
Asymmetric self-interacting dark matter with a canonical seesaw model

Debasish Borah ,1,* Satyabrata Mahapatra ,2,† Partha Kumar Paul ,3,‡

Narendra Sahu ,3,§ and Prashant Shukla 4,5,∥
1Department of Physics, Indian Institute of Technology Guwahati, Assam 781039, India

2Department of Physics and Institute of Basic Science, Sungkyunkwan University, Suwon 16419, Korea
3Department of Physics, Indian Institute of Technology Hyderabad,

Kandi, Sangareddy 502285, Telangana, India
4Nuclear Physics Division, Bhabha Atomic Research Centre, Mumbai 400085, India

5Homi Bhabha National Institute, Anushakti Nagar, Mumbai 400094, India

(Received 3 May 2024; accepted 3 August 2024; published 28 August 2024)

We study the possibility of generating dark matter (DM) and baryon asymmetry of the Universe (BAU)
simultaneously in an asymmetric DM framework, which also alleviates the small-scale structure issues of
cold DM. While the thermal relic of such self-interacting DM remains underabundant due to efficient
annihilation into light mediators, a nonzero asymmetry in the dark sector can lead to the survival of the
required DM in the Universe. The existence of a light mediator leads to the required self-interactions of DM
at small scales while keeping DM properties similar to cold DM at large scales. It also ensures that
the symmetric DM component annihilates away, leaving the asymmetric part in the spirit of cogenesis.
The particle physics implementation is done in canonical seesaw models of light neutrino mass, connecting
it to the origin of DM and BAU. In particular, we consider type-I and type-III seesaw origin of neutrino
mass for simplicity and minimality of the field content. We show that the desired self-interactions and relic
of DM together with BAU while satisfying relevant constraints lead to strict limits on DM mass
OðGeVÞ≲MDM ≲ 460 GeV. In spite of being a high-scale seesaw, the models remain verifiable in
different experiments, including direct and indirect DM searches as well as colliders.
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I. INTRODUCTION

Dark matter (DM), an enigmatic form of matter devoid of
luminous and baryonic compositions, comprises a sub-
stantial fraction of the Universe, posing a longstanding
puzzle in both cosmology and particle physics. Its pres-
ence, inferred from gravitational effects [1–4], holds
profound implications for our comprehension of the
Universe’s evolution. The prevailing model in cosmology,
known as the ΛCDM model, has achieved notable success
in elucidating several crucial aspects of the observable
Universe. Here, Λ represents the cosmological constant or
dark energy, while CDM denotes cold DM, a pressureless,
collisionless fluid essential for initiating the formation of

gravitational potential wells crucial for structure formation.
However, persistent discrepancies arise at smaller scales
between observations and the predictions of collisionless
CDM, referred to as the too-big-to-fail, missing satellite,
and core-cusp problems in the literature [5,6]. Self-
interacting DM (SIDM) emerges as a compelling solution
to these discrepancies [7–13], with the requisite self-
interaction parametrized in terms of the cross section to
the mass ratio: σ=MDM ∼ ð0.1–100Þ cm2=g. DM self-
interactions, facilitated by light force carriers, induce not
only substantial self-interaction but also engender velocity-
dependent interactions, exhibiting enhanced effectiveness
in smaller halos characterized by lower velocity dispersion.
However, their efficacy diminishes in larger halos with
higher velocity dispersion, consistent with the collisionless
picture of CDM [8–11,14–17]. Nonetheless, the consid-
erable coupling of DM with light mediators, necessary for
self-interaction, leads to significant DM annihilation rates,
often resulting in a deficit of relic abundance, particularly in
the low DM mass regime [18].
On the other hand, observational data from the cosmic

microwave background (CMB) and astrophysical observa-
tions consistent with the big bang nucleosynthesis (BBN)
predictions reveal a remarkable coincidence—the present-
day abundances of DM and baryonic matter are very
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similar, with the ratio of their energy densities being
approximately 5 (i.e., ρDM ≃ 5ρB) [4]. More precisely,
CMB experiments determine the relic abundance of
DM and baryon to be ΩDMh2 ¼ 0.12� 0.0012 and
ΩBh2 ¼ 0.02237� 0.00015, respectively [4]. While there
exist different well-motivated frameworks like the weakly
interacting massive particle paradigm of DM [19–24] and
baryogenesis [25,26], leptogenesis [27] to explain the
BAU, the remarkable similarity ρDM ≃ 5ρB may be indica-
tive of a different dynamical origin or cogenesis mecha-
nism. The asymmetric DM (ADM)1 paradigm [30–47] is
one of the most popular cogenesis mechanisms where there
exists an asymmetry in the number density of DM over
anti-DM, similar to baryons. Since the asymmetries in dark
and visible sectors have a common origin, ADM can
naturally explain similar abundances of DM and visible
matter. Many of such ADM scenarios rely on the lepto-
genesis route to BAU and can also explain the origin of
light neutrino mass and mixing, another observed
phenomenon [48] which remains unexplained in the
standard model (SM).
The ADM paradigm not only provides a cogenesis of

baryon and DM but can also lead to the correct thermal relic
of SIDM with light mediator which otherwise remain
thermally under-abundant in the low mass regime [18].
While it is possible to have a hybrid of thermal and
nonthermal contribution to SIDM relic [49–52], ADM
provides a more minimal setup with other motivations
related to cogenesis. A conserved quantum number in the
dark sector equivalent to an asymmetry helps in generating
the observed DM relic, which cannot be depleted beyond a
certain limit, in spite of efficient annihilation of DM and
anti-DM particles into light mediators [53]. It is noteworthy
that, in ADM scenarios, the observed DM relic density can
be obtained without violating the stringent constraints from
the CMB and indirect searches on DM annihilation into
charged final states or photons [54], in contrast to conven-
tional DM models. This is primarily due to the key feature
of ADM whereby it can result in a reduced rate of DM-anti
DM annihilation compared to symmetric DM models,
owing to the suppressed population of DM antiparticles
in the ADM relic density [55,56].
Drawing inspiration from these considerations, in this

article, we explore asymmetric self-interacting DM
(ASIDM) which provides cogenesis together with DM
self-interactions. While some earlier works [57–60]
considered the possibility of ASIDM, we consider a
minimal setup within canonical seesaw mechanisms
namely, type-I [61–65] and type-III seesaw [66]. While
it is possible to implement the idea of ASIDM within type-
II seesaw mechanism [65,67–70] as well, we consider the
other two canonical seesaw mechanisms only such that
the field content remains minimal. Thus, our setup

can accommodate several observed phenomena in the
Universe, namely, nonzero neutrino mass, DM, and the
BAU, together with providing solutions to the baryon-DM
coincidence puzzle and small-scale structure issues of cold
DM. We consider the DM relic to arise purely from the
asymmetric component, while the net lepton asymmetry is
converted to the observed baryon asymmetry through
electroweak sphaleron processes. We illustrate the gener-
ation of the requisite lepton asymmetry and the observed
DM relic abundance by considering both weak washout
and strong washout scenarios in both the type-I and type-III
frameworks. This is achieved by solving the Boltzmann
equation, which accounts for all relevant processes
involved in asymmetry generation and transfer between
the visible and dark sectors. We show that the requirement
of DM relic, DM self-interactions, and DM-baryon cogen-
esis, together with all relevant phenomenological con-
straints, require DM mass to remain within sub-TeV
ballpark OðGeVÞ ≤ MDM ≲ 460 GeV. For stable DM,
the models can have observable direct detection prospects
like DM-nucleon or DM-electron scatterings as well as
collider productions of TeV scale particles. While stable
ADM does not have promising indirect detection prospects
due to inefficient annihilation rates at late epochs, a long-
lived ADM can show up at gamma-ray or neutrino tele-
scopes due to its decay. We find the parameter space of the
model consistent with all phenomenological constraints
while keeping the detection prospects promising at differ-
ent experiments.
The structure of the article is as follows. Section II

provides a concise overview of DM self-interaction within
the most minimal setup. Subsequently, Sec. III outlines the
implementation of asymmetric SIDM, detailing its integra-
tion into both type-I and type-III seesaw frameworks and
exploring the intricacies of cogenesis. In Sec. IV, we
discuss the possibility of unstable DM and elucidate the
constraints on DM lifetime. Following this, in Sec. V, we
examine the intriguing detection prospects for asymmetric
self-interacting DM through both direct and indirect search
experiments. Finally, we conclude in Sec. VI with several
technical details in the appendices.

