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With the measurements of the decay Dþ
s → K0

SK
0
Sπ

þ by the BESIII collaboration, we investigate this
three-body weak decay via the chiral unitary approach for the final state interaction, where the resonances
Sð980Þ and Sð1710Þ are dynamically reproduced with the interaction of eleven coupled channels, and the
W-external and W-internal emission mechanisms are considered at the quark level. Besides, we also take
into account the contribution from the P-wave resonance K�ð892Þþ and make a combined fit of the K0

SK
0
S

and K0
Sπ

þ invariant mass spectra measured by the BESIII collaboration. The fitted results show that the
enhancement around 1.7 GeV in K0

SK
0
S mass spectrum is overlapped with two visible peaks, indicating the

mixing signal originated from the resonances a0ð1710Þ and f0ð1710Þ due to their different poles (masses).
Thus, the decay Dþ

s → K0
SK

0
Sπ

þ is helpful to reveal their molecular nature with the mixing signal, which
can be more precisely measured in the future.

DOI: 10.1103/PhysRevD.110.036013

I. INTRODUCTION

Because of the confinement and nonperturbative prop-
erties of quantum chromodynamics, the internal structure
of the hadrons is a debated issue in the particle physics.
Especially the properties of some resonances found in the
experiments are challenging to be explained using the
conventional quark model, such as f0ð500Þ, f0ð980Þ,
a0ð980Þ, Λð1405Þ, and so on. Note that the states
f0ð980Þ and a0ð980Þ were found more than 50 years
ago [1–3], of which the properties were under debate for a
long time [4–17]. Both of them are generally assumed to
be the KK̄ molecule [10–17]. Thus, due to the equal
masses of f0ð980Þ and a0ð980Þ close to the KK̄ threshold,
the a0ð980Þ-f0ð980Þ mixing effect was predicted more
than 40 years ago [18]. Later, more theoretical work
discussing the a0ð980Þ-f0ð980Þ mixing can be found in
Refs. [19–27], and the experimental evidence was
reported by the BESIII collaboration [28,29]. In fact,
for equal masses and lacking an ideal decay channel, the
observation of the a0ð980Þ-f0ð980Þ mixing is very

challenging. But, the case of the a0ð1710Þ-f0ð1710Þ
mixing is different, which can potentially be observed
in the experiments, and studying this mixing effect is the
motivation of the present work. Furthermore, it should be
mentioned that the mixing dynamic of the a0-f0 states is
different from the case of the η-η0 mixing, which comes
from the spontaneous breaking of the SUð3Þ chiral
symmetry; whereas, the mixing of the a0-f0 states arises
from the isospin violation and is related to the mass
difference between the neutral and charge kaons in the KK̄
loops, which is a consequence of the molecular descrip-
tion of the a0-f0 states.
In the molecular picture, the interaction of K�K̄� is

analogous to that of KK̄, where one would expect that
similar resonances emerge. The f0ð1710Þ state was first
observed about 40 years ago [30,31]. At first, it was
interpreted as a normal light scalar meson in the conven-
tional quark model [4,32], and an isovector partner state of
1.78 GeV was predicted. Furthermore, the f0ð1710Þ was
also regarded as a candidate of the scalar glueball [33–41].
But, as pointed out in Refs. [42,43], the f0ð1710Þ may
contain large ss̄ quark components because it mainly
decays to the KK̄ and ηη channels. Thus, from the coupled
channel interaction’s point of view, it was considered as a
molecular state of K�K̄� in Ref. [44], where an isovector
partner a0 state around 1.78 GeV was predicted. A similar
prediction from the K�K̄� interactions also can be found in
Refs. [45,46]. The possibility that f0ð1710Þ, being a
molecular state, was dynamically generated from the
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vector-vector coupled channel interactions was discussed
in Refs. [47–54].
Therefore, searching for f0ð1710Þ’s isovector partner is

crucial to pin down whether it is a glueball or a molecular
state. Until 2021, a new state a0ð1700Þ in the πη invariant
mass spectrum was observed in the ηc → ηπþπ− decay
by the BABAR collaboration [55], of which the mass and
the width were given by (1.704� 0.005) and ð0.110�
0.019Þ GeV, respectively. Moreover, the f0ð1710Þ was
also observed in the decays ηc → η0KþK−ðπþπ−Þ [55],
which was consistent with the observation of the radiative
decays ϒ → γKþK−ðπþπ−Þ [56]. Furthermore, the decay
Dþ

s → πþK0
SK

0
S was investigated by the BESIII collabo-

ration [57], where a resonance structure in the energy
region around 1.710 GeV was observed in the K0

SK
0
S mass

distribution, with mass MSð1710Þ ¼ ð1.723� 0.011Þ GeV
and width ΓSð1710Þ ¼ ð0.140� 0.015Þ GeV. Note that, due
to the a0ð1710Þ and f0ð1710Þ having identical quantum
number JPC ¼ 0þþ and their masses are assumed to be
identical in Ref. [57], they were not distinguished and
assigned as S(1710) in this reference, which is in analogy
to Sð980Þ for the states a0ð980Þ and f0ð980Þ. In fact,
the Sð1710Þ and Sð980Þ were the “mixing” signals in
the decay Dþ

s → πþK0
SK

0
S. Indeed, the admixture signal

of Sð980Þ was also observed in the decay Dþ
s → KþK−πþ

[58,59], where the f0ð1710Þwas also seen. Because of the
overlap of a0ð1710Þ0 and f0ð1710Þ, the BESIII collabo-
ration continued to measure the related decay Dþ

