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We study the scalar and Yukawa sectors of three Higgs doublets models with a generalized CP
symmetry. Imposing the symmetry on the quadratic and quartic couplings of the scalar potential, we show
that there are only four classes of scalar potentials, merely one more than in two-Higgs-doublet models
(2HDM). Two 3HDM cases are analogs of two 2HDM cases, while the other 2HDM case splits here into
two distinct potentials. In 2HDMwith generalized CP symmetries extended to the Yukawa sector, there are
only two possible cases: the usual CP, with 18 real Yukawa couplings; and a minimal generalized CP
model, with 12 real Yukawa parameters. In contrast, with three Higgs there is a rich variety of allowed
models. We classify all possible Yukawa textures, showing that there are 40 possibilities, several of which
have only 10 real Yukawa couplings.
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I. INTRODUCTION

The scalar sector responsible for electroweak symmetry
breaking is currently being incisively probed. Since there is
no conclusive theoretical argument constraining the num-
ber of Higgs doublets, ultimately it should be determined
experimentally.
However, models with more than one Higgs introduce

many new parameters, both in the scalar potential and in the
Yukawa couplings. These can be reduced with the intro-
duction of extra symmetries of the type

Φa → SabΦb; ð1Þ
or

Φa → XabΦ�
b; ð2Þ

where S and X belong to SUðnHÞ, nH is the number of
Higgs doublets in the theory, and, unless stated otherwise,
summation of repeated indices will always be implied. The
former are known as family symmetries. The latter combine
unitary transformations with the usual charge-parity (CP)
conjugation and were named generalized CP (GCP) trans-
formations, first analyzed by Lee [1]. Their use in the scalar

sector was first developed by the Vienna group [2–4] and
their explicit use for quarks first appeared in [5].
It has been shown that applying theGCP symmetry to the

2HDM scalar potential with any possible choice of X leads
only to three classes of scalar potentials [6,7]. In a basis
whereX is written as a usual rotationmatrixwith angle θ, the
three 2HDM cases correspond to θ ¼ 0, θ ¼ π=2, and
θ ∉ f0; π=2g. Extending that symmetry to the Yukawa
sector involves many new parameters and one might expect
a bonanza of possibilities. As shown by Ferreira and Silva
[8], quite the contrary happens; besides the usual CP
conserving 2HDM, there is only one singleGCP symmetric
2HDM with both scalar and Yukawa interactions which is
consistent with nonzero quark masses. It turns out that
model exhibits a new type of spontaneous CP violation [8];
one where the scalar potential by itself is CP conserving
(even after spontaneous electroweak symmetry breaking),
but where the relative phase of the vacua induces CP-
violating phases in the coupling to fermions and in the CKM
matrix. It is thus interesting to seewhich of these features are
characteristic of 2HDM and which survive when there are
extra Higgs doublets. To this end we study the scalar sector
and the Yukawa sector of three-Higgs-doublet models
(3HDM) with a generalized CP symmetry.
The implications of family symmetries to the three

Higgs scalar potential were studied in [9], for the case of
symmetry groups with only one generator. Still regarding
the scalar potential, the set of all symmetry/constrained
3HDM was mapped in [10],1 their identification in a basis
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Uð1Þ [11].
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invariant fashion proposed in [12,13], a detailed descrip-
tion of their symmetry breaking patterns discussed in [14],
and their decoupling limit properties established in [15].
As for the impact of flavor symmetries on the combined
Higgs and Yukawa sector of the 3HDM, it was first
tackled for the case of symmetry groups with only one
generator in [16], and later generalized into other groups
in [17,18].
Here, we concentrate exclusively on GCP symmetries.

In Sec. II we introduce the conditions for GCP invariance
of the 3HDM scalar potential. When X is written as a
rotation matrix, two 3HDM cases correspond to θ ¼ 0 and
θ ¼ π=2 (in complete analogy with the 2HDM), while two
other 3HDM cases correspond to θ ¼ π=3 and θ ∉
f0; π=2; π=3g (which can be seen as a branch out of the
θ ∉ f0; π=2g 2HDM case). In Sec. III we propose a much
faster and more elegant method to ascertain symmetry
constraints, and we analyze the scalar potential, in full
detail. The new method is crucial when we extend GCP
into the Yukawa sector in Sec. IV. We show explicitly all
possible Yukawa textures in Sec. V. It turns out that there
are many textures with fewer parameters than present in
the GCP-symmetric 2HDM. We present our conclusions
in Sec. VI. In each section we include only simple
examples of the type of analysis required, so that the
reasoning leading to the conclusions stated is clear. We
relegate some details to the appendixes. In Appendix Awe
show how one reaches the conclusion that there are only
four GCP-symmetric 3HDM scalar potentials using a
standard (inefficient) analysis. In Appendix B we state a
mathematical result which greatly simplifies the analysis,
whose detailed proof we supply as Supplemental
Material [19].

II. THE SCALAR POTENTIAL

A. Notation

Let us consider a three-Higgs-doublet model with 3
Higgs-doublets Φi, of the same hypercharge 1=2, and with
vacuum expectation values (vevs)

hΦii ¼
� hϕþ

i i
hϕ0

i i

�
¼
�

0

vi=
ffiffiffi
2

p
�
: ð3Þ

The index i runs from 1 to 3, and we use the standard
definition for the electric charge, whereby the upper
components of the SUð2Þ doublets (ϕþ

i ) are charged and
the lower components (ϕ0

i ) are neutral.
The most general 3HDM scalar potential which is

renormalizable and compatible with the gauge symmetries
of the Standard Model (SM), can be written as [20–22]

VH ¼ YijðΦ†
iΦjÞ þ Zij;klðΦ†

iΦjÞðΦ†
kΦlÞ; ð4Þ

where Y (Z) is a rank-2 (rank-4) tensor in three dimensions
and Zij;kl ≡ Zkl;ij. Hermiticity implies that

Yij ¼ Y�
ji;

Zij;kl ≡ Zkl;ij ¼ Z�
ji;lk: ð5Þ

This means that there are only 3 real (and 3 complex) para-
meters in Y and 9 real (and 18 complex) parameters in Z.

B. GCP symmetries

The scalar potential in Eq. (4) is invariant under theGCP
transformation in Eq. (2) if and only if

Y�
ab ¼ X�

αaYαβXβb ¼ ðX†YXÞab;
Z�
ab;cd ¼ X�

αaX�
γcZαβ;γδXβbXδd: ð6Þ

Solving these equations for every (independent) parameter
in Y and Z is a daunting task if we use a general 3 × 3
unitary matrix in Eq. (2). Fortunately, Ecker, Grimus, and
Neufeld [23] proved that there is always a basis of scalar
fields, for which the GCP transformation matrix X may be
brought to the form

Xθ ¼

2
64

cθ sθ 0

−sθ cθ 0

0 0 1

3
75≡ Rθ ⊕ 1; ð7Þ

where the ⊕ symbol stands for direct sum, and
0 ≤ θ ≤ π=2. Notice the restricted range for θ. Henceforth,

R ¼
�

c s

−s c

�
; ð8Þ

where c ¼ cos, s ¼ sin and the Greek subindices indicate
the angle. Next, we will study Eqs. (6) in the basis where
Eq. (7) holds.

III. A NEW STRATEGY FOR GCP CONSTRAINTS

A. A simple example

Consider a vector of complex entries ða; bÞ⊤, and a
system of two equations

�
a

b

��
¼ R⊤

θ

�
a

b

�
; ð9Þ

which may be written alternatively as ða; bÞ† ¼ R⊤
θ ða; bÞ⊤.

The system has only 3 distinct solutions:
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iÞ if θ ¼ 2kπ; for integer k; then a; b∈R;

iiÞ if θ ¼ ð2kþ 1Þπ; for integer k; then a; b∈ I;

iiiÞ otherwise; a ¼ b ¼ 0: ð10Þ

This will be the source of the subsequent analysis,
provided one can turn problems into two-dimensional
blocks.
Imagine now that there is a 4-vector subject to the

constraint

0
BBB@
a

b

c

d

1
CCCA

�

¼R⊤
α ⊗R⊤

β

0
BBB@
a

b

c

d

1
CCCA

¼

0
BBBB@
cαcβ −cαsβ −cβsα sαsβ
cαsβ cαcβ −sαsβ −cβsα
cβsα −sαsβ cαcβ −cαsβ
sαsβ cβsα cαsβ cαcβ

1
CCCCA

0
BBB@
a

b

c

d

1
CCCA; ð11Þ

where ⊗ denotes the Kronecker product of two matrices.
One interesting way to solve Eq. (11) is the following.
Consider the orthogonal matrix

C2 ¼
1ffiffiffi
2

p

0
BBB@

1 0 0 −1
0 1 1 0

1 0 0 1

0 1 −1 0

1
CCCA: ð12Þ

It is easy to show that

C2R⊤
α ⊗ R⊤

β C
⊤
2 ¼ R⊤

αþβ ⊕ R⊤
β−α: ð13Þ

Again, the ⊕ symbol stands for direct sum and, here, it
means that a 4 × 4 block-diagonal matrix has been built,
such that the 2 × 2 upper-left corner has the matrix R⊤

αþβ,
the 2 × 2 lower-right corner has the matrix R⊤

β−α, and all
other entries vanish. Left multiplying Eq. (11) by C2 and
inserting C⊤

2 C2 in between R⊤
β and C⊤

2 on the left-hand side
(LHS) of Eq. (13), one finds

0
BBB@

a − d

bþ c

aþ d

b − c

1
CCCA

�

¼
 
R⊤
αþβ O

O R⊤
β−α

!0BBB@
a − d

bþ c

aþ d

b − c

1
CCCA; ð14Þ

effectively decoupling the problem into much simpler two
two-dimensional problems. But now one can use Eq. (10)
for immediate conclusions. This is generalized to higher
dimensions in Appendix B.

It will prove useful to use the vec(·) operator, which
vectorizes by rows.2 It can be shown that

vecðCckȲklDldÞ ¼ C ⊗ D⊤vecðȲklÞ; ð15Þ

vecðAaiCckK̄i;klDldÞ ¼ A ⊗ C ⊗ D⊤vecðK̄i;klÞ; ð16Þ

vecðAaiCckZ̄ij;klBjbDldÞ ¼ A ⊗ B⊤ ⊗ C ⊗ D⊤vecðZ̄ij;klÞ;
ð17Þ

where A, B, C, and D are appropriately sized matrices,
whereas Ȳ, K̄, and Z̄ are tensors of rank 2, 3, and 4,
respectively.

