/b5. 1/b3},

13, = Max{\/|aza|, V/|B3al, 1/ b, 1/b}, t3p = Max{~/|as|, /B3|, 1/bp. 1/b},

tie = Max{/las | /1Bscl 1/bp. 1/b3}. 15, = Max{V/asc|. \ /81| 1/bp. 1/b3 ),

ts0 = Max{/Jasgl. V1Bl 1/, 13}ty = Max{(v/Jasgl. /|81l 165, 1/3),

tse = Max{/Jog] /Il 1/b3. 1/b}. 14y = Max{\/@, \/@ 1/bs,1/b},
t4g:Max{\/@, \/@ 1/bp. 1/b3}, 1y = Max{\/Jass]. \/[fan]. 1/bp. 1/b3}. (A23)

The jet function S, resums the threshold double logarithm and can be parameterized as

2142¢0(3/2 + ¢)
V(1 +¢)

with ¢ = 0.4 for numerical calculation. The parameters in Eq. (A23) take the form of:

[x(1=x)]°, (A24)

g = 2y

Pra = xpzmp = P = arc = ayg

ay, = (xp —n)my

Pre = =z[(1 =n)(1 = x3) = x5|mjp

Pra = =z[(1 = n)x3 — xg]mj

are = (2= 1)my

Bre =—(1=2)n+ (1 —n)x3lmy = pi; = a1, = ay,
ayp = —(n+ (1 —n)x3)mg
Prg=A{1—z[(1 = n)(1 = x3) = xp|}mj
Pin = —(1=2)[(1 =n)xs +n — xg|my
U = x3(1 = n)m3

Pra = x3x5(1 = n)my = Py, = tre = A3y
gy, = xp(1 —n)mj

Poe = (1= x5 = 2)[(n = 1)x3 — nlm3
Pra = (1 =n)(xp — 2)mp
e = —[1 = x3(1 = 1)]mj

Pre = =2(1 =n)(1 = x3)mp = Poy = my = ay,
ayr =z(n— 1)my

Prg = {1 = (1 =z =xp)n + (1 = n)xs]}mj
Pon = (x5 = 2)(1 = n)(1 — x3)m3

az, = z(1 — r*)m}

P3a = xpz(1 - ”2)’”% =Py =03 = 3y = a3, = Ay,

az, = (1 - 72)()53 - ﬂ)m%’
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Bre = =lz(1 =) + (1 = x3)][(1 = ) (1 = x3) = xp]m3
Pra = {re = [e(1 =) + x3r2][(1 = n)x3 = xp]}my
Poe = {re = [z(1 =) + P21 = x3)][(1 = m)(1 = x3) — xp] i

ﬁ/3d =—[z(1 - rz) +x3r2][(1 —1)X3 —XB]m%
e = =1 = z(1 =7*) = rglmy

ﬂSe = -

azp = —(1 = 4+ x37)(n + (1 = )x3)mj

[

[1-

[(1=7)(1=2) +x37°[n + (1 = n)xs|mp = fz; = a3y = a3,
(

Prg = {1 =[z(1 =) + (1 = x3)][(1 =) (1 = x3) — xp] }mj

ﬁ3h

=[(1=2)(1 =) + rPx3][(1 = m)xs + 1 — xp|mi

aye = —(1 - x3r2)[1 —x3(1 —n)|my

Bae = =1 =x3)r* + 2(1 = )](1 =) (1 = x3)mp = Pay = as, = auy
agp = {re =[P +z2(1 = )1 = n)}ymp
Pag = {1 =[(1 =r*)(1 = 2) + x37° = x][n + (1 = n)x3] }m

Pan = =[r?(1 = x3) + 2(1 = %) = xg] (1 = ) (1 = x3)m

(A25)
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