s →
K0

SK
þπ0 [60], and observed a resonance a0ð1710Þþ in

the K0
SK

þ invariant mass spectrum, Ma0ð1710Þ ¼ ð1.817�
0.022Þ GeV and Γa0ð1710Þ ¼ ð0.097� 0.027Þ GeV, which
was called the a0ð1817Þ state in the literature existing
then.1 Indeed, the measured mass of a state may be
different when it is found in different decay processes.
In most cases, one can depend on its decay modes to
assign a state, such as the f0ð1770Þ state [61] found by the
BES collaboration [62]. The mass of the f0ð1770Þ is close
to the f0ð1710Þ with similar width, of which the nature
was discussed in Refs. [63,64]. The f0ð1710Þ mainly
decay into the channel KK̄, whereas, the dominant decay
channel of the f0ð1770Þ is ππ.
As suggested in Ref. [65], the finding of Ref. [60] should

be properly named as a0ð1817Þ, which was arranged in the
same Regge trajectory with the a0ð980Þ; whereas, it was
assigned as a0ð1710Þ in Ref. [66] from the coupled channel
interaction of K�K̄�. Using the coupled channel for the final
state interaction, the decayDþ

s → K0
SK

þπ0 was investigated
in Refs. [67,68], where the new state of Ref. [60] was
assumed as the a0ð1710Þ. Note that a combined fit for the
invariant mass distributions was performed in Ref. [68],

where a pole ð1.7936þ 0.0094iÞ GeV was found for the
a0ð1710Þ. Also applying the final state interaction approach,
the decay Dþ

s → πþK0
SK

0
S was studied in Refs. [69,70],

ηc → K̄0Kþπ− in Ref. [71], and J=ψ → K̄0Kþρ− in
Ref. [72]. With the MIT bag model, it was found in
Ref. [73] that the a0 strongly couples to the vector channels,
such as K�K̄�, ρϕ, and so on, depending on the mass of the
a0; thus, these vector channels should be detected to
understand the nature of the new a0. Furthermore, more
comments on the a0ð1710Þ can be found in Ref. [74] with
some proposals for future experiments. Thus, in the present
work, to understand more about the nature of a0ð1710Þ, we
investigate the decay Dþ

s → πþK0
SK

0
S with the final state

interaction formalism. Note that, in this work, we use eleven
coupled channels to dynamically reproduce the a0ð1710Þ
and also make a combined fit for the invariant mass
distributions, where the mixing effect is found; see our
results later. This is different when compared to the works
of [69,70], where the Breit-Wigner amplitude was used for
the a0ð1710Þ state.
The rest of the paper is organized as follows. In Sec. II,

we introduce the final state interaction formalism for the
Dþ

s → K0
SK

0
Sπ

þ decay in detail. The results of combined
fits for the K0

SK
0
S and K0

Sπ
þ invariant mass distributions,

and the branching ratios of different intermediate resonan-
ces are presented in Sec. III. Then, a short summary is made
in Sec. IV.

II. THEORETICAL FRAMEWORK

In this work, we investigate the three-body weak decay
Dþ

s → K0
SK

0
Sπ

þ. First, we consider the dynamics at the
quark level with the external and internal emission mech-
anisms of the W boson [75–77]. Then, at the hadron level,
we take into account the final state interactions in the S
wave, and the contribution from the vector meson reso-
nance produced in the P wave.
For the Dþ

s → K0
SK

0
Sπ

þ decay, we only consider the
contributions of the weak decay topology from the
W-external and W-internal emission mechanisms, which
are the dominant ones. The related Feynman diagrams are
shown in Figs. 1 and 2. In Fig. 1, the c quark coming from
Dþ

s decays into theWþ boson and the s quark, and then the
Wþ boson decays into a ud̄ quark pair, while the s̄ quark
remains unchanged. There are two possible hadronization
processes. First, the ud̄ quark pair forms a πþ or ρþ meson
directly, while the ss̄ quark pair decays into two mesons
via hadronization with qq̄ ¼ uūþ dd̄þ ss̄ produced from
the vacuum. Second, the ss̄ quark pair goes into a ϕ or η
meson, while the ud̄ quark pair created by the Wþ boson
undergoes the hadronization. The corresponding processes
for these hadronizations can be written as

1In the updated online version of Particle Data Group
(PDG) [61], it was named a0ð1710Þ.
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���Hð1aÞ
E
¼ Vð1aÞ

P VcsVudðud̄ → πþÞjsðūuþ d̄dþ s̄sÞs̄i

þ V�ð1aÞ
P VcsVudðud̄ → ρþÞjsðūuþ d̄dþ s̄sÞs̄i

¼ Vð1aÞ
P VcsVudðπþÞðM ·MÞ33

þ V�ð1aÞ
P VcsVudðρþÞðM ·MÞ33; ð1Þ

���Hð1bÞ
E
¼ Vð1bÞ

P VcsVud

�
ss̄→ −

2ffiffiffi
6

p η

�
juðūuþ d̄dþ s̄sÞd̄i

þV�ð1bÞ
P VcsVudðss̄→ ϕÞjuðūuþ d̄dþ s̄sÞd̄i

¼ Vð1bÞ
P VcsVud

�
−

2ffiffiffi
6

p η

�
ðM ·MÞ12

þV�ð1bÞ
P VcsVudðϕÞðM ·MÞ12; ð2Þ

where the factors Vð1aÞ
P , V�ð1aÞ

P , Vð1bÞ
P , and V�ð1bÞ

P are the
weak interaction strengths of the production vertices to
generate πþ; ρþ; η, and ϕ mesons, respectively [78,79].
These factors contain all dynamical information and can be
regarded as the constants determined by the experimental
data fits. The factor − 2ffiffi

6
p is due to the flavor component ss̄

of η meson, where we take η ¼ η8.
2 The factors Vcs and

Vud are the elements from the Cabibbo-Kobayashi-
Maskawa (CKM) matrix. The elements of qq̄ quark pairs
can form a matrix M in SU(3), which is defined as