II. THERMAL RELIC OF SIDM

We consider DM to be a fermionic singlet, denoted as χ
(i.e., χ ≡ DM), characterized as odd under an additional
discrete symmetry Z2, which guarantees its stability. One
light scalar mediator, represented by Φ, which transforms
trivially under Z2 is invoked to mediate the DM self-
interactions. The Lagrangian governing self-interaction can
be written as

Lself-int ¼ −λDMΦχ̄χ þ H:c: ð1Þ

In this scenario, the nonrelativistic self-interaction of
DM is effectively described by a Yukawa-type potential1See Refs. [28,29] for reviews of ADM scenarios.
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λ2DM
4πr e

−Mϕr. The details on the nonrelativistic self-interaction
cross section is given in Appendix A. The Feynman
diagram for DM self-interaction and the dominant number
changing process of DM, i.e., DM annihilation into the
light mediator ϕ, are shown in Fig. 1.
In Fig. 2, we illustrate the parameter space in the

λDM −MDM plane capable of generating the desired DM
self-interactions for two distinct mediator mass values:
Mϕ ¼ 10 MeV (green patches) and 100 MeV (red
patches). As discussed in Appendix A, depending on the
masses of DM and mediator ϕ, the coupling λDM, and DM
velocity, the SIDM parameter space can lie in one of the
three regimes namely, the Born regime, classical regime,
and resonance regime. In the resonance regime, because of
the quantum mechanical resonance features, there are gaps
in the viable parameter space, as shown in Fig. 2.2 The blue
dashed line represents the contour of the correct thermal
relic abundance of DM, which is solely decided by its
annihilation to ϕ, the cross-section for which, ignoring the
mass of ϕ, is given by

hσviχχ̄→ϕϕ ∼
λ4DM

16πM2
DM

: ð2Þ

Evidently, in the low mass regime, the parameter space
meeting the self-interaction criteria results in an under-
abundant thermal DM relic. This deficit can be avoided in
an asymmetric SIDM setup, which we will discuss in the
next section.
The scalar potential of the model containing singlet

scalar Φ and the SM Higgs doublet H is given by

VðH;ΦÞ ¼ 1

2
μ2ΦΦ2 − μ2HðH†HÞ þ λHðH†HÞ2 þ λΦ

4
Φ4

þ μ1ffiffiffi
2

p ΦðH†HÞ þ 1

2
λHΦðH†HÞΦ2: ð3Þ

Parametrizing the scalars H and Φ as

H ¼ 1ffiffiffi
2

p
�

0

v0 þ h

�
; Φ ¼ ϕþ u ð4Þ

the vacuum expectation values (VEVs) are estimated to be

v0 ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μ2H − λHΦu2 −

ffiffiffi
2

p
μ1u

2λH

s
; u ≃ −

μ1ffiffi
2

p v20
2μ2Φ þ λHΦv20

:

The mass-squared matrix spanning the h and ϕ is given by

M2
hϕ ≃

 
2λHv20

μ1ffiffi
2

p v0 þ λHΦuv0

μ1ffiffi
2

p v0 þ λHΦuv0 2λΦu2 − 1

2
ffiffi
2

p μ1v20
u

!
: ð5Þ

Diagonalizing the above mass matrix, we get the mass
eigenstates h1 with mass Mh1 ¼ 125 GeV and h2 with
mass Mh2 . The h − ϕ mixing angle is then given by

tan 2γ ∼
2ð μ1ffiffi

2
p v0 þ λHΦuv0Þ

2λHv20 − 2λΦu2 þ 1

2
ffiffi
2

p μ1v20
u

: ð6Þ

Aswediscuss in Sec.V, theϕ − hmixing opens up awindow
for direct detection of DM. For all practical purposes, we use
a small mixing angle, γ, for which Mh2 ≃Mϕ.

FIG. 1. DM self-interaction mediated by light scalar ϕ (left) and
DM annihilation to a pair of light mediator (right), ϕ, where ϕ is
the physical scalar as given in Eq. (4).

FIG. 2. The parameter space is depicted in λDM vs MDM plane
for required DM self-interaction: σ=MDM ∈ ½0.1–100� cm2=g.
The Green shaded region corresponds to Mϕ ¼ 10 MeV, and
the red shaded region corresponds to Mϕ ¼ 100 MeV. The blue
dashed line corresponds to the correct relic abundance of DM
observed by Planck.

2Similar features can also be found in the resonance regime in
the plane of Mϕ −MDM as shown in Fig. 11.
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III. ASYMMETRIC SIDM IN SEESAW
FRAMEWORKS

To successfully realize the ASIDM scenario within the
type-I seesaw framework, which extends the SM by
introducing right-handed neutrinos (RHNs)NRi

to facilitate
light neutrino mass generation, it is imperative to intro-
duce an additional dark singlet scalar (ρ) into the particle
spectrum alongside the fermionic DM particle χ. Similarly,
within the type-III seesaw scenario, where the SM is
extended with SUð2ÞL triplet fermions Σ to achieve light
neutrino mass generation, ensuring the gauge invariance of
the Lagrangian mandates the inclusion of an extra triplet
scalar (Δ) to enable the realization of the ASIDM scenario.
In both the type-I and type-III frameworks, the simulta-
neous CP-violating out-of-equilibrium decay of the RHNs
(or triplet fermions) into both the visible and dark sectors
generates a net lepton asymmetry and an asymmetry in the
DM χ. Here we discuss the details of ASIDM implemen-
tation in these two canonical seesaw models.

A. Model I (decay of RHN)

The fermion sector of the SM is extended by incorpo-
rating three right-handed neutrinos (NR1

; NR2
; NR3

) in
addition to the singlet Dirac fermion (χ) of bare mass
Mχ . The right-handed neutrinos are assigned a lepton
number of 0 (L ¼ 0), while χ is designated a lepton
number of 1 (L ¼ 1). In order to allow the coupling of
χ with RHNs, we introduce a real singlet scalar ρ, keeping it
heavier than DM. An additional Z2 symmetry under which
χ, ρ are odd while other fields are even is imposed to ensure
the stability of DM. The real singlet scalar Φ, even under
Z2 symmetry, gives rise to DM self-interactions discussed
before.
The relevant Lagrangian is given by

L ⊃ −
1

2
MNR

Nc
RNR − yNL H̃ NR − yχNRρχ þ H:c: ð7Þ

The out-of-equilibrium decay of the lightest RHN into LH
and χρ can create lepton and DM asymmetries that will be
discussed in details below.

B. Model II (decay of fermion triplet)

In this model, we extend the SM with three hypercharge-
less fermion triplets (Σ1, Σ2, Σ3), one gauge singlet Dirac
fermion χ with bare mass Mχ , and one hypercharge-less
triplet scalar Δ. We assign the fermion triplet zero lepton
number and the χ lepton number one. To get the velocity-
dependent self-interaction of the DM, we include one light
scalar mediator, ϕ. An additional discrete symmetry, Z2, is
imposed, under which χ and Δ are odd, while all other
fields are even. χ is chosen to be the lightestZ2-odd particle
ensuring DM stability.

The relevant Lagrangian in this setup is given by

L ⊃ −
1

2
Tr½MΣΣcΣ�−

ffiffiffi
2

p
yΣL̄ΣH̃− yχTr½Σ̄Δχ� þH:c: ð8Þ

For details of neutrino mass generation in both these
scenarios, please refer to Appendix B.

1. ASIDM and cogenesis

The additional fermion xð≡NR or ΣÞ simultaneously
decays into both dark sector [χ; yð≡ρ or ΔÞ] and the
visible sector (L, H). If the three Sakharov conditions [71]
are satisfied, then this can lead to the generation of an
asymmetry in both the dark sector and the visible sector.
The symmetric portion of the DM is depleted through
annihilation into a light mediator ensured by sizeable DM
coupling to mediator Φ required for self-interactions, while
the residual asymmetry contributes to the DM relic as
asymmetric DM. We consider a mass hierarchy among the
fermion mass states as Mx1 < Mx2 < Mx3 . Given that x1 is
the lightest among the three, any asymmetry resulting from
the decay of x2 and x3 at high temperatures will be washed
out by the interactions of x1 efficient at lower temperatures.
Hence, for pragmatic purposes, we solely focus on inter-
actions involving x1, which will ultimately generate asym-
metry in both sectors. The asymmetry in both sectors
originates from the decay of x1. However, this produced
asymmetry undergoes partial attenuation due to the wash-
out processes, such as inverse decay and scatterings that
violate the lepton number by 1 and 2 units. In addition, one
should also incorporate the lepton number conserving
scatterings into the analysis to take into account the transfer
of asymmetry between the two sectors.
Here it is worth noting that, in the type-III scenario, the

presence of additional gauge interactions associated with
the fermion triplets solely impacts the number density of
these triplets. As these gauge interactions conserve the
lepton number, they do not directly contribute to the
asymmetry. As outlined in earlier works on type-III seesaw
leptogenesis [72,73], the gauge interactions facilitate the
rapid attainment of thermal equilibrium for triplets with
masses up to 1014 GeV, assuming a dynamical initial
abundance. Even if the initial abundance starts at zero,
due to these gauge interactions, the system behaves akin to
the case with thermal initial abundance. Contrarily, in the
type-I scenario, such a phenomenon does not occur. RHNs
lack gauge interactions, and, thus, the asymmetries are
influenced by the initial conditions of the RHN number
density.
Depending on the Yukawa coupling andMΣ1

, the triplets
predominantly maintain equilibrium via either gauge or
Yukawa interactions. The Yukawa interactions are para-
metrized by a parameter known as effective neutrino mass
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m̃1 ¼
ðy†ΣyΣÞ11v20

2MΣ1

: ð9Þ

On the other hand, the rates of gauge interactions depend
solely on the electroweak gauge coupling g and MΣ1