B. GCP constraints on Y

Here, we apply the technique of the previous section in
order to solve Eqs. (6) and derive theGCP constraints on Y.
We include the study of the GCP symmetry conditions on
the scalar potential using a different strategy, which mimics
[8], in Appendix A. Employing the strategy in Appendix A
to the Yukawa sector, however, becomes greatly
error prone.
Due to the simple form of Eq. (7), the tensor is divided

into 4 regions: mn, m3, 3n, and 33 ðm; n ¼ 1; 2Þ. But,
thanks to Hermiticity, we need not solve the system for 3n.
For 33, we have that Y�

33 ¼ Y33 ⇔ Y33 ∈R, which we
already knew.
Henceforth, we will be using the notation

Yfm3g ¼ ðY13; Y23Þ⊤;
Yf3ng ¼ ðY31; Y32Þ⊤;
Yfmng ¼ ðY11; Y12; Y21; Y22Þ⊤: ð18Þ

For m3 and 3n, we have

Y�
fm3g ¼ R⊤

θ Yfm3g; Y�
f3ng ¼ R⊤

θ Yf3ng: ð19Þ

As seen in Eqs. (10) and given the restricted range for θ, we
find that

i. θ ¼ 0 ðYÞ13 ¼ ðYÞ31, ðYÞ23 ¼ ðYÞ32 ∈R;

ii. θ ≠ 0 ðYÞ13 ¼ ðYÞ31 ¼ ðYÞ23 ¼ ðYÞ32 ¼ 0:

For mn, we use Eq. (15), in order to rewrite Eq. (6) as

Y�
fmng ¼ R⊤

θ ⊗ R⊤
θ Yfmng: ð20Þ

To solve this system we use Eq. (13). The mn sector then
simplifies to

2The usual vec(·) operator vectorizes by columns [24]. Here,
we vectorize by rows.
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�
Y11 − Y22

2ReðY12Þ

��
¼ R⊤

2θ

�
Y11 − Y22

2ReðY12Þ

�
;

ImðY12Þ ¼ 0; ð21Þ
and solving it results in the following two options:

i. θ ¼ 0 ðYÞ11, ðYÞ22, ðYÞ12 ¼ ðYÞ21 ∈R;
ii. θ ≠ 0 ðYÞ11 ¼ ðYÞ22, ðYÞ12 ¼ ðYÞ21 ¼ 0:

In conclusion: for θ ¼ 0, all of Y ’s entries are real,
otherwise Y ¼ diagðμ1; μ1; μ3Þ.

C. Summary of GCP constraints on Z

The full simplifying power of the new method comes to
light when we deal with the quartic Z couplings.3 As
before, our choice of basis decouples the third entries from
the rest, but now we have a total of 16 separate regions,
those being ijkl, ijk3, ij3l, i3kl, 3jkl, ij33, i3k3, i33l,
3jk3, 3j3l, 33kl, i333, 3j33, 33k3, 333l, and 3333 (here i,
j, k, l ¼ 1, 2). And thanks once again to Hermiticity, we
need not solve all of them. We just need to solve 7: ijkl,
ij33, i3kl, i3k3, i33l, i333, and 3333, since these contain
all independent entries for Z.
The case for 3333 just tells us that Z3333 is a real entry,

which we already knew. For i333, we will have the same as
Eqs. (19), and so these entries are always real, and equal to
0 if θ ≠ 0. The sectors ij33, i33l and i3k3 will be the same
as Eq. (20). Although the first two cases are identical to
Eq. (21), the latter is a bit more interesting, as we discover a
new region of interest when θ ¼ π=2.
Finally, we have4 Z�

fi3klg ¼ R⊤
θ
⊗3Zfi3klg and Z�

fijklg ¼
R⊤
θ
⊗4Zfijklg, with a definition analogous to Eq. (18). As

before, there are orthogonal matrices C3 and C4 such that

C3R⊤
θ
⊗3C⊤

3 ¼ R⊤
3θ ⊕ R⊤

θ ⊕ R⊤
θ ⊕ Rθ; ð22Þ

and

C4R⊤
θ
⊗4C⊤

4 ¼ R⊤
4θ ⊕ R⊤

2θ ⊕ R⊤
2θ ⊕ I2 ⊕ R⊤

2θ

⊕ I2 ⊕ I2 ⊕ R2θ: ð23Þ

This technique is quite useful since it turns an R⊗n
θ matrix, a

2n × 2n system, into 2n−1 2 × 2 systems, which are trivial to
solve. The i3kl system provides us with the final region of
interest, that being when θ ¼ π=3.
At last, we have our four regions of interest: θ ¼ 0,

θ ¼ π=2, θ ¼ π=3 and θ∈ ð0; π=2Þnfπ=3g, which we will
denote as CPa, CPb, CPc, and CPd, respectively.5 Let us
compare this result with what one has in the 2HDM. In the
scalar potential of the 2HDM there are 2 real and 1 complex
parameters in the quadratic couplings and 4 real and 3
complex parameters in the quartic couplings. Imposing
GCP we find only three classes of 2HDM potentials,
corresponding to θ ¼ 0, θ ¼ π=2, and θ∈ ð0; π=2Þ. In the
3HDM there are 3 real and 3 complex parameters in the
quadratic couplings and 9 real and 18 complex parameters
in the quartic couplings. Despite the enormous increase in
the number of parameters, there is only one more class of
GCP-symmetric potentials: corresponding to the singling
out of the θ ¼ π=3 case.

D. Proof of GCP constraints on Z

Using Eq. (17), we can write

Z�
3333 ¼ Z3333; ð24Þ

Z�
fi333g ¼ R⊤

θ Zfi333g; Zfi333g ¼ ðZ1333; Z2333Þ⊤; ð25Þ

Z�
fij33g ¼ R⊤⊗2

θ Zfij33g; Zfij33g ¼ ðZ1133; Z1233; Z2133; Z2233Þ⊤;
Z�
fi33lg ¼ R⊤⊗2

θ Zfi33lg; Zfi33lg ¼ ðZ1331; Z1332; Z2331; Z2332Þ⊤;
Z�
fi3k3g ¼ R⊤⊗2

θ Zfi3k3g; Zfi3k3g ¼ ðZ1313; Z1323; Z2313; Z2323Þ⊤; ð26Þ

Z�
fi3klg ¼ R⊤⊗3

θ Zfi3klg; Zfi3klg ¼ ðZ1311; Z1312; Z1321; Z1322; Z2311; Z2312; Z2321; Z2322Þ⊤; ð27Þ

Z�
fijklg ¼ R⊤⊗4

θ Zfijklg; Zfijklg ¼ ðZ1111; Z1112; Z1121; Z1122; Z1211; Z1212; Z1221; Z1222;

Z2111; Z2112; Z2121; Z2122; Z2211; Z2212; Z2221; Z2222Þ⊤: ð28Þ

4Henceforth, we use the notation R⊗2
θ ≡ Rθ ⊗ Rθ, and similarly for higher powers.

5In the notation of the 2HDM case in [8], these would be written as, respectively, CP1, CP2, with both c and d corresponding there
to CP3.

3We included the messier alternative in Appendix A for comparison.
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Equation (24) tells us that Z3333 is real which we
already knew. In Eq. (25), due to the restricted range for
θ, we have

i. θ ¼ 0 Z1333, Z2333 ∈R;
ii. θ ≠ 0 Z1333 ¼ Z2333 ¼ 0:

For Eqs. (26), we shall use the result in Eq. (B1) for
n ¼ 2, along with the following relations: Z1233¼Z�

2133;
Z1332 ¼ Z�

2331; Z1323¼Z2313; Z1133; Z2233; Z1331; Z2332 ∈R.
We find

�
Z1133 − Z2233

2ReðZ1233Þ

��
¼ R⊤

2θ

�
Z1133 − Z2233

2ReðZ1233Þ

�
;

�
Z1331 − Z2332

2ReðZ1332Þ

��
¼ R⊤

2θ

�
Z1331 − Z2332

2ReðZ1332Þ

�
;

ImðZ1233Þ ¼ ImðZ1332Þ ¼ 0; ð29Þ

�
Z1313 − Z2323

2Z1323

��
¼ R⊤

2θ

�
Z1313 − Z2323

2Z1323

�
;

Z1313 þ Z2323 ∈R: ð30Þ

For Eqs. (29) we find

i. θ ¼ 0 Zfij33g, Zfi33lg ∈R;
ii. θ ≠ 0 Z1133 ¼ Z2233, Z1331 ¼ Z2332,

Z1233 ¼ Z2133 ¼ Z1332 ¼ Z2331 ¼ 0;

and, similarly, for Eqs. (30),

i. θ ¼ 0 Zfi3k3g ∈R;
ii. θ ¼ π=2 Z1323 ¼ Z2313 ∈ I, Z1313 ¼ Z�

2323,
iii. θ ≠ f0; π=2g Z1313 ¼ Z2323 ∈R, Z1323 ¼ Z2313 ¼ 0:

For Eqs. (27), we shall use the result in Eq. (B1) for n ¼ 3.
We find

� ðZ1311 − Z1322Þ − ðZ2312 þ Z2321Þ
ðZ1312 þ Z1321Þ þ ðZ2311 − Z2322Þ

��
¼ R⊤

3θ

� ðZ1311 − Z1322Þ − ðZ2312 þ Z2321Þ
ðZ1312 þ Z1321Þ þ ðZ2311 − Z2322Þ

�
;

� ðZ1311 − Z1322Þ þ ðZ2312 þ Z2321Þ
ðZ1312 þ Z1321Þ − ðZ2311 − Z2322Þ

��
¼ R⊤

θ

� ðZ1311 − Z1322Þ þ ðZ2312 þ Z2321Þ
ðZ1312 þ Z1321Þ − ðZ2311 − Z2322Þ

�
;

� ðZ1311 þ Z1322Þ − ðZ2312 − Z2321Þ
ðZ1312 − Z1321Þ þ ðZ2311 þ Z2322Þ

��
¼ R⊤

θ

� ðZ1311 þ Z1322Þ − ðZ2312 − Z2321Þ
ðZ1312 − Z1321Þ þ ðZ2311 þ Z2322Þ

�
;

� ðZ1311 þ Z1322Þ þ ðZ2312 − Z2321Þ
ðZ1312 − Z1321Þ − ðZ2311 þ Z2322Þ

��
¼ Rθ

� ðZ1311 þ Z1322Þ þ ðZ2312 − Z2321Þ
ðZ1312 − Z1321Þ − ðZ2311 þ Z2322Þ

�
: ð31Þ

The solution to these equations is

i. θ ¼ 0 Zfi3klg ∈R;
ii. θ ¼ π=3 Zfi3klg ∈ I, Z1311 ¼ −Z1322 ¼ −Z2312 ¼ −Z2321, Z1312 ¼ Z1321 ¼ Z2311 ¼ −Z2322,
iii. θ ≠ f0; π=3g Zfi3klg ¼ 0:

For Eqs. (28), we shall use the result in Eq. (B1) for n ¼ 4 along with the following relations: Z1122¼Z2211; Z1221 ¼ Z2112;
Z1112 ¼ Z1211 ¼ Z�

1121 ¼ Z�
2111; Z1222¼Z2212¼Z�

2122¼Z�
2221; Z1212 ¼ Z�

2121; Z1111; Z2222; Z1122; Z2211; Z1221; Z2112 ∈R.
We find

� ðZ1111 þ Z2222Þ − 2ðZ1122 þ Z1221 þ ReðZ1212ÞÞ
4ðReðZ1112Þ − ReðZ1222ÞÞ

��
¼ R⊤

4θ

� ðZ1111 þ Z2222Þ − 2ðZ1122 þ Z1221 þ ReðZ1212ÞÞ
4ðReðZ1112Þ − ReðZ1222ÞÞ

�
; ð32Þ

� ðZ1111 − Z2222Þ − 2i ImðZ1212Þ
2ðZ1112 þ Z�

1222Þ

��
¼ R⊤

2θ

� ðZ1111 − Z2222Þ − 2i ImðZ1212Þ
2ðZ1112 þ Z�

1222Þ

�
;

� ðZ1111 − Z2222Þ þ 2i ImðZ1212Þ
2ðZ�

1112 þ Z1222Þ
��

¼ R⊤
2θ

� ðZ1111 − Z2222Þ þ 2i ImðZ1212Þ
2ðZ�

1112 þ Z1222Þ
�
;

ImðZ1112Þ ¼ −ImðZ1222Þ: ð33Þ

Finally, the conditions that solve these equations are
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i. θ ¼ 0 Zfijklg ∈R;
ii. θ ¼ π=2 Zfijklg ∈C, Z1112 ¼ Z1211 ¼ Z�

1121 ¼ Z�
2111 ¼ −Z1222 ¼ −Z2212 ¼ −Z�

2122 ¼ −Z�
2221, Z1111 ¼ Z2222,

iii. θ ≠ f0; π=2g Zfijklg ∈C: Z1112 ¼ Z1211 ¼ Z1121 ¼ Z2111 ¼ Z1222 ¼ Z2212 ¼ Z2122 ¼ Z2221 ¼ 0,
Z1212 ¼ Z1111 − Z1122 − Z1221, Z1111 ¼ Z2222.