M ¼

0
B@

uū ud̄ us̄

dū dd̄ ds̄

sū sd̄ ss̄

1
CA: ð3Þ

Similarly, the case of the W-internal emission is shown
in Fig. 2, which also contains two possible hadronization
processes. First, the sd̄ quark pair goes into a K̄0 or K̄�0
meson; the us̄ quark pair hadronizes with the qq̄ quark
pairs produced from the vacuum. Second, the us̄ quark
pair forms a Kþ or K�þ meson, while the sd̄ quark pair
hadronizes into two final states with the qq̄ quark pairs
produced from the vacuum. Then, these processes can be
written as

���Hð2aÞ
E
¼ Vð2aÞ

P VcsVudðsd̄ → K̄0Þjuðūuþ d̄dþ s̄sÞs̄i

þ V�ð2aÞ
P VcsVudðsd̄ → K̄�0Þjuðūuþ d̄dþ s̄sÞs̄i

¼ Vð2aÞ
P VcsVudðK̄0ÞðM ·MÞ13

þ V�ð2aÞ
P VcsVudðK̄�0ÞðM ·MÞ13; ð4Þ

FIG. 1. W-external emission mechanism for theDþ
s → K0

SK
0
Sπ

þ decay. (a) The ss̄ quark pair hadronizes into final mesons. (b) The ud̄
quark pair hadronizes into final mesons.

FIG. 2. W-internal emission mechanism for the Dþ
s → K0

SK
0
Sπ

þ decay. (a) The us̄ quark pair hadronizes into final mesons. (b) The sd̄
quark pair hadronizes into final mesons.

2If one considers the η-η0 mixing, the matrix P of Eq. (6) will
be different, see Ref. [80].
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���Hð2bÞ
E
¼ Vð2bÞ

P VcsVudðus̄ → KþÞjsðūuþ d̄dþ s̄sÞd̄i

þ V�ð2bÞ
P VcsVudðus̄ → K�þÞjsðūuþ d̄dþ s̄sÞd̄i

¼ Vð2bÞ
P VcsVudðKþÞðM ·MÞ32

þ V�ð2bÞ
P VcsVudðK�þÞðM ·MÞ32; ð5Þ

where the factors Vð2aÞ
P , V�ð2aÞ

P , Vð2bÞ
P , and V�ð2bÞ

P are the
production vertices to generate K̄0, K̄�0, Kþ, and K�þ
mesons, respectively. Subsequently, after the hadroniza-
tion, the matrix M at the quark level can be transferred to
the hadron level form in the terms of the pseudoscalar (P)
or vector (V) mesons, rewritten as

P¼

0
BBB@

1ffiffi
2

p π0 þ 1ffiffi
6

p η πþ Kþ

π− − 1ffiffi
2

p π0 þ 1ffiffi
6

p η K0

K− K̄0 − 2ffiffi
6

p η

1
CCCA; ð6Þ

V ¼

0
BBB@

1ffiffi
2

p ρ0 þ 1ffiffi
2

p ω ρþ K�þ

ρ− − 1ffiffi
2

p ρ0 þ 1ffiffi
2

p ω K�0

K�− K̄�0 ϕ

1
CCCA; ð7Þ

where we take η≡ η8 as done in Refs. [81,82]. It should be
mentioned that the component ðM ·MÞij has four situa-
tions with two matrices of physical meson, such as
ðP · PÞij, ðV · VÞij, ðV · PÞij, and ðP · VÞij. Then, one
can rewrite the hadronization processes mentioned above,
where the explicit formulas are given by

���Hð1aÞ
E
¼ VcsVudV

ð1aÞ
P

�
πþKþK− þ πþK0K̄0 þ 2

3
ηηπþ

�

þ VcsVudV
0ð1aÞ
P ðπþK�þK�− þ πþK�0K̄�0

þ ϕϕπþÞ; ð8Þ
���Hð1bÞ

E
¼ VcsVudV

ð1bÞ
P

�
−
2

3
ηηπþ

�

þ VcsVudV̂
�ð1bÞ
P

�
−

1ffiffiffi
2

p πþρ0ϕþ 1ffiffiffi
2

p πþωϕ
�

þ VcsVudV̄
�ð1bÞ
P

�
1ffiffiffi
2

p πþρ0ϕþ 1ffiffiffi
2

p πþωϕ
�
; ð9Þ

���Hð2aÞ
E
¼ VcsVudV

ð2aÞ
P ðπþK0K̄0Þ

þ VcsVudV̂
�ð2aÞ
P ðπþK�0K̄�0Þ; ð10Þ

���Hð2bÞ
E
¼ VcsVudV

ð2bÞ
P ðπþKþK−Þ

þ VcsVudV̄
�ð2bÞ
P ðπþK�þK�−Þ; ð11Þ

where we only keep the terms that contribute to the
final states K0

SK
0
Sπ

þ. Besides, in order to distinguish
the contribution from the different terms of ðM ·MÞij,
we adopt Vð1a=1b=2a=2bÞ