. For
lower (higher) MΣ1

values, gauge processes maintain
equilibrium for a longer (shorter) duration. The prolonged
equilibrium of triplets delays their decoupling and sub-
sequent decay, resulting in a lower number density of
triplets available for asymmetry production. This poses
challenges in realizing the observed baryon asymmetry for
very small m̃1, as in such a scenario, asymmetry suppres-
sion due to reduced abundance of the triplet by virtue of
gauge interactions becomes prominent. This scenario is
referred to as the “gauge regime.” Conversely, for larger m̃1

values, equilibrium is established via the inverse decays,

leading to its dominance over gauge interactions. In such
cases, triplets remain in equilibrium mainly due to Yukawa
interactions, hence termed as the “Yukawa regime.” Here, it
is worth mentioning that in the gauge regime, the inverse
decay washout effect becomes negligible, and similarly, in
the Yukawa regime, the gauge annihilation terms can be
ignored. Thus, in the Yukawa regime, the efficiency in the
type-III setup is similar to that of a decaying RHN in the
type-I setup. Additionally, for small values of m̃1, typically
m̃1 < 10−3, where Yukawa interactions are subdued com-
pared to gauge interactions, the weak washout regime
entirely lies within the gauge regime across all masses
of MΣ.
In the type-I seesaw scenario, the Boltzmann equations

(BEs) governing the generation of asymmetries as well as
the abundance of the NR1

can be written as3

dYNR1

dz
¼ −

ΓD

H0z
ðYNR1

− Yeq
NR1

Þ − ΓΔL¼1

H0z
ðYNR1

− Yeq
NR1

Þ − ðΓΔL¼0 þ Γ0
ΔL¼2Þ

H0z

ðY2
NR1

− ðYeq
NR1

Þ2Þ
Yeq
NR1

; ð10Þ

dYΔL

dz
¼ ϵL

ΓD

H0z
ðYNR1

− Yeq
NR1

Þ −
�
1

2

ΓD

H0z

Yeq
NR1

Yeq
L

BrL þ ΓW
ΔL¼1 þ ΓW

ΔL¼2

H0z

�
YΔL

−
ΓNR1

H1

BrLBrχðITþðzÞðYΔL þ YΔχÞ þ IT−
ðzÞðYΔL − YΔχÞÞ; ð11Þ

dYΔχ

dz
¼ ϵχ

ΓD

H0z
ðYNR1

− Yeq
NR1

Þ −
�
1

2

ΓD

H0z

Yeq
NR1

Yeq
χ

Brχ þ
ΓW
ΔL¼1 þ ΓW

ΔL¼2

H0z

�
YΔχ

−
ΓNR1

H1

BrLBrχðITþðzÞðYΔχ þ YΔLÞ þ IT−
ðzÞðYΔχ − YΔLÞÞ; ð12Þ

where z ¼ MNR1
=T, H0 ¼ H1z−2, is the Hubble parameter with H1 ¼ 1.66

ffiffiffiffiffi
g�

p
M2

NR1
=Mpl, g� is the effective relativistic

degrees of freedom andMpl is the Planck mass. Here, Yp ¼ np=nγ denotes the comoving number density of particle pwith
np, nγ denoting the number density of p and the photon number density of the Universe, respectively. Similarly, YΔp ¼
ðnp − np̄Þ=nγ denotes the comoving density of the asymmetry in p. Brp denotes the branching ratio of the mother particle’s
decay into particle p.
Similarly, the BEs governing the asymmetries as well as the abundance of the BSM fermion, Σ1, are given as

dYΣ1

dz
¼ −

ΓD

H0z
ðYΣ1

− Yeq
Σ1
Þ − ΓΔL¼1

H0z
ðYNR1

− Yeq
NR1

Þ − ðΓΔL¼0 þ ΓAÞ
H0z

ðY2
Σ1
− ðYeq

Σ1
Þ2Þ

Yeq
Σ1

; ð13Þ

dYΔL

dz
¼ ϵL

ΓD

H0z
ðYΣ1

− Yeq
Σ1
Þ −
�
1

2

ΓD

H0z
Yeq
Σ1

Yeq
L
BrL þ ΓW

ΔL¼1 þ ΓW
ΔL¼2

H0z

�
YΔL

−
ΓΣ1

H1

BrLBrχðITþðzÞðYΔL þ YΔχÞ þ IT−
ðzÞðYΔL − YΔχÞÞ; ð14Þ

dYΔχ

dz
¼ ϵχ

ΓD

H0z
ðYΣ1

− Yeq
Σ1
Þ −
�
1

2

ΓD

H0z
Yeq
Σ1

Yeq
χ
Brχ þ

ΓW
ΔL¼1 þ ΓW

ΔL¼2

H0z

�
YΔχ

−
ΓΣ1

H1

BrLBrχðITþðzÞðYΔχ þ YΔLÞ þ IT−
ðzÞðYΔχ − YΔLÞÞ; ð15Þ

3Γ0
ΔL¼2 corresponds to the process NR1

NR1
→ χχ.
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where z ¼ MΣ1
=T, and definitions of H0; Yp; YΔp remain

the same as before. In both sets of BEs for type-I and
type-III seesaw, ΓD ¼ Γx � K1ðzÞ=K2ðzÞ, Γx is the total
decay width of mother particle x while K1ðzÞ, K2ðzÞ being
the modified Bessel functions of first and second kind,
respectively. ϵL and ϵχ , respectively, are the visible sector
and dark sector CP asymmetry parameters arising from the
interference of the tree level and one loop level diagram
shown in Fig. 3 are defined as

ϵL ¼ Γx→LH − Γx→L̄H†

Γx
; ϵχ ¼

Γx→χy − Γx→χ̄y†

Γx
: ð16Þ

In the hierarchical scenario, the CP asymmetries are
estimated as [36,72]

ϵL ¼ −
1

16π

M1

ððy†yÞ11 þ yχ1y
�
χ1Þ
X
j

1

Mj
f3ð1ÞIm½ðy†yÞ21j�

þ 2Im½ðy†yÞ1jyχ1y�χj �g; ð17Þ

ϵχ ¼ −
1

16π

M1

ððy†yÞ11 þ yχ1y
�
χ1Þ
X
j

1

Mj
f3ð1ÞIm½ðyχ1y�χjÞ2�

þ 2Im½ðy†yÞ1jyχ1y�χj �g; ð18Þ

where the factor 3(1) comes in the case of right-handed
neutrino (triplet fermion) decay.
In the BEs, ΓΔL¼1, ΓΔL¼2, and ΓΔL¼0 are the interaction

rates for ΔL ¼ 1, ΔL ¼ 2 and lepton number conserving
scatterings, respectively, that affects the abundance of
NR1

ðΣ1Þ. The ΔL ¼ 0, ΔL ¼ 1, and ΔL ¼ 2 processes
have been shown explicitly in Appendices C 1, C 3, and
C 4, respectively. In Eq. (10), Γ0

ΔL¼2 corresponds to the
process NR1

NR1
→ χχ. ΓA denotes the gauge interactions of

the triplet fermion shown in Appendix C 5. Here, it is worth
noting that ΓW

ΔL¼1, ΓW
ΔL¼2 are the scattering rates of the

ΔL ¼ 1, 2 washout processes that contribute to the dimin-
ishing of the asymmetries. For instance, if we consider the
process,NR1

NR1
→ χχ, then the interaction rate is expressed

as Γ ¼ hσviNR1
NR1

→χχ × nNR1
. This rate governs the

evolution of the NR1
abundance. Additionally, since this

process violates the lepton number by two units, it contrib-
utes to the washout of the asymmetries. For these washout
processes, the interaction rates will depend on the number
density of χ. Thus, the interaction rate for the washout
process can be written as ΓW ¼ hσviNR1

NR1
→χχ × neqχ . The

last terms in Eqs. (11), (12), (14), and (15) represent the
ΔL ¼ 0 processes that transfer the asymmetries from one
sector to another. These are shown inAppendixC 2.We have
used CALCHEP [74] to calculate the scattering cross sections.
The analytical expressions for ITþ and IT−

are adopted
from [36].
The produced lepton asymmetry then gets converted to

the observed baryon asymmetry [ηB ≡ ðnB − nB̄Þ=nγ ¼
ð6.1� 0.3Þ × 10−10] by the electroweak sphalerons [75].
In the type-I seesaw case, the baryon asymmetry and the
lepton asymmetries are related as

ηBðz → ∞Þ ¼ CL→B

f
YΔLðz → ∞Þ;

¼ CL→B

f
ϵLκLðz → ∞ÞYeq

NR1
ðz → 0Þ: ð19Þ

Here, CL→B is the lepton to baryon conversion factor,
which in the type-I case is calculated to be −0.518519 and
f ¼ g�s=g0s ¼ 29.1560 is the dilution factor calculated
assuming standard photon production from the onset of
leptogenesis till recombination.4 For details of CL→B
calculation, please refer to Appendix D. Consequently,
the required lepton asymmetry falls within the range
f3.2613 × 10−8; 3.5987 × 10−8g. Here, κL and κχ are the
visible sector and dark sector efficiency factors defined as

FIG. 3. The visible sector (dark sector) nonzero CP asymmetry arises due to the interference of the tree-level diagram with the loop-
level diagrams, as shown in the top (bottom) panel.