This concludes the analysis for the scalar sector. If one were to try to do these calculations in models with more doublets,
the trick would remain much the same; but, then, one would have to decouple the entries with 1 and 2 from the ones with 3
and 4, 5 and 6, etc. Since it always involves a rank-2 tensor and a rank-4 tensor, there is no need in N-Higgs-doublet models
(NHDM) to go further than C4, which we write explicitly in Eq. (B9) below.

E. The four GCP-constrained 3HDM potentials

We now write the scalar potential for the several classes of models in the basis of Eq. (7). The CPa (θ ¼ 0) scalar
potential, corresponding to the usual CP, is of the general form of Eq. (4), except all the coefficients are real.
The CPb (θ ¼ π=2) scalar potential has the form

VH¼μ1½ðΦ†
1Φ1ÞþðΦ†

2Φ2Þ�þμ3ðΦ†
3Φ3Þþr1½ðΦ†

1Φ1Þ2þðΦ†
2Φ2Þ2�þr3ðΦ†

3Φ3Þ2
þ2r4ðΦ†

1Φ1ÞðΦ†
2Φ2Þþ2r5½ðΦ†

1Φ1ÞþðΦ†
2Φ2Þ�ðΦ†

3Φ3Þþ2r7jΦ†
1Φ2j2þ2r8½jΦ†

1Φ3j2þjΦ†
2Φ3j2�

þ2c1½ðΦ†
1Φ1Þ−ðΦ†

2Φ2Þ�ðΦ†
1Φ2Þþc3ðΦ†

1Φ2Þ2þc5½ðΦ†
1Φ3Þ2þðΦ†

3Φ2Þ2�þ2iy11ðΦ†
1Φ3ÞðΦ†

2Φ3ÞþH:c:; ð34Þ
where H.c. stands for Hermitian conjugation. We follow the notation of Ref. [9]: the coefficients ck ¼ xk þ iyk are complex,
while rk, xk, and yk are real.
The CPc (θ ¼ π=3) scalar potential has the form

VH ¼ μ1½ðΦ†
1Φ1Þ þ ðΦ†

2Φ2Þ� þ μ3ðΦ†
3Φ3Þ þ r1½ðΦ†

1Φ1Þ2 þ ðΦ†
2Φ2Þ2� þ r3ðΦ†

3Φ3Þ2
þ 2r4ðΦ†

1Φ1ÞðΦ†
2Φ2Þ þ 2r5½ðΦ†

1Φ1Þ þ ðΦ†
2Φ2Þ�ðΦ†

3Φ3Þ þ 2r7jΦ†
1Φ2j2 þ 2r8½jΦ†

1Φ3j2 þ jΦ†
2Φ3j2�

þ r147½ðΦ†
1Φ2Þ2 þ ðΦ†

2Φ1Þ2� þ x5½ðΦ†
1Φ3Þ2 þ ðΦ†

2Φ3Þ2 þ H:c:�
þ 2iy2½½ðΦ†

1Φ2Þ þ ðΦ†
2Φ1Þ�ðΦ†

3Φ2Þ þ ðΦ†
1Φ1ÞðΦ†

1Φ3Þ þ ðΦ†
2Φ2ÞðΦ†

3Φ1Þ� þ H:c:;

þ 2iy4½½ðΦ†
1Φ2Þ þ ðΦ†

2Φ1Þ�ðΦ†
1Φ3Þ þ ðΦ†

1Φ1ÞðΦ†
2Φ3Þ þ ðΦ†

2Φ2ÞðΦ†
3Φ2Þ� þ H:c:; ð35Þ

where r147 ¼ r1 − r4 − r7.
Finally, the CPd potential (θ ≠ 0, π=2, π=3) has the form

VH ¼ μ1½ðΦ†
1Φ1Þ þ ðΦ†

2Φ2Þ� þ μ3ðΦ†
3Φ3Þ þ r1½ðΦ†

1Φ1Þ2 þ ðΦ†
2Φ2Þ2� þ r3ðΦ†

3Φ3Þ2
þ 2r4ðΦ†

1Φ1ÞðΦ†
2Φ2Þ þ 2r5½ðΦ†

1Φ1Þ þ ðΦ†
2Φ2Þ�ðΦ†

3Φ3Þ þ 2r7jΦ†
1Φ2j2 þ 2r8½jΦ†

1Φ3j2 þ jΦ†
2Φ3j2�

þ r147½ðΦ†
1Φ2Þ2 þ ðΦ†

2Φ1Þ2� þ x5½ðΦ†
1Φ3Þ2 þ ðΦ†

2Φ3Þ2 þ H:c:�: ð36Þ
We have built aMathematica program implementing the basis-invariant techniques of Refs. [12,13], and checked that our

CPa, CPb, CPc, and CPd potentials obey basis invariant conditions, allowing them to be identified, respectively, as6 CP2,
CP4, S3 ×GCPθ¼π , and Oð2Þ × CP.
Notice that, by construction, all potentials are explicitly CP conserving. One may wonder whether they may

lead to spontaneous CP violation. We do not address here the issue of the possible global minima when the symmetry
is exact. Aspects of spontaneous symmetry breaking in 3HDM with an exact symmetry have been discussed in [14]. When
accessing a model’s parametric viability, we take the view that one may wish to add soft-symmetry breaking terms to the
potential, thus allowing for general vi. This allows us to map all possibilities, even in that more general context.

IV. THE YUKAWA COUPLINGS

A. Yukawa Lagrangian and mass basis

The scalar-quark Yukawa interactions of the 3HDM may be written as

−LY ¼ q̄LðΓ1Φ1 þ Γ2Φ2 þ Γ3Φ3ÞnR þ q̄LðΔ1Φ̃1 þ Δ2Φ̃2 þ Δ3Φ̃3ÞpR þ H:c:; ð37Þ

6We are very grateful to Igor Ivanov for several discussions on this issue, especially pertaining to the identification of S3 ×GCPθ¼π .
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where qL ¼ ðpL; nLÞ⊤ (nR and pR) is a vector in the
3-dimensional generation space of left-handed doublets
(right-handed charge −1=3 and þ2=3) quarks, and
Φ̃k ¼ iσ2Φ�

k, with σ2 the second Pauli matrix. Γk and Δk

(k ¼ 1, 2, 3) are completely general 3 × 3 complex
matrices.
After spontaneous symmetry breaking, the Lagrangian’s

quadratic terms in the quark fields include

−LY ⊇
vffiffiffi
2

p ðn̄LΓnR þ p̄LΔpRÞ þ H:c:; ð38Þ

where v¼ ffiffiffiffiffiffiffiffiffiffi
vivi�

p ¼ð ffiffiffi
2

p
GFÞ−1=2, Γ ¼ vi

v Γi and Δ ¼ vi�
v Δi.

We can define

Md ≡ vffiffiffi
2

p Γ; Mu ≡ vffiffiffi
2

p Δ; ð39Þ

as the mass matrices for the down-type and up-type quarks,
respectively. Since the fields we are working with are not
mass eigenstates, these matrices will not be diagonal. But
we can always perform a unitary change of basis

n̄L ¼ d̄LU
†
dL
; p̄L ¼ ūLU

†
uL ;

nR ¼ UdRdR; pR ¼ UuRuR; ð40Þ

which leaves the kinetic terms unchanged in the
Lagrangian, to bidiagonalize the mass matrices. The mass
matrices then become

U†
dL
MdUdR ¼ Dd ≡ diagðmd;ms;mbÞ;

U†
uLMuUuR ¼ Du ≡ diagðmu;mc;mtÞ: ð41Þ

Writing the interaction terms of the physical fields with the
Wþ boson,

LW ⊃
igffiffiffi
2

p ūLðU†
uLUdLÞγμdLWþ

μ ; ð42Þ

one notices the emergence of the 3 × 3 unitary matrix
Cabibbo-Kobayashi-Maskawa (CKM) matrix [25,26],
V ≡U†

uLUdL . It reflects the fact that the interaction basis
is distinct from the physical mass basis. And it describes the
quark mixing, responsible also for all CP-violating phe-
nomena in theSM.
We can also define

Hd ≡MdM
†
d ¼

v2

2
ΓΓ† ¼ UdLD

2
dU

†
dL
;

Hu ≡MuM
†
u ¼ v2

2
ΔΔ† ¼ UuLD

2
uU

†
uL ; ð43Þ

showing that the left-handed transformations are the
matrices that diagonalize Hd and Hu.

B. GCP symmetries for the Yukawa Lagrangian

For the quark fields, the GCP transformations take the
form

qL → Xαγ
0Cq�L;

nR → Xβγ
0Cn�R;

pR → Xγγ
0Cp�

R; ð44Þ

where γ0 (C) is the Dirac (charge-conjugation) matrix, and
Xα, Xβ, and Xγ belong to SUð3Þ. With a suitable basis
choice, these can be changed into the simplified form [23]

Xα ¼

2
64

cα sα 0

−sα cα 0

0 0 1

3
75; ð45Þ

where 0 ≤ α ≤ π=2, with similar expressions for Xβ

and Xγ .
Under the transformations in Eqs. (44), the Yukawa

Lagrangian becomes

−LY → n̄R½X†
αðΓaÞðXθÞabΦ�

bXβ�qL
þ p̄R½X†

αðΔaÞðXθÞ�abΦ̃�
bXγ�qL þ H:c: ð46Þ

Hence, in order for the Lagrangian in Eq. (37) to be
symmetric under GCP, we must compare each of these
terms with their respective Hermitian conjugate

−LY ⊃ n̄jR½ðΓkÞjiΦk�†qiL þ p̄j
R½ðΔkÞjiΦ̃k�†qiL

¼ n̄jRðΓkÞ�ijΦ�
kq

i
L þ p̄j

RðΔkÞ�ijΦ̃�
kq

i
L: ð47Þ

Thus, the Yukawa Lagrangian in Eq. (37) is invariant under
the GCP transformations in Eqs. (44) if and only if

Γ�
b ¼ X†

αðXθÞabðΓaÞXβ;

Δ�
b ¼ X†

αðXθÞ�abðΔaÞXγ: ð48Þ

Since we are taking all X matrices to be real, the condition
for the charged þ2=3 quark matrices Δ will yield the same
equations as the charged −1=3 quark matrices Γ, under the
substitution β ⟶ γ. Therefore, we will focus on the down-
type quarks, and subsequently compute the results for the
up-type quarks.
We may write conditions (48) as

XαΓ�
1 − ðcθΓ1 − sθΓ2ÞXβ ¼ 0;

XαΓ�
2 − ðsθΓ1 þ cθΓ2ÞXβ ¼ 0; ð49Þ

and
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XαΓ�
3 − Γ3Xβ ¼ 0; ð50Þ

where the basis choices of Eqs. (7) and (45) are implied.7

Equations (49) give us 36 equations in the 36 unknown
real and imaginary parts of the various entries of the Γ1 and
Γ2 matrices. In each block we have a system of homo-
geneous linear equations; the parameters are zero unless the
determinant of the system vanishes. Recall that our choice
of basis decouples the third entry from the other two, like
we did for the scalar potential, except that now we may
think of Γk as one rank-3 tensor. It is for the analysis of the
Yukawa matrices that we see the full power of the new

strategy discussed in Sec. III and Appendix B. Next, we
turn to a detailed view of this analysis.