P , V 0ð1a=1b=2a=2bÞ
P , V̄�ð1a=1b=2a=2bÞ

P ,

and V̂�ð1a=1b=2a=2bÞ
P to represent the ðP · PÞij, ðV · VÞij,

ðV · PÞij, and ðP · VÞij, respectively, where the super-
scripts 1a=1b=2a=2b denote the contributions of the
corresponding subfigures of Figs. 1 and 2, respectively.
Then we obtain the total contributions in the S wave,

jHi ¼
���Hð1aÞ

E
þ
���Hð1bÞ

E
þ
���Hð2aÞ

E
þ
���Hð2bÞ

E
¼ VcsVud

�
Vð1aÞ
P þ Vð2bÞ

P

�
πþKþK− þ VcsVud

�
Vð1aÞ
P þ Vð2aÞ

P

�
πþK0K̄0

þ 2

3
VcsVud

�
Vð1aÞ
P − Vð1bÞ

P

�
πþηηþ VcsVud

�
V 0ð1aÞ
P þ V̄�ð2bÞ

P

�
πþK�þK�−

þ VcsVud

�
V 0ð1aÞ
P þ V̂�ð2aÞ

P

�
πþK�0K̄�0 þ VcsVudV

0ð1aÞ
P πþϕϕ

þ 1ffiffiffi
2

p VcsVud

�
V̂�ð1bÞ
P þ V̄�ð1bÞ

P

�
πþωϕþ 1ffiffiffi

2
p VcsVud

�
−V̂�ð1bÞ

P þ V̄�ð1bÞ
P

�
πþρ0ϕ

¼ C1π
þKþK− þ C2π

þK0K̄0 þ 2

3
C3π

þηηþ C4π
þK�þK�− þ C5π

þK�0K̄�0

þ C6π
þϕϕþ 1ffiffiffi

2
p C7π

þωϕþ 1ffiffiffi
2

p C8π
þρ0ϕ; ð12Þ

where the factors C1, C2, C3, C4, C5, C6, C7, and C8 are defined as C1 ¼ VcsVud

�
Vð1aÞ
P þ Vð2bÞ

P

�
,

C2¼VcsVud

�
Vð1aÞ
P þVð2aÞ

P

�
, C3 ¼VcsVud

�
Vð1aÞ
P −Vð1bÞ

P

�
, C4 ¼VcsVud

�
V 0ð1aÞ
P þ V̄�ð2bÞ

P

�
, C5 ¼ VcsVud

�
V0ð1aÞ
P þ V̂�ð2aÞ

P

�
,

C6 ¼ VcsVud

�
V 0ð1aÞ
P

�
, C7 ¼ VcsVud

�
V̂�ð1bÞ
P þ V̄�ð1bÞ

P

�
, and C8 ¼ VcsVud

�
−V̂�ð1bÞ

P þ V̄�ð1bÞ
P

�
. Note that the elements of
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the CKMmatrix and the vertex factors of weak decay are absorbed in these factors Ci. In our formalism, these parameters
are taken as free constants, which also include a global normalization factor to match the events of the experimental data
when we determine them by fitting the invariant mass distributions later. From Eq. (12), one can see that the final states
K0

SK
0
Sπ

þ can produce directly in the hadronization processes, while the remaining part can get these final states via
rescattering procedures, which are shown in Fig. 3.
Therefore, under the dominantW-external andW-internal emission mechanisms, the amplitude ofDþ

s → K0
SK

0
Sπ

þ decay
process in the S wave can be written as

tðM12ÞjK0K̄0πþ ¼ C1GKþK−ðM12ÞTKþK−→K0K̄0ðM12Þ þ C2 þ C2GK0K̄0ðM12ÞTK0K̄0→K0K̄0ðM12Þ

þ 2

3
C3GηηðM12ÞTηη→K0K̄0ðM12Þ þ C4GK�þK�−ðM12ÞTK�þK�−→K0K̄0ðM12Þ

þ C5GK�0K̄�0ðM12ÞTK�0K̄�0→K0K̄0ðM12Þ þ C6GϕϕðM12ÞTϕϕ→K0K̄0ðM12Þ

þ 1ffiffiffi
2

p C7GωϕðM12ÞTωϕ→K0K̄0ðM12Þ þ
1ffiffiffi
2

p C8Gρ0ϕðM12ÞTρ0ϕ→K0K̄0ðM12Þ; ð13Þ

where Mij is the energy of two particles in the center-of-mass (c.m.) frame, and the subscripts i, j ¼ 1, 2, 3 denote three
final states of K0, K̄0, and πþ, respectively. Then, we take jK0

Si ¼ 1ffiffi
2

p ðjK0i − jK̄0iÞ into account [69] and change the final

states from K0 and K̄0 to K0
S, and thus, Eq. (13) can be revised into

tðM12ÞjK0
SK

0
Sπ

þ ¼ −
1

2
C1GKþK−ðM12ÞTKþK−→K0K̄0ðM12Þ −

1

2
C2 −

1

2
C2GK0K̄0ðM12ÞTK0K̄0→K0K̄0ðM12Þ

−
1

3
C3GηηðM12ÞTηη→K0K̄0ðM12Þ −

1

2
C4GK�þK�−ðM12ÞTK�þK�−→K0K̄0ðM12Þ

−
1

2
C5GK�0K̄�0ðM12ÞTK�0K̄�0→K0K̄0ðM12Þ −

1

2
C6GϕϕðM12ÞTϕϕ→K0K̄0ðM12Þ

−
1

2
ffiffiffi
2

p C7GωϕðM12ÞTωϕ→K0K̄0ðM12Þ −
1

2
ffiffiffi
2

p C8Gρ0ϕðM12ÞTρ0ϕ→K0K̄0ðM12Þ; ð14Þ

FIG. 3. Diagrammatic representations of the Dþ
s → K0

SK
0
Sπ

þ decay. (a) Tree-level diagram. (b) Rescattering of KþK−, K0K̄0, and ηη.
(c) Rescattering of K�þK�−, K�0K̄�0, ϕϕ, ϕω, and ϕρ.
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where GPP0ðVV 0Þ and TPP0ðVV 0Þ→PP0 are the loop functions and the two-body scattering amplitudes, respectively; see the
detail below.
The matrix G is diagonal, which is made up of the meson-meson loop function. The explicit form of the loop function

with the dimensional regularization is given by [83–87]