4g�s ¼ 106.75þ 7
8
× 2þ 7

8
× 4þ 1þ 1 ¼ 114, is the relativis-

tic degree of freedom (d.o.f.) at the onset of leptogenesis for the
type-I seesaw scenario and g�0 ¼ 3.91 is the relativistic d.o.f.
today.
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κL ¼ YΔL

ϵLY
eq
x jT≫Mx

; κχ ¼
YΔχ

ϵχY
eq
x jT≫Mx

: ð20Þ

Conversely, in the type-III seesaw scenario, the relation
between the baryon asymmetry and the lepton asymmetries
is expressed as

ηBðz → ∞Þ ¼ 3
CL→B

f
YΔLðz → ∞Þ;

¼ 3
CL→B

f
ϵLκLðz → ∞ÞYeq

Σ1
ðz → 0Þ: ð21Þ

In our model, CL→B ¼ −0.518519, which is explicitly
calculated in Appendix D. Here f is 30.5627.5 Thus, in
this case, the required lepton asymmetry ranges from
f1.1396 × 10−8; 1.2574 × 10−8g.
Here, it is worth noting that the ratio of the DM relic

density and baryon relic density can be expressed as

R≡ΩDMh2

ΩBh2
¼ f

ð3ÞCL→B

MDM

mp

ϵχ
ϵL

κχ
κL

; ð22Þ

where mp is the proton mass and the factor 3 in the
denominator only appears in the type-III seesaw scenario.
As mentioned earlier, given the ratio R ∼ 5, one might
naively anticipate that MDM ∼ 5mp, assuming a similarity
in the asymmetry of the number densities between DM and
baryons. However, as indicated by Eq. (22), the resulting
asymmetries in the visible and dark sectors can vary
significantly depending on the CP asymmetry parameters
ϵχ and ϵL and corresponding efficiency parameters.
Consequently, there exists the possibility for the DM mass
to be viable across a wide range of masses.
We now calculate the visible sector Yukawa coupling

using the Casas-Ibarra parametrization as mentioned in
Eqs. (B5) and (B10). The best-fit values of the neutrino
oscillation parameters are used to obtain the Yukawa
couplings in the normal ordering from [76]. The heavier
fermion masses are fixed at M2 ¼ 10M1 and M3 ¼ 50M1.
We have considered a general form of the rotation matrix,
R≡R12R23R13 in the Casas-Ibarra parametrization with

a complex angle za. The two Majorana phases in the
Pontecorvo-Maki-Nakagawa-Sakata matrix and the lightest
SM neutrino mass state are set to zero. We then compute the
visible and dark sector CP asymmetry parameters by
varying the dark sector Yukawa coupling using Eq. (17)
and (18). We have shown the benchmark points in Table I.
We begin by solving the Boltzmann equations for the

type-I case in both weak and strong washout regimes.
For the weak washout regime, the parameters are varied,
and we consider the benchmark point BP1 (type-I) with
the following values: fMNR1

¼ 5 × 1012 GeV; ðy†NyNÞ11 ¼
2.9979 × 10−6; yχ1 ¼ 5.7488 × 10−4; ϵL ¼ 2.20 × 10−5;
ϵχ ¼ 2.08 × 10−6;Mχ ¼ 1 GeVg. In this case, the branch-
ing ratios of NR1

decaying into the dark and visible sectors
are 94.776% and 5.224%, respectively. We illustrate the
evolution of the NR1

abundance and the asymmetries in
Fig. 4. Starting with zero initial abundance of the RHN, it is
produced through inverse decay and scattering processes.
The asymmetries in both sectors begin to build up as soon
as a sufficient amount of RHNs is produced. Clearly, due to

TABLE I. Benchmark points chosen for showcasing the evolution of visible sector and dark sector asymmetries.

BPs M1 (GeV) yχ1 yχ2 yχ3 za ϵL ϵχ

BP1(Type I) 5.00×1012 5.7488×10−4 ð6.4931þi1.6841Þ×10−3 ð19.7791þi0.4963Þ×10−2 1.5256þi7.3652×10−3 2.20×10−5 2.08×10−6

BP2(Type I) 5.00×1012 8.1301×10−3 ð6.2571þi2.3119Þ×10−2 0.3983þi2.1705 0.2212þi6.5979×10−3 3.91×10−4 3.48×10−7

BP1(Type III) 1.53×1012 7.6650×10−4 ð5.4113þi3.1460Þ×10−4 0.2907þi8.8866×10−2 ð9.0627þi1.0406Þ×10−3 1.16×10−5 2.94×10−8

BP2(Type III) 6.28×1012 1.8223×10−3 2.2.3007þi2.9800 2.8471þi0.1452 1.1593×10−2þi0.2903 2.91×10−5 7.30×10−6

BP1 (Type-I)

Yeq
N

YN
|YΔ L|
|YΔχ|

Yi

10−12

10−10

10−6

0.01

1

10

z=MΣ /T
10−3 0.01 0.1 1 10 100

FIG. 4. Cosmological evolution of the RHN abundance, visible
sector, and dark sector asymmetries in case of weak washout in
type-I seesaw. The final asymmetries are YΔL ¼ 3.34696 × 10−8,
YΔχ ¼ 3.01718 × 10−9, R ¼ 5.40394.

5g�s ¼ 106.75þ 7
8
× 6þ 7

8
× 4þ 3þ 1 ¼ 119.5, is the relativ-

istic d.o.f. at the onset of leptogenesis in the type-III seesaw
scenario, g�0 ¼ 3.91 is the present day relativistic d.o.f.
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the chosen Yukawa couplings, the scenario falls into the
weak washout regime. We can see that the NR1

abundance
reaches equilibrium around z ∼ 7 and immediately departs
from equilibrium. Subsequently, the number density expe-
riences Boltzmann suppression, and the washout effects are
no longer effective; hence, the asymmetry saturates.
Similarly, we solve the Boltzmann equations in the

strong washout regime and illustrate the evolution of
the asymmetries in the visible and dark sectors along
with the abundance of RHN in Fig. 5. In this case,
the parameters are fixed at fMNR1

¼ 5 × 1012 GeV;
ðy†NyNÞ11 ¼ 2.9874 × 10−4; yχ1 ¼ 8.1301 × 10−3; ϵL ¼
3.91 × 10−4; ϵχ ¼ 3.48 × 10−7; Mχ ¼ 100 GeVg. We
observe that the RHN is produced through inverse decay
and scattering processes and reaches equilibrium around
z ∼ 2. However, due to the larger Yukawa couplings, the
RHN remains in equilibrium. In this case, the branching
ratios into the visible and dark sectors are 90.0391% and
9.9609%, respectively. As the washout processes are
strong, the produced asymmetries in both sectors get
reduced by some factors and finally saturate after z ∼ 20.
Transitioning to the type-III scenario, we analyze the

evolution of the triplet fermion abundance and the resulting
asymmetries in both the dark and visible sectors, as
depicted in Fig. 6. For this analysis, we set the DM mass
at Mχ ¼ 100 GeV and establish the parameters as
fMΣ1

¼ 1.532×1012 GeV;ðy†ΣyΣÞ11¼ 2.4538×10−7;yχ1 ¼
7.6650×10−4;ϵL ¼ 1.16×10−5;ϵχ ¼ 2.94×10−8g, taking
into account all relevant processes. As previously

mentioned, gauge interactions ensure that the triplets Σ
maintain thermal equilibrium. Despite beginning with an
initial abundance of zero, the triplets rapidly achieve
thermal equilibrium, characterizing this as the gauge
regime. In this regime, the triplets remain in equilibrium
solely due to gauge interactions. However, around z ∼ 10,
these interactions become subdominant compared to the
Hubble rate, leading the triplets to fall out of equilibrium
and subsequently decay. By z ∼ 70, the triplet population is
sufficiently depleted, and the asymmetries in both sectors
reach their final saturated values. Since this falls within the
weak washout regime, the final asymmetries do not
experience any suppression.
In Fig. 7, we illustrate the evolution of the triplet fermion

abundance and the resulting asymmetries in both sectors
for the type-III case within the strong washout regime.
The parameters are set as fMΣ1

¼ 6.28 × 1012 GeV;
ðy†ΣyΣÞ11 ¼ 1.22006 × 10−3; yχ1 ¼ 1.8223 × 10−3; ϵL ¼
2.91 × 10−5; ϵχ ¼ 7.30 × 10−6; Mχ ¼ 1 GeVg. This para-
meter set falls within the Yukawa regime. In this regime, the
triplet enters equilibrium rapidly due to gauge interactions,
but its subsequent evolution is governed by the Yukawa
interactions, which maintain its equilibrium state. In this
scenario, the branching ratios for the triplet decaying into
the visible and dark sectors are 99.8641% and 0.1359%,
respectively. Due to the substantial branching into the
visible sector, the washout effects from inverse decay
processes are significant, compounded by additional wash-
outs arising from the lepton number violating scattering

BP2 (Type-I)

Yeq
N

YN
|YΔ L|
|YΔχ|

Yi

10−12

10−10

10−6

0.01

1

10

z=MΣ /T
10−3 0.01 0.1 1 10 100

FIG. 5. Cosmological evolution of the RHN abundance, visible
sector, and dark sector asymmetries in case of strong washout in
type-I seesaw. The final asymmetries are YΔL ¼ 3.33907 × 10−8,
YΔχ ¼ 2.98828 × 10−11, R ¼ 5.36483.

BP1 (Type-III)

Yeq
Σ

YΣ
|YΔ L|
|YΔχ|

Yi

10−12

10−10

10−6

0.01

1

10

z=MΣ /T
10−3 0.01 0.1 1 10 100

FIG. 6. Cosmological evolution of the fermion triplet Σ1

abundance, visible sector, and dark sector asymmetries in case
of weak washout in type-III seesaw. The final asymmetries are
YΔL ¼ 1.19869 × 10−8, YΔχ ¼ 3.03807 × 10−11, R ¼ 5.30878.
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processes. Consequently, we observe a suppression in the
final asymmetries, as depicted in Fig. 7.