C. GCP constraints on Yukawas for down-type quarks

As mentioned, our choice of basis for the X matrices
decouples the system for Γ1 and Γ2 from that of Γ3, and in
each we will have 4 distinct regions mn, m3, 3n. and 33.
Thenceforth, we will use the notation Γk̄ (k̄ ¼ 1, 2) when
we wish to refer collectively to Γ1 and Γ2. If we vectorize
each block, we can turn Eq. (48) into

Γ�
f1;2g ¼ ½ðR⊤

θ ⊗ R⊤
α ⊗ R⊤

β Þ ⊕ ðR⊤
θ ⊗ R⊤

α Þ ⊕ ðR⊤
θ ⊗ R⊤

β Þ ⊕ R⊤
θ �Γf1;2g;Γ�

f3g ¼ ½ðR⊤
α ⊗ R⊤

β Þ ⊕ ðR⊤
α Þ ⊕ ðR⊤

β Þ ⊕ 1�Γf3g;

ð51Þ
where

Γf1;2g ¼ ððΓ1Þfmng; ðΓ2Þfmng; ðΓ1Þfm3g; ðΓ2Þfm3g; ðΓ1Þf3ng; ðΓ2Þfn3g; ðΓ1Þ33; ðΓ2Þ33Þ⊤;
Γf3g ¼ ððΓ3Þfmng; ðΓ3Þfm3g; ðΓ3Þf3ng; ðΓ3Þ33Þ⊤; ð52Þ

using the notation in Eq. (18). To be specific, in ðΓiÞab, “i”
refers to the Higgs-family index of Eq. (37), while “a, b”
refers to the entries of this matrix in down-type quark
generation space.
Let us start by looking at the 33 regions. Immediately, we

see that

ðΓ3Þ�33 ¼ ðΓ3Þ33; ð53Þ
and, thus, ðΓ3Þ33 is always real. As for ðΓk̄Þ33, we have

ðΓk̄Þ�33¼R⊤
θ ðΓk̄Þ�33; ðΓk̄Þ33¼ððΓ1Þ33;ðΓ2Þ33Þ⊤: ð54Þ

These equations are the analog of Eqs. (19), applied here to
the Yukawa couplings. Using Eq. (10) and the restricted
range for θ, we conclude that either θ ¼ 0, in which case
ðΓ1Þ33 and ðΓ2Þ33 are also real, or, else, θ ≠ 0, in which case
ðΓ1Þ33 ¼ ðΓ2Þ33 ¼ 0. This constitutes conditions i and ii,
respectively, for the ðΓk̄Þ33 region:

i. θ ¼ 0 ðΓ1Þ33, ðΓ2Þ33 ∈R;
ii. θ ≠ 0 ðΓ1Þ33 ¼ ðΓ2Þ33 ¼ 0:

The m3 (3n) region in Γ3 is similar under the substitution
θ → α (θ → β). Indeed,

ðΓ3Þ�fm3g ¼ R⊤
α ðΓ3Þfm3g; ðΓ3Þfm3g ¼ ððΓ3Þ13; ðΓ3Þ23Þ⊤;

ðΓ3Þ�f3ng ¼ R⊤
β ðΓ3Þf3ng; ðΓ3Þf3ng ¼ ððΓ3Þ31; ðΓ3Þ32Þ⊤:

ð55Þ

The conditions for the ðΓ3Þm3 region, then, become

i. α ¼ 0 ðΓ3Þ13, ðΓ3Þ23 ∈R;
ii. α ≠ 0 ðΓ3Þ13 ¼ ðΓ3Þ23 ¼ 0;

whereas, in the ðΓ3Þ3n region, we find

i. β ¼ 0 ðΓ3Þ31, ðΓ3Þ32 ∈R;
ii. β ≠ 0 ðΓ3Þ31 ¼ ðΓ3Þ32 ¼ 0.

Now looking at systems involving two angles, we have

ðΓk̄Þ�fm3g ¼ R⊤
θ ⊗ R⊤

α ðΓk̄Þ�fm3g; ðΓk̄Þfm3g ¼ ððΓ1Þ13; ðΓ1Þ23; ðΓ2Þ13; ðΓ2Þ23Þ⊤;
ðΓk̄Þ�f3ng ¼ R⊤

θ ⊗ R⊤
β ðΓk̄Þ�f3ng; ðΓk̄Þf3ng ¼ ððΓ1Þ31; ðΓ1Þ32; ðΓ2Þ31; ðΓ2Þ32Þ⊤;

ðΓ3Þ�fmng ¼ R⊤
α ⊗ R⊤

β ðΓ3Þfmng; ðΓ3Þfmng ¼ ððΓ3Þ11; ðΓ3Þ12; ðΓ3Þ21; ðΓ3Þ22Þ⊤: ð56Þ

7Notice that Eq. (50) is identical to Eqs. (49) in the limit of θ ¼ 0.
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For Eqs. (56), we shall use the result in Eq. (B1) for n ¼ 2, which simplifies the equations to

� ðΓ1Þ13 − ðΓ2Þ23
ðΓ1Þ23 þ ðΓ2Þ13

��
¼ R⊤

θþα

� ðΓ1Þ13 − ðΓ2Þ23
ðΓ1Þ23 þ ðΓ2Þ13

�
;

� ðΓ1Þ13 þ ðΓ2Þ23
ðΓ1Þ23 − ðΓ2Þ13

��
¼ R⊤

α−θ

� ðΓ1Þ13 þ ðΓ2Þ23
ðΓ1Þ23 − ðΓ2Þ13

�
; ð57Þ

� ðΓ1Þ31 − ðΓ2Þ32
ðΓ1Þ32 þ ðΓ2Þ31

��
¼ R⊤

θþβ

� ðΓ1Þ31 − ðΓ2Þ32
ðΓ1Þ32 þ ðΓ2Þ31

�
;

� ðΓ1Þ31 þ ðΓ2Þ32
ðΓ1Þ32 − ðΓ2Þ31

��
¼ R⊤

β−θ

� ðΓ1Þ31 þ ðΓ2Þ32
ðΓ1Þ32 − ðΓ2Þ31

�
; ð58Þ

� ðΓ3Þ11 − ðΓ3Þ22
ðΓ3Þ12 þ ðΓ3Þ21

��
¼ R⊤

αþβ

� ðΓ3Þ11 − ðΓ3Þ22
ðΓ3Þ12 þ ðΓ3Þ21

�
;

� ðΓ3Þ11 þ ðΓ3Þ22
ðΓ3Þ12 − ðΓ3Þ21

��
¼ R⊤

β−α

� ðΓ3Þ11 þ ðΓ3Þ22
ðΓ3Þ12 − ðΓ3Þ21

�
: ð59Þ

These systems of equations lead to different textures in the cases where the respective rotation angle is either zero, π or any
different value. In Eqs. (57), if θ þ α equals zero, the only possibility is that they are both zero, which means that α − θ is
also equal to zero in this case. If instead θ þ α equals π, the only possibility is that they both equal π=2, which again means
α − θ equals zero. In fact, α − θ can only be either zero, if α ¼ θ, or different than zero, if α ≠ θ, but never actually π. This
means that this region has only 4 possible textures: θ ¼ α ¼ 0; θ ¼ α ¼ π=2; θ ¼ α ≠ f0; π=2g; θ ≠ α. Equations (58) and
(59) are solved in identical fashion. For the former we have θ ¼ β ¼ 0; θ ¼ β ¼ π=2; θ ¼ β ≠ f0; π=2g; θ ≠ β. For the
latter we have α ¼ β ¼ 0; α ¼ β ¼ π=2; α ¼ β ≠ f0; π=2g; α ≠ β.
Each condition fully determines the amount of free parameters in each region. For the m3 region in Γk̄, we have

i. θ ¼ α ¼ 0 ðΓk̄Þfm3g ∈R,
ii. θ ¼ α ¼ π=2 ðΓk̄Þfm3g ∈C; ðΓ1Þ13 ¼ ðΓ2Þ�23; ðΓ1Þ23 ¼ −ðΓ2Þ�13,
iii. θ ¼ α ≠ f0; π=2g ðΓk̄Þfm3g ∈R; ðΓ1Þ13 ¼ ðΓ2Þ23; ðΓ1Þ23 ¼ −ðΓ2Þ13,
iv. θ ≠ α ðΓk̄Þfm3g ¼ 0.

Likewise, for the 3n region in Γk̄,

i. θ ¼ β ¼ 0 ðΓk̄Þf3ng ∈R,
ii. θ ¼ β ¼ π=2 ðΓk̄Þf3ng ∈C; ðΓ1Þ31 ¼ ðΓ2Þ�32; ðΓ1Þ32 ¼ −ðΓ2Þ�31,
iii. θ ¼ β ≠ f0; π=2g ðΓk̄Þf3ng ∈R; ðΓ1Þ31 ¼ ðΓ2Þ32; ðΓ1Þ32 ¼ −ðΓ2Þ31,
iv. θ ≠ β ðΓk̄Þf3ng ¼ 0.

And, the conditions for the mn block in Γ3 are

i. α ¼ β ¼ 0 ðΓ3Þfmng ∈R,
ii. α ¼ β ¼ π=2 ðΓ3Þfmng ∈C; ðΓ3Þ11 ¼ ðΓ3Þ�22; ðΓ3Þ12 ¼ −ðΓ3Þ�21,
iii. α ¼ β ≠ f0; π=2g ðΓ3Þfmng ∈R; ðΓ3Þ11 ¼ ðΓ3Þ22; ðΓ3Þ12 ¼ −ðΓ3Þ21,
iv. α ≠ β ðΓ3Þfmng ¼ 0.