GPP0 ðMinvÞ ¼
1

16π2

�
aμðμÞ þ ln

m2
1

μ2
þm2

2 −m2
1 þM2

inv

2M2
inv

ln
m2

2

m2
1

þ qcmðMinvÞ
Minv

½ln ðM2
inv − ðm2

2 −m2
1Þ þ 2qcmðMinvÞMinvÞ

þ ln ðM2
inv þ ðm2

2 −m2
1Þ þ 2qcmðMinvÞMinvÞ − ln ð−M2

inv − ðm2
2 −m2

1Þ þ 2qcmðMinvÞMinvÞ

− ln ð−M2
inv þ ðm2

2 −m2
1Þ þ 2qcmðMinvÞMinvÞ�

	
; ð15Þ

where m1 and m2 are the masses of two intermediate
particles in the loop, Minv is the invariant mass of two
mesons in the system, and μ is the regularization scale, of
which the value will be determined by fitting experimental
data in Sec. III. Besides, aðμÞ is the subtraction constant, of
which the value can be evaluated by [83,88,89]

aðμÞ ¼ −2 ln

0
@1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

1

μ2

s 1
Aþ � � � ; ð16Þ

where m1 is the mass of a larger-mass meson in the
corresponding channels, while the ellipses indicate the
ignored higher order terms in the nonrelativistic expansion
[90]. Furthermore, qcmðMinvÞ is the three-momentum of the
particles in the c.m. frame,

qcmðMinvÞ ¼
λ1=2ðM2

inv; m
2
1; m

2
2Þ

2Minv
; ð17Þ

with the usual Källén triangle function λða; b; cÞ ¼
a2 þ b2 þ c2 − 2ðabþ acþ bcÞ.
Moreover, the two-body scattering amplitude in Eq. (14)

can be calculated by the coupled channel Bethe-Salpeter
equation [14,91],

T ¼ ½1 − VG�−1V; ð18Þ

where the matrix G is constructed by the loop functions,
the element of which is given by Eq. (15), and the matrix V
is made of the interaction potential for each coupled
channel. For isospin I ¼ 1 sector, we consider six chan-
nels: (1) K�K̄�, (2) ρω, (3) ρϕ, (4) ρρ, (5) KK̄, and (6) πη.
For isospin I ¼ 0 sector, we consider eight channels: (1)
K�K̄�, (2) ρρ, (3) ωω, (4) ωϕ, (5) ϕϕ, (6) ππ, (7) KK̄, and
(8) ηη. Among them, the potentials VVV→VV are taken from
Ref. [44], which considered the tree-level transition of
four-vector-contact diagrams and the t=u-channel vector
meson-exchange terms. The potentials VPP→PP are taken
from Refs. [14,81,88,92,93], which only include the tree-
level contributions. Besides, the potentials VVV→PP are
calculated as done in Ref. [66], where the Feynman
diagrams of t and u channels are considered, as shown
in Fig. 4. The Lagrangian for the VPP vertex is given
by [94,95]

LVPP ¼ −ighVμ½P; ∂μP�i; ð19Þ

where the symbol h� � �i stands for the trace in color space,
g ¼ MV=ð2fπÞ with MV ¼ 0.84566 GeV, which is the
averaged vector-meson mass, and fπ ¼ 0.093 GeV is pion
decay constant, which is taken from Refs. [14,66]. Then,
some parts of the potentials of VVV→PP are given by (for
simplicity not listing them all)

FIG. 4. Feynman diagrams of (a) the t channel and (b) the u channel.
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VK�þK�−→K0K̄0 ¼ −
4

t −m2
π
g2ϵ1μk

μ
3ϵ2νk

ν
4;

VK�0K̄�0→K0K̄0 ¼ −2
�

3

t −m2
η
þ 1

t −m2
π

�
g2ϵ1μk

μ
3ϵ2νk

ν
4;

Vϕϕ→K0K̄0 ¼ −4g2
�

1

t −m2
K
ϵ1μk

μ
3ϵ2νk

ν
4 þ

1

u −m2
K
ϵ1μk

μ
4ϵ2νk

ν
3

�
;

Vωϕ→K0K̄0 ¼ 2
ffiffiffi
2

p
g2
�

1

t −m2
K
ϵ1μk

μ
3ϵ2νk

ν
4 þ

1

u −m2
K
ϵ1μk

μ
4ϵ2νk

ν
3

�
;

Vρϕ→K0K̄0 ¼ −2
ffiffiffi
2

p �
1

t −m2
K
g2ϵ1μk

μ
3ϵ2νk

ν
4 þ

1

u −m2
K
g2ϵ1μk

μ
4ϵ2νk

ν
3

�
; ð20Þ

where t ¼ ðk1 − k3Þ2 and u ¼ ðk1 − k4Þ2, ϵi is the polari-
zation vector, and ki is the four-momentum of the
corresponding particles, of which the subscript i (i ¼ 1,
2, 3, 4) denotes the particles in scattering process
Vð1ÞVð2Þ → Pð3ÞPð4Þ. It is worth mentioning that, as
done in Refs. [46,96], we also introduce a monopole form
factor for each VPP vertex of the exchanged pseudoscalar
meson, of which the explicit expression is given by

F ¼ Λ2 −m2
ex

Λ2 − q2
; ð21Þ

where mex is the mass of the exchanged pseudoscalar
meson, q is the transferred momentum, and the value of
parameter Λ is empirically chosen as 1.0 GeV. After
performing the partial wave projection, we can obtain
the S-wave potentials VVV→PP, where we take proper
approximation for them due to the problem of the
discontinuity and singularity in the left-hand cut. Note
that these nondiagonal potentials from the transitions
VVV→PP are in fact weak compared to the diagonal ones
from the vector meson exchanges. Thus, for simplicity, one
can safely ignore the suppressed vector meson exchange in
the transitions VVV→PP, which was taken into account in
the work of [66].
Furthermore, we also consider the contribution of the

vector resonance generated in the P wave. As discussed
above, the vector meson both with the W-external and