IV. UNSTABLE ASIDM

In the above discussion, we have imposed an additional
discrete Z2 symmetry to ensure the stability of the DM
particle χ, where only χ and the scalar ρ (in the type-I
scenario) or Δ (in the type-III scenario) are odd while all
other particles transform trivially. However, if we allow soft
Z2 symmetry-breaking terms in the scalar potential, the
situation changes after electroweak symmetry breaking.
When the SM Higgs field acquires a nonzero VEV, the
scalars ρ or Δ also acquire an induced VEV due to the
presence of interaction terms such as μρρH†H or

μΔH†ðσ⃗ Δ⃗HÞ, which softly break the Z2 symmetry. This
not only opens up new detection prospects of DM but can
also erase the asymmetries associated with the scalars, such
that they do not affect visible and DM asymmetries via late
decay. This ensures that the DM relic is decided by the
asymmetry generated at the seesaw scale, with the sym-
metric part getting annihilated away. Here, it is worth
noting that the annihilation of the symmetric component of
DM freezes out well before BBN.
As mentioned above, the soft breaking of the Z2

symmetry has crucial consequences regarding the stability
of the DM particle χ, opening up its decay modes. When
the scalars ρ (Δ) in model I (model II) acquire nonzero
vacuum expectation values, it induces a small mixing
between χ and the right-handed neutrino NR1

(or the triplet

fermion Σ1). Consequently, this mixing propagates to the
light neutrino sector due to the seesaw mechanism. As a
result, an effective mixing between the DM particle χ and
the light neutrinos is generated. This effective mixing
between χ and neutrinos opens up various decay channels
for the DM particle, including νZ, e−Wþ, ϕν, and ν f̄f. The
Feynman diagrams illustrating these decay modes are
shown in Fig. 8, the decay rates for which are given in
Appendix E. For χ to qualify as a viable DM candidate, its
lifetime (τDM) should be greater than 1027 seconds [77],
which is a conservative lower limit obtained using the
gamma-ray data from the Fermi-LAT observation of
Milky Way satellite dSphs. The dominant decay modes
of the DM particle depend on its mass range. When the DM
mass lies between 100 MeV and MW , it predominantly
decays into neutrinos (ν) and scalar particles (ϕ). In this
range, the decay width is inversely proportional to the DM
mass. Consequently, as the DM mass increases, its lifetime
also increases. Thus, as the DM lifetime is inversely
proportional to the square of the VEV v1, to maintain a
constant lifetime, the value of v1 must increase as the DM
mass increases. In the mass range betweenMW andMZ, the
DM predominantly decays intoWþ and e−. In this case, the
decay width is proportional to the DM mass. As the DM
mass increases, the lifetime increases, and to maintain a
fixed lifetime, the value of v1 must decrease. When the DM
mass falls within the range of MZ to Mh1 , the dominant
decay mode is into Z and ν. Here, the decay width is also
proportional to the DM mass, and a similar behavior is
observed as in the previous range. Once the DM mass
exceeds the Higgs mass, the h and ν decay channel opens
up, further increasing the decay width. Consequently, the
value of v1 decreases as the DM mass increases in this
regime. In Fig. 9, we have shown the DM lifetime as a

BP2 (Type-III)

Yeq
Σ

YΣ
|YΔ L|
|YΔχ|

Yi
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0.01
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z=MΣ /T
10−3 0.01 0.1 1 10 100

FIG. 7. Cosmological evolution of the triplet abundance, visible
sector, and dark sector asymmetries in case of strong washout in
type-III seesaw. The final asymmetries are YΔL¼1.18126×10−8,
YΔχ ¼ 3.05164 × 10−9, R ¼ 5.41115.

FIG. 8. Feynman diagram of different decay modes of χ.
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function of VEVof the Z2 even scalar for four benchmark
points as mentioned in Table II. These benchmark points
simultaneously satisfy DM self-interaction, direct detec-
tion, and BBN constraints. The gray-shaded region is
excluded by the DM lifetime constraint. As mentioned
above, the lifetime of the DM is ∝ v−21 ; for a fixed value of
the DM mass, the lifetime decreases as v1 increases. As
considered in the BP3, for a 10 GeV DM, the v1 has to be
smaller than 0.1 eV so as to satisfy the DM lifetime
constraints. Thus, depending on the value of the v1, a wide
range of DM masses can be accommodated while satisfy-
ing the DM lifetime constraint.

V. DETECTION PROSPECTS

In this section, we discuss the prospects of detecting the
ASIDM of our frameworks in direct and indirect DM
search experiments.

A. Direct detection

The possibility of SI DM-nucleon elastic scattering
allows for the detection of DM in terrestrial laboratories.

In this setup, SI elastic scattering of DM is achievable in
terrestrial laboratories via h − ϕ mixing, where DM par-
ticles can scatter off target nuclei. The Feynman diagram
for this process is shown in Fig. 10.
The spin-independent elastic scattering cross section of

DM per nucleon can be calculated as [78]

σSIDM−N ¼ μ2r
πA2

½Zfp þ ðA − ZÞfn�2; ð23Þ

where μr ¼ Mχmn

Mχþmn
is the reduced mass, mn is the nucleon

(proton or neutron) mass, A is the mass number of target
nucleus, Z is the atomic number of target nucleus. The fp
and fn are the interaction strengths of proton and neutron
with DM, respectively, and are given as

fp;n ¼
X

q¼u;d;s

fp;nTq
αq

mp;n

mq
þ 2

27
fp;nTG

X
q¼c;t;b

αq
mp;n

mq
; ð24Þ

where

αq ¼ λDM �mq

v0
� sinðγÞ cosðγÞ

�
1

M2
ϕ

−
1

M2
h1

�
ð25Þ

with γ being the mixing angle between h and ϕ. The values
of fp;nTq

, fp;nTG
can be found in [79].

Direct search experiments like the CRESST-III [80] and
LUX-ZEPLIN (LZ) [81], put severe constraints on the
model parameters. The LZ experiment provides the most
stringent constraint on DM mass above 10 GeV, while the

FIG. 9. Lifetime of the DM vs VEVof the scalar ρ (Δ) for four
benchmark points from Table II. Here we have fixed yχ ¼ 10−3,
MR1

ðMΣ1
Þ ¼ 1012 GeV.

TABLE II. Benchmark points that simultaneously satisfy DM self-interaction, direct detection, and BBN
constraints.

BPs MDM (GeV) Mϕ (MeV) λDM sin γ σSIDM-Nðcm2Þ τϕðsÞ
BP1 0.1 67.54 1.26 2.02 × 10−3 5.71 × 10−37 1.39 × 10−5

BP2 1 223.00 2.89 8.67 × 10−5 1.33 × 10−39 1.64 × 10−6

BP3 10 586.27 1.11 1.88 × 10−8 6.11 × 10−49 5.31 × 10−1

BP4 100 2531.10 0.72 2.64 × 10−7 1.69 × 10−49 5.12 × 10−4

FIG. 10. The spin-independent scattering of DM nucleon (N)
via Higgs portal.
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CRESST-III data constrain the mass regime below 10 GeV.
In Fig. 11, the most stringent constraints from the CRESST-
III [80], LZ [81] and the anticipated sensitivity of
DarkSide-50 [82] experiments are shown against the
self-interaction favored parameter space in the plane of
MDM and Mϕ assuming a fixed value of λDM ¼ 0.3. The
region below each of these contours is excluded for that
particular value of the mixing angle γ. This can be under-
stood as follows. Let us consider the DM-nucleon scatter-
ing cross section derived from Eqs. (23), (24), (25) for a
fixed DM mass. This cross section σSIDM−N ∝ sin2γ=M4

ϕ. As
illustrated in Fig. 11, for a constant sin γ, moving from top
to bottom corresponds to decreasing values of Mϕ.
Consequently, the direct detection (DD) cross section
increases as we move downward on the plot. Therefore,
any point below each contour of DD constraint for a given
sin γ represents a larger cross section and is excluded by
direct detection experiments. The exclusion region depends
on the magnitude of sin γ. For small sin γ, the DD cross
section is smaller, resulting in a smaller excluded parameter
space. For large sin γ, the DD cross section becomes larger,
leading to a more extensive excluded region in the
Mϕ-MDM plane.
The mixing angle γ is subject to constraints from both

upper and lower bounds. The upper bound arises from the
consideration of invisible Higgs decay, as the singlet scalar
is typically lighter than the Higgs mass. On the other hand,
a lower bound on γ can be obtained by requiring the scalar

particle ϕ to decay before the epoch of BBN, i.e.,
τϕ < τBBN, where τϕ and τBBN represent the lifetime of
ϕ and the BBN timescale, respectively. This condition
ensures that the decay of ϕ does not disrupt the successful
predictions of primordial nucleosynthesis.
In Fig. 12, we have shown the allowed parameter space

from the direct detection, DM self-interaction, and BBN
constraints in the plane of sin γ and Mϕ for a fixed DM
mass, MDM ¼ 5 GeV, and coupling, λDM ¼ 1. The blue-
shaded region is excluded by the CRESST-III [80] experi-
ment due to the constraints on the DM-nucleon spin-
independent scattering cross section. The gray-shaded
region is disallowed by the BBN constraint on the ϕ decay
lifetime, i.e., in this region, τϕ > τBBN. The green region is
excluded due to the requirement of sufficient self-inter-
action among the DM.
To capture the final allowed parameter space, we

have performed a scan to simultaneously satisfy the
constraints from DM self-interaction [σ=MDM ∼
ð0.1–100Þ cm2=g], direct detection, and BBN constraints
on light mediator mass and mixing angle γ. The result of
this scan is shown in Figs. 13 and 14. We have varied the
free parameters within the following ranges: MDM ∈
½0.1; 103� GeV, Mϕ ∈ ½10−3; 10� GeV, sin γ ∈ ½10−12; 0.7�,
and λDM ∈ ½0.1; ffiffiffiffiffiffi

4π
p �.6 We show the parameter space in the

plane of MDM and Mϕ in Fig. 13, with the color code

FIG. 11. DM self-interaction preferred region: σ=MDM ∼
ð0.1–100Þ cm2=g in the plane of MDM −Mϕ for a fixed value
of λDM ¼ 0.3. Direct detection constraints from the LZ and
CRESST-III experiments, along with the future sensitivity of
DarkSide-50, are shown as different contours.