Finally, we turn to the mn sector of Γk̄, k̄ ¼ 1, 2. We find

ðΓk̄Þ�fmng ¼ R⊤
θ ⊗ R⊤

α ⊗ R⊤
β ðΓk̄Þfmng;

ðΓk̄Þfmng ≡ ððΓ1Þ11; ðΓ1Þ12; ðΓ1Þ21; ðΓ1Þ22; ðΓ2Þ11; ðΓ2Þ12; ðΓ2Þ21; ðΓ2Þ22Þ⊤: ð60Þ
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For Eqs. (60), we shall use the result in Eq. (B1) for n ¼ 3, which simplifies the equations to

� ½ðΓ1Þ11 − ðΓ1Þ22� − ½ðΓ2Þ12 þ ðΓ2Þ21�
½ðΓ1Þ12 þ ðΓ1Þ21� þ ½ðΓ2Þ11 − ðΓ2Þ22�

��
¼ R⊤

θþαþβ

� ½ðΓ1Þ11 − ðΓ1Þ22� − ½ðΓ2Þ12 þ ðΓ2Þ21�
½ðΓ1Þ12 þ ðΓ1Þ21� þ ½ðΓ2Þ11 − ðΓ2Þ22�

�
;

� ½ðΓ1Þ11 − ðΓ1Þ22� þ ½ðΓ2Þ12 þ ðΓ2Þ21�
½ðΓ1Þ12 þ ðΓ1Þ21� − ½ðΓ2Þ11 − ðΓ2Þ22�

��
¼ R⊤

αþβ−θ

� ½ðΓ1Þ11 − ðΓ1Þ22� þ ½ðΓ2Þ12 þ ðΓ2Þ21�
½ðΓ1Þ12 þ ðΓ1Þ21� − ½ðΓ2Þ11 − ðΓ2Þ22�

�
;

� ½ðΓ1Þ11 þ ðΓ1Þ22� − ½ðΓ2Þ12 − ðΓ2Þ21�
½ðΓ1Þ12 − ðΓ1Þ21� þ ½ðΓ2Þ11 þ ðΓ2Þ22�

��
¼ R⊤

θþβ−α

� ½ðΓ1Þ11 þ ðΓ1Þ22� − ½ðΓ2Þ12 − ðΓ2Þ21�
½ðΓ1Þ12 − ðΓ1Þ21� þ ½ðΓ2Þ11 þ ðΓ2Þ22�

�
;

� ½ðΓ1Þ11 þ ðΓ1Þ22� þ ½ðΓ2Þ12 − ðΓ2Þ21�
½ðΓ1Þ12 − ðΓ1Þ21� − ½ðΓ2Þ11 þ ðΓ2Þ22�

��
¼ Rθþα−β

� ½ðΓ1Þ11 þ ðΓ1Þ22� þ ½ðΓ2Þ12 − ðΓ2Þ21�
½ðΓ1Þ12 − ðΓ1Þ21� − ½ðΓ2Þ11 þ ðΓ2Þ22�

�
: ð61Þ

As before, each angle can either be 0, π, or some other value in order to give a unique texture in the Yukawamatrices. Naively,
there would be a total of 3 × 3 × 3 × 3 ¼ 81 different combinations. But, like before, if for example θ þ αþ β ¼ 0, the only
possibility is that θ ¼ α ¼ β ¼ 0 and therefore all the angle combinations would also give zero. The conditions that the other
combinations equal zero are, respectively, αþ β ¼ θ, θ þ β ¼ α, and θ þ α ¼ β. These conditions make the real part of the
respective entries in the Yukawa matrices nonzero. The conditions for non-zero imaginary parts are, respectively,
θ þ αþ β ¼ π, αþ β ¼ θ þ π, θ þ β ¼ αþ π, and αþ θ ¼ β þ π. However, the last three can only be achieved if the
two angles on the left-hand side equal π=2 and the other one equals zero, which means that θ þ αþ β also equals π.
Performing all valid combinations results in just 15 different textures for the mn system in Γ1 and Γ2:

i. θ ¼ α ¼ β ¼ 0 ðΓk̄Þfmng ∈R,
ii. β ¼ 0, θ ¼ α ¼ π=2 ðΓk̄Þfmng ∈C, ðΓ1Þ11 ¼ ðΓ2Þ�21; ðΓ1Þ12 ¼ ðΓ2Þ�22, ðΓ1Þ21 ¼ −ðΓ2Þ�11; ðΓ1Þ22 ¼ −ðΓ2Þ�12
iii. β ¼ 0, θ ¼ α ≠ f0; π=2g ðΓk̄Þfmng ∈R, ðΓ1Þ11 ¼ ðΓ2Þ21; ðΓ1Þ12 ¼ ðΓ2Þ22, ðΓ1Þ21 ¼ −ðΓ2Þ11; ðΓ1Þ22 ¼ −ðΓ2Þ12
iv. α ¼ 0, θ ¼ β ¼ π=2 ðΓk̄Þfmng ∈C, ðΓ1Þ11 ¼ ðΓ2Þ�12; ðΓ1Þ12 ¼ −ðΓ2Þ�11, ðΓ1Þ21 ¼ ðΓ2Þ�22; ðΓ1Þ22 ¼ −ðΓ2Þ�21
v. α ¼ 0, θ ¼ β ≠ f0; π=2g ðΓk̄Þfmng ∈R, ðΓ1Þ11 ¼ ðΓ2Þ12; ðΓ1Þ12 ¼ −ðΓ2Þ11, ðΓ1Þ21 ¼ ðΓ2Þ22; ðΓ1Þ22 ¼ −ðΓ2Þ21,
vi. θ ¼ 0, α ¼ β ¼ π=2 ðΓk̄Þfmng ∈C, ðΓ1Þ11 ¼ ðΓ1Þ�22; ðΓ1Þ12 ¼ −ðΓ1Þ�21, ðΓ2Þ11 ¼ ðΓ2Þ�22; ðΓ2Þ12 ¼ −ðΓ2Þ�21,
vii. θ ¼ 0, α ¼ β ≠ f0; π=2g ðΓk̄Þfmng ∈R, ðΓ1Þ11 ¼ ðΓ1Þ22; ðΓ1Þ12 ¼ −ðΓ1Þ21, ðΓ2Þ11 ¼ ðΓ2Þ22; ðΓ2Þ12 ¼ −ðΓ2Þ21,
viii. θ ¼ π=2, αþ β ¼ π=2,

α; β ≠ f0; π=2g
ðΓk̄Þfmng ∈C, ðΓ1Þ11 ¼ −ðΓ1Þ22 ¼ ðΓ2Þ�12 ¼ ðΓ2Þ�21, ðΓ1Þ12 ¼ ðΓ1Þ21 ¼ −ðΓ2Þ�11 ¼ ðΓ2Þ�22,

ix. α ¼ π=2, θ þ β ¼ π=2,
θ; β ≠ f0; π=2g

ðΓk̄Þfmng ∈C, ðΓ1Þ11 ¼ −ðΓ2Þ12 ¼ ðΓ1Þ�22 ¼ ðΓ2Þ�21, ðΓ1Þ12 ¼ ðΓ2Þ11 ¼ −ðΓ1Þ�21 ¼ ðΓ2Þ�22,

x. β ¼ π=2, θ þ α ¼ π=2,
θ; α ≠ f0; π=2g

ðΓk̄Þfmng ∈C, ðΓ1Þ11 ¼ −ðΓ2Þ21 ¼ ðΓ1Þ�22 ¼ ðΓ2Þ�12, −ðΓ1Þ12 ¼ ðΓ2Þ22 ¼ ðΓ1Þ�21 ¼ ðΓ2Þ�11,

xi. αþ β ¼ θ, θ ≠ fα; β; π=2g ðΓk̄Þfmng ∈R, ðΓ1Þ11 ¼ −ðΓ1Þ22 ¼ ðΓ2Þ12 ¼ ðΓ2Þ21, ðΓ1Þ12 ¼ ðΓ1Þ21 ¼ −ðΓ2Þ11 ¼ ðΓ2Þ22,
xii. θ þ β ¼ α, α ≠ fθ; β; π=2g ðΓk̄Þfmng ∈R, ðΓ1Þ11 ¼ ðΓ1Þ22 ¼ −ðΓ2Þ12 ¼ ðΓ2Þ21, ðΓ1Þ12 ¼ −ðΓ1Þ21 ¼ ðΓ2Þ11 ¼ ðΓ2Þ22,
xiii. θ þ α ¼ β, β ≠ fθ; α; π=2g ðΓk̄Þfmng ∈R, ðΓ1Þ11 ¼ ðΓ1Þ22 ¼ ðΓ2Þ12 ¼ −ðΓ2Þ21, −ðΓ1Þ12 ¼ ðΓ1Þ21 ¼ ðΓ2Þ11 ¼ ðΓ2Þ22,
xiv. θ þ αþ β ¼ π, θ; α; β ≠ π=2 ðΓk̄Þfmng ∈ I, −ðΓ1Þ11 ¼ ðΓ1Þ22 ¼ ðΓ2Þ12 ¼ ðΓ2Þ21, ðΓ1Þ12 ¼ ðΓ1Þ21 ¼ ðΓ2Þ11 ¼ −ðΓ2Þ22,
xv. αþ β ≠ θ, θ þ β ≠ α, θ þ α ≠ β,

θ þ αþ β ≠ π
ðΓk̄Þfmng ¼ 0.

The next step is to combine these 15 conditions with the 18 from the other blocks and then we should have all different
combinations of angles θ, α, and β that produce unique textures on Γk, and thus onMd. Recall that, in the spirit that adding
to the scalar potential soft breaking terms might be useful for some model building, we are using the most general vevs vi.
Excluding combinations that lead either to null or degenerate eigenvalues, using the notation ðθ; α; βÞ, we have the results

in Table I.
An asterisk here means that the third quark decouples, i.e.,Md is block diagonal. A diamond here means that the quarks

couple only to Φ3, i.e., Γ1 ¼ Γ2 ¼ 0.

D. GCP constraints on the whole Yukawa sector

Now, we must combine the cases from the down-type Γk matrices with the ones from the up-typeΔk matrices, which, for
our choice of basis, are the same under the replacement β → γ. The final cases ðθ; α; β; γÞmust have the same value of θ and
α for the up and down matrices simultaneously, and we must not combine two cases bearing an asterisk, as that would lead
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to a block-diagonal CKM matrix, which is ruled out
experimentally. We exclude those textures leading to a
massless quark or to a block-diagonal CKM matrix. Thus,
we have the results in Table II.
These 51 combinations of angles ðθ; α; β; γÞ for theGCP

transformations are all the combinations that lead to unique
textures on the mass matrices Mu and Md, consistent with
nonzero and nondegenerate quark masses and a CKM
matrix which is not block-diagonal.
But there is one further simple constraint, regarding CP

violation. Experiments in B decays prompt the conclusion
that there must be CP violation in the CKM matrix, which
is related to a physical quantity called the Jarlskog invariant
JCP [27,28]. In terms of the CKM matrix elements this
invariant is given by [29]

JCP ¼ ImðVusVcbV�
ubV

�
csÞ ¼ ð3.08þ0.15

−0.13Þ × 10−5: ð62Þ
One can construct another related CP-violating, basis
invariant, quantity [5,27,28]

J ¼ Tr½Hu;Hd�3 ¼ 6iðm2
t −m2

cÞðm2
t −m2

uÞðm2
c −m2

uÞ
× ðm2

b −m2
sÞðm2

b −m2
dÞðm2

s −m2
dÞJCP: ð63Þ

We have already excluded models with quarks bearing zero
mass or equal mass among each other. Therefore, J ¼ 0 if

and only if the CKM matrix conserves CP, i.e., JCP ¼ 0,
which is ruled out experimentally.
If we compute Hu, Hd, and J for each of our 51 models,

we find that for ðπ=6; π=3; π=2; π=6Þ, ðθ; π − 2θ;
3θ − π; θÞ, ðπ=6; π=3; π=6; π=2Þ, ðθ; 2θ; θ; 3θÞ, ðθ; 2θ; θ;
π − 3θÞ, ðθ; π − 2θ; π − 3θ; θÞ, ðθ; 2θ; 3θ; θÞ, ðθ; π − 2θ; θ;
3θ − πÞ, ðθ; π − 2θ; θ; π − 3θÞ, ðθ; 2θ; π − 3θ; θÞ and
ðθ; 0; 0; 0Þ, J is always zero. Therefore, we can eliminate
these models from our list, leaving us with just 40 models.
Finally, we can list every GCP symmetry that can be

imposed on the 3HDM consistent with nonzero and non-
degenerate quark masses and with nondiagonal and CP-
violating CKM matrix. For each model we note the allowed
values for θ, fromwhich we can deduce the form of the scalar
potential (CPa, CPb, CPc, or CPd), along with the amount
of real independent parameters in the down-type and up-type
Yukawa matrices. This is shown in Table III. An asterisk
means that, for that Yukawamatrix, the third quark decouples
from the first two and a diamondmeans that the quarks couple
only toΦ3. [Recall that we are always considering the basis of
Eq. (7) for the GCP transformation X of Eq. (2).]
Table III is one main result from our work. Notice the

dramatic reduction in the number of unknowns. Indeed, in
each charge sector we would generally have 3 matrices,
with 9 complex entries for a total of 54 (real) parameters.