W-internal emission mechanisms can be produced directly.
Thus, the vector meson coming from hadronization, such as
K�ð892Þþ, which is not generated in the meson-meson
rescattering process, would also decay to the final states that
we are looking for. The production mechanism is depicted
in Fig. 5, and the relativistic amplitude for the decay Dþ

s →
K0

sK�ð892Þþ → K0
SK

0
Sπ

þ can be written as [82,97]

tK�ð892ÞþðM12;M23Þ

¼ DeiαK�ð892Þþ

M2
23 −M2

K�ð892Þþ þ iMK�ð892ÞþΓK�ð892Þþ

×

"ðm2
Dþ

s
−m2

K0
s
Þðm2

K0
s
−m2

πþÞ
M2

K�ð892Þþ
−M2

12 þM2
13

#
; ð22Þ

where D and αK�ð892Þþ are the normalization constant and
the phase, respectively, which can be determined by fitting
the experimental data. The mass and width of intermediate
K�ð892Þþ are taken from the PDG [61], of which the
values are MK�ð892Þþ ¼ 0.89167 GeV and ΓK�ð892Þþ ¼
0.0514 GeV. Although there are three sij variables, only
two of them are independent, which fulfill the constraint
condition,

M2
12 þM2

13 þM2
23 ¼ m2

Dþ
s
þm2

K0
S
þm2

K0
S
þm2

πþ : ð23Þ

Finally, the double differential width distribution for the
three-body decayDþ

s → K0
SK

0
Sπ

þ can be calculated by [61]

d2Γ
dM12dM23

¼ 1

ð2πÞ3
M12M23

8m3
Dþ

s

1

2
jMj2; ð24Þ

where the factor 1=2 comes from the identical particleK0
S in

the final states, and M is the total amplitude of the decay
Dþ

s → K0
SK

0
Sπ

þ. From the discussions above, the total
amplitude of M is written as

FIG. 5. Mechanism of Dþ
s → K0

SK
0
Sπ

þ decay via the inter-
mediate state K�ð892Þþ.
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M¼ tðM12ÞjK0
SK

0
Sπ

þ þ tK�ð892ÞþðM12;M23Þþð1↔ 2Þ; ð25Þ

where the amplitude tðM12ÞjK0
SK

0
Sπ

þ is given by Eq. (14),
the one tK�ð892ÞþðM12;M23Þ by Eq. (22), and ð1 ↔ 2Þ
resembles the symmetry between the two identical K0

S in
the final states. With Eq. (24), one can easily obtain the
invariant mass spectra dΓ=dM12, dΓ=dM13 and dΓ=dM23

by integrating over each of the invariant mass variables
with the limits of the Dalitz plot, more details can be found
in the PDG [61].

III. RESULTS

For the regularization scale μ in the loop functions, see
Eq. (15), it is normal to set its value as μ ¼ 0.6 GeV for the
pseudoscalar-pseudoscalar interaction [14,81,88,93,98] and
μ ¼ 1.0 GeV for the vector-vector meson interaction [44],
respectively. One should keep in mind that aμ and μ are not
independent; see more discussions in Ref. [99]. Thus, in our
formalism, due to including the interactions between the
pseudoscalar and vector mesons, we take μ as a free
parameter. Thus, in our theoretical formalism, there are
eleven parameters: μ is the regularization scale in the

loop functions, Ci (i ¼ 1; 2;…; 8) are the free parameters
in S-wave interaction amplitude, D and αK�ð892Þþ are the
production factor and phase appearing in the P-wave
amplitude. We can obtain these parameters by doing a
combined fit to the invariant mass distributions of theDþ

s →
K0

SK
0
Sπ

þ decay reported by the BESIII collaboration [57].
The values of these parameters are given in Table I, where
the fitted χ2=d:o:f: ¼ 175.97=ð80 − 11Þ ¼ 2.55. With these
fitted parameters, the obtained results of the K0

SK
0
S and

K0
Sπ

þ invariant mass distributions are shown in Fig. 6,
where the error bands are not so visible. In fact, even though
the parameters are correlated with each other much due to
the interference effect, see Eq. (25), as one can see from
Table I the error of μ is less than 2%, which is dominant and
leads to such small error band. Indeed, in the two-body
interaction amplitude, the theoretical uncertainties mainly
come from the value of μ in the loop, which affects the peak
position. Besides, the errors of the data are small, which
give strong constraint on the fit, and thus, there is not much
freedom to the fit results. For the regularization scale, a
value μ ¼ 0.648 GeV is gotten from the fit, see Table I, and
then, the subtraction constants aμ for the corresponding
coupled channels can be calculated by Eq. (16), obtained as

FIG. 6. Combined fit for the invariant mass distributions of the decay Dþ
s → K0

SK
0
Sπ

þ. (a) Invariant mass distribution
of K0

SK
0
S. (b) Invariant mass distribution of K0

Sπ
þ. The solid (blue) lines are the total contributions of the S and P waves, the

dashed (purple) lines represent the contribution of the K�ð892Þþ, the dashed-dotted (red) lines are the contributions from the
S-wave interactions with the resonances Sð980Þ and Sð1710Þ. The dotted (black) points are the experimental data measured by the
BESIII collaboration [57].

TABLE I. Values of the parameters from the fit.