FIG. 12. Constraints from DM direct detection, DM self-
interaction, and BBN in the plane of sinðγÞ −Mϕ for DM mass
of 5 GeV.

6We also check that changing the upper bound on λDM or
taking other upper limits from say, unitarity considerations [83]
does not change the allowed mass range of DM.
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representing λDM. The results depict that the maximum
allowed DM mass that can satisfy all the constraints is
around MDM ∼ 460 GeV. In Fig. 14, we represent the
parameter space in the plane of sin γ and Mϕ, with the DM

mass shown in the color code. Clearly, a smaller mixing
angle, γ, for smallMϕ is disfavored by the BBN constraint,
as it would lead to a lifetime of ϕ greater than τBBN. We also
observe that if DM mass is light, then large sin γ is allowed
because of weaker constraints from DD constraints, which
can be probed by future experiments with enhanced
sensitivities. The upper limit on MDM can be understood
from the following reasoning. As evident from Fig. 11, for
DM masses greater than 460 GeV, the correct self-
interaction cross section can only be obtained if the
mediator mass (Mϕ) is very light, below approximately
20 MeV, falling within the classical regime as elaborated in
Appendix A. However, such a small mediator mass results
in a sizable DM-nucleon scattering cross-section, which is
ruled out by the direct detection constraints. Consequently,
the mixing angle γ must be decreased to adhere to the
constraints from direct detection. On the other hand, these
small values of Mϕ and γ are excluded by the BBN
constraints on the lifetime of ϕ (see Appendix F for details
of ϕ lifetime). Therefore, the simultaneous imposition of
constraints from DM self-interaction, direct detection
experiments, and the BBN constraint on the lifetime of
the light mediator limits the DM mass to be less than
460 GeV.

B. Indirect detection

As previously discussed, due to the effective mixing
between the DM and active neutrinos, a distinct decay
mode for the DM can occur, resulting in the emission of a
monochromatic gamma-ray line at energy E ¼ MDM=2.
This emission arises from a one-loop decay process,
χ → νγ, as depicted in Fig. 15. The corresponding decay
width can be estimated as [84,85]

τχ→νγ ≃
�
9G2

FαEM
1024π4

sinðθχxÞ2 sinðθνxÞ2M5
χ

�
−1
; ð26Þ

where αEM ¼ 1=137 is the fine structure constant, GF ¼
1.166 × 10−5 GeV−2 is the Fermi constant, θχx is the
mixing angle between χ and NRðΣÞ, and θνx is the mixing
angle between ν and NRðΣÞ. In Fig. 16, we show the
constraints from the gamma-ray search by the Fermi-
LAT [86] and DAMPE [87] experiments in the sinðθχxÞ −
sinðθνxÞ plane for different DM masses. The parameter
space below these contours remains safe from such gamma-
ray constraints.

FIG. 13. Parameter space in the plane of MDM and Mϕ that can
give rise to the required self-interaction among the DM while
being consistent with the direct detection and BBN constraints.

FIG. 14. Parameter space in the plane ofMϕ and sin γ, which is
consistent with the direct detection and BBN constraints while
still giving rise to the required self-interaction.

FIG. 15. One-loop decay of DM into νγ.
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Moreover, two-body decay of the DM into neutrinos like
χ → νϕ in our model can give rise to monochromatic
neutrino lines. This decay width is given by

τχ→νϕ ¼
�

1

16π
λ2DM sinðθχxÞ2 sinðθνxÞ2M2

NðΣÞ
1

Mχ

�
−1
: ð27Þ

In Fig. 17, we show the constraints from the neutrino
line searches by the IceCube [88] experiment in the
sinðθχxÞ- sinðθνxÞ plane. We show contours for four differ-
ent DM masses (20, 50, 100, 460 GeV). We see that when
the mixing angle sinðθνxÞ ∼ 10−7, the χ − x mixing angle
has to be sinðθχxÞ < 10−27. In Fig. 16, we see that when the
mixing angle sinðθνxÞ ∼ 10−7, the χ − xmixing angle has to
be sinðθχxÞ < 10−15 for MDM ¼ 20 GeV. Thus, the neu-
trino lines from the IceCube give more stringent constraints
on the mixing angle than the ones from gamma-ray
searches by the Fermi-LAT or DAMPE experiment.

VI. CONCLUSION

In this study, we investigate DM self-interaction and the
baryon-DM coincidence problem within the context of two
popular canonical seesaw frameworks, namely type-I and
type-III seesaw, which explain nonzero neutrino masses.
While DM self-interactions facilitated by a light mediator
offer a potential solution to small-scale astrophysical
structure issues of CDM, they often lead to thermally
underabundant DM relic due to strong annihilation rates of
DM into light mediators. To address this challenge as well
as to explain the ratio of DM to baryon density, we pursue
the idea of asymmetric DM and cogenesis within type-I and
type-III seesaw models. The CP-violating decays of RHNs
(or fermion triplets) into SM leptons and the Higgs boson
can produce a lepton asymmetry, while their decay into DM
and a singlet scalar ρ (or triplet scalar Δ) simultaneously
generates a DM asymmetry. This lepton asymmetry is then
transformed into a baryon asymmetry, with the DM
asymmetry persisting as the DM relic. DM self-interactions
also ensure that the symmetric DM component annihilates
away leaving only the asymmetric part, similar to baryons.
While the models have promising detection prospects at
direct search experiments as well as astrophysical surveys,
the conventional indirect detection prospects remain low
due to the absence of efficient annihilation rates of
asymmetric DM in the present Universe. This can, how-
ever, change if the Z2 symmetry protecting DM stability is
broken softly, leading to induced VEVs of Z2-odd scalars,
thereby opening up DM decay channels into SM particles.
By adjusting the induced VEVs of these scalars, it is
possible to ensure the longevity of DM, making it com-
patible with existing DM lifetime constraints. The decay
rate of DM can already saturate bounds on monochromatic
gamma rays and neutrinos keeping the indirect detection
prospects promising. Through an extensive analysis of the

FIG. 16. Constraints from the Fermi-LAT and DAMPE experi-
ments on monochromatic gamma-ray emissions from DM in the
plane of sinðθχxÞ − sinðθνxÞ for different DM masses. The
parameter space towards the bottom left part of each contour
remains allowed for respective DM mass.

FIG. 17. Constraints from the IceCube experiment on neutrino
lines from DM in the plane of sinðθχxÞ − sinðθνxÞ for different
DM masses. The parameter space towards the bottom left part of
each contour remains allowed for respective DM mass.
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model parameter space, we identify the essential conditions
for achieving successful cogenesis and adequate self-
interaction while adhering to stringent phenomenological
and experimental constraints. Our results demonstrate that
the model is highly predictive and amenable to testing
through a variety of direct and indirect DM detection.
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APPENDIX A: DM SELF-INTERACTION
CROSS SECTION

The self-interaction of nonrelativistic DM can be
described by a Yukawa potential given as

VðrÞ ¼ −
αD
r
e−Mϕr; ðA1Þ

where αD ¼ λ2DM=4π, and Mϕ is the mass of the singlet
scalar, ϕ. To capture the relevant physics of forward
scattering divergence for the self-interaction, we define
the transfer cross section σT as [5,9,17]

σT ¼
Z

dΩð1 − cos θÞ dσ
dΩ

: ðA2Þ

In the Born limit (αDMχ=Mϕ ≪ 1), for both attractive as
well as repulsive potentials, the transfer cross section is

σBornT ¼ 8πα2D
M2

χv4

�
lnð1þM2

χv2=M2
ϕÞ −

M2
χv2

M2
ϕ þM2

χv2

�
: ðA3Þ

Outside the Born regime (αDMχ=Mϕ ≥ 1), we have two
distinct regions viz. the classical region and the resonance
region. In the classical limit (Mχv=Mϕ ≥ 1), the solutions
for an attractive potential is given by [17,89,90]

σclassicalT ¼

8>>><
>>>:

4π
M2

ϕ
β2 lnð1þβ−1Þ; β≤ 10−1

8π
M2

ϕ
β2=ð1þ1.5β1.65Þ; 10−1 ≤ β≤ 103

π
M2

ϕ
ðlnβþ1− 1

2
ln−1βÞ2; β≥ 103

; ðA4Þ

where β ¼ 2αDMϕ=ðMχv2Þ.
In the resonance region (Mχv=Mϕ ≤ 1), the Yukawa

potential is described by a Hulthen potential ðVðrÞ ¼
− αDδe−δr

1−e−δr Þ and the solution is given as [17]

σHulthenT ¼ 16π sin2 δ0
M2

χv2
; ðA5Þ

where δ0 is given by

δ0 ¼ arg

� iΓðiMχv
kMϕ

Þ
ΓðλþÞΓðλ−Þ

�
;

λ� ¼ 1þ iMχv

2kMϕ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αDMχ

kMϕ
−

M2
χv2

4k2M2
ϕ

s
ðA6Þ

with k ≈ 1.6 being a dimensionless number. We have
shown the self-interacting cross section per unit DM mass
as a function of averaged collision velocity for three
different DM masses with a fixed coupling of λDM ¼ 0.8
and mediator mass, Mϕ ¼ 150 MeV in Fig. 18, which is
consistent with the observational data [15].