TABLE I. Combinations of ðθ; α; βÞ and respective conditions for the 33, m3, 3n, and mn blocks of Γk̄ and Γ3.

ðΓk̄Þ33 ðΓ3Þm3 ðΓ3Þ3n ðΓk̄Þm3 ðΓk̄Þ3n ðΓ3Þmn ðΓk̄Þmn

1. (0,0,0) i i i i i i i
2. ðπ=2; π=2; 0Þ ii ii i ii iv iv ii
3. ðθ; θ; 0Þ ii ii i iii iv iv iii
4. ðπ=2; 0; π=2Þ ii i ii iv ii iv iv
5. ðθ; 0; θÞ ii i ii iv iii iv v
6. ð0; π=2; π=2Þ� i ii ii iv iv ii vi
7. ð0; α; αÞ� i ii ii iv iv iii vii
8. ðπ=2; π=4; π=4Þ� ii ii ii iv iv iii viii
9. ðπ=2; α; π=2 − αÞ� ii ii ii iv iv iv viii
10. ðπ=4; π=2; π=4Þ ii ii ii iv iii iv ix
11. ðθ; π=2; π=2 − θÞ� ii ii ii iv iv iv ix
12. ðπ=4; π=4; π=2Þ ii ii ii iii iv iv x
13. ðθ; π=2 − θ; π=2Þ� ii ii ii iv iv iv x
14. ðθ; θ=2; θ=2Þ� ii ii ii iv iv iii xi
15. ðθ; α; θ − αÞ� ii ii ii iv iv iv xi
16. ðθ; 2θ; θÞ ii ii ii iv iii iv xii
17. ðθ; α; α − θÞ� ii ii ii iv iv iv xii
18. ðθ; θ; 2θÞ ii ii ii iii iv iv xiii
19. ðθ; α; θ þ αÞ� ii ii ii iv iv iv xiii
20. ðπ=3; π=3; π=3Þ ii ii ii iii iii iii xiv
21. ðθ; θ; π − 2θÞ ii ii ii iii iv iv xiv
22. ðθ; π − 2θ; θÞ ii ii ii iv iii iv xiv
23. ðθ; ðπ − θÞ=2; ðπ − θÞ=2Þ� ii ii ii iv iv iii xiv
24. ðθ; α; π − θ − αÞ� ii ii ii iv iv iv xiv
25. ðθ; 0; 0Þ⋄ ii i i iv iv i xv
26. ðπ=2; π=2; π=2Þ ii ii ii ii ii ii xv
27. ðθ; θ; θÞ ii ii ii iii iii iii xv
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Imposing the various GCP symmetries reduces these
numbers to those shown in Table III.

V. YUKAWA TEXTURES CONSISTENT WITH
EACH GCP IMPLEMENTATION

In this section we list the Yukawa textures for all possible
GCP implementations in the scalar and down-type quark
Yukawa sectors of the 3HDM. (As mentioned, for the

TABLE II. Combinations of ðθ; α; β; γÞ and respective con-
straints on the up and down Yukawa sectors.

ðθ; α; β; γÞ ðθ; α; βÞ ðθ; α; γÞ
(0, 0, 0, 0) 1 1
ðπ=2; π=2; 0; 0Þ 2 2
ðπ=2; π=2; 0; π=2Þ 2 26
ðθ; θ; 0; 0Þ 3 3
ðπ=4; π=4; 0; π=2Þ 3 12
ðθ; θ; 0; 2θÞ 3 18
ðπ=3; π=3; 0; π=3Þ 3 20
ðθ; θ; 0; π − 2θÞ 3 21
ðθ; θ; 0; θÞ 3 27
ðπ=2; 0; π=2; π=2Þ 4 4
ðπ=2; 0; π=2; 0Þ 4 25
ðθ; 0; θ; θÞ 5 5
ðθ; 0; θ; 0Þ 5 25
ðπ=4; π=2; π=4; π=4Þ 10 10
ðπ=4; π=4; π=2; 0Þ 12 3
ðπ=4; π=4; π=2; π=2Þ 12 12
ðπ=4; π=4; π=2; π=4Þ 12 27
ðπ=6; π=3; π=2; π=6Þ 13 16
ð2π
5
; π=5; π=5; 2π

5
Þ 14 22

ðθ; π − 2θ; 3θ − π; θÞ 15 22
ðπ=6; π=3; π=6; π=2Þ 16 13
ðθ; 2θ; θ; θÞ 16 16
ðθ; 2θ; θ; 3θÞ 16 19
ðπ=5; 2π

5
; π=5; 2π

5
Þ 16 23

ðθ; 2θ; θ; π − 3θÞ 16 24
ðθ; π − 2θ; π − 3θ; θÞ 17 22
ðθ; θ; 2θ; 0Þ 18 3
ðθ; θ; 2θ; 2θÞ 18 18
ðθ; θ; 2θ; θÞ 18 27
ðθ; 2θ; 3θ; θÞ 19 16
ðπ=3; π=3; π=3; 0Þ 20 3
ðπ=3; π=3; π=3; π=3Þ 20 20
ðθ; θ; π − 2θ; 0Þ 21 3
ðθ; θ; π − 2θ; π − 2θÞ 21 21
ðθ; θ; π − 2θ; θÞ 21 27
ð2π
5
; π=5; 2π

5
; π=5Þ 22 14

ðθ; π − 2θ; θ; 3θ − πÞ 22 15
ðθ; π − 2θ; θ; π − 3θÞ 22 17
ðθ; π − 2θ; θ; θÞ 22 22
ðπ=5; 2π

5
; 2π
5
; π=5Þ 23 16

ðθ; 2θ; π − 3θ; θÞ 24 16
ðπ=2; 0; 0; π=2Þ 25 4
ðθ; 0; 0; θÞ 25 5
ðθ; 0; 0; 0Þ 25 25
ðπ=2; π=2; π=2; 0Þ 26 2
ðπ=2; π=2; π=2; π=2Þ 26 26
ðθ; θ; θ; 0Þ 27 3
ðπ=4; π=4; π=4; π=2Þ 27 12
ðθ; θ; θ; 2θÞ 27 18
ðθ; θ; θ; π − 2θÞ 27 21
ðθ; θ; θ; θÞ 27 27

TABLE III. All 40GCP-symmetric 3HDM compatible with
nonzero and nondegenerate quark masses as well as a non-
vanishing Jarlskog invariant.

ðθ; α; β; γÞ
Range for

θ

Number of real
parameters

in down-type
Yukawa

Number of real
parameters
in up-type
Yukawa

(0,0,0,0) 0 27 27
ðπ
2
; 0; 0; π

2
Þ π

2
9⋄ 15

ðπ
2
; 0; π

2
; 0Þ 15 9⋄

ðπ
2
; 0; π

2
; π
2
Þ 15 15

ðπ
2
; π
2
; 0; 0Þ 15 15

ðπ
2
; π
2
; 0; π

2
Þ 15 13

ðπ
2
; π
2
; π
2
; 0Þ 13 15

ðπ
2
; π
2
; π
2
; π
2
Þ 13 13

ðπ
3
; π
3
; 0; π

3
Þ π

3
9 9

ðπ
3
; π
3
; π
3
; 0Þ 9 9

ðπ
3
; π
3
; π
3
; π
3
Þ 9 9

ðπ
4
; π
4
; 0; π

2
Þ π

4
9 7

ðπ
4
; π
4
; π
2
; 0Þ 7 9

ðπ
4
; π
4
; π
4
; π
2
Þ 7 7

ðπ
4
; π
4
; π
2
; π
4
Þ 7 7

ðπ
4
; π
4
; π
2
; π
2
Þ 7 7

ðπ
4
; π
2
; π
4
; π
4
Þ 7 7

ðπ
5
; 2π
5
; π
5
; 2π
5
Þ π

5
5 5�

ðπ
5
; 2π
5
; 2π
5
; π
5
Þ 5� 5

ð2π
5
; π
5
; 2π
5
; π
5
Þ 2π

5
5 5�

ð2π
5
; π
5
; π
5
; 2π
5
Þ 5� 5

ðθ; 0; 0; θÞ ð0; π
2
Þ 9⋄ 9

ðθ; 0; θ; 0Þ 9 9⋄
ðθ; 0; θ; θÞ 9 9
ðθ; θ; 0; 0Þ 9 9
ðθ; θ; 0; θÞ ð0; π

2
Þnfπ

3
g 9 7

ðθ; θ; θ; 0Þ 7 9
ðθ; θ; θ; θÞ 7 7
ðθ; θ; 0; 2θÞ ð0; π

4
Þ 9 5

ðθ; θ; 2θ; 0Þ 5 9
ðθ; θ; θ; 2θÞ 7 5
ðθ; θ; 2θ; θÞ 5 7
ðθ; θ; 2θ; 2θÞ 5 5
ðθ; 2θ; θ; θÞ 5 5
ðθ; θ; 0; π − 2θÞ ðπ

4
; π
2
Þnfπ

3
g 9 5

ðθ; θ; π − 2θ; 0Þ 5 9
ðθ; θ; θ; π − 2θÞ 7 5
ðθ; θ; π − 2θ; θÞ 5 7
ðθ; θ; π − 2θ; π − 2θÞ 5 5
ðθ; π − 2θ; θ; θÞ 5 5
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up-type quark Yukawa matrices one simply makes the
replacement β → γ). This has been performed in two
independent ways. The first used the method described
in the previous section. For the second, we have developed
an extensive Mathematica program that automatically tests
all possible GCP assignments. This is done by solving
Eqs. (49) and (50) through the method described in
Appendix A. Through this strategy, we can obtain, for
each aforementioned block, a homogeneous system of
equations Mðθ; α; βÞΓ0 ¼ 0, where M is a matrix which
depends on the angles of the GCP symmetry assignment
and Γ0 is a vector containing the real (imaginary) part
of the entries of Γk̄ and Γ3 for each block. To find the
solutions for the system, the program evaluates which sets
of ðθ; α; βÞ nullify the determinant of M and subsequently
calculates Γ0 such that it is in the null space of M. It then
performs all possible logical combinations of these sol-
utions, as well as the trivial solution, and simplifies the
result excluding redundant and impossible cases. Finally, it
computes de eigenvalues of Hd and Hu as well as the
Jarlskog invariant for each possible case, and excludes
nonphysical results.
We have confirmed that Table III is correct and complete.