Parameters μ C1 C2 C3

Fit 0.648� 0.01 GeV 8640.90� 1115.80 2980.71� 638.37 −1902.86� 293.27

Parameters C4 C5 C6 C7

Fit 56906.35� 10869.67 −13433.15� 5017.76 −58284.22� 7319.04 102835.76� 23333.56

Parameters C8 D αK�ð892Þþ χ2=d:o:f:
Fit 202807.71� 30750.45 54.8� 2.0 0.0024� 4.30 2.55
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aK�þK�− ¼ −1.99; aK�0K̄�0 ¼ −1.99; aρ0ω ¼ −1.89; aρ0ϕ ¼ −2.10; aKþK− ¼ −1.63;

aK0K̄0 ¼ −1.63; aπ0η ¼ −1.67; aρþρ− ¼ −1.88; aρ0ρ0 ¼ −1.88; aωω ¼ −1.89;

aωϕ ¼ −2.10; aϕϕ ¼ −2.10; aπþπ− ¼ −1.41; aπ0π0 ¼ −1.41; aηη ¼ −1.67: ð26Þ

For the K0
SK

0
S invariant mass distributions as shown in

Fig. 6(a), the bumps around 1.3 GeV benefit from the
contribution of the K�ð892Þþ resonance, see the results of
the dashed (purple) line, which also contributes to the
region of 1.6–1.8 GeV. In Fig. 6(a), our fitting for the
obvious resonance structure around 1.7 GeV is a bit higher
than the data, see the results of the solid (blue) line, which
also splits into two overlapped peaks due to the mixing
effect of the a0ð1710Þ and f0ð1710Þ generated from the
S-wave amplitude, and where it is difficult to fit well from
our different tests, even though there are eight parameters in
the S-wave amplitude; also see the discussions later.
Furthermore, an obvious enhancement around the K0

SK
0
S

threshold is caused by the resonances Sð980Þ, which are
also dynamically generated in the S-wave final state
interactions. Then, using the obtained results of the aμ
for each couple channel, see Eq. (26), we calculate the
corresponding poles for the a0ð980Þ, f0ð980Þ, a0ð1710Þ,
and f0ð1710Þ states in the complex Riemann sheets, which
are listed in Table II. Since the pole is located at ðM þ i Γ

2
Þ,

one can easily obtain the total width of the corresponding
resonances. From Table II, the pole for the a0ð980Þ,
f0ð980Þ, and a0ð1710Þ states are not much different from
our former results of Refs. [68,100]. However, the corre-
sponding width of the a0ð1710Þ is several times smaller
than those obtained in Refs. [44,45,66]. Note that there is a
difference of about 30 MeV between the poles of a0ð1710Þ
and f0ð1710Þ, which with the small widths causes the split
structure at the high energy region around 1.7 GeV in the
K0

SK
0
S mass distributions as discussed above. Similarly, for

the K0
Sπ

þ mass distribution as shown in Fig. 6(b), the
contribution from the state K�ð892Þþ enhances in the
energy region around 0.8 and 1.0 GeV, while the S-wave
amplitude mainly contributes to the low-energy region. In
Fig. 6(b), one can see that there are obvious discrepancies
between our fit and experimental data. After checking
carefully, we find that the data of the bumps around

1.3 GeV in Fig. 6(a), which suppress the P-wave amplitude
of the K�ð892Þþ with the destroyed interference effect from
the S-wave amplitude, also prevent the fitting results of
Fig. 6(b). To reveal this suppression effect, we fit only the
data of the invariant mass distribution of K0

SK
0
S, as shown

the results in Fig. 7. As seen from Fig. 7, there are two
obvious peaks in the energy region of 1.7 GeV in Fig. 7(a),
which come from the contribution of the S-wave amplitude
and show more clear mixing effect, and the data of the
K0

Sπ
þ spectrum in Fig. 7(b) is also described not bad with

the fitted parameters and similar to what we get in Fig. 6(b).
Note that using the fitting results of Fig. 7, the extracted
poles and branching ratios are not much different from the
results of Table II and Eq. (30) later.
As one can see from Figs. 6 and 7, the mixing signals of

the a0ð980Þ-f0ð980Þ and a0ð1710Þ-f0ð1710Þ states are
clearly shown, especially for the one of the a0ð1710Þ-
f0ð1710Þ states, where two overlap peaks are found due to
the 30MeVmass differences between their poles. As shown
in Eq. (14), the final state interaction amplitude has the
contributions of the two-body interaction amplitudes
TKþK−→K0K̄0 , TK0K̄0→K0K̄0 and TK�þK�−→K0K̄0 , TK�0K̄�0→K0K̄0

with the coefficientsC1,C2 andC4,C5, respectively. In fact,
these amplitudes contain the components of both isospin
I ¼ 0 and I ¼ 1, decomposed as

TKþK−→K0K̄0 ¼ 1

2
ðTI¼0

KK̄→KK̄ − TI¼1
KK̄→KK̄Þ; ð27Þ

TK0K̄0→K0K̄0 ¼ 1

2
ðTI¼0

KK̄→KK̄ þ TI¼1
KK̄→KK̄Þ; ð28Þ

which are similar for the channels K�þK�− and K�0K̄�0.
From the fit results of Table I, one can find that the
parameters C1 ≠ C2 and C4 ≠ C5, and thus, the final results
will have the contributions of the amplitudes of both TI¼0

and TI¼1, where the f0 and a0 states are generated,
respectively. Thus, this leads to the consequence of the

TABLE II. Poles compared with the other works (unit: GeV).