FIG. 18. Self-interacting cross section per unit DM mass as a
function of averaged cross section velocity.
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APPENDIX B: NEUTRINO MASS GENERATION

1. Model I

The Lagrangian responsible for neutrino mass genera-
tion is

−Lν−mass ⊃
1

2
MNR

Nc
RNR þ yNL H̃ NR þ H:c: ðB1Þ

In the effective theory, the masses of light neutrinos can be
obtained as

−Lν−mass ¼
1

2

�
νL Nc

R

�� 0 yNv0ffiffi
2

p
yNv0ffiffi

2
p MNR

��
νcL
NR

�
þ H:c:

ðB2Þ

Diagonalizing the above mass matrix we get the Majorana
mass of light neutrino as

mν ≃ −
y2Nv

2
0

2MNR

: ðB3Þ

Considering three generations of the heavy RHN, the
light neutrino mass matrix is given by

ðmνÞαβ ¼ ðmDÞαiðM−1ÞijðmT
DÞjβ; ðB4Þ

where mD ¼ yNv0ffiffi
2

p is the 3 × 3 Dirac mass matrix and M is

the 3 × 3 RHN mass matrix. Using the Casas-Ibarra
parametrization [91], we can calculate the Yukawa cou-
pling matrix as

yN ¼ −i
ffiffiffi
2

p

v0

�
U�

PMNS:
ffiffiffiffiffiffi
m̂ν

p
:RT:

ffiffiffiffiffiffiffiffi
M̂N

q �
; ðB5Þ

where UPMNS is the lepton mixing matrix, m̂ν is 3 × 3
diagonal light neutrino mass matrix with eigenvalues m1,
m2, and m3; M̂N is 3 × 3 diagonal RHN mass matrix with

eigenvalues MNR1
, MNR2

, and MNR3
, and R is an arbitrary

complex orthogonal matrix.

2. Model II

The Lagrangian responsible for neutrino mass genera-
tion is

−Lν−mass ⊃
1

2
MΣTr½ΣcΣ� þ

ffiffiffi
2

p
yΣL̄ H̃ Σþ H:c: ðB6Þ

In the effective theory, the masses of light neutrinos can be
obtained as

−Lν−mass ¼
1

2

�
νL ðΣ0Þc

�� 0 yΣv0ffiffi
2

p
yΣv0ffiffi

2
p MΣ

�� ðνLÞc
Σ0

�

þ H:c: ðB7Þ

Diagonalizing the above mass matrix we get the Majorana
mass of light neutrino as

mν ≃ −
y2Σv

2
0

2MΣ
: ðB8Þ

Considering three generations of the heavy fermion
triplets, the light neutrino mass matrix is given by

ðmνÞαβ ¼ ðmDÞαiðM−1ÞijðmT
DÞjβ; ðB9Þ

where mD ¼ yΣv0ffiffi
2

p is the 3 × 3 Dirac mass matrix and M is

the 3 × 3 triplet fermion mass matrix. Using the Casas-
Ibarra parametrization [91] we can calculate the Yukawa
coupling matrix as

yΣ ¼ −i
ffiffiffi
2

p

v0
ðU�

PMNS:
ffiffiffiffiffiffi
m̂ν

p
:RT:

ffiffiffiffiffiffiffi
M̂Σ

q
Þ; ðB10Þ

where M̂Σ is 3 × 3 diagonal triplet fermion mass matrix
with eigenvalues MΣ1

, MΣ2
, and MΣ3

.

APPENDIX C: FEYNMANN DIAGRAMS FOR LEPTOGENESIS

1. ΔL= 0
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2. ΔL= 0, transfer processes

3. ΔL= 1

4. ΔL= 2
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5. Gauge processes

Here f is the SM fermions and G is all possible gauge bosons.

APPENDIX D: LEPTON ASYMMETRY TO
BARYON ASYMMETRY CONVERSION

1. Model I

The asymmetry in the equilibrium number densities of
particle ni over antiparticle ni can be written in the limit
μi=T ≪ 1 as [92]

ni − n̄i ¼
1

6
giT3

�
μi
T

�
; fermion;

¼ 1

3
giT3

�
μi
T

�
; boson: ðD1Þ

For a general derivation, we assume that the SM consists of
N generations of quarks and leptons, m complex Higgs
doublets, and we extended the SM by N0 generations of
Fermion triplets (Σ), one scalar triplet (Δ), one vectorlike
fermion (χ), and one singlet scalar (ϕ). The chemical
potentials of the SM fields are assigned as follows: μW
forW−, μ0 form ϕ0 Higgs fields, μ− for m ϕ− Higgs fields,
μuL for all left-handed up-quark fields, μdL for all left-
handed down-quark fields, μuR for all the right-handed up-
quark fields, μdR for all the right-handed down-quark fields,
μi, for the left-handed neutrino fields, μiL for the left-
handed charged lepton fields, and μiR for the right-handed
charged lepton fields. The chemical potentials for the BSM
fields are assigned as μN for all N0 NR, μρ for the ρ, μχ for χ,
and μϕ for ϕ. Now rapid interactions in the early Universe
enforces the following equilibrium relations among the
chemical potentials:

W− ↔ ϕ− þ ϕ0 ⇒ μW ¼ μ− þ μ0; ðD2Þ

W− ↔ ūL þ dL ⇒ μdL ¼ μW þ μuL ; ðD3Þ

W− ↔ ν̄iL þ eiL ⇒ μiL ¼ μW þ μi; ðD4Þ

ϕ0 ↔ ūL þ uR ⇒ μuR ¼ μ0 þ μuL ; ðD5Þ

ϕ0 ↔ d̄R þ dL ⇒ μdR ¼ −μ0 þ μW þ μuL ; ðD6Þ

ϕ0 ↔ eiL þ ēiR ⇒ μiR ¼ −μ0 þ μW − μi; ðD7Þ

ϕ0� þ ϕ0� ↔ ρþ ρ� ⇒ μρ ¼ 0; ðD8Þ

NR ↔ χ þ ρ ⇒ μN ¼ μρ þ μχ ;

⇒ μχ ¼ μN; ðD9Þ

ϕ ↔ χ̄ þ χ ⇒ μϕ ¼ −μχ þ μχ ;

⇒ μϕ ¼ 0; ðD10Þ

νiL ↔ NR þ ϕ0 ⇒ μi ¼ μN þ μ0: ðD11Þ

From Eq. (D11),

X
i

μi ¼
X
i

μN þ
X
i

μ0;

⇒ μ ¼ NμN þ Nμ0 ⇒ μ ¼ Nμχ þ Nμ0;

⇒ μχ ¼
μ − Nμ0

N
: ðD12Þ

Now the electroweak Bþ L anomaly implies the existence
of processes that correspond to the creation of uLdLdLνL
from each generation out of the vacuum. As long as these
interactions are rapid, we have

NðμuL þ 2μdLÞ þ
X
i

μi ¼ 0

⇒ 3NμuL þ 2NμW þ μ ¼ 0: ðD13Þ

Let us now express the baryon (B), lepton (L), charge (Q),
and third component of weak isospin (Q3) number den-
sities as

B ¼ 3N

�
1

3
μuL þ

1

3
μuR

�
þ 3N

�
1

3
μdL þ

1

3
μdR

�
;

¼ 4NμuL þ 2NμW; ðD14Þ

L ¼
X
i

ðμi þ μiL þ μiRÞ þ μχ ;

¼ 3μþ 2NμW − Nμ0 þ μχ ; ðD15Þ
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Q ¼ 3N

�
2

3
μuL −

1

3
μdL þ

2

3
μuR −

1

3
μdR

�

−
�X

i

μiL þ
X
i

μiR

�
− 2 � 2μW − 2mμ−;

¼ 2NμuL − 2μ − ð4N þ 2mþ 4ÞμW þ ð4N þ 2mÞμ0;
ðD16Þ

Q3 ¼ 3N

�
1

2
μuL −

1

2
μdL

�
þ
X
i

�
1

2
μi −

1

2
μiL

�
− 2 � 2μW

þ 2m

�
1

2
μþ −

1

2
μ0

�
;

¼ −ð2N þmþ 4ÞμW: ðD17Þ

Now above the critical temperature both Q, and Q3 are
zero, which will give the B, and L in terms of μuL as