Moreover, the program also identifies automatically all
relevant Yukawa matrices; they are shown explicitly in this
section.

A. CPa: Consistent Yukawa textures

CPa (the usual type of CP) implies simply that all
parameters are real:

Γ1 ¼

0
B@

a11 a12 a13
a21 a22 a23
a31 a32 a33

1
CA; Γ2 ¼

0
B@

c11 c12 c13
c21 c22 c23
c31 c32 c33

1
CA;

Γ3 ¼

0
B@

e11 e12 e13
e21 e22 e23
e31 e32 e33

1
CA: ð64Þ

Here and in the following subsections, the parameters aij,
bij, cij, dij, eij, and fij are all real. Imaginary numbers will
be shown explicitly.

B. CPb: Consistent Yukawa textures

1. ðθ; α; βÞ= ðπ=2; 0; 0Þ
Here,

Γ1 ¼ Γ2 ¼ 0; Γ3 ¼

0
B@

e11 e12 e13
e21 e22 e23
e31 e32 e33

1
CA: ð65Þ

2. ðθ; α; βÞ= ðπ=2; 0; π=2Þ

Γ1 ¼

0
B@

a11 þ ib11 a12 þ ib12 0

a21 þ ib21 a22 þ ib22 0

a31 þ ib31 a32 þ ib32 0

1
CA;

Γ2 ¼

0
B@

−a12 þ ib12 a11 − ib11 0

−a22 þ ib22 a21 − ib21 0

−a32 þ ib32 a31 − ib31 0

1
CA;

Γ3 ¼

0
B@

0 0 e13
0 0 e23
0 0 e33

1
CA: ð66Þ

3. ðθ; α; βÞ= ðπ=2; π=2; 0Þ

Γ1 ¼

0
B@

a11 þ ib11 a12 þ ib12 a13 þ ib13
a21 þ ib21 a22 þ ib22 a23 þ ib23

0 0 0

1
CA;

Γ2 ¼

0
B@

−a21 þ ib21 −a22 þ ib22 −a23 þ ib23
a11 − ib11 a12 − ib12 a13 − ib13

0 0 0

1
CA;

Γ3 ¼

0
B@

0 0 0

0 0 0

e31 e32 e33

1
CA: ð67Þ

4. ðθ; α; βÞ = ðπ=2; π=2; π=2Þ

Γ1 ¼

0
B@

0 0 a13 þ ib13
0 0 a23 þ ib23

a31 þ ib31 a32 þ ib32 0

1
CA;

Γ2 ¼

0
B@

0 0 −a23 þ ib23
0 0 a13 − ib13

−a32 þ ib32 a31 − ib31 0

1
CA;

Γ3 ¼

0
B@

e11 þ if11 e12 þ if12 0

−e12 þ if12 e11 − if11 0

0 0 e33

1
CA: ð68Þ

C. CPc: Consistent Yukawa textures

1. ðθ; α; βÞ= ðπ=3; 0; 0Þ

Γ1 ¼ Γ2 ¼ 0; Γ3 ¼

0
B@

e11 e12 e13
e21 e22 e23
e31 e32 e33

1
CA: ð69Þ
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2. ðθ; α; βÞ= ðπ=3; 0; π=3Þ

Γ1 ¼

0
B@

a11 a12 0

a21 a22 0

a31 a32 0

1
CA; Γ2 ¼

0
B@

−a12 a11 0

−a22 a21 0

−a32 a31 0

1
CA; Γ3 ¼

0
B@

0 0 e13
0 0 e23
0 0 e33

1
CA: ð70Þ

3. ðθ; α; βÞ= ðπ=3; π=3; 0Þ

Γ1 ¼

0
B@

a11 a12 a13
a21 a22 a23
0 0 0

1
CA; Γ2 ¼

0
B@

−a21 −a22 −a23
a11 a12 a13
0 0 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

e31 e32 e33

1
CA: ð71Þ

4. ðθ; α; βÞ= ðπ=3; π=3; π=3Þ

Γ1 ¼

0
B@

ib11 ib12 a13
ib12 −ib11 a23
a31 a32 0

1
CA; Γ2 ¼

0
B@

ib12 −ib11 −a23
−ib11 −ib12 a13
−a32 a31 0

1
CA; Γ3 ¼

0
B@

e11 e12 0

−e12 e11 0

0 0 e33

1
CA: ð72Þ

D. CPd: Consistent Yukawa textures

1. ðθ; α; βÞ= ðπ=4; π=4; π=2Þ

Γ1 ¼

0
B@

a11 þ ib11 a12 þ ib12 a13
−a12 þ ib12 a11 − ib11 a23

0 0 0

1
CA;

Γ2 ¼

0
B@

−a12 þ ib12 a11 − ib11 −a23
−a11 − ib11 −a12 − ib12 a13

0 0 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

0 0 e33

1
CA: ð73Þ

2. ðθ; α; β Þ= ðπ=4; π=2; π=4Þ

Γ1 ¼

0
B@

a11 þ ib11 a12 þ ib12 0

−a12 þ ib12 a11 − ib11 0

a31 a32 0

1
CA;

Γ2 ¼

0
B@

a12 þ ib12 −a11 − ib11 0

a11 − ib11 a12 − ib12 0

−a32 a31 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

0 0 e33

1
CA: ð74Þ

3. ðθ; α; βÞ= ðπ=5; 2π=5; 2π=5Þ

Γ1 ¼

0
B@

ib11 ib12 0

ib12 −ib11 0

0 0 0

1
CA; Γ2 ¼

0
B@

ib12 −ib11 0

−ib11 −ib12 0

0 0 0

1
CA; Γ3 ¼

0
B@

e11 e12 0

−e12 e11 0

0 0 e33

1
CA: ð75Þ
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4. ðθ; α; βÞ= ð2π=5; π=5; π=5Þ

Γ1 ¼

0
B@

a11 a12 0

a12 −a11 0

0 0 0

1
CA; Γ2 ¼

0
B@

−a12 a11 0

a11 a12 0

0 0 0

1
CA; Γ3 ¼

0
B@

e11 e12 0

−e12 e11 0

0 0 e33

1
CA: ð76Þ

5. θ ∉ f0; π=3; π=2g and ðα; βÞ= ð0; 0Þ

Γ1 ¼ Γ2 ¼ 0; Γ3 ¼

0
B@

e11 e12 e13
e21 e22 e23
e31 e32 e33

1
CA: ð77Þ

6. θ ∉ f0; π=3; π=2g and ðα; βÞ= ð0; θÞ

Γ1 ¼

0
B@

a11 a12 0

a21 a22 0

a31 a32 0

1
CA; Γ2 ¼

0
B@

−a12 a11 0

−a22 a21 0

−a32 a31 0

1
CA; Γ3 ¼

0
B@

0 0 e13
0 0 e23
0 0 e33

1
CA: ð78Þ

7. θ ∉ f0; π=3; π=2g and ðα; βÞ= ðθ; 0Þ

Γ1 ¼

0
B@

a11 a12 a13
a21 a22 a23
0 0 0

1
CA; Γ2 ¼

0
B@

−a21 −a22 −a23
a11 a12 a13
0 0 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

e31 e32 e33

1
CA: ð79Þ

8. θ∈ f0; π=3; π=2g and ðα; βÞ= ðθ; θÞ

Γ1 ¼

0
B@

0 0 a13
0 0 a23
a31 a32 0

1
CA; Γ2 ¼

0
B@

0 0 −a23
0 0 a13

−a32 a31 0

1
CA; Γ3 ¼

0
B@

e11 e12 0

−e12 e11 0

0 0 e33

1
CA: ð80Þ

9. θ∈ ð0; π=4Þ and ðα; βÞ = ðθ; 2θÞ

Γ1 ¼

0
B@

a11 a12 a13
−a12 a11 a23
0 0 0

1
CA; Γ2 ¼

0
B@

−a12 a11 −a23
−a11 −a12 a13
0 0 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

0 0 e33

1
CA: ð81Þ

10. θ∈ ð0; π=4Þ and ðα; βÞ= ð2θ; θÞ

Γ1 ¼

0
B@

a11 a12 0

−a12 a11 0

a31 a32 0

1
CA; Γ2 ¼

0
B@

a12 −a11 0

a11 a12 0

−a32 a31 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

0 0 e33

1
CA: ð82Þ
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11. θ∈ ðπ=4; π=2Þnfπ=3g and ðα; βÞ= ðθ; π − 2θÞ

Γ1 ¼

0
B@

ib11 ib12 a13
ib12 −ib11 a23
0 0 0

1
CA; Γ2 ¼

0
B@

ib12 −ib11 −a23
−ib11 −ib12 a13
0 0 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

0 0 e33

1
CA: ð83Þ

12. θ∈ ðπ=4; π=2Þnfπ=3g and ðα; βÞ= ðπ − 2θ; θÞ

Γ1 ¼

0
B@

ib11 ib12 0

ib12 −ib11 0

a31 a32 0

1
CA; Γ2 ¼

0
B@

ib12 −ib11 0

−ib11 −ib12 0

−a32 a31 0

1
CA; Γ3 ¼

0
B@

0 0 0

0 0 0

0 0 e33

1
CA: ð84Þ

VI. CONCLUSIONS

We have studied the implementation of a generalized CP
symmetry on the scalar and Yukawa sectors of the 3HDM.
By introducing a key mathematical result, we simplify the
analysis, especially in the Yukawa sector.
In the scalar sector, we identified four classes of

potentials, just one more than the two Higgs doublet
models. We were also able to identify that these four
potentials are classified as CP2, CP4, S3 ×GCPθ¼π , and
Oð2Þ × CP in a notation close to [13].
Additionally, we categorize all possible Yukawa tex-

tures, excluding those that result in null or degenerate quark
masses, or a null Jarlskog invariant. We found that there are
40 different possible implementations ofGCP symmetry in
the Yukawa sector. This is in contrast with the 2HDM case
with generalized CP symmetries extended to the Yukawa
sector, where only two scenarios exist. While many of these
cases have a large number of parameters in the Yukawa
sector, there are 8 models which entail only 10 parameters
and, therefore, may be more easily tested against exper-
imental constraints.
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APPENDIX A: GCP CONSTRAINTS ON THE
SCALAR POTENTIAL

In this appendix we discuss how one would show that
there are four classes of GCP-symmetric scalar potentials
in the 3HDM, using the classical method already used

in [8]. We show the result in the special basis in which X
has the form in Eq. (7). This is to be contrasted with the
much simpler and elegant method we establish in
Appendix B and use in Sec. III.
Introducing [7]

ΔYab ¼ Yab − XαaY�
αβX

�
βb ¼ ½Y − ðX†YXÞ��ab;

ΔZab;cd ¼ Zab;cd − XαaXγcZ�
αβ;γδX

�
βbX

�
δd; ðA1Þ

we may write the conditions for invariance under GCP as

ΔYab ¼ 0; ðA2Þ

ΔZab;cd ¼ 0: ðA3Þ

Given Eqs. (5), it is easy to show that

ΔYab ¼ ΔY�
ba;