This work Ref. [68] Ref. [100] Ref. [44] Ref. [66] Ref. [45]

Parameters μ ¼ 0.648 μ ¼ 0.716 qmax ¼ 0.931 μ ¼ 1.0 qmax ¼ 1.0 qmax ¼ 1.0

a0ð980Þ 1.0598þ 0.024i 1.0419þ 0.0345i 1.0029þ 0.0567i � � � � � � � � �
f0ð980Þ 0.9912þ 0.003i � � � 0.9912þ 0.0135i � � � � � � � � �
a0ð1710Þ 1.7981þ 0.0018i 1.7936þ 0.0094i � � � 1.780 − 0.066i 1.72 − 0.010i 1.76� 0.03i
f0ð1710Þ 1.7676þ 0.0093i � � � � � � 1.726 − 0.014i � � � � � �
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mixing effect of the a0-f0 states. More discussions on the
a0-f0 mixing under the dynamic of the amplitudes with the
physical basis can be found in our former work [101].
Besides, we also calculate the ratios of branching

fractions for the corresponding decay channels based on
our fitting results. By integrating the K0

SK
0
S and K0

Sπ
þ

invariant mass distributions, we can get the ratios as below:

BðDþ
s → Sð980Þπþ; Sð980Þ→ K0

SK
0
SÞ

BðDþ
s → K0

sK�ð892Þþ;K�ð892Þþ → K0
Sπ

þÞ ¼ 0.122þ0.032
−0.023 ;

BðDþ
s → Sð1710Þπþ; Sð1710Þ→ K0

SK
0
SÞ

BðDþ
s → K0

sK�ð892Þþ;K�ð892Þþ → K0
Sπ

þÞ ¼ 0.552þ0.460
−0.297 ;

ð29Þ

where we make a cut at 1.5 GeV for the lower contribu-
tions of the Sð1710Þ. Therefore, for the Dþ

s → Sð1710Þπþ
decay channel, the integration limits are chosen from 1.5
to 1.77 GeV, and the uncertainties are due to the limits
1.5� 0.05 and 1.77� 0.05 GeV. Then the integration
limits for the Dþ

s → Sð980Þπþ processes are chosen from
the corresponding threshold to 1.1 GeV, and for theDþ

s →
K�ð892ÞþK0

S processes the limits are taken from 0.8 to
1.1 GeV. The uncertainties come from the changes of
upper limits, which for both processes are around
1.1� 0.05 GeV. Thus, taking the branching fraction
BðDþ

s → K�ð892ÞþK0
s → K0

SK
0
Sπ

þÞ ¼ ð3.0� 0.3� 0.1Þ×
10−3 measured by the BESIII collaboration [57] as
the input, we evaluate the branching fractions for other
processes,

BðDþ
s → Sð980Þπþ; Sð980Þ → K0

SK
0
SÞ ¼ ð0.36� 0.04þ0.10

−0.06Þ × 10−3;

BðDþ
s → Sð1710Þπþ; Sð1710Þ → K0

SK
0
SÞ ¼ ð1.66� 0.17þ1.38

−0.89Þ × 10−3; ð30Þ

where the first uncertainties are estimated from the errors
of experimental results, and the second ones are from
Eq. (29). Compared with the experimental results, our
results of the branching fraction for the decay ðDþ

s →
Sð1710Þπþ; Sð1710Þ → K0

SK
0
SÞ is about 1=2 of the mea-

surements [57], ð3.1� 0.3� 0.1Þ × 10−3. Meanwhile, we
also evaluate the branching fraction of the resonance
Sð980Þ, of which the value is ð0.36� 0.04þ0.10

−0.06Þ × 10−3.
Note that, in principle, using Eqs. (27) and (28), one can
separate the contributions from the isospin I ¼ 0 and
I ¼ 1, where the states f0 and a0 are dynamically
generated. Because of the a0-f0 mixing effect with the
strong interference between the two-body amplitudes, see

Eq. (25), we cannot extract the branching ratios of
f0ð980Þ=f0ð1710Þ → K0

SK
0
S and a0ð980Þ=a0ð1710Þ →

K0
SK

0
S alone. Furthermore, for the lack of the experimental

measurements, no more available information from the
PDG [61] can be compared with our results.

IV. SUMMARY

Inspired by an enhancement near 1.7 GeV observed in
the K0

SK
0
S mass spectrum of the decay Dþ

s → K0
SK

0
Sπ

þ,
which was reported by the BESIII collaboration, we study
this decay process exploiting the final state interaction
approach based on the coupled channel interaction. The

FIG. 7. Fit only for the data of the K0
SK

0
S spectrum. (a) Invariant mass distribution of K0

SK
0
S. (b) Invariant mass distribution of K0

Sπ
þ.

Others are the same as Fig. 6.
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resonances Sð980Þ and Sð1710Þ are dynamically generated
from the S-wave coupled channel interactions. Moreover,
we consider the contribution of the intermediate resonance
K�ð892Þþ in P wave, which plays a key role in shaping
K0

Sπ
þ mass distribution. With the contributions from both

the S-wave and P-wave amplitudes, we make a combined
fit of two invariant mass spectra of K0

SK
0
S and K

0
Sπ

þ, where
one can determine the free parameters of our formalism and
get a good description of the experimental data. With the
obtained parameters, we calculated the pole of the states
a0ð980Þ, f0ð980Þ, a0ð1710Þ, and f0ð1710Þ in the complex
Riemann sheets, which are consistent with our former
results. Note that the poles for the a0ð1710Þ and f0ð1710Þ
have a difference of about 30 MeV, which shows a mixing
effect to the enhancement around 1.7 GeV of the K0

SK
0
S

invariant mass distribution, but with some uncertainties due
to the small widths of the poles. Furthermore, we calculate
the branching fractions of related decay channels, where
the one for the decay Dþ

s → Sð1710Þπþ → K0
SK

0
Sπ

þ is
smaller than the measurement, and a prediction of the

process Dþ
s → Sð980Þπþ → K0

SK
0
Sπ

þ is made, which can
be measured in future experiments.
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