L ¼ μuLN

�
4ðN þ 1Þ
mþ 2N

− 3

�
1

N
þ 3

��
; ðD18Þ

B ¼ 4NμuL ; ðD19Þ

B ¼ −
4

3ð3þ 1
NÞ − 4ðNþ1Þ

mþ2N

L: ðD20Þ

2. Model II

In this case, the chemical potentials for the BSM fields
are assigned as μΣ0 for all N0 Σ0, μΣþ for all Σþ, μδ for the
δ−, μδ0 for δ0, μχ for χ, and μϕ for ϕ.
Now, rapid interactions in the early Universe enforce

the following equilibrium relations among the chemical
potentials:

ϕ0 ↔ d̄RþdL ⇒ μdR ¼−μ0þμW þμuL ; ðD21Þ

ϕ0 ↔ eiL þ ēiR ⇒ μiR ¼ −μ0 þ μW − μi; ðD22Þ

ϕ0 ↔ ūL þ uR ⇒ μuR ¼ μ0 þ μuL ; ðD23Þ

W− ↔ ϕ− þ ϕ0 ⇒ μW ¼ μ− þ μ0; ðD24Þ

W− ↔ ūL þ dL ⇒ μdL ¼ μW þ μuL ; ðD25Þ

W− ↔ ν̄iL þ eiL ⇒ μiL ¼ μW þ μi; ðD26Þ

W− þW− ↔ δ− þ δ− ⇒ μW þ μW ¼ μδ þ μδ;

⇒ μδ ¼ μW; ðD27Þ

W− þW3 ↔ δ− þ δ0 ⇒ μW þ 0 ¼ μδ þ μδ0 ;

⇒ μδ0 ¼ 0; ðD28Þ

ϕ ↔ χ̄ þ χ ⇒ μϕ ¼ −μχ þ μχ ;

⇒ μϕ ¼ 0; ðD29Þ

Σ0 ↔ W− þ Σþ ⇒ μΣ0 ¼ μW þ μΣþ ; ðD30Þ

Σ0 ↔ δ0 þ χ ⇒ μΣ0 ¼ μδ0 þ μχ ;

⇒ μχ ¼ μΣ0 ; ðD31Þ

νiL ↔ Σ0 þ ϕ0 ⇒ μi ¼ μΣ0 þ μ0: ðD32Þ

From Eq. (D32),

X
i

μi ¼
X
i

μΣ0 þ
X
i

μ0;

⇒ μ ¼ NμΣ0 þ Nμ0 ⇒ μ ¼ Nμχ þ Nμ0;

⇒ μχ ¼
μ − Nμ0

N
: ðD33Þ

Now, the electroweak Bþ L anomaly implies the existence
of processes that correspond to the creation of uLdLdLνL
from each generation out of the vacuum. As long as these
interactions are rapid, we have

NðμuL þ 2μdLÞ þ
X
i

μi ¼ 0

⇒ 3NμuL þ 2NμW þ μ ¼ 0: ðD34Þ

Let us now express the baryon (B), lepton (L), charge (Q),
and third component of weak isospin (Q3) number den-
sities as

B ¼ 3N

�
1

3
μuL þ

1

3
μuR

�
þ 3N

�
1

3
μdL þ

1

3
μdR

�
;

¼ 4NμuL þ 2NμW; ðD35Þ

L ¼
X
i

ðμi þ μiL þ μiRÞ þ μχ ¼ 3μþ 2NμW − Nμ0 þ μχ ;

ðD36Þ

Q ¼ 3N

�
2

3
μuL −

1

3
μdL þ

2

3
μuR −

1

3
μdR

�

−
�X

i

μiL þ
X
i

μiR

�
− 2 � 2μW − 2mμ− − 2 � 2μδ

þ 2 � 2ð−μδÞ;
¼ 2NμuL − 2μ − ð4N þ 2mþ 12ÞμW
þ ð4N þ 2mÞμ0; ðD37Þ
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Q3 ¼ 3N

�
1

2
μuL −

1

2
μdL

�
þ
X
i

�
1

2
μi−

1

2
μiL

�
−2�2μW

þ2m

�
1

2
μþ−

1

2
μ0

�
þ2�2ð−1Þμδþ2�2ðþ1Þð−μδÞ;

¼−ð2Nþmþ12ÞμW: ðD38Þ

Now above the critical temperature both Q, and Q3 are
zero, which will give the B, and L in terms of μuL as

L ¼ μuLN

�
4ðN þ 1Þ
mþ 2N

− 3

�
1

N
þ 3

��
; ðD39Þ

B¼ 4NμuL ; ðD40Þ

B ¼ −
4

3ð3þ 1
NÞ − 4ðNþ1Þ

mþ2N

L: ðD41Þ

APPENDIX E: DARK MATTER DECAY WIDTH

Γð1Þ
χ ðχ → eWÞ ¼ Gð1Þ

χ
2M3

χ

16πM2
W

�
1þ m4

e

M4
χ
−
2M4

W

M4
χ

−
2m2

e

M2
χ
þM2

W

M2
χ
þm2

eM2
W

M4
χ

��
1þ m4

e

M4
χ
þM4

W

M4
χ
−
2m2

e

M2
χ
−
2M2

W

M2
χ

−
2m2

eM2
W

M4
χ

�1
2

; ðE1Þ

Γð2Þ
χ ðχ → νZÞ ¼ Gð2Þ

χ
2M3

χ

16πM2
Z

�
1þ m4

ν

M4
χ
−
2M4

Z

M4
χ
−
2m2

ν

M2
χ
þM2

Z

M2
χ
þm2

νM2
Z

M4
χ

��
1þ m4

ν

M4
χ
þM4

Z

M4
χ
−
2m2

ν

M2
χ
−
2M2

Z

M2
χ
−
2m2

νM2
Z

M4
χ

�1
2

; ðE2Þ

Γð3Þ
χ ðχ → ϕνÞ ¼ Gð3Þ

χ
2Mχ

16π

�
1þ m2

ν

M2
χ
−
M2

ϕ

M2
χ
þ 2mν

Mχ

��
1þ m4

ν

M4
χ
þM4

ϕ

M4
χ
−
2m2

ν

M2
χ
−
2M2

ϕ

M2
χ
−
2m2

νM2
ϕ

M4
χ

�1
2

; ðE3Þ

Γð4Þ
χ ðχ → ϕνÞ ¼ Gð4Þ

χ
2Mχ

16π

�
1þ m2

ν

M2
χ
−
M2

ϕ

M2
χ
þ 2mν

Mχ

��
1þ m4

ν

M4
χ
þM4

ϕ

M4
χ
−
2m2

ν

M2
χ
−
2M2

ϕ

M2
χ
−
2m2

νM2
ϕ

M4
χ

�1
2

; ðE4Þ

Γð5Þ
χ ðχ → νff̄Þ ¼ Gð5Þ

χ
2M5

χ

192π3

�
1

4
ð1 − 4s2w þ 8s4wÞ

��
1 − 14

m2
f

M2
χ
− 2

m4
f

M4
χ
− 12

m6
f

M6
χ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
f

M2
χ

s

þ 12
m4

f

M4
χ

�
m4

f

M4
χ
− 1

�
log

2
6664
1 − 3

m2
f

M2
χ
−
�
1 −

m2
f

M2
χ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
f

M2
χ

r

m2
f

M2
χ

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
f

M2
χ

r �
3
7775

1
CCCA

þ 2s2wð2s2w − 1Þ
�
m2

f

M2
χ

�
2þ 10

m2
f

M2
χ
− 12

m4
f

M4
χ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
f

M2
χ

s

þ 6
m4

f

M4
χ

�
1 − 2

m2
f

M2
χ
þ 2

m4
f

M4
χ

�
log

2
6664
1 − 3

m2
f

M2
χ
− ð1 − m2

f

M2
χ
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
f

M2
χ

r

m2
f

M2
χ
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
f

M2
χ

r
Þ

3
7775

1
CCCA

1
CCCA; ðE5Þ

where the effective couplings Gð1Þ
χ , Gð2Þ

χ , Gð3Þ
χ , Gð4Þ

χ , and

Gð5Þ
χ can be given as

Gð1Þ
χ ¼ ðyχv1Þ

�
1

MΣ1

� ðyΣv0Þffiffiffi
2

p
�

1

Mχ

��
g

2 cos θw

�
; ðE6Þ

Gð2Þ
χ ¼ ðyχv1Þ

�
1

MΣ1

� ðyΣv0Þffiffiffi
2

p
�

1

Mχ

��
gffiffiffi
2

p
�
; ðE7Þ

Gð3Þ
χ ¼ λDM

�
1

Mχ

�
ðyχv1Þ

�
1

MΣ1

� ðyΣv0Þffiffiffi
2

p ; ðE8Þ

Gð4Þ
χ ¼ ðyχv1Þ

�
1

MΣ1

�
ðyΣÞðsinðγÞÞ; ðE9Þ

Gð5Þ
χ ¼ ðyχv1Þ

�
1

MΣ1

�
ðyΣÞ

�
1

M2
h1

��
mf

v0

�
; ðE10Þ

where v1 is the VEV of ρ (Δ).
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APPENDIX F: LIFETIME OF ϕ

The light scalar, ϕ, can decay to the SM fermions after
mixing with the SM Higgs after the electroweak symmetry
breaking. The decay width is given as

Γϕ→ff ¼ sin2 γ

�
mf

v0

�
2 Mϕ

8π

�
1 −

4m2
f

M2
ϕ

�3
2

; ðF1Þ

where mf is the mass of the fermion. The lifetime of ϕ is
calculated as

τϕ ¼ ðΓϕ→ffÞ−1: ðF2Þ
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