ΔZab;cd ≡ ΔZcd;ab ¼ ΔZ�
ba;dc: ðA4Þ

The task of solving Eqs. (6) or, what is the same,
Eqs. (A2)–(A3) becomes tedious but systematic. Let us
look at the quadratic terms. We find

0¼ ImðΔY12Þ ¼ 2ImðY12Þ;�
0

0

�
¼
�ΔY11¼−ΔY22

ReðΔY12Þ

�
¼sθ

�
sθ cθ
−cθ sθ

� �
Y11−Y22

2ReðY12Þ

�
;

�
0

0

�
¼
�
ReðΔY13Þ
ReðΔY23Þ

�
¼
�
1−cθ sθ
−sθ 1−cθ

� �
ReðY13Þ
ReðY23Þ

�
;

�
0

0

�
¼
�
ImðΔY13Þ
ImðΔY23Þ

�
¼
�
1þcθ −sθ
sθ 1þcθ

� �
ImðY13Þ
ImðY23Þ

�
: ðA5Þ

The determinants of the three systems are s2θ, 2ð1 − cθÞ, and
2ð1þ cθÞ, respectively. Given the restricted range
0 ≤ θ ≤ π=2, the first two are zero if and only if θ ¼ 0,
while the third never vanishes. As a result, we conclude that
there are two possibilities: either θ ¼ 0 (corresponding to
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the usual definition of CP, denoted here by CPa), and
all quadratic coefficients are real; or θ ≠ 0, and Y ¼
diagðμ1; μ1; μ3Þ, with μ1 and μ3 real. The first case
corresponds to 6 real parameters; the second case corre-
sponds to 2 real parameters.
The study of the GCP symmetry conditions on the

quartic couplings using this strategy is more involved. To
see the impact on the quartic potential, we follow Ref. [9]
and organize the Zij;kl tensor into a matrix of matrices. The
uppermost-leftmost matrix corresponds to the phases
affecting Z11;kl. The next matrix along the same line
corresponds to the phases affecting Z12;kl, and so on...
We use the following notation for the various entries [9]

2
66666666666666666664

2
64
r1 c1 c2
c�1 r4 c6
c�2 c�6 r5

3
75

2
64
c1 c3 c4
r7 c7 c8
c�9 c12 c13

3
75

2
64
c2 c4 c5
c9 c10 c11
r8 c14 c15

3
75

2
64
c�1 r7 c9
c�3 c�7 c�12
c�4 c�8 c�13

3
75

2
64
r4 c7 c10
c�7 r2 c16
c�10 c�16 r6

3
75
2
64
c6 c8 c11
c�12 c16 c17
c�14 r9 c18

3
75

2
64
c�2 c�9 r8
c�4 c�10 c�14
c�5 c�11 c�15

3
75
2
64
c�6 c12 c14
c�8 c�16 r9
c�11 c�17 c�18

3
75
2
64
r5 c13 c15
c�13 r6 c18
c�15 c�18 r3

3
75

3
77777777777777777775

;

ðA6Þ

where rk (k ¼ 1…9) are real and ck (k ¼ 1…18) are
complex. We will write ck ¼ xk þ iyk, with xk and yk real.
We now wish to study Eqs. (A3). Due to Eqs. (A4), we

only need the 9 real coefficients ΔZ11;11, ΔZ22;22, ΔZ33;33,
ΔZ11;22, ΔZ11;33, ΔZ22;33, ΔZ12;21, ΔZ13;31, ΔZ23;32, and
the 18 complex coefficients ΔZ11;12, ΔZ11;13, ΔZ11;23,
ΔZ22;12, ΔZ22;13, ΔZ22;23, ΔZ33;12, ΔZ33;13, ΔZ33;23,
ΔZ12;12, ΔZ12;13, ΔZ12;23, ΔZ12;31, ΔZ12;32, ΔZ13;13,
ΔZ13;23, ΔZ13;32, and ΔZ23;23. However,

−2ΔZ11;22 ¼ ΔZ11;11 þ ΔZ22;22

ΔZ22;33 ¼ −ΔZ11;33;

ΔZ33;33 ¼ 0;

ΔZ12;21 ¼ ΔZ11;22;

ΔZ23;32 ¼ −ΔZ13;31;

ReðΔZ12;12Þ ¼ ReðΔZ11;22Þ;
ReðΔZ23;23Þ ¼ −ReðΔZ13;13Þ; ðA7Þ

simplifying the analysis. One then proceeds as for the
quadratic terms finding systems such as, for example,

�
0

0

�
¼
�
ImðΔZ12;13 − ΔZ11;23Þ
ImðΔZ22;13 þ ΔZ12;32Þ

�
¼
�
1þ cθ −sθ
sθ 1þ cθ

� �
y4 − y6
y10 þ y12

�
;

�
0

0

�
¼
�
ImðΔZ11;23 þ ΔZ12;31Þ
ImðΔZ12;23 − ΔZ22;13Þ

�
¼
�
1þ cθ −sθ
sθ 1þ cθ

� �
y6 − y9
y8 − y10

�
;

�
0

0

�
¼
�
ImðΔZ33;13Þ
ImðΔZ33;23Þ

�
¼
�
1þ cθ −sθ
sθ 1þ cθ

� �
y15
y18

�
ðA8Þ

These systems have determinant 2ð1þ cθÞ, which never vanishes due to the restricted range 0 ≤ θ ≤ π=2. As a result, any
GCP symmetry will force y15 ¼ y18 ¼ 0, y4 ¼ y6 ¼ y9, and y8 ¼ y10 ¼ −y12.
A more challenging example is

2
6664
0

0

0

0

3
7775 ¼

2
6664

ImðΔZ11;13Þ
4ImðΔZ12;13 þ ΔZ11;23 − ΔZ12;31Þ
4ImðΔZ12;23 þ ΔZ22;13 − ΔZ12;32Þ

ImðΔZ22;23Þ

3
7775

¼

2
666664
1þ c3θ −c2θsθ cθs2θ −s3θ
12c2θsθ 4þ cθ þ 3c3θ sθ − 3s3θ 12cθs2θ
12cθs2θ 3s3θ − sθ 4þ cθ þ 3c3θ −12c2θsθ
s3θ cθs2θ c2θsθ 1þ c3θ

3
777775

2
6664

y2
y4 þ y6 þ y9
y8 þ y10 − y12

y16

3
7775; ðA9Þ
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with determinant 64ð1þ cθÞ2ð1 − 2cθÞ2. Given the
restricted range 0 ≤ θ ≤ π=2, this determinant can only
vanish if cθ ¼ 1=2, that is, θ ¼ π=3.
We have checked explicitly that this procedure does

reproduce the results for the scalar potential obtained in the
main text, although in a much more tedious way.

APPENDIX B: A MATHEMATICAL RESULT ON
KROENECKER PRODUCTS OF ROTATIONS

In this appendix we state and use a result that greatly
simplifies systems of equations involving tensors and
rotation matrices. If we work in the scalar field basis
where the GCP transformation matrix is of the form in
Eq. (7), with ⊕ denoting the direct sum operation, we can
use this result to solve the equations regarding GCP
invariance in both the scalar and Yukawa sectors of the
SM Lagrangian with great ease.

1. Result

Suppose we have a 2n × 2n matrix, with n∈N,
defined as

Rn
Θ ≡ ⊗

n

q¼1
Rθq ¼ Rθ1 ⊗ Rθ2 ⊗ � � � ⊗ Rθn : ðB1Þ

Then; ∀ n ≥ 1 ∃Cn ∈M2n×2n∶ CnC⊤
n ¼ I2n ; and

CnRn
ΘC

⊤
n ¼ ⨁

2n−1−1

p¼0

Rωn
p
¼ Rωn

0
⊕ Rωn

1
⊕ � � � ⊕ Rωn

2n−1−1
;

ðB2Þ

where

ωn
p ¼

Xn
q¼1

ð−1ÞModðb p

2q−1
c;2Þθq; ðB3Þ

I2n is the identity 2n × 2n matrix, and bc is the floor
function, which yields the previous largest integer. For

example, for n ¼ 3 we have ω3
0 ¼ θ1 þ θ2 þ θ3, ω3

1¼
−θ1þθ2þθ3, ω3

2¼θ1−θ2þθ3, and ω3
3 ¼ −θ1 − θ2 þ θ3.

The Cn matrices are defined as follows:

Cn ¼
�
⨁
2n

p¼1

U−1
�
ðPnÞ

�
⊗
n

p¼1
U

�
; ðB4Þ

where

ðPnÞpq ¼ 1; if

�
p is odd and q ¼ pþ1

2

p is even and q ¼ 2n − p
2
þ 1

;

ðPnÞpq ¼ 0; otherwise; ðB5Þ

and

U ¼ 1ffiffiffi
2

p
�
1 i

1 −i

�
: ðB6Þ

We include in the Supplemental Material [19] a proof of
Eqs. (B3)–(B4). In addition, using the first fewCn matrices,

C2 ¼
1ffiffiffi
2

p

0
BBB@

1 0 0 −1
0 1 1 0

1 0 0 1

0 1 −1 0

1
CCCA ðB7Þ

C3 ¼
1

2

0
BBBBBBBBBBBBBB@

1 0 0 −1 0 −1 −1 0

0 1 1 0 1 0 0 −1
1 0 0 −1 0 1 1 0

0 1 1 0 −1 0 0 1

1 0 0 1 0 −1 1 0

0 1 −1 0 1 0 0 1

1 0 0 1 0 1 −1 0

0 1 −1 0 −1 0 0 −1

1
CCCCCCCCCCCCCCA

ðB8Þ
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C4 ¼
1ffiffiffi
8

p

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 0 0 −1 0 −1 −1 0 0 −1 −1 0 −1 0 0 1

0 1 1 0 1 0 0 −1 1 0 0 −1 0 −1 −1 0

1 0 0 −1 0 −1 −1 0 0 1 1 0 1 0 0 −1
0 1 1 0 1 0 0 −1 −1 0 0 1 0 1 1 0

1 0 0 −1 0 1 1 0 0 −1 −1 0 1 0 0 −1
0 1 1 0 −1 0 0 1 1 0 0 −1 0 1 1 0

1 0 0 −1 0 1 1 0 0 1 1 0 −1 0 0 1

0 1 1 0 −1 0 0 1 −1 0 0 1 0 −1 −1 0

1 0 0 1 0 −1 1 0 0 −1 1 0 −1 0 0 −1
0 1 −1 0 1 0 0 1 1 0 0 1 0 −1 1 0

1 0 0 1 0 −1 1 0 0 1 −1 0 1 0 0 1

0 1 −1 0 1 0 0 1 −1 0 0 −1 0 1 −1 0

1 0 0 1 0 1 −1 0 0 −1 1 0 1 0 0 1

0 1 −1 0 −1 0 0 −1 1 0 0 1 0 1 −1 0

1 0 0 1 0 1 −1 0 0 1 −1 0 −1 0 0 −1
0 1 −1 0 −1 0 0 −1 −1 0 0 −1 0 −1 1 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

; ðB9Þ

we have confirmed by explicit construction of the corresponding matrices that Eqs. (B2)–(B4) hold up to the highest n ¼ 4
case needed for our article